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Abstract
Private Information Retrieval (PIR) scheme aims to retrieve data from a database without
revealing any details about the identity of the data. The PIR scheme for coded storage systems
with colluding servers gives a better PIR rate when the storage code and retrieval code have
transitive automorphism groups. In this work, we study the transitivity of nD-cyclic codes
and then PIR schemes from them together with several examples of nD-cyclic codes with
better PIR rates. Then, we show the monomial equivalence between nD-cyclic codes and
certain nD-constacyclic codes, which can be used as an alternative family of transitive codes.

Keywords Private information retrieval · Tansitive codes · nD-cyclic codes ·
nD-constacyclic codes

MSC subject classifications: 68P20 · 68P30 · 94B15 · 94B60

1 Introduction

Private Information Retrieval (PIR) allows data to be retrieved from a database without
revealing the identity of the data items. The PIR rate is defined as the ratio of the information
gained to the information downloaded, while upload costs are typically ignored. In modern
distributed storage systems, communication between servers is necessary to recover data
in case of node failure. Therefore, it is common for PIR schemes to assume that servers
may collude, meaning they share information about their interaction with the user. The most
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common collusion model is t-collusion, where it is assumed that any subset of servers of
size t can collude. The corresponding PIR scheme is called a t-private information retrieval
scheme (Freij-Hollanti et al. 2018).

Throughout the paper, let q be a prime power and let Fq be the finite field with q elements.
Let C and D be two linear codes over Fq . Here, C is the storage code which is an [n, k, dC]q
code with k × n generator matrix GC and minimum distance dC . The retrieval code D has
parameters [n, k′, dD]q .

In order to fix notation, in the following we describe the basic setup for a PIR scheme (for
more details, see, e.g., Freij-Hollanti et al. (2018)). Assume that there are n servers and M
files, and that the user wants to download the wth file.

Data Storage

This is the first step of PIR. The files are given by x [1], . . . , x [M] ∈ F
b×k
q , i. e., all files consist

of bk symbols over Fq , which are partitioned into b blocks of length k. The total file X is of
the form

X =

⎡
⎢⎢⎢⎢⎢⎢⎣

x [1]
...

x [w]
...

x [M]

⎤
⎥⎥⎥⎥⎥⎥⎦
bM×k

.

After encoding with the code C, these files are distributed to the n servers. So, each file x [i]
is encoded as y[i] = x [i]GC ∈ F

b×n
q . The encoded total file Y is

Y = XGC =

⎡
⎢⎢⎢⎢⎢⎢⎣

y[1]
...

y[w]
...

y[M]

⎤
⎥⎥⎥⎥⎥⎥⎦
bM×n

= [y1 · · · y j · · · yn
]
bM×n =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

y[1]
1 · · · y[1]

n
...

. . .
...

y[w]
1 · · · y[w]

n
...

. . .
...

y[M]
1 · · · y[M]

n

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
bM×n

,

written as collection of M encoded files y[i], as column vectors y j , or as a block matrix with

entries y[i]
j , respectively. The block vector y[i]

j ∈ F
b×1
q corresponds to the j th coordinate of

the i th encoded file. The column vector y j ∈ F
bM×1
q stored by the j th server.

Request

The user selects a random query q[w] ∈ F
bM×n
q to retrieve the wth file x [w] and then sends it

to the servers:
q[w] =

(
q[w]
1 , . . . , q[w]

n

)
,

where the component q[w]
j ∈ F

bM×1
q is sent to the j th server.
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Response

The servers compute responses as r [w]
j = q[w]

j · y j ∈ Fq and send them to the user. The total
response vector is

r [w] =
(
r [w]
1 , · · · , r [w]

n

)
∈ F

n
q .

Iteration

The steps Request and Response are repeated a total of s times until the desired file x [w] can
be reconstructed from the s responses r [w].

Reconstruction

A reconstruction function takes as input all response vectors r [w] ∈ F
n
q over all s iterations

of the scheme, and outputs the desired file x [w].

Special case b = 1 and s = 1

Assume that b = 1 and the iteration number is s = 1. Then the arbitrary files amount to
x [i] ∈ F

1×k
q and the wth file is x [w]. The stored data for each file is y[i] = x [i]GC ∈ F

1×n
q .

For every x [i], i ∈ {1, . . . , M}, we choose a codeword d[i] uniformly at random from the
retrieval code D ⊆ F

n
q . Let e ∈ F

n
q \ D be suitably chosen, then we add e to d[w]. Consider

the following M × n matrix

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

d[1]
d[2]
...

d[w] + e
...

d[M]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

d[1]
1 d[1]

2 · · · d[1]
j · · · d[1]

n

d[2]
1 d[2]

2 · · · d[2]
j · · · d[2]

n

...
...

. . .
...

. . .
...

d[w]
1 + e1 d[w]

2 + e2 · · · d[w]
j + e j · · · d[w]

n + en
...

...
. . .

...
. . .

...

d[M]
1 d[M]

2 · · · d[M]
j · · · d[M]

n

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
[
q[w]
1 q[w]

2 · · · q[w]
n

]
,

whose columns give us queries q[w]
j , where j = 1, . . . , n. Then the coded query q[w]

j , which
is of the form

q[w]
j =

(
d[1]
j , d[2]

j , . . . , d[w]
j + e j , . . . , d

[M]
j

)T ∈ F
M×1
q ,

is sent to the j th server.
The servers send responses r [w],

(
r [w]
1 , . . . , r [w]

n

)
=
(
q[w]
1 · y1, . . . , q[w]

n · yn
)

∈ C�D + C�e,

where � denotes the Schur product, so that C�D = {c�d = (c1d1, . . . , cndn) | c ∈ C, d ∈ D}.
The support of e is chosen so that right-multiplying the vector

(
r [w]
1 , . . . , r [w]

n

)
with the

parity check matrix of C�D reveals dC�D − 1 coordinates of y[w], coming from the C�e
summand in the above expression. The scheme protects against (dD⊥ −1)-collusion because
every t = dD⊥ − 1 columns of the generator matrix of D (which is a parity check matrix of
D⊥) are linearly independent.
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General case: b ≥ 1 and s ≥ 1

In general, assume that b ≥ 1 and the iteration number is s ≥ 1. Then, the arbitrary files are

given by x [i] ∈ F
b×k
q and the wth file is x [w]. We have y[i] = x [i]GC =

(
y[i]
1 , . . . , y[i]

n

)
∈

F
b×n
q , for all i . For every x [i], we choose a codeword d[i] ∈ D ⊆ F

n
q for i = 1, . . . , M .

Let E = (e1, . . . , es) ∈ (Fb×n
q )s be selected where eγ

j ∈ F
1×b
q denotes the j th column of

eγ ∈ F
b×n
q . The PIR scheme proceeds as follows:

(1) Select Msb codewords independently and uniformly at random from D as

d[i],γ,β ∈ D,

where i ∈ {1, . . . , M}, γ ∈ {1, . . . , s}, β ∈ {1, . . . , b}.

(2) In round γ , send the query

q[w],γ
j =

(
d[1],γ
j , d[2],γ

j , . . . , d[w],γ
j + eγ

j , . . . , d
[M],γ
j

)T ∈ F
Mb×1
q

to the j th server, where d[i],γ
j ∈ F

b×1
q is the j th row of the matrix

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

d[i],γ,1
1 · · · d[i],γ,b

1
...

. . .
...

d[i],γ,1
j · · · d[i],γ,b

j
...

. . .
...

d[i],γ,1
n · · · d[i],γ,b

n

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

Also, q[w],γ
j is the j th column of the following matrix:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

d[1],γ,1
1 · · · d[1],γ,1

j · · · d[1],γ,1
n

...
. . .

...
. . .

...

d[1],γ,b
1 · · · d[1],γ,b

j · · · d[1],γ,b
n

...

d[w],γ,1
1 + eγ,1

1 · · · d[w],γ,1
j + eγ,1

j · · · d[w],γ,1
n + eγ,1

n

...
. . .

...
. . .

...

d[w],γ,b
1 + eγ,b

1 · · · d[w],γ,b
j + eγ,b

j · · · d[w],γ,b
n + eγ,b

n

...

d[M],γ,1
1 · · · d[M],γ,1

j · · · d[M],γ,1
n

...
. . .

...
. . .

...

d[M],γ,b
1 · · · d[M],γ,b

j · · · d[M],γ,b
n

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.
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(3) The servers send the responses
(
r [w],γ
1 , . . . , r [w],γ

n

)
=
(
q[w],γ
1 · y1, . . . , q[w],γ

n · yn
)

∈ C�D + (e,γ
1 · y1, . . . , e,γ

n · yn
)
.

and we retrive (y1, . . . , yn) via syndrome decoding after multiplying the parity check
matrix H of C�D with the response vector above.

