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Abstract We investigate the dynamics of spinning test par-
ticles in the vicinity of Einstein-geometric Proca (EGP) Anti-
de Sitter (AdS) compact objects, which arise from metric-
Palatini gravity extended by the antisymmetric part of the
affine curvature. Using the Mathisson—Papapetrou—Dixon
(MPD) equations with the Tulczyjew spin supplementary
condition, we derive the effective potential and analyze the
equatorial motion of spinning particles. The influence of the
model parameters q1, g2, and the Proca mass parameter o
on the innermost stable circular orbits (ISCO), superluminal
spin bounds, and orbital stability is systematically explored.
Our results show that increasing ¢ and g reduces the ISCO
radius, angular momentum, and energy, while spin orienta-
tion introduces significant modifications to orbital behavior.
We further examine head-on collisions of spinning particles
near the horizon and demonstrate how the center-of-mass
energy depends on spin and the EGP theory parameters.
The study reveals that Einstein-geometric Proca AdS black
holes may act as efficient particle accelerators, with distinc-
tive features absent in Schwarzschild or standard AdS back-
grounds. These findings provide new insights into the inter-
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play between spin dynamics, modified gravity, and strong-
field compact object physics.

1 Introduction

General relativity (GR) is usually derived from the Einstein—
Hilbert action as a purely metric theory. However, it is well
known that the variation principle for Einstein—Hilbert is
not well-posed without adding the Gibbons—Hawking—York
(GHY) boundary term [1,2]. This problem can be solved
by replacing the Levi-Civita connection with an affine con-
nection (independent of the metric) [3]. In this approach,
known as the Palatini formalism, the Einstein—Hilbert action
reproduces the Einstein field equations without the need
for the boundary term. Palatini gravity is the simplest non-
Riemannian extension of GR, which is characterized by met-
ric g;,» and the Ricci curvature R, (I") of a general symmet-
ric affine connection I'}; .

Palatini gravity naturally opens the door to non-Reimannian
extensions of GR. A particularly important modification is
obtained by adding a term like R[W](F)R[’”](F), where
Ry (T") is the anti-symmetric part of the affine Ricci tensor
R, (I"). The significance of this extension is that it leads to
GR plus a purely geometric massive vector field O, [4,5].
This field, which emerges directly from the affine connec-
tion, can be identified as a geometric Proca field. It is defined
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0,=3Q% Quw=-V, gu- (1)
where Q; . is the non-metricity tensor [4-8].

We refer to this system as Einstein-geometric Proca to dis-
tinguish it from the standard Einstein-Proca system studied
in the literature. The latter describes general relativity mini-
mally coupled to a matter Proca field, and has been analyzed
extensively in various contexts such as the construction of
Reissner—Nordstrom (RN) type spherically symmetric vac-
uum solutions [9-12], the investigation of the physical role
of the Proca field [13-15], the derivation of static spheri-
cally symmetric solutions [16—18], and the study of horizon
structure [19-21]. In contrast, the geometric Proca arises as a
concequence of metric-incompatible symmetric connection
and is in fact a distinctive feature of Weyl gravity[22-25]. In
cosmological settings, it has been studied as a candidate for
geometric dark matter [5]. Its couplings to fermions (quarks
and leptons) were explored in [26] in regard to the black hole
horizon in the presence of the Proca field [8].

Including the metrical curvature R, (8I") in addition to
the affine curvature R, (I"), relaxes the constraints on the
Proca mass [26]. In the absence of the geometric Proca Q,,,
this framework reduces to the usual metric-Palatini gravity,
which has been explored in various domains, including dark
matter [27], wormholes [28], and cosmology [29]. The the-
ory we explore here is the metric-Palatini gravity extended
with the invariant Ry, (DRI and a negative cosmo-
logical constant (CC). This system is referred to as extended
metric-Palatini gravity (EMPG). The black hole solution of
this model was obtained and analyzed in [30,31]. The ther-
modynamical analysis of the model was performed in [32]. It
was shown in [30] that the presence of a negative CC is essen-
tial for the existence of a black hole solution. The schematic
action of EMPG is [30]

S[g, r] =fd4x /—_g{“gll«va) (gF)// + “gle,uv (1—-)//
+“R[Mu] (F)R[,LL\)] (F)// + “CC//} , (2)

which describes an Einstein-geometric Proca Anti de Sitter
(AdS) structure.

