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ABSTRACT

HOMOLOGICAL INVARIANTS OF SQUAREFREE POWERS OF
SIMPLICIAL TREES

ELSHANI KAMBERI
MATHEMATICS Ph.D DISSERTATION, JULY 2025

Dissertation Supervisor: Asst. Prof. Dr. AYESHA ASLOOB QURESHI

Keywords: Squarefree power, simplicial forest, linear resolution, linearly related,

Castelnuovo-Mumford regularity, path ideals

In this thesis, we study the squarefree powers of facet ideals associated with simpli-
cial trees. Specifically, we examine the linearity of their minimal free resolution and
their regularity. Additionally, we investigate when the first syzygy module of square-
free powers of facet ideal of a simplicial tree is generated by linear relations. Finally,
we provide a combinatorial formula for the regularity of the squarefree powers of
t-path ideals of path graphs.
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OZET

SIMPLEKS AGACLARIN KARESIZ KUVVETLERININ HOMOLOJIK
DEGISMEZLERI

ELSHANI KAMBERI
MATEMATIK DOKTORA TEZi, TEMMUZ 2025

Tez Danigmani: Asst. Prof. Dr. AYESHA ASLOOB QURESHI

Anahtar Kelimeler: Karesiz kuvvet, simpleks orman, dogrusal ¢oztimleme, dogrusal

iligkili, Castelnuovo-Mumford diizenliligi, yol idealleri

Bu tezde, simpleks agaclarla iligkili faset ideallerinin karesiz kuvvetlerini inceliyoruz.
Ozellikle, bunlarin minimal serbest ¢éziimlemesinin dogrusalligini ve diizenliligini ele
aliyoruz. Ayrica, bir simpleks agacin faset idealinin karesiz kuvvetlerinin ilk syzygy
modiliintin dogrusal iligkiler tarafindan ne zaman firetildigini aragtiriyoruz. Son
olarak, yol ¢izgelerinin t-yol ideallerinin karesiz kuvvetlerinin diizenliligi i¢in bir

kombinatorik formiil sunuyoruz.
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1. INTRODUCTION

In the last two decades, the study of the regularity of powers of squarefree monomial
ideals has become a notable trend in combinatorial commutative algebra. This line
of research took one of its initial steps with a beautiful theorem (see Cutkosky,
Herzog & Trung (1999); Kodiyalam (1993)), which states that if I is a homogeneous
ideal in a polynomial ring, then the function reg(/ k) is asymptotically linear. This
result gathered the interest of many algebraists to investigate the regularity and,
more generally, the minimal graded free resolution of the powers of homogeneous
ideals, leading to the publication of many interesting papers on this topic. However,
obtaining a complete understanding of the asymptotic linearity of the regularity
function for arbitrary homogeneous ideals seems almost impossible, and this problem

remains open even for squarefree monomial ideals.

In this context, the study of the regularity of the squarefree powers of squarefree
monomial ideals assumes an important role. Let I be a squarefree monomial ideal.
The k-th squarefree power I of I is the ideal generated by the squarefree generators
of I¥. The squarefree powers of I provide important information on the ordinary
powers of I. It is known from (Herzog, Hibi & Zheng, 2004, Lemma 4.4) that
the multigraded minimal free resolution I is a subcomplex of the multigraded
minimal free resolution of I*. Consequently, reg ¥l < regI*, and if I'*! does not
have a linear resolution, then I* also does not have a linear resolution. Another
interesting aspect of the study of squarefree powers comes from their deep link with
the matching theory of simplicial complexes (or hypergraphs). Recall that I can be
viewed both as an edge ideal of a hypergraph and as a facet ideal of a simplicial
complex. In this thesis, we will adopt the latter terminology. Let A be a simplicial
complex and I(A) be the facet ideal of A. A matching of A is a set of pairwise
disjoint facets of A. Indeed, the generators of [ (A)[k] correspond to the matching
of A of size k. This means that I(A)* 0 only when 1 <k <wv(A), where v(A) is
the maximum size of a matching of A. The study of squarefree powers began with
(Bigdeli, Herzog & Zaare-Nahandi, 2017) for facet ideals of 1-dimensional simplicial

complexes, or simply, the edge ideals of graphs. Since then, several papers, including



(Crupi, Ficarra & Lax, 2023; Erey & Ficarra, 2023; Erey, Herzog, Hibi & Madani,
2022,2; Erey & Hibi, 2021; Ficarra, Herzog & Hibi, 2023), have been published on
this topic, focusing on the squarefree powers of edge ideals of different classes of

graphs.

Inspired by this, in this thesis we study the homological properties of the squarefree
powers of squarefree monomial ideals that are not necessarily quadratic. To this
end, we begin our investigation with the squarefree monomial ideals attached to
simplicial trees. In (Faridi, 2002), Faridi introduced simplicial trees as a natural
generalization of trees in the context of graphs. In the language of hypergraphs,
simplicial trees correspond to totally balanced hypergraphs, (Herzog, Hibi, Trung
& Zheng, 2008, Theorem 3.2), that is the hypergraphs without any “special” cycles.
We direct reader to (Berge, 1989, Chapter 5), for more details.

A breakdown of the contents of this thesis is as follows: in Section 2 we give some
preliminaries. Then, in Section 3 we prove some preliminary results related to the
matching of simplicial trees. Section 4 is devoted to studying the linearity of the
resolutions of the squarefree powers of the facet ideals of simplicial trees. In (Zheng,
2004b, Theorem 3.17), Zheng showed that a facet ideal of a simplicial tree A has a
linear resolution if and only if A satisfies the so-called intersection property. More
recently, the authors of (Kumar & Kumar, 2023) proved that if the facet ideal I(A)
of a simplicial tree has a linear resolution, then I(A)¥ has a linear resolution for all
k> 1. A natural question in this context is whether the squarefree powers of I(A)
also admit the same property, that is, if /(A) has a linear resolution, then does
I(A)F] also have a linear resolution? However, in Proposition 4.0.1 we prove that if
I(A) has a linear resolution, or equivalently, if A has the intersection property, then
v(A) <2. This implies that [ (A)[k] =0 for all £ > 2, meaning that the only squarefree
power to be considered is I(A)Pl. The linearity of the resolution of I(A)P! follows
from (Soleyman Jahan & Zheng, 2010, Proposition 2.10) together with (Kumar &
Kumar, 2023, Lemma 2.3), as discussed in Theorem 4.0.3. In addition to this, we
prove Theorem 4.0.4, where we give a precise ordering of the generators of the second

squarefree power, which gives linear quotients.

The next question that we tackle in Section 4 is motivated by (Bigdeli et al., 2017,
Theorem 5.1), in which the authors show that the highest non-vanishing power of an
edge ideal I(G) of any graph G admits a linear resolution. Theorem 4.0.3 also implies
that the highest non-vanishing squarefree power of the facet ideal of a simplicial tree
with the intersection property has a linear resolution. However, this is not true in

general for simplicial trees, as observed in Example 4.1.1 for a suitable 3-path ideal



of a rooted tree graph. The t-path ideals of graphs were introduced in (Conca &
De Negri, 1999) as ideals generated by monomials that correspond to paths of length
t—1 of a graph G. If GG is a directed graph, then one may consider the ¢-path ideal
of G as an ideal generated by monomials corresponding to the directed paths of
length ¢t — 1. For ¢t =2, the t-path ideal coincides with the edge ideal of G. In (He &
Van Tuyl, 2010), the authors proved that the ¢-path ideal of a rooted tree (a special
class of directed trees) is the facet ideal of a simplicial tree, providing a rich class
of simplicial trees. The t-path ideal of a rooted tree have been studied by many
authors, for example see (Alilooee & Faridi, 2015,1; Bouchat, Ha & O’Keefe, 2011;
Kumar & Kumar, 2023). Given a rooted tree I'; we denote the simplicial complex
whose facets are t-paths of I' as I';. As observed in Example 4.1.1, the highest
non-vanishing power of I(I';) need not have a linear resolution. This motivated us
to state Theorem 4.1.5, where we show that the highest non-vanishing squarefree

power of I(I';) has a linear resolution if I'; is a broom graph.

Section 5 is devoted to understanding when the first syzygy module of the squarefree
powers of the facet ideals of simplicial forests is generated by linear forms. It turns
out that the restricted matching of a simplicial complex A plays an important role in
this context. The restricted matching of a graph (1-dimensional simplicial complex)
was introduced in (Bigdeli et al., 2017), and we extend this definition for any d-
dimensional simplicial complex; see Section 3 for the formal definition. We prove in
Theorem 5.0.3 that if A is a simplicial forest, then the squarefree powers of I(A) are
not linearly related up to the restricted matching number of A. It is shown in (Erey
et al., 2022, Theorem 3.1) that given a graph G, if [ (G)[k] is linearly related, then
1(G)#+1 is linearly related for all k> 1. We prove an analogue of this result in the
case when A is a pure simplicial tree. This also shows that if the highest squarefree
power of I(A) is not linearly related, then none of the non-vanishing squarefree
powers have a linear resolution. We further investigate the first syzygy modules for
a special class of simplicial trees, laying the groundwork for discussing regularity
in the next section. Utilizing a celebrated result by Gasharov, Peeva, and Welker
(Gasharov, Peeva & Welker, 1999), we prove that for the ¢-path simplicial tree Iy, ;
of a path graph P, and its associated ideal I,y = I(I'y ), we have [, (]7%) =0
whenever p ¢ {kt+1,(k+1)t}.

Recently, in (Kumar & Kumar, 2023, Section 4), the authors discussed the regu-
larity of certain ordinary powers of ¢t-path ideals of broom graphs and proposed a
conjecture on the upper bound of the regularity of facet ideals of simplicial trees.

It is noteworthy that path graphs constitute a special subclass of broom graphs.



Motivated by their findings, in Section 6, we concentrate on the t-path ideals of
path graphs. In Theorem 6.0.9, we present a combinatorial formula for their regu-
larity. To achieve this, we utilize well-known exact sequences for homogeneous ideals
(see Theorem 6.0.4) and employ both combinatorial and topological techniques (see
Theorem 6.0.7). The main result of this section is summarized in the following

theorem.

Theorem (see Theorem 6.0.9) Let I'y,; be the t-path simplicial tree of a path graph
P, and Iy =I1(Ty;). Then for any 1 <k+1<v(I',;), we have

B R
reg (Imu) =kt +(t= 1)1 (Compes) = kit + 1eg <1k> |

n,t

where v1(I'),_¢+) denotes the induced matching number of 'y, +.

We conclude this article with some open questions in Section 7 and a conjecture on
the bounds of the regularity of squarefree powers of I(A), where A is a simplicial

tree.



2. ALGEBRAIC AND COMBINATORIAL INGREDIENTS

In this section, we give some combinatorial and algebraic preliminaries. The notation
and definitions given in this section will be used throughout in the later sections.

Note that, all the rings considered in this thesis are commutative rings with identity.

2.1 Simplicial Trees

A simplicial complexr A on vertex set V(A) is a non-empty collection of sub-
sets of V(A) such that if I/ € A and F C F’, then F € A. Given a collection
F={F,...,Fy} of subsets of V(A), we denote by (F1,...,Fy,) or briefly (F), the
simplicial complex consisting of all subsets of V/(A) which are contained in F; for
some ¢ =1,...,m. The elements of A are called faces of A. For any F' € A, the
dimension of F', denoted by dim(F’) is one less than the cardinality of F. An edge
of A is a face of dimension 1, while a vertexr of A is a face of dimension 0. The
dimension of A is given by max{dim(F'): ' € A}. The maximal faces of A with
respect to the set inclusion are called facets. We denote the set of all facets of A by
F(A). A subcomplex A’ of A is a simplicial complex such that F(A") C F(A). A
subcomplex A’ of A is said to be induced if each facet F' € F(A) with FF C V(A)
belongs to A’. A simplicial complex A is called pure if all facets of A have the same
dimension. For a pure simplicial complex A, the dimension of A is given trivially
by the dimension of a facet of A.

