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Abstract

We discuss the asymptotic behaviour of the genus and the number of rational places in
towers of function fields over a finite field.
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1. Introduction

Y. Ihara and Y.I. Manin discovered independently that the classical Hasse—Weil bound
for the number of rational points on a curve over a finite field can be improved
substantially if the genus of the curve is large with respect to the cardinality of the
underlying finite field.
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Manin’s proof is based on coding theory. In his pajfE3] with the title “What is
the maximum number of points on a curve oWer?” he recalls Goppa’'s construction
of error-correcting codes using algebraic curves over a finite field (these codes are
nowadays known as algebraic geometric codes), and he shows then that well-known
bounds for the parameters of codes (like the Mc Eliece—Rodemich—Rumsey—Welch
bound) imply an improvement of the Hasse—Weil upper bound

NO<qg+1+23(0V/q (1.1

for ¢ =2 or 3 and large genus. Hepedenotes a non-singular, absolutely irreducible,
projective algebraic curve over the finite fielg, and N (y) (resp.g(y)) is the number
of [F,-rational points (resp. the genus) pf

While Manin’s arguments work only foy = 2 andg = 3, Ihara’s results hold for
all ¢. In his short note “Some remarks on the number of rational points on algebraic
curves over finite fields” he introduces, for any prime powerthe real number (see
[11])

A(q) = limsupN(x)/g(0),
V4

where y runs over all non-singular, absolutely irreducible, projective curves over the
field F, with genusg(y) > 0. It follows immediately from the Hasse—Weil bound (1.1)
that A(g) <2,/q. lhara’s first result is that one has the much stronger estimate

A@<V8+1-1)/2 (1.2)

The idea of his proof is very simple: Lé¥.(y) denote the number of rational points
on y over the fieldF,-, for eachr >1. The Hasse—Weil bound for/F, and for /[ 2
and the trivial observation tha¥ () = N1(y) is less or equal tava(y) yield easily the
proof of Inequality (1.2).

It turns out to be much harder to obtain non-trivial lower boudds- 0 for A(g).
To this end one has to provide an infinite seque(gg, >0 of curvesy, /I, such that
lim,— o N(x,)/g(x,)=C. lhara proved inM11] already the fundamental result

A(g)=./q —1 for square cardinalitieg, (1.3)

by showing that certain (Shimura-) modular curves have sufficiently nigrsational
points, wheng is a square. The Inequality (1.3) was again proved by Tsfasman et al.
[17,18], and these authors showed that (1.3) implies an improvement of the Gilbert—
Varshamov bound (which is a fundamental bound in coding theory) for all square
cardinalitiesq > 49.
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Refining lhara’s method, Drinfeld and Viad{8] improved Inequality (1.2) further
and showed that

Al@)< /g —1 forallg. (1.9
In particular it follows from (1.3) and (1.4) that
A(g) = /q —1, if g is a square. (1.5)

For non-squareg = p2”"*1 much less is known about(q). Based on classified towers
and the Golod—Shafarevic theorem, SdttB] proved that

A(g)=clogg >0 (1.6)

with some constant > 0, independent of; (see alsd14]). For g = p3 (p a prime
number), Zink [20] proved the lower bound

2(p? - 1)

A(p®) =
(p°) 12

(1.7)

He obtained Inequality (1.7) by using degenerations of Shimura modular surfaces.

All above-mentioned results on lower bounds féfg) are based on deep meth-
ods from number theory and algebraic geometry (classified towers, classical modular
curves, Shimura modular curves and surfaces, Drinfeld modular curves). Moreover,
most sequence§y,), >0 of curvesy, /F, with lim,_ . N(x,)/g(x,) > 0 which were
constructed by those methods are far from being explicit. However, for applications
(e.g., in coding theory or cryptography) one needs curves byewith large genus and
many rational points, which are given by explicit equations and such that their rational
points are given explicitly by coordinates.

Following an attempt by Feng, Rao and Pellikaan, Garcia and Stichtenoth pub-
lished in 1995 the first explicit example of a sequengg),>o of curves overl,
with ¢ = 22 and lim,_ o N()/8(,) = /g — 1, hence attaining the Drinfeld—
Vladut bound (1.4) (se6]). In subsequent papers, these ideas were further developed
(see [7-9]). For explicit equations for certain modular curves we refer to [4]. Our
approach is, in comparison with all others mentioned above, fairly elementary and
explicit.

