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Abstract
We present enumeration formulas for double circulant (DC) codes of length 2m and four 
circulant (FC) codes of length 4m over the finite field Fq , with prescribed Euclidean 
hull dimension, assuming gcd(m, q) = 1. These formulas significantly generalize previ-
ous results that were limited to special cases. In particular, we resolve an open problem 
posed by Zhu and Shi (J. Appl. Math. Comput. 68:1227–1244, 2022) concerning the case 
of reciprocal pair factors in the factorization of xm − 1 for the enumeration of self-dual 
and linear complementary dual (LCD) FC codes. Additionally, we correct an enumeration 
formula used in Zhu and Shi (Bull. Aust. Math. Soc. 98(1):159–166, 2018), leading to an 
improved bound on the relative distance for LCD FC codes.

Keywords  The hull of a code · Quasi-cyclic code · Double circulant code · Four 
circulant code · Linear complementary dual code · Artin’s primitive root conjecture

Mathematics Subject Classification (2010)  94B05 · 11T71

1  Introduction

Throughout the article, Fq  denotes the finite field of q elements, where q is a prime power. A 
family of [n, kn, dn] linear codes C(n) over Fq  is called asymptotically good if the product 
of the rate R and the relative distance δ is positive, where
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R = lim

n→∞
sup kn

n
and δ = lim

n→∞
inf dn

n
.

The asymptotic behavior of cyclic codes is still an open problem, see [5, 12, 22], and [26]. 
In contrast, it has been shown that the family of quasi-cyclic (QC) codes is asymptotically 
good, see [11, 20, 24, 28, 36].

The Euclidean hull of a linear code C over Fq  is defined as the intersection of C with its 
Euclidean dual. This concept has been introduced by Assumus and Key in [4] for the pur-
pose of classifying finite projective planes. It has since found applications in constructing 
quantum error-correcting codes and determining permutation equivalence between codes, 
as discussed in [31] and [37]. Notably, algorithms for determining permutation equivalence 
between two codes and determining the automorphism group of a linear code tend to be 
more effective when the hull dimension of the code is small.

The family of linear complementary dual (LCD) codes, introduced by Massey in [27], 
are the codes characterized by having the trivial hull. These codes have drawn significant 
attention in recent years, particularly for their applications in cryptography within the con-
text of side-channel and fault-injection attacks, as discussed in [6, 8], and [9].

As 1 represents the next smallest hull dimension, codes with a 1-dimensional hull have 
also attracted attention. For recent contributions on 1-dimensional hull codes in the litera-
ture, we refer to [10, 21], and [37].

The class of quasi-cyclic (QC) codes has been well-studied in coding theory. The alge-
braic structure of QC codes over finite fields has been investigated in [23] and [25], and the 
class of 1-generator QC codes has been discussed in [30]. Additionally, LCD QC codes have 
been characterized in [17], and the hull of 1-generator QC codes has been formulated in [3]. 
As a particular subclass of 1-generator QC codes, the class of double circulant (DC) codes 
has also been addressed. Furthermore, the hull of a specific class of 2-generator quasi-cyclic 
codes, namely, four circulant (FC) codes, has been described.

Asymptotic analyses provide a way to understand how the parameters of families of 
linear codes behave when the length increases, and to study the existence of infinite families 
of structured codes with good parameters. Several families of circulant, quasi-cyclic, quasi-
twisted, and negacirculant codes, as well as asymptotic bounds for such code families, have 
been studied in the literature; see, for example, [32–35, 38].

Precise enumeration of a code family is a basic tool for carrying out asymptotic analysis. 
Enumeration results for self-dual DC and LCD DC codes of length 2m, with arbitrary m 
satisfying gcd(m, q) = 1, over Fq  have been presented in [39]. For FC codes, enumerations 
of self-dual and LCD codes of length 4m, where m | qr + 1 for some r ∈ Z+, have also 
been provided. In this article, we generalize these results by extending the enumeration 
formulas to DC and FC codes of arbitrary m with any prescribed Euclidean hull dimension. 
Moreover, we show that LCD DC codes, LCD FC codes, DC codes with a 1-dimensional 
hull, and FC codes with a 2-dimensional hull are asymptotically good. While the asymptotic 
behavior of LCD DC and LCD FC codes has already been investigated in the literature [39, 
40], we revisit these cases using our new enumeration formulas, which differ from the previ-
ous ones; see Remark 1 in Section 3.1 and Remark 2 in Section 3.2 for details. Interestingly, 
the bounds on the relative distances of these infinite families, all of which have rate 1/2, 
satisfy a modified Gilbert-Varshamov bound for linear codes over Fq .
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The article is organized as follows. In Section 2, we provide the definitions and known 
facts required throughout the article. In Section 3, we present the enumerations of DC and 
FC codes with prescribed hull dimension. In Section 4, we analyze the asymptotic behavior 
of the aforementioned families of codes with small hull dimensions.

2  Background

In this section, we recall basic definitions and well-known results on linear codes over the 
finite field Fq , which are required throughout the article.

2.1  Definitions and notation

A q-ary [n, k] linear code, or an [n, k] linear code over Fq , is a k-dimensional linear subspace 
of the vector space Fn

q , and the elements of C are called codewords. A k × n matrix G, 
whose rows form a basis of an [n, k] linear code C over Fq , is called a generator matrix of C.

Let x = (x0, . . . , xn−1), y = (y0, . . . , yn−1) ∈ Fn
q . Then the Hamming distance of x and 

y is defined as

	 d(x, y) = |{0 ≤ i ≤ n − 1 | xi ̸= yi}|.

For a q-ary linear code C, the minimum Hamming distance d of C is defined as the mini-
mum of the Hamming distances between two distinct codewords of C, i.e.,

	
d = d(C) = min

x̸=y
{d(x, y) | x, y ∈ C} .

Let C be a linear code of length n over Fq . The (Euclidean) dual of C, which is denoted by 
C⊥, is defined as

	
C⊥ = {x ∈ Fn

q | ⟨c, x⟩ =
n−1∑
i=0

cixi = 0 for all c = (c0, . . . , cn−1) ∈ C}.

It is known that C⊥ is an [n, n − k] linear code over Fq . An (n − k) × n generator matrix 
H for the dual code C⊥ is called a parity check matrix of C.

The Euclidean hull of C over Fq  is defined as the intersection of C with its dual, i.e. 
Hull(C) = C ∩ C⊥, where C⊥ is the Euclidean dual of C. Note that Hull(C) is also a linear 
code over Fq .

If C is a linear code defined over a square field Fq2 , then the Hermitian dual of C, which 
is denoted by C⊥H  is defined as

	
C⊥H = {x ∈ Fn

q2 | ⟨c, x⟩h =
n−1∑
i=0

cix̄i = 0 for all c = (c0, . . . , cn−1) ∈ C},
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where x̄i denotes the Fq-conjugate xq
i  of xi for all 0 ≤ i ≤ n − 1. Similarly, the Hermitian 

hull of C is defined as HullH(C) = C ∩ C⊥H , which is also a linear code over Fq2 . We 
denote the Fq-dimensions of the Euclidean and Hermitian hulls of C by h(C) and hH(C), 
respectively. Note that when C is defined over Fq , the Hermitian inner product coincides 
with the Euclidean inner product, and hence h(C) = hH(C).

A q-ary linear code C is called a linear complementary dual (LCD) code, if 
Hull(C) = C ∩ C⊥ = {0}. The notion of Hermitian LCD codes is defined similarly.

