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ABSTRACT

BENT PARTITIONS AND LP-PACKINGS

SEZEL ALKAN
Ph.D Dissertation, July 2025

Dissertation Supervisor: Asst. Prof. NURDAGUL ANBAR MEIDL

Keywords: Bent function, bent partition, LP-packing, partial difference set,

vectorial dual-bent function

This thesis investigates the recently introduced concepts of bent partitions, LP-
packings, and their interrelations, including their connection to vectorial dual-bent
functions. We begin by showing that LP-packings give rise to (normal) bent parti-
tions. Using examples involving ternary bent functions, we demonstrate that LP-
packings and bent partitions represent fundamentally different concepts.

We then extend a known lifting procedure from Desarguesian spreads to LP-packings
in non-elementary abelian groups to a lifting procedure from generalized Desar-
guesian spreads to LP-packings in non-elementary abelian groups as well as larger
elementary abelian groups. This generalization broadens the scope of known con-
structions of LP-packings.

In the final part, we explore secondary constructions of a class of vectorial dual-bent
functions corresponding to bent partitions with a specific property. One construction
is based on the direct sum of vectorial functions, while the other generalizes a method
originally introduced by Wang, Fu, and Wei in [34]. These approaches yield a wide
variety of vectorial bent functions, bent partitions, and LP-packings.
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OZET

BUKULMUS PARCALANMALAR VE LP-PAKETLEMELER

SEZEL ALKAN
Doktora Tezi, Temmuz 2025

Tez Damigsmani: Asst. Prof. Dr. NURDAGUL ANBAR MEIDL

Anahtar Kelimeler: Biikiilmiig fonksiyon, biikiilmiig par¢alanma, LP-paketleme,

parcali fark kiimesi, vektorel biikiilmiis fonksiyon

Bu tez, yakin zamanda literatiire kazandirilan biikiilmiis parcalanmalar, LP-
paketlemeleri ve bunlarin birbirleriyle olan iligkilerinin yani sira, vektorel devrik
biikiilmiig fonksiyonlarla olan baglantilarini kapsamli bir bigimde incelemektedir.

Caligmanin ilk agamasinda, LP-paketlemelerin (normal) biikiilmiig parcalanmalar
olugturdugunu gostermekteyiz. Karakteristik 3'teki biikiilmig fonksiyon ornekleri
aracihigiyla, LP-paketlemeler ile biikiilmiig par¢alanmalarin farkli yapilar olduklarini
ortaya koymaktayiz.

Devaminda, literatiirde mevcut olan ve Desarguesian parcalanmalardan LP-
paketlemelere yonelik tanimlanmig kaldirma yontemini, genellegtirilmis Desargue-
sian parcalanmalardan, hem elemanter olmayan hem de elemanter degismeli gru-
plara LP-paketlemeler elde edecek gekilde genellestiriyoruz. Bu genellegtirme, LP-
paketlemelerin bilinen inga yontemlerinin kapsamini énemli 6lgiide genigletmektedir.

Tezin son boliimiinde ise, belirli bir yapisal 6zelligi saglayan biikiilmiig parcalan-
malara kargilik gelen bir simif vektorel devrik biikiilmiis fonksiyonun ikincil inga
yontemleri ele alinmaktadir. Bu baglamda, birinci yontem vektorel fonksiyonlarin
dogrudan toplamina, ikinci yontem ise Wang, Fu ve Wei tarafindan [34] galis-
mada oOnerilen yapinin daha genel bir bi¢imine dayanmaktadir. Bu inga teknikleri
araciligiyla, genis bir yelpazede vektorel biikiilmiis fonksiyonlar, biikiilmiis parcalan-
malar ve LP-paketlemeler elde edilebilmektedir.
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PREFACE

Boolean bent functions have been introduced in the 1960s by Rothaus in (Rothaus,
1976). They are the functions of maximum possible distance from all linear and
affine functions. In (Kumar, Scholtz & Welch, 1985), Kumar, Scholtz and Welch
generalized this concept to p-ary bent functions, that is, to functions from a vector
space V,(lp ) of dimension n to the finite field Fp, where p is an odd prime. Bent
functions have been an active field of research for their applications in coding and
cryptography, and also for their rich connections to objects from combinatorics like

difference sets and strongly regular graphs.

There are two main primary construction of bent functions; one is the class of
Maiorana-McFarland bent functions, and the other is the class of (partial) spread

(p)

bent functions. A partial spread of a vector space V' (over Fp), n =2m, is a

(p)

collection S = {Uy,Us,..., Uk} of m-dimensional subspaces of V', which pairwise

,(f ) is in exactly

intersects trivially. If K =p™ 41, hence every nonzero element of V
one subspace, then S is called a (complete) spread. Recently, a class of partitions
of V%p ), which have properties similar to spreads, have been introduced. The first
non-spread construction of bent partitions is presented in (Meidl & Pirsic, 2021) by
Pirsic and Meidl for p = 2. It is extended to odd primes by Anbar and Meidl in
(Anbar & Meidl, 2022). Moreover, a large class of bent partitions can be obtained
from semifields with certain properties, called generalized semifield spreads; see
(Anbar, Kalayc & Meidl, 2023). Very recently, Jedwab and Li have introduced the
concept of Latin square partial difference set packings (LP-packings) in finite abelian
groups, which is strongly related to the notion of bent partitions; see (Jedwab & Li,
2021). In fact, LP-packings yield bent partitions. In this thesis, we study mainly
bent partitons, LP-packings and their connections with each other, and vectorial

dual-bent functions.

The outline of this thesis is as follows. In Chapter 1, we first give definitions,
basic properties, and classification of (vectorial) bent functions. Then we recall the
construction of bent partitions and LP-packings and some preliminary results to be

used in this work. In Chapter 2, we consider ternary bent functions. The question of

vii



whether there exists a nonnormal bent partition for p > 2 is open in (Anbar & Meidl,
2022). We show that nonnormal bent partitions can be obtained from preimage sets
of ternary bent functions, that is, from preimage sets of bent functions from V%?’) to
3. More precisely, we show that ternary bent functions yield bent partitions. Some

of these bent partitions give LP-packings, some do not.

In (Jedwab & Li, 2021), a recursive method is given to produce LP-packings in
certain nonelementary abelian groups using spreads in elementary abelian groups as
a “base case”. In Chapter 3, we show that the generalized Desarguesian spreads can
also be applied in the lifting procedure. The concept of LP-partitions is essential
in this method. In Section 3.1, we obtain some LP-partitions from generalized
Desarguesian spreads for p is odd and even. In Section 3.2, using these LP-partitions
we extend the lifting procedure given in (Jedwab & Li, 2021). As a result, we can
obtain possibly new LP-packings in elementary abelian groups, and also LP-packings

in nonelementary abelian groups from a base case different from a spread.

In Chapter 4, we analyze some secondary constructions of vectorial dual-bent func-
tions satisfying a certain property called Condition A, which is introduced in (Wang,
Fu & Wei, 2023). In Section 4.1, we examine the direct sum of two vectorial dual-
bent functions satisfying this condition, and also the bent partitions and LP-packings
(in some cases) corresponding to this construction. In (Wang et al., 2023), using
the PSg, bent functions, a secondary construction of vectorial dual-bent functions
is presented. In Section 4.2, we show a more general version of this construction to

obtain new bent partitions, LP-packings and vectorial dual-bent functions satisfying
Condition A.

viil



TABLE OF CONTENTS

1. PRELIMINARIES ... . 1
1.1. Definitions and Some Basic Properties of Bent Functions ............. 1
1.2. Vectorial Bent Functions............ ... i 3
1.3. EA-Equivalence and Algebraic Degree........................oo... 6
1.4. Primary Constructions of Bent Functions ............................. 9

1.4.1. Maiorana-McFarland bent functions ........................... 9
1.4.2. Partial spread bent functions .................................. 12
1.5. Secondary Constructions of Bent Functions ........................... 16
1.5.1. Direct sum of bent functions................................... 16
1.5.2. Rothaus’s construction ........... ..., 18
1.5.3. Some other constructions ............... ... ... .. i 18
1.6. Normality of Bent Functions............. ... ... .. .. 20
1.7 Bent Partitions ....... ... .o 22
1.8, LP-packings. ... ..o 30

2. BENT PARTITIONS FROM TERNARY BENT FUNCTIONS .. 33

3. LP-PACKINGS FROM GENERALIZED DESARGUESIAN

SP RE A DS 38
3.1. LP-partitions from Generalized Desarguesian Spreads................. 40
3.2. Lifting of Generalized Desarguesian Spreads .......................... 49
4. SOME SECONDARY CONSTRUCTIONS ...t 53
4.1. Direct Sum Constructions ........... ..o, 57
4.2. Generalizations of the Construction in (Wang et al., 2023)............ 64
BIBLIOGRAPHY ... 70

X



1. PRELIMINARIES

In this chapter, we will give the definitions and fundamental properties of bent
functions, vectorial bent functions, and related concepts. There are a number of
equivalent characterizations of bent functions. Throughout this work, we will use

characterization via character sums.

A character x of a finite abelian group G is a homomorphism from G to the multi-
plicative group of complex numbers C. For a positive integer n and a prime number

(p)

p, if we denote the vector space of dimension n over the finite field F,, by V5, then
(p)

we may describe the characters of V5 in the following possible ways.

If we identify V%p ) with the additive group of the finite field IFn, then every character

ux)

of VI is given by = — CpT ") for some u € Fyn, where Tr(.) is the absolute trace

function and (, is a primitive p-th root of unity. Otherwise, the characters of

Vgp ) are simply the functions = — ngb’w", be V%p ), where (.),, is a nondegenerate

(p)

inner product of Vy’. For further background on characters, we refer to (Lidl &
Niederreiter, 1997).

1.1 Definitions and Some Basic Properties of Bent Functions

A function f: V,(]p ) [F) is called a Boolean function if p =2 and a p-ary function if
p is odd. In this section, we will mainly give the characteristic properties of Boolean
and p-ary bent functions. However, bent functions can also be defined between

arbitrary finite abelian groups.

Definition 1. Let (A,+4) and (B,+p) be finite abelian groups. A function f from
A to B is called a bent function if for every character x of A x B which is nontrivial

on B we have



(1.1) S Ix(z, f@)] = /Al

€A

In the case A = VS? ) and B = [F,, the character sum in (1.1) gives rise to a function
Wy from B x A to the complex numbers C, which is called the Walsh transform of
f, defined by

3 Cgf(@—( )

xEV%p )

for all (b,a) € F}, x v ), where (.}, is a nondegenerate inner product of V¥ and Cp

is a primitive p-th root of unity.

Definition 2. A function f from V%p) to ), is called a bent function if the absolute

value of

(1.2) Wy(a) :=Wy(la)= > gp
er(p)

18 p”/2 for all a € V%p).

Note that since if f is bent, then bf is also bent for any nonzero element b of [,
the Walsh transform of f: v - [, is in general defined as in (1.2), and the set
Wi(a):a e Ve } is called the Walsh spectrum of f.

In the case p = 2, we have (2 = —1, so Wy(a) is an integer for any a € Vﬁf’). Then

if f: Vg) — [y is bent, using the definition of Walsh transform, one can conclude n

must be even and
(1.3) Wy (a) =2"2(=1)7"(@

Vg) — F5. The function f* is called the dual of f.

For the p-ary case, the Walsh transform of a bent function f : V,(lp )

for some Boolean function f* :
— [F), satisfies

f*(a) n/2 . n —
=+ P : p"=1mod A4,
(1.4) Wi(a) = , };*(a) n/2 n_
+i¢p " p : p" =3 mod 4,
where ¢t =y/—1, and f* is a function from V%p ) to Fp, which is again called the dual
of f, see (Helleseth & Kholosha, 2006).



A bent function f : Vq(@p N F, is called weakly regular if for all a € V%p ) we have

We(a)=¢ Cf(“)p"/Q for some (fixed) € € {£1,%i}. In particular, if e =1 we call f

reqular. Boolean bent functions are always regular by Equation (1.3). If the sign of

(p) (p)

e changes with a € V7, then f is called non-weakly reqular bent. If f:Vy’ — ),

is a weakly regular bent function, then its dual f* is also weakly regular bent. To

(p)

see this, let a be an arbitrary element of V5, ”. Then we have

Z pranwf Z pra Z Cp

yEV%p) yEV%p) ;I:EV%J)
xEngp) erSf’)
(1.5) =p"¢]@,

where in the last equality we used the property that Zyev(p) g()y’%@" =0 for x # a.

Since f is weakly regular bent, we have Wy(y) =¢ gjf*(y)pn/? for some ¢ € {£1,+i},

which does not change with y € Vﬁ{’ ). Then using Equation (1.5), we obtain

pnC}:(a) = C}gymngcg*(y)pn/? —ep"? Y Cg*(y)—<—a,y>n = ep" Wi (—a),
er’EIP) erglp)

which implies Wp«(—a) = e~ 1pn/ QC]‘; @, Thus, f* is also a weakly regular bent
function. However, in the case where f: Vﬁf ) [, is a non-weakly regular bent
function, the dual f* of f may not be a bent function; see (Cegmelioglu, Meidl &

Pott, 2013b).

Finally, a function f : V(p )

— IFp is Called plateaved (or s-plateaued) if for all a €
V,(lp), we have [Wy(a)| is either 0 or p “2° for some fixed integer 0 < s < n. Then
bent functions are O-plateaued functions, and by Parseval’s identity, there is no 0-
plateaued function which is not bent. Moreover, f is called near-bent (or semi-bent),

if s=1.

1.2 Vectorial Bent Functions

A function F': V}(l) — Vq(n) is called a vectorial function if m > 1, where V(p ) and
V,(ﬁ) are vector spaces of dimensions n and m, respectively, over the prlme ﬁeld Fp.
Then the character sum in (1.1) induces a function Wg on v \{O} x V) of the

3



form
WF(b,CL) = Z Céb7F($)>m—<a,x>n7
.IIEVSLP)

which is also called the Walsh transform of F.

Definition 3. A function F from V%D) to V%), m > 1, is called a vectorial bent
function if Wy (b,a)| = p"? for all nonzero b € V® and a e VP,

For a vectorial function F : V¥ — V% and v e V¥ \ {0}, the function F, VP
[, defined by F,(z) = (v,F(z))m is called a component function of F. Using the
definition, one can observe that F' is vectorial bent if and only if all component

functions of F' are bent.

Lemma 1. Let F': V%’) —>V,(£) be a vectorial bent function. The set of component
functions, together with the zero function, forms an m-dimensional vector space of

bent functions over IFy,.

Proof. Let {v1,v2,...,v,} be a basis of V%) over F,. For i =1,2,....,m, we de-
)

(p

fine fij(x) = (vi, F(x))m, where (.),, is a fixed inner product of Vy,”. Suppose that

f1, fa..., fm are linearly dependent over F,. Then by definition of f;
c1(v1, F(2))m + c2(va, F(2))m + - . . 4 (U, F(2) )y = 0

for some ¢; € Fy, i = 1,2,...,m, not all zero, which implies

(1.6) (crv1 +cova + ... CUm, F(2))m = 0,

by linearity of (.),, in the first argument. The sum v := cjv1 + cova + ...V, is a
nonzero element of V%) since ¢; # 0 for at least one 4, 1 <i <m. Hence, f(z):=
(v, F(x))m is a bent function (since F': VP 5 v®) is vectorial bent). By (1.6), f is
ZEero on Vq(f;). Then the Walsh spectrum of f is {0,p"}, which is not possible as f is
bent. Therefore, fi,f2..., fi are linearly independent over Fy, i.e., {f1,fa...,fm}
forms a basis for the set of component functions (together with the zero function).

]

In (Nyberg, 1991b), it is shown that for a vectorial bent function F : Vﬁ{’ ) V,(ﬁ),
with n being even, if all component functions are regular bent, then m can be at
most n/2. In particular, for p = 2, we have the bound m <n/2. In the case where p

is odd, n can be even or odd, and m can take the value n (at most). Vectorial bent



functions with m = n are called planar functions (or perfect nonlinear functions).

Example 1. Let p be an odd prime, and let F': Fpyn — Fpn be a function given
by F(x) =22 We can fix an inner product on Fpn as (a,b), = Tr}(ab), where
a,b € Fpn and Try(.) denotes the trace map from the finite field Fpn to Fp. Then
by (Helleseth & Kholosha, 2006, Corollary 3), for any nonzero a € Fyn the com-
ponent function Fy(z) = Tr}(az?) is a (weakly) regular bent function with the dual

(Fo)*(z) = Tr?(—%). Therefore, F is a bent function, which is also planar.

For a vectorial bent function F : V%" ) — V%), the set of duals of the component

functions may not be closed under addition.

Example 2. (Cesmelioglu, Meidl & Pott, 2018) Let © be a permutation on V%),
m > 1. We consider the function F':Fpm X Fpm — Fpm defined by

F(z,y) = z7(y).

Since F is represented in bivariate form, we can take the inner product for the vector
m
space Fpm X Fpm as ((u1,u2),(v1,v2))2m = Tr{" (uiv1 + ugve), where uy,ug,v1,v2 €

Fpm. Then for any ¢ € Fym and (u,v) € Fpm X Fpm we get

_ z,y)—Tr"" (uz+v
W, (u,v) = Z Cpc( y)—Tr7"( Y)
ZEEIFpm,yEFpm
_ Y () ey

.’L’EFpm ,yEFpm

> CpTrg"(—vy) 3 CpTr’f“((m(y)—U)x)

yGFpm xGFpm
_om T (—or ()
=p p )

which implies that the component function F,. of F' is a bent function with the dual
(Fo)*(z,y) = Tl (—ym 1 (%)). Therefore, the vectorial function F(z,y) = xm(y) is

bent, which is called a Maiorana-McFarland bent function.

For m is odd, the Dickson polynomial p(z) := Ds(x,—1) = 2° 4+ 223 + 52 € F7[z] is a
permutation on Fm, so F(x,y) = xp~1(y) is a Maiorana-McFarland bent function
from Fym X Fym to Fym. The sum of duals of the component functions Fi and Fy

are

(F1)" () (o) (@) = T (o)) + T (=g (5 )) = To7" (~ya(a))



where q(z) = 32° + 423 + 4z € F7[x]. This is not a permutation on Frm as q(1) =
q(5) =4. Then by Theorem 1 (in Section 1.4), the sum Tr*(—yq(x)) is not bent.