The aim of this paper is to explain our construction of infinite sequences of curves,
by presenting one typical example in detail. We will use the language of algebraic
function fields which is essentially equivalent to that of algebraic curves. We assume
only some basic facts from the theory of function fields: the main tool is ramification
theory in finite extensions.
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2. Preliminaries and notations

Our reference for the theory of algebraic function fields is the bdd}. We fix
now some notations which will be used throughout this paper:

Fy the finite field with cardinalityg.
p the characteristic of,.
F,E,F,,... algebraic function fields (in one variable) ovéy.

We always assume théi, is the full constant field
of F (resp.E, F,,...).

g(F) the genusof the function fieldF.
P,O,... places of a function field.
degP the degreeof the placeP. In particular, the place

is said to berational (or [,-rational) if degP = 1.

vp the (normalized) discrete valuation associated with
the placeP.
P(F) the set of places of.

N(F) = N(F/F,) the number off,-rational places ofF.

Let E/F be a finite algebraic extension of function fields o¥er. For any place
P € P(F) there are finitely many place® € P(E) lying above P. We then write
Q|P and denote by

e(Q|P) the ramification indexof Q|P,
f(Q|P) the inertia degreeof Q|P.

Then deg) = f(Q|P)degP, and we have théundamental equality

D e(QIP)f(QIP) =[E : F]. (2.1)
op

The placeP € P(F) is said to be

ramifiedin E/F if e(Q|P) > 1 for someQ|P,

wildly ramifiedin E/F if gcd(e(Q|P), q) > 1 for someQ|P,

tamein E/F if it is not wildly ramified,

totally ramifiedin E/F if e(Q|P) = [E : F] for someQ|P (it follows from
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Eqg. (2.1) thatQ is then the only place abovE and that de@® = degP),

completely splittingn E/F if there are exactlyn = [E : F] distinct places
01,...,0m € P(E) lying above P. Then deg); = degP for all Q;|P, as
follows from Eg. (2.1).

From the fundamental equality (2.1) we also conclude an estimate for the number
of rational places ofE /[F,:

t[E: FISN(E)X[E : FIN(F), (2.2

wherer is the number of rational places & which are completely splitting in the
extensionE/F.

In addition we assume now that the extensionF is separable. Then the following
formula due to Hurwitz relates the genera Bfand F:

2g(E) — 2= [E : F1(2g(F) — 2) + deg Diff(E/F). (2.3)

Here Diff(E/F) denotes thalifferentof E/F which is a divisor of the function field
E/Fy:

Diff (E/F) =Y Y d(QIP)Q.

PeP(F) Q|P

The integerd(Q|P) is called thedifferent exponenbf Q|P, and Dedekind’s different
theorem asserts that

d(Q|P)=e(Q|P) —1 (2.4)

with equality if and only if Q| P is tame; i.e., if and only if the characteristic does
not divide e(Q|P).
We will need some results about the behaviour of places in the composite of two
function fields. So we consider now a finite extensiBnF of the function fieldF /[,
and two intermediate field§ C E; C E (for i = 1, 2) such thatE is the composite
field E = E1E». Let Q € P(E) be a place ofE, and letQ; = Q|g, and P = Q|r
be the places below in E; and in F. Then the following results hold (s4&6, Ch.
1.

(@) If e(Q1|1P) = 1 and e(Q2|P) = [E2 : F], then it follows thate(Q|Q1) =
e(Q2|P) = [E : E1] and e(Q|Q2) = 1. Moreover, if[F, is algebraically closed
in Ej, then it is also algebraically closed in the fieid (2.5)

(b) If P is completely splitting inE,/F, then the placeQ; splits completely in
E/E1. (2.6)

The assertion in (2.5) is a special case of Abhyankar’'s lemma[{&édrop. 111.8.9]).
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3. Basic theory of towers of function fields

As we pointed out in the Introduction, we want to construct explicitly sequences
(F;)i >0 of function fields F; /[, such thatg(F;) — oo and limsup_, ., N(F;)/g(F;)
is large. By the Drinfeld—Vladut bound (1.4) we always have that

limsup N(Fi)/g(Fi)<A(@)<q —1 3.1

i— 00

and any sequence with limsup,, N(F;)/g(F;) > 0 yields by (3.1) a non-trivial lower
bound forA(q). We will not consider arbitrary infinite sequences of function fields but
we will focus on towers only.