The following proposition determines the Euclidean and Hermitian hull dimensions of 
linear codes in terms of their generator matrices.

Proposition 1  [14, Proposition 3.1, 3.2] Let G be a generator matrix of a linear code C and 
GT  denote the transpose of G. 

i)	 If C is a q-ary [n, k] linear code, then h(C) = k − rank(GGT ).
ii)	 If C is a q2-ary [n, k] linear code, then hH(C) = k − rank(GḠT ), where Ḡ is the 

matrix obtained by taking the conjugate of each entry of G.

Proposition 2  [15, Theorem 2.1] For i ∈ {1 , 2}, let Ci  be an [n, ki ] lin-
ear code with parity check matrix Hi  and generator matrix Gi . Then 
dim(C1 ∩ C2 ) = k1 − rank(G1 H T

2 ) = k2 − rank(G2 H T
1 ).

Proposition 3  [29, Theorem 2] Let q ≡ 3 (mod 4 ). If there exists a q-ary self-dual linear 
code of length n, then n is divisible by 4.

2.2  Algebraic structure of quasi-cyclic codes

In the subsequent sections of the paper, we suppose that n = mℓ, where m, ℓ are positive 
integers, m is relatively prime to q and ℓ ≥ 2. A q-ary linear code C of length mℓ is called 
a quasi-cyclic (QC) code of index ℓ if it is invariant under shifting its codewords by ℓ units, 
and ℓ is the smallest positive integer with this property. Note that the case ℓ = 1 corresponds 
to cyclic codes.

If we set Rm = Fq [x]
⟨xm−1⟩ , then every QC code of length mℓ and index ℓ over Fq  can be 

considered as an Rm-submodule of Rℓ
m, and the following map induces a one-to-one cor-

respondence between QC codes of index ℓ in Fmℓ
q  and Rm-submodules of Rℓ

m:

	
ϕ : Fmℓ

q −→ Rℓ
m

c = (cij) �−→ (c0(x), c1(x), . . . , cℓ−1(x)),

where

	
cj(x) :=

m−1∑
i=0

cijxi = c0j + c1jx + c2jx2 + · · · + cm−1,jxm−1 ∈ Rm

for each 0 ≤ j ≤ ℓ − 1, see [25, Lemma 3.1].

1 3



Cryptography and Communications

Since m and q are relatively prime, we have the following factorization of xm − 1 into 
monic irreducible polynomials in Fq[x]

	
xm − 1 =

s∏
i=1

gi(x)
t∏

j=1

hj(x)h∗
j (x),

where gi(x) is self-reciprocal for 1 ≤ i ≤ s, hj(x) and h∗
j (x) are reciprocal pairs for 

1 ≤ j ≤ t, and the reciprocal of a monic polynomial f(x) with non-zero constant term is 
defined as f∗(x) = f(0)−1xdeg(f)f(x−1).

Let ξ be a primitive m-th root of unity over Fq , and ξui , ξvj  and ξ−vj  be roots of gi(x), 
hj(x) and h∗

j (x) respectively, for 1 ≤ i ≤ s and 1 ≤ j ≤ t. Let

	
Gi =

Fq[x]
⟨gi(x)⟩

∼= Fq(ξui ) for 1 ≤ i ≤ s,

	
H′

j =
Fq[x]

⟨hj(x)⟩
∼= Fq(ξvj ) ∼= Fq(ξ−vj ) ∼=

Fq[x]
⟨h∗

j (x)⟩
= H′′

j for 1 ≤ j ≤ t.

Then by the Chinese Remainder Theorem (CRT), we have the following decomposition of 
Rℓ

m

	
Rℓ

m =

(
s⊕

i=1

Gℓ
i

) ⊕ (
t⊕

j=1

(
H′

j
ℓ ⊕ H′′

j
ℓ
))

.

We note that the degree of Gi over Fq  is even for all i except for the components correspond-
ing to the linear self-reciprocal irreducible factors x ± 1 of xm − 1.

Via the CRT decomposition of Rℓ
m, a QC code C of length mℓ and index ℓ has the fol-

lowing CRT decomposition

	
C =

(
s⊕

i=1

Ci

) ⊕ (
t⊕

j=1

(
C ′

j

⊕
C ′′

j

))
,� (1)

where, Ci, C ′
j  and C ′′

j  are linear codes of length ℓ over the fields Gi, H′
j  and H′′

j , respec-
tively, for 1 ≤ i ≤ s and 1 ≤ j ≤ t. The component codes Ci, C ′

j , and C ′′
j  are called the 

constituents of C.
The dual of a QC code of index ℓ is also a QC code of index ℓ with the following CRT 

decomposition

	
C⊥ =

(
s⊕

i=1

C⊥H

i

) ⊕ (
t⊕

j=1

(
C ′′

j
⊥ ⊕ C ′

j
⊥

))
,
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see [23]. Hence the hull dimension of a q-ary QC code C of length mℓ and index ℓ can be 
formulated as follows.

	
h(C) =

s∑
i=1

deg(gi(x)) hH(Ci) +
t∑

j=1

deg(hj(x))
(

dim(C ′
j ∩ C ′′

j
⊥) + dim(C ′′

j ∩ C ′
j

⊥)
)

.� (2)

We refer the reader to [23, 25], for further details on the algebraic structure of QC codes.
If C = ⟨(a1(x), . . . , aℓ(x))⟩ ⊂ Rℓ

m is a 1-generator QC code of index ℓ, then the con-
stituents of C can be described in terms of the generators of C as follows:

	

Ci =SpanGi
{(a1(ξui ), . . . , aℓ(ξui ))},

C ′
j =SpanH′

j
{(a1(ξvj ), . . . , aℓ(ξvj ))},

C ′′
j =SpanH′′

j
{(a1(ξ−vj ), . . . , aℓ(ξ−vj ))},

� (3)

see [16, Lemma 2.1].

2.3  Hull dimensions of double circulant and four circulant codes

We now focus on the Euclidean hulls of certain classes of QC codes. In particular, we recall 
two results from [3] on the Euclidean hulls of double circulant (DC) and four circulant (FC) 
codes, which will be used in the following sections.

A 1-generator QC code of index 2 of the form C = ⟨(1, a(x))⟩ ⊂ R2
m is called a double 

circulant (DC) code. In [3], the hull dimension of such 1-generator QC codes, in particular 
DC codes, is described as follows.
Theorem 1  i)	 [3, Theorem 3.1] Let C = ⟨(1, a(x))⟩ ⊆ R2

m be a q-ary DC code of 
length 2m over Fq . Then 

	 h(C) = deg
(
gcd

(
1 + a(x)a(xm−1), xm − 1

))
.

ii)	 [3, Theorem 3.7] There exists a DC code of hull dimension 1 over Fq  if and only if 
q ≡ 1 (mod 4) or q is even. If there exists a DC code with odd hull dimension over 
Fq , then q ≡ 1 (mod 4) or q is even.

A 2-generator QC code of index 4 of the form

	 C = ⟨(1, 0, a1(x), a2(x)), (0, 1, −a2(xm−1), a1(xm−1))⟩ ⊂ R4
m

is called a four circulant (FC) code. In [3], the hull dimension of an FC code is described 
as follows.

Theorem 2  [3, Theorem 4.1] Let C = ⟨(1 , 0 , a1 (x), a2 (x)), (0 , 1 , −a2 (xm−1 ), a1 (xm−1 ))⟩ ⊂ R4
m 

be an FC code of length 4m over Fq . Then

	 h(C) = 2 deg
(
gcd

(
1 + a1(x)a1(xm−1) + a2(x)a2(xm−1), xm − 1

))
.