Definition 4. A vectorial bent function F : Vglp) — V%) 1s called vectorial dual-bent
if the set of duals of the component functions of F' together with the zero function

forms a vector space of dimension m.

Remark 1. Using the definition, one can conclude that if F : V%p) — V%) is vectorial
dual-bent function, then the duals of the component functions of I are component
functions of some vectorial bent function, i.e., there exists a vectorial bent function
G: VP 5 VL such that (Fe)" = Gy for c € V%)\{O}, where (F,)* is the dual
of the component function {(c,F(x))my and o is a permutation on Vﬁﬁ)\{o}. The
vectorial bent function G is then called a vectorial dual of F' and denoted by F*.
Note that being vectorial dual-bent is a property of the vector space (of the duals of

the component functions of F'), so F* is not unique.

1.3 EA-Equivalence and Algebraic Degree

For the classification of (vectorial) bent functions, the concept of equivalence is

important.

Definition 5. Let f,g: Vgp) — V%) be two functions. They are called extended affine
equivalent (EA-equivalent) if one is obtained from another with an affine coordinate

(p)

transformation on Vy~ or V%) and an addition of an affine function.

In particular, for V%p) =y, Vq(ﬁ) =T,, taking the conventional dot product as inner

product, we conclude that f and g are EA-equivalent if
g(z) =cf(Ax+u)+v.x+d,

where A is an invertible n X n matriz, u,v € Fy, c € F) and d € Fy.

It is well known that if f is bent, then g is also bent, where f and g are as above.
More generally, the absolute value of elements in the Walsh spectrum does not
change under EA-Equivalence. To see this in the particular case Vﬁlp ) = F, and

V,(ﬁ) =TF,, we give the following lemma, which is stated in (Cesmelioglu & Meid],



2013).

Lemma 2. Let f:F) —F), be a p-ary (or Boolean) function. Then for u,v € F}
and d € T, we have the following properties of Walsh transform.

(i) Weya(b) = Wy (b).
(ii) If fo(z) = f(x)+v.x then Wy, (b) = Wy(b—w).
(#i) Given g(x) = f(x+u), the Walsh transform of g at b € F}} is Wy/(b) = (;)"qu(b)

(iv) If L(z) = Az for an invertible matriz A, then Wyor(b) = Wr((A~1)Tb), where
AT s the transpose of the matriz A.

Proof. (i) For any b € F}}, by the definition of Walsh transform, we have

z€FP z€Fy
(i4) For v € Fy}, the Walsh transform of f, at b € F}) is

va (b) _ Z Cg(m)—l—v.x—b.m _ Z C}])‘(m)—(b—v).m _ Wf(b—’l})

z€Fy z€Fy

(¢i) If we replace ¥ +u with y, for any b € F}; we obtain

Wy (b) = Z Cg(x+u)_b'x = Z Cg(y)_b'(y_“) = g-“ Z Cg(y)—b.y'

z€Fp yelFy yelFy
Hence, we conclude that W, (b) = Cf,"“’Wf(b).

(4v) If we make the change of variable y = Az, then for b € F}} we get

—1 —1\T
Wrop, = Z Cg(Am)—bw: Z C]{(y)—b.A Y _ Z Cg(y)—((A ) b)‘y:Wf((A_l)Tb).

z€lFy yelry yefy

]

In addition to preserving the absolute value of the Walsh transform, the transfor-
mations given in Lemma 2 preserve also the sign. This is not always true when we
multiply f with a nonzero constant ¢. More precisely, if f: F) — F, is a weakly

regular bent function, then cf is a weakly regular bent function with opposite sign



whenever n is odd and c is a non-square in IF,, see (Cesmelioglu & Meidl, 2013,
Theorem 1).

(p)

It is also well known that the algebraic degree of a function f:Vy~ — I, is invariant

under EA-equivalence, which is defined as follows.

If f is a function from the finite field Fy» to I, then f can be represented uniquely in
polynomial form f(x) = Zgial cjzd, where cj € Fyn. Each exponent [ can be written
in base p as [ = Z?:_()l lip" with 0 <[l; <p—1. Then the sum Z?:_()l [; is called the
weight of [, and considering the terms with nonzero coefficient in the representation

of f, the largest weight of the exponents is called the algebraic degree of f .

In the case that f is a function from Fj to Fp, similarly f can be represented
uniquely using polynomials in Fp[z1,...,2z,]/(x1 —2f,..., 2, — 28). To be precise, f

is uniquely expressed in the form

n .
f(xla"'wrn) = Z C(jl,...,jn) ngla
where c(j, . j.) € Fp. This representation is called the algebraic normal form (ANF)

of f. Then the largest degree of all monomials with a nonzero coefficient is called the
algebraic degree of f, which will be denoted by deg(f). Hence, we have deg(f) =
maz{j1+...+ jn Cljrymsjn) 7 0}. Affine functions are of algebraic degree 1, and

functions with algebraic degree 2 are called quadratic functions.

We know that any quadratic bent function f:Fy — Fy is EA-equivalent to the
function

q(w1,...,7p) = 2102+ 2374+ + Ty 1T,

It is not valid for odd p. In this case, using properties (i) and (i7) given in Lemma
2 we leave out the affine part and consider the functions f:F; — [}, of the form

f(x1,...,20) = X1<; j<n CijTivj, where ¢;; € F). Then f can be represented by
flxy,...,zp) = (a:l,...,xn)TA(xl,...,xn),

where A is a symmetric n X n matrix over F,,. Every such matrix can be transformed
into a diagonal matrix with a coordinate transformation. Then by (Cesmelioglu &
Meidl, 2013, Proposition 1) and its proof, bent functions of this form are exactly as

follows.

Proposition 1. A quadratic function q(z1,...,7,) = diw? + -+ +dp22 from ) to



IF,, is bent if and only if d; #0 for all i. In this case, the Walsh transform of q at
any b e Fy is

(1.7) W, (b) = { W(A)Pnﬂﬁg*(b) : p=1mod4,
n(

A)i”p”/2g“g*(b) : p=3mod 4,

where A =T[7'd;, which is called the discriminant of q, and n denotes the quadratic

character over F,,. Moreover, the dual ¢* of q is

2 2

* xr xz
q*(z1,. ’“’”):_ﬁ_ —ﬁ
n

By (Serre, 1973, pp. 34-35) every quadratic function ¢, given as in Proposition
1, is EA-equivalent to ¢i(21,...,7,) = 25+ ---+22 or to the quadratic function
@(r1,...,0,) = 23+ -+ +az? for some nonsquare a in F,. More precisely, if n is
odd, any quadratic bent function is EA-equivalent to g1, and for even n a quadratic
bent function ¢ is EA-equivalent to ¢o in the case the discriminant of ¢ is a nonsquare

and is EA-equivalent to ¢; otherwise.

1.4 Primary Constructions of Bent Functions

There are two big primary construction of bent functions, one is the class of
Maiorana-McFarland bent functions, and the other is the class of bent functions

obtained from spreads and partial spreads.

1.4.1. Maiorana-McFarland bent functions

The p-ary (and also Boolean) version of the Maiorana-McFarland bent functions is

as follows:

Theorem 1. Let 7 :Fym — Fym and g : Fpm — F, be two functions. Then the
function f from Fym xFym to F), defined by

f(z,y) =Te}" (7 (y)) + 9(y),
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is bent if and only if ™ is a permutation of Fpm.

Proof. Suppose 7 is a permutation. We can take the inner product for Fym x F,m as

((z1,22), (y1,y2))2m = Tr{"(x1y1 +x2y2). Then for any (u,v) € Fpm x Fym, we have

Wiuo)= > @D (uto)
{EGIFpm ,yeIFpm
= Z pTrT (zm(y))+9(y)—Tr7" (uz+vy)

x€Fym y€Fpym
=Y Cg(y)—Tr’ln(vy) 3 CI;IYZ"((W(Z»/)—U)I)
yEFpm IEFPm

—1 m —1
= g )T e ),

Hence, f is a regular bent function with dual f*(z,y) = g(7—1(z)) — Te7" (ym 1 (x)).
Conversely, let t € F,m be such that 7(y) # ¢t for any y € F,m, that is, 7 is not a
permutation. Then for any w € Fpm the Walsh coefficient of f at (¢,w) is

Wi(t,w) = > pTI"ln(m(y)Hg(y)*Tﬁ”(t:erwy)
:EEIFpm ,yEFPm

_ Z Cg(y)*Tri”(wy) Z C;Fr’fl((ﬂ(y)*t)x)

yGFpm :CEIFpm

=0.
Hence, f is not bent. O

Maiorana-McFarland bent functions defined in the previous theorem have the fol-

lowing equivalent characterization.

Let f:Fym x Fym — F), be a Maiorana-McFarland bent function given by

f(z,y) =Te}" (7 (y)) + 9(y),

where 7 : Fpym — Fpm is a permutation and g : Fym — F,, is an arbitrary function.

Then for each (fixed) y € Fpm, we have

f(z,y) = Ly(x) + ¢y =: fy(2),

where Ly(z) = Tr{"(z7m(y)) and ¢, = g(y) (that is, f, is affine). Hence, for any

10



b € Fym, the Walsh transform of f, at b is

ny Z CLy )+ey—Tri* (bz) _ Z Trl z(m(y b))7

x€F,m x€F,m

which implies Wy, (b) =0 if and only if b# 7(y). In other words, the support of Wy,
is the set supp(Wy,) = {n(y)} with one element. Since 7 is a permutation, we also
have supp(Wy,) NsuppWy,) =0 if y # 2.

Conversely, for each y € Fym, let f,, : Fym — I, be an affine function with the property
supp(Wr,) Nsupp(Wy.) = 0 whenever y # z. Since for y € Fym the function f, is
affine, we have f,(z) = Tr1"(ayz) + ¢, for some a, € Fym and ¢, € F), (depending on
y). Then the Walsh transform of f, at b € Fym is

ny( Z CTrl (ayx)+cy—Tr" (bx) CCU Z Trl (z( ay—b)

J;GIF xE]F

Hence, the support of Wy, is the one-element set supp(Wy,) = {ay}. Accordingly,
we can define a function 7 : Fym — Fpm by 7(y) = a,, which is a permutation of
Fym, as supp(Wy,) N supp(Wy,) =0 if y # z. Then the function f(z,y) = fy(z) =
Tri" (7 (y)x) 4+ g(y), with g(y) = ¢y, is a Maiorana-McFarland bent function.

One can also show the vectorial version of the Maiorana-McFarland bent functions,

the special case of which was shown in Example 2.

Theorem 2. Let m:Fym — Fpm and G : Fym — Fpm be two functions. Then the
Junction F : Fpym x Fpm — Fym defined by

F(z,y) = z7(y) + G(y)
is bent if and only if ™ is a permutation.

Proof. Let m be a permutation of Fym. For a nonzero element ¢ of F,m, the com-

ponent function Fi of F is given by F.(x,y) = Tr{"(czm(y) + ¢G(y)). Then for any

11



u,v € Fpm, the Walsh coefficient of Fi. at (u,v) is

WFC (u, /U) — Z pF‘C(:my)iTrl (Ul’+’l}y)
wGFpm,yGFpm
_ Y (e eG) T ()
P

wEFpm,yGFpm

= CpTrT@G(y)*vy) 3 CpTrT((CTF(y)*U)w)

yG]Fpm mGFpm
T (G (n ™1 (%)) —vm ™1 (%))

Therefore, any component function F. of F is bent, which implies that F' is bent.

The converse is almost the same as the proof of Theorem 1, so it is omitted. O

1.4.2. Partial spread bent functions

Definition 6. A partial spread of a vector space V,(lp) (over Fp), n=2m, is a

)

collection S = {Uy,Us, ..., Uk} of m-dimensional subspaces of VS{” , which pairwise

)

intersects trivially. If K =p™ 41, hence every nonzero element of V%p is exactly in

one subspace, then S is called a (complete) spread.

Let V) = Fym x Fpym. Then the collection S ={U,Us : s € Fpm}, with U ={(0,y) :
yeFpm} and Us={(x,sx) : x € Fym} for s € Fym, forms a spread, called Desargue-

sian spread.

Suppose that & = {Uy,U1,...,Upn} is a spread of a vector space V%p) (over IFp),

n = 2m. We get bent functions into an arbitrary abelian group G of order p* with
1 <k <m as follows:

(i) For every ¢ € G, nonzero elements of exactly p"F of the subspaces Uj, 1 <

1 < p™, are mapped to c.
(1) The elements of Uy are mapped to some fixed ¢p € G.

To see this, let us take V,(lp ) = Fpm X Fpm and G = V%) , an elementary abelian group

of order p™ (for simplicity). Suppose that F': Fpm x Fpm — V%)

every element c # ¢y, of Vg{), the preimage set of ¢ is F~1(c) =: U}, and F~1(cp) =:

UpUU; , where U, and Ug, are elements of S. Then for any /5 € v \ {OV(p)} and

co’
0 m

is such that for

12



(u,v) € Fym X Fpm, we have

Fg(z,y)—TrT" (uz+ovy)
WFg (U, U) = Z Cp ’ !
ZEEFPm,yGFpm

= Z C(ﬁaF(m,y))merT(um+vy)
4
ZCEFPm,yEFpm

_ (B )~ (u+0y) (B com—TiT" (uz-+uy)
2 2 G G

ceV® (x,y)eU* (z,y)€Uo
= Z Z ym—Tr1" (uztvy) _ Z Cpﬁ’
i ot
T I et
(z,y)€lo
(1.8) = Z Z Cjﬁﬁ,dmeri”(uervy)_i_ Z Ciéﬁ,co)meri”(uachvy)7
cevi®) (zy)ele (z,y)€Uo

where the last equality comes from the fact that Zcev(p) gﬁﬂ <m0 for B # OV(”)' In
the case (u,v) = (0,0), using Equation (1.8), we get

WFBOO Z Z Cpﬁcm+ Z CpﬁCo

CGV%J)( z,y)€Ue (z,y)€Uo
_.m Z C}gﬁ,@m_i_pmczgﬁ,m)m:pmclgﬁ,q))m
CGV,(ﬁ)

Since § is a (complete) spread, in the case (u,v) # (0,0) the inner product
((u,v), (x,y))om = Tr]"(ux + vy) is zero on exactly one spread element, say Uy,
0 <t <p™, and is balanced on the remaining spread elements. Hence, in this case,

using Equation (1.8), we obtain

WFﬂ u,v) Z C (B,¢)m Z Cp—Trin(uac—&-vy) + C}g@m)m Z <p—Tr§”(um+vy)
ceVgn) (z,y)€Ue (z,y)€lo
— pm§1<)67t>m

Then any component function Fjg of F' is (regular) bent, so F is bent.

Similarly, one can obtain bent functions into various abelian groups from partial

(p)

spreads of V7 with sufficiently many subspaces as follows.

(p)

Theorem 3. Suppose that n =2m, Vi’ is a vector space over F, and G is an

arbitrary abelian group of order pF, where 1 < k < m.
(i) Let S = {U,Us,.. -aU(pk—l)pm—k} be a partial spread ofV,(lp), and let the func-
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tion F': V%’) — G be defined so that every monzero element of G has as a
(p)

preimage the union of exactly p™ % subspaces of S, without 0 € Vi, and all

other elements are mapped to 0 € G. Then F is a bent function.

(17) Similarly, let S ={U1,Us,..., U(pkfl)pm—k+1} be a partial spread ofV%p). Then
the function F : V%") — G that is defined as below is a bent function.

- For some fized cy € G*, the preimage of co is the union of p™ % +1

subspaces of S, including 0 € VE{’).

- For any other element c € G* with ¢ # cg, the preimage of ¢ is the union
of Pk subspaces of S, without 0 € V%p).

- The remaining elements of Vf{’) are mapped to 0 € G.

Note that with the above notation, for £ =1 the function F': V%p N F, which is
defined in Theorem 3(i) is called PS™ bent, and which is given in Theorem 3(ii) is
called a PS™ bent function.

The proof of Theorem 3(i) for p =2 is given in (Meidl & Pirsic, 2021). We will
present the proof of Theorem 3(ii) for k = 1, that is, for PS™ bent functions using

the same method.

Let f: v - F, be a function defined as in Theorem 3(ii), that is, we have f~1(co) =

m—1
U, Uey.iUUe 0, and for any other nonzero element c of Fj, the preimage is f~1(c) =

m—1
i_1 U, (after reindexing the elements of §), and the remaining elements of v

are mapped to 0. Then for any u € VS{’ ) the Walsh coefficient of fat uis

Wilw= ¥ et

xEVg,,p)
(1.9)
pmfl
_ Z Z Z C;—<’U/,-’L’>n+ Z <;0_<U,-T>n+ Z <p—<u,x>n
cely i=1 xEUéi €U0 xEV%p)\U‘S
(1.10)
pm—l pm—l
aP D IIDIRELLED VD DR R D P P A
celFy i=1 zeU.; cely i=1 r€Ucq,0 wGV%p)\US
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In the case u =0, using Equation (1.9) we obtain

Wp(0) = (p"™ —1)p"™ 1 3 G+ pm ¢

celFy
+p?" = ((p= 1" (" = 1) +p™)
_ (pm . 1)pm—1<_1) +pm<£(] + (p2m—1 _pm—l)

= pm 1670'
Since S is a partial spread, in the case u # 0 the inner product (u,z), is zero on
at most one of the elements of S and is balanced on the remaining (partial) spread
elements. If L(z) := (u,z), is not zero on any of the spread elements, then using

Equation (1.10), we get

pmfl
Wf(u) = Z g): Z Z C;(u,x>n_pm—1(_1)+cgo Z Cp—(u7m>n
celFp 1=1 zeU,; x€Uc,0
+ Z §p_<u7x>n
meVgp)\US
:pm—l + Z Cp—(u,x)n

n

m—1
zeviy) \UceJF;; UiZy UsUUc0

=p" (00— ((p—p™ ' (-1)+0)) =p™.