(4) This scheme retrieves the file x [w] from ns queries. Note that the number of yi ’s that are
recovered is wt(e) at each round, therefore the required number of rounds s depends on
dC�D and the size of x (see the proof of (Freij-Hollanti et al. 2018, Theorem 2) for more
details and exact formulations).

This scheme is called (D, E)-retrieval scheme.
In Freij-Hollanti et al. (2018), Freij-Hollanti et al. have constructed a PIR scheme with

rate dC�D−1
n which protects against (dD⊥ − 1)-collusion. For some classes of C and D, in

particular when C and C�D have transitive automorphism groups (see below), they have

shown that the rate of the scheme can be improved to the rate dim(C�D)⊥
n . In particular, they

used Reed-Muller codes as transitive codes.
We repeat their main theorems for completeness. Recall that in the matrix X , each row

corresponds to one of the files, but then the data in the matrix Y is partitioned into columns,
and each column is stored at a different server.

Theorem 1.1 (Freij-Hollanti et al. 2018, Theorem 2) Let C ⊆ F
n
q be an [n, k, d]q linear

storage code and letD ⊆ F
n
q be any linear code. Then there exists a (D, E)-retrieval scheme

for the distributed storage system Y = XGC with PIR rate

dC�D − 1

n
,

which protects against (dD⊥ − 1)-collusion.

Before we can state the second main result from Freij-Hollanti et al. (2018), we need
some definitions. Let Sn be the permutation group acting on I = {1, . . . , n}. Then, a group
G ≤ Sn is transitive on the set I , if for any 1 ≤ i1 ≤ i2 ≤ n there exists g ∈ G such that
g(i1) = i2. Let C ∈ F

n
q be a linear code and let �(C) be permutation automorphism of C,

then �(C) is a subgroup of Sn . We say C is transitive on I if �(C) is transitive on I.

Theorem 1.2 (Freij-Hollanti et al. 2018, Theorem 4) Let C and D be codes of length n such
that �(C) and �(C�D) are transitive on I . Then there is a (D, E)-retrieval scheme for the
distributed storage system Y = XGC with PIR rate

dim(C�D)⊥

n
,

which protects against (dD⊥ − 1)-collusion.

In Bodur et al. (2022), Bodur et al. used cyclic codes, which are also transitive, to obtain
better PIR rates. They also compared the performance of cyclic codes with punctured and
shortened Reed-Muller codes as these are also known to be cyclic.

In this paper, we study nD-cyclic codes and PIR schemes from them. For this, we provide
a formal proof of transitivity, which generalizes the case of cyclic codes. Then, we compare
our scheme with the existing ones from cyclic codes. Finally, we generalize this idea further
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to the constacyclic setup. By extending a known equivalence between cyclic and constacyclic
codes, we investigate equivalent PIR schemes from nD-constacyclic codes.

The paper is organized as follows. Section 2 provides the necessary background on cyclic
codes. In Section 3, we develop the transitivity of nD-cyclic codes and we present examples
that PIR schemes obtained from nD-cyclic codes which perform better than the ones from
cyclic codes. In Section 4, we extend the monomial equivalence between cyclic codes and
certain constacyclic codes to nD case.

2 Preliminaries

Let q be a prime power and let Fq be the finite field with q elements. Letm ≥ 1 be a positive
integer such that gcd(m, q) = 1 from this point on. Let r be the smallest integer satisfying
qr ≡ 1 mod m and let Fqr be the extension of Fq such that Fqr = Fq(ξ), where ξ ∈ Fqr is
a primitive mth root of unity (i. e., Fqr is the splitting field of xm − 1 over Fq ).

Let C be an [m, k]q -linear code over Fq (i. e., C is a subspace of Fm
q ). The elements of C

are the codewords c = (c0, c1, . . . , cm−1). An [m, k]q -linear code C is a cyclic code if c =
(c0, c1, . . . , cm−1) ∈ C implies (cm−1, c0, c1, . . . , cm−2) ∈ C. Let R := Fq [x]/〈xm −1〉 and
g(x) ∈ R be the generator polynomial of the [m, k]q -cyclic code C with deg(g(x)) = m− k.

So, C = 〈g(x)〉 and C⊥ = 〈h∗(x)〉, where h(x) = xm−1
g(x) is a parity-check polynomial and its

reciprocal is h∗(x) = xkh
( 1
x

)
. The q-cyclotomic coset of ξ j is

[
ξ j
] =

{
ξ j , ξq j , . . . , ξq

r−1 j
}

for any positive integer j .
For w, p, d, s ∈ Z

+, we now set some notation:

• zero set of C: Z(C) = {ξ j ∈ Fqr : g(ξ j ) = 0, 0 ≤ j ≤ m − 1
} = {ξ j1 , . . . , ξ jw

}
,

• defining set of C: J = { j1, . . . , jw},
• generating set of C: � \ J , where � = {0, 1, . . . ,m − 1},
• zero set of C⊥: Z(C⊥) = {ξ i ∈ Fqr : h∗(ξ i ) = 0, 0 ≤ i ≤ m − 1

} = {ξ i1 , . . . , ξ i p}.
If ξ is a root of g(x), then so is ξq . Therefore, the zero sets of C and C⊥ are disjoint unions
of q-cyclotomic cosets which yields the following.

• basic zero set of C: BZ(C) =
{

ξuk ∈ Fqr :
d⋃

k=1

[
ξuk
] = Z(C)

}
= {ξu1 , . . . , ξud },

• basic zero set of C⊥: BZ(C⊥) =
{

ξvk ∈ Fqr :
s⋃

k=1

[
ξvk
] = Z(C⊥)

}
= {ξv1 , . . . , ξ vs }.

Note that f (ξ) = 0 if and only if f ∗(ξ−1) = 0, which yields the following well-known
result.

Theorem 2.1 Let C be an [m, k]q -cyclic code over Fq and ξ be the primitive mth root of unity,
ξ ∈ Fqr and gcd(m, q) = 1. Assume that the defining set of C is J = { j1, . . . , jw} and the
generating set of C is I = {0, 1, . . . ,m − 1} \ { j1, . . . , jw} = {i1, . . . , it }. Then the defining
set of C⊥ is −I = {−i1, . . . ,−it }.

We can represent any cyclic code as an evaluation code as follows.
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Theorem 2.2 (Cascudo 2018, Lemma 4) Let C be an [m, k]q -cyclic code over Fq , where
gcd(m, q) = 1. Then B(−I )|Fq = C such that

B(−I ) =
⎧⎨
⎩
(
f (1), f (ξ), . . . , f (ξm−1)

) : f (x) ∈ Fqr [x], f (x) =
∑
j∈−I

f j x
j

⎫⎬
⎭

=
⎧⎨
⎩

⎛
⎝∑

j∈−I

f jξ
i j

⎞
⎠

0≤i≤m−1

: f j ∈ Fqr ,∀ j

⎫⎬
⎭ .

A linear codeD over Fqr is Galois closed ifDq = D. Now we show that the code B(−I )
defined over Fqr is Galois closed. For

f (ξ i ) =
∑
j∈−I

f jξ
i j ,

we have

f (ξ i )q =
⎛
⎝∑

j∈−I

f jξ
i j

⎞
⎠

q

=
∑
j∈−I

f qj ξqi j .

Remember that if j ∈ −I then q j ∈ −I , therefore q(−I ) = −I . Set gq j = f qj , where
g(x) ∈ Fqr [x] then

f (ξ i )q =
∑
j∈−I

gq jξ
qi j =

∑
k/q∈−I

gkξ
ik

with g(x) =
∑

k/q∈−I

gkξ
ik . So, we have B(−I )q = B(−I ).

By using Theorem 4 in Bierbrauer (2002), we can say that C = B(−I )|Fq =
TrFqr /Fq (B(−I )) and we arrive at the following equivalent characterization of cyclic codes.

Theorem 2.3 (Wolfmann 1989, Proposition 2.1) Let C be an [m, k]q -cyclic code over Fq

and ξ be the primitive mth root of unity, ξ ∈ Fqr and gcd(m, q) = 1. Assume that the basic
zero set of C⊥ is BZ(C⊥) = {ξv1 , . . . , ξ vs }. Then

C =
{(

TrFqr /Fq

(
c1ξ

iv1 + · · · + csξ
ivs
))

0≤i≤m−1
: c1, . . . , cs ∈ Fqr

}
. (2.1)

Remark 2.4 Note that {v1, . . . , vs} = −I by Theorem 2.1. Hence (2.1) can be rewritten in
the polynomial representation as

C =
⎧⎨
⎩

m−1∑
i=0

TrFqr /Fq

(
f
(
ξ i
))

xi : f (x) ∈ Fqr [x], f (x) =
∑
j∈−I

f j x
j

⎫⎬
⎭ .