Example 2.1.1. Consider the simplicial complex A with facets

Fi={1,2,3}, F={3,45}, F3={56,T7},
Fy=1{6,7,8}, Fs={8,9,10}, Fs={9,10,11}, F,={3,11,12}.

We write A = (F, Fa,..., Fr).

The complex A is generated by 2-dimensional facets (triangles), each with three



vertices. All other faces of A are subsets of these facets. For example, {5,6} is a
1-dimensional face, and {7} is a 0-dimensional face. Since every facet has dimension

2, the complex is pure of dimension 2.

Note that A" = ({5,6,7}, {8,9,10}) is a subcomplex of A, but it is not an induced
subcomplex because Fy ={6,7,8} CV(A’) and Fy ¢ A'.

This simplicial complex can be visualized by plotting each triangle in the plane and

connecting those that share common faces, as shown in Figure 2.1.

Figure 2.1 A simplicial complex.

For instance, F] and F5 share vertex 3; F3 and Fy share the edge {7,8}.

In (Faridi, 2002), Faridi introduced the class of the simplicial forests, which will be
deeply discussed along this work. A facet F' of A is called a leaf if either F' is the
only facet of A or there exists a facet G € A such that HNEF C GNF for all facets
H # F of A. Such a facet G is called branch of F in A. Observe that every leaf
F of A contains a free vertez, that is a vertex v of A such that v ¢ F’ for every
facet F' # F of A. A connected simplicial complex A is a tree if every nonempty
subcomplex of A has a leaf. A simplicial forest is a simplicial complex whose every
connected component is a tree. It directly follows from the definition of a simplicial
tree that if A is a simplicial tree, then any subcomplex of A is also a tree. For

instance, the simplicial complex as in Figure 2.2 is a tree.

On the other hand, if A is the simplicial complex as in Figure 2.1, then (F(A)\{F1})

does not have a leaf, which implies that A is not a simplicial tree.

In (Zheng, 2004a), Zheng introduced the notion of a good leaf of a simplicial
complex. Let A be a simplicial complex. A leaf F' of A is said to be a good leaf if F
is a leaf of every subcomplex of A containing F'. In (Herzog et al., 2008, Corollary
3.4) it is shown that every simplicial forest has a good leaf. A good leaf order on

the facets of A is an ordering of facets F7i,...,F, such that F; is a good leaf of

6



Figure 2.2 A simplicial tree.

the subcomplex (F1y,..., F;) for every 2 <i <r. In Figure 2.2, for instance, Fy is
a good leaf and the ordering of facets Fjs, Fs, F1, F5, Fg, Fy, F7 is a good leaf order.
By virtue of (Herzog et al., 2008, Corollary 3.4), it immediately follows that every

simplicial forest A admits a good leaf order.

A simplicial complex A is said to be connected in codimension 1, if for any two facets
F and G of A with dim(F) > dim(G), there exists a chain C: F = Fy,...,F, =G
between F' and G such that dim(F; N Fj4q) =dim(F41) —1 forall i =0,...,n— 1.
Such a chain C is called a proper chain. A proper chain C between F' and G is called
irredundant if no subsequence of this chain except C itself is a proper chain between
F and G.

Let A be a pure d-dimensional simplicial tree connected in codimension 1. It is
known from (Zheng, 2004b, Proposition 1.17) that for any two facets F' and G,
there exists a unique irredundant proper chain between F' and G. The length of the
unique irredundant proper chain between F' and G is called the distance between F
and G, and is denoted by dist(F,G). If for any two facets F' and G with dim(FNG) =
d—k for some k=1,...,d+ 1, we have dist(F,G) = k, then A is said to have the
intersection property.

Example 2.1.2. Let A be a simplicial complex on the vertex set [n] = [7], given in
Figure 2.3.

We will show that this simplicial tree has the intersection property. We compute the

distance between selected pairs of facets and verify that the intersection property
holds:

In each case, the distance satisfies the relation
dim(F; ﬂFj) =d—Fk if and only if diSt(Fi,Fj) =k,

7



Figure 2.3 A pure 2-dimensional simplicial tree connected in codimension 1.

Table 2.1 Intersection property calculations.

Facets | dim(F;NF;) | dist(F}, Fj) =k
Fy, Fy 1
Fy, F3 0
F, Fy -1
Fy, F5 0
Fy, F3 1
Fy, Fy 0
Fy, Fs 1

1

1

0

F3,Fy
F3,F5
Fy, Iy

N = = = DN DN WD =

where d = 2. Therefore, the complex A satisfies the intersection property.

Figure 2.4 The simplicial complex A'.
However, not all simplicial trees satisfy the intersection property. Consider the
simplicial complex A’ in Figure 2.4.

Then, dim(F1NFs) =0 and k=3, but d—k =2—-3 = —1# dim(F; N Fg). Hence,

A’ does not satisfy the intersection property.



2.2 Monomial Ideals and Their Free Resolutions

Let S = K|z1,...,2,) be a polynomial ring on variables z1,...,z, over a field K. A
monomial is any product u=ax1* - - -z, for some a € K and non-negative integers
ai,...,an. The set of variables {z;; € {71,...,2n} : a;; # 0} is called the support of
u, denoted by supp(u). A monomial u = ax1% ---x, is called squarefree if a; <1
forall ¢ =1,...,n. Then, an ideal I of S is called a monomial ideal if it is generated

by monomials in S.

A monomial ideal I in S is said to be generated by a set of monomials {uy,...,u,}
if I = (u1,...,u,). This generating set is called minimal if none of the monomials u;
divides any other w; for i # j, and it is denoted by G(I). Every monomial ideal has

a unique minimal set of monomial generators, up to ordering.

For instance, consider the ideal I = (x1x9, xox3, T1x2x4) in Kl|r1,79,23,24]. The
monomial x1x2x4 is divisible by x1x9, so it is redundant. Thus, the minimal gener-
ating set of I consists of the monomials z129 and zoxs, and we write I = (2122, x223)

minimally.

Let I = (uy,...,uy) and J = (v1,...,v5) be monomial ideals in S with G(I) =
{ui,...,uy} and G(J)={v1,...,v,}. The sum of I and J is:

[_|_J: (’U/l’...,uT?Ul)"'7vs>’

which is also a monomial ideal generated by the union of the minimal generators of
I and J, but it may not be minimal itself. Equivalently, a monomial m € I + J if

and only if m is divisible by some u; or v;.

The intersection of two monomial ideals I and J is generated by the least common

multiples of their generators:

InJ=(Iem(u,v) |lue G(I),veG(J)).

That is, a monomial belongs to I NJ if and only if it is divisible by some monomial
in I and some monomial in J, and it can be expressed as the least common multiple
of such a pair. By (Herzog & Hibi, 2011, Proposition 1.2.1) the intersection is also

a monomial ideal.

The colon ideal (I: J) or simply I: J is said to be the set {r € S|rJ C I}. By
(Herzog & Hibi, 2011, Proposition 1.2.2) we have I :J =Nyesl: (v) =NyesI: v.

9



Combining (Herzog & Hibi, 2011, Proposition 1.2.1) and (Herzog & Hibi, 2011,
Proposition 1.2.2), we see that the colon ideal of two monomial ideals is also a
monomial ideal.

Example 2.2.1. Let S = K[x1,22,73,24] be a polynomial ring over a field K. Con-

sider the monomial ideals I = (z1x2, xox3, r3xy) and J = (x1x3, T214).

The sum of I and J is simply the ideal generated by all the generators of both:

I+J= (551552, Tox3, T3T4, T1T3, 11321134)-

The intersection of I and J is generated by the least common multiples of all pairs
of generators from G(I) and G(J):

INJ = (lem(zyz2,z123), lem(z1xe, x224), lem(x223, 2123),
lem(zows, woxy), lem(xsxy, x123), lem(xszzy, xo14))
).

= (5(715(725(737 T1X2T4, T1T2X3, T2X3T4, L1T3L4, T2L3T4

After simplification, we get I NJ = (z1x273, T1T2Ty4, ToT3T4, TIT3T4).

For the colon ideal we have I :.J = (I :xjx3)N (I : x2x4). So, we have to find all

monomials r € S such that rxiz3 €l and rxgzy € 1.
o We get royxs €1, if r =29 or r=x4. So, I :x123 = (22,74).
o We get rooxy €1, if r =121 or r=2x3. So, I : xoxy = (1,23)

Hence, I:J = (x9,24) N (x1,23) = (122, 0273, T124,2324).
Definition 2.2.2. A polynomial f € S is called homogeneous in degree d if every
term of f is a scalar multiple of a monomial of degree d. The set of all homogeneous

polynomials of degree d in S forms a K-vector space, denoted by Sy.

An ideal of S is called a homogeneous ideal if it can be generated by homogeneous
polynomials. In particular, every monomial ideal is a homogeneous ideal, since each

monomial is homogeneous.

The ring S = K|[z1,...,z,] has a Z-grading, where each variable has degree one:
deg(x;) =1 for all 4,

which gives us a decomposition S = @g>054, where Sy is the K-vector space of

homogeneous polynomials of degree d. Note that the twist S(—d) is the same

10



underlying module as S, but with the grading shifted down by d, more precisely
S(—d); = S;_q. So, the degree i part of S(—d) is the degree i —d part of S, for
d>0.

Let I be a homogeneous ideal of S. Using the Hilbert syzygy theorem (Hilbert,
1890), it is well known that a minimal graded free resolution (1) of I exists, it is
unique up to isomorphisms, and it is finite with length at most n. In such a case,

F(I) can be written as

0= @PS(—i)s Lo 5 PS(—j)P Lo 5 P S(—j)os L5710,
jE€L JET JEz
where ¢ <n and all d;’s are graded module homomorphisms. The position index
¢ is called the homological degree and the shifting j is called the internal degree.
The numbers f3; ; are called the graded Betti numbers of I. When considering the

minimal free resolution of the ideal I, we denote them by f; ;(I).

A syzygy is a relation among generators. For an ideal I, the first syzygy module
correspond to the set of all relations among the generators of I that sum to zero, that
is, the kernel of dy in the free resolution. The second syzygy module consists of the
relations among the first syzygies, i.e., the kernel of d; in the resolution, and so on.
These syzygy modules explain how the structure of the ideal is built: starting from
generators, then recording how those generators fit together (first syzygies), then
how those relations relate (second syzygies), continuing until the syzygy module at

some step becomes zero.

The graded free resolution describes the structure of the ideal step by step, showing
how it is built from its generators and the relations between them. The Betti
numbers tell us exactly how many generators or relations (syzygies) appear at each
step.

Definition 2.2.3. The Castelnuovo-Mumford reqularity (or simply regularity) of 1

18!

reg(l) = max{k: ;1) #0, for some i}.
Moreover, reg(I) =reg(S/I)+1.

In the following example, we illustrate the concepts of free resolution, graded Betti

numbers, and the Castelnuovo-Mumford regularity of a monomial ideal .