Note that here we used the fact that (u,x),, is balanced on any of the (partial) spread
elements (and on V,@), that is >er,, Cp_<u’x>” =0 and Z:ceUgiCp_(u’x)n = —1 for

all c€ F and 1 = 1,....pm L

Finally, in the case L(z) = (u,z), =0 on some U;, where t€F, and j €

{0,1,...,p™ 1}, observing that US = Ucers\ {1y Uei UU,; and using Equation (1.10),

or i#j
we get

pmfl
Wiu)= 3G > > G —p" T (=1 +¢ Y G

celFy =1 ze€U,; €U0

+ > Gl

xEVst)\US
="+ = (=)™ (=) +p™) =",

Hence, we have |Wy(u)| = p™ for any u € V%’ ), which implies that f is a bent

function.

15



Partial spread bent functions obtained from the Desarguesian spread are called PSS,
bent functions. For this class of bent functions, we have an explicit representation.
Let B :F,m — [F, be a balanced function, that is, for each ¢ € F),, the preimage set
of i contains exactly p™ ! elements of Fym, and let B(0) =0. Then the function
F:Fpym x Fpm — T, which is given by

F(z,y) = B(ya"" %)

is a PSyp bent function, and every PS,, bent function is of this form.

1.5 Secondary Constructions of Bent Functions

In this section, we will present some constructions of bent functions from known

bent functions or some other functions like plateaued functions.

1.5.1. Direct sum of bent functions

(p) (p)

Given two bent functions f:Vy’ — 1T, and g: Vi’ — F), where n and m are some

positive integers, we can construct a function A from V%p ) X V,(ﬁ) to IF,, via

ha,y) = f(z)+9(y).
In this way, we obtain a bent function on a larger dimensional vector space.

Proposition 2. Let h: V%p) X V%) — Fp be a function defined as above. Then

hz,y) = f(x)+g(y) is a bent function if and only if f : Vq(lp) —Fy, and g: Vq(ﬁ) —F,

are bent functions.

Proof. Suppose that f: V%p ) F, and ¢: V%) — IF,, are bent functions. Then the
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Walsh transform of h at any (u,v) € VP v i

Wi, (u,0) = Z <£(w,y)—<u7m>n—<v7y>m

2eVP) yev®

— Z Cg(w)+9(y)—<uw>n—<v7y>m
2eVP) yev®

— Z C]{(w)—(uwh Z gg(y)—@,y)m
2ev? yev®)

= Wi(u)Wy(v)

= (epup™ ¢ W) (egop™?¢g ™)

= gfﬂﬁgﬂj(fwﬂn)/2Cg*(u)+g*(v)7

where €¢,,640 € {£1,£i}. Hence, h is a bent function.

Conversely, let h(z,y) = f(x)+ g(y) be a bent function for some p-ary (or Boolean)
functions f : V%p) — F, and g¢: V%) — Fp.  Since h : V%p) X Vgﬁ) — ), is bent,
for all (u,v) € VP x Vq(f»z), we have |Wj(u,v)| = p(®*™)/2 To obtain a contra-
diction, we suppose that f : Vﬁi” N [, is not bent. By Parseval’s identity, we
know erwp) |Wr(x)* = p*. Hence, we may assume that [Wp(uq)| < p™/? for some

uy € Vﬁf’). Ifg: Vg{) — IF)) is bent, then by the first part of the proof for any v € V%)

we have

Wilur,0)| = [Wp(u) Wy (0)| = Wy (un) Wy (0)] < p"/2p™/2 = plrtm)/2,

which is not possible as h is bent. In the case that, ¢: Vq(ﬁ) — IF), is not bent, using

again Parseval’s identity, we get |IW,(v1)| < p™/? for some vy € v, Thus,
[Wh(ur,01)] = [Wp(un) Wy (v1)] = [Wp(un)[[W(vr)| < p"/2p™/2 = plrtm)/2,

which contradicts again h being bent. Therefore, f is bent. Similarly, ¢ is also
bent. O

Remark 2. As one can see (from the proof of Proposition 2), the direct sum of
a weakly reqular and a non-weakly reqular bent function is non-weakly regular, and
the direct sum of two weakly reqular bent functions is again a weakly reqular bent

function.

For vectorial bent functions F': V,(Ip ) — V,(Cp ) and G : V,(ﬁ) — V,(Cp ) the same construc-

tion is valid since the function H(z,y) = F(z)+ G(y) is bent whenever F' and G are
bent.
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1.5.2. Rothaus’s construction

Another construction of bent functions is given by Rothaus as follows. If fi, fo
and f3 are three Boolean bent functions on Fy with fi 4 fo+ f3 also bent, then the
function f defined by

f(x,21,22) = f1(z) f2(x) + f1(z) f3(x) + fo(z) f3()
+ (f1(@) + fo(@)) 21+ (f1(x) + f3(2)) 22 + 2172

is a bent function from F} x Fo x [Fa to Fa.

A generalization of Rothaus’s construction is presented by Meidl in (Meidl, 2016).

Theorem 4. (Meidl, 2016) Let g1, g2 and g3 be three linearly independent compo-
(p)

nent functions of a vectorial bent function G : Vﬁf’) — Vi, m>3. Then for some

elements a, b, ¢ of Fp, the function g:Fy xFp xF, = F), given by

g(x,21,22) = g7 (x) — g1(x)g2(x) + g2(2)g3(x) — g1()g3(x) + agy(x) + bga(x)
+cg3(w) + (g2(7) — g1(x)) 1 + (93(2) — 91(2)) 22 + 2122

is bent if and only if a+b+c#0.

Trivially, for p =2 the function g given in Theorem 4 is bent if and only if a+b+c=1.
Taking a =1 and b = c =0, we obtain the construction of Rothaus for Boolean

functions.

1.5.3. Some other constructions

In (Leander & McGuire, 2009), a construction of Boolean bent functions from near-

)

bent functions was presented. If f: V,(»? — Fy is a function that is near-bent, then for
any a € V%Q), the absolute value of the Walsh transform Wy (a) is 0 or 2" Hence,
using Parseval’s identity, one can easily show that the support of VW contains exactly
2"~1 elements. In (Leander & McGuire, 2009), using such functions, the following

secondary construction of Boolean bent functions is shown.
Theorem 5. Let g,h: V'](f?) — Fo be two near-bent functions with the property that
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supp(Wy) Nsupp(Wy,) = 0. Then the function f : VP xFy - Fy given by

f(z,y) =yg(x) + (y+ 1)h(z)

is bent.

The most well-known examples of Boolean near-bent functions are the functions
flz) = Tr?(ka“), where k is relatively prime to n and n is odd. Such quadratic
functions are called Gold functions. Gold showed Wy (z) =0 if and only if Tr{ (z) =0,
see (Gold, 1968).

Example 3. (Leander & McGuire, 2009, Corollary 5) Let n be an odd integer
with n > 7, and g1,92 be two Boolean functions on the finite field Fon, given by
g1(z) = Tr}(2”) and go(w) = T} (2°). Then g1 and go are Gold functions and the
support of their Walsh transform is

H = {x €Fan : Tr}(z) # 0}.

Let h:Fon — Fy be a Boolean function defined by h(z) = Tr}(x° +x). Then for
a € Fon the Walsh transform of h at a is

Wh((l): Z (_1)Tr?(x5+x)+Tr?(ax)

a:EIFQn
_ Z (_1)Tr7f(x5)+Tr?((a+1)ac)

z€Fon

= Wgz(a+1)~

Since n is odd, we have Tr}(a) =0 if and only if Tr{(a+1) =1 for any a € Fan.
Hence, h is a near-bent function whose support consists of elements (in Fon ) with
zero trace. Then using Theorem &5, we can conclude that the function given by
f(z,y) = yTel (2) + (y + D) Tr] (25 4 x) is a Boolean bent function on Fon x Fo with
degree 3.

A p-ary version of Theorem 5 was proven in (Cegmelioglu et al., 2013b).

Theorem 6. Let p be an odd prime and f; :Vq(@p) — Iy, 0<i<p—1 be p near-

bent functions such that supp(W;) N supp(W;) =0 for i # j. Then the function
F:V%p) x F, — [, given by
F<:C7y) = fy($)

s bent.
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Unlike the Boolean case, there is no quadratic near-bent function f(z) =
Trvf(cxpkﬂ), c € Fpn, for odd p. However, two classes of quadratic binomial near-
bent functions were found, see (Cesmelioglu, McGuire & Meidl, 2012, Theorem 4).

%p ) of dimension n, a construc-

Finally, using any p bent functions on a vector space V
tion of bent function on an n+ 2 dimensional domain was presented in (Cegmelioglu

et al., 2013b), which can be seen as a special case of Theorem 6.

Theorem 7. Let go,g1,...,9p—1 be arbitrary bent functions from V%p) to F,. Then
the function G : V%p) X IFIQJ — IF), given by

G(z,2n41,Y) = gy(z) + Tng1y

is a bent function with the dual G* (2, 2n11,Y) = Grpiq (T) — Tng1y. If the dual func-
tions g7 of gi, 0 <t <p—1, are all bent, then G* is also bent.

1.6 Normality of Bent Functions

The notion of normality of Boolean functions was introduced by Dobbertin in (Dob-
bertin, 1994), then it was also generalized to p-ary functions.

Definition 7. A function f from a vector space V%p) of dimension n = 2m to the
finite field Ty, where p is an arbitrary prime, is called normal if it is constant on an

affine subspace of dimension m =n/2.

It is shown in (Charpin, 2004) and (Meidl & Pirsic, 2018) that for p =2 and p is

odd, respectively, that if a function f: V%p )

— IF), is constant on an affine subspace
of dimension k, then we have p* < mazx, ) |[Wp(b)|. Hence, normal bent functions
attain the maximal bound. In fact, many of the classical constructions of bent

functions are normal.

- The Maiorana-McFarland bent function given in Theorem 2 is constant on
the affine subspace Fpm x 771(0) because it takes the value G(771(0)) on

Fym x 771(0). Hence, it is normal.

- PS™ bent functions F': VS{’ ) [Fp, which is a special case of the partial spread

bent functions defined in Theorem 3(ii), are normal by definition. The sit-
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uation is not the same for the PS™ bent functions. PS,, bent functions as
a subclass of the PS™ bent functions are normal. However, there exist PS™
bent functions which are not normal, since the functions given in Theorem
3(i), by construction, are not constant on any subspace U;. As an example of

such functions, we refer to (Polujan, Mariot & Picek, 2025).

- Quadratic bent functions f; : F§ — Fy with f1(x1, 22,23, 24) = 2122 + 2324 and
fa :]Fgl — 5 with fo(21, 29,73, 74) = 27 + 23 —i—:zc% +2% are normal as fj is zero on
Fy x {0} xFy x {0} and f5 is zero on the subspace {(x1,221,23,223) : x1,23 €
F5}.

The dual of a normal bent function f : Ve [F, which is constant on an (n/2)-
dimensional subspace behaves similarly regarding to normality.

Lemma 3. Let n be even and p be an arbitrary prime. If a function f : V%p) — Iy is
a bent function that is constant on a subspace U C V%p) of dimension n/2, then the
dual f* :V&p) — Iy, of f is constant on UL, where U™ is the orthogonal complement
of U.

Proof. Suppose that f(xz)=con U for some c € [}, and consider the sum

Y Wil = 33 gfeien

veUL UGleevﬁf’)
(1.11) = > @S o= U Y @ =pn 23 =
er%ﬁ) velUL xeU xeU

Since n is even, the Walsh transform of f at any v € VP s Wi(v) = epp™ 2@{ ")
with e, = £1. As [U*| = p™/2, we get e We(v) =" 3 et evgg @ Then
using Equation (1.11), we can conclude &, = 1 and f*(v) = ¢ for all v € UL, which

completes the proof. O

More generally, it is shown in (Cesmelioglu, Meidl & Pott, 2013¢c, Theorem 1) that if
f: Vq(zp ) Fp, n=2m, is a bent function that is constant on an affine subspace a+U,
then the dual f* of f is affine on UL and the sign of the Walsh transform is positive
on UL. Hence, a weakly regular but not regular bent function cannot be normal.
For example, the Walsh transform of the quadratic bent function f : F# — F5 with
f(z1,29,73,74) = 23 + 23+ 2% + 3273 has a negative sign for any element in F2, which
implies that f is not normal. This argument is not valid for p = 2 as all Boolean bent
functions are regular. Actually, the existence of nonnormal Boolean bent functions

has been an open question for years. In (Canteaut, Daum, Dobbertin & Leander,
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2006), an algorithm for testing the normality of Boolean functions is presented, and
the first examples of nonnormal Boolean bent functions are given; see (Canteaut
et al., 2006).

1.7 Bent Partitions

As we have already examined, the partial spread construction is the most effec-

tive construction of bent functions. A large number of bent functions from an

(p)

even-dimensional vector space Vy’ to IF),, which are constant on the subspaces of a

(partial) spread, can be obtained. In addition, one can generate bent functions from

the vector space V%’ ) to an arbitrary abelian group G of order p*, k <n/2. In (Meidl

& Pirsic, 2021), it is shown that spreads are not the only partitions of Vg) that can

be used to obtain bent functions from Vq(n?) to various abelian groups of order 2%
with £ < 5. The first aim in (Meidl & Pirsic, 2021) was to find examples of bent
functions from Vg) to the cyclic group Zg that are not constructed from partial
spreads. More precisely, the following examples of bent functions from Fom x Fom

to Zgyr are obtained, where m =n/2.

Theorem 8. For two positive integers m and j satisfying ged (2™ — 1,27 + 1)=1 and
ged(2m —1,27 —1) =2F —1, let e =2™ — 29 —2 and d be the multiplicative inverse of
e modulo 2™ — 1. Then the functions fi1 and fa given by

k—1 k—1
(1.12) fi(z)=>" T (ogay?) 28, fa(x) =D Tri*(a; “zfy)2’,
i=0 i=0
where {a, 1, .., a1} is a basis of For over Fa, are bent functions from Fom X Fom

tO ZQ}C .

Using an argument related to the algebraic degree of Tri"(c; “zy) (and similarly
of Tr"(c;zy?)) it was shown in (Meidl & Pirsic, 2021) that f; and f2 do not come
from the partial spread construction if 5 > 0. It was also shown that the sets of
preimages of these functions have similar properties as (partial) spreads concerning

the construction of bent functions.

Let k be a positive divisor of m with ged(2™ —1, ok 4 1)=1, and let e = 2" — 2k 2.
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In fact, we take 7 =k in Theorem 8. For s € Fom, we define
Us={(z,s07°) : x €Fam}, U =Us \ {0}, and U ={(0,y) : y € Fom}.

Then the sets U and Uy, s € Fom, pairwise intersect trivially, and for any (u,v) €
Fam x Fam either v =0 in which case (u,v) = (0,v) € U, or (u,v) € Ug with s = vu®.
Hence, the sets U and U, s € Fom, form a partition of Fom X Fom.

Similarly, for any s € Fom we define
Ve={(z7%,2) : x€Fom}, V} =Vi\ {0}, and V = {(2,0) : 2 € Fom},

where d is the multiplicative inverse of e modulo 2" — 1.

For an element v € Fy, let

A= U U and Bo)= U Vi

s€Fgm s€Fom
Tt (s)=> Te (5) =7

With these settings, it was shown in (Meidl & Pirsic, 2021, Lemma 4) that

Iy ={AO)UU, A(7) : v € Fo },
Ty ={B(0)UV,B(y):v€F5}

are the sets of preimages of fo and fi, respectively, where fi, fo are given as in
Theorem 8. Here we can observe that A(0)UU is the preimage of zero under fo,
and similarly preimage of zero under f; is B(0)UV. Moreover, the following theorem
is proven in (Meidl & Pirsic, 2021), which gives motivation to introduce the concept

of bent partitions.

Theorem 9. Let m and k be two positive integers such that k divides m, and suppose
that ged(2™ —1,2% +1) = 1 and that the sets U, V, A(y) and B(7), where vy is an

element of For, are defined as above. Then we have the following.

(i) Every Boolean function whose support is the union of exactly 2k=1 of the sets
A(7) is bent. Similarly, Boolean functions that have the union of 28=1 of the
subsets A() together with U as their support are bent.

(ii) Every Boolean function whose support is the union of exactly 2¥=1 of the sets
B(v) is a bent function. In the same way, Boolean functions that have the

union of 281 of the subsets B(v) together with the subspace V' as their support
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are bent.

Remark 3. In the special case k =m, for any element s € Fom, we have Ug =
{(z,522) : x € Fam}. Then Us is a subspace of Fom x Fom, which comes from the
fact that (a+b)* = a®>+b? for all a,b € Fom. Hence, the partition {U, A(y) : v €
For} = {U,U} : s € For} reduces to a spread partition of Fam x Fam. The same is
true for {V,B(7) :v € For }.

Motivated by the construction given above, the concept of a bent partition is intro-
duced in (Anbar & Meidl, 2022).

Definition 8. Let K be a positive integer divisible by p, and let I' = {A;,..., Ax}
be a partition of Vq(zp) with the property that every function f from Vgp) to Fp for

which every c¢ € Fy, has exactly the elements of % of the sets A; in its preimage is

bent. Then I' is called a bent partition of V%p) of depth K.
(p)

The standard example of a bent partition is obtained from a spread of V;;’, where

n = 2m. More explicitly, let Uy, Ui, ..., Uym be subspaces of a spread of V%p ). Then

the set {UgUU,U3, ..., Ujm }, with U =U; \ {0}, is a bent partition of VP of depth

p™. Note that we can replace Uy UU; with the union of any other two subspaces,

and together with the nonzero elements of other subspaces, we obtain another bent
(p)

partition of Vy /. Likewise, one can construct bent partitions from partial spreads;
see (Anbar & Meidl, 2022).

In characteristic 2, some significant examples of bent partitions (of the vector space

Fom x Fom) are obtained using Theorem 9.

Example 4. For a positive divisor k of m with ged(2™ — 1,28 41) = 1, the partition
[y ={A0)UU, A(y) : v € F5,} is a bent partition by the first part of Theorem 9.
We can replace A(0) with any A(vy) with v € F, to obtain another bent partition of
Fom x Fom. By the last part of Theorem 9, the partition I'y = {B(0)UV,B(y):v €

3.} is also a bent partition.

In (Nyberg, 1991a), the value distribution of a bent function is given in various cases

by Nyberg. We recall the results from (Anbar & Meidl, 2022).

Lemma 4. Let p be a prime and f : V%D) — IFp, be a bent function. Fort € Fy, let b
be the cardinality of the preimage set f~1(t).

(i) If n is even, then b, =p" 14 (p—1)p2~1 for some unique c € F,, and b; =
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T

pnt q:p%fl for all t € F)\ {c}, where £ signs are taken correspondingly.