Given two vectors u = (u0, . . . , um−1), v = (v0, . . . , vm−1) ∈ F
m
q , we define their Schur

product, denoted by u�v, as u�v = (u0 · v0, . . . , um−1 · vm−1). In the polynomial represen-
tation over R, let u(x) =

∑
i∈Ω

ui x
i and v(x) =

∑
i∈Ω

vi x
i , then u(x)�v(x) =

∑
i∈Ω

uivi x
i . If C1

and C2 are two linear codes of the same length over the same field, then their Schur product
is C1�C2 := {c1�c2 : c1 ∈ C1, c2 ∈ C2}. For cyclic code pairs, we have the following result.
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Theorem 2.5 (Cascudo 2018, Theorem 1) Assume that gcd(m, q) = 1 and that C1 and C2
are two cyclic codes of length m over Fq with generating sets I1 and I2, respectively. Let

B(−I1) =
⎧⎨
⎩

⎛
⎝ ∑

j1∈−I1

f j1ξ
i j1

⎞
⎠

0≤i≤m−1

: f j1 ∈ Fqr ,∀ j1

⎫⎬
⎭ ,

B(−I2) =
⎧⎨
⎩

⎛
⎝ ∑

j2∈−I2

g j2ξ
i j2

⎞
⎠

0≤i≤m−1

: g j2 ∈ Fqr ,∀ j2

⎫⎬
⎭ .

Then we have B(−(I1 + I2))|Fq = C1�C2, where I1 + I2 = {i1 + i2 : i1 ∈ I1, i2 ∈ I2}.

Proof For any i ∈ Ω , we have

⎛
⎝ ∑

j1∈−I1

f j1ξ
i j1

⎞
⎠ �

⎛
⎝ ∑

j2∈−I2

g j2ξ
i j2

⎞
⎠ =

∑
j1∈−I1

∑
j2∈−I2

f j1g j2ξ
i( j1+ j2) =

∑
k∈−(I1+I2)

hkξ
ik,

where hk = f j1g j2 and k = j1 + j2. 
�

Let us now describe multidimensional cyclic codes. We will follow the notations and
setup in Güneri and Özkaya (2016), starting with 2D and 3D-cyclic codes. Let 	 be a positive
integer, C be a linear code of length m	 over Fq and the codewords c of C be represented as
m × 	 arrays,

c =

⎛
⎜⎜⎜⎝

c0,0 · · · c0,	−2 c0,	−1
...

. . .
...

...

cm−2,0 · · · cm−2,	−2 cm−2,	−1

cm−1,0 · · · cm−1,	−2 cm−1,	−1

⎞
⎟⎟⎟⎠ . (2.2)

A linear code C of length m	 over Fq is a 2D-cyclic code if

⎛
⎜⎜⎜⎝

cm−1,0 · · · cm−1,	−2 cm−1,	−1

c0,0 · · · c0,	−2 c0,	−1
...

. . .
...

...

cm−2,0 · · · cm−2,	−2 cm−2,	−1

⎞
⎟⎟⎟⎠ ∈ C

and ⎛
⎜⎜⎜⎝

c0,	−1 c0,0 · · · c0,	−2
...

...
. . .

...

cm−2,	−1 cm−2,0 · · · cm−2,	−2

cm−1,	−1 cm−1,0 · · · cm−1,	−2

⎞
⎟⎟⎟⎠ ∈ C

In other words, a linear code of length m × 	 is 2D-cyclic if it is closed under row shifts
and column shifts of codewords.
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Let k be another positive integer and let C be a linear code of length m	k over Fq and
consider the codewords of C arranged as as m × 	 × k cubes:

c0,0,k−1 c0,	−1,k−1

c0,0, j c0,	−1, j

c0,0,0 c0,	−1,0

cm−1,0,k−1 cm−1,	−1,k−1

cm−1,0, j cm−1,	−1, j

cm−1,0,0 cm−1,	−1,0

(2.3)

A linear code C of length m	k over Fq is a 3D-cyclic code if ∀c ∈ C, if it is closed under
bottom-to-top shifts, right-to-left shifts and back-to-front shifts of codewords.

In general, an nD-cyclic code of length m1 × · · · × mn over Fq is defined to be an ideal
in Rn := Fq [x1, . . . , xn]/〈xm1

1 − 1, . . . , xmn
n − 1〉, where each mi is a positive integer for

1 ≤ i ≤ n. Throughout we will assume that gcd(mi , q) = 1 for 1 ≤ i ≤ n.
For nD-cyclic codes,wewill follow the notations and setup inGüneri andÖzbudak (2008).

Letm−1 = (m1−1, . . . ,mn −1). LetΩ be the set {0, . . . ,m1−1}×· · ·×{0, . . . ,mn −1},
Ω = {(i1, . . . , in) : iν ∈ {0, . . . ,mν − 1} := Ων, 1 ≤ ν ≤ n, and mν ∈ Z

+} .

We denote (i1, . . . , in) ∈ Ω as i , (x1, . . . , xn) as x and the monomial xi11 · · · xinn as xi . Let
ξν ∈ Fqr be the primitive mth

ν root of unity, for 1 ≤ ν ≤ n, then (ξ1, . . . , ξn) is denoted as

ξ and (ξ
i1
1 · · · ξ inn ) is denoted as ξ i . With this setup, the notions of zero and basic zero sets

as well as defining and generating sets given in the preliminaries for cyclic codes naturally
extend to nD-cyclic codes. The following result generalizes Theorem 2.1.

Theorem 2.6 (Güneri and Özbudak 2008, Proposition 2.1) Let C be an nD-cyclic code of
length m1 × · · · × mn over Fq , where gcd(mi , q) = 1 for 1 ≤ i ≤ n and let t, w be
some positive integers. Assume that the defining set of C is J = {

j1, . . . , jw
} ⊆ Ω and

the generating set of C is I = Ω \ J = {i1, . . . , i t } then the defining set of C⊥ is −I =
{−i1, . . . ,−i t }.

The trace representation of codewords given for cyclic codes in Theorem2.3 is generalized
to the nD case as follows.

Theorem 2.7 (Güneri and Özbudak 2008, Theorem 2.4) Let C be an nD-cyclic code of length
m1 × · · · ×mn over Fq , where gcd(mi , q) = 1 for 1 ≤ i ≤ n and let ξν ∈ Fqr be a primitive
mth

ν root of unity for 1 ≤ ν ≤ n, ξ = (ξ1, . . . , ξn). Assume that the defining set of C⊥ is
−I = {−i1, . . . ,−i t }. Then

C =
⎧⎨
⎩
∑
i∈Ω

TrFqr /Fq

(
f
(
ξ i
))

xi ∈ Rn : f (x) =
∑
j∈−I

f j x j

⎫⎬
⎭ .

This representation of C is called its trace representation.

We will also need the following notion. Two linear codes C andD of length n over Fq are
monomially equivalent if there exists an n × n monomial matrix M such that GCM = GD ,
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where GC and GD are generator matrices of C and D, respectively. We denote by MAut(C)

the monomial automorphism group of C, where
MAut(C) = {M : n × n monomial matrix, C = CM} .

Lemma 2.8 (Huffman and Pless 2010, Theorem 1.7.11 (ii)) Let C1 and C2 be codes over Fq .
If C1M = C2 , where M is a monomial matrix, then M−1MAut(C1)M = MAut(C2).

3 PIR schemes from nD-cyclic codes

In this section, we study PIR schemes from nD-cyclic codes, which are transitive codes just
like the cyclic codes.

Let Sm be a permutation group acting on I = {1, . . . ,m}. Recall that a subgroup G ≤ Sm
is transitive on the set I if, for any 1 ≤ i1 ≤ i2 ≤ m, there exists g ∈ G such that g(i1) = i2.
Let C ∈ F

m
q be a linear code and let �(C) be the permutation automorphism group of C, then

�(C) is a subgroup of Sm . The code C is said to be transitive on I if �(C) is transitive on I.
The following lemma is straightforward.

Lemma 3.1 Let C be an [m, k]q -cyclic code over Fq , where gcd(m, q) = 1. Let �(C) ⊆ Sm
be the permutation automorphism group of C. Let δ ∈ Sm be the permutation cyclicly shifting
a codeword by one unit, i. e., δ(i) = i + 1, where 0 ≤ i ≤ m − 1. Then, δ ∈ �(C), as C is
cyclic and C is transitive on I = {1, . . . , n}, since for any i1, i2, σ(i1) = i2 for

σ =
{

δi2−i1 , if i2 ≥ i1;

δm+i2−i1 , if i2 < i1.

It means that, for i1 ≥ i2 we have, δi2−i1(i1) = i2 so that
(
_

i1• _
i2• _ _

)
δi2−i1−→

(
_ _ _

i2• _ _
)

and for i2 < i1 we have, δm+i2−i1(i1) = i2 so that
(
_

i2• _
i1• _ _

)
δm−i1−→

(
_

i2• _ _ _
i1•
)

δi2−→
(
_

i2• _ _ _ _
)

︸ ︷︷ ︸
δm+i2−i1

.