In particular, FC codes of odd hull dimension do not exist over any finite field.
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For further details and results on families of 1-generator QC codes and FC codes, as 
well as tables indicating that certain such codes with small hull dimension achieve optimal 
parameters according to the code tables in [13], we refer the reader to [3].

3  Enumeration

Enumeration of codes with prescribed properties provides information on their distribution 
and enables asymptotic analysis. In this section, we present enumeration results for DC and 
FC codes over the finite field Fq  with prescribed Euclidean hull dimension. These results 
are then used in Section 4 to investigate the asymptotic behavior of DC and FC codes. Our 
approach is based on the CRT decomposition of QC codes, as described in (1).

3.1  DC codes with prescribed hull dimension

Let C = ⟨(1, a(x))⟩ ⊆ R2
m be a q-ary DC code of length 2m. Then, by the CRT decom-

position of C, the constituents of C are [2, 1] linear codes Ci, C ′
j , C ′′

j  over their defining 
fields with generator matrices (1 a(ξui )), (1 a(ξvj )), and (1 a(ξ−vj )), respectively, 
for 1 ≤ i ≤ s and 1 ≤ j ≤ t. Since the constituents of C are 1-dimensional linear codes over 
their defining fields, we have the following. 

I)	 The constituents Ci corresponding to the self-reciprocal factors of xm − 1 satisfy either 
hH(Ci) = 0 or hH(Ci) = 1 for 1 ≤ i ≤ s.

II)	 The constituents C ′
j  and C ′′

j  corresponding to the reciprocal pair factors of xm − 1 
satisfy either C ′

j ∩ C ′′
j

⊥ = {0} or C ′
j = C ′′

j
⊥ for 1 ≤ j ≤ t.

Therefore, by (2), to determine the number of q-ary DC codes of length 2m with an l-dimen-
sional hull, we need to count the [2, 1] linear codes over certain extensions of Fq  satisfying 
conditions I) and II).

Lemma 4  The number of solutions of the equation 1 + x2 = 0  in Fq  is 1 if q is even, and 
2 if q ≡ 1 (mod 4 ).

Proof  If q is even, then 1 + x2 = (1 + x)2. Clearly, x = 1 is the only root of this equation. 
If q ≡ 1 (mod 4), then there exists α ∈ F∗

q  such that α2 = −1. Hence, α and −α are the 
roots of 1 + x2. � □

Lemma 5  The number of solutions of the equation 1 + xq+1 = 0  in Fq2  is q + 1 .

Proof  Let f(x) = 1 + xq+1. First, note that f(x) has at most q + 1 roots in the algebraic clo-
sure F̄q2  of Fq2 . We also have f ′(x) = xq , where f ′(x) denotes the derivative of f(x). Since 
gcd(f, f ′) = 1, the solutions of 1 + xq+1 = 0 are distinct. It remains to show that every 
root of f(x) is in Fq2 . Let f(α) = 0. Then we have αq+1 = −1. If q is even, then −1 = 1 
in Fq , so (αq+1)q−1 = 1, which implies α ∈ Fq2 . If q is odd, then q − 1 is even, and thus 
αq2−1 = (αq+1)q−1 = 1, implying that α ∈ Fq2 . � □
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Lemma 6  [1, Lemma 2.10] The number of solutions (x1 , y1 , x2 , y2 , . . . , xt−1 , yt−1 ) of the 
equation 1 + x1 y1 + · · · + xt−1 yt−1 = 0  in F2(t−1)

q  is

	 q2t−3 − qt−2.

We recall that the hull dimension l of a q-ary DC code of length 2m satisfies the follow-
ing, see (2).

	
h(C) =

s∑
i=1

deg(gi(x))hH(Ci) +
t∑

j=1

deg(hj(x))
(

dim(C ′
j ∩ C ′′

j
⊥) + dim(C ′′

j ∩ C ′
j

⊥)
)

,

where xm − 1 =
∏s

i=1 gi(x)
∏t

j=1 hj(x)h∗
j (x), gi(x) is self-reciprocal for 1 ≤ i ≤ s, 

hj(x) and h∗
j (x) are reciprocal pairs for 1 ≤ j ≤ t.

If m is odd, then x − 1 is the only self-reciprocal linear factor of xm − 1. If m is even, 
then x − 1 and x + 1 are the self-reciprocal linear factors. Let deg(gi(x)) = 2di for non-
linear self-reciprocal factors of xm − 1, and d′

j = deg(hj(x)) = deg(h∗
j (x)) for 1 ≤ j ≤ t.

In order to count the number of q-ary DC codes with an l-dimensional hull, we assume 
that l can be expressed in r different ways as follows,

	
l = a1u +

s∑
i=2

2diaiu +
t∑

j=1

2d′
ja′

ju
when m is odd,� (4)

	
l = a1u + a2u +

s∑
i=3

2diaiu +
t∑

j=1

2d′
ja′

ju
when m is even,� (5)

where aiu , a′
ju

∈ {0, 1} for all 1 ≤ i ≤ s, 1 ≤ j ≤ t, 1 ≤ u ≤ r.
We obtain the following theorem.

Theorem 3  Let q be a prime power and m be a positive integer relatively prime to q. Sup-
pose that l is a positive integer which can be written as in (4) when m is odd, or as in (5) 
when m is even. Then the number of l-dimensional hull DC codes of length 2m over Fq  is 
given below. 

i)	 ∑r
u=1 2a1u (q − 2)1−a1u

∏s
i=2(1 + qdi )aiu (q2di − qdi − 1)1−aiu

∏t
j=1(qd′

j − 1)a′
ju (q2d′

j − qd′
j + 1)1−a′

ju  
when m is odd and q ≡ 1 (mod 4).

ii)	 ∑r
u=1 2a1u +a2u (q − 2)2−a1u −a2u

∏s
i=3(1 + qdi )aiu (q2di − qdi − 1)1−aiu

∏t
j=1(qd′

j − 1)a′
ju (q2d′

j − qd′
j + 1)1−a′

ju  
when m is even and q ≡ 1 (mod 4).

iii)	
∑r

u=1 q1−a1u
∏s

i=2(1 + qdi )aiu (q2di − qdi − 1)1−aiu
∏t

j=1(qd′
j − 1)a′

ju (q2d′
j − qd′

j + 1)1−a′
ju  

when m is odd and q is even, or when q ≡ 3 (mod 4).
iv)	

∑r
u=1 q2 ∏s

i=3(1 + qdi )aiu (q2di − qdi − 1)1−aiu
∏t

j=1(qd′
j − 1)a′

ju (q2d′
j − qd′

j + 1)1−a′
ju  

when m is even and q ≡ 3 (mod 4).
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Proof  We have the following number of choices for the constituents of an l-dimensional hull 
DC code of length 2m over Fq .

	● If m is odd, then x − 1 is the only self-reciprocal linear factor of xm − 1. In this 
case, in the CRT decomposition, there is a [2,  1] linear code, say C1, over Fq  with 
a generator matrix G1 = (1 c1), see (3). By Proposition 1 i), h(C1) = 1 if and only 
if G1GT

1 = 1 + c2
1 = 0. The number of solutions of the equation 1 + x2 = 0 in Fq  is 

1 when q is even, and 2 when q ≡ 1 (mod 4) by Lemma 4. So, there exists only 1 
choice for C1 when q is even, and there are 2 choices when q ≡ 1 (mod 4) in the case 
of h(C1) = 1. Therefore, there exist q − 1 choices for C1 satisfying h(C1) = 0 when 
q is even, and q − 2 such choices when q ≡ 1 (mod 4). By Proposition 3, there are 
no linear codes C1 with h(C1) = 1 when q ≡ 3 (mod 4). Hence, all q choices for C1 
satisfy h(C1) = 0 in this case. If m is even, then q is odd as gcd(m, q) = 1, and hence 
x − 1 and x + 1 are the self-reciprocal linear factors of xm − 1. In this case, in the CRT 
decomposition, there are two [2, 1] linear codes, say C1 and C2, over Fq  with generator 
matrices G1 = (1 c1) and G2 = (1 c2), respectively, see (3). By the above argument, 
we have the following cases when q ≡ 1 (mod 4).