The study of particle motion in the vicinity of compact
gravitating objects serves as an effective method to test dif-
ferent theories of gravity. Within the framework of met-
ric theories, test particles are expected to follow geodesics,
meaning that their trajectories encode information about the
physical properties of the central source. However, particles
endowed with intrinsic spin deviate from geodesics due to
spin—curvature coupling. Investigating the dynamics of such
spinning particles thus offers deeper insight into the geom-
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etry of spacetime. Various analyzes of neutral, charged, and
magnetized particle dynamics around compact objects have
been reported in the literature [33—43]. Furthermore, the elec-
tromagnetic field surrounding compact objects can strongly
influence the trajectories of charged or magnetized parti-
cles [44—47]. The role of spin interactions with the back-
ground geometry has also been extensively addressed in ear-
lier works [48-62].

The behavior of spinning particles is commonly described
by the Mathisson—Papapetrou—Dixon (MPD) equations [63],
which incorporate the interaction between the spin tensor
and the spacetime curvature. A characteristic feature of this
framework is spin precession [64—66]. These dynamical pro-
cesses can also influence the energetic aspects of black
holes (BHs). In particular, BHs may act as natural particle
accelerators. Banados, Silk, and West demonstrated in [67]
that, under specific parameter conditions and in the case of
extremal rotating BHs, the center-of-mass energy of two col-
liding particles can grow without bound—a phenomenon now
known as the BSW mechanism. In this work, we aim to
investigate the collisions of spinning particles near the com-
pact objects within the EMPG model. The impact of modi-
fied gravity scenarios on spin dynamics has been addressed
in [68-71]. Moreover, several recent studies have explored
spinning particle dynamics within diverse modified grav-
ity frameworks. In particular, the effects of spin—curvature
coupling and quantum corrections have been examined for
Reissner—Nordstrom-like black holes [72], effective quan-
tum gravity models [73], quantum-improved charged black
[74] and quantum-corrected spacetimes [75]. Further anal-
yses have addressed the influence of asymptotically safe
gravity [76], Lorentz gauge theory [77], T-duality—inspired
charged geometries [78], and decoupled hairy black holes
[79]. These works collectively enrich the theoretical land-
scape of spinning test-particle motion in alternative gravita-
tional settings.

In the present work, we study the spinning particles
dynamics around the Einstein-geometric Proca AdS compact
objects. The paper is organized as follows. We will describe
the static spherically symmetric solution of EMPG in Sect. 2.
In Sect. 3, the equations of motion for a spinning particle is
obtained and the superluminal bound is studied. We discuss
the dynamics of spinning particle in Sect. 4 and we finish the
paper by concluding remarks in Sect. 5.

2 Static spherically-symmetric solutions in EMPG
model

The exact form of the schematic action 2 is given by [5,26,30]

M2 M
S[g, '] = / d4x¢—_g{7R @+ SR
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+£R,, (M R™ () = Vo + L, (T, w)}, 3)

which is an action based on the metric g,,, and a symmetric
affine connection I'};, = T',, independent of the Levi-Civita
connection

1
T = 58" (0u8up + Do = 0p8yn) 4)

generated by the metric g,,. The affine connection defines
the affine Riemann curvature

ngﬂ (F) = avrga - 3/31-‘1;12( + Fff)\rga - ngrﬁa' (5)

The antisymmetric Ricci tensor in 3 is obtained by the con-
traction R, (I') = Rﬁw (I') = Ry, ('), which vanishes
in the metrical geometry.

The first term in the action (3) presents the Einstein-
Hilbert term in GR, provided that M is identified with the
Planck mass Mp. The second term corresponds to the stan-
dard Platini action. The third term, proportional to &, extends
the metric—Palatini gravity with the antisymmetric part of
the affine Ricci tensor [5,26]. Here, V| denotes the vacuum
energy density, and £, (8T, ¥) is the Lagrangian of the mat-
ter fields .