Definition 3.1. A tower of function fields overl, is an infinite sequencé& = (Fy, F1,
F,, ...) of function fields F; /F, having the following properties:

(i) Fo € F1 C F» C ..., and for eachn >1 the extensionF,/F,_1 is separable of
degreelF), : F,_1] > 1.
(i) g(F;) > 1 for somej >0.

It is clear by the Hurwitz genus formula (2.3) thgtF;) — oo for i — oco. As we
will show, the limit lim;_ o N(F;)/g(F;) exists for any towerF = (Fp, F1, Fo,...)
over [,.

Lemma 3.2. Let 7 = (F;);>0 be a tower of function fields ovef,. Then the two
sequences

(N(F)/LF; : Fol)i=o and (g(F:)/LF; : FoDizo
are convergentwith
0< JL”Q’O N(F)/IF;i : Fol <oo and 0 < Lmoo g(Fi)/[Fi : Fol<oo.
Proof. (i) For i >1 we have

N(F)/IF; : Fol  _ N(F;)
N(Fi_1)/[Fi—1: Fol = [Fi : F;_1IN(Fi—1)

by (2.2). The sequencéN (F;)/[F; : Fol)i>o is therefore monotonously decreasing,
hence convergent.

(if) Choose j >0 such thatg(F;) > 1. As in item (i) one shows that the sequence
((g(F;))—1)/[F; : Fol); > j is monotonously increasing, using the Hurwitz genus formula
(2.3). Hence the sequencég(F;) — 1)/[F; : Fol)i >0 converges inR U {oo}, and the
sequenceg(F;)/[F; : Fol)i>o has the same limit. [J
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Now the following definitions make sense:

Definition 3.3. For a towerF = (F;); >0 of function fields overl, we define

W(F/Fo) := lim N(F;)/[F;: Fol, the splitting rate of F/Fy
1—> 00

and

(F/Fo) := lim g(F;)/[F; : Fol, the genusof F/Fy.
1—> 00

By Lemma 3.2 we have that
0<V(F/Fp) <oo and O< y(F/Fp) <oo.
Corollary and Definition 3.4. The limit of the towerF,

MF) = lim N(F;)/g(Fi),

exists and one has
MF) =v(F/Fo)/y(F/Fo).

Hence it follows thati.(F) > 0 if and only if v(¥/Fp) > 0 and y(F/Fp) < oo.

Proof. Since

N(F;) _ N(F)/F; : Fol
g(F)  g(F)/IF; : Fol’

all assertions follow from Lemma 3.2.0J
The inequality G A(F) < A(g) motivates the following definition:
Definition 3.5. The towerF = (F;); > ¢ of function fields overl, is said to be
asymptotically goodif A(F) > 0;
asymptotically badif A(F) = 0;
asymptotically optimalif A(F) = A(g).
By Corollary 3.4 a tower is asymptotically good if and only if its splitting rate is

positive and its genus is finite. Therefore we study these two properties separately and
give simple sufficient conditions for them to hold.



A. Garcia, H. Stichtenoth/Finite Fields and Their Applications 11 (2005) 434—-450 441

Definition 3.6. Let F = (F;); >0 be a tower oveff,. We define two sets of places in
the function field Fo:
V(F/Fo) :={P € P(Fp) | P is ramified inF,/Fy for somen>1}, and
S(F/Fp) :={P € P(Fp) | P is a rational place which splits completely in all
extensions F,,/ Fo}.
The setV (F/Fp) is called theramification locusof F/Fy, and S(F/Fp) is the com-
pletely splitting locusof F/ Fp.

Lemma 3.7. Suppose thaF = (F;); >0 is a tower overl,, whose completely splitting
locus S(F/ Fp) is non-empty. Then

V(F/Fo)=t > 0,

with ¢ := |S(F/Fo)|.

Proof. Let P € S(F/Fp); then there ardF, : Fp] rational places inPo(F,) lying
above P, for anyn >0. HenceN (F,) >t[F, : Fo], and the lemma follows immediately
from the definition ofv(F/Fp). O

Now we give a sufficient condition for the genu&F/Fp) to be finite.