In the polynomial representation, the action of σ on R can be viewed as σ · c(x) = xc(x),

where c(x) =
m−1∑
i=0

ci x
i is a codeword of the cyclic code C ⊆ R. Hence the coefficient ci of

c(x) is moved to the j th position when we multiply c(x) by x j−i or xm+ j−i suitably.
We will first generalize the above lemma to 2D case. Recall the m × 	 representation

of 2D-cyclic codewords given in (2.2) and consider Sm × S	 acting on the set of tuples
I×J = {(i, j) : i ∈ I = {1, . . . ,m}, j ∈ J = {1, . . . , 	}}. We say the group G ≤ Sm × S	

is transitive on the set I × J if for any (i1, j1), (i2, j2) ∈ I × J , there exists g ∈ G such
that g(i1, j1) = (i2, j2). Let C ∈ F

m×	
q be a linear code and let �(C) be the permutation

automorphism group of C, then �(C) is a subgroup of Sm × S	. The code C is transitive on
I × J if �(C) is transitive on I × J .

Theorem 3.2 Let C be a 2D-cyclic code in F
m×	
q such that gcd(m, q) = gcd(	, q) = 1. Let

�(C) ⊆ Sm × S	 be the permutation automorphism group of C. Let δ1 ∈ Sm be the shifting
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by 1 unit in a row in F
m
q such that δ1(i) = i + 1 and let δ2 ∈ S	 be the shifting by 1 unit in

a column in F
	
q such that δ2( j) = j + 1. Then, a 2D-cyclic code C is transitive on I × J ,

since σ(i1, j1) = (σ1(i1), σ2( j1)) = (i2, j2) for

σ1 =
{

δ
i2−i1
1 , if i2 ≥ i1;

δ
m+i2−i1
1 , if i2 < i1,

and σ2 =
{

δ
j2− j1
2 , if j2 ≥ j1;

δ
l+ j2− j1
2 , if j2 < j1.

It means that, for i2 ≥ i1 and j2 ≥ j1 we have, δ
i2−i1
1 (i1) = i2 and δ

j2− j1
2 ( j1) = j2.

⎛
⎜⎜⎜⎜⎝

_
i1, j1• _ _ _

_ _ _ _ _
_ _ _ _ _

_ _ _
i2, j2• _

_ _ _ _ _

⎞
⎟⎟⎟⎟⎠

δ
i2−i1
1−→

⎛
⎜⎜⎝

_ _ _ _ _
_ _ _ _ _
_ _ _ _ _

_
i2, j1• _

i2, j2• _
_ _ _ _ _

⎞
⎟⎟⎠

δ
j2− j1
2−→

⎛
⎜⎜⎝

_ _ _ _ _
_ _ _ _ _
_ _ _ _ _

_ _ _
i2, j2• _

_ _ _ _ _

⎞
⎟⎟⎠ .

For i2 ≥ i1 and j2 < j1 we have, δ
i2−i1
1 (i1) = i2 and δ

j2− j1
2 ( j1) = j2.

⎛
⎜⎜⎜⎜⎝

_ _ _ _ _

_ _ _
i1, j1• _

_ _ _ _ _

_
i2, j2• _ _ _

_ _ _ _ _

⎞
⎟⎟⎟⎟⎠

δ
i2−i1
1−→

⎛
⎜⎜⎝

_ _ _ _ _
_ _ _ _ _
_ _ _ _ _

_
i2, j2• _

i2, j1• _
_ _ _ _ _

⎞
⎟⎟⎠

δ
	− j1
2−→

⎛
⎜⎜⎝

_ _ _ _ _
_ _ _ _ _
_ _ _ _ _

_
i2, j2• _ _

i2,	•
_ _ _ _ _

⎞
⎟⎟⎠

δ
j2
2−→

⎛
⎜⎜⎝

_ _ _ _ _
_ _ _ _ _
_ _ _ _ _

_
i2, j2• _ _ _

_ _ _ _ _

⎞
⎟⎟⎠ .

For i2 < i1 and j2 ≥ j1 we have, δ
i2−i1
1 (i1) = i2 and δ

j2− j1
2 ( j1) = j2.

⎛
⎜⎜⎜⎜⎝

_ _ _ _ _

_ _ _
i2, j2• _

_ _ _ _ _

_
i1, j1• _ _ _

_ _ _ _ _

⎞
⎟⎟⎟⎟⎠

δ
m−i1
1−→

⎛
⎜⎜⎜⎜⎝

_ _ _ _ _

_ _ _
i2, j2• _

_ _ _ _ _
_ _ _ _ _

_
m, j1• _ _ _

⎞
⎟⎟⎟⎟⎠

δ
i2
1−→

⎛
⎜⎜⎝

_ _ _ _ _

_
i2, j1• _

i2, j2• _
_ _ _ _ _
_ _ _ _ _
_ _ _ _ _

⎞
⎟⎟⎠

δ
j2− j1
2−→

⎛
⎜⎜⎝

_ _ _ _ _

_ _ _
i2, j2• _

_ _ _ _ _
_ _ _ _ _
_ _ _ _ _

⎞
⎟⎟⎠ .

For i2 < i1 and j2 < j1 we have, δ
i2−i1
1 (i1) = i2 and δ

j2− j1
2 ( j1) = j2.

⎛
⎜⎜⎜⎜⎝

_ _ _ _ _

_
i2, j2• _ _ _

_ _ _ _ _

_ _ _
i1, j1• _

_ _ _ _ _

⎞
⎟⎟⎟⎟⎠

δ
m+i2−i1
1−→

⎛
⎜⎜⎝

_ _ _ _ _

_
i2, j2• _

i2, j1• _
_ _ _ _ _
_ _ _ _ _
_ _ _ _ _

⎞
⎟⎟⎠

δ
	+ j2− j1
2−→

⎛
⎜⎜⎝

_ _ _ _ _

_
i2, j2• _ _ _

_ _ _ _ _
_ _ _ _ _
_ _ _ _ _

⎞
⎟⎟⎠ .

In the polynomial representation, the actions of σ1 and σ2 on R2 = Fq [x, y]/〈xm −
1, y	 − 1〉 can be viewed as σ1 · c(x, y) = xi2−i1c(x, y) or σ1 · c(x, y) = xm+i2−i1c(x, y)
and σ2 · c(x, y) = y j2− j1c(x, y) or σ2 · c(x, y) = y	+ j2− j1c(x, y), respectively, where

c(x, y) =
m−1∑
i=0

	−1∑
j=0

ci, j x
i y j

is a codeword of the 2D-cyclic code C ⊆ R2. Hence the coefficient ci1, j1 of c(x, y) is moved
to position i2, j2 when we multiply c(x, y) by the suitable powers of x and y.

Now we are ready to state the transitivity of nD-cyclic codes which can be shown analo-
gously. For this, we define I1×I2×· · ·×In = {(i1, . . . , in) : iν ∈ Iν = {1, . . . ,mν}, 1 ≤ ν

≤ n}. We say that a subgroupG ≤ Sm1 ×· · ·×Smn is transitive on the set I1×I2×· · ·×In if
for any (i1,1, i1,2, . . . , i1,n), (i2,1, i2,2, . . . , i2,n) ∈ I1×I2×· · ·×In , there exists g ∈ G such
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that g(i1,1, i1,2, . . . , i1,n) = (i2,1, i2,2, . . . , i2,n). Let C ∈ F
m1×···×mn
q be a linear code and let

�(C) be the permutation automorphismgroup of C, then�(C) is a subgroup of Sm1×· · ·×Smn .
The code C is transitive on I1 × I2 × · · · × In if �(C) is transitive on I1 × I2 × · · · × In .
Theorem 3.3 Let C be an nD-cyclic code inFm1×···×mn

q , where gcd(mi , q) = 1 for 1 ≤ i ≤ n.
Let �(C) ⊆ Sm1 × · · · × Smn be the permutation automorphism group of C. For 1 ≤ ν ≤ n,
let δν ∈ Smν be the shifting by 1 unit in F

mν
q such that δν(iν) = iν + 1. Then, an nD-cyclic

code C is transitive on I1 × I2 × · · · × In, since σ(i1, . . . , in) = (σ1(i1,1), . . . , σn(i1,n)) =
(i2,1, . . . , i2,n) if for each ν ∈ {1, . . . , n} we define

σν =
{

δ
i2,ν−i1,ν
ν , if i2,ν ≥ i1,ν;

δ
mν+i2,ν−i1,ν
ν , if i2,ν < i1,ν .