Example 2.2.4. Let S = K|[z1,22,73,74,75) be a polynomial ring over a field K,
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and consider the squarefree monomial ideal
I = (212973, 23324, T174, T3T5).

This ideal has two generators of degree 3 and two of degree 2. We analyze its minimal

graded free resolution, Betti numbers, and their homological interpretations.

The minimal graded free resolution and the Betti diagram of S/I can be computed
using the computer algebra system Macaulay2 (Grayson & Stillman, Grayson &
Stillman). The following code initializes the ring and ideal, computes the free reso-
lution and the graded betti numbers of S/I:

S =QQ[x 1, x 2, x 3, x 4, x 5]

I = ideal(x_1*x_2*x_3, x 2*x_3*x_4, x_1*x 4, x_3*x_5)
res I

betti res I.

Minimal graded free resolution of S/I and I is as follows:

0— S(—5)2 — S(—4)°> — S(=3)?®S5(-2)> — S — S/T —0
0— S(=5)* — S(—4)° — S(=3)’®S(-2)? — T —0
Note that I is the first syzygy module of S/I, and thus its resolution is obtained

from that of S/I by truncating the zero-th step. So, the relation between the Betti
numbers of I and S/1 is; 5 j(1) = Bi+1,;(S/1).

The Betti numbers §; j(I) count the number of generators in homological degree 4

and inner degree j of the ideal I. Specifically:

e Bo2(l) =2, Boa(I) =2: These reflect the two generators of degree 2 and two
of degree 3 in [.

o [14(I) =>5: First syzygies occur in degree 4.

e [25(I) =2: Second syzygies appear in degree 5.

The Betti numbers mentioned above are from the Betti diagram of S/I given in
Table 2.2.

In this Betti diagram, the columns correspond to the homological degree 7, and the

rows represent the difference j — i, where j is the internal degree. Therefore, the
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Table 2.2 Betti diagram for S/I.

1 2 3

1: 2
2: 2 5 2
Total: |4 5 2

entry in column ¢ and row j —i represents the Betti number 3; ;.

So, the regularity of I is reg(/) = max{k | f;i4x(I) # 0, for some i} =
max{2,3,3,3} = 3.

Note that the regularity of S/I can be directly observed from its Betti diagram. In
the layout of the Betti table, this is simply the last nonzero row. Since the regularity
of the ideal I satisfies the relation reg(I) =reg(S/I)+1, it follows that reg(I) is one

more than the index of the last nonzero row in the Betti diagram.

If B; ;(I) =0 for all i > 0 and for j # i +t, then I is said to admit a linear resolution.
It is well known that a homogeneous ideal generated in degree d admits a linear

resolution if and only if reg(/) = d. As en example, consider the ideal
I= (SL’lxg,SCl:L’g,1’11’4,121125,132133,232&34,I2I5,$31}4,$3$5,J}4J}5),

in S = Klz1,r9,x3,24,75]. This ideal is generated by ten homogeneous monomials

of degree 2. It admits a linear resolution:
0— S(=5) — (=41 — 5(-3)* — S(-2)* — T —0.

The regularity of I is 2, which equals the degree of its generators.

From (Herzog & Hibi, 2011, Proposition 8.2.1) we know that I has a linear resolution
if I has linear quotients, that is, if there exists a system of homogeneous generators
fi,fay..., fm of I such that (fi,...,fi—1): fi is generated by linear forms for all

1=1,...,m. However, the converse need not to hold.

13



2.3 Facet Ideals and Their Squarefree Powers

Let I be a monomial ideal of S. Given any {i1,...,i,} C [n]={1,...,n}, we associate
a squarefree monomial v =x;, ...x;. € S. Let A be a simplicial complex on vertex

set [n]. The monomial ideal generated by all squarefree monomials z;, ...z;, such

T

that {i1,...,3,} € F(A) is called the facet ideal of A and it is denoted by I(A).
Example 2.3.1. Let A be the simplicial complex generated by facets
{1,2,3},{2,3,4} and {3,4,5}. Then the facet ideal of A is

[(A) = (xlxgxg, Troxr3x4, x3x4x5) g K[x1,$2,$3,x4,x5].

Each generator of I(A) corresponds to a facet of the simplicial complex. Since each
facet has exactly three vertices, the ideal is homogeneous of degree 3. Moreover, all
generators are squarefree monomials.

Definition 2.3.2. Given a squarefree monomial ideal I in K|x1,...,xy], the k-th
squarefree power of I is defined to be the ideal generated by squarefree elements of
G(I*) and it is denoted by I'%.

Example 2.3.3. Consider the simplicial complex A = ({1,2},{3,4},{1,3},{5,6}).
Then the facet ideal of A is I(A) = (2129, 324, 2123, 2576). We now compute I¥]
for all k=1,2,3,4.

e For k=1, we have IM =T,

o For k=2, we consider all squarefree products of pairs of distinct generators.

2
Thus, I(A)? = (21292324, 11222576, T3042576, T123T5T6).

o For k =3, we consider all squarefree products of 3 distinct generators. So, we

have I(A)B! = (zyzox3w45256).

o For k =4, we observe that (z122)(1374)(2123)(7576) = 230203747526, Which

is not squarefree, hence 114 = (0).

So the largest integer k for which I¥1 £ 0 is 3, and I* =0 for all k > 4. This corre-
sponds to the fact that the maximum number of disjoint facets (i.e., the matching
number of A) is 3.

The study of squarefree powers is motivated by their deep connection to the ordinary
powers of I, particularly regarding their homological properties. It is known from

(Herzog et al., 2004, Lemma 4.4) that the multigraded minimal free resolution of
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I¥ i a subcomplex of the multigraded resolution of I*. This yields the inequality:
reg(T1") < reg(I¥).

This inclusion implies that if I fails to have a linear resolution, then I* also does

not have one.

When I(A) is regarded as the facet ideal of a simplicial complex A, the monomial

generators of [ (A)[k] correspond to the k-matching of A, that is,
(A = (2, - -xj, {i1,...,ik} is a k-matching of A).

It is straightforward to check that I'* # 0 if and only if 1 < k < v(A), where v(A)
is the matching number of A. The concept of k-matching for a simplicial complex

will be introduced in the next section.
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3. MATCHING IN SIMPLICIAL FORESTS

In this section we give some preliminary results related to the matching of simplicial
forests that will be used in the following sections. But, firstly we highlight the
following definitions and notation describing different matching in A.

Definition 3.0.1. A matching of A is a set of pairwise disjoint facets of A. A
matching consisting of k facets is referred to as a k-matching. A k-matching is
called maximal, if A does not admit any (k+ 1)-matching. The matching number
of A is the size of a maximal matching of A and is denoted by v(A).

Definition 3.0.2. A matching M of A is called induced matching if the set of facets
of the induced subcomplex on UpeprE is (M). The induced matching number of A

is the maximum size of an induced matching of A and denoted by vi(A).

In (Bigdeli et al., 2017), authors introduced the definition of a restricted matching
for 1-dimensional simplicial complexes (or simply a graph). We extend this definition
to simplicial complexes of any given dimension in the following way.

Definition 3.0.3. Let F,G € F(A). Then F and G form a gap in A if FNG =10
and the induced subcomplex on vertex set FUG is (F,G). A matching M of A is
called a restricted matching if there exists a facet in M forming a gap with every

other facet in M. The maximal size of a restricted matching of A is denoted by

vo(A).

We illustrate above definitions with following example.

Example 3.0.4. (a) Consider the simplicial complex A, whose F(A) consists
of facets F; = {i,i+1,i+2} for all 1 <7< 10. In Figure 3.1, we illustrate
the geometric realization of A. Then, M = {F}, Fy, F7, F1p} is the maximal
matching of A, and hence v(A) =4. However, M is not a restricted matching
of A. To see this, note that F} and Fy do not form a gap because Fy € (F1, Fy).
Similarly, F7 and Fjg do not form a gap because Fg € (F7, Fig). Therefore,
there does not exist a facet in M that forms a gap with the other facets of M.

However, M" = {F}, F5,F3} is a restricted matching of A because F} forms a
gap with F5 and Fg. This gives 19(A) = 3. Furthermore, we observe that M’
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is not an induced matching of A because F5 and Fg do not form a gap. Let
M" ={Fy, Fs, Fy}; this is an induced matching of A, and therefore v (A) = 3.

2 4 6 8 10 12

Figure 3.1 Geometric realization of A.

(b) Consider the simplicial complex A whose facets are all subsets of [n] of size
k for some 1 <k <n, that is, F(A) = {{i1,d2,..., it} : 1 < i1 < ... <i <n}.
Then, 1p(A) =v1(A) =1 and v(A) = [£]. This example shows that, given a
simplicial complex, the difference between its matching number and restricted

matching number can be arbitrarily large.

Now, we recall briefly some definitions in graph theory. Let G be a simple graph
with vertex set V(G) and edge set E(G). Two vertices u,v € V(G) are adjacent if
{u,v} € E(G). An isolated vertex in a graph is a vertex that is not adjacent to
any other vertex in the graph. The degree of a vertex v of G, denoted by deg(v), is
the number of the vertices adjacent to v in G. A subgraph H C G is a graph with
V(H) CV(G) and E(H) C E(G). Moreover, H is said to be an induced subgraph
on V(H) if for any u,v € V(H), we have {u,v} € E(H) if and only if {u,v} € E(G).

A path of length r —1 in G is a sequence of r distinct vertices vy, ...,v, such that
{vi,vit1} is an edge of G, for all i =1,...,7—1. A cycle of length r is a sequence
v1,...,0p,v1 such that vy,...,v, are distinct vertices of GG, and the only edges of G
are {v1,v,} and {v;,vi11} , for all i =1,...,r —1. A graph on n vertices, forming
a path of length n—1 is called a path graph, and is denoted by P,. A graph G
is connected if for every pair of vertices u,v € V(G), there exists a path in G that
starts at u and ends at v. A graph G is called a tree if it is connected and does not

have a cycle. A forest is a disjoint union of trees.

After providing the necessary definitions, we now continue with the first result.

Proposition 3.0.5. Let A be a simplicial forest and M = {Fy,...,F.} and N =
{G1,...,G} be two r-matching of A with U;_F; =U;_,G;. Then M = N.

Proof. Assume that M # N. Without loss of generality, we may assume that M N
N =1{). Consider the bipartite graph G on the vertex set {F1,..., F,.} U{G1,...,G,}
such that {Fj,G;} € E(G) if and only if F;NG; # 0. The condition U}_,F; =
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Ui_,G; enforces that the degree of each vertex in G is at least two. For instance,
let {F},G,} € E(G). Since F; # G and U!_ F; = U!_, G}, there exists some F}, € M
with i # k such that (G;\ F;) N Fy, # 0. Hence deg(G;) > 2.

The fact that every vertex of G has degree at least two shows that G is not a
tree and therefore contains a cycle C of length ¢t > 4. After rearranging the in-
dices, let C' be given by: Fy,G1,Fs,...,F;,G¢, Fy. Consider the subsubcomplex
A =(Fy,...,F;,G1,...,Gy) of A. Then A’ is also a simplicial forest with a leaf, say
G'1. Since M is a matching, we observe that G N F; is disjoint with G1 N F} for all
i # j. Moreover, the sets G1 N F} and G1 N Fy are non-empty by the definition of G.
This shows that G is not a leaf of A/, and A’ is a not a simplicial tree, which is a

contradiction to A being a simplicial tree. O]

We obtain following description of elements of G(I(A)¥) as an immediate corollary
of above proposition.