Lemma 3.8. Let F = (F;); >0 be a tower overl,. Suppose that the following condi-
tions hold

(1) the ramification locusV (F/ Fp) is finite
(2) all extensionsF,/Fp are tame

Then the genus(F/Fp) is finite. More precisely
P(F/Fo)<g(Fo) + (s — 2)/2,

wheres ==} pcy(r, r,) degP.

Proof. Let P € P(Fp) and Q € P(F,) with Q|P. Then the different exponet(Q|P)
is equal toe(Q|P) — 1, since the extensiol),/Fp is tame. We obtain therefore

deg Diff(Fu/Fo) = X pey(F/ry) 2o p 4(Q|P) degQ

< Ypevir/ry (Qop €(QIP) f(Q|P)) degP
= [F, : Fols

with s = >~y (7, r,) degP. The Hurwitz genus formula gives now
2g(Fy) — 2<[F, : Fol(2¢(Fo) — 2+ )

and the assertion of Lemma 3.8 follows]
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Corollary 3.9. Let F = (F;); >0 be a tower oveif, satisfying the following conditions
(1) the ramification locusV (F/ Fp) is finite

(2) all extensionsF),,/Fy are tame

(3) the completely splitting locus(F/Fp) is non-empty

Then the tower is asymptotically gaod

4. A simple example

In this section we present in detail a very simple example of an optimal tower
over the field with 9 elements. The analysis of this particular tower is typical for
many other examples of asymptotically good towers, see Section 5 below. The tower
F = (Fo, F1, F>,...) is defined as follows¥Fy := Fg(xp) is the rational function field
over [Fg, and for alln>1 let F, = F,_1(x;), wherex, satisfies the equation

2
2 Xn—1 +1
= . 4.1
Xy 21 (4.1)
We must first show that the sequence of function fields, F1, Fo,...) is in fact
a tower over the fieldFg; in particular we have to show tha‘f,-;FHl and thatlFg
is algebraically closed inF;, for all i >0. Before proving this, we study the “basic
function field” corresponding to Eg. (4.1); this is the function field

x2+1

F = Fo(x,y), with y?= o

(4.2)

We also fix an element € Fg with 6> = —1. The following notation will be useful. Let
E/F, be a function field and) € P(E) be a place ofE. Letz € E anda € [, U{oo}.
Then fora e [, we write z = o (at Q) if Q is a zero ofz —«, andz = co (at Q) if
Q is a pole ofz.

Lemma 4.1. Let F = Fg(x, y) be defined by Eq4.2). Then we have

(i) [F : Fo(x)] =[F : Fo(y)] = 2, and Fg is the full constant field of F
(i) In the extensionF/Fq(x), exactly the places with = 0, x = co and x = £ are
ramified
(i) Let Q € P(F) be the place withx = oo (by item(ii) there exists exactly one such
placg. Theny = oo (at Q), and Q is unramified inF/Fg(y).

Proof. Clear from the theory of Kummer extensions of algebraic function fields (see
[16, Prop. 111.7.3]). O

Corollary 4.2. Let Fp = Fg(xp), and for alln>1 let F,, = F,,_1(x,), wherex, satisfies
EqQ. (4.1). Then the following holds

() [F, : Fol = 2", for all n>0.
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(i) The pole ofxg is totally ramified in the extensiof,/Fp, and [Fg is algebraically
closed inF,.

(i) Let Q € P(F,) be the pole ofxg in F, (which is unique by itenfii)). Then Q is
unramified in the extension;, /Fg(x;).

Proof. The casen = 1 is clear from Lemma 4.1, and we assume that the corollary
holds forn. Let Q € P(F,+1) be a pole ofxg in F,;1, and denote byQ;, Q2 and

P the places belowQ in the fields F;,, Fgo(x,, x,+1) and Fg(x,). Then Q1 is the pole

of xg in F, and (by induction hypothesi®)(Q1|P) = 1, and P is the pole ofx, in
Fo(x,). Moreover Q> is a simple pole ofv, 1, and Q| P is totally ramified. Now we
apply (2.5) (Abhyankar’'s lemma) and obtain all assertions for the gasd. [

For the rest of this section we consider the sequefice (Fop, F1, F>, ...) of function
fields overFg which is defined by Eqg. (4.1). Note that we have not proved yet that
F is indeed a tower, since we haven't shown tpafr;)>2 for some;. Thus will be
done in Lemma 4.3 below.