Since the affine connection I');,, = I'}, is torsion-free,
the only possible deviation from the Levi—Civita connection
$T/,,, is due to non-metricity,

=T, + %g“’(Q,wp + Quup — Cppuv)s ©)
where the non-metricity tensor is defined as

Qiuv = =" Viguv- )
Using the decomposition 6 in the metric-Palatini action (3)

leads to the reduced Einstein-geometric Proca action [5,26,
30]

1 1
Slg, Y, ¥l = | d*xy/= R(g) — Vo — =Y, Y
[g W] / X g{16JTGN (g) 0 4 uv
1
_EM%'Yﬂyu—i_‘Cm(gvgrs w)} (8)
Here, O, = Q;Vw /4 is the non-metricity vector, Y, =

2/&Q, is the canonical geometric Proca field, Gy =
8w /(M 24 Mz) is Newton’s gravitational constant, and
3

2% ©))

2 _
7=

is the squared mass of the Y),. It is convenient to define Y, =
kY, as the canonical dimensionless Proca field and rewrite
the reduced action (8)

1
Slg, Y] = /d“x,/—ga

A A 1~ A
x{R(g)—ZA—M)z,YMY“—EYMUY‘“’} (10

in which k = 871Gy and A = 8w Gy V) is the CC. The
variation of 10 with respect to g, leads to the Einstein field
equation

A A 1~ 4 A A
R/w - Ag,uv - Yauyav + ZYaﬂYaﬁg/w - M)Z/Y/LYU =0,

and variation of the action with respect to ?M gives us the
Proca equation of motion

V, YH — MEYY =0. (11)

This system of equations has been thoroughly studied in the
search for black hole solutions with A = 0 [26] and A < 0
[30]. Putting forward a general spherically-symmetric and
static metric ansatz

guv = diag(—h(r), % r2, r?sin?0), (12)

together with a time-like Proca field
Y = (s, (13)

one arrives at the following solution

oA q1 q2
PP = 1 + 1 (14)
r2 r 2

where o is the mass parameter

o =/1+4M22 (15)

and/ stands for the AdS radius. According to the Breitenlohner—
Freedman mass bound, o must satisfy the range [80]

0<o <1, (16)

in order to prevent tachyonic runaway instabilities in the AdS
background. Here, ¢ and ¢, are integration constants, inter-
preted as a uniform potential and an electromagnetic-like
charge, respectively. 7 and My are dimensionless distance
and mass defined as

Fo=x" 2 MY = kM (17)

Corresponding to the geometric Proca solution in (14), the
metric potentials f(r) and h(r) are modified as [30]

N AD o — n n
FO =PI 4 14 e+ 2
ri—o r
A AD m m
h(F) = 7 2+1+f1f”+ fz (18)

@ Springer
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where the explicit forms of the constants depend on the model 25 T T T T T T T T T T T ]
parameters (q1, g2, 0, 1), — q:=0 .= 0.2
— 1 =

1 | — g1 =2

—0 , 0 ,
ny = , m| = , 2.0
1 4 q1 1 3_0611

(1-0)(1+0)

np=m; — ——————(q192 . (19)

6

By setting g1 = 0, we will recover the Ads-Schwarzschild
solution. The ADM mass of this compact object takes the
form [30]

1 1
Mapm = 3 (thz [VG t30-0)o +4)} - mz) -(20)

where y is the coefficient of the surface term for the geomet-
ric Proca after the normalization M 4py; = 1. This Einstein-
geometric Proca AdS solution has been extensively analyzed,
including the horizon structure, the structure of the singular-
ity [30] and the thermodynamics features [81].

The event horizon is located at values of r for which
f(r) = 0 while h(r) = 0 gives us the killing horizon. We
solve the horizon radii numerically from the metric functions
(18), and illustrate both horizons as functions of o in Fig. 1.
The solid lines represent the Killing horizon for various val-
ues of the charge parameter ¢; and for fixed g, while the
dashed lines show the corresponding event horizons for the
same configurations. At fixed o, increasing g reduces the
horizon radii, showing that a stronger Proca charge yields a
more compact geometry. As expected, the Killing horizon
is always hidden behind the event horizon. The difference
between these two horizons increases with the Proca charge
q1, while in the case g1 = 0 the Killing and event horizons
coincide at r = 2; consistent with standard Schwarzschild
solutions. The figure shows that both horizons decrease with
higher Proca charge g, while they increase with o.