In the polynomial representation, for each ν ∈ {1, . . . , n}, the action of νth permuta-
tion σν on Rn = Fq [x1, . . . , xn]/〈xm1

1 − 1, . . . , xmn
n − 1〉 is given by σν · c(x1, . . . , xn) =

x
i2,ν−i1,ν
ν c(x1, . . . , xn) or σν · c(x1, . . . , xn) = x

mν+i2,ν−i1,ν
ν c(x1, . . . , xn), where

c(x1, . . . , xn) =
m1−1∑
i1=0

· · ·
mn−1∑
in=0

ci1,...,in x
i1
1 · · · xinn

is a codeword of C ⊆ Rn . Hence the coefficient ci1,1,...,i1,n of c(x1, . . . , xn) is moved to
position i2,1, . . . , i2,n when we multiply c(x1, . . . , xn) by the suitable powers of x1, . . . , xn .

In order to build a PIR scheme from nD-cyclic codes, we need to show that their Schur
product is also nD-cyclic. For this, we need to generalize Theorems 2.2 and 2.5 to the nD
case.

We can represent nD-cyclic code as an evaluation code as follows (cf. Theorem 2.2).

Theorem 3.4 LetC be an nD-cyclic code of lengthm1×· · ·×mn overFq , where gcd(mi , q) =
1 for 1 ≤ i ≤ n. Then B(−I)|Fq = C such that

B(−I) =
⎧⎨
⎩
(
f (ξ0), . . . , f (ξm−1)

)
: f (x) ∈ Fqr [x1, . . . , xn], f (x) =

∑
j∈−I

f j x j

⎫⎬
⎭

=
⎧⎨
⎩

⎛
⎝∑

j∈−I

f j ξ
i j

⎞
⎠

i∈Ω

: f j ∈ Fqr ,∀ j

⎫⎬
⎭ ,

where ξ i j means (ξ
i1 j1
1 · · · ξ in jnn ).

Proof Let c(x) =
m−1∑
i=0

f (ξ i )xi . we want to show that c(ξ l ) = 0, where l ∈ J . Note that,

j ∈ −I and l ∈ J , we require j + l �= m mod m. That is, ( j1, . . . , jn) + (l1, . . . , ln) �=
(0, . . . , 0) mod (m1, . . . ,mn), where the addition and reduction are componentwise. By
Theorem2.1, we have jν+lν �= mν mod mν , for each 1 ≤ ν ≤ n. To show that, let−ia ∈ −I
and jb ∈ J , where 1 ≤ a ≤ t and 1 ≤ b ≤ w. Assume that −ia + jb = 0 mod m,
or equivalently jb = ia mod m. This is a contradiction, because I ∩ J = 0. Therefore
−ia + jb �= 0 = m mod m. For d(x) ∈ B(−I), we have

d(ξ l ) =
m−1∑
i=0

f (ξ i )(ξ l )i =
m−1∑
i=0

⎛
⎝∑

j∈−I

f j (ξ
i ) j

⎞
⎠ ξ l i =

∑
j∈−I

f j

m−1∑
i=0

ξ i( j+l).
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Let k = j + l . Since j ∈ −I , l ∈ J , j + l �= m mod m, that is, jν + lν �= mν mod mν ,
for all ν. Then ξ

jν+lν
ν �= ξ

mν
ν , for all ν. Also, for all ν, ξmν

ν = 1, because ξν is an mth
ν root of

unity. So,

m−1∑
i=0

ξ i( j+l) =
m−1∑
i=0

ξ i k =
m1−1∑
i1=0

· · ·
mn−1∑
in=0

ξ
i1k1
1 · · · ξ inknn

=
m2−1∑
i2=0

· · ·
mn−1∑
in=0

(ξ
k1
1 )m1 − 1

ξ
k1
1 − 1

ξ
i2k2
2 · · · ξ inknn

=
m2−1∑
i2=0

· · ·
mn−1∑
in=0

=0︷ ︸︸ ︷
(ξ

m1
1 )k1 − 1

ξ
k1
1 − 1︸ ︷︷ ︸

�=0

ξ
i2k2
2 · · · ξ inknn

=
m3−1∑
i3=0

· · ·
mn−1∑
in=0

0 ·

=0︷ ︸︸ ︷
(ξ

m2
2 )k2 − 1

ξ
k2
2 − 1︸ ︷︷ ︸

�=0

ξ
i3k3
3 · · · ξ inknn

...

= 0

Therefore,

d(ξ l ) =
∑
j∈−I

f j

=0︷ ︸︸ ︷
m−1∑
i=0

ξ i( j+l) = 0.

So, B(−I) ⊇ C. Therefore, the zeros of C are also zeros of B(−I) and B(−I)|Fq ⊇ C.
Considered as vector spaces over Fq , we have dim

(
B(−I)|Fq

)
= dim(C). As a result,

B(−I)|Fq = C. 
�
Now we show that the code B(−I) defined over Fqr is Galois closed. For

f (ξ i ) =
∑
j∈−I

f j ξ
i j ,

we have

f (ξ i )q =
⎛
⎝∑

j∈−I

f j ξ
i j

⎞
⎠

q

=
∑
j∈−I

f qj ξ
q i j .

Note that if j ∈ −I then q j ∈ −I , (we have q j = q( j1, . . . , jn) = (q j1, . . . , q jn)),
therefore q(−I) = −I . Set gq j = f qj , where g(x) ∈ Fqr [x] then

f (ξ i )q =
∑
j∈−I

gq j ξ
i j =

∑
k/q∈−I

gkξ
i k

123



  246 Page 14 of 25 M. Grassl et al.

with g(x) =
∑

k/q∈−I

gkξ
i k. Therefore, we have B(−I)q = B(−I).

From Theorem 4 in Bierbrauer (2002), we obtain C = B(−I)|Fq = TrFqr /Fq (B(−I))
and we arrive at the equivalent characterization of nD-cyclic codes in terms of the trace map,
given in Theorem 2.7.

Recall that u(x)�v(x) =
∑
i∈Ω

uivi x
i in R. We naturally extend this to Rn as follows: let

u(x) =
∑
i∈Ω

u i x i and v(x) =
∑
i∈Ω

vi x i , then their Schur product is u(x)�v(x) =
∑
i∈Ω

u ivi x i .

The following result generalizes Theorem 2.5.

Theorem 3.5 Assume that C1 and C2 are two nD-cyclic codes over Fq with generating sets
I1 and I2, respectively. Let

B(−I1) =
⎧⎨
⎩

⎛
⎝ ∑

j1∈−I1

f j1ξ
i j1

⎞
⎠

i∈Ω

: f j1 ∈ Fqr ,∀ j1

⎫⎬
⎭ ,

B(−I2) =
⎧⎨
⎩

⎛
⎝ ∑

j2∈−I2

g j2ξ
i j2

⎞
⎠

i∈Ω

: g j2 ∈ Fqr ,∀ j2

⎫⎬
⎭ .

Then we have B(−(I1 + I2))|Fq = C1�C2.

Proof For any i ∈ Ω , we have
⎛
⎝ ∑

j1∈−I1

f j1ξ
i j1

⎞
⎠ �

⎛
⎝ ∑

j2∈−I2

g j2ξ
i j2

⎞
⎠ =

∑
j1∈−I1

∑
j2∈−I2

f j1g j2ξ
i( j1+ j2)

=
∑

k∈−(I1+I2)

hkξ
i k,

where hk = f j1g j2 and k = j1 + j2. 
�
Theorem 3.5 shows that the Schur product preserves the nD-cyclic property. By Theorem

1.2, along with the transitivity of nD-cyclic codes shown in Theorem 3.3, we conclude the
following.

Corollary 3.6 An nD-cyclic code pair C andD achieves the PIR rate dim(C�D)⊥
n which protects

against (dD⊥ − 1)-collusion.

We note that if we have a 2D-cyclic code C of length m × 	 such that gcd(m, 	) = 1 then
C is isomorphic to a cyclic code of the same length (see (Güneri and Özbudak 2012, Remark
3.6)). Therefore, we consider binary 2D-cyclic codes of length 63 in the following examples,
where m = 3 and 	 = 21 or m = 21 and 	 = 3, so that at least one of the binary 2D-cyclic
codes in consideration is not equivalent to a cyclic code.

We run a randomized search, via MAGMA (Bosma et al. 1997), over 2D-cyclic code
pairs of length 63 over F2. We also list PIR parameters in Table 1 and 2 that have not been
achieved using cyclic codes. In particular, it was listed in (Bodur et al. 2022, Example 2) that

binary cyclic codes of length 63 can achieve the PIR rate dim(C�D)⊥
n up to 6/63 and collusion

dD⊥ − 1 either 15 or 19. The generators for the codes with parameters given in our tables
can be found in the Appendix.
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Table 1 PIR rates and collusion
numbers obtained by 2D-cyclic
code pairs of length 63 over F2

PIR rate Collusion

1 7/63 15

2 8/63 15

3 9/63 15

4 11/63 15

5 6/63 17

The first approach is to search for a pair C and D of transitive codes and apply Corollary

3.6. This results in the PIR rate dim(C�D)⊥
n and collusion parameter dD⊥ − 1. In the second

approach, we fix the code C as a repetition code. Then C�D = D. It is not efficient to choose
C to be a repetition code in terms of storage, but this choice yields better PIR rates since
C�D = D.