	– In the case of h(C1) = h(C2) = 0, there are (q − 2)2 choices for C1 and C2.
	– In the case of h(C1) = h(C2) = 1, there are 4 choices for C1 and C2.
	– In the case of h(C1) ̸= h(C2), there are 2(q − 2) choices for C1 and C2.

 By Proposition 3, we have q2 choices for C1 and C2 in the case of h(C1) = h(C2) = 0 and 
no choice in the remaining cases when q ≡ 3 (mod 4).

	● The constituents corresponding to the self-reciprocal factors gi(x) of xm − 1 with 
deg(gi(x)) = 2di are [2,  1] linear codes over Fq2di , say Ci, where 2 ≤ i ≤ s when 
m is odd and 3 ≤ i ≤ s when m is even. Let Gi = (1 ci) be a generator matrix of Ci. 
Then hH(Ci) = 1 if and only if GiḠ

T
i = 1 + c qdi +1

i = 0 by Proposition 1 ii). Since 
the number of solutions of the equation 1 + xqdi +1 = 0 in Fq2di  is qdi + 1 by Lemma 
5, we have qdi + 1 choices for Ci when hH(Ci) = 1. Hence, we have q2di − qdi − 1 
choices for Ci when hH(Ci) = 0.

	● The constituents corresponding to the reciprocal pair factors (hj(x), h∗
j (x)) with 

deg(hj(x)) = deg(h∗
j (x)) = d′

j  are [2,  1] linear codes over F
q

d′
j
, say C ′

j  and 

C ′′
j , for 1 ≤ j ≤ t. Let G′

j = (1 c′
j) and G′′

j = (1 c′′
j ) be generator matrices of C ′

j  and 
C ′′

j , respectively, for 1 ≤ j ≤ t. By Proposition 2, we have C ′
j = C ′′

j
⊥ if and only if 

rank(G′
jG′′

j
T ) = 0. Since G′

jG′′
j

T = 1 + c′
jc′′

j , the condition C ′
j = C ′′

j
⊥ is equiva-

lent to 1 + c′
jc′′

j = 0. Since the number of solutions (x1, y1) ∈ F2
q

d′
j
 of the equation 

1 + x1y1 = 0 is qd′
j − 1 by Lemma 6, we have qd′

j − 1 choices for the pair (C ′
j , C ′′

j ) 
satisfying C ′

j = C ′′
j

⊥. Hence, there are q2d′
j − qd′

j + 1 choices for the pair (C ′
j , C ′′

j ) 
satisfying C ′

j ∩ C ′′
j

⊥ = C ′′
j ∩ C ′

j
⊥ = {0}.

Combining the above counting arguments with the choices aiu , a′
ju

∈ {0, 1} in (4) and (5) 
yields the result. � □

1 3



Cryptography and Communications

We present the following examples, in which the results have been confirmed using the 
MAGMA computer algebra system [7].

Example 1  Let q = 5 and m = 8. Then the factorization of x8 − 1 into monic irreducible 
polynomials over F5 is given by

	 x8 − 1 = (x + 1)(x + 2)(x + 3)(x + 4)(x2 + 2)(x2 + 3).

In this factorization, the self-reciprocal factors are g1(x) = x + 1 and 
g2(x) = x + 4, while the reciprocal pair factors are h1(x) = x + 2, h∗

1(x) = x + 3, and 
h2(x) = x2 + 2, h∗

2(x) = x2 + 3. We then have d′
1 = deg(h1(x)) = deg(h∗

1(x)) = 1 and 
d′

2 = deg(h2(x)) = deg(h∗
2(x)) = 2. For l = 4, we have r = 2 by (5), since

	 4 = a11 + a21 + 2d′
1a′

11
+ 2d′

2a′
21

= 1 + 1 + 2 · 1 · 1 + 2 · 2 · 0

or

	 4 = a12 + a22 + 2d′
1a′

12
+ 2d′

2a′
22

= 0 + 0 + 2 · 1 · 0 + 2 · 2 · 1.

That is, r = 2 with a11 = a21 = a′
11

= 1, a′
21

= 0 and a12 = a22 = a′
12

= 0, a′
22

= 1. By 
Theorem 3 ii), the number of 4-dimensional hull DC codes of length 16 over F5 is

	 22(5 − 1)(54 − 52 + 1) + (5 − 2)2(52 − 5 + 1)(52 − 1) = 14152.

Example 2  Let q = 3 and m = 13. Then the factorization of x13 − 1 into monic irreducible 
polynomials over F3 is given by

	x
13 − 1 = (x + 2)(x3 + x2 + 2)(x3 + 2x + 2)(x3 + x2 + x + 2)(x3 + 2x2 + 2x + 2).

In this factorization, the self-reciprocal factor is 
g1(x) = x + 2, and the reciprocal pair factors are h1(x) = x3 + x2 + 2, 
h∗

1(x) = x3 + 2x + 2, and h2(x) = x3 + x2 + x + 2, h∗
2(x) = x3 + 2x2 + 2x + 2. We then 

have d′
1 = deg(h1(x)) = deg(h∗

1(x)) = 3 and d′
2 = deg(h2(x)) = deg(h∗

2(x)) = 3. For 
l = 6, we have r = 2 by (4), since

	 6 = a11 + 2d′
1a′

11
+ 2d′

2a′
21

= 0 + 2 · 3 · 0 + 2 · 3 · 1

or

	 6 = a12 + 2d′
1a′

12
+ 2d′

2a′
22

= 0 + 2 · 3 · 1 + 2 · 3 · 0.

That is, r = 2 with a11 = a′
11

= 0, a′
21

= 1 and a12 = a′
22

= 0, a′
12

= 1. By Theorem 3 iii), 
the number of 6-dimensional hull DC codes of length 26 over F3 is

	 3(33 − 1)(36 − 33 + 1) + 3(36 − 33 + 1)(33 − 1) = 109668.
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The following two corollaries are immediate consequences of Theorem 3, which we need 
in the next section. We have the following enumeration result for LCD DC codes.

Corollary 7  Let q be a prime power and m be a positive integer relatively prime to q. Then 
the number of LCD DC codes of length 2m over Fq  is given below. 

i)	 (q − 2)
∏s

i=2(q2di − qdi − 1)
∏t

j=1(q2d′
j − qd′

j + 1) when m is odd and 

q ≡ 1 (mod 4).
ii)	 (q − 2)2 ∏s

i=3(q2di − qdi − 1)
∏t

j=1(q2d′
j − qd′

j + 1) when m is even and 

q ≡ 1 (mod 4).
iii)	 (q − 1)

∏s
i=2(q2di − qdi − 1)

∏t
j=1(q2d′

j − qd′
j + 1) when m is odd and q is even.

iv)	 q
∏s

i=2(q2di − qdi − 1)
∏t

j=1(q2d′
j − qd′

j + 1) when m is odd and q ≡ 3 (mod 4).

v)	 q2 ∏s
i=3(q2di − qdi − 1)

∏t
j=1(q2d′

j − qd′
j + 1) when m is even and q ≡ 3 (mod 4).