For « € Fg we denote byP, € P(Fp) the zero ofxg — o« and by P, the pole of
xg in the rational function fieldFy = Fg(xg). Recall thato € Fg is an element with
0°=—1.

Lemma 4.3. With notations as abovave have

(i) The four placesPy, P, Ps and P_s are totally ramified in the extensioRy/ Fp,
and the genus of5 is at leastg(F2) > 3.
(i) In the extensionFs/Fp also the placesP; and P_; are ramified

Proof. (i) The assertion about ramification follows easily from Lemma 4.1 and (2.5),
and then the Hurwitz genus formula (2.3) for the extenstoriFy gives

28(Fy) —2>4(-2) +4(4—1) = 4,

henceg(F>)>3. In fact it is easily shown thag(F>) = 3.
(i) Since we will not need this result, we leave the proof to the reader (use Lemma
4.1 again!). O

We are now going to determine the ramification locus and the genus of the above
tower (see Def. 3.6).

Lemma 4.4. Let F = (F;);i >0 be the tower oveffg which is defined by Eq4.1).
Then we have

(i) The ramification locus ofF/Fy is the setV(F/Fy) = {P, | « € A}, with A =
{0, o0, £1, £06}, and hence|V (F/Fo)| = 6.
(i) The genus ofF/ Fy satisfiesy(F/Fp) <2.
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Proof. (i) Let A be as above, and consider a plaBec V(F/Fp). Then for some
n>1 there exists a plac® € P(F,) such thatQ|P and Q is ramified overF, 1.
ConsideringF,, as the composite field of,,_1 and Fg(x,_1, x,) over Fg(x,—1), we
conclude from (2.5) (Abhyankar’s lemma) th@tis ramified inFg(x,—1, x,)/Fo(x,—1),
and then it follows from Lemma 4.1 thaj,_1 = 0 orco or &6 at Q. We have therefore
xp_1 =o€ A, for somea € A.

Suppose now that; = f € A at the placeQ, for some Ki<n — 1. If we can
show that this implies;;_1 =7 € A at Q, it will follow that V (F/Fp) is contained in
the set{P,|x € A}, and in particular thatV (F/Fp)|<6. Now we see from Eq. (4.1)

2
2 Xip+1
Xf= —

' 2xi-1
that

xi=0atQ = x;_1€{£o}atQ,
xi=o0 atQ = xj_1€{0,00} at Q,
xi=+latQ = xj_1=1atQ,
xi=xdatQ = x;_1=-1atQ.

This proves our claim thaV (F/Fy) C {Pyla € A}. From item (ii) of Lemma 4.3
follows equality (but in the following we need only the inclusiog™).

(ii) Follows from item (i) and Lemma 3.8. Note that we have just used that the
cardinality of V(F/Fp) is at most 6. [

Now we consider the completely splitting locuF/Fp) and the splitting rate
V(F/Fp).

Lemma 4.5. Let F = (F;); >0 be the tower overfg which is defined by Eq(4.1).
Then we have

() The completely splitting locus of /Fo is S(F/Fo) = {Pg | p € B}, with B =

{1+0,1—0,—-1+6,—1— 9}, and henceS(F/Fp)| = 4.
(iiy The splitting rate ofF/ Fy satisfiesv(F/Fp) >4.

Proof. (i) One checks that fox = € B the equation

o x2+1  pP41
M Y

has both roots in the seB (here one uses thgt = 3). It follows by induction
(using (2.6)) that the place®y with f « B split completely in the towecF. For
o € (Fgu{oo}) \ B, the placeP, belongs to the ramification locus(F/Fp) by Lemma
4.4, and therefore?, ¢ S(F/Fp). This proves item (i).



A. Garcia, H. Stichtenoth/Finite Fields and Their Applications 11 (2005) 434—-450 445

(i) This follows from item (i) and Lemma 3.7. Note that here we have just used
that |S(F/Fo)|>4. O

Theorem 4.6. The towerF = (F;); >0 over the fieldFg which is defined by Eq4.1)
has the limit

MF)=2=+/9-1

so it attains the Drinfeld—VIadut bounénd it is therefore an asymptotically optimal
tower overg.