Corollary 3.0.6. Let A be a simplicial forest with F(A) = {F,...,F.} and for all
i=1,...,r, set fi =ljer vj. For any 1<k <v(A), each u € GUI(A)F) can be
uniquely expressed as uw= f;, --- fi, where M ={F;,,..., F; } is a k-matching of A.

It is argued in (Bigdeli et al., 2017, page 24) that if a simple graph G is a tree then
v(G) —1p(G) < 1. Below, we extend this result to any simplicial forest.
Proposition 3.0.7. Let A be a simplicial forest. Then v(A)—vy(A) <1.

Proof. Let s =v(A) and M = {E1,...,Es} be a s-matching of A. Consider the
graph G associated with M such that V(Gj) = M and

E(Gy) ={{Ei, E;} : E; and E; do not form a gap in A}.

We first prove that Gj is a forest. To do this, suppose that GG is not a forest; that
is, G contains a cycle of length at least three. We may assume that the sequence
of vertices E1,..., E, gives a minimal cycles in G s for some r < s. By the definition
of Gy, for each i =1,...,r, there exists F; € F(A) such that F; C F;U E;4; and
F; ¢ (B, Eit1) .

Let A’ be the subcomplex of A such that Fy,...,F, € A’ and E; € A if and only
if F;_1NF;=1{. Since A is a simplicial tree, the subcomplex A’ is also a simplicial
tree and contains a leaf. For all ¢ =1,...,r, using the fact that M is a matching
of A provides that if F;NEF;j # 0, then j € {i —1,i+1}, and if F;NE; # (), then
j €{i,i+1}. Therefore, if F; is a leaf of A’ then the only possible candidates to
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be a branch of F; in A" are F;_1,F; 1 and F;, ;11 provided that F;, E; 11 € A’. We

have the following possible cases:

(1) Let E;,Eiq1 € A’. Then FENFi = 0 and F;_1NF; = 0. Moreover, F; N E;
and F; N E;y1 are nonempty and disjoint. This shows that F; is not a leaf of
A

(2) Let E; € A’ and Eiq ¢ A’. Then FNEFi %@ and F;_1NFEF;, =0 . Since
F;NF;41 C Eiy1, we see that F; N F;11 and E; N F; are disjoint. Hence F; is
not a leaf of A’. The case when E; ¢ A’ and E;+1 € A’ can be argued in a

similar way to conclude that Fj is not a leaf of A’.

(3) Let B, Eiv1 ¢ A’ Then F;NF;—1 # 0 and F;NF;_1 # 0. Tt follows from the
fact that B;NE; 11 =0 and F;NF;_1 C E; and F;NF;1 C E;41 that F; is not
a leaf of A/,

The above discussion shows that F; is not a leaf of A’ for any i =1,...,r. If E; ¢ A’
for all i =1,...,r, then A’ does not contain a leaf, which is a contradiction to A
being a simplicial tree. Let E; € A’ for some 7 = 1,...,r such that E; is a leaf of
A’. Then F;_1NF; =(. The only possible branches of E; in A’ are F;_1 and F;
because E; does not intersect any other facet non-trivially. On the other hand,we
observe that E;NF;_1 and E; N F; do not contain each other because F;_1NF; = (.
From this we conclude that F; is not a leaf of A/, a contradiction to the assumption

that A is a simplicial tree. Therefore, Gj; does not contain any cycle and the claim
holds.

If G'js contains an isolated vertex, say E;, then F; forms a gap with all other elements
of M. This gives vp(A) =v(A). If Gjr does not contain any isolated vertex, then
pick F; such that £ is a leaf of Gy and let £ be the unique neighbor of E; in G ;.
Then M\ {E};} forms a restricted matching of A and vp(A) =v(A)—1. O
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4. SIMPLICIAL FOREST WITH LINEAR SQUAREFREE POWERS

In the first part of this section, our aim is to show that if facet ideal of a simplicial
forest has linear resolution then its non-trivial squarefree powers also have linear
resolution. Zheng in (Zheng, 2004b) characterized all simplicial forests whose facets
ideals have linear resolution. Indeed, it is shown in (Zheng, 2004b, Theorem 3.17)
that the facet ideal of a simplicial forest A has linear resolution if and only if A

satisfies intersection property.

We first observe in the following proposition that a simplicial forest with intersection
property has matching number at most two.

Proposition 4.0.1. Let A be a simplicial forest with the intersection property and
dim(A) > 1. Then v(A) < 2.

Proof. From the definition of the intersection property, we know that A is pure. Let
dimA =n-—1.

On contrary, assume that v(A) > 3, and let £y, E2 and E3 be three pairwise disjoint
facets of A. Let Ey ={a1,...,an}, Ea={b1,...,b,} and E3={cy,...,c,}. Since
A has intersection property, using dim(£; N Ej) = —1, we obtain dist(E;, E;) = n,
for all ¢ #j5. Let C;: FEy = Fy,F1,...,F, = F> be the unique irredundant
chain between Ej; and Fs. Since dim(F;N Fj11) = dim(Fj4+1) — 1, after rearrang-
ing indices, we set F; = {b1,...,b;,a;11,...,an}, for all i =1,...,n—1. Simi-
larly, let Co: Eo = F{,F{,...,F = E3 be the unique irredundant chain between
Es and Es with F! = {c1,...,¢i,bit1,...,bp} for all i =1,...,n—1. Lastly, let
C3: FEs=F} F/, ... ,F/=E; be the unique irredundant chain between E; and
FE3 with F/' ={ay,...,a;,¢it1,...,cp} foralli=1,...,n—1.

Consider the subcomplex A" = (Fy, Ey, E3, Fy—1,F,_{,F"_ ;) C A. Observe that
EiNF,_1={ayn}, E1NE!_ | ={ai,...,an—1} and the intersection of E with Eo, F’3
and F),_; is trivial. This shows that E is not a leaf of A’. Similarly, one can see that
none of the facet of A’ is a leaf of A’, and hence A’ is not a simplicial tree, which is a

contradiction to A being a simplicial tree. Therefore, we conclude v(A) < 2. O
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Below, we recall a nice result proved in (Kumar & Kumar, 2023), which is crucial
in the proof of Theorem 4.0.4.

Lemma 4.0.2. (Kumar & Kumar, 2023, Lemmas 2.1 and 2.2) Let A be a simplicial
tree with the intersection property. Then, there exists an ordering on the facets of
A, say F,..., F., such that the following conditions hold:

(i) Fi,...,F, is a good leaf ordering on the facets of A, and dist(F;, Fi11) =1 for
allie{1,...r—1}.

(ii) If there exists x € Fj\ F; for some j <1, then x ¢ Fy, for all k > i.

(iii) For any j <1, there exists k € {j,...,i —1} such that |Fp N F;| = |F;| — 1 and
FjﬂFk < F;.

The next result can be seen as a consequence of (Kumar & Kumar, 2023, Lemma
2.3) and (Soleyman Jahan & Zheng, 2010, Proposition 2.10).
Theorem 4.0.3. Let A be a simplicial tree with intersection property. Then, I(A)m

has linear quotients.

Proof. Let A be a simplicial tree with the intersection property. Zheng’s result
(Zheng, 2004b, Proposition 3.9 and Theorem 3.17) shows that I(A) has linear quo-
tients, and this result is generalized in (Kumar & Kumar, 2023, Lemma 2.3) which
proves that [ (A)k has linear quotients for all k. Moreover, (Soleyman Jahan &
Zheng, 2010, Proposition 2.10) asserts that if a monomial ideal J has linear quo-
tients, then the ideal generated by the squarefree monomials in J also has linear
quotients. Therefore, the desired conclusion follows from (Soleyman Jahan & Zheng,
2010, Proposition 2.10) together with (Kumar & Kumar, 2023, Lemma 2.3). O

We know that the second squarefree power of these ideals has linear quotients, but
in the following theorem, we give a precise ordering of the generators of the second
squarefree power, which gives us linear quotients. Note also that this result recovers
the result of Erey and Hibi (Erey & Hibi, 2021, Theorem 41).

Theorem 4.0.4. Let A be a simplicial tree with intersection property. Then, ](A)[k}
has linear quotients, for all 1 <k <wv(A).

Proof. The assertion hold when k£ =1 due to (Zheng, 2004b, Theorem 3.17). By
virtue of Lemma 4.0.1, it is enough to consider the case when k = v(A) =2. Set
I =1I(A). Let Fi,...,F, be a good leaf order of A as in Lemma 4.0.2 and f; =
[ljer, x;j for each @ =1,...,r. It follows from Corollary 3.0.6 that any monomial

generator of I can be uniquely written as f; fj where {F;, F}} is a 2-matching.
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Set m; ; = fif; for all f;f; € G(I?) with i < j. For any M j, My € G(I2), we set
mye <m;; if and only if t <k or i =k and j < /. We order the minimal generators
of 1% in a descending chain, My gy > - > mg, j, and we claim that I 2l has linear
quotient with respect to this order. Using (Herzog & Hibi, 2011, Lemma 8.2.3),
it is enough to show that for any my g, m;; € 12 with my ¢ < mj;j, there exists

myp,q € I? with my, o < my,, such that (my4): (my) is generated by a variable and

(mij): (mre) C (Mpg): (M ).

First we consider the case ¢ =k and write my, ¢ = m; 4. Since m; ¢ < m; j, we obtain
j <l. Due to Lemma 4.0.2(iii) there exists some g € {j,...,¢—1} such that |F;NFy| =
|Fp| —1 and FjNFy € Fy. More precisely, there exists a € F; \ F; and b € Fy such
that F, = (Fy\ {b})U{a}. Then it follows immediately from F;NF; = F;NFy =)
that F;NF, =0. This shows m; , = fifq € G(I?). Since i < j < q < ¢, we have either
fifq = fifj or fifq> fifi- The construction of Fy yields

(fifi): fife € (fifq): fife= (za),
as required.

The case when j = /¢ can be argued in a similar way.

Now we consider the case when i # k and j # {. Since m;; > my e, we obtain
i < k. Again by Lemma 4.0.2(iii) there exists some p € {i,...,k — 1} such that
|FpNFy| = |F)|—1 and F;NF,  Fy. Then, for some a € F; \ F}, and b € F},, we have
Fy, = (Fi \ {b}) U{a}. It follows from Lemma 4.0.2(ii) that a & F} because i <k </
and a € F; \ F. Combining a ¢ Fy with Fy, N Fy =0 gives F,NFy = (). Therefore,
mpe = fpfe € G(I[2]) and f,fr > fi.fe because p < k. From the construction of F,
we obtain (f;f;): fufe € (fpfe): fufe= (x,). This completes the proof. O

4.1 The v-th Squarefree Power of Simplicial Forests

We begin by introducing some definitions that will be used throughout this section

and the upcoming ones.

A rooted tree T' is a directed tree with a fixed vertex, called the root, which is
directed implicitly away from the root. A directed path of length ¢t — 1 is a sequence

of t distinct vertices i1,...,4, such that each pair (ij,ij41) forms a directed edge
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from ¢; to ij41 for all j=1,...,t—1. The graph in Example 4.1.1 is a rooted tree
with directed edges.

A well known example of a simplicial forest is due to (He & Van Tuyl, 2010, Corollary

2.9), which we describe below.