Proof  Since l = 0, the result follows from Theorem 3 with r = 1 and ai1 = a′
j1

= 0 for all 
1 ≤ i ≤ s, 1 ≤ j ≤ t. � □

In light of Theorem 1 ii), we obtain the following enumeration result for DC codes with 
a 1-dimensional hull.

Corollary 8  Suppose that q is a prime power such that q ≡ 1 (mod 4 ) or q is even and m is 
an integer relatively prime to q. Then the number of 1-dimensional hull DC codes of length 
2m over Fq  is given below. 

i)	 2
∏s

i=2(q2di − qdi − 1)
∏t

j=1(q2d′
j − qd′

j + 1) when m is odd and q ≡ 1 (mod 4).

ii)	 4(q − 2)
∏s

i=3(q2di − qdi − 1)
∏t

j=1(q2d′
j − qd′

j + 1) when m is even and 

q ≡ 1 (mod 4).
iii)	

∏s
i=2(q2di − qdi − 1)

∏t
j=1(q2d′

j − qd′
j + 1) when m is odd and q is even.

Proof  By (2), (4) and (5), we only consider the constituents corresponding to the self-recip-
rocal linear factors of xm − 1 in order to obtain a DC code with an l-dimensional hull with 
l = 1. If m is odd, then x − 1 is the only self-reciprocal linear factor of xm − 1. Then parts 
i) and iii) follow from Theorem 3 i) and iii) with r = 1, a11 = 1, ai1 = a′

j1
= 0 for all 

2 ≤ i ≤ s and 1 ≤ j ≤ t. If m is even, then x + 1 and x − 1 are the self-reciprocal linear 
factors. In this case part ii) follows from Theorem 3 ii) with r = 2, a11 = 1, ai1 = a′

j1
= 0 

for all 3 ≤ i ≤ s and 1 ≤ j ≤ t and a22 = 1, a12 = ai2 = a′
j2

= 0 for all 3 ≤ i ≤ s and 
1 ≤ j ≤ t. � □

Remark 1  Enumeration results on self-dual and LCD DC codes can be found in [1, 2], 
and [39]. These results apply to DC codes whose duals are also DC codes. As discussed 
in Section 2.2, the dual of a QC code of index ℓ is again a QC code of index ℓ. However, 
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if C = ⟨(1, a(x))⟩ is a DC code of length 2m, that is, a 1-generator QC code of index 2 
over Fq , then C⊥ = ⟨(−a(x), 1)⟩ is a 1-generator QC code of index 2, but it is not nec-
essarily a DC code. In fact, C⊥ is a DC code if and only if gcd(a(x), xm − 1) = 1. If 
gcd(a(x), xm − 1) ̸= 1, then (1 0) serves as a generator matrix for one of the constituents, 
as described in (3). In this case, (0 1) is a generator matrix for the corresponding constitu-
ent of the dual code, which cannot occur as a constituent of a DC code according to (3). 
Consequently, such constituents are excluded from the enumeration results in [1, 2], and 
[39]. In our work, we do not impose the condition that the dual must be a DC code. Instead, 
we enumerate all DC codes with a prescribed hull dimension, and therefore include these 
constituents in our counting.

3.2  FC codes with prescribed hull dimensions

Let C = ⟨(1, 0, a(x), b(x)), (0, 1, −b(xm−1), a(xm−1))⟩ ⊆ R4
m be a q-ary FC code of 

length 4m. By the CRT decomposition of C, the constituents of C are [4, 2] linear codes Ci, 
C ′

j , C ′′
j  over their defining fields with generator matrices

	

Gi =
(

1 0 a(ξui ) b(ξui )
0 1 −b(ξ−ui ) a(ξ−ui )

)
for 1 ≤ i ≤ s,

G′
j =

(
1 0 a(ξvj ) b(ξvj )
0 1 −b(ξ−vj ) a(ξ−vj )

)
for 1 ≤ j ≤ t,

G′′
j =

(
1 0 a(ξ−vj ) b(ξ−vj )
0 1 −b(ξvj ) a(ξvj )

)
for 1 ≤ j ≤ t,

� (6)

respectively, see [40] for further details. We have the following. 

I)	 For the constituents Ci corresponding to the self-reciprocal factors of xm − 1, we have 

	
GiḠ

T
i =

(
1 + a(ξui )a(ξ−ui ) + b(ξui )b(ξ−ui ) 0

0 1 + a(ξui )a(ξ−ui ) + b(ξui )b(ξ−ui )

)

	  for all 1 ≤ i ≤ s. Clearly, rank(GiḠ
T
i ) is either 2 or 0 for all 1 ≤ i ≤ s. Therefore, by 

Proposition 1 ii), hH(Ci) is either 0 or 2 for all 1 ≤ i ≤ s.
II)	 For the constituents corresponding to the reciprocal pair factors of xm − 1, we have 

	
G′

jG′′T
j =

(
1 + a(ξvj )a(ξ−vj ) + b(ξvj )b(ξ−vj ) 0

0 1 + a(ξvj )a(ξ−vj ) + b(ξvj )b(ξ−vj )

)
,

	  for 1 ≤ j ≤ t. Clearly, rank(G′
jG′′T

j ) is either 2 or 0 for all 1 ≤ j ≤ t. By Proposi-
tion 2, dim(C ′

j ∩ C ′′
j

⊥) is 0 or 2. Similarly, rank(G′′
j G′T

j ) is 2 or 0, and hence by Prop-
osition 2, dim(C ′′

j ∩ C ′
j

⊥) is 0 or 2. That is, we have either C ′
j = C ′′

j
⊥ and C ′′

j = C ′
j

⊥, 
or C ′

j ∩ C ′′
j

⊥ = C ′′
j ∩ C ′

j
⊥ = {0}.
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Therefore, by (2), to determine the number of q-ary FC codes of length 4m with an l-dimen-
sional hull, we need to count the [4, 2] linear codes over certain extensions of Fq  satisfying 
conditions I) and II).

The following lemmas are necessary for the enumeration.
Lemma 9  [1, Lemma 2.7] If q is odd, then the number of solutions (x, y) of the equation 
1 + x1+q + y1+q = 0  in F2

q2  is q3 − q.

Lemma 10  [1, Corollary 2.9] If q is odd, then the number of solutions (x, y) of the equation 
1 + x2 + y2 = 0  in F2

q  is q − η(−1 ), where

	
η(x) =

{
1 if x is a non-zero square,
0 if x = 0,
−1 if x is a non-square.

is the quadratic character of Fq .

We recall that the hull dimension l of a q-ary FC code of length 4m satisfies the follow-
ing, see (2).

	
h(C) =

s∑
i=1

deg(gi(x)) hH(Ci) +
t∑

j=1

deg(hj(x))
(
dim

(
C ′

j ∩ C ′′
j

⊥)
+ dim

(
C ′′

j ∩ C ′
j

⊥))
,

where xm − 1 =
∏s

i=1 gi(x)
∏t

j=1 hj(x)h∗
j (x), gi(x) is self-reciprocal for 1 ≤ i ≤ s, 

hj(x) and h∗
j (x) are reciprocal pairs for 1 ≤ j ≤ t.