Example 3.7 We consider the code C = [63, 2, 42]2 as data code and the retrieval code
D = [63, 43, 5]2, whose generators can be found on item (1) of Codes from Table 1 in the
Appendix. The dual codeD⊥ has parameters [63, 20, 16]2, and the dual of the Schur product
is a [63, 7, 24]2 code. Using Theorem 1.2, this results in a PIR rate of 7/63 and collusion
number 15.

We list parameters found by our randomized MAGMA search in Table 1 if the PIR rate
is at least 6/63 and the collusion number is at least 15, and one of the inequalities is strict.
The parameters are ordered according to the collusion number first and then by the PIR rate.

Example 3.8 Now we consider the repetition code C = [63, 1, 63]2 as data code and the
retrieval code D = [63, 51.3]2, whose generators can be found on item (1) of Codes from
Table 2 in the Appendix. In this case C�D = D. The dual code D⊥ and the dual of the Schur
product have parameters [63, 12, 16]2. Using Theorem 1.2, this results in a PIR rate of 12/63
and collusion number 15.

In Table 2, we list parameters obtained by our randomized search, where the storage code
C is the repetition code (which is always 2D-cyclic), if the PIR rate is greater than 6/63 and
the collusion number is at least 15. The bold values in Table 2 improve both the PIR rate and
the collusion number compared to the cyclic codes from (Bodur et al. 2022, Example 2).

4 Monomial Equivalence of nD-cyclic and nD-constacyclic codes

Let m be again a positive integer with gcd(m, q) = 1. For a fixed α ∈ F
∗
q , a linear code

Cα ⊆ F
m
q is called aα-constacyclic code if it is invariant under theα-constashift of codewords,

i. e., (c0, . . . , cm−1) ∈ C implies (αcm−1, c0, . . . , cm−2) ∈ C. In particular, if α = 1 or q = 2,
then Cα is a cyclic code.

Consider the residue class ring Rα := Fq [x]/〈xm − α〉. To an element a ∈ F
m
q , we

associate an element of Rα via the following Fq -module isomorphism:

φ : F
m
q −→ Rα

a = (a0, . . . , am−1) �−→ a(x) := a0 + · · · + am−1xm−1.
(4.1)

Observe that the α-constashift in F
m
q corresponds to multiplication by x in Rα . Therefore,

an α-constacyclic code Cα ⊆ F
m
q can be viewed as an ideal of Rα . Since every ideal in Rα is
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Table 2 PIR rates and collusion
numbers obtained by 2D-cyclic
code pairs of length 63 over F2
when the code C is a repetition
code

PIR rate Collusion

1 12/63 15

2 16/63 15

3 17/63 15

4 19/63 15

5 8/63 17

6 16/63 17

7 11/63 19

8 13/63 19

9 15/63 20

10 14/63 21

11 11/63 23

12 12/63 23

principal, there exists a unique monic polynomial gα(x) ∈ Rα such that Cα = 〈gα(x)〉. The
polynomial gα(x), which is a divisor of xm − α, is called the generator polynomial of Cα .

Let r be the smallest divisor of q − 1 with αr = 1 and let β be a primitive (rm)th

root of unity such that βm = α. Then, ξ := βr is a primitive mth root of unity and the
roots of xm − α are of the form β, βξ, . . . , βξm−1. Let F be the smallest extension of Fq

that contains β (equivalently, F = Fq(β) so that F is the splitting field of xm − α). Given
the α-constacyclic code Cα = 〈gα(x)〉, the set of roots of its generator polynomial, say
Z(Cα) := {βξ k : gα(βξ k) = 0, 0 ≤ k ≤ m − 1}, is called the zero set of Cα . All the results
given in Section 2 can easily be adopted to constacyclic codes.

Recall that δ ∈ Sm represents the cyclic shift by 1 unit. Similarly, we can define δα =
δ · diag(1, 1, . . . , 1, α) as the α-constacyclic shift by 1 unit operator. If X and Xα are the
matrix representations of δ and δα , respectively, then

cyclic shift α-constacyclic shift

X =

⎡
⎢⎢⎢⎢⎢⎣

0 0 · · · 0 1
1 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0

⎤
⎥⎥⎥⎥⎥⎦
m×m

, Xα =

⎡
⎢⎢⎢⎢⎢⎣

0 0 · · · 0 α

1 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0

⎤
⎥⎥⎥⎥⎥⎦
m×m

.

Clearly, invariance under multiplication by X means being cyclic, and invariance under mul-
tiplication by Xα means being α-constacyclic. We would like to find a monomial matrix that
demonstrates the monomial equivalence between cyclic and α-constacyclic codes. Observe
that Xα = X · diag(1, 1, . . . , 1, α).

Given a cyclic codeC and anα-constacyclic codeCα , letGC andGCα denote their generator
matrices, respectively. We will find a monomial matrix M satisfying GCα = GCM by using
Lemma 2.8. If the matrix M is of the form

M =

⎡
⎢⎢⎢⎣

μ1 0 · · · 0
0 μ2 · · · 0
...

...
. . .

...

0 0 · · · μm

⎤
⎥⎥⎥⎦
m×m

,
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then we know that its inverse M−1 is

M−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

μ1
0 · · · 0

0
1

μ2
· · · 0

...
...

. . .
...

0 0 · · · 1

μm

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
m×m

.

In order to use Lemma 2.8, we first compute MXM−1, as X ∈ MAut(C):

MXM−1 =

⎡
⎢⎢⎢⎣

μ1 0 · · · 0
0 μ2 · · · 0
...

...
. . .

...

0 0 · · · μm

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

0 0 · · · 0 1
1 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

μ1
0 · · · 0

0
1

μ2
· · · 0

...
...

. . .
...

0 0 · · · 1

μm

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎣

0 0 · · · 0 μ1

μ2 0 · · · 0 0
0 μ3 · · · 0 0
...

...
. . .

...
...

0 0 · · · μm 0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

μ1
0 · · · 0

0
1

μ2
· · · 0

...
...

. . .
...

0 0 · · · 1

μm

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 · · · 0
μ1

μm
μ2

μ1
0 · · · 0 0

0
μ3

μ2
· · · 0 0

...
...

. . .
...

...

0 0 · · · μm

μm−1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Since MXM−1 cannot be equal to some proper power of Xα , considering the support of the
matrices, in order to satisfy MXM−1 = Xα , we have to set μi = 1, for all 1 ≤ i ≤ m,
which yields equality of X and Xα , but this does not hold unless α = 1. Therefore, we
multiply the left-hand-side by some nonzero element β ∈ Fq to avoid this. Now we solve for
βMXM−1 = Xα as follows

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 · · · 0
μ1

μm
β

μ2

μ1
β 0 · · · 0 0

0
μ3

μ2
β · · · 0 0

...
...

. . .
...

...

0 0 · · · μm

μm−1
β 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎣

0 0 · · · 0 α

1 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0

⎤
⎥⎥⎥⎥⎥⎦
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From this equality, we get the following:

μm

μm−1
β = 1 �⇒ μm = μm−1β

−1

μm−1

μm−2
β = 1 �⇒ μm−1 = μm−2β

−1 �⇒ μm = (μm−2β
−1)β−1 = μm−2β

−2

...

μ2

μ1
β = 1 �⇒ μ2 = μ1β

−1 �⇒ μm = μ1β
−(m−1)

μ1

μm
β = α �⇒ μ1 = μmβ−1α �⇒ μ1 = μ1β

−(m−1)β−1α �⇒ α = βm .

As a result, the variables μi can be written as

μ1 = μmβm−1,

μ2 = μ1β
−1 = μnβ

m−2,

...

μm−1 = μmβm−(m−1) = μmβ.

Since α = βm , β is an mth root of α. For a given m ∈ N, an element a ∈ F
∗
q has an mth

root in Fq if and only if a(q−1)/d = 1, where d = gcd(q −1,m) (Lidl and Niederreiter 1997,
Exercise 2.14). For d = 1, the following equivalence was shown in Bierbrauer (2002), and
for d ≥ 1, it was done in (Dastbasteh et al. 2025, Corollary 3.6).

Theorem 4.1 Let gcd(m, q) = 1 and α ∈ F
∗
q such that α(q−1)/d = 1, where d = gcd(q −

1,m). Let β ∈ Fq be an mth root of α, (i. e., α = βm). Then, a α-constacyclic code Cα ⊆ F
m
q

is monomially equivalent to a cyclic code C ⊆ F
m
q , where the equivalence is obtained via the

matrix

M =

⎡
⎢⎢⎢⎢⎢⎣

βm−1 0 · · · 0 0
0 βm−2 · · · 0 0
...