Let T" be a rooted tree. We denote by I'; the simplicial complex whose facets cor-
respond to the directed ¢-paths of I'. In (He & Van Tuyl, 2010, Theorem 2.7) it is
shown that I'y is a simplicial tree. Due to this, we refer to I'; as t-path simplicial
tree of I'. The facet ideal of T'; is called the t-path ideal of I, and is given by

I(Ty) = (wjy -+~ wj, s 11,...,7¢ is a directed path on ¢ vertices in I).

It is known that the v-th squarefree power of the edge ideal of a simple graph has
linear quotients, as shown in (Bigdeli et al., 2017, Theorem 4.1). Such a statement
does not hold for the facet ideals of simplicial complexes (equivalently edge ideals
of simple hypergraphs), or even for facet ideals of simplicial forests, as shown in the
following example.

Example 4.1.1. Let I' be the rooted tree in Figure 4.1 and I(I'3) be the 3-path
ideal of I". Then

I(I'3) = (12224, T122T5, £123T6, T1X3TT, TTAL, TT5LTY, LIL6L10, LILTL11)-

Observe that v(I'3) = 2, and I3(I')# = 0 for all k£ > 3. Easy computations with

Figure 4.1 A rooted tree.

Macaulay2 (Grayson & Stillman, Grayson & Stillman) show that I3(I')!? does not
have a linear resolution. This shows that (Bigdeli et al., 2017, Theorem 4.1) can not

be extended even to the case of t-path ideals of rooted trees.

Our next main result is motivated by the question, for which classes of simplicial
trees we can generalize (Bigdeli et al., 2017, Theorem 4.1). More precisely, we want

to answer the following:
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Question 4.1.2. Can we find some special classes of simplicial trees whose facet

itdeal has the property that their v-th squarefree power has linear resolution.

In an effort to answer above question, we prove that an analogue of (Bigdeli et al.,
2017, Theorem 4.1) holds true for I(I't), where I'; is a simplicial tree whose facets
are the directed t-paths of a broom graph, see (Bouchat et al., 2011).

A broom graph T' of height h is a rooted tree with root z, consisting of a handle
which forms a directed path of length h rooted at x, and all the other vertices that
are not on the handle are leaves of I'. See Figure 4.2 for an example of a broom
graph. A graph consisting of only a directed path is a broom graph consisting of
only handle.

Before stating our next theorem related to broom graphs, we setup the following
notation.

Notation 4.1.3. Let I' be a broom graph rooted at the vertex zgo with ht(I') = h
and let xgp,21,0...,2p,0 be the vertices of the handle of I'. Furthermore, for each
1 <i < h, let [; be the number of vertices of I' which do not lie on the handle and
their unique neighbor on the handle is x;_19. We set the following notation for the
facets of I't where t > 2. For 0 <i<h—t+1and 0 <5 </l;1;_1, set

(4.1) Fij={%i0,%it1,05- - Titt—2,0, Titt—1,5 }-

We define a total order on F(I';) as follows: for all Fj ;, F}, ., € F(I'y) with i,k €
{0,...;h =t +1}, 0< j <ljgp—1 and 0 <m < Lpqp—q, we set Fjj < Fy, p, if either
1<kori=kandm<]j.

We identify the vertices of I" as variables and set S = Klz;; : z;; € V(I')]. For
each F; ; € F(I't), let m;; be the monomial corresponding to Fj ;, that is m; ; =
Ti0Tig1,0" Titt—2,0Ti+t—1,5. Let 1 <k <w(ly). Due to Corollary 3.0.6, any

monomial generator of [ (K]

can be uniquely expressed as m;, j, ---m;, j, such that
M ={Fi j,,...,F; j.}isa k-matching. Let ug,up € G(IM) with ug =my, j, ---mi, j,
and uy = my 5 SRUTRE such that Fj j, <... <Fj j and Fy ;» <... < Ey 1 and
s=max{(: F}, j, # FZQJE}' We set uy < ug if Fyy i < Fj
Example 4.1.4. Let I' be the broom graph as in Figure 4.2 and I's be its 3-
path simplicial tree. Then ht(I') =5 and I =13 =14 =0, I =1 and I5 = 2.
Following Notation 4.1.3, we label the facets of I's as Fyo = {z00,%1,0,220},
Foq = {200,210, 221}, F10 = {z1,0,720,730}, Fo0 = {220, 30,740}, F30 =
{23.0,240,250}, F3,1 = {x3,0,24,0,25,1}, and F32 = {230, 240,752}. With the total
order defined on the facets of I'; in Notation 4.1.3 we obtain F3o > F31 > F39 >

ERVEN
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Z5.2

Figure 4.2 A broom graph.

Foo> Fi0> Foo > Fp1. Moreover, the elements of G(Im) are ordered as

™mp,0MM3,0 > M0,173,0 > M,0M3,1 > 10,1731 > M0,0713,2 > M,11M3,2 > 1M0,172,0-

Now, we give the main result of this section.

Theorem 4.1.5. Let I" be a broom graph and Iy be its t-path simplicial tree.
(i) I(CHPTD] has linear quotient.

(ii) In particular, if T is a path graph, then I(Ft)[yo(rt)} has linear quotient.

Proof. Set I = I(I'y). We use Notation 4.1.3 to order the elements of G(I!9) as
uy > ... > uy, and use this ordering of G(I19) to prove (i) and (i7). Let ug,u, € G(119)

with a <band ug =mg, j, - Mg j., up = My e My gt such that Fy, j, <...<F_j,

and Fy jo <...<Fy y. Moreover, let s =max{(: F;, j, # Fiz,jé}' Since, up < Ug,
we obtain Fig7j§ < Fis,js' Let M = {Fz 7F7:q,jq} and N = {Fi’ Fig,j[z}' To

oy
17]17 Y

prove (i) and (i7), we invoke (Herzog & Hibi, 2011, Lemma 8.2.3) and construct a

1019

monomial u, € G(I'9) with w, < u, such that (u.): (up) is generated by a variable
and (ug): (up) C (ue): (up).

(i) Let ¢ = v(I'). Since Fy ;i < Fj, j,, it follows that either if < i or is =4 and
Js < jk. We distinguish three cases: (1) is =1%; (2) i’ <is and 0 < j’; (3) i, <is and
-/

Js =0.

Case (1): Let iz =i, We know that Fj ; does not intersect any facet in
{Fy o By gy =AFig g+ Figge} © M because M is a matching of I'y.

s+1’jfe+1 [
The construction of facets of I'; in (4.1) together with the fact that Fy, ;; does not in-

tersect any facet in {Fi/1 RATEEE Fi; » j;_l} shows that Fj ; also does not intersect any

facet in {Fy w,...,Fy 5 }. From this we conclude that F ; does not intersect
1:J1 s—1Js—1 1s,]s

any facet in N\ {Fy ;}. Hence uc= (up/my jr)my i = (up/Ti 141 )% 1415, €

25



G, and (ue): (up) = (Tit44-1,) Since Fy o < Fy .,

Since w441 ;, € Fir j, C supp(uq), we have (u a): (up) € (Tir44-1,5,), as required.

it follows that wup < uc.

Before proceeding further to Case(2) and Case(3), we need to acknowledge
that Fj, js N Fy i # 0. Indeed, since Fjy i, is disjoint with all the facets in

{Fy oo yand Fy g < < Fy e < i, it follows immediately that
Fi, j, is also dlSJOlnt with each of the facet in {F/ o By g } Moreover,
due to {F-/ T i it} = A e Figga ) C M the facet FZS js 1s disjoint

with each of the facet in {F/ e Fig’j&}. Therefore, if Fy, j, N Fy ;= (), then
F;, j, UN forms a (q+ 1)—match1ng, a contradiction to the assumption ¢ = v(I').
Therefore, Fj, j, N Fy i # 0. To discuss Case(2) and Case(3) we make use of
Fi, g, Ny o # 0. Note that the vertices in Fj, ;, N Fy, i lie on the handle of T.

Case (2): Let if <is and 0 < jg. Then Fj, j, N Fy ;+ # 0 if and only if if +1 <45 <
i+t —2. This shows that x;; ., 10 € Fy, j, Csupp(ug). Also 2y 10 & Fy o due
to ji > 0 and therefore ;1 1, 1 o & supp(up). This gives (uq): (up) C (75744-1). Let
Ue = (up/my jr)myr 410, Then (ue): (up) = (Ti,44-1,0). Since Fyy ;1 < Fyrq o, it yields
up < uc. Again from Fy ;o < Fy 1 g, it is follows immediately that Fir 41 does not

intersect any facet in {Fi’pj{v .. Fy_ o} Because of it 4+1<is<il+t—2, wehave
either Fy o= Fi, j, or Fy < Fj, j,. In both case, it is easy to see that Fj g
does not intersect any element in {F/ il FZ;N&} ={Fiy i1 jesrr s Figja CM.

Hence u. € G(I'9)). Then (uq): (up) g (x zs+t,0> = (uc): (up), as required.

Case (3): Let @ <is and j; = 0. Then Fj, j,NFy i # 0 if and only if i +1 <5 <+
t—1. If i5+1 =i, then set ue = (up/my_j1)my 4y j,, and if i +1 <is <df +¢—1 then

set ue = (up/m i#+1,0- Inboth cases, up < ucand (ugq) : (up) C (uc) : (up), and by

i4.40)1m
arguing similarly as in the cases above, it follows that u. € G(I[q]). Also, if i, +1 =154
then (uc): (up) = (774 5,), and if @ +1 <ig <ig+1—1 then (uc): (up) = (T 440)-

This completes the proof.

(77) Now, let I" be a path graph. It is known from Theorem 3.0.7 that v(I'y) — v (T') <
1. If v(I'y) = v(T'y) = 0, then the assertion follows by virtue of (i). Therefore, it is
enough to consider the case when vy(I'y) = v(I't) — 1. Set g = vp(Iy).

Since I' is a path graph, we can view [' as a broom graph consisting of only the
handle x0,21,0,...,24,0. In this case, j =0 in (4.1). To simplify the notation, we
set Fj := F; 0 and m; :=m;o for each 0 <i < h—t+1.

To construct the monomial u., we proceed in the following way. Since Fj < Fj,
we obtain i <i,. If F;, NFy # (), then the desired conclusion follows from the

same argument as in Case (3) above. Now suppose that Fj, N Fy = (), that is ,

26



it +t—1<is. Then due to Fy <...<Fy <F, we conclude that Fj, does not
intersect any facet in {Fy ..., Fy }. Also, due to {FZ-/S“, o By b =A{Fi,- b C
M, the facet Fj, is disjoint with each of the facet in {Fi/s+17"'7Fi{1}. Therefore,
A={Fy.....Fy,Fi,, Fy

" ..,Fig} forms a maximal matching of I';.

First we claim that Fj; and F;, do not form a gap in T'y. To prove the claim, assume
that Fj; and Fj, form a gap in I';. Then Fj, forms a gap with all elements in
{Fill, .,y b Tt yields s # g, otherwise A is a restricted matching of size ¢+ 1, a
contradiction. Also 4+t # i,, otherwise Fj, ., 1 belongs to the induced subcomplex
generated by [, and F;,, a contradiction to our assumption that Fj; and F;, form
a gap. Since i, +t—1 <ig and i}, + ¢ # i5, we conclude i, +t < is. Note that
Fy NF;,—1 = 0. Consider the following set

BZ{P’Z”N' F’ s Fig—1, F’ I 1—17 }

Since Fy, N Fy =10, it follows immediately that Fy; 1 NFj =0 and Fj, forms a gap
with the rest of the elements in B. This implies 1y(I'y) = ¢+ 1, a contradiction.
Hence we conclude that F; and Fj, do not form a gap in I'y, and i} 4+t =is. Let
Ue = (up/myr )my q. Then uy < ue and (ue) @ (up) = (21440) Since x40 € F,
it follows that (uq): (up) C (ue) : (up) = (Tir440)- It only remains to show that
ue. € G(I'9). Due to Fy <...<Fy <Fyiq,we conclude that F};  does not intersect
any facet in {Fj,..., Fy }. Since i+t =15 <...<liq, the facet Fj, ., is disjoint with
each of the facet in {Fi;H, o Fy y ={Fi ..., Fi,}. This shows that u. € G(1la)y,
as required. This completes the proof. O

We point out that the linearity of the resolution concerning the vg-th squarefree
power of a t-path ideal needs to be specialized for path graphs, because it does not
hold in general for broom graphs. We illustrate this in the following example which
is given in (Erey et al., 2022, Page 12).