3 Equations of motion: basic concepts
3.1 Equations of motion for a spinning particle

In this section, we consider some theoretical background
of a spinning particle motion around compact objects. It
is well-known that a non-spinning particle follows usual
geodesic equations, whereas in the case of the spinning
particles the scenario is not simple. The set of equations
used to describe the motion of a massive spinning particle
in a gravitational field is called the Mathisson—Papapetrou—
Dixon (MPD) equations, which are given in the form [64,65]:

@ Springer

Horizon Radius

Fig. 1 Killing horizon (solid) and event horizon (dashed) for various
values of the charge parameter ¢ and for fixed ¢> as a function of o

Dpa — _lRa uﬁsa(f
dx 27 P ’ )1
DS*P D
. Pl = plu
where D/d. = u“V, is the projection of the covariant

derivative along the trajectory of the particle, u”* = dx* /dx
is the 4-velocity of the test particle, p® is the canonical 4-
momentum, R"‘/% » is the Riemann curvature tensor, A is
an affine parameter and S/ is antisymmetric spin tensor:
S = —she,

Obviously, Eq. (21) returns to the well-known geodesic
equation of GR when the components of S*? vanish, and
consequently, the differential equation will take the form of

Dp®
p=0

h (22)

To solve the set of Eq. (21), one needs to introduce the
extra condition, the so-called spin-supplementary condition,
which fixes the center of mass of the particle. There are
several different spin-supplementary conditions to choose
(e.g. [82-84]). In this paper, we employ the Tulczyjew Spin
Supplementary Condition (SSC) [82], given by the relation:

5 pgy = 0. (23)

The SSC relation and the MPD equations provide two inde-
pendent conserved quantities: the canonical momentum and
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the particle’s spin, given by the relations

S Spp = 287 = 2m%s?,

P pa = —m?.

(24)
In addition to the spin and the canonical momentum shown
in Eq. (24), one also has the usual conserved quantities asso-
ciated with the spacetime symmetries. In the case of an axi-
ally symmetric spacetime, there are two Killing vector fields.
One is related to invariant time translations, €%, and the other
generates rotations along the azimuth angle ¢, ¥“. We can
compute these quantities using the following equation:

1 1
Ky — ES“’SVWCQ = p%Key — ES“ﬁaglca = constant, (25)

where k* represents one of the two Killing vector fields: £

or Y%,
3.2 Superluminal bound

Considering the superluminal bound part while investigating
the motion of a spinning particle around compact objects
plays a crucial role. The spinning particle cannot have any
spin value s as its velocity can exceed the speed of light. Due
to this, the critical value for a particle’s spin should be found
to keep its trajectory time-like and work with the data that
has physical meaning.

Obviously, four-momentum p® is a conserved quantity
(see, e.g., Eq. (24)) and always time-like while the four-
velocity of the particle u® is not. Therefore, the normaliza-
tion condition u*u, = —1 is not adequately satisfied, and
for some values of spin s, the values of the normalization
condition can be positive. Thus, the trajectory of the particle
becomes space-like, without physical meaning.

To maintain the trajectory of spinning test particles with
time-like character, it is necessary to impose the following
constraint (on the equatorial plane):

ugu® .2 .2

= & T+ 8upd” <0, (26)
Here, the dot denotes the derivative with respect to the time
coordinate ¢. Solving the MPD equations (see Eq.21), one
gets the expressions for dr/dt and de¢/dt in the following
form:

dr u" Cpr
dr u  Bp,’

(27)
dg _u? _ Apy

dZ_MI_Bp[.

where

4% s ?
A = g + Rtrrt,

Pt

59r\?
Bzgtt+< > Rﬁﬂrrw,

Pt (28)

As have already been pointed out, Eq. 26 is necessary
to find the superluminal boundary, which helps to separate
time-like particles from space-like ones. So, by defining the
function F = uqu®/(u’ )2, we can find the limiting values
of the particle’s spin. Obviously, the condition 7 = 0 cor-
responds to the superluminal constraint, the critical value
of particle’s spin s for a particular condition. Consequently,
when F < 0 for certain values of the spin s, the trajectory
of the particle is time-like and the spin values satifying the
condition are acceptable. However, when F > 0 the values
of the particle’s spin s are forbidden and the trajectory of the
particle becomes space-like. Note, that the behaviour of the
limiting values of particle’s spin s, is presented in the Fig. 5
and described in the next section together with the innermost
stable circular orbits due to their interconnectedness.