Moreover, if f is reqular, then f has upper signs.

(ii) Let n and p be odd. Then by = p"~ ', and either by = p"~ ! + (%)p%_l for all
t€F,\{0} orby=p" 1 — (%)p%_l forallt € F,\ {0}, where (z) is the Legendre

symbol.

Remark 4. If T'={A,...,Ax} is a bent partition of V%p), then clearly n must be
even for p=2. This is also the case for odd p, except for the case p= K =3, as
if n and p are odd, then by Lemma 4(ii) the cardinality by changes depending on t.
Howewver, by definition of a bent partition once we fix a preimage partition of a bent
function we can arbitrarily choose which set will be mapped to which value. Hence,

n s not odd.
In (Anbar & Meidl, 2022), using Lemma 4, the possible cardinalities of the sets in

a bent partition are presented.

Theorem 10. Let I' = {A;,...,Ax} be a bent partition of V,(lp). Then except one

set, say A1, every set A; has the same cardinality, namely

n/2 (. n/2
A :p(pK]Fl), 2<i<K, and
|A1| _ pn/Q(p;(/Q:Fl) :l:pn/Q,

Remark 5. Note that for all known examples of bent partitions we have |Ay| > |Aj|,
2<j3< K, and K is a power of p, except the case p=K =3. For p=K =3, we
have |A1| < |A2| < |A3|

In Example 4, the union of the subspace U with A(0) forms the larger set in the
bent partition I'y. Similarly, the subspace V' together with B(0) gives the larger set
in I'y. Considering also the construction of bent partitions from (partial) spreads,

the definition of a bent partition refined as follows.

Definition 9. Let K be an integer divisible by p, and let T' = {U, Ay,...,Ax} be a
partition of V,(lp). It is called a normal bent partition of V%p) of depth K, if every
function [ from V%p ) to Fp, with the following properties is bent:

- Bvery c € F), has exactly K/p of the sets Ay, ..., Ak in its preimage, and

- f is also constant on U.
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The possible cardinalities of the sets in a normal bent partition are also known.

Theorem 11. (Anbar & Meidl, 2022, Theorem 4(i)) Let I' = {U, Ay,..., Ak} be a
)

normal bent partition of V,(lp . Then we have

PR 1)

L 1<j<K.
K

U =p"? and |A;] =
Proof. Without loss of generality we may assume

|Aq] < |Ag| <--- <JAg_1| < |AK].

Suppose first that p = 2. To get a contradiction, assume that the cardinalities of the
sets A; are not all the same. Then we get Z]K:/f |Aj] < Z]K:K/2+1 |A;]. Any union
of K/2 of sets Aj, 1 <j < K, is the support of a bent function obtained from T

Hence, by Lemma 4(7), we have

K/2 K
Z |Aj| — 2“-1 _271/2—1 and Z |Aj| _ 2n—1 _|_2n/2—1‘
7=t j=ij241

By the definition of a normal bent partition, the union UUUﬁ{:K/Q_H Aj is also
the support of a bent function f. Then we have |supp(f)| = |f~1(1)] > 2" 1+
97/2=1 which is not possible by Lemma 4(i). Hence, we get |A1| = |Ag| =+ =
|Ag_1| = |Ak|. As UUUJKZK/2+1 Aj and Uj(:K/2Jr1 A; are both supports of some
bent functions, their cardinalities are 27~ +27/2=1 and 27~1 —27/2=1 regpectively.

n/2on/2
Therefore, |U| =2"/% and |A;| = #, 1<j<K.

Now, let p be an odd prime. Suppose again that the cardinalities of the sets A;
K

are not all the same. Then we have ijl |A;| < Zf:(p K. |A;|. Since any union

—1E

K/p of sets Aj can be the preimage of an element in [, using Lemma 4(¢) (and

taking upper signs without loss of generality), we obtain

K
2 K

Z |A]| :pnfl _pn/Q*l and Z ‘A]’ :pnfl + (p_ 1)pn/2,1.
= =(p-1DE 41

Similar to the case p = 2, also U UU]K: ( Aj is the preimage of an ele-

p—l)%—kl
ment ¢ € F,, under a bent function obtained from I'. Then we conclude |f~1(¢)| >
P4 (p—1)p™/2~1, contradicting Lemma 4(i). Therefore, |4;| = |A;| for all i,5 €

{1,2,...,K}. As both sets UUUf:(p_l)%H A; and Uf:(p_l)%ﬂ Aj; are the preim-
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ages of some bent functions, we have |UUU§(:(p_1)5+1 Al =p" 4 (p—1)p/3!
p

and \U]K:(pil)%ﬂ Ajl = p"~ 1 —p™2~1 Thus, we obtain the desired cardinalities.
O]

It was shown in (Anbar & Meidl, 2022) that the set U in the definition of a normal
(p)

bent partition is an affine subspace of V3’ (of dimension n/2). Therefore, every

bent function obtained from a normal bent partition is normal. By Theorem 10, if

I'={A,..., Ak} is a bent partition of V%p), then two situations can occur:
(1.13) Type L. |Ag| = |A3| =--- = |Af|, and |A;] = |As] —|—pn/2, or
Type I1. |As] = |A3| = --- = |Ag|, and |A1| = | As| _pn/2'

In the case |Aj| = |Ag| +p™?, it can be turned into a normal bent partition if and
only if A; contains an affine subspace U of dimension n/2, see (Anbar & Meidl,
2022, Corollary 2). We will call a bent partition I' = {A;,..., Ax} nonnormal if it
is of Type I with A; not containing an (n/2)-dimensional affine subspace, or it is of
Type II.

Similar to spreads, we can obtain vectorial bent functions using (normal) bent par-

titions.

Theorem 12. (Anbar & Meidl, 2022, Theorem 5) Let I' = {U,Al,...,Apk} be a
normal bent partition of Vﬁ%’) of depth p*, and let F - V%p) — V,E:p) be a function
(p)

such that every ¢ € V.7 has the elements of exactly one A; in its preimage, and
the elements of U are mapped to some fixed co € V,(gp). Then F' is a vectorial bent

function.

Proof. We need to prove that for any nonzero element [ € Vé,p ), the component

function F(z) = (5, F(z))) is a bent function. Fj(z) is constant on U as Fg(z) =
(B,co)g for all z € U. Then by the definition of normal bent partition it is enough
to show that every element in I}, has the elements of exactly pF=1 of the sets Aj in
its preimage. If A; is mapped to ¢; € V,(gp), then Fg(z) = (B,cj)r on Aj, j=1,... .
As (8 # 0, we also see that the function L(x):= (8, ) is balanced on V,(fp), which

implies the desired result. Hence, Fz is a bent function. O

Note that we can get vectorial bent functions F': V%p ) — V,gp ) for t < k, in the same
manner. Moreover, using the normal bent partition given in the above theorem, one
can obtain bent functions from V%p ) to the cyclic group Z,, see (Anbar & Meidl,

2022).
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As can be easily observed, we can extend the bent partitions obtained from (partial)
spreads to normal bent partitions. In particular, if {Up,Uy,...,Upn} is a spread of
V%p), n = 2m, then the set {Up,UT,...,Upm}, where U/ = U; \ {0}, forms a normal
bent partition of V%p ) (of depth p"). Similarly, the bent partitions I'; and I'y of
Fam x Fam given in Example 4 can be extended to normal partitions {U, A(y): v €
For} and {V,B(7) : v € For }, respectively. We will denote these partitions by I'; and
[y from now on. In (Anbar & Meidl, 2022), the normal bent partitions I'; and I'y

are generalized for odd primes p, which is not straightforward.

Let m and k be two positive integers such that k£ divides m, and suppose that
ged(p™ —1,pF +p—1)=1. Let e=pF+p—1, and let d be an integer with de =
1 mod (p"™ —1). For any s € Fym, we define

Us={(z,s2° : x €Fpn}, Ui =Us \ {0}, and U ={(0,y) : y € Fym}.

Then the sets U, and U;, s € Fym, give rise to a partition of Fym X Fym.

Likewise, for any s € IF,m we define

VsZ{(:EdS,x) cxeFpm}, V=V \{0}, and V = {(2,0) : x € Fpym}.

For an element v € I, let

A= U U and Bo)= U Vo

SGIFpm SGFpm
Tt (s)=> T (s)="

With these settings, the following two partitions of Fym x Fym

Iy ={UA(y) v €Fu},
Lo ={V.B(y):v€Fi}

are obtained. Note that in characteristic 2 above, we have e = 2™ — 2K — 2. Then
—e =2F+1 modulo 2™ — 1. Hence, for p = 2, these partitions coincide with the ones
we defined previously. In (Anbar & Meidl, 2022), it was shown that the partitions

I'y and I's are normal bent partitions.

Theorem 13. Let m and k be two positive integers such that k divides m, and let
ged(p™ —1,pF +p—1) =1, and that the sets U, V, A(vy) and B(y), where « is an
element of Fk, are defined as above. Suppose that f:Fym X Fpm — Fp is a p-ary
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function with the following properties:

(i) Every c € IF,, has the union of exactly 1 of the sets A(vy) (respectively B(v))

in its preimage.
(it) f is constant co on U (respectively V') for some co € F).
Then f is a reqular bent function.

For the proof, we refer to (Anbar & Meidl, 2022, Theorem 7). The proof is obtained
by using character sums. More precisely, the Walsh transform of f is computed at
any (u,v) € Fym x Fpm. Using the proof, it was also concluded in (Anbar & Meidl,
2022) that if f is a bent function coming from I'q, then its dual f* is a bent function

obtained by I'e, and vice versa.

Remark 6. Similar to the case p=2, if k=m, then we have Ug = {(z,s2P) : © €
Fym} for any s € Fpm. Hence, Us is a subspace of Fym x Fym (over F,, ). Therefore,
the partition {U, A(7) : v €Fp} ={U, U] : s € F i } reduces to a partition equivalent
to the Desarguesian spread partition of Fym x Fpm. The same holds for {V,B(y) :

v e Fpk}. Therefore, these partitions are called generalized Desarguesian spreads.

Some examples of bent functions obtained from the normal bent partitions I'y and

I'y are as follows.

Example 5. Let p be an arbitrary prime, and let the integers m, k, and e be as
above. Let f:Fpym xFpm — Fp, be a function defined by f(z,y) =Tr]"(x~y). Clearly,
fis zero on U={(0,y) : y €Fpm}. f is also constant on any A(y), v € Fp. To
see this, let (u,v) be an element in A(y). Then (u,v) € Us = {(x,s52°) : x € Fpm}
for some Us C A(7y). Thus, we have

flu,v) = Tr (u™ ) = TeP (u™Csu®) = T (s) = Teh (Te} (s)) = Tl () = 1.

As v runs over Fpr, we get exactly pF=1 of the sets A(v) are mapped to |. Hence,
f is a bent function constructed from I'y. Similarly, one can show that the function

g:Fpm xFpm —F), given by g(x,y) = Tet (zy~?) is a bent function obtained by T's.

More generally, let B : ¥ — F) be a balanced function with B(0) =0. Then the
function f:Fym x Fym — F), defined by f(x,y) = B(Tr}' (z™%y)) is a bent function
obtained from I'y. We can construct bent functions from the partition I'y in the same

manner. Such functions are called generalized PSqy bent functions.
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1.8 LP-packings

As we have already observed, the partitions I'; and I's given above can be considered
as a generalization of the Desarguesian spread. In addition to being normal bent
partitions, I'y and I's share another common property with spreads; which is giving
an LP-packing. The concept of LP-packings (Latin square type partial difference
set packings) is introduced very recently in (Jedwab & Li, 2021), by Jedwab and
Li. In order to define an LP-packing, we first need to give the definition of a partial

difference set.

Definition 10. Let G be a group of order v. A subset D of G with s elements is
called a (v, 2, \, ) partial difference set (PDS) of G, if every nonzero element of D
can be written as dy —da, where dy, d2 € D, exactly in A ways, and every nonzero
element of G\ D exactly in p ways. In addition, if —D =D and 0 & D, then D is

called a reqular partial difference set.

A PDS is called of (n,s) Latin square type if its parameters are of the form (n?,s(n—
1),n+52 — 33,52 —s), and of (n,s) negative Latin square type if the parameters are
(n?,5(n+1),—n+s?+3s,52+s) for some integers n > 1,5 > 0.

If G is a finite group, then 0, {0}, G\ {0} and G are PDSs. For nontrivial examples
of PDSs, see (Ma, 1994).

Definition 11. (Jedwab & Li, 2021, Definition 3.1) Lett > 1 and ¢ > 0 be integers,
G be an abelian group of order t*c?, and let U be a subgroup of G of order tc. A
(c,t) LP-packing in G relative to U is a collection {Py,..., P;} of t pairwise disjoint
reqular (tc,c) Latin square type PDSs in G for which U'_y P, = G\ U.

(p)

The canonical example of an LP-packing is obtained from a spread of V;,’, where
n = 2m. More precisely, let Uy, Uy, ..., Upm be the subspaces of a spread of V,(lp ).
Then for each i, the set U; \ {0} is a (p?™,p™ —1,p™ —2,0) regular PDS of G. Hence,

{U7,...,Upm}, U = U; \ {0}, is a (1,p™) LP-packing in Vgp) relative to Up.

m

A characterization of partial difference sets by means of characters is given in (Ma,
1994). It is used in (Anbar, Kalayci & Meidl, 2022) as a main tool to show that the
sets A(7) in I'; are PDSs.

Lemma 5. Let G be an abelian group of order v. Suppose that D is a subset of
G with s elements satisfying the conditions —D = D and 0 ¢ D. Then D is a

30



(v,2¢, \,u) PDS if and only if for every nontrivial character x of G, we have

(1.14) X(D) = :

where f=X—p, § = s — pu and A = %+ 46.

Formu,v € Fym, let xy, denote the character on Fym X Fym given by xy.o(z,y) =
CpTrl (e tvy) 1t is shown in (Anbar et al., 2022) that

P —pm R iy = T (uw )P £ 0

(1.15) Xuw(A()) = { K

—p™m , otherwise,

where (u,v) # (0,0) and v € F . Then using Lemma 5 and the above equation, we

find that each A(7) is a partial difference set with parameters

(me’pm—k:(pm . 1)7pm +pm—k(pm—k . 3)7pm—k(pm—k . 1)>’

m m—k'

i.e., the sets A(vy), v € Fx, are of Latin square type with n =p™ and s=p

Similarly, each B(v) is a (p™,p™ %) Latin square type PDS. By construction, any
of A(vy) in I'; is regular. The same holds for each B(7v) in I's. Therefore, we can
conclude {A(7) : v €Fr} is a (p™~*,pF) LP-packing in Fym x Fym relative to the
subgroup U. Likewise, {B(y) : v € Fx} is a (p™F,p*) LP-packing in Fpm x Fym
relative to the subgroup V.

In (Jedwab & Li, 2021, Section 7), the relation between LP-packings and bent
functions is studied. We summarize some result of that section in the following

proposition.

Proposition 3. Let G, H be finite abelian groups, and let f: G — H be a surjective
function satisfying f(0g) = 0 (without loss of generality). If for every h # Og

the preimage set f~(h) is a regular (w/\G|,VHC|TY|) Latin square type PDS, and

Y0\ {0g} is a regular ( |G|,V]|{C|¥+1) Latin square type PDS, then f is a

bent function.

In particular, for an LP-packing {Py,...,P;} in G relative to the subgroup U, a
function f:G — H satisfying properties (1), (ii) below, is bent:

(i) Every h € H has precisely t/|H| of the PDSs P; in its preimage set,

(ii) f(x)=0g, w.lo.g., for allz € U.
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Proof. The first part is stated in Section 7 of (Jedwab & Li, 2021). The second
part then follows with the fact that combining the subsets of an LP-packing into

collections of equal size gives an LP-packing with fewer subsets, see (Jedwab & Li,
2021, Lemma 3.11). O

Proposition 3 has an immediate consequence for elementary abelian groups.

Corollary 1. Let {P,...,P;} be an LP-packing in V,(»Lp) relative to the subgroup U
(of order p™/2). Then {U,Py,..., P} is a normal bent partition of V%p) of depth t.

In characteristic 2, the converse is also true for some special case. The following is
(Anbar et al., 2022, Theorem 3), which in terms of LP-packings can be stated as

below.

Theorem 14. Let n, m, and k be positive integers with n =2m, k < m, and let
{U,A1,...,Agr} be a normal bent partition ong). If one of the sets A;, 1 <i <2k,
is a PDS, then all the sets A; are reqular (2m,2m_k) Latin square type PDSs, and
{Aq,..., Ay} is a (2%, 2%) LP-packing in VP relative to U.
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2. BENT PARTITIONS FROM TERNARY BENT FUNCTIONS

(3)

Let f be a ternary bent function, that is, a bent function from V3, ” to F3 for some
even integer n = 2m. As n is even, we have Wy(b) = j:(g ®)3n/2 for any b € V%S). In
particular, Wy (0) = ig}{ Ogn/2 e may assume f*(0) =0, which we can always

arrange by adding a constant to the bent function. Then we have

:|:3m:Wf(0): Z Cg(x)f@,ﬂc)n
xEV,({O’)

FHOIGE+ 11 WIG +1 71216

FHON+ 1 OIG+HIFT (1= ¢)

=|
=| | |
= (IfHO) =1 @D+ W= @D,

which implies | f~(1)| = | f~(2)|. More precisely, the following two possibilities can

occur.

(i) If W;(0) = 3™, then |f~1(0)| = 3™ 1(3™ +2),
I OI=171@2) =313~ 1), or

(ii) if Wg(0) = —3™, then |f~1(0)| = 3™~ 1(3™ —2),
O =171 @) =371 E™ + ).

Note that if f is regular, then case (i) applies, and if f is weakly regular but not

regular, then we have case (ii).
We next show that for every ternary bent function, the collection of the preimage

sets forms a bent partition.

Theorem 15. Let n be any positive integer, and let f : VS)) — F3 be a bent function.
Then P ={f~1(0),f~1(1), f~Y(2)} is a bent partition ofV,(lg). Moreover, one of the

following situations can occur.
(i) If n is odd, then P ={A1,As, As} with |A1| > |As| > |As].
(7i) If n is even, then possible situations are as below.
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(a) P={A1,As, A3} with |A1| > |A2| =|As| and Ay contains a subspace U of
dimension n/2. Then P = {U, A1\ U, Ag, A3} is a normal bent partition.