If m is odd, then x − 1 is the only self-reciprocal linear factor of xm − 1. If m is even, 
then x − 1 and x + 1 are the self-reciprocal linear factors. Let deg(gi(x)) = 2di for nonlin-
ear self-reciprocal factors of xm − 1, and d′

j = deg(hj(x)) = deg(h∗
j (x)).

Since each constituent of an FC code contributes either 0 or 2 to the hull dimension, we 
write hH(Ci) = 2ai, dim(C ′

j ∩ C ′′
j

⊥) = dim(C ′
j

⊥ ∩ C ′′
j ) = 2a′

j , where ai, a′
j ∈ {0, 1} for 

all 1 ≤ i ≤ s and 1 ≤ j ≤ t in (2).

In order to count the number of q-ary FC codes with an l-dimensional hull, we assume 
that l can be expressed in r different ways as follows.

	
l = 2

(
a1u +

s∑
i=2

2diaiu +
t∑

j=1

2d′
ja′

ju

)
when m is odd,� (7)

	
l = 2

(
a1u + a2u +

s∑
i=3

2diaiu +
t∑

j=1

2d′
ja′

ju

)
when m is even,� (8)

where aiu , a′
ju

∈ {0, 1} for all 1 ≤ i ≤ s, 1 ≤ j ≤ t, 1 ≤ u ≤ r.
We obtain the following theorem.
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Theorem 4  Let q be a power of an odd prime and m be a positive integer relatively prime 
to q. Let η denote the quadratic character of Fq . Suppose that l is a positive integer which 
can be written as in (7) or (8). Then the number of l-dimensional hull FC codes of length 
4m over Fq  is given below. 

i)	 ∑r
u=1(q − η(−1))a1u (q2 − q + η(−1))1−a1u

∏s
i=2(q3di − qdi )aiu (q4di − q3di + qdi )1−aiu

∏t
j=1(q3d′

j − qd′
j )a′

ju (q4d′
j − q3d′

j + qd′
j )1−a′

ju  
when m is odd.

ii)	

∑r
u=1(q − η(−1))a1u +a2u (q2 − q + η(−1))2−a1u −a2u∏s
i=3(q3di − qdi )aiu (q4di − q3di + qdi )1−aiu∏t
j=1(q3d′

j − qd′
j )a′

ju (q4d′
j − q3d′

j + qd′
j )1−a′

ju

 when m is even.

Proof  We have the following number of choices for the constituents of an l-dimensional hull 
FC code of length 4m over Fq .

	● If m is odd, then x − 1 is the only self-reciprocal linear factor of xm − 1. In this case, in 
the CRT decomposition of an FC code, there is a [4, 2] linear code, say C1, over Fq  with 

a generator matrix G1 =
(1 0 c1 e1

0 1 −e1 c1

)
, see (6). Then 

	
G1GT

1 =
(

1 + c2
1 + e2

1 0
0 1 + c2

1 + e2
1

)
.

 By Proposition 1 i), h(C1) = 2 if and only if 1 + c2
1 + e2

1 = 0. Since there are q − η(−1) 
solutions (c1, e1) ∈ F2

q  of the equation 1 + x2 + y2 = 0 by Lemma 10, there are q − η(−1) 
choices for C1 in the case of h(C1) = 2. Hence, there are q2 − q + η(−1) choices for C1 
in the case of h(C1) = 0. If m is even, then x − 1 and x + 1 are the self-reciprocal linear 
factors of xm − 1. In this case, in the CRT decomposition of an FC code, we have two [4, 2] 
linear codes over Fq , say C1 and C2, with generator matrices 

	
G1 =

(1 0 c1 e1
0 1 −e1 c1

)
, G2 =

(1 0 c2 e2
0 1 −e2 c2

)
,

 respectively. By the above argument, we have the following cases.

	– In the case of h(C1) = h(C2) = 0, there are (q2 − q + η(−1))2 choices for C1 and 
C2.

	– In the case of h(C1) = h(C2) = 2, there are (q − η(−1))2 choices for C1 and C2.
	– In the case of h(C1) ̸= h(C2), there are (q − η(−1))(q2 − q + η(−1)) choices for 

C1 and C2.

	● The constituents corresponding to the self-reciprocal factors gi(x) of xm − 1 with 
deg(gi(x)) = 2di are [4, 2] linear codes Ci over Fq2di , where 2 ≤ i ≤ s when m is odd 
and 3 ≤ i ≤ s when m is even. Let 

	
Gi =

(
1 0 ci ei

0 1 −eqdi

i cqdi

i

)
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 be a generator matrix of Ci, see (6). Then hH(Ci) = 2 if and only if rank(GiḠ
T
i ) = 0 by 

Proposition 1 ii). Since 

	
GiḠ

T
i =

(
1 + cqdi +1

i + eqdi +1
i 0

0 1 + cqdi +1
i + eqdi +1

i

)
,

 and the number of solutions (x, y) ∈ F2
q2di

 of the equation 1 + xqdi +1 + yqdi +1 = 0 is 
q3di − qdi  by Lemma 9, there are q3di − qdi  choices for Ci when hH(Ci) = 2. Hence, there 
are q4di − q3di + qdi  choices for Ci when hH(Ci) = 0.

	● The constituents corresponding to the reciprocal pair factors (hj(x), h∗
j (x)) with 

deg(hj(x)) = deg(h∗
j (x)) = d′

j  are [4, 2] linear codes over F
q

d′
j
, say C ′

j  and C ′′
j , for 

1 ≤ j ≤ t. Let 

	
G′

j =
(

1 0 c′
j e′

j

0 1 −f ′
j k′

j

)
, G′′

j =
(

1 0 k′
j f ′

j

0 1 −e′
j c′

j

)

 be generator matrices of C ′
j  and C ′′

j , respectively, see (6). By Proposition  2, we have 
C ′

j = C ′′
j

⊥ if and only if rank(G′
jG′′

j
T ) = 0. Equivalently, 

	
G′

jG′′
j

T =
(

1 + c′
jk′

j + e′
jf ′

j 0
0 1 + c′

jk′
j + e′

jf ′
j

)
= 0,

 which is equivalent to 1 + c′
jk′

j + e′
jf ′

j = 0. Since the number of solutions 
(x1, y1, x2, y2) ∈ F4

q
d′

j
 of the equation 1 + x1y1 + x2y2 = 0 is q3d′

j − qd′
j  by Lemma  6, 

there are q3d′
j − qd′

j  choices for the pair (C ′
j , C ′′

j ) satisfying C ′
j = C ′′

j
⊥. Hence, there are 

q4d′
j − q3d′

j + qd′
j  choices for the pair (C ′

j , C ′′
j ) satisfying C ′

j ∩ C ′′
j

⊥ = C ′′
j ∩ C ′

j
⊥ = {0}.

Combining the above counting arguments with the choices aiu , a′
ju

∈ {0, 1} in (7) and (8) 
yields the result. � □

Remark 2  In [40, Theorem 4.3], an enumeration result for LCD FC codes is given. When 
comparing it with our Theorem 4 in the case l = 0, the results do not fully align. Unlike 
the case of DC codes, see Remark 1, where discrepancies may arise depending on whether 
DC codes whose duals are not DC are included or excluded, no such issue occurs for FC 
codes due to their structure. Therefore, the mismatch is not due to a counting distinction of 
that kind, but rather due to a gap in the formula given in [40]. After a careful examination, 
we identified the missing detail and corrected the enumeration result for LCD FC codes as 
follows.