Example 4.1.6. Consider the broom graph given in Figure 4.3. Let 'y be its 2-path

simplicial tree. Then
I(T'9) = (z172, T213, T3%4, T4T5, T5T6, TeT7, T3Ts, T5x9) C K[z1,...,T9].

We compute the restricted matching number 1(I'2). Consider the matching M =
{{1,2}, {6,7}, {5,9}}, which consists of pairwise disjoint facets. Let F' = {1,2}.
Then F' forms a gap with both other facets in the matching. Hence, M is a restricted
matching of size 3 and we do not have a restricted matching of M with size bigger
than 3. Therefore, vy(I'y) = 3. Then,
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g Zg

Figure 4.3 A broom graph.

3
I(T9)B) = (21200324256, 01020304508, 1 Lo T3T4TETY, T1 ToTIZTATETT, T1 T2TITL5TELS,
T1T2T3T5LRLY, T1T2XILELTL, T1L2T4T5LELT, T1T2T5LELTLY, T2XIL4T5TELT,

L2TITELELTLY, LILALELELTLY, L3LALELELTLY, 333335336337338339)-

The free resolution for I(I'5)B! is given as follow:
0— S(—=8)5 @ S(—9) — S(=7) @ 5(—8) — S(—6)" — I(I'y)P¥ — 0.

This shows that (Fg)[S] does not have a linear resolution and consequently does not

have linear quotients.

28



5. LINEARLY RELATED SQUAREFREE POWERS OF

SIMPLICIAL TREES

In this section we discuss the linearity of the first syzygy module of squarefree
powers of the facet ideals attached to simplicial forests. We say that a graded ideal
I, generated by homogeneous elements of degree t, is linearly related if 51 ;(1) =0
for all j #1+t. A useful tool to investigate the linearly related property for a
monomial ideal is provided by (Bigdeli et al., 2017, Corollary 1.2), which we recall
in Theorem 5.0.1.

Let I be a monomial ideal generated in degree d. In (Bigdeli et al., 2017), authors
associated a graph G to I as follows: V(G)=G(I), and {u,v} € E(Gy) if and only
if deg(lem(u,v)) = d+ 1. Moreover, for all u,v € G(I), the induced subgraph of G
on the vertex set {w € V(Gy) | w divides lem(u,v)} is denoted by Ggu’v).

Theorem 5.0.1. (Bigdeli et al., 2017, Corollary 1.2) Let I be a monomial ideal
generated in degree d. Then I is linearly related if and only if for all u,v € G(I)

there is a path in Ggu’v) connecting u and v.

In (Bigdeli et al., 2017, Lemma 4.2), authors showed that if [ is the edge ideal of
a simple graph, then I¥ is not linearly related for any 1 < k < 19(G). This result
cannot be extended even for the facet ideal of an arbitrary 2-dimensional simplicial
complex as observed in the following example.

Example 5.0.2. Let A be the simplicial complex whose facet ideal is
[(A) = (1'156'256'3,1'41'51'6,1'71'81'9,{L'4{L'5$7,5172{IJ4{L’8,1’31’51’7,%4%8.7}9,%5%6377,

T1XALT7, L2T5L8, LILELY, LALTLY, LELTLY, TELRLY, $4$6$9)

The set M = {{1,2,3},{4,5,6},{7,8,9}} is a restricted matching of A because
{1,2,3} makes a gap with the rest of the facets in M. One can verify that there does
not exists any restricted matching of A of size bigger than three. It gives vo(A) = 3.
With Macaulay?2 (Grayson & Stillman, Grayson & Stillman), we see that I(A)? is

linearly related.
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Now, we prove an analogue of (Bigdeli et al., 2017, Lemma 4.2) for pure simplicial
forests. Together with Proposition 3.0.7, it basically gives a necessary condition for
the squarefree powers of the facet ideals of a pure simplicial forest to have a linear
resolution.

Theorem 5.0.3. Let A be a pure simplicial forest with dim(A) > 0. Then I(A)¥
is not linearly related for all 1 <k < 1p(A).

Proof. Let dim(A) =n—1>0and M = {F, Fy,...,F, (a)} be a restricted matching

of A. Set I =1I(A). Let fi =Iljcr zjand set u= fifo--- fr and v= fofs... fr41 for

1 <k <wvp(A) such that Fj,1 forms a gap with rest of the elements in M. By virtue
(u,v)

of Theorem 5.0.1 it is enough to show that u and v are disconnected in G ;.
Note that {u,v} is not an edge in G%’f) because deg(lem(u,v)) = kn+n > nk+ 1.
Suppose that v and v are connected in G%’]v). Then there exists some w € G(I¥)

(u,v)
k]
lem(u,v) and deg(w) = nk, there exist some z € F, 11 C supp(v) and y € supp(u) such

that supp(w) = {z} U (supp(u) \ {y}). Let w =wy ---wy with G; =supp(w;) € F(A)
for i =1,...,k. After a relabelling of vertices, we may assume that x € G; and
y€ F. Let G) =G1\{z} and F| = F1\{y}, and set A= {G},Go,...,G}} and
B ={F|,F,,...,F}}. Observe that G| € Fy, for all £ =2,... k. Indeed, if G| C F,
for some ¢, then G1 belongs to the induced subcomplex on F,U F}1, which is a

such that {w,u} is an edge in G and deg(lem(u,w)) =nk+1. Since w divides

contradiction to the assumption that Fj,; forms a gap with Fj.

We claim that A = B and consequently G} = F|. To see this, we apply the similar
argument as in the proof of Proposition 3.0.5. Note that the elements of A are
pairwise disjoint and the elements of B are pairwise disjoint as well. Moreover, the
union of elements of A coincides with the union of elements in B. Assume that
A # B, and without loss of generality, we may assume that AN B = (). Consider the
bipartite graph H on the vertex set AU B such that two vertices of H are adjacent
if and only if their intersection as facets of A is non-empty. Since G} € Fy for any
¢, we see that degree of G in H is at least two. Moreover, due to ANB = we
obtain that degrees of Go,...Gp, Fy, ..., F), are also at least two. Therefore, H may
have at most one vertex of degree one, namely, F]. This show that H is not a forest
and it contains a cycle. Let C be the vertex set of a cycle in H. If G} or F| appears
in C, then we replace them by G; and Fp, respectively. As argued in the proof
of Proposition 3.0.5, we see that the subcomplex of A with facets in C' does not
have a leaf, which is a contradiction to A being a simplicial tree. Therefore, A = B,
and consequently G1\ {z} = F1 \ {y}. This shows that G belongs to the induced

subcomplex on F1 U Fj 1, a contradiction to the assumption that £} forms a gap
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with Fj.

From above argument we see that there does not exist any w € G%;]U ) adjacent to
u. Therefore, G%;]U) is disconnected, as claimed. O

Corollary 5.0.4. Let A be a pure simplicial forest. ]f](A)[k] has a linear resolution
then k =v(A)—1 or k=v(A).

Proof. Tt follows from Proposition 3.0.7 and Theorem 5.0.3. O

Next, we show that for any pure simplicial tree A, if [ (A)[k] is linearly related then
I(A)F+1] is also linearly related. Hence, if the highest squarefree power I(A)M(A)]
is not linearly related then I(A)¥ cannot be linearly related for all 1 < k < v(A),
in particular [ (A)[k] cannot have a linear resolution for all 1 <k < wv(A). To show
this, we first prove the following lemma.

Lemma 5.0.5. Let A be a simplicial tree. Further, let M = {Fy,...,Fs} and N =
{G1,...,Gs} be two s-matching of A. Then there exist i,5 € {1,...,s} such that

FiNGp =0 for all k # ;.

Proof. If F; =Gj for any i,5 € {1,...,s}, then the assertion holds trivially. Assume
that F; # Gy, for all 4,5 € {1,...,s}, that is, M NN = (. Let H be the bipartite
graph with V(H) =MUN and E(H) ={{F;,G,} : FiNG; #0,i,j €{1,...,s}}. On
contrary, assume that for each i € {1,...,s} there exist at least two p,q € {1,...,s}
such that F;NG)p # 0 and F;NGy # (). Then each vertex in H has degree at least
two. Therefore, H contains an even cycle. After rearranging the indices, we may
assume that I, G1, F,Ga, ..., Gy, Fry1 = F) is a cycle of length ¢ in H.

Consider the subcomplex A’ = (F,..., F;,Gy,...,Gt). Since M and N are matching
of A, it follows that the sets F; NG; and G; N F;1q are distinct for all 1 =1,...,¢.
This shows that the subcomplex A’ = (Fy,..., F},G1,...,G¢) C A has no leaf, and A

is not a simplicial tree, a contradiction. O

Theorem 5.0.6. Let A be a pure simplicial tree. If I(A)W is linearly related then
I(A)FH s also linearly related.

Proof. Let I =I(A) and u,v € GU*H) with w= f1-- fre1 and v = g1+~ gpat
and f1,..., fkt1,91,---,9kr1 € G(I), for any 1 <k <v(A)—1. Following (Bigdeli
et al., 2017, Corollary 1.2), it is enough to show that v and v are connected by a
path in G(uk’i)l]. Let F; = supp(f;) and G; = supp(g;), for all i =1,...,k+1. Then

Il
M ={Fy,...,Fyy1} and N ={Gy,...,Gy41} are k-matching of A.
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It follows from Lemma 5.0.5 that there exist ¢,j € {1,...,k+1} such that F;NGy=10
for all ¢t # j. After rearranging the indices, we may assume that i = j = k+1. Then

Fri1N(G1U...UGE) =0. Since I¥ is linearly related, the monomials v/ = f1--- fi
and v’ = gy - - - g}, are connected by a path, say P : v/ = wq, w1, ..., ws=1', in G%]’U ).
Since w; divides lem(u/,v"), we obtain supp(w;) N Fyyq = 0 and w; frp1 € GIE),
for all : =0,...,s. Moreover, w;fr+1 divides lem(u,v) and hence w; fx11 € G(ﬁéi)u-

This gives a path

Q1 =w0 51, W1 flt1s- - We i1 =V frra

in G%‘,;?l]. Proceeding in a similar way, we construct a path from u” = go--- gg fr11

" //)

to v = g2+ grgr41 in G%}’v
(u,v)

g1v" =v in Gy Joining @1 and @2 gives us a path connecting u and v in

which provides a path Qg from giu” = v fr41 to

G%éi)l] , as required. O

We conclude this section with a description of the degrees of the vanishing graded
Betti numbers with homological degree one. An application of this result will be
provided in Proposition 6.0.5 in order to give a lower bound for the regularity of
the (v — 1)-squarefree power of the facet ideal of the ¢-path simplicial tree of a path

graph. To this end, we recall some definitions below.