4 Dynamics of spinning particles around
Einstein-Geometric Proca AdS compact objects

In this section we are aimed to investigate the motion of
a spinning particle around Einstein Geometric-Proca AdS
compact object. In order to find the equations of motion for
a spinning particle we use the effective potential method and
investigate its circular orbits.

4.1 The effective potential

First, we intend to find the effective potential of the spin-
ning test particle around Einstein-Geometric Proca compact
object. For simplicity, we consider the motion on the equato-
rial plane (0 = 7 /2). There are two conserved quantities in
the case of static spherically symmetric spacetimes, namely,
the energy E and the total angular momentum J (J = L+ S,
S = sm, L = Lm) that are defined by the relations:

1
—E=p — Egtt,rstr
(29)

1
J=py— §g¢¢,r5‘”,

@ Springer
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Fig. 2 Radial dependence of the effective potential for different values
of parameters. The upper line corresponds to the plots of the effective
potential for various values of ¢ when g = 0.5 (left panel) and for var-
ious values of g» when g1 = 1.0 (right panel) for s = 0.5 and 0 = 0.8.

Moreover, since the particle’s motion is constrained to the
equatorial plane, the antisymmetric spin tensor S*# has only
two independent components, namely [55]:

Str [ p¢s
N —8tt8rr8¢¢ '
§or — PiS 30)

N —8tt8rr8¢¢ '

where s represents the specific angular momentum of the
particle (spin).

Putting Eq. (30) into Eq. (29), the expressions for the
energy E and the total angular momentum J can be rewritten

as
E=p + SP¢8i1t,r e sh'(r) p
By SPeSnr W)
2 /=818 800 2RO )

SPt8¢po.r

S
2/ gnenges T VRO

J=p¢—

@ Springer

While the lower line illustrates the behavior of V.7, for various values
of s for g = 1.0 and g2 = 0.5 (left panel) and for various values of o

for 1, g2, s = 0.5 (right panel)

and solving the system for p, and pg, we can easily obtain:

=2rh(r)E + ' (r)/h(r)/f(r)Js

pr= 2rh — B (r) f(r)s? ’ G2
2rh(r)J —2r/h(r)f(r)sE

P = T fns? 53

Now, from Eq. (24), we can get the expression for the
radial canonical momentum as:

(p")? =—g" 18" pi + 8% py + m°]. (34)

From g% = 1/gap, we get g'' = —1/h(r), g7 = f(r)
and g?? = 1/r? in the equatorial plane where § = /2. By
inserting the Eqgs. (32, 33) and the components of the metric
tensor into the Eq. (34), it is not difficult to get the quadratic
equation in terms of the energy E of the spinning particle as
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given below: right panel of the lower line illustrates the radial dependence
of the effective potential for different values of the o, holding
af>+8E+y constant g1 = g = 0.5 and s = 0.5. In contrast to all the

W) = (35)
where we have used simple relationship for the momenta
(u")? = (p"/m)?* and introduced dimensionless quantities
(E=E/m,L=L/m).

Here, new notations denote:

a =4h(r) f(Nr* — f(r)s?], (36)
§ =4JVh(r) f(r) f(r)s[2h(r) — rh' ()], 37)
y = T2 (R (r)2s* — 4h(r)*] — f(r)p, (38)
p = [2rh(r) — I'(r) f (r)s*]*. (39)

We can now rewrite Eq. (35) in the form:
o
W = SE—VIE-V). (40)

In order to get the circular motion of the spinning particles,
we set the condition p” = 0, of which we can define the
effective potential in the following form [48,55]:

=8+

52 _4
Vi = oy

2a

(41)

However, to satisfy the condition (ur)2 > 0, the specific
energy of spinning particles must meet one of two following
conditions: (i) £ > V, and (ii)) £ < V_.