Corollary 11  Let q be an odd prime power. Then the number of LCD FC codes of length 4m 
over Fq  is given below. 

i)	 (q2 − q + η(−1))
∏s

i=2(q4di − q3di + qdi )
∏t

j=1(q4d′
j − q3d′

j + qd′
j ) when m is odd.

ii)	 (q2 − q + η(−1))2 ∏s
i=3(q4di − q3di + qdi )

∏t
j=1(q4d′

j − q3d′
j + qd′

j ) when m is 
even.
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Proof  Since l = 0, the result follows from Theorem 4 with r = 1, ai1 = a′
j1

= 0 for all 
1 ≤ i ≤ s, 1 ≤ j ≤ t. � □

The following corollary is an immediate consequence of Theorem 4, which we need in 
the next section. We have the following enumeration result for 2-dimensional hull FC codes.

Corollary 12  Let q be an odd prime power. Then the number of 2-dimensional hull FC codes 
of length 4m over Fq  is given below. 

i)	 (q − η(−1))
∏s

i=2(q4di − q3di + qdi )
∏t

j=1(q4d′
j − q3d′

j + qd′
j ) when m is odd.

ii)	 2(q − η(−1))(q2 − q + η(−1))
∏s

i=3(q4di − q3di + qdi )
∏t

j=1(q4d′
j − q3d′

j + qd′
j ) 

when m is even.

Proof  By (2), (7) and (8), we only consider the constituents corresponding to the self-recip-
rocal linear factors of xm − 1 to obtain an FC code with an l-dimensional hull with l = 2. If 
m is odd, then x − 1 is the only self-reciprocal linear factor of xm − 1. Then part i) follows 
from Theorem 4 i) with r = 1, a11 = 1, ai1 = a′

j1
= 0 for all 2 ≤ i ≤ s and 1 ≤ j ≤ t. If 

m is even, then x + 1 and x − 1 are the self-reciprocal linear factors. In this case part ii) 
follows from Theorem 4 ii) with r = 2, a11 = 1, ai1 = a′

j1
= 0 for all 2 ≤ i ≤ s, 1 ≤ j ≤ t 

and a22 = 1, a12 = ai2 = a′
j2

= 0 for all 3 ≤ i ≤ s, 1 ≤ j ≤ t. � □

We present the following examples, in which the results have been confirmed using the 
MAGMA computer algebra system [7].

Example 3  Let q = 3 and m = 8. Then the factorization of x8 − 1 into monic irreducible 
polynomials over F3 is given by

	 x8 − 1 = (x + 1)(x + 2)(x2 + 1)(x2 + x + 2)(x2 + 2x + 2).

In this factorization, the self-reciprocal factors are 
g1(x) = x + 1, g2(x) = x + 2, and g3(x) = x2 + 1, while the reciprocal pair factors 
are h1(x) = x2 + x + 2, h∗

1(x) = x2 + 2x + 2. We then have d3 = deg(g3(x))/2 = 1, 
d′

1 = deg h1(x) = deg(h∗
1(x)) = 2. By Corollary 11 ii), the number of LCD FC codes of 

length 32 over F3 is

	 (32 − 3 − 1)2(34 − 33 + 3)(38 − 36 + 32) = 8323425.

For l = 8, we have r = 2 by (8), since

	 8 = 2
(
a11 + a21 + 2d3a31 + 2d′

1a′
11

)
= 2(1 + 1 + 2 · 1 · 1 + 2 · 2 · 0)

or

	 8 = 2
(
a12 + a22 + 2d3a32 + 2d′

1a′
12

)
= 2(0 + 0 + 2 · 1 · 0 + 2 · 2 · 1).
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That is, r = 2 with a11 = a21 = a31 = 1, a′
11

= 0 and a12 = a22 = a32 = 0, a′
12

= 1. By 
Theorem 4 ii), the number of 8-dimensional hull FC codes of length 32 over F3 is

	(3 + 1)2(33 − 3)(38 − 36 + 32) + (32 − 3 − 1)2(34 − 33 + 3)(36 − 32) = 3268944.

Remark 3  In [39, Theorem 3.10] and [39, Theorem 3.11] the enumeration formulas of 
Euclidean self-dual FC codes and Euclidean LCD FC codes are given, under the condition 
that all the irreducible factors of xm − 1 are self-reciprocal, and the case xm − 1 has recip-
rocal pair factors is left open. Corollary 11 answers this open problem for LCD FC codes. 
More generally, Theorem 4 provides an enumeration not only for LCD FC and Euclidean 
self-dual FC codes but FC codes with arbitrary hull dimension for arbitrary m.

4  Asymptotic performance

This section analyzes the asymptotic behavior of DC and FC codes with small hull dimen-
sions, namely LCD DC codes, LCD FC codes, DC codes with a 1-dimensional hull, and FC 
codes with a 2-dimensional hull. Although the asymptotic behavior of LCD DC and LCD 
FC codes was previously studied in [39, Theorem 5.5] and [40, Theorem 5.2] respectively, 
we include these cases for completeness, as our enumeration formulas differ from the for-
mulas presented in the earlier studies, see Remarks 1 and 2.

Let C(n) be a family of q-ary [n, kn, dn] linear codes. The rate and relative distance of 
C(n) are defined as

	
R = lim

n→∞
sup kn

n
, and δ = lim

n→∞
inf dn

n
,

respectively. The family C(n) is called asymptotically good if Rδ > 0.
An integer g is called a primitive root modulo m if it generates the group of units Um 

of the ring Zm. Artin’s conjecture on primitive roots, which was proved in [18] under the 
Generalized Riemann Hypothesis, states that any non-square positive integer is a primitive 
root modulo infinitely many primes m. This implies that for a non-square q, there exist 
infinitely many primes m such that xm − 1 factors into two irreducible polynomials over 
Fq  as xm − 1 = (x − 1)(xm−1 + · · · + x + 1) = (x − 1)g(x). In this case, the non-zero 
codewords of the cyclic code of length m generated by the polynomial g(x) are called the 
constant vectors.

We recall that the weight of a polynomial u(x) ∈ Rm is the number of terms in u(x) and 
the weight of an element u⃗(x) = (u0(x), . . . , uℓ−1(x)) ∈ Rℓ

m is the sum of the weights of 
its coordinates.

We need the following lemma.

Lemma 13  [2, Lemma 6] Let q be a non-square odd prime power and m be a prime such 
that xm − 1  has only two irreducible factors over Fq . If 0 ̸= u(x) ∈ R2

m  has weight less 
than m, then there are at most q polynomials a(x) such that u(x) ∈ Ca = ⟨(1 , a(x))⟩.
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The q-ary entropy function is defined by

	
Hq(t) = t logq(q − 1) − t logq(t) − (1 − t) logq(1 − t) for 0 < t < 1 − 1

q
.

This function is used in the estimation of the volume of high-dimensional Hamming balls 
when the base field is Fq . The result we use is that the volume of the Hamming ball of radius 
tm (i.e., the number of vectors of weight at most tm) is up to subexponential terms, qmHq(t), 
when 0 < t < 1 − 1

q  and m goes to infinity, see [19, Lemma 2.10.3].

In our proofs, we employ the classical expurgated random coding technique to demon-
strate that sequences of codes from the families under consideration possess sufficiently 
large minimum distance. To analyze their asymptotic behavior, we estimate the number of 
codes with small minimum distance and establish the existence of codes with suitably large 
minimum distance within each family.