Let P be a poset. The comparability graph of P, denoted by Gp, is a graph whose
vertex set consists of the elements of P and {a,b} € F(Gp) if and only if a and b

are comparable in P.

Let I be a monomial ideal. The lem-lattice of I, denoted by L([I), is the poset whose
elements are the least common multiples of subsets of monomials in G(I) which are
ordered by divisibility. By the definition, L(/) has 1 as the unique minimal element.
For any u € L(I), the induced subposet of L(I) with elements v € L(I) such that
1 < v < u, is denoted by the open interval (1,u). The simplicial complex A((1,u))

is the order complex of the poset (1,u).

In the following theorem and in next section, we adopt the following notation to
refer to t-path simplicial trees of path graphs. Let P, be the path graph on vertex
{1,...,n} and edges {i,i+1} for all i=1,...,n—1. For any ¢t <n, we denote the
t-path simplicial tree of P, by I';, ;. Then

F(Tng) ={F={ii+1,. . itt—1}:i=1,... n—t+1}.
The ideal I, = I(I'y ) is called the t-path ideal of P,. We label the generators of
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Int as fi1,..., fn—t+1 such that f; =[;cF, z; for each i. Moreover, we write f; < fj,
ifi<j. Let u,v e G(I}ﬂ) with u=fi, ... fiy and v=fj, ..., fj,. Let A, be the set
of indices such that iq € Ay, if and only if f;, # fj,. Now we are ready to prove
the following.

Theorem 5.0.7. Let I',,; be the t-path simplicial tree of a path graph Py, and I, =

I(Tyy). Then Bip(IF) =0 if p @ {kt+1,(k+1)t}.

Proof. Let I = I,, ;. Following Taylor’s complex attached to 1 5] we have Bim (L [k]) =
0 if m # lem(uy, ug) for any uy,ug € G(IM). Moreover, using the result of Gasharov,
Peeva and Welker (Gasharov et al., 1999), we have for all i > 0 and for all m € L(I*)

Brm(IM) = dim g Ho(A((1,m)); K).

Recall that dimg Ho(A((1,m)); K) is ¢ — 1, where ¢ is the number of connected
components of A((1,m)) (see (Munkres, 1984, Chapter 1-Section 7)). Note that
the maximum degree that m can have is 2kt. This gives f1,(/ k) = 0 for all p >
2kt. Therefore, to prove the assertion, it is enough to show the following: if m is
the least common multiple of two elements in G(I"), with kt +1 < deg(m) < 2kt
and deg(m) # (k+ 1)t, then the open interval (1,m) in the lem-lattice L(I%) is
connected. Moreover, to show that P = (1,m) is connected, it is enough to show

that the comparability graph Gp of P is connected.

By the definition of G p, the vertices of Gp are those monomials in L(/ [k]) which
are different from 1 and strictly divide m. Therefore, any monomial in V(G p) with
degree strictly greater than kt is adjacent with some elements of degree kt, which are
precisely the generators of I1¥l. Then, it is enough to show that for any v,w € V(G p)
with deg(v) = deg(w) = kt and v # w, there is a path in Gp that connects v and w.
If lem(v,w) € V(Gp), then lem(v,w) is a common neighbor of v and w and we are
done. Assume that lem(v,w) ¢ V(Gp). Since v and w strictly divide m, we note that
lem(v,w) ¢ V(Gp) if and only if lem(v,w) =m. Let v=f;, ... f;, and w= fj, ... f;,
with i1 < ... <ig and j; < ... < jg. First we assume that kt +1 < deg(m) < (k+1)t.
Then deg(m) = kt+r for some 2 <r <t—1. Since v # w, there exists some index
a for which f;, # fj.-

Case (1): Let [A(, )| = 1. This means there exists exactly one index a for which
Jia # fja> and fi, = f;, for all p# a. Without loss of generality, we may assume
that f;, < fj,- Then j, =iq+7r. Set z4:= fi,44 for ¢ =0,...,7. Consider the
elements of G(I¥) for each ¢ =0,...,7 given by v, = (v/ fi,)%4. Then vy = v, v, = w
and deg(my) = kt +1 < deg(m) where m, = lem(vg,vg+1). This shows that m,
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strictly divide m and mg € (1,m), that is, my € V(Gp). This gives us a path

v = v, Mg, V1,-..,Mr—1,V =w in G p connecting v and w, as required.

Case (2): Let [A(, )| > 1, and a be the smallest index for which f;, # f;,. Without
loss of generality, we may assume that f;, < fi,. Then supp(f;,)Nsupp(f;,) = Fj, N
Fi, =0 for all p# a. Set v1 = (v/f;,)fj.- It yields v1 corresponds to a k-matching
of Ty and vy € G(I¥)). Moreover, deg(lem(v,v;)) = kt 4 £ < deg(m) with £ <r
because |A(, )| > 1. Hence, lem(v,v1) strictly divides m and lem(v,v1) € V(Gp).
So far, we have a path v,lem(v,v1),v1 in Gp. Note that [Ag, )| < [Ag,w)l-

We repeat our argument by replacing v with v; to obtain vy such that |A(v27w)| <
| A1 w)] < [Auw) |- After d = |A(, )| — 1 number of steps, we obtain vy for which
|A(vgw)l = 1. Then by repeating the arguments as in Case (1), we further obtain
a path from vg to w in G p which can be augmented with the path v,lem(v,v1),v1,

lem(vy,v2),v2,..., lem(vg_1,v4),v4. In this way, we obtain a path from v to w in

Gp.

Now assume that (k+ 1)t < deg(m) < 2kt. In this case [A(, )| > 2. We proceed as

follows: let v1 = v, w; =w, s =r =1 and perform the following step.

Step-s: Weset vg = fs, -+ fs, with 51 <... <sp,and w, = fp. -+ fp, Withr <... <7y
Let a be the smallest integer for which fs, # fr,. If fr, < fs,, then we construct
vs+1 as follows such that lem(vg,vs41) € V(Gp).

Set Vor1 1= (Vs/ fsy) fra- Since fo, = frr, ooy frass = foaor- and fr, < fs, < fsoin <
..., [s,, it immediately follows that ve1 € G(I W). Moreover,

(i) if supp(fr,) Nsupp(fs,) =0, then deg(lem(vs,vs41)) = (k+ 1)t < deg(m).

(ii) if supp(fr,) Nsupp(fs,) # 0, then deg(lem(vs,vs11)) = kt +r < deg(m) where
r<t.

In both cases (i) and (ii) above, the lem(vs,vs41) strictly divides m. There-
fore, lem(vs,vs41) € V(Gp). At the end of this step, we obtain a path
Us+1,’wr)|' If |A(
set vg 1= vgy1 and repeat Step-s. Otherwise, vgy1 = w, and we obtain the desired
path

Vs, lem(vs, vs41), V541 in Gp. Also, |A(v87wr)\ > |A( )| >0, we

US+1 aw’l‘

v =w1,lem(vy,v2),v2, ..., v, lem(vs, wy ), Wy, lem(wy—1, Wy ), Wy—1,..., w1 =W

connecting v and w in Gp.
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It f,, > fs, then we terminate Step-s and go to Step-r to construct w,4; such that
lem(wy, wy41) € V(Gp).

Step-r: Set wy1 := (wy/ fr,) fs,- From a similar discussion as in the construction of

vst1 above, it immediately follows that w,4; € G(I [k]). Moreover,

(i) if supp(fr,) Nsupp(fs,) =0, then deg(lem(wy, wr41)) = (k+ 1)t < deg(m).
(ii) if supp(fr,) Nsupp(fs,) # 0, deg(lem(wy,, wy41)) = kt +r < deg(m) where r < t.

In both cases (i) and (ii) above, lem(w;, wy41) strictly divides m and lem(wy,wy4+1) €
V(Gp). At the end of this step, we obtain a path w,,lem(wy, wy41),wr41 in Gp.
AlSO7 |A(wr7vs)| > |A( )| If |A(
s. Otherwise, w,11 = vs and we obtain the desired path connecting v; and w; in
Gp.

)| > 1, we set w, :=wy41 and repeat Step-

Wyr+1,VUs Wr41,Vs

Note that, we perform Step-s and Step-r only a finite number of time. Indeed,

| A | > 1A )| at the end of Step-s and [A(y, )| > |4 at the end

VUs41,Wr wr+1»vs) |

of Step-r. This completes the proof. n

To illustrate this theorem we give the following example.

Example 5.0.8. Let ¢t = 2, n = 6, so we consider the ideal Igo =
(x129, w223, T34, 425, 25%6). The first squarefree power is just Ig 2 and the Betti
diagram of S/I 2 is given below.

Table 5.1 Betti diagram for S/ I o.

1 2 3 3

1 5 4 — —
2: |— 3 4 1
Tot: |5 7 4 1

We see that (1,(ls,2) # 0 only for p=3 and p=4, as expected since kt+1 =3 and
(k4 1)t =4. The second squarefree power is

(2]
Ig 5 = (21222374, V1022425, T1 220576, V2T3TATS, T2TIT5T6, TITAT5L6)

and the Betti diagram of S/ I([;?]Q is given in Table 5.2.
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Table 5.2 Betti diagram for S/ Ig}z.

So, ﬁlyp(lg%) # 0 only for p = 6, consistent with (k+ 1)t = 6. Note that 61,p(fg’]2) =0
3]

for all p=1,2,3,..., since [(gg = (zr122232425T6).
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6. REGULARITY OF T-PATH IDEALS OF PATH GRAPHS

In this section we study the regularity of the squarefree powers of the t-path ideal
Iy, + of path graph P,,. We give a combinatorial description for reg(R/ I,[Lkb in terms
of the induced matching number of I';,_j; ;. First, we set some notations in order to

prove the next lemma. If A is a simplicial complex and F' € F(A), then
A\ F:=(G:G e F(A) with FNG =0).

Moreover, given a simplicial forest A with a good leaf order F.,... F}, we set f; =
[, er A;=(F;,....F)foreachi=1,...,r,and J; = (f1,..., fi—1),fori=2... r.
Furthermore, we set J; = (0).

Lemma 6.0.1. Let A be a simplicial forest with good leaf order F,,...,Fi and
fi=1ls;erxj for alli=1,....r. Then for all 1 <k <v(A), we have

(1) LA (fr) = 1A\ P
(2) (L) 7i) = (i) = HANF)M + (T (), for all2<i <7

(3) (AN 1)+ (fi) = I Qi) 4 i, for all 1 <i <.

Proof. (1) Let J = I(A)*1): (f)) and g € J. Then gf; = hf;, .. - fir,, such that
{Fi,...,Fiy, } is a (k+1)-matching of A and h is a monomial. Since F} is a good
leaf of A, it yields that Fi is a leaf of the subcomplex (F1,F; ... Fj
may assume that F1NF;; C FiNFE; for all j=2,...k+1. Therefore, any element
in F1\ Fj, is not contained in Fi, for all j=2,...;k+1. It yields f; divides hf;

and fi, ... fi,, divide g. Since Fj, does not intersect any £, for all j =2,...,k+1,

) and we

it follows that Fj also does not intersect any F;; for all j =2,...,k+1. From
this we conclude that Fj,,...,F; , € A\ Fj and g € I(A\ F)*]. The inclusion

Lk+1

I(A\ F1)¥! C J is obvious since any facet in A\ F} is disjoint with F}.