Assuming that spinning particles have positive energy (the
first condition), we completely define the effective potential
as Vorr = V5

-8+ /82 —day
2a ’

Verr = 42)

Figure 2 demonstrates the radial dependence of the effec-
tive potential for different values of the parameters g1, g2,
s and o at fixed angular momentum £ = 3.0. So, the left
panel of the upper line of the Fig. 2 illustrates the behav-
ior of the effective potential for various values of g; at fixed
g2 = 0.5. Whereas, the right panel of the upper line shows
the behaviour of the effective potential for various values of
q> at fixed g1 = 1.0. In both cases, ¢ = 0.8 and the spin
of the particle is positive and fixed s = 0.5. Here, it can
be observed that the increase in both parameters, ¢ and g2,
increases the value of the effective potential.

On the other hand, the first graph of the lower line displays
the radial dependence of the effective potential on various
values of the spin of the particle at fixed g; = 1.0, g2 =
0.5 and 0 = 0.8. Here we can notice that the value of the
effective potential goes up when the spin of the particle is
changing from the negative to the positive value. Last, the

graphs, the opposite behaviour of the effective potential can
be seen by rising the values of the o', namely when the value of
the o increases the value of the effective potential decreases,
but the shift in the value of the V. 7y is very small.

4.2 Innermost stable circular orbit

In this subsection we consider the innermost stable circu-
lar orbits (ISCO) of the spinning particle around Einstein-
geometric Proca AdS black hole. Here we utilize the follow-
ing three conditions in order to find the ISCO of the particle:

1. dr/dt =0o0r & = Vepp(r) ,
2. d’r/dt> =0o0r V) (r) =0,
3. d*Vpr/dr? > 0.

Obviously, the first condition is necessary for the motion with
constant radius, i.e. there is no change in the radial motion
over time. Consequently, it leads to the equality of the energy
and the effective potential. In addition, the second condition
indicates the absence of acceleration, the motion with a con-
stant speed. These two conditions should be met to get the
circular orbits for a particle. However, the inner orbits and
their stability are achieved by satisfying the last condition.
Thus, the satisfaction of all three conditions simultaneously
leads to the movement of the particle in the trajectory of the
innermost stable circular orbit.

Figures 3, 4 illustrate the dependence of radius, spe-
cific angular momentum and specific energy at ISCO
(risco.Lisco,Ersco) on spin s of the particle for vari-
ous values of parameters ¢ and g3, respectively. We analyse
below each plot separately to see the behaviour of the func-
tions and differences with respect to the model parameters.

Figure 3 displays the spin-dependence of the radius, spe-
cific angular momentum and specific energy at ISCO for
various values of g for go = 0.5 and o = 0.8. Note that we
have included here the Schwarzschild condition g; = 0 to
compare and be convinced of the correctness of the results.
It is observed that the rise in the parameter ¢ decreases both
rrsco and Lrsco in the first two graphs of the Fig. 3. Fur-
thermore, one can notice that the specific energy at ISCO (the
last graph of the plot) slightly increases when g increases for
particles with negative spin and positive spin until s ~ +0.72
(the specific value of the particle’s spin, joining point of the
lines). Afterwards, the behaviour of £;5¢¢ is similar with
rrsco and Lysco i.e., when the value of the ¢ increases,
the value of the specific energy decreases. Noticeably, all
functions (r;sco, Lisco, E1sco) diminish with the rise of
the value of the particle’s spin. Additionally, one can see
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Fig. 7 The radial dependence of the center-of-mass energy of spin-
ning particles for various values of the spin for g = 0.3, ¢ = 0.5
and o = 0.8. The figure contains six panels. All panels of the first line
illustrate the center-of-mass energy for the various positive values of

that all graphs have straight colorful lines corresponding to
lines of the functions for each value of the g1, which define
the superluminal boundary for the particle’s spin. As have
already mentioned in Sect. 3.2, the trajectory of the particle
can be space-like for some values of the spin. So, the left side
of the graph corresponds to the time-like particles, while the
right side — space-like ones, and the colorful vertical lines
denote the boundary for the spin of the particle.