Proof. Since A(F) = v(F/Fo)/y(F/Fo) (see Corollary 3.4), we get from Lemmas 4.4
and 4.5 that’(F) >4/2 = 2. On the other hand, the Drinfeld—Vladut bound (1.4) gives
the estimatei(F) <2, and so we obtain that(F) =2. 0O

Remark 4.7. One can consider the towef given by Eq. (4.1) over the field 2, for

any odd prime numbep. Fixing an elemenbd € [ > with 6% = —1 one can easily see
that Lemma 4.4 holds also fgr > 3, and hence that

WF/Fp)<2 forall p>3. (4.3

The determination of the completely splitting loc$$F/Fp) is for arbitrary prime
numbersp >3 much harder than in the special cgse- 3. One can prove that

|S(F/Fo)l = 2(p — 1). (4.4)

It follows from (4.4) that the splitting rate(F/Fp) satisfiesv(F/Fo)>2(p — 1),
therefore

MF) =v(F/Fo)/y(F/Fo)zp — 1.

This lower bound ford(F) is equal to the Drinfeld—Vladut bound, and so the tower
given by Eq. (4.1) is in fact asymptotically optimal over the quadratic fiéigls for
all prime numbersp > 3.

The analysis of the sef(F/Fp) involves the so-called Deuring polynomial, (X)
F,[X]1 which is defined by

(p—=1)/2 2
Hy(X)= > ((p_jl)/2> X/
=0

The key point of this analysis is to show that all roots of the equaHgﬂﬁ“) =0 are
in F,2 and that

S(F/Fo) = {Ps | Hy(*) =0} (4.5)
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We proved these assertions fpr= 3 in Lemma 4.5 (note thaHz(X*%) = X% + 1).
For p =5 one hasHs(X%) = X8 — X*+1 € Fs[X] and we leave it to the reader as
an exercise to prove (4.5) in this case. ko 7 one has to consider the polynomial
H7(X% = X2 4+ 2x8 4 2x% + 1 over the fieldF49, and already in this case it is
non-trivial to prove (4.5) directly. For general>3 we refer to[8, Section 5].

5. Further examples

In this section, we present some further examples of recursively defined tdwers
over a finite fieldF,. We say that a towetr = (Fy, Fi1, F2,...) over [, is defined
recursivelyby the equation

o(y) =y(x) (5.1)

(with rational functionsp(Y), y(X) with coefficients inlF,) if the following conditions
hold:

(i) Fo = [F,(x0) is the rational function field ovef,, and for alli >0,
Fit1 = Fi(xi+1) With @(xit1) = Y (x;).

(i) [Fi+1: F;] =degoe(Y), for all i >0.

For instance, the towefs over [g that we analyzed in Section 4, is recursively
defined by the equation? = (x2 + 1)/2x.

Remark 5.1. Observe that it is not clear a priori, if an equatigily) = y/(x) defines

a tower: it can happen that the equatigiiY) = (x;) becomes reducible over the
field F; = F,(xo, ..., x;) for somei >0, or that the constant field df,(xo, ..., x;) is
larger thanl,. Therefore one has to investigate in every specific case if a particular
Eq. (5.1) actually defines a tower.

Example 5.2. (Towers of Fermat type, see Garcia and Stichterjiihand Wulftange
[19]). A tower over[, which is defined recursively by the equation

y'=ax+b" +c, with a,b,cel, and (m,q)=1 (5.2

is called aFermat towerover [,. One can show that Eq. (5.2) defines a tower if and
only if m > 1 andabc # 0. The condition(im, g) = 1 ensures that Fermat towers are
tame; i.e., all extensions),/Fy are tame. For specific values af, a, b and ¢, Fermat
towers have nice properties, e.qg.

(@) If ¢g =1modm anda = 1, then the polePy, of xg in Fp splits completely in the
Fermat towerF; hencev(F/Fp)>1, by Lemma 3.7.
(b) There are examples of Fermat towers with finite ramification locus.
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We point out two special cases of Fermat towers:

Example 5.3 (see Garica et al[9]). Letg = p® withe > 1 andm = (¢—1)/(p—1).
Then the Fermat towef /[, which is defined recursively by the equation

y=1-(x+D" (5.3)

is asymptotically good; its limit satisfies ) >2/(g —2). In fact, it is easily seen that
in this specific case the ramification locus satisfi&sF/Fo) < {P,|« € F;} and hence
it has cardinality at mos§. Moreover the pole ofg splits completely inF. We then

conclude from Lemmas 3.7 and 3.8 that

WF)=2/(q —2) > 0.