...
. . .

...
...

0 0 · · · β 0
0 0 · · · 0 1

⎤
⎥⎥⎥⎥⎥⎦
m×m

.

In other words, if Cα = CM such that C is a cyclic code, then Cα is an α-constacyclic code.
Moreover, if

C = 〈g(x)〉 ⊆ R = Fq [x]/〈xm − 1〉,
where g(x) | (xm − 1) and g(x) = g0 + g1x + · · · + gm−1xm−1 ∈ R, then we have

Cα = 〈gα(x)〉 ⊆ Rα = Fq [x]/〈xm − α〉,
where gα(x) | (xm − α) and

gα(x) = βm−1g0 + βm−2g1x + · · · + gm−1x
m−1 ∈ Rα.

Proof First, we will show the monomial equivalence of codewords. Let c ∈ C, then
c = (c0, c1, . . . , cm−1) ∈ C �⇒ c′ = (cm−1, c0, c1, . . . , cm−2) ∈ C.
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For Cα = {cM : c ∈ C}, we want to show that Cα is α-constacyclic. For this, we need

cM = (βm−1c0, β
m−2c1, . . . , βcm−2, cm−1) ∈ Cα

�⇒ (αcm−1, β
m−1c0, β

m−2c1, . . . , βcm−2) ∈ Cα.

By cyclicity of C, c′M ∈ Cα , therefore

(βm−1cm−1, β
m−2c0, β

m−3c1, . . . , βcm−3, cm−2) ∈ Cα, (4.2)

and since Cα is linear code and βc′M ∈ Cα , we have

(βmcm−1, β
m−1c0, β

m−2c1, . . . , βcm−2) = (αcm−1, β
m−1c0, β

m−2c1, . . . , βcm−2) ∈ Cα.

(4.3)
Now we will prove the relation between the generator polynomials. Let g(x) = g0 +

g1x + · · · + gm−1xm−1 be the generator polynomial of C such that g(x) | (xm − 1). For
α = βm , let gα(x) = βm−1g0 + βm−2g1x + · · · + gm−1xm−1. Assume that x = β y, then

xm − α = βm ym − α = αym − α = α(ym − 1)

and

gα(x) = g0β
m−1 + g1β

m−2x + · · · + gm−1x
m−1

= g0β
m−1 + g1β

m−2β y + g2β
m−3β2y + · · ·

+ gm−2ββm−2ym−2 + gm−1β
m−1ym−1

= βm−1(g0 + g1y + · · · + gm−1y
m−1)

= βm−1g(y).

So,

ym − 1 =
(
x

β

)m

− 1 = xm − βm

βm
= xm − α

α
.

Since g(x) | (xm − 1), it is obvious that g(y) | (ym − 1). Then

g(y) | (ym − 1
)
and ym − 1 = xm − α

α
�⇒ βm−1g(y)

∣∣∣∣
βm−1 (xm − α)

α

�⇒ βm−1g(y)

∣∣∣∣
xm − α

β

�⇒ gα(x)

∣∣∣∣
xm − α

β

�⇒ gα(x) | (xm − α
)

since β is constant. 
�

We can start generalizing Theorem 4.1 above to the 2D setup as follows. An nD con-
stacyclic code of length m1 × · · · × mn is an ideal in Fq [x1, . . . , xn]/〈xm1

1 − α1, . . . , x
mn
n

− αn〉 (see Ling and Özkaya (2019)).

Theorem 4.2 Let s ≥ 1 and gcd(m	, q) = 1. Let α, δ ∈ F
∗
q such that α(q−1)/d1 = 1 and

δ(q−1)/d2 = 1, where d1 = gcd(q − 1,m) and d2 = gcd(q − 1, 	). Let β, γ ∈ Fq be an mth
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root of α and an 	th root of δ, respectively (i. e., α = βm and δ = γ 	). If the 2D-cyclic code
C is generated by g1(x, y), . . . , gs(x, y) ∈ Fq [x, y]/〈xm − 1, y	 − 1〉, where

gt (x, y) =
m−1∑
i=0

l−1∑
j=0

gi, j,t x
i y j

for 1 ≤ t ≤ s, then the monomially equivalent (α, δ)-constacyclic code Cα,δ is generated by
gα,δ,1(x, y), . . . , gα,δ,s(x, y) ∈ Fq [x, y]/〈xm − α, y	 − δ〉, where

gα,δ,t (x, y) =
m−1∑
i=0

l−1∑
j=0

βm−1−iγ l−1− j gi, j,t x
i y j

for 1 ≤ t ≤ s.

Proof Anynon-zero ideal inFq [x, y]/〈xm−1, y	−1〉 is of the form 〈{gt (x, y) : t ∈ I } , xm−
1, y	 − 1〉 with ∅ �= I ⊆ Z

+. It can be shown that the codewords of Cα,δ generated
by gα,δ,1(x, y), . . . , gα,δ,s(x, y) ∈ Fq [x, y]/〈xm − α, y	 − δ〉 are invariant under α-row-
constashift and δ-column-constashift by following the steps in (4.2) and (4.3).

Moreover the map gα,δ,t (x, y) �−→ gα,δ,t (βx, γ y) for t ∈ I sends the ideal in
Fq [x, y]/〈xm − α, y	 − δ〉 to an ideal in Fq [u, v]/〈um − 1, v	 − 1〉, where u = βx and
v = γ y as in the proof of Theorem 4.1 above. 
�

Theorem 4.2 can be generalized to the nD case as follows:

Theorem 4.3 Let s ≥ 1 and gcd(m1 · · ·mn, q) = 1. Let α = (α1, . . . αn) ∈ (F∗
q)

n such that

α
(q−1)/dν
ν = 1, where dν = gcd(q−1,mν) for 1 ≤ ν ≤ n. Let β ∈ (F∗

q)
n be anmth root of α

(i. e., αν = β
mν
ν for 1 ≤ ν ≤ n). If the nD-cyclic code C is generated by g1(x), . . . , gs(x) ∈

Fq [x1, . . . , xn]/〈xm1
1 − 1, . . . , xmn

n − 1〉, then the monomially equivalent (α)-constacyclic
code Cα is generated by gα,1(x), . . . , gα,s(x) ∈ Fq [x1, . . . , xn]/〈xm1

1 − α1, . . . , x
mn
n − αn〉,

where
gα,t (x) =

∑
i∈Ω

βm−1−igi,t xi

for 1 ≤ t ≤ s.

Usingmonomial equivalence of codes, one obtains equivalent PIR schemes. In some cases,
with a suitable choice of monomial matrices or polynomial coefficients, nD-constacyclic
codes can be transformed to nD-cyclic codes. Both families can be considered as transitive
codes under the constraints of Theorem 4.3.

Appendix

Codes fromTable 1

Let R63 := Fq [x]/〈x21 − 1, y3 − 1〉. The following generators correspond to Table 1.
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(1) For PIR rate 7/63 and collusion number 15, the generators of C = [63, 2, 42]2 are

〈y2
(
x19 + x18 + x16 + x15 + x13 + x12 + x10 + x9 + x7 + x6 + x4 + x3 + x + 1

)

+ y
(
x20 + x18 + x17 + x15 + x14 + x12 + x11 + x9 + x8 + x6 + x5 + x3 + x2 + 1

)

+ x20 + x19 + x17 + x16 + x14 + x13 + x11

+ x10 + x8 + x7 + x5 + x4 + x2 + x〉 ∈ R63

and the generators of D are

〈y2 + y
(
x7 + x6 + x5 + x4 + x2

)
+ x9 + x8 + x7 + x5 + x4 + x2 + x + 1,

y
(
x9 + x8 + x5 + x4 + x2 + x + 1

)
+ x10 + x8 + x6 + x4 + x3 + 1,

x11 + x8 + x7 + x2 + 1〉 ∈ R63.

The dual (C�D)⊥ of the Schur product and the code D⊥ have parameters [63, 7, 24]2
and [63, 20, 16]2, respectively.

(2) For PIR rate 8/63 and collusion number 15, the generators of C = [63, 2, 42]2 are

〈y2
(
x19 + x18 + x16 + x15 + x13 + x12 + x10 + x9 + x7 + x6 + x4 + x3 + x + 1

)

+ y
(
x20 + x18 + x17 + x15 + x14 + x12 + x11 + x9 + x8 + x6 + x5 + x3 + x2 + 1

)

+ x20 + x19 + x17 + x16 + x14 + x13 + x11 + x10

+ x8 + x7 + x5 + x4 + x2 + x〉 ∈ R63

and the generators of D are

〈y2 (x + 1) + y
(
x6 + x5 + x4 + 1

)
+ x7 + x3 + x + 1,

y
(
x7 + x6 + x5 + x4 + x3 + 1

)
+ x8 + x7 + x6 + x5 + x4 + x,

x9 + x7 + x6 + x5 + x3 + x2 + x + 1〉 ∈ R63.