Figure 4 represents the dependence of the radius, specific
angular momentum, and specific energy of the ISCO on the
spin s for the different values of ¢; at fixed ¢g; = 1.0 and
o = 0.8. One can notice that the graphs have a similar trend
as in Fig. 3, when ¢ increases the radius, specific angular
momentum and specific energy at ISCO decreases. Yet, the
shift on the values of the functions is much more significant
than the one in the Fig. 3. In addition, there is also a joining
point of the lines in the plot of the specific energy at ISCO,
at around s = +0.2, after which the lines start to differ
noticeably. The Fig. 4 has also colorful vertical lines for each
value of the g2, representing the superluminal constraint for
the particle’s spin.

The variation of the critical values of the spin of ;4 in
parameters g1 and g3 is presented in the Fig. 5. The left panel
of the Fig. 5 shows the dependence of the critical values of
spin on ¢ for different values of the parameter g» when the
parameter o = 0.8 is constant for all cases. It should be noted
that there are two totally different trends for negative and
positive values of g»: arise in the negative values of g, results

L L L L L L
3.0 35 4.0 2.0 25 3.0 35 4.0

the second particles spin for different fixed values of the spin of the first
one. The second line displays the opposite - the center-of-mass energy
for the fixed values of the first and various negative values of the spin
of the second particle

in the increase of the critical values of the particle’s spin and
is getting bigger with the rise of g1, while for positive values
of the g correspond small values of s,,,, and it decreases
with the rise of ;. A special case is represented when g, =
0, namely the critical value of the particle’s spin is almost
constant even if the values of parameter g; go up (here the
critical values of the spin change from s,,,x = 1.65181 to
Smax = 1.68186 when g1 = 0 = 1).

The right panel of the Fig. 5 illustrates the behaviour of the
critical values of the spin as a function of the parameter ¢ for
different values of ¢;. The symmetric behaviour of the s,
in terms of negative and positive values of ¢ can be observed
from the graph. So, when g5 is negative the values of s,,,,, g0
up with the rise of g and, vice versa, the values of s,,,x go
down when ¢ increases at positive values of g». It should be
mentioned that with the rise of g, from negative to positive
values the critical values of the particle’s spin decrease all the
time. Here, again, we can notice the point where the value of
Smax 18 almost the same for different values of ¢;.

5 Collision of spinning particles

This section is devoted to investigating the head-on collision
of two particles near the horizon of the black hole and the
ultra-high energy produced by it. Here, we assume that par-
ticles coming from infinity fall freely and produce a head-on
collision near the horizon of the black hole. For this aim, we
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first analyze the angular momentum of the particle, which is
extremely important.

5.1 Angular momentum

It is worth mentioning that to produce a head-on collision
of two particles, we need to know the critical values of the
angular momentum of the particle for which the collision is
possible. In order to find these values of the angular momen-
tum L., the following conditions should be satisfied:

i) 12=0,
il) di?/dr =0 .

Obviously, the particles with higher angular momentum than
the critical values cannot approach the black hole and produce
a collision.

Figure 6 demonstrates the critical angular momentum of
a spinning particle as a function of spin s for different values
of parameters g and g3 at fixed o = 0.8. The left panel of
the plot shows the behavoir of the L, for different values of
g1 when ¢g» = 0.5 is constant. One can see from the graph,
the values of the critical angular momentum decrease notice-
ably when ¢ increases. Note, that the values of the critical
angular momentum moderately go down with the increase of
the values of the particle’s spin and the higher the value of
the g the lower the value of the L., and spin s of the particle.

In addition, the right panel of the Fig. 6 illustrates the
dependence of the critical angular momentum on spin of the
particle for different values of ¢, at fixed g; = 1.0. Ascanbe
seen, the values of L., drop considerably with the increase
of g2, as in the case of g;. It should be noted that both the
spin and the critical angular momentum of the particle have
higher values when ¢ is negative.