(b) P={A1,A2,A3} is a nonnormal bent partition with |Ay| > |Az| = |As],

if A1 does not contain an (n/2)-dimensional subspace.
(c) P={A1,A2 A3} is a nonnormal bent partition with |Aj| < |Az| = |As3].

For every normal ternary bent function, case (a) applies.

Proof. Tt can be observed that any of the six permutations of the preimage sets of f

yields a preimage set distribution of one of the six ternary bent functions af(z)+c,

where a € IF5, ¢ € F3. Hence, P is a bent partition.

(i)

If n is odd, then by Lemma 4(ii) a ternary bent function f : V%B) — F3 yields a
bent partition {A1, Ay, Az} with |A;| =371 +30=D/2 | Ay| = | f~1(0)| = 37!
and |As| = 3"~1 —3(=1/2 which gives the desired assertion.

Let n be even, and |Aj| > |Aa| = |Asz|. Suppose that A; contains an (n/2)-
dimensional subspace U, thus f is constant ¢ on U, for some ¢ € F3. Changing
the value of f on U to the constant ¢y € 3, results in another bent function;
see (Carlet, 1994), (Potapov, 2016). This implies that P is a normal bent
partition, giving the case (a). If A; does not contain an (n/2)-dimensional
subspace, then P cannot be altered to a normal bent partition, hence P is
a nonnormal bent partition of Type I, describing the case (b). Otherwise,
|A1] <|A2]| =|As| and P is a nonnormal bent partition of Type II, which gives
the case (c), see Equation (1.13).

In order to show the last statement, let f be a normal ternary bent function.
By definition, f is constant on an (n/2)-dimensional subspace U. Then U
is a subset of A; for some i € {1,2,3}, say A;. With the same argument
as above, {U, A1\ U, Az, A3} is a normal bent partition, which also implies
|A1\U| = [Az| = |A3].

It should be noted that if f is a regular normal bent function, then case (a) applies,

and for a regular nonnormal bent function we have case (b). If f is weakly regular

but not regular, then case (c) applies.

Remark 7. Bent partitions in Theorem 15(i), n odd, form an exception. Because

bent partitions of V%p), for odd n, do not exist except for the case that p =3 and
K =3, see Remark 4.
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In (Tan, Pott & Feng, 2010), a characterization of weakly regular ternary bent

functions through partial difference sets is presented. The main result is as follows.

Proposition 4. (Tan et al., 2010, Theorem 1) Let m > 2 and f : Fsem — F3 be a
ternary bent function satisfying f(—x) = f(x) and f(0) =0. If we define

D= {w €Fapm | f(z) =i} = F (i)

for each 0 <1 <2, then the following statements hold.

(i) f is weakly reqular if and only if Dy and Do are both (3%, 32m~1 4
g3m—1 g2m=2 32m=2 4 3m=1) PDSs where ¢ = 1 (the choice of ¢ for Dy
and Da should be the same).

(i) The set Do\ {0} is a (327,3%m~1 1 —2e3m~1 32m=2 _9c3m=1_ 9 32m-2 _
e3m~1Y) PDS, where ¢ is the same as in the first part of the theorem.

In Proposition 4, we have ¢ = —1 if f is regular, and ¢ =1 if f is weakly regular
but not regular, which can be observed from the possible cardinalities of preimage
sets of ternary bent functions. Note that for ¢ = —1, Dy and Dy are of (3™,3™1)
Latin square type, and Dg\ {0} is of (3™,3™~! 4+ 1) Latin square type. If e =1,
then Dj and Dy are of (3™,3™~!) negative Latin square type, and Dy \ {0} is of
(3™,3m=1 1) negative Latin square type.

Theorem 15 and Proposition 4 together imply that ternary bent functions yield bent

partitions; some of these bent partitions result in LP-packings, some do not. For

®3)

2m

use the notation D; = f~1(i), and we suppose that f(0) = 0.

weakly regular bent functions f: Vs~ — [F3, we have the following cases. We again

- f is regular, normal with subspace U, and f(x) = f(—x) for all x € Vg:,)l

Then P = {Dg\ U, D1, D>} is an LP-packing in ng’% relative to U. Hence,
{U,Dy\ U, D1,D5} is a normal bent partition of Vg’%

Regular quadratic bent functions and Maiorana-McFarland bent functions
x-m(y) with permutation 7 satisfying w(—y) = —n(y) (like for power per-

mutations) are examples of such functions.

®3)

2m-
Then P = {U,Dy\ U, D1, D2} is a normal bent partition of Véi)%, not yielding
an LP-packing. Note that condition f(x) = f(—x) is necessary for —D; = D;

- f is regular, normal with subspace U, and f(z) # f(—=z) for some z € V

for all 7.
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Maiorana-McFarland bent functions x - 7(y) with permutation 7, for which

7(—y) # —7(y) for some y are such functions.

- fisregular, not normal. Then P ={Dy, D1, D5} is a nonnormal bent partition
of ng% of Type I. Clearly, P is not an LP-packing, however, if f(x) = f(—x)
for all 2 € V) | then P is a partition of V{2 into three PDSs of Latin square

2m» 2m

type, otherwise not. We do not know an example of this case.

- f is weakly regular, but not regular, which implies that f is not normal.
Then P = {Dy, D1, D3} is a nonnormal bent partition of ngr)b of Type II, see
Equation (1.13).

Weakly regular but not regular quadratic bent or weakly regular but not regu-
lar Coulter-Matthews bent functions are examples of such functions satisfying
the condition f(x)= f(—x). We refer to (Coulter & Matthews, 1997) for

Coulter-Matthews bent functions.

Examples not satisfying f(z) = f(—=z) for all = can be found as follows. If
fo, f1,f2: ng’i — F3 are weakly regular but not regular bent functions, then
the function f: VSQL

regular but not regular, see (Cesmelioglu, Meidl & Pott, 2013a), and the con-

x F3 x F3 — F3 given by f(z,y,2) = f,(z) —yz is weakly

dition f(—xz,—y—z) = f(z,y,2) does not hold in general.

If f is a non-weakly regular ternary bent function, then by Proposition 4, Dy, D1, D2
are not PDSs, but we can obtain bent partitions of all three kinds, as the following

examples (confirmed with MAGMA) show.

Example 6. Let [ :Fy — F3 be given by f(x) = Tri(a%222 + 2%), where o is a
root of the irreducible polynomial x* +x +2 € F3[z]. Then f is a non-weakly reqular
bent function, see (Helleseth € Kholosha, 2010), which is normal, see (Cesmelioglu
et al., 2013a). In fact, f vanishes on a 2-dimensional subspace U and P = {U, Dy \
U,D1, Do} is a normal bent partition.

The function f :Fys — F3 given by f(z) = TeS(a"29), where a is a primitive element
of Fs6, is a not normal non-weakly reqular bent function, see (Helleseth € Kholosha,
2006) and (Meidl & Pirsic, 2018). We observe that |Dy| < |D1| = |Da|, so P =
{Dy, D1, D2} is a nonnormal bent partition of Type I1.

Finally, if f(x,y) = g(x)+ h(y) is the direct sum of the non-weakly reqular bent

function g : Fz6 — F3, where g(x) = Ted(a"2%) is as in the previous example, and

the weakly regular but not regular quadratic bent function h :Fs2 — F3 given by
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h(z) = Te3(zb), then f:Fas x F32 — F3 is non-weakly reqular. Using MAGMA, we
observe that f is not normal, |Do| > |D1| = |D2|. Consequently, P = {Dy, D1,D2}

is a nonnormal bent partition of Type I.
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3. LP-PACKINGS FROM GENERALIZED DESARGUESIAN

SPREADS

A main objective in (Jedwab & Li, 2021) is to show that LP-packings exists in a
large variety of finite abelian groups. With this aim, a procedure for lifting LP-
packings in an abelian group G’ to LP-packings in certain larger abelian groups G is
presented. More precisely, a recursive method to produce LP-packings in the group
G = Zgﬁ, where a and s are positive integers is shown. This method uses spreads
in the elementary abelian group Zl%s as the base case. In this part, we show that
generalized Desarguesian spreads can also be applied in a lifting procedure. On
the one hand, we can obtain potentially new LP-packings, hence bent partitions,
in elementary abelian groups. On the other hand, LP-packings in nonelementary

abelian groups can be obtained from a base case, which is different from a spread.

The concept of LP-partition is essential in the lifting procedure given in (Jedwab &
Li, 2021). Hence, first we recall the definition of an LP-partition and some related
results obtained in (Jedwab & Li, 2021). For a subgroup H of G, we denote by H+

the set of characters which are principal (i.e., trivial) on H.

Definition 12. (Jedwab & Li, 2021, Definition 4.1) Lett > 1 and ¢ > 0 be integers.
Let G be an abelian group of order t2c?, let V be a subgroup of G of order tc?, and
let HLV.

A (c,t) LP-partition in G\'V relative to H is a collection {Ry,..., Rt} of t disjoint
(t —1)c2-subsets of G whose union is G\'V and for which the multiset equality

{_627 T _CQ} Z'fX € VL;
{x(R1),...,x(R¢)} = { {0,...,0} if ye H-\ VL,
{(t—=1)c,—c,...,—c} if x¢ H*

holds for all non-principal characters x of G.

Example 7. (Jedwab & Li, 2021, Example 4.3) Using (Jedwab & Li, 2021, Lemma
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3.8), which gives the character sums over elements of an LP-packing, it is concluded
in (Jedwab € Li, 2021) that a (1,t) LP-packing in G relative to a subgroup U is
identical to a (1,t) LP-partition in G\ U relative to U. Hence, given a spread
{U0,U1,....,Uym} of Vi, n=2m, the collection {U7,...,Upn}, where U = U;\ {0},
is a (1,p™) LP-partition of V,,\ Uy relative to the subspace Uy.

In (Jedwab & Li, 2021, Theorem 4.6) a method is presented to construct an LP-
partition (in a certain group) from a collection of LP-partitions in some factor

groups.

Proposition 5. (Jedwab & Li, 2021, Theorem 4.6) Let t =¥ for a prime p and a

positive integer k. Let

G be an abelian group of order t*c?,

- Q <G <G be subgroups of G, where @ = ng and G /G = Zf,k,
- Hy,...,H; be subgroups of G forming a spread when viewed as subgroups of @,

- Vo, ..., Vi be subgroups of G for which {Vo/G’,...,V;/G'} is a spread of G/G,
and H; <V; for eachi=1,...,t.

Suppose that for each i =1,....t there exists a (c,t) LP-partition in V;/H;\ G'/H;
relative to QQ/H;. Then there exists a (tc,t) LP-partition in G\ Vp relative to Hy.

Via combining the subsets of an LP-partition with the subsets obtained by lifting
an LP-packing, the following is also shown in (Jedwab & Li, 2021).
Proposition 6. (Jedwab & Li, 2021, Theorem 4.4) Let t = p* for a prime p and a
positive integer k. Let

- G be an abelian group of order tic?, containing subgroups

- H<U<V <G of orders t, t’c, t3¢%, respectively.

Suppose that there exists a (tc,t) LP-partition in G\'V relative to H, and a (c,t)
LP-packing in V/H relative to U/H. Then there exists a (tc,t) LP-packing in G

relative to U.

The proofs for Proposition 5 and Proposition 6 are constructive proofs. We refer
the reader to (Jedwab & Li, 2021, Section 4).

LP-partitions from spreads are employed in Proposition 5 to construct an LP-

partition in GG. With spreads in elementary abelian groups, LP-packings can then
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be obtained also in nonelementary abelian groups.

To show that certain generalized Desarguesian spreads can also be employed in the
lifting procedure, as a first step, we obtain some LP-partitions from the generalized

Desarguesian spreads.

3.1 LP-partitions from Generalized Desarguesian Spreads

In this subsection, we generate LP-partitions from generalized Desarguesian spreads
for the case where p is odd and k =m/2, and for the case that p =2 and k =m/3.
We note that our required condition ged(2™ —1, ok 1 1) =1 is satisfied for every m
divisible by 3 and k =m/3. We will use the following two lemmas, the first one for

odd characteristic, the second for characteristic 2.

Lemma 6. Let m =2k, p be an odd prime such that for e = p* +p—1 we have
ged(p™ —1,e) =1, and define Z = {w € Fpm : Trp'(w) = 0}.  Then the following

statements hold.

i) Let v e Z\{0}, y € F i, and let x be the (unique) element in Fym such that
ve¢=vy. Then x € Z.

it) vame:yEIF;k for some v € Fym and x € Z, then v € Z.

Proof. We first show that ¢ permutes the set (subspace) Z, i.e., x € Z implies
x¢ € Z. Then we show that for a product ve =y € F \ {0}, if one of the factors is
in Z, say v € Z, then also x € Z. This simultaneously proves (i) and (ii).

k k
Suppose that x € Z, then z+ 2P =0, i.e., v = —2P . This implies that
k k
2f =P TPl = P Pl — gl — P,
k k
Note that x € Z implies —aP € Z, as v+ 2P =0 implies —(z+ 2P )» = 0. Hence,
x¢ € Z, that is, z¢ is a permutation of Z.

For some y € F . and v € Z\ {0}, let € Fym be such that vz =y. Then for z =¥

we have

k
Trj'(x) = x +aP :;+7]€:
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where in the last equality we used that ypk =yasy€lF,, and o =y as v € Z.

Consequently, = € Z. O

Lemma 7. Let m =3k, Z = {w € Fom : Tt]*(w) = 0} and e =2+ 1. Then the

following statements hold.

i) Let ve Z\{0}, y € For, and let x be the (unique) element in Fom such that

va®=vy. Then x € Z.

i) If va® =y € 5, for some v € Fom and v € Z, then v € 2.

Proof. i) Let v € Z\ {0} be fixed. Then we have vt g For, since 2™ —1=

ii)

(2F —1)(2% + 2% +1). As ged(2™ —1,¢e) = ged(2F —1,¢€) = 1, for any y € Fox,

2k 41 _

there exists a unique z € [Fyx such that 2¢ =z Now, observe

Yy
p22k+2k 41
k . k k. ok k 2k k
2" since va® = vz? TL(v?)2 Tl = 227 H 127 24 — o We also have

r € Z, since z € For and v € Z implies

that © = zv

k

T (z) = Tef (20 ) = zTrZz(vzk) = 2T} (v) = 0.

*

k
ok then y = y22 . Note that we have

If the element y = vx® is in F

2k 2k 2k k 2k 2k 3k 2k
yz :(We)Q — 2 (1:2 +1>2 _ 222
2%k 92k
=v" x ,

2% . ) k 2% o2k
as m = 3k. Then, y =y> implies that va? Tt =02 22" 1 and hence v =

2k o2k ok . k 3k o3k o2k 3k o2k .
v¥ 227 72 as £ #0. That is, v¥ =0v? 22 ~27 =va? ~27 . Since v #0, we

2k —1 _ 2% (2F-1)

k
have v , which implies that v = 222 for some 2 € For. Then

2k

T (v) = Te (222 ) = zTrZZ(arz%) =zTry'(z) =0,

since z € Fx and x € Z. Hence, v € Z.

With Lemma 6, we obtain an LP-partition for odd characteristic.

Proposition 7. Let m =2k, p be an odd prime such that ged(p™ —1,p* +p—1) = 1.

Suppose that

- G=Fpn xFpm, Z={w e Fpm : Tr)'(w) =0},
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-V={(z,y):yelFpm,zeZ}, H={(0,y):y €Fp}, and
- for v € Fpka R(’V) = Userm:TrL”(s)zv{(xasxe) SRS Fpm,x ¢ Z}

Then {R(y) :v €Fp} is a (p¥,p*) LP-partition in G\V relative to H.
Proof. Clearly t =c=pF, H <V <G, and |V|=tc? = p3*. We also have
[R(y)| = p™ k(™ —pmF) = p?R(pF — 1) = (1 —1)¢?

for all v € Fpi, R(y1) N R(y2) =0 if 71 # 72 and U’Yerk R(y)=G\V.

Now we show that the multiset equality in Definition 12 holds for all non-principal

characters of Fy,m x Fpm. That is, we show that

{_p2k7"'7_p2k} 7ifX€VJ—7
{Xx(R)) : veF,} =4 {0,...,0} ,if x € HE\VE,
{(F—1)pk,—pk,...,—pF} | if x ¢ H*

holds for all non-principal characters of Fym X Fjym

Let Sy ={s€Fpm : Tr}'(s) =v}. If we fix s, € S,, then S, =s,+ Z. Note that
={u€Fym : Tr{"(uz) =0for all z € Z} =F . We again denote the characters

of Fym x Fpm by Xuw(,y) = CTrl (uz-+vy)

for u,v € Fpm and a primitive p-th root of
unity by (,. We have the following cases.

Case 1: xyu. € v+

Since |V| =p3*, we have |V+| = p*. As the characters yy,0 of Fym x Fpm with u € F ok
are principal on V, we have V+ = {xup:ue Fpk ,v=0}. Let xy,0 be a non-principal
character in V=, ie., u# 0. Recall that erppm CTrl U 0 as u # 0. Now, we

show that xy0(R,) = —p** for any v € Fo.

XuO Z Z Trl ux) Z ZCTrl uzx)

s€8y z€F,m sESyxEZ
- _ Z Z Trl ux)
seSyxeZ
(3.1) - _ Z P k_ e k:pm k —p%,
SESy

where we used u € Fr = Z1 in the third equality.

Case 2: xyu. € HL\VL.
Since |H| = p*, we have |H*| = p>™% = p3*_ As the characters Xu,p Of Fpm X Fpm
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with u € Fym and v € Z are principal on H, we have H- = {xy, : u € Fpym,v € Z}.

Let xu,» be a non-principal character in
H\V* = {xup:v=0and u € Fym \F, or v € Z\{0} and u € Fym}.

First suppose that v =0 and u € Fym \F k. Note that > cz CTrl ur) _ ) since
u ¢ F i Then as in Equation (3.1), we have xu,0(Ry) = — Yses, Zaez (ﬂl ur) _ (.

Now suppose that v € Z\ {0} and u € Fym. Then by using Sy = s, + Z, we obtain

the following equalities.