Note that Example 5.3 gives an easy proof for all non-primef the fact that
A(g) > 0 (see the Introduction, Eq. (1.6)).

Example 5.4 (see Garcia et al[9]). Let £>3 and g = ¢? be a square. Then the
Fermat towerF over [, which is defined by

yil=1— (x4 1t (5.4)

is asymptotically good ovef,, with A(F)>2/(¢ — 2). In fact, in this example one
shows easily that the ramification locus satisfieégF/ Fy) C {Py|o € F¢} and that the
pole of xg splits completely oveif 2.

Observe that Example 5.3 yields an optimal tower dvgrand Example 5.4 yields
an optimal tower over the fielétg. For other applications of Lemmas 3.7 and 3.8 we
refer to[8].

Now we will consider some wild (i.e., non-tame) towers.

Example 5.5(see Garcia and Stichtenoff]). Let ¢ = ¢? be a square, and lef =
(F;)i>o0 be the tower oveir, which is recursively defined by

Yoy =xt/at 4. (5.5)

One can easily determine the ramification l0dUEF / Fp) and the completely splitting
locus S(F/Fp) in this case:

V(F/Fo) = {Psc} U{Py | o + o =0},
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and
S(F/Fo) = {Ps | peF, and B + B # O}

It follows that the splitting rate satisfiegF/ Fo) >¢2—¢. However, it is much harder to
determine the genus(F/Fp), since in case of wild ramification one has in general no
control on the different exponents. A very careful analysis of the ramification behaviour
of this tower shows thap(F/Fo) = ¢, and thereforel(F) > (€% — ¢)/¢ = ¢ — 1. Now

it follows from the Drinfeld—VIadut bound that we have equaliyF) = ¢ — 1, i.e.,

the towerF which is defined by Eq. (5.5) is optimal over the fiefg.

We remark that the tower in Example 5.5 is closely related to the optimal towers
over [, (with g = ¢?) which were considered ifiL,6]. Its interpretation as a Drinfeld
modular tower was established in [5].

If ¢ is not a square, it seems to be harder to find towers byewith “large” limits.

The tower in Example 5.3 is asymptotically good odgr for each non-primey, but
the limit A(F)>2/(q — 2) is rather small. We give now two other examples of wild
towers with large limits, over finite fields with cubic cardinality.

Example 5.6 (see van der Geer and van der VIYd0]). This is a wild tower over
the field with eight elements; it is recursively defined by the equation

y24+y=x+1+4+1/x overFs. (5.6)

It is not difficult to determine the ramification locug(F/Fp) and the completely
splitting locus S(F/ Fo):

V(F/Fo) = {Py | a =00 or we Fa} and S(F/Fo)={Ps | f € Fg\ Fa}.

The difficult part here is to investigate the behaviour of the ramified places, since they
are all wildly ramified. One can show that¥/Fo) = 4 and hence thai(F)>3/2;
this is just Inequality (1.7) fop = 2.

Example 5.7 (see Bezerra et al[2]). The equation
A=/ =" +x=D/x (5.7)

defines a very interesting recursive towgrover the fieldF, with ¢ = ¢3 (one can
easily show that fow = 2 this tower is the same as the tower of Example 5.6). There
are £(¢ + 1) rational places offy/F, which split completely in the towef (but one

does not see them as easily as in the towers of Examples 5.2-5.6Y. #o02 the
extensionsF; 1/ F; in this tower are non-galois, and ramification is very complicated:
some places are tamely ramified, others are wild, and the computation of the different
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exponents is rather involved. The result of a careful analysis gives
V(F/Fo) =Lt +2)/(2t —2)
and therefore
MF) = v(FFo) [y(F | Fo) > 2(6* — 1)/ (€ + 2).

So the tower in Example 5.7 attains Zink’s lower bound (1.7) Aap?) (in case
¢ = p is a prime), and it also proves the bound

A3 =2(%? — 1)/t +2) for all prime powerst.

Problem 5.8. We finish this paper with an obvious problem: Find asymptotically good
recursive towers with large limits over any finite fidig. For example, can one produce
towers F over F, with ¢ = p?+1 such that the limiti(F) is close to a constant
multiple of p"? How to find explicit equations leading to recursive towérswith
positive limit A(¥) > 0 over prime fieldsF,?
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