The dual (C�D)⊥ of the Schur product and the code D⊥ have parameters [63, 8, 24]2
and [63, 17, 16]2, respectively.

(3) For PIR rate 9/63 and collusion number 15, the generators of C = [63, 2, 42]2 are
〈(y2 + y + 1)(x19 + x18 + x16 + x15 + x13 + x12

+ x10 + x9 + x7 + x6 + x4 + x3 + x + 1)〉 ∈ R63

and the generators of D are

〈y2 + y + x11 + x9 + x8 + x4 + x,

y
(
x7 + x4 + x3 + x2 + x + 1

)+ x7 + x4 + x3 + x2 + x + 1,

x13 + x11 + x10 + x8 + x7 + x6 + x5 + x3 + x2 + 1〉 ∈ R63.

The dual (C�D)⊥ of the Schur product and the code D⊥ have parameters [63, 9, 24]2
and [63, 20, 16]2, respectively.
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(4) For PIR rate 11/63 and collusion number 15, the generators of C = [63, 2, 42]2 are
〈y2
(
x19 + x18 + x16 + x15 + x13 + x12 + x10 + x9 + x7 + x6 + x4 + x3 + x + 1

)

+ y
(
x20 + x19 + x17 + x16 + x14 + x13 + x11 + x10 + x8 + x7 + x5 + x4 + x2 + x

)

+ x20 + x18 + x17 + x15 + x14 + x12 + x11

+ x9 + x8 + x6 + x5 + x3 + x2 + 1〉 ∈ R63

and the generators of D are

〈y2 (x + 1) + y (x + 1) + x15 + x14 + x13 + x12 + x8 + x6 + x4 + x3 + x + 1,

y
(
x4 + x2 + x + 1

)+ x17+x16+ x14+ x11+ x10+ x9+ x7+ x5+ x4+ x3+ x2+ x,

x18 + x16 + x15 + x14 + x11 + x9 + x8 + x7 + x4 + x2 + x + 1〉 ∈ R63.

The dual (C�D)⊥ of the Schur product and the code D⊥ have parameters [63, 11, 24]2
and [63, 23, 16]2, respectively.

(5) For PIR rate 6/63 and collusion number 17, the generators of C = [63, 2, 42]2 are
〈y2
(
x20 + x19 + x18 + x17 + x16 + x15 + x14 + x13 + x12 + x11

+x10 + x9 + x8 + x7 + x6 + x5 + x4 + x3 + x2 + x + 1
)

+ x20 + x19 + x18 + x17 + x16 + x15 + x14 + x13 + x12 + x11

+ x10 + x9 + x8 + x7 + x6 + x5 + x4 + x3 + x2 + x + 1,

y
(
x20 + x19 + x18 + x17 + x16 + x15 + x14 + x13 + x12 + x11

+x10 + x9 + x8 + x7 + x6 + x5 + x4 + x3 + x2 + x + 1
)

+ x20 + x19 + x18 + x17 + x16 + x15 + x14 + x13 + x12 + x11

+ x10 + x9 + x8 + x7 + x6 + x5 + x4 + x3 + x2 + x + 1〉 ∈ R63

and the generators of D are

〈y2 (x + 1) + y (x + 1) + x + 1,

y
(
x4 + x2 + x + 1

)+ x5 + x3 + x2 + x,

+ x6 + x5 + x2 + 1〉 ∈ R63.

The dual (C�D)⊥ of the Schur product and the code D⊥ have parameters [63, 6, 21]2
and [63, 11, 18]2, respectively.

Codes fromTable 2

Let the code C = [63, 1, 63]2 be the repetition code and let 〈g(x, y)〉 ∈ R63 be the generator
of C, where

g(x, y) =(y2 + y + 1)
(
x20 + x19 + x18 + x17 + x16 + x15 + x14 + x13 + x12

+x11 + x10 + x9 + x8 + x7 + x6 + x5 + x4 + x3 + x2 + x + 1
)

.
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We have found the following generators for the 2D-cyclic codeD which give the parameters
listed in Table 2, where C is fixed as the repetition code of length 63. In this case C�D = D.

(1) For PIR rate 12/63 and collusion number 15, the generators of D are

〈y2 + y + 1,

y
(
x6 + x5 + x4 + x2 + 1

)
,

x6 + x5 + x4 + x2 + 1〉 ∈ R63

The dual code D⊥ has parameters [63, 12, 16]2.
(2) For PIR rate 16/63 and collusion number 15, the generators of D are

〈y2 + y
(
x4 + x3 + x2 + x + 1

)+ x8 + x6 + x4 + x2 + 1,

y
(
x7 + x4 + x3 + x2 + x + 1

)+ x7 + x4 + x3 + x2 + x + 1,

x9 + x8 + x7 + x6 + x4 + x3 + x2 + 1〉 ∈ R63

The dual code D⊥ has parameters [63, 16, 16]2.
(3) For PIR rate 17/63 and collusion number 15, the generators of D are

〈y2 + y
(
x4 + x3 + x2 + x

)+ x4 + x3 + x2 + x + 1,

y
(
x6 + x5 + x4 + x2 + 1

)
+ x9 + x8 + x6 + x,

x11 + x8 + x7 + x2 + 1〉 ∈ R63

The dual code D⊥ has parameters [63, 17, 16]2.
(4) For PIR rate 19/63 and collusion number 15, the generators of D are

〈y2 + y + x12 + x6 + x3,

y
(
x4 + x3 + x2 + 1

)+ x14 + x13 + x12 + x9 + x7 + x6 + x5 + x4 + x3 + 1,

x15 + x14 + x12 + x9 + x8 + x5 + x2 + 1〉 ∈ R63

The dual code D⊥ has parameters [63, 19, 16]2.
(5) For PIR rate 8/63 and collusion number 17, the generators of D are

〈y2 + x7,

y + x7 + x6 + x5 + x4 + x3 + x2 + x + 1,

x8 + x6 + x5 + x4 + x3 + x2 + 1〉 ∈ R63

The dual code D⊥ has parameters [63, 8, 18]2.
(6) For PIR rate 16/63 and collusion number 17, the generators of D are

〈y2 + y + x11 + x10 + x9 + x8 + x7 + x6 + x5 + x3 + x,

y
(
x4 + x3 + x2 + 1

)+ x11 + x9 + x8 + x7 + x6 + x2,

x12 + x11 + x9 + x7 + x3 + x2 + x + 1〉 ∈ R63

The dual code D⊥ has parameters [63, 16, 18]2.
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(7) For PIR rate 11/63 and collusion number 19, the generators of D are

〈y2 (x + 1) + x8 + x4 + x3 + x2,

y (x + 1) + x7 + x5 + x4 + x3 + x2 + x,

x9 + x8 + x7 + x6 + x4 + x3 + x2 + 1〉 ∈ R63

The dual code D⊥ has parameters [63, 11, 20]2.
(8) For PIR rate 13/63 and collusion number 19, the generators of D are

〈y2 + y + x11 + x10 + x9 + x6 + x5 + x + 1,

y (x + 1) + x6 + x5 + x4 + 1,

x12 + x11 + x10 + x9 + x5 + x3 + x + 1〉 ∈ R63

The dual code D⊥ has parameters [63, 13, 20]2.
(9) For PIR rate 15/63 and collusion number 20, the generators of D are

〈y2 + y + x10 + x9 + x6 + x5 + x3 + x2 + x + 1,

y
(
x3 + x + 1

)+ x11 + x9 + x6 + x5 + x3 + x + 1,

x12 + x11 + x9 + x7 + x3 + x2 + x + 1〉 ∈ R63

The dual code D⊥ has parameters [63, 15, 21]2.
(10) For PIR rate 14/63 and collusion number 21, the generators of D are

〈y2 + y + 1,

y
(
x3 + x + 1

)+ x7 + x6 + x4 + x,

x11 + x8 + x7 + x2 + 1〉 ∈ R63

The dual code D⊥ has parameters [63, 14, 22]2.
(11) For PIR rate 11/63 and collusion number 23, the generators of D are

〈y2 + y + x7 + x6 + x5 + x3,

y
(
x3 + x2 + 1

)+ x6 + x5 + x4 + x,

x8 + x6 + x5 + x4 + x3 + x2 + 1〉 ∈ R63

The dual code D⊥ has parameters [63, 11, 24]2.
(12) For PIR rate 12/63 and collusion number 23, the generators of D are

〈y2 + x9 + x7 + x4 + x2 + x + 1,

y + x11 + x8 + x7 + x2,

x12 + x11 + x9 + x8 + x6 + x4 + x3 + x + 1〉 ∈ R63

The dual code D⊥ has parameters [63, 12, 24]2.
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