Xuv Z Z Trl uz+vsz®) Z Z T (uz+vsz®)

s€Sy x€Fym SGS»YmEZ
_ Z Z Trl uz+v(sy+s)x Z Z CTrl uz+v(sy+8)z®)
s€ZxeF,m s€ZxcZ
Trl uz+v®sy) Tr* (va©s) Te (uz+vz©sy) T (vafs)
=2 ¢ > G 26 2. G
T€F,m sEZ TE€EZ s€Z

Recall that

Zcp UJ?S:

SEZ

Pk ifort e Fok,
0 , otherwise.

Hence, we can write xy(Ry) as

Tr (uz+va’s m k Tr (uz+vz®s
(3'2) Xu,v(R = Z 1 v) Z 1 ’Y)
zEF zeZ
Umeempk vweEFpk

Since v € Z\ {0}, by Lemma 6(i), vz® € Fx implies that € Z. That is,
> wcFym Trl (uetva’sy) _ > zez CTrl (uz-toe 57) , and hence y,(Ry) = 0.

vaeer ok v el g
Case 3: xuo ¢ HL.
Since X & H, we have xuo(7,y) = for some u € Fpym and v € Fym \ Z.
We can write x,.,(Ry) as in Equatlon (3.2). Since v ¢ Z, by Lemma 6(ii), the
conditions z € Z and vz® € Fyr hold only if z = 0. Hence, Equation (3.2) can be

Trl (uz+vy)

written as follows.

Xu,U(R _ Z Tr1 uztvzsy) pmfk.

TGF
vweeF
pk
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Set y = va®. Then we have x = v~%¢ as de =1 mod (p™ —1). Set @ = Tr}*(uv~9).
By using y € F» and Trj'(s,) =, we have the following equalities.

T} (uz 4 v2s,) = Tr"(uv ™% + s.y)
= T (T () + T s))
(3.3) = Tvy (" +7y) = T (@Y™ +y).

Since e = p* +p— 1, we have e = p mod (p* —1). Together with ed =1 mod (p™ —1),
we obtain that ed = pd = 1 mod (p* —1). That is, Tr}" (uz +vs,2¢) = TR (@2 +7)y)
by Equation (3.3). Then

k(iop _
Yu v( m k Z Tr (@P+v)y pm k
Yyer i
R =pR R 1) iy = —a?,
ph = —pk , otherwise.
As there exists a unique v € F satisfying v = —a”, we get the desired conclusion.

[]

With Lemma 7, we similarly obtain an LP-partition in characteristic 2.

Proposition 8. Let m = 3k. Let
- G=Fam xFom, Z ={w € Fam : Tr}'(w) = 0},
-V={(zr,y):yeFam,xecZ}, H={(0,y) :y € For}, and
- for v € For, R(Y) = UseFym Ty (s)=o 1 (2, 52°) + x €Fom,z ¢ Z}.
Then {R(v) : v €Fy} is a (22%,2%) LP-partition in G\ V relative to H.

With Propositions 7 and 8, we obtain LP-partitions from generalized Desarguesian
spreads for the two situations, p odd, k =m/2, and p =2, k =m/3. A natural
question is, if the partitions in Proposition 7 and Proposition 8 are LP-partitions

also for other divisors k of m satisfying ged(p™ —1,pF +p—1) = 1.

It is easy to confirm with counterexamples that Lemma 6 does not hold for some
odd primes p and k =m/3, k =m/4 for some integers m. With MAGMA, for
p=3, m=3and k=m/3=1and p=7, m=4 and k =m/4 =1, we confirmed
that the character value distribution for y € V-, y € H-\V+ and x ¢ H*, where

V,H are defined as in Proposition 7, is in fact not as required in Definition 12.
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Consequently, generally Lemma 6 and the analog Lemma 7 are required so that the
partitions in Propositions 7 and 8 are LP-partitions. In the following, we will show
that Lemma 6(i) respectively Lemma 7(i) never holds if k¥ < m/4. This shows that
in general, we can not expect to obtain LP-partitions as in Propositions 7 and 8 for
other divisors k of m. (Observe that for p =2, k =m/2 and k =m/4 do not satisfy
ged(2m —1,2841) = 1.)

In our next proofs, we will employ some basic facts from the theory of function
fields over finite fields, which we summarize in the following. For details, we refer to
(Stichtenoth, 2009). Let F' be a function field of genus g(F') over the constant field
Fpm. We say that Fym is the full constant field of F' if F,m is algebraically closed
in F. We denote by Pr the set of all places of F. For P € Pr, we denote by Op
the corresponding valuation ring and by vp the corresponding valuation of P. The
quotient ring Op/P is a field containing F,m. The extension degree [Op/P : Fym|
of Op/P over Fym is finite, and it is called the degree of P, denoted by deg(P). If
deg(P) =1, that is, Op/P =Fpm, then P is called rational. If F' =TF,m(u), i.e., F
is a rational function field, then we denote by (u = «) and (u = c0) the places of F

corresponding to the zero and the pole of u — «, respectively.

Let F/E be a Galois extension of function fields of degree n. A place P of F is said
to lie over the place R of E, denoted by P|R, if R C P. For any element o € E, we
have vp(a) = e(P|R)vg(a) for a fixed positive integer e(P|R), which is called the
ramification index of P over R. Moreover, Or/R is a subfield of Op/P, and the
extension degree [Op/P : Or/R] is called the relative degree of P over R, denoted
by f(P|R). For any place R of E, there are finitely many places of F' lying over
R. By the Fundamental Equality (Stichtenoth, 2009, Theorem 3.1.11), we have
> pire(P|R)f(P|R) = [F : E] =n, where the sum runs over the places of F' lying
over R. If e(P|R) = n, then we say that R is totally ramified in F'. If this holds,
then P is the unique place lying over R. If there are n places of F' lying over R,
then we say that R splits completely in F'. In both cases, the degree of a place over
R and the degree of R are the same.

For a Galois extension F'/E, let P be a place of F' lying over the place R of E. We
denote by G;(P|R) the i-th ramification group of P over R for i > —1. The different
exponent d(P|R) of P over R can be given by d(P|R) =372, |Gi(P|R)|. Then, by
the Hurwitz genus formula (Stichtenoth, 2009, Theorem 3.4.13), we can give the
genus g(F') via the following formula if 7" and F have the same full constant field.

29(F)=2=[F: E|(29(E)=2)+ Y > d(P|R)deg(P).
P|RRePg
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We are mainly interested in Galois extensions of Artin-Schreier type. For details,
we refer to (Stichtenoth, 2009, Proposition 3.7.8).

Lemma 8. Let F| = Fpm(u,3) and Fo =Fpm(u,7y) be the function fields defined by
Bpk —B=u and vpk —v=u"°, respectively. Consider the compositum F of F| and
Fy over Fpym(u). Then the following statements hold.

(1) Fpym is the full constant field of F.
(ii) The extension degree [F : Fym(u)] is p?*.

(iii) g(F) =5 (PF(e+1)(p" —1) —2(F — 1)).

() (u=0) and (u = o00) are the only places of Fym(u) ramified in F. Their
ramification indices are p*, and there are p* rational places lying over each of

them.

(v) If P is a rational place of F' lying over (u= ) for some a € Fym, then there

are p** rational places lying over (u = ).

Proof. The extensions Fy /Fym (u) and Fy/Fym (u) are Galois extensions of degree p,
namely Artin-Schreier extensions. The pole (u = 00) of u is the only place of Fpm (u)
which is ramified in Fy. It is totally ramified with the different exponent 2(p* — 1).
Therefore, Fym is the full constant field of Fi, and by the Hurwitz genus formula,
g(F1) =0. Moreover, (u = 0) is the only place of Fym (u) which is ramified in Fy. It
is totally ramified with different exponent (e+ 1)(p¥ —1). The field Fym is also the

full constant field of F5. By the Hurwitz genus formula, we have
29(Fo) —2=—2p" + (e +1)(p* - 1).

Since (u = 00) is not ramified in Fy, any place R of Fy lying over (u = 00) is ramified
in F' with the ramification index p¥, i.e., it is totally ramified. This implies that
[F,m is the full constant field of F' and that F/F» is an Artin-Schreier extension of
degree p*, which proves (i) and (i4).

Since (u = o0) is the only ramified place in Fj, a place R of Fy is ramified in
F if and only if R lies over (u = 00), see Abhyankar’s lemma (Stichtenoth, 2009,
Theorem 3.9.1). As (u = 00) splits completely in Fj, there are pF rational places
of Fy lying over (u = o) totally ramified in F with different exponents 2(p* — 1).
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Then considering the extension F/F», by the Hurwitz genus formula, we obtain

29(F) = p"(=2p" + (e +1)(p* — 1)) + 20" (p" — 1) +2
=pFe+1)(pF —1)—2(p" - 1),

which proves (iii).

Similarly, (u = 0) is the only place of Fym (u) ramified in F», which splits completely
in F1. Hence, the only ramified places of F7 in F' are the rational ones lying over

(u=0), which proves (iv) together with the above arguments.

Let P be a rational place of F' lying over (u = a) for a € Fym. As P is rational,
the places PN Fy and PN F;y of Fy and Fy, respectively, are rational. As F/Fpm(u)
and Fp/Fpm(u) are Galois extensions, this implies that (u = o) splits completely
in F1 and Fy. Therefore, (u = «) splits completely in F', see (Stichtenoth, 2009,
Proposition 3.9.6). As [F : Fym(u)] = p?*, there are p?* rational places lying over
(u = ), which proves (v). O

For a function field F of genus g(F') with the full constant field IF,,m, the Hasse-Weil
bound ((Stichtenoth, 2009, Theorem 5.2.3)) states that the number N (F') of rational
places of F' satisfies the following equality:

IN(F) = (0" +1)] < 29™2g(F)
Therefore, by Lemma 8 (i) and (iii), we obtain the following result.

Corollary 2. Let F' be the function field defined as in Lemma 8. Then the number
N(F) of rational places of F' satisfies

(3.4) N(F) <p™+1+p"2 (pFe+1)(p" = 1) —200F - 1)).

Proposition 9. Let k < m/4. Then for any given v € Z, there exists v € Fpym \ Z
such that vz® € F k.

Proof. Forv € Z and y € F ¢, suppose that there exists x € Z such that y = vz, i.e.,
v =yz~¢. This holds if and only if v=¢ = (yz=¢) "¢ =y~ %, as ed = 1 mod (p"™ —1).
Then we have

Te!(v™%) = T (y~"2) =y~ T} () = 0,
i.e., we have Tr}"(v) = Tr}*(v=%) = 0. In particular, for any given v € Z and y € Fok,

47



there exists « € Z satisfying y = vz if and only if the map v — v~% is a bijection
on Z. Hence, we conclude that Tr}"(v) = 0 if and only if Tr}"(v=%) = 0. Setting
u=v"% this is equivalent to the following property:

P: Try'(u) = 0 if and only if Tr}'(u™¢) = 0.

Therefore, it suffices to show that the number N, of elements u € Fym satisfying P

is less than p™ % if k < m/4.

Suppose that Tr}'(u) = Tr'(u™¢) = 0, then there exist §,7 € Fym such that u =
ﬂpk —p and u= ¢ = ’ypk — 7. Consequently, (5,7) is an (Fpm-)rational point of the
curve X' over Fjm defined by f(Y,Z2) = (ka - Y)e(ZplC —Z)—1. Then F, given as

in Lemma 8, is the function field of X.

An affine point (Bp,70) of X is singular if and only if (0f/0Y)(Bo,70) =
(0f/07)(Bo,v0) = f(Bo,v0) =0, where 0f /0Y and 0f /0Z denote the partial deriva-
tives of f with respect to Y and Z, respectively. Since 0f/JY = (ka — Y)efl(Zpk —
Z) and 0f/0Z = —(ka —Y)¢, the curve X has no affine singular points. A point
(Bo :0:0) is a point of X at infinity if and only if oy =0 or 79 = 0. More pre-
cisely, P, =(0:1:0) and P, = (1:0:0) are the only points of X at infinity with

multiplicities mp, = pFe and m Py = pF. respectively.

It is a well-known fact that each non-singular rational point of X corresponds to
a unique rational place of its function field. Since P; and P» are the points corre-
sponding to places of F' lying over (u = 0) and (u = c0), respectively, there is a one
to one correspondence between the set of affine rational points of X and the set of
rational places of F' not lying over (u = 0) and (u = 00). Recall that there are 2p"
rational places lying over (u=0) and (u = 00). Also, we know that if there is a
rational place lying over (u = a) with a € Fpm, then there are p?F rational places

lying over (u = «) by Lemma 8. Therefore, we have

Nayr(X)
ka

N(F)—2p"
(3.5) N, = = NYEZ
p

where N sp(X) is the number of affine rational points of X (and +1 corresponds
to u = 0). Then we obtain the desired result N, < p™~* by Equations (3.4) and

(3.5). 0
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3.2 Lifting of Generalized Desarguesian Spreads

In (Jedwab & Li, 2021, Section 5), a recursive construction of LP-packings in nonele-
mentary abelian groups is presented, which uses spreads in elementary abelian
groups as initial ingredient. We apply the results in (Jedwab & Li, 2021), which we
recall in Propositions 5 and 6, with the LP-partitions we derived from generalized
Desarguesian spreads in Section 3.1. The resulting recursive procedure in Theorem

16 below applies for odd characteristic.

Theorem 16. Let p be odd and m = 2k. Then for all { > —1, there exists a

(p" %k k) LP-packing

1) in the (nonelementary abelian) group G = Z2€ 9 XV(p)_ relative to
+ 2m—2k

U222k, x VP and

m—k’

(p)

(p)
2m+2(0+1)k relative to U = Vm+(£+1)

(ii) in the elementary abelian group G =V

Proof. The proof is by induction on ¢. Again, let Z = {x € Fm : Tr}'(z) = 0}. Using
that p does not divide m/k, one can easily confirm that Z];," XZ=Fx Z=Fym

In the nonelementary abelian case, we identify the group G = Z% o X Vgp;’r)Lka with

G=1F iz X Zx 7k iz X Z. The elementary abelian group G = Vén)1+2(€+1) will be
1dent1ﬁed with G = Fop X Z X Fpp X Z X ]Ff;ﬂ X Fﬁ*[l. Note that for £ = —1, we have

the elementary abelian group of order p?™ in both cases.

(i) In the case of the nonelementary abelian group, we have the following induction
hypothesis.
We suppose that for —1 <t < £ there exist a (p" %, p¥) LP-partition in Z* per2 X
Z X DLhyps X Z\Lh ) X Z X LRy x Z relative to {0} x {0} x Z§ x {0} and a
(pmHk p*) LP-packing in Z* iz X Z X Zk o2 X Z relative to {0} X {O} x ZF pt2 X

Z.

Note that, for t = —1, the existence of an LP-partition holds by Proposition 7
and the second argument holds by the LP-packing obtained with a spread in

an elementary abelian p-group.

For t = ¢, we define the following subgroups of the nonelementary abelian
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group G:Z];Hz ><Z><Z’I;EJr2 X Z.

G = (pZLyr+2)" x Zx (pLyes2)" x Z,

V=W= (prg+2)k X Z X Z];HQ X Z,

U={0} x {0} xZ5x Z,

Q= (" Zyr2)F x {0} x (P Z,12)" x {0}, and
H = Hy = {0} x {0} x (p" ™ Z,12)" x {0}

Note that we have G/G' = Q = Zl; X Z];. Consider the group homomorphism
¢: G — Q defined by (a,b,c,d) — (p™1a,0,p*1¢,0). The map ¢ is onto and its
kernel Ker(p) is G'. Consequently, ¢ : G/G’' — Q defined by (a,b,c,d) + G’ —

¢(a,b,c,d) is an isomorphism.

Let {H;:i=0,...,p*} be a spread of Q. Set V; = o~ '(H;) for i =0,...,p"
Then {V;/G’:i=0,...,p*} is a spread of G/G’. Note that

Hi<Q<G<V;<G,

and (a,b,c,d) € V; if and only if (p'*'a,0,p'"'c,0) € H;. Hence, we ob-
serve that for any (a,b,c,d)+ H; € V;/H;, we have p*'((a,b,c,d) + H;) =
(p"'a,0,p* 1 e,0) + H; = H;. Therefore, an element of V;/H; has order at
most p‘*1. Since the order of Vj /Hj is p2mHk) - we conclude that

Vi/H; = Z’;M X Z x Z’;Hl x Z.

By induction hypothesis (for ¢ = ¢ — 1), we know that there exists a
(pm =Dk pk) LP-partition in V;/H; \ G'/H; relative to Q/H;. Hence, by
Proposition 5 we conclude that there exists a (p””’ek, pk) LP-partition in
G\ 'V relative to H. Moreover, by induction hypothesis there exists a
(p =Dk, pF) LP-packing in V/H 2= ZF, 1 x Z X Zl, ., x Z relative to U/ H =
{0} x {0} x Zl;€+1 x Z. Hence, by Proposition 6, there is a (p™+* p¥) LP-
packing in G relative to U.

In the case of the elementary abelian group, we have the following induction
hypothesis.

We suppose that for —1 <t < £ there exist a (p™+* p*) LP-partition in Fpr %
ZxFpx Zx IFZJ,Ql X IF;# \{0} X ZxFp x Z x IF;# X IF;J,gl relative to {0} x
{0} xFe x {0} x {0} < {0}*!, and a (p™ % p*) LP-packing in Foe X Z X
{0} x Z x F;ng X F;ng x {0} x F relative to {0} x {0} x {0} x Z x {0}"+! x
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IF;# x {0} X F .

Note that, for t = —1, the existence of the LP-partition and the LP-packing

follows from the previous argument.

For t = ¢, we similarly define the following subgroups of the elementary abelian
group G =T x Z xF 1 x Z x Fﬁl X Ffojl.

G'=Fp x ZxFu xeIFf}k xIE‘f;k x {0} x {0},
V=V =Fpx ZxFux ZxFxFlx {0} xFy,
U={0} x {0} xF x Z x {0}* xIFf;k x {0} X Fpp,
Q=T x {0} x F x {0} x {0} x {0}, and
H = Hy={0} x {0} x F x {0} x {0} 1 x {0},

Then, for s € Fx, we define

Hy={(x,0,s2,0):2 € Fpk} % {0}é+1 % {0}”17 and
Vo =Ty x Z xFppe x Z x By x Fp x {(2,52) 2 € Fu}.