5.2 The center-of-mass energy of spinning particles

Now, we utilize the following expression for computing the
center-of-mass energy E,, of the colliding spinning particles
[55]:

Edy = —8""(p)) + PPV + piP)
=mi +mj5 — 28" piP p, (43)

where p,(}) and pl(f) are four-momentum of spinning parti-
cles, respectively (see Eqs. 32 and 34). Here, we assume that
particles have the same mass m; = my = m, but different
four-momenta p,()) and p,(L2 ). Thus, the final expression for

the center-of-mass energy of colliding particles has the form:

2
2 — E cm
cm m2

@ Springer
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B g pVpP + ¢ p p® 4 v p pi

2

=1 (44)

m

Figure 7 displays the radial dependence of the center-of-
mass energy E,, of colliding spinning particles for different
values of spin s at fixed g; = 0.3 and g = 0.5. Here, all
calculations have been done at fixed 0 = 0.8 and L = 2.5.
It consists of six panels, divided into two rows.

One can see that the first line of the plot consists of three
graphs, each of which has a constant value of the spin of the
first particle with varying positive values of the spin of the
second particle. Noticeably, that by increasing the value of
the spin of the second particle, the value of the center-of-
mass energy E., also increases, but only slightly. On the
other hand, the graphs of the second line show the behaviour
of the center-of-mass energy E,, for constant value of the
spin of the first with different negative values of the spin of
the second particle. Similarly with the graphs of the first line,
the rise in the negative values of the second particle’s spin
the E.,, energy gets higher value, where the shift in the value
is noticeable.

Considering all panels, we can see that the maximum
values of E, are released during a collision when the
first particle is spinless (s; = 0) or with a negative spin
(s1 = —0.3) and the second particle has a negative spin
(s2 = —0.3; —0.6; —0.9), and the higher the negative spin
of the second particle is, the more energy is released during
the collision. In the meantime, the minimum center-of-mass
energy E, corresponds to the case when the spin of the
first particle is negative (s; = —0.3) and the second particle
has positive values of the spin (s = 0.3; 0.6; 0.9). Note, the
smaller the value of the spin of the second particle, the less
energy E.,, is released during the collision.

6 Conclusions

In this work, we have conducted a detailed investigation into
the dynamics of spinning test particles orbiting Einstein-
geometric Proca Anti-de Sitter (AdS) compact objects. By
solving the Mathisson-Papapetrou-Dixon (MPD) equations
under the Tulczyjew spin-supplementary condition, we have
systematically analyzed how the interplay between particle
spin and the novel parameters of the extended metric-Palatini
gravity model influences orbital behavior, stability, and high-
energy collision processes.
Our principal findings can be summarized as follows:

e The parameters g; and ¢», characterizing the geometric
Proca field, exert a significant influence on the inner-
most stable circular orbits (ISCO). An increase in either
parameter leads to areduction in the ISCO radius, angular
momentum (L;sc o), and energy (£7sc o). This indicates
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a stronger effective gravitational attraction compared to a
Schwarzschild-AdS black hole. The particle’s spin s fur-
ther modulates this structure, with positive spin generally
increasing orbital energy and negative spin enhancing the
inward shift of the ISCO.

e We identified critical spin values s,,,, that demarcate the
boundary between physical (time-like) and non-physical
(space-like) trajectories. The parameter space for phys-
ically allowed spins is highly sensitive to the Proca
charges. Notably, negative values of g permit a wider
range of spin values, including higher positive spins,
whereas positive ¢ values significantly restrict the max-
imum allowable spin.

e The analysis of head-on collisions near the horizon
reveals that Einstein-geometric Proca AdS compact
objects can act as potent particle accelerators. The center-
of-mass energy &, is substantially enhanced when the
colliding particles have aligned negative spins. The crit-
ical angular momentum L., necessary for particles to
reach the horizon, decreases with increasing ¢; and g2,
facilitating more extreme collisions for a broader range
of orbital parameters.

In summary, our results demonstrate that the dynamics of
spinning particles serve as a sensitive probe of the spacetime
geometry governed by the Einstein-geometric Proca theory.
The distinctive modifications induced by the Proca parame-
ters (q1, g2, o) manifest in the ISCO properties, superlumi-
nal bounds, and collision energies provide clear, observable
signatures that distinguish these compact objects from their
General Relativity counterparts. These findings pave the way
for future explorations, including the dynamics around rotat-
ing versions of these black holes and the implications of these
results for astrophysical observations in the strong-gravity
regime.
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