Throughout the analysis, we use the notation f(m) = O(g(m)) to indicate that there 
exists a constant C > 0 such that |f(m)| ≤ C|g(m)| for all sufficiently large m. This pro-
vides a convenient way to express that the growth of f(m) is bounded above by that of 
g(m), up to a constant factor.
Theorem 5  i)	 Let q be a non-square prime power. Then under Artin’s conjecture, 

there are infinite families of q-ary LCD DC codes of relative distance δ ≥ H−1
q ( 1

2 ). In 
particular, this family of codes is asymptotically good.

ii)	 Let q be a non-square prime power, which is even or q ≡ 1 (mod 4). Then under 
Artin’s conjecture, there are infinite families of q-ary 1-dimensional hull DC codes 
of relative distance δ ≥ H−1

q ( 1
2 ). In particular, this family of codes is asymptotically 

good.

Proof  Let q be fixed and m be a prime that satisfies Artin’s conjecture for q. Then 
xm − 1 = (x − 1)g(x), where g(x) is a self-reciprocal irreducible polynomial of degree 
m − 1 over Fq . 

i)	 Let 

	 Γm = |{C | C is a q-ary [2m, m] LCD DC code}| ,

	  and let δ denote the relative distance of the family of [2m, m] LCD DC codes. Then, by 
Corollary 7 i), iii), and iv), we have

Γm = (q − 2)(qm−1 − q
m−1

2 − 1), if q ≡ 1 (mod 4),
Γm = (q − 1)(qm−1 − q

m−1
2 − 1), if q is even,

Γm = q(qm−1 − q
m−1

2 − 1), if q ≡ 3 (mod 4).
 In all three cases, we have Γm = O(qm) as m → ∞. Let γm denote the number of DC 
codes of length 2m containing a codeword of weight at most d ∼ 2mδ0, where 0 < δ0 < 1 
is fixed. Then, by Lemma  13 and [19, Lemma 2.10.3], we have γm = O

(
q2mHq(δ0)) . 

To show the existence of codes with minimum distance at least d, it suffices to show that 
γm/Γm → 0 as m → ∞. Since Γm = O(qm), we obtain γm

Γm
= O

(
qm(2Hq(δ0)−1)) , which 
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tends to zero as m → ∞ whenever Hq(δ0) < 1
2 . Since this holds for every δ0 satisfying 

Hq(δ0) < 1
2 , by the definition of the asymptotic relative distance we obtain δ ≥ H−1

q

( 1
2
)

. 
Therefore, this family is asymptotically good.

ii)	 Let 

	 Λm = |{C | C is a q-ary [2m, m] 1-dimensional hull DC code}| .

	  Then by Corollary 8 i) and iii), we have

Λm = 2(qm−1 − q
m−1

2 − 1), if q ≡ 1 (mod 4),
Λm = (qm−1 − q

m−1
2 − 1), if q is even.

 In both cases, Λm = O(qm) as m → ∞. The proof for the remaining part follows simi-
larly to that of part i).� □

Remark 4  The lower bound on the relative distances of the infinite families of q-ary LCD 
DC and 1-dimensional hull DC codes obtained in Theorem 5 meets the Gilbert-Varshamov 
bound on q-ary linear codes of rate 1/2, see [19, Theorem 2.10.8].

In [40, Theorem 5.2] a bound on the relative distance of the family of LCD FC codes 
is given. After revising the enumeration result in [40, Theorem 5.2] and Corollary 11, we 
improve the bound on the relative distance.

We need the following lemma.

Lemma 14  [40, Lemma 5.1] Let q be a non-square prime power, m be prime such that xm − 1  
has only two irreducible factors over Fq . Let ũ(x) = (u1 (x), u2 (x), u3 (x), u4 (x)) ∈ R4

m  
and suppose that u1 (x)ũ1 (x) + u2 (x)ũ2 (x) is not a constant vector, where 
ũi(x) ≡ ui(xm−1 ) (mod xm − 1 ) for i = 1 , 2 . Then there are at most q2  FC codes C 
over Rm  such that u(x) ∈ C .

We have the following theorem.
Theorem 6  Let q be a non-square prime power. Then under Artin’s conjecture, there are 
infinite families of q-ary LCD FC and 2-dimensional hull FC codes of relative distance 
δ ≥ H −1

q ( 1
2 ). In particular, these families of codes are asymptotically good.

Proof  Let q be fixed, and let m be an odd prime such that xm − 1 = (x − 1)g(x), where 
g(x) is a self-reciprocal irreducible polynomial of degree m − 1 over Fq . Consider the fam-
ily of [4m, 2m] LCD FC codes.

Let

	 Γm = |{C | C is a q-ary [4m, 2m] LCD FC code}| ,

and let δ denote the relative distance of this family. Then by Corollary 11, we have
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	 Γm =
(
q2 − q + η(−1)

)(
q4( m−1

2 ) − q3( m−1
2 ) + q

m−1
2

)
.

As m → ∞, this yields Γm = O
(
q2q4( m−1

2 ))
= O(q2m).

Let γm denote the number of [4m, 2m] FC codes containing a codeword of weight at 
most d ∼ 4mδ0, where 0 < δ0 < 1 is fixed. Then, by Lemma 14 and [19, Lemma 2.10.3], 
we have γm = O

(
q4mHq(δ0)) .

To show the existence of codes with minimum distance at least d, it suffices to show that 
γm/Γm → 0 as m → ∞. Since Γm = O(q2m), we obtain γm

Γm
= O

(
qm(4Hq(δ0)−2)) , which 

tends to zero as m → ∞ whenever Hq(δ0) < 1
2 . Since this holds for every δ0 satisfying 

Hq(δ0) < 1
2 , by the definition of the asymptotic relative distance we obtain δ ≥ H−1

q

( 1
2
)

.

For the [4m, 2m] FC code family, the rate is R = 2m
4m = 1

2 . Therefore, Rδ > 0, and this 
family is asymptotically good.

In a similar manner, if

	 Λm = |{C | C is a q-ary [4m, 2m] 2-dimensional hull FC code}| ,

then by Corollary 12, we have

	 Λm =
(
q − η(−1)

)(
q4( m−1

2 ) − q3( m−1
2 ) + q

m−1
2

)
= O(q2m),

as m → ∞. The proof for the remaining part follows in the same way as for the family of 
LCD FC codes. � □

Remark 5  The lower bound on the relative distance of the infinite families of q-ary LCD 
FC and 2-dimensional hull FC codes obtained in Theorem 6, meets the Gilbert-Varshamov 
bound for q-ary linear codes of rate 1/2, see [19, Theorem 2.10.8].

5  Conclusion

In this work, we provide enumeration formulas for DC codes of length 2m and FC codes of 
length 4m over Fq , where gcd(m, q) = 1, with prescribed Euclidean hull dimension. Our 
results extend previous work by allowing arbitrary values of m and general hull dimensions. 
Earlier studies, such as [39, Theorems 3.10 and 3.11], considered only special cases where 
all irreducible factors of xm − 1 are self-reciprocal, leaving the case involving reciprocal 
pair factors unresolved. Moreover, enumeration was limited to specific families, such as 
Euclidean self-dual and Euclidean LCD DC and FC codes, without addressing codes with 
arbitrary hull dimensions. Our formulas overcome these limitations and resolve the open 
problem posed in [39].

We also correct the enumeration formula given in [40, Theorem 5.2] and, as a conse-
quence, improve the lower bound on the relative distance of LCD FC codes, as stated in 
Corollary 11. Using our formulas, we demonstrate that families of LCD DC codes, LCD 
FC codes, DC codes with a 1-dimensional hull, and FC codes with a 2-dimensional hull are 
asymptotically good. In particular, these code families, all of rate 1/2, satisfy a modified 
Gilbert-Varshamov bound for linear codes over Fq .
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