Observe that {H,Hs : s € Fpk} forms a spread of (). Moreover, we have

H<G'<V,Hs<G'<V;,and {V/G", Vs /G": s €F . } forms a spread of G/G".
For a fixed s € Fox, we consider ¢z : Vg — Fop X ZXTF X Z X IF;;,C X Ff;k given
by (z,u,y,w,,f,2,82) — (z,u,y — st,w,, ). Then ps(z,u,y,w,a,B,z,8z) =
(0,0,0,0,0,0) if and only if z=u=w =a = =0 and y = sz. Equivalently,
(r,u,y,w,a, 3,2,82) € Hg. Since g is onto, ¢ : Vy/Hg = Fpe x ZxF i x Z %
Ff;k X Ff;k defined by (z,u,y,w,a,,2,82) + Hs — ps(x,u,y,w,a, 5,2,8z) is an

isomorphism. We also have

5s(G'/Hs) = {0} x Z xFpp x Z xFry xFry, and
Ps(Q/Hy) = {0} x {0} x e x {0} x {0} x {0}".

By induction hypothesis, there exists a (p"+ =Dk pF) LP-partition in V,/H,\
G’/ Hj relative to Q/Hy. Then by Proposition 5, there exists a (p™+*, p¥) LP-
partition in G\ V relative to H. Moreover, by induction hypothesis V/H =
Frx Z2x {0} x Z x Ff)k X Ff)k x {0} x F,» has a (pm =Dk k) LP-packing
relative to U/H = {0} x {0} x {0} x Z x {0} x Ff)k x {0} x Fx. Hence, by

erEk,pk)

Proposition 6 there is a (p LP-packing in G relative to U.

We note that with a proper isomorphism of G, we obtain the induction hy-
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pothesis for ¢ = {. More precisely, by identifying G =F , X Z X Fx X Z x Ff; e X
Ff;k x Fx X F ., the isomorphism ¢ of G defined by

¢(x7u7y7w7a7/87z7s) = (Z7u’$7w7a757y78)

gives the arguments in the induction hypothesis.
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4. SOME SECONDARY CONSTRUCTIONS

Let I'={A1,Ag,..., Ak} be a bent partition of Vﬁf’) of depth p¥. By definition,
every p-ary function of which every c € IF,, has exactly pF=1 of the sets Aj in its

(p)

preimage set is a bent function. Then by Theorem 12, every function from V3" to
V,(f ), which maps to every v € V,(f ) exactly one of the sets Aj;, is a vectorial bent
function. In (Wang et al., 2023), where connections between bent partitions and
induced vectorial bent functions are investigated, the following class of vectorial

dual-bent functions, respectively, of bent partitions are defined.

Definition 13. Let n, k be two positive integers with n being even and k < n/2.
(i) A vectorial dual-bent function F : Vﬁ%’) — V,(cp) is said to satisfy Condition A if

- every component function F.= (¢, F), c € Vlgp) \ {0}, of F is regular or

every component function F. is weakly reqular but not reqular, and

(p)

- there exists a vectorial dual F* of F' such that for every nonzero c € V.

we have (F.)* = F} (i.e., o in Remark 1 is the identity permutation).

(i) LetT'={A. : c€ V,gp)} be a bent partition of V,(lp) of depth pF. We say that T
satisfies Condition C if

- Fy A=A forall ce V,(cp), and

- every bent function which is obtained from I' is reqular, or every bent

function which is obtained from ' is weakly reqular but not reqular.

Remark 8. Let I' = {A. : c€ V,(Cp)}, with p being odd, be a bent partition sat-
isfying Condition C, and let f : V%p) — [y, be a bent function obtained from T
If T is of Type I, then from the cardinalities given in FEquation 1.13 we get
We(0) = Xier, |f’1(t)\C]€ :p"/2(’1§, if Ay is mapped to c. Hence, f is reqular. In the
case where I' is of Type II, in the same way we get W(0) = —p”/2gg, which implies
that f is weakly reqular but not reqular. The second case can only occur if p=3 (see
Proposition 3 in (Wang, Fu & Wei, 2024)).
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Proposition 10. (Wang et al., 2023, Theorems 1, 2) Let F : V,(zp) —>V,(cp) be a
vectorial dual-bent function satisfying Condition A, and let D% = {x € Vﬁ{’) (F(x)=
c} be the preimage set of ¢ € V,(qp). Then {D% : ce V,(fp)} is a bent partition of V%D)
of depth p* satisfying Condition C.

Conversely, if p is odd and ' ={A. : ¢ € V,(cp)} is a bent partition of V%p) satisfying
Condition C, then with F(x) = c if x € A., we obtain a vectorial dual-bent function
F: V%p) — V,(cp), which satisfies Condition A.

It follows from Proposition 10 that vectorial dual-bent functions with Condition A

and bent partitions with Condition C are equivalent concepts for odd primes p.

Using Remark 8, we say that a vectorial dual-bent function F' satisfying Condition A
is of Type I if its components are regular; otherwise F' is of Type II. The equivalences
in Proposition 10 can be extended via partial difference sets, see (Wang et al., 2023,

Section IV), (Wang et al., 2024).

Proposition 11. For an even integer n, an integer k <n/2, and an odd prime p
with p* > 3, let F be a function from V%p) to Vgcp), and for every c € V,(Cp), let D% be

the preimage set of c. Then the following is equivalent.
(i) F is a vectorial dual-bent function satisfying Condition A.

(it) ' ={D% : ce V,(cp)} is a bent partition ofV%p) of depth p* satisfying Condition
C.

(117) All sets D% are (p”/ 2 pn/ 2=F) Latin square type PDS, respectively, negative
Latin square type PDS, except for one set DR which contains the element 0,
and for which DR\ {0} is a (p"/2,p"?=k 41) Latin square type PDS, respec-
tively, a (p”/ 2 p”/ 2=k _ 1) negative Latin square type PDS. The negative Latin
square type case corresponds to the case that I" is of Type II (this case can only

occur if p=3).

Remark 9. The situation is slightly different for the case p =2, for which every
bent partition trivially satisfies Condition C. The preimage set partition of a vectorial
dual-bent function F : Vﬁf) — V,(f) satisfying Condition A is a bent partition of which
the sets are Latin square type PDSs, and a vectorial bent function derived from a
bent partition of Vg) of which all sets are Latin square type PDSs, is a vectorial
dual-bent function satisfying Condition A. However, there may exist bent partitions

0fV£L2), of which not all sets are PDSs, and for which a corresponding vectorial bent
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function is not a vectorial dual-bent function satisfying Condition A. By Theorem
14, for a normal bent partition {U,A1,..., Ao} of Vq(f), either all sets A; are Latin
square type PDSs, or none of them is a PDS.

For odd characteristic, we can extend the equivalences in Proposition 11 to normal

bent partitions.

Proposition 12. For an odd prime p, an even integer n and an integer k <n/2
with p* >3, let F be a function from V,({’) to Vép), and for every c € V,(Cp), let D% be

the preimage set of c. Then the following is equivalent.

(i) F is a vectorial dual-bent function satisfying Condition A, which is constant

co on an (n/2)-dimensional subspace U.

(ii) T ={U,DRP\U,D% : CEV,gp),c# co} is a normal bent partition with Fy D§. =
D%, ce V), and F5(DQ\U) = D\ U.

(iii) {DR\U,D% : ce V,gp),c o} is a (p/2,p"2=F) LP-packing in VP relative
to U with F5D5 = D%, ¢ € V), and F5(DQ\U) = D@\ U.

Proof. We first show the equivalence of (i) and (ii). By Proposition 10, the preimage
set partition of F' is a bent partition satisfying Condition C. With F, D% = D7
and F;U = U, as U is a subspace, we also have Fy (D \U) = DR\ U. With the
assumption that F' is constant on U, I' given as in (ii) is a normal bent partition.

The converse is immediate.

We now show that (i) implies (iii). By Proposition 11, for all ¢ # ¢g, D% is a
(p"/2,p"?F) Latin square type PDS, except for DR, for which DR\ {0} is a
(p”/2,p”/2_k + 1) Latin square type PDS. It remains to show that then DY\ U
is a (p™2,p"/?~*) Latin square type PDS. By Equation (1.14), for any non-trivial

character y of V%p ) and c € V,(Cp ), we have

X(D§) = {p"/? —p/>k /2Ry,

Recall that for any non-trivial character of x of V%p ), we have 2y x(D%) = 0.
k

Hence, there exists a unique ¢ € V,(Cp) such that y(D%) =p™/2 —p™/>7% and y(D$) =
—p/2k for all ¢ € VP {2}
(p) (p)

Let x be a non-trivial character of V3’ corresponding to a € V7, ie., x(x) =
gﬁa’””. As U is a subspace of VP of order P2, we have x(U) =0 or x(U) = p"/2.
Suppose that x(U) =0. Then we have x(DRP\U) = x(DR) — x(U) = x(DR), ie.,
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X(DE\U) =pV/2—p/27F or X(DP\U) = —p/2k,

We now suppose that y(U) = p™/2. 1If x(DP) = p/2 — p/2=k  then similarly,
X(DP\U) = —p™27F. Hence, we need to observe that if x(U) = p™/2 then y(DP) #
—p™27k_ Suppose that x(U) = p™/? and x(DR) = —p™>7* ie., x(DR\U) =
—p/2_pn/2k et ce V,(f) be the unique element such that y(D%) = p/2_pn/2—k,
With the ordering of V,(Cp) ={co,c1,...,cpp_g =¢}, weset Aj= Dy fori=1,... k=1

and Ay = D;Q \ U. Then we consider the following partition of V%p ).

P={A,U :i=0,....p—1},

k—1
where A; = U?:o 1A 1. Note that we have

j+ipk=

X(Ag) = —p/2 —p/* 71,
Y(A)=—p* ori=1,....p—2,
X(»Ap—l) _ pn/2 _pn/Q—l'

As T ={U,DP\U,D% : ce V,(cp),c # co} is a normal bent partition, we consider
the bent function f : v [, defined by f(z) = a; for all z € A;, where {a; : i =
0,...,p—1} =TF,, and f(z)=a for a fixed a € F), for all z € U. Then

p—1
W) = > x(A) s +p™ 2
=0

:_p’n/Qggo +p’n/2§;p—l +pn/2€g
= p"2(—C20 + G+ D),

where ¢, = ¢>™/P = cos(2r/p) + 1sin(27/p). Choosing a1 =a =0 and ag = 1,
we obtain Wy(a) = P22 =) = p/%(2 — cos(2m/p) — 1sin(27/p)). Since p > 2,
we have |cos(27/p)| < 1. That is, the real part 2 —cos(27/p) > 1, implying that
IW¢(a)| > p™/2, which contradicts I' being a bent partition. Then the fact that (iii)
implies (ii) by Corollary 1 finishes the proof. O

For characteristic 2, which by Remark 9 is different, we have the following proposi-

tion.
Proposition 13. For an even integer n and an integer 2 < k <n/2, let F' be a

function from V,(zz) to V,(cz), and for every c € V,(cz), let D% be the preimage set of c.

Then the following is equivalent.
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(i) F is a vectorial dual-bent function satisfying Condition A, which is constant

co on an (n/2)-dimensional subspace U.

(ii) {DR\U,D% : ce Vl(f),c o} is a (272,2727F) LP-packing in VP relative
toU, ie., T ={U,DP\U,D% : ce V,(f),c;é co} is a normal bent partition for
which all sets are Latin square type PDSs.

Proof. (i) = (ii): By Proposition 10 and Remark 9, the preimage set partition of F' is
a bent partition {D% : c€ V](f)} of which all sets are Latin square type PDSs. Since
F is constant on U, {U,DP\U,D% : c€ Vl(f),c # o} is a normal bent partition.
With D%, ¢ # cp, also DY \ U is a Latin square type PDS, see Remark 9. Hence
{DP\U,D% : ce ng),c # ¢o} is an LP-packing relative to U.

(ii) = (i): If {U,DR\U,D% : ce V,(f),c # co} is a normal bent partition of which
all sets are Latin square type PDSs, then the union of U with any of the sets in the
partition is a Latin square type PDS, see e.g. (Anbar et al., 2022, Theorem 4). In
particular, also DY is a Latin square type PDS, hence F is a vectorial dual-bent

function satisfying Condition A, see Remark 9. n

4.1 Direct Sum Constructions

In this subsection, we analyze the generation of bent partitions, LP-packings, vec-
torial dual-bent functions with the direct sum construction. In (Jedwab & Li, 2021,
Section 3), a construction of a new LP-packing from two given LP-packings is pre-

sented.

Proposition 14. (Jedwab & Li, 2021, Theorem 3.15) For two even integers n
and m, let Py ={A1,..., A} be a (p"/2=% pk) LP-packing in V}(lp) relative to Uy,
and Py ={Bi,..., By} be a (p"™/?=F p*) LP-packing in V%) relative to Uy. Then
{Kjy,... ,ka} with

k

p
(4.1) Ky=(ApxU)U(Uy x By)U U(Az X Biiy)
1=1
for ¢ =1,....p", where the subscript i+ is reduced modulo p*, is a (pm;n_k,pk)

LP-packing in V%p) X Vgﬁ) relative to Uy x Us.
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As also indicated in (Jedwab & Li, 2021), Equation (4.1) gives one way of combining
the sets A; and Bj from P; and P (note that the ordering of the sets in Py and P

is also arbitrary).

By Corollary 1, the LP-packing construction in Proposition 14 has an interpre-
tation of a normal bent partition construction I'y x I'y = {U; x UQ,Kl,...,ka}
of V%p) XVT(ﬁ) from normal bent partitions I't = {Uy, A1,..., A} of V%p) and
Ty = {Us, Bi,..., B} of V&,

From a (normal) bent partition, we can construct vectorial bent functions by The-
orem 12. Conversely, with Proposition 10, the preimage set partition of a vectorial

dual-bent function satisfying Condition A is a bent partition (satisfying Condition

C).

Considering the above argument, we can relate the LP-packing construction in
Proposition 14 with a construction of vectorial dual-bent functions. In this inter-
pretation, the construction in (Jedwab & Li, 2021) corresponds to the well-known
direct sum construction of a vectorial bent function H(z,y) = F(z)+ G(y) from two
vectorial bent functions F : V%D ) V,(Cp ) and G - Vgﬁ) — V%D ). As by Proposition 10,
vectorial dual-bent functions induce bent partitions if they satisfy Condition A. In
the subsequent theorem, we assume that the involved vectorial bent functions are
vectorial dual-bent satisfying Condition A. The bent partitions then satisfy Condi-
tion C. We state this version of the direct sum construction for both, bent partitions
(which can be of Type I or of Type II) and normal bent partitions (or LP-packings).
To simplify the notation, without loss of generality, the vectorial functions in this

section map into the finite field Fpk.

Theorem 17. Let n,m and k be positive integers with k <n/2 and k <m/2, and

let p be a prime.

(i) Let F': V&p) —Frand G V,(ﬁ) — F 1 be vectorial dual-bent functions satisfying
Condition A, and let I'n ={A; : i €F i} and o ={B; : i € Fr} be the bent
partitions of V%p) and V%) satisfying Condition C, obtained from F' and G,
that is, F(z) =1 if and only if x € A;, and G(x) =1 if and only if x € B;.

The preimage set partition {Cj : j € Fpr} with Cj = {(z,y) € v x v
H(z,y) = j} of the vectorial bent function H(z,y) = F(x)+ G(y) is a bent
partition satisfying Condition C, and

(4.2) Ci=H7'(j)= U (AixBj_),
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where the indices are determined in Fpk.

(ii) Let F': Vslp) —Frand G V%’) — I 1 be vectorial dual-bent functions satisfying
Condition A, and suppose that F(x) = if x € Uy and G(x) =~ if v € Uy for
an (n/2)-dimensional subspace of Vv and an (m/2)-dimensional subspace of
V,(ﬁ). Let Ty ={Uy,A; : i € ]Fpk} and 'y ={Uy,B; : i € IFpk} be normal bent
partitions ofV%p) and V) obtained from F and G. Let H(z,y) = F(x)+G(y).
Then H is a vectorial dual-bent function satisfying Condition A. Moreover,
the partition {Uy x Uz,Cj : j € Fi}, with

(4.3) Cj=H'(j)=(Aj_y xU2)U(U1 x Bj_g)U |J (AixBj),

ZEFpk

where the indices are determined in Fx, is a normal bent partition of VS{”’ X
V,(ﬁ) (satisfying Condition C).

Proof. (i) Since F' and G are vectorial dual-bent functions satisfying Condition A,

for some vectorial duals F* and G* of I and G, and a nonzero y € F x, we have

Trf (vF ()" = Tif(vF7(x)),  and
Trf (vG ()" = Tif (G (x)).

For nonzero v € F x, consider the component
T (7(F () + G(y))) = Trf (vF (2)) + Tf (G ().
By the fact that Wp,q), (u,v) = W, (u)Wg, (v), we have

e} (V(F(2) + G(y)))* = Trf (vF (2))* + Trf (7G(y))*
= Te} (vF*(2)) + Te§ (vG* (y))
= Te} (y(F*(2) + G*()))-

This shows that F'(x)+ G(y) is vectorial dual-bent with vectorial dual F*(z)+G*(y)
and ((F(z)+G(y))y)* = ((F(z)+G(y))*),. Note that all components of F(z)+G(y)
are regular if all components of F' and G are regular or all components of F' and G
are weakly regular but not regular. If all components of one of ' and G are regular,
and for the other function all components are weakly regular but not regular, then all
components of F(x)+G(y) are weakly regular but not regular. The function F(z)+
G(y) therefore satisfies Condition A, and the preimage set partition of F(z)+ G(y)
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is a bent partition of V&p ) X Vgﬁ) satisfying Condition C.

The correctness of the sets in the preimage set partition of F(x)+ G(y) in (4.2) is

confirmed straightforwardly.

(ii)) With the same arguments as for (i) (using Proposition 10), we see that the
preimage set partition of F'(x)+ G(y) is a bent partition. Moreover, F(x)+ G(y)
is constant on the (MTm)—dimensional subspace U x Ua, by which a normal bent

partition is provided. The sets in (4.3) are again obtained straightforwardly. O]

Once given the bent partitions I'y and I's, with another choice of vectorial bent
functions F' and G from T'y and Ty, in general, F(x)+ G(y) gives rise to another
different bent partition of V%p ) X V%). In the following theorem we observe that for
any p-ary bent functions f from the bent partition I'y and ¢ from I's, there exist
vectorial bent functions F V%’ ) F,» and G: V%) — I obtained from I'y, respec-
tively 'y, such that the direct sum f(z)+ g(y) is in the bent partition corresponding
to F'(x)+G(y). On the other hand, quite remarkably, the bent partition derived
from F(x)+ G(y) inherits (vectorial) bent functions which cannot be obtained as a

direct sum of a bent function F' from I'; and a bent function G from I's.

Theorem 18. Let n,m and k be as above, and let I : V%p) — Fpr, G V%) — Fn be
vectorial dual-bent functions satisfying Condition A. Let ', I's be the corresponding
(normal) bent partitions of V%p) respectively of V#i) of depth p* >3, and let Ty
be the bent partition of V%p ) x Vgﬁ) corresponding to the preimage set partition of
H(z,y) = F(x)+G(y). Then we have the following:

(i) For any p-ary bent functions f respectively g from I'y respectively 'y, there exist
vectorial bent functions F and G from T'y respectively Ty, such that f(z)+g(y)
is obtained from the bent partition of F(x)+ G (y).

(i) With the bent partition T'g, one can generate vectorial bent functions, which
cannot be obtained as the direct sum of a vectorial bent function from I'y and

a vectorial bent function from T's.

(1ii) With the bent partition I, one can generate p-ary bent functions, which can-
not be obtained as the direct sum of a p-ary bent function from I'y and a p-ary

bent function from T's.

Proof. (i) Let I't = {Ay,..., A}, for c € Fp, let e = A1 U UA -1, and
let {0 € Fy : Tri(a) = ¢} = {are,..ap1 .} S Fpe. We define F: VP — F i by
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F(z) = ajc for all 1 € Aje, c€Fpand i=1,...,pF L. Then I'' =Tz = {F o) :
a €F,r}, and for v € A; ., we have

T (F(x)) = Tf () = .

ie., TV (F(z)) = f(x) for all z € v, Similarly, we define G : Ve F . such that
'y =Tz and Trk(G(z)) = g(z). Then f(z)+g(y) is obtained from the bent partition
of F(x)+G(y).

(ii) Let Ty ={A4;:i¢€ ]Fpk} and o ={B;:i € Fpk} be such that F~!(i) = A; and
G~1(i)=B; forallie F,r, and let H(z,y) = F(z)+G(y). Without loss of generality,
we can suppose that H(0,0) =0 as for any c € Fx, we have I'y = gy Set
H; = H7 (), ie.,

(4.4) Hi = U Aj X Bi_j,
JEF K

where the indices are determined in Iﬁ‘pk. Let H be a bent function from Vﬁf’ ) X V%)
to F,x obtained from I'y. Then we have H(x,y) = 7(i) for all (z,y) € H; for a
permutation 7 of F,x. Note that H is obtained from 'y if and only if H +c is
obtained from I'y for any ¢ € F . Moreover, H can be obtained as a direct sum
of functions derived from I'y and I'y it and only if for any ¢ € F», H +c can be
obtained as a direct sum of functions derived from I'y and I's. Therefore, we can

also assume that 7(0) = 0.

Now suppose that H(z,y) = F(z)+ G(y) for some functions F, G derived from T'y
and I'y, respectively. Let 71, 72 be the permutations of F x for which

- Fis 7(i) on A; and
- G'is (i) on B;.
By Equation (4.4), for each i € F x, we then have
(4.5) 7(i) =71(j) + m2(i —j) for all j € F.

In particular, for 7 =0 and i = j,

7(i) = 71(0) + 72(i), and 7(i) =71(i) +72(0) for all i € Fx.
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Equivalently,
71(i) = 7(i) = 72(0), and 72(i) = 7(i) —71(0) for all i € F.
Hence by Equation (4.5), for all 7,5 € F x, we have
T(i—j)=71(1)—7(j) +71(0) +72(0).

Considering i = j = 0, the assumption 7(0) = 0 implies that 71 (0) +72(0) = 0. There-

fore, for all ¢,j € F», we have

(4.6) (i —j) =7() =7(5)-

Consequently, if H is obtained as a direct sum of functions obtained from I'; and
'y, then the permutation 7 of F . has to satisty the linearity condition in Equation
(4.6). For p* > 3, we can find a permutation 7 which does not satisfy Equation (4.6),

and the desired assertion follows.

(iii) The proof is by contradiction. Suppose that any p-ary bent function A from
['zr can be written as a direct sum of p-ary bent functions f and g from I'y and Iy,
respectively. Let H : Vgp ) Vy(nﬁ) — IF» be a vectorial bent function from I'y. By (ii),
we can assume that [ is not a direct sum F(x)+ G(y) for vectorial bent functions
F and G from Ty and Ty, respectively. Let hi(z,y),...,hi(x,y) be a basis of H.
Then any nontrivial linear combination of hj(x,y),...,hx(x,y) is a bent function
from V'/(lp ) % V(mp) to IF,. Note that h; is a p-ary bent function obtained from I'y for
all i =1,...,k. Then by our assumption, h; can be written as h;(z,y) = fi(z)+ gi(y)

for some f; from I'; and g; from I's for all i =1,... k.

If fi(z),..., fr(z) are linearly dependent then we have ¢ fi(x)+---+cg fr(x) =0 for

some ¢; € F, not all of them zero. In this case, we have

h(l’,y) - Clh1<l’,y)+"'+Ckhk(l’,y)
=c191(y) + -+ ckgr(y)
=3(y),

62



() (p)

and for a nonzero u € Vy,” and v € Vy,’, we have

Wi (u,v) = > Cg(y)—w’w)n—(v,y)m
(2,y)€VP) xVE)

— Z Cg(y)_@,y)m Z Cp—(u,ac)n

yevy) zevy)
=0.
Hence, h is not a bent function from Vq(lp ) X V%) to IFp, which is a contradiction. We

conclude that fi(z),..., fr(z) are linearly independent. Similarly, we observe that
g1(x),...,gr(x) are linearly independent. This proves that f; respectively g; are the
basis of a vectorial bent function F' from I'; respectively G from I's. Observe that
then H is a direct sum of a vectorial bent function F from I'; and a vectorial bent

function G from Iy, which contradicts our assumption on H. n

Remark 10. The permutations T of Fx satisfying (4.6) are exactly the linear permu-
tations. Under the assumption that 7(0) =0, with i =0 we see that T(—j) = —7(7).
Then

T(i+j) =7(i=(=j)) = 7)) =7(=j) = 7(i) +7())-

Corollary 3. Let F': V%p) — Fpk7 G: V%’) — Fpk be vectorial dual-bent functions
satisfying Condition A, and let 'y, T'y be the corresponding bent partitions of VE{’)
respectively V%) of depth p* > 3. Further, let H(z,y) = F(z)+G(y), and let Ty
be the preimage set partition of H, which is a bent partition of V%p) X V%) of depth
pF. A wvectorial bent function H : V»ﬁlp) X V%) — Fx obtained from 'y can be written
as a direct sum of some vectorial bent functions F, G obtained from T and Ty
respectively, if and only if H(z,y) =7(H(z,y) — H(0,0)) for an affine permutation

7 of F k. In this case, H and H are affine equivalent.

Proof. Recall that I'y =T'p . for any c € F .. Hence, by the proof of Theorem 18(ii),
if H is a bent function obtained from ChyH(0,0), then H(x,y)=7(H(x,y)—H(0,0))
for a permutation 7 of F,x for which 7(x) —7(0) is linear, see Remark 10, i.e., 7 is

an affine permutation of F .

Conversely, suppose that H(x,y) = 7(H (x,y) — H(0,0)) for an affine permutation 7
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of F k. Write 7(x) = o(z) +7(0), that is, o(z) is the linear part of 7(z). Then

H(w,y) = 7(H(z,y) — H(0,0))
=o(F(z)) = a(F(0)) +0(G(y)) —a(G(0) +7(0).

Set F(z)=0(i) —o(F(0)) on A; and G(y) = o (i) —o(G(0))+7(0) on B;, i.e.,

, G
are bent functions obtained from I'y and I'y respectively. Then H(x,y) = F(z)+G(y)

F
G(

U

gives the desired conclusion.

All so far known bent partitions are of Type I (except for the preimage set partitions
of ternary bent functions). However, theoretically the direct sum construction can
be applied to any pair of bent partitions related to vectorial dual-bent functions

)

satisfying Condition A. For two single weakly regular bent functions f : Vq(f — Fp,
g: V,(ﬁ) — IF,, the direct sum f(z)+ g(y) is regular if both f,g¢ are regular, or both
f,g are weakly regular but not regular. Otherwise, f(z)+ g(y) is weakly regular but
not regular. As it is easy to confirm, accordingly, I'f; in Theorem 18 is of Type I if

both I'1,I'y are of Type I or both are of Type II. Otherwise, I'g is of Type II.

4.2 Generalizations of the Construction in (Wang et al., 2023)

PS4y, bent functions have the following vectorial version. For an s-dimensional vector
space 2 (over Fp,) with s <m, let B : Fpm — V% be a balanced function with
B(0) =0. Then the function F': Fpm x Fpm — %2 given by F(z,y) = B(zy? ~2)isa
vectorial PSg, bent function. In (Wang et al., 2023), using the PSg;, bent functions,
a secondary construction of vectorial bent functions is presented from a collection

of vectorial bent functions satisfying Condition .A.

Proposition 15. (Wang et al., 2023, Theorem J) Let n, m and k be positive
integers with n being even and k <n/2, and let s <m be a positive divisor of m.
For every i € Fps, let F(i;2) be a vectorial dual-bent function from Vﬁ{’) to [Fps
satisfying Condition A and also the property that for any c € V]gp)\{O}, the constant
EFi), € {=1,1} is the same independent of i,c.

Suppose that o, B € Fpm are linearly independent over Fps. Let R be a permutation
of Fym with R(0) =0, and let T : Fps — Fps be an arbitrary function. Then the
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function H : V%p ) X Fpm x Fpym — Fps given by
H(z,y,2) = F(T M (aR(yz" ")) + T (BR(y=" %)) + T(Tr{' (aR(y=" %))

is a vectorial dual-bent function satisfying Condition A.

Observe that T (yR(y="" —2)), v € Fym, is a vectorial PSg, bent function, hence it
is itself a vectorial dual-bent function satisfying Condition .A. This motivates a gen-
eralization of the function H in Proposition 15 by replacing Tr'™(aR(yz"" —2)) and
Te™(BR(y=""~2)) by appropriately chosen vectorial dual-bent functions satisfying

Condition A corresponding to other bent partitions satisfying Condition C.

Let e(y) : Vg;)l — F,» be a vectorial dual-bent function satisfying Condition A, and
hence its preimage set partition I' = { Ay, . .. ,Apk} is a bent partition of V;]:,)l of depth
p* satisfying Condition C. We denote by er the sign of bent functions obtained from
[, i.e., ep = 1 if every bent function obtained from I is regular (Type I), and ep = —1
if every bent function obtained from I' is weakly regular but not regular (Type II).
Let s < k be a divisor of k, and let «, 5 be two elements of Fx that are linearly

independent over Fs. We set

Uy) = Tri(ae(y)) and #(y) = Tr(Be(y)).

Note that as a, 5 € F . are linearly independent over Fjs, we have §— ja 7 0 for all
JEFys.

()

2m

Lemma 9. For any j € Fps, the function t(y) — jl(y) is a bent function from V

to Fps obtained from I' such that for b e ngf,)l and nonzero ¢ € Fps,

m 6: —Jja (b)
(4.7) Wit jo). (b) = erp™ G,

where e*(y) is the vectorial-dual of e(y) satisfying Condition A, i.e., eX(y) = (ec)*(y)

Jor all nonzero ¢ € F .

Proof. Note that t(y) — jl(y) = Tr*(8—ja)e(y)). As B—ja # 0, the function ¢(y) —
jl(y) is a bent function from V;I;)I to Fps obtained from I'. For b e Véﬁ’% and ¢ € Fy,
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we have the following equalities:

Wit—jo). Z Trl )=3l(y)))—<by>2m
yevyy)
3 CTYT(CTr’s“((B—ja)e(y)))—<b,y>2m
er(p)
Z c(B—ja)e(y))—<by>2m

yGV(p)
=We s (0):

Then the result follows from the fact that 5 — ja # 0 and that e(y) is a vectorial
dual-bent function satisfying Condition A. ]

We now define our function H : V%) X V( P) — IFps which generalizes the vectorial

dual-bent function in Proposition 15.

Let n be an even integer, m,k be integers with £ <m <n/2, and let s be a non-

(» )

trivial divisor of k. As above, let e : V — IF r be a vectorial dual-bent function

satisfying Condition A, and let «,( € Fpk be hnearly independent over F,s. For
()

vectorial dual-bent functions F(i;x) from Vi’ to Fps, i € Fps, and an arbitrary

function T : Fps — IFps, let

(4.8) H(z,y) = F(Trf (ae(y));z) + Tek (Be(y)) + T(Trk (ae(y))).

Theorem 19. For every i € Fys, let F(i;z) be a vectorial dual-bent functz’on from
51) to Fps satisfying Condition A and also the property that for any c € V \{0}
the constant EFm), € {=1,1} is the same independent of i,c. Then the function H

defined by Equatzon 4.8 is a vectorial dual-bent function satisfying Condition A.

Proof. For any nonzero c € Fjs the corresponding component function is H.(z,y) =
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Tri(cH(z,y)), so the Walsh transform of H. at (a,b) € v x Vg;,)l is

Wi (a,b)= > iUt E )= (azin=by)m
xGV%p) ,ergl;r)T
= Z Z Z Cp 1(cF (7)) +Trf (ct(y))+Tr7 (T (1)) = (a,x)n—(b,y)2m

i€Fps pevip) erg")L (y)=i

= Y METO) Y R adn S )~ ()

ZE]F .’EEV(p) yev(p) ( ):Z
—p 3 (] Trf (eI (i Z CTrl (cty)=tbyizm §~ CTrl cj(i=£(y)))
ZEF yEV p) JEF
P Z Trs (¢T(i WF i) a) gTrl cij) S CTrl 1)) = (b.y)2m
1€F s JEF s yGng
- Trf (cT Trj
=p* Z Cprl(c (1)) WF (i:2) Z C i ( cz] 0. (b)
i€F s jEF s

Then using Equation 4.7, we obtain the following equalities.

Wa,(a,b) = erp™* Z ¢I(eT(@) Wri.(@) Y ¢ ¢Trieis) ¢ C(B joo ()

1€F s JEF s
— epp™S Z Trf (cT (i WF”; Z Tr (cij) Tr1 (c(B—ja)e” (b))
i€F s JEF s
—epp™* Z Trl (cT(d WF(zm Z CTrl cij Cﬂs(cﬁ s((B—ja)e™(b)))
i€F s §€Fps
= erp™ sCTrl(cTrs (Be*( S CTrl (T (i WF a) 3 () Trf (e (i—Tr% (ae™ (b))
1€F s JEF s

] F(ae*
- qul(cjys(ﬁe ()))ggﬁd(CTTT}s(ae (b»)))AZijkﬁ(ae*(bngw)c(a)

s k * s k * k * . *
— ggrpm+§<°gr1(CTrs (Be (b)))g;fﬁ(cT(Trs (ae (b))))C]gF(Trs (ae™(b));z)c) " (a)

= 5€rpm+%CpTr?(CTr’§(56*(b))) pTrT (cT(Trﬁ(ae*(b))))CII)’*(Trf(ae*(b));fv)c(a)

= cepp™t3 pTri(C(F* (Trff(ae*(b));w)(a)Jrﬂ?(56*(5))+T(Tr§(ae*(b)))),
where ¢ is the sign of F(i;z) for all ¢ € Fps. Note that we used the property that
(F(Tek (ae*(b));z).)* = F*(Trk (ae*(b));z), in the second last equality. Therefore,
H(x,y) is a vectorial dual-bent function for which all components have the sign eer,
and such that

H*(x,y) = F*(Tr(ae*(y));2) + Tri (Be" (y) + T(Try (ae™ (y))

and H* = (H,)*. 0
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Corollary 4. Let H : VS{’) X Vgﬁ — Fps be the function in Equation (4.8), fory € Fps,
let D}y ={(z,y) € v xvgfjl . H(x,y) =7}, and let Ty ={D}; : v €Fps} be the

preimage set partition of H.

(i) T is a bent partition satisfying Condition C.

(ii) Let e : Vg?l — F i in Equation (4.8) be obtained from a normal bent partition,

i.e., e is constant i on an m-dimensional subspace W ong;,)L. If F(TY*(od); )
is a vectorial dual-bent function from a normal bent partition ofV%p), then 'y
provides a normal bent partition, respectively a (p"/2+m,p”/2+m_5) LP-packing
. Vglp) % V(p)

2m-

Proof. (i) Follows immediately from Theorem 19 and Proposition 10.

(ii) By assumption, e(y) =i if y € W and F(Tr¥(ai);2) =, for all z in some

(n/2)-dimensional subspace V' of V%) Then for (x,y) € V x W, we have
H(x,y) = F(Tr(ai); o) + T (87) + T(Tr§ (ai)) = 7 + Ted (80) + T(Try (i) = 7.

Then by Proposition 12(ii), Ty = {V x W, DL \{V x W},D}; : v #7} is a

normal bent partition of Vﬁf ) X ngr)l. By Proposition 12(iii), r g induces a

(p”/2+m*8,ps) LP-packing in V,(lp) X Vg;)l relative to V x W.

Example 8. Using for e : Fpm xFym — F . the generalized PSap functions given in

Example 5, we obtain vectorial dual-bent functions Hy, Hy of the form

and

Hi(,y1,y2) = F(Te§ (aR(TY}! (y2y1 )i 2)
+ T (BR(T (y2y1))) + T (T (aR(TY (291 )

Hy(z,1.92) = F(Trk (aR(Tr (197 ))); @)
+ TS (BR(TY (y1yz ) + T(Tek (e R(Tr (192 )))).

We remark that determining the vectorial dual HY of Hy, for which (H1.)* = (HY)e,
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one obtains

Hi(z,y1,92) = F*(Tef (@R(=Te} (192 )P)); 2) + ek (BR(=T (192 4)P))
+T(Tek (aR(—=Te} (y1y2 )P))).-
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