(2) We have (I(A)FHU 4 7) (i) = (T(A)FF fi) +(J; : (fi), for all 2 <4 <r.
Since Fj is a good leaf of A;, applying a similar argument as in proof of statement
in (1), we have (I(A)FH: £) = 1(A; \ F;)F), which gives us the equality in (2).
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(3) We have J; + (fi) = Jiy1. Any element in G(I(A;)F1) is of the form u =

fi1"'

i1 such that {F;,... F; . }is a (k+1)-matching. Note that if f; divides u

then u € (f;) C Ji+1. On the other hand, if f; does not divide u then u € [(AZ-H)[I““].
This completes the proof. O

Remark 6.0.2. Let I',,; be the t-path simplicial tree of the path graph P,. Then

n

=[] =25 = [

t+1

Below, we provide a brief reasoning to justify the above equalities. As before, we

set

(1)

I(Fn,t):{Fl:{l,Z+1,,Z—i—t—l}z:l’?n_t_i_l}

Let n = qt+r where ¢ = [%] and 0 <r <t —1. Then, it is easy to see that
matching number of I'y, ¢ = ¢. Indeed, M = {Fy, Fi4t,..., F14(q—1):} Is a max-

imal matching of I';, ;.

Observe that two facets Fj, F} of I'y,; with ¢ < j form a gap if and only if
i+t <j. Indeed, F;NF; =0 if and only if i +¢ < j, and if j =i +¢, then Fj;
belongs to the induced subcomplex on F; U F;. With this observation, we form
a restricted matching M of I',,; of maximal size as follows: take a maximal
matching N of T, 41), as described in (1), and set M = NU{Fj,—¢+1}. In
M, the facet F,,_;11 forms a gap with all the facets in N. This gives

vo(Fnt) = vl (y1)e) +1= Vl—(erl)J = V?J

It follows from the definition of induced matching that any two facets in
an induced matching form a gap. Let n= ¢ (t+ 1)+ with 0 <7/ <t.
Then following the explanation given above in (2), it is easy to see that if
r’ < t, then the set {F17F1+(1+t)7--->F1+(q’—1)(t+1)} is an induced matching
of '+ of maximal size, and v1(I'y¢) = ¢/. On the other hand, if v’ = ¢, then
{F1 Fogts oo Fig (1) (t41)s Fn—t+1} s an induced matching of I', ¢ of maximal

size, and v1(I'y) = ¢’ + 1. This completes the argument.

Lemma 6.0.3. Let I'y; be the t-path simplicial tree of a path graph P,. Let I, =
I(Ty¢). Then

reg <Ii> = (t— D) (D).

Proof. 1t follows immediately from (Bouchat et al., 2011, Corollary 5.4) and Remark

6.0.2.

]
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Our strategy to provide an upper bound for reg(R/ ]7%) relies on repeatedly utilizing

the following short exact sequence
0—=R/(I:f)—R/I—R/(I+(f))— 0,

where [ is an appropriate monomial ideal and f is an element of I of degree d. In
fact it is known from (Dao, Huneke & Schweig, 2013, Lemma 2.10) that

reg(R/I) <max{reg(R/(I: f))+d,reg(I+(f))}.

Theorem 6.0.4. Let I'y,; be the t-path simplicial tree of a path graph P,. Let
Lt =1(Ty4). Then for any 1 <k+1<wv(l'),;), we have

R R
reg | ——— | < kt+re =kt+(t—1)v (L, — )
g(ﬂkﬂ]) () = - DA

n,t

Proof. We prove the assertion by applying induction on n. It is easy to see that the
assertion holds for P;. Assume that the assertion holds for all paths on m vertices
such that ¢t <m < n, that is, for each 1 <k+1 <v(I'), ), we have

R
reg (I[’f+1]> < kt+ (6= Dvi(Tin—kee)-

m,t

Given any two positive integers i < j, we set [i,j] = {i,i+1,...,5}. To simplify
the notation in this proof, we denote the path graph on vertices [i,j] by Py - In
particular, for the path graph on the vertices {1,...,n}, instead of writing P,, we
write Py . Since ¢ is fixed throughout the proof, we denote the t-path ideal of Pj; j
simply by ; ;1, and I'n ¢ by I'p.

Set Iy ={i,i+1,...,i+t—1} and f; = [[jep vj foralli=1,...,n—t+1. The order
of the facets of Iy, given by Fj,_4+1,..., F1 is a good leaf order. Consider the following

exact sequence

0— i EiN f — l -0

[k+1] . [k+1] [k+1] :
I s f Ty ey +(f0)
Using Lemma 6.0.1, we obtain
R p R R
0— — — — 0
k] [k+1] [k+1]

1 [14t,n] 1 [1,n] 1 [2,n] g

39



which gives

reg (R ) < max {H—reg (R ) reg (R ) }
(%] - (k] ’ [k+1] '
I ) It ) Inn Ty

Now we investigate reg(R/(1 [[5 :]H +1[1,4))- Let a be the maximum integer for which
k+1 is the matching number of the path graph P, 1 ,). Indeed, it can be verified
that a =n—t(k+1). Using Lemma 6.0.1, for any 2 <i < a, we obtain

R fi R R
0= . o] TS —0.
][z’+t,n] + (][1,t+i—2] . fz) I[@n] + ][1,t+i—2] ][i—l—l,n] +][1,t+i—1}
Furthermore, since v(P,4 1)) =k +1, we get:
0— f fats R — i -0
k k1 .
I[[aLHLn] + U1 4a—1] * fat1) I[[ai—l}n] + 11 1a-1] It t+a)
Therefore,
reg (R) <max{t-+reg i reg < i ) «
k+1] | = k ’ T, ]
hi" Ihpy) Mt
where

a= max <(t4reg k] d '
2sisotl Ligy g+ Unvioo) s fi)

Since a =n—t(k+1), using Lemma 6.0.3 we obtain

reg ( [1111 ]> =t — 1)1 (Tipa) = =D (Tpir) < kt+ (¢ — 1)1 (Tr_pe)-

Note that I[[ﬂ-t,n

using the induction hypothesis, we obtain

| can be identified as the t-path ideal of the path graph Py ,_y,

R
t+reg ([k]) <t+(k=1)t+ (= DTy 1)) = kt+ (¢ = Dri(Tppe)-
[14t,n]

Now we analyze o and compare it with kt + (t — 1)v1(I';,_p¢). For any 2 <i<a+1,
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the ideals 1 [[ﬂt ] and I[y 44;_9) : fi lie in disjoint set of vertices. Therefore

(6.1)  reg i =reg L —l—reg<R>.
Iy, 1+ U eri-2) i) Iy (T t+i-zy: £i)

[i+t,n [i+t,n]

Since Ijy ¢i—9 = (f1,---, fi-1), for 2 <i <t, we have

Ingyioo fi=(f1, fim1) o fi
(6.2) =(fro s ficemr) s fi+ (ficts- s fic1) 2 i
= (1 fime1) + (@ic1) = I gy + (i)

(k]
[i+t,n]

as ¢-path ideal of the path graph Py ,,_¢_; 1], and using induction hypothesis yields

If i <t+1, then we set (f1,...,fi—t—1) =0 in above equation. By identifying I

R
reg T S (k — ].)t+ (t - ]-)Vl (Fn—i+1—/€t)'
I[ith,n]

On the other hand using (6.2) and Lemma 6.0.3 we have

reg <(Rf)> < (t—1)11(Ti_s).

I tie2
Since v (Fi—2) + 1 (Tp—iz1—wt) < vi(Tn_1-kt), we see that « is less than kt+ (¢ —
v (T —g¢)- This completes the proof. ]

Next we show that the upper bound given in Theorem 6.0.4, is indeed equal to

reg ( [,il ) To do this, we first compute the regularity of (v(I';,¢) —1)-th power of
nt

Ins.

Proposition 6.0.5. Let I'y,; be the t-path simplicial tree of path graph P,, and
Ly =1(Tyt). Suppose that v(I'p ) —1# v9(I'n) and v(Ly ) > 1. Then

R
reg (_[[V(Fn,t)l]> = V(Fn,t>t — 2.

n,t

Proof. To simplify the notation, we denote v(I', ;) and (I, 1) by v and vy, respec-
[v 1]) _

tively. Since reg(R/ILV;l )= reg(I[ ]) —1, it is enough to show that reg(I, ;
vt —1.

The assumption v — 1 # 1 together with Proposition 3.0.7 gives that v = . Then
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from Theorem 5.0.3, we see that ILV; 1is not linearly related. Thanks to Theo-

rem 5.0.7, we obtain 51,,4(1,@5;”) # 0. Therefore, reg([,[;j;”) >vt—1. Now, we
show that reg([,[:t_u) <wt—1. From Theorem 6.0.4 we have

reg(1¥, ) < (v =2)t+ (t = V)i (Tp_pagyrs)) + 1.

It is sufficient to prove that v1(I',_(,_2);;) = 2. There exists some j such that
n=vt+j with 1 <7 <t—1. Indeed, if j > ¢, then there exists a matching whose
cardinality is strictly more that v, which is a contradiction with being v the matching
number. If j =0 then n = vt, so vy < v, which is a contradiction with being v = 1.
Since n — (v —2)t = 2t +j, we obtain v1(I';,_(,_2y;) = 2, due to Remark 6.0.2, as
desired. O

Corollary 6.0.6. Let I',, 4 be the t-path simplicial tree of a path graph P, and I, s =
I(T'y,+). Denote the matching number v(I'y ) and the restricted matching number

vo(Tnt) of Ty by v and vy, respectively. Suppose that v > 1. Then

tv—1 ifv—1=1

R =
reg m = (I/ — Z)t + (t - 1)1/1 (Fn—(u—Q)t,t)
I tr—2 ifv—1#1

n,t

Proof. The claim follows from Theorem 4.1.5 and Proposition 6.0.5. O]

In order to prove a lower bound for reg(R/Igfz]f), for 1 <k+1<wv(l');), we need
to introduce an equivalent form of Hochster’s formula ((Alilooee & Faridi, 2015,
Theorem 2.8)). Let us recall firstly the simplicial homological group of a simplicial
complex. If A is simplicial complex then an orientation on A is a linear order <
on the vertex set of A. In such a case, (A, <) is said to be an oriented simplicial
complex. Let A be a d-dimensional oriented simplicial complex with vertex set
V(A)and i € {1,...,d}. A face F'={vy,...,vi41}, with v] <--- < w41, is said to be
oriented; in such a case, we write F' = [vy,...,v;41]. We denote by C;(A) the free
Z-module generated by all the oriented i-dimensional faces of A. The augmented

oriented chain complex of A is the complex
dq dg—1 31 )
0— Cy(A) == Cy_1(A) — ... = C1(A) — Ch(A) — K — 0,

where dg(v) =1 for allv € V(A) and, for any 1 <i <d, the map §; : C;(A) = C;—1(A)
acts on basis elements as follows:
i+1

5i([vlv"'7vja"'7vi+1]) = Z(_l)j+1 [Ulv"wﬁ\ja--')vi-l—l])
7=1
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where ¢; means that v; is removed. Recall that the i-th reduced simplicial homol-
ogy group of A over K is defined as H;(A; K) = kerd;/Imé; 1. For convention, set
H 1(0;K)= K and H;((); K) =0, for all i > 0. Moreover, it is well-know that, if
A # (), then dimg Ho(A; K) is one less than the number of the connected components
of A (see (Munkres, 1984, Chapter 1-Section 7)). Recall that, for any Y C V| an
induced subcomplex of A on Y, denoted by Ay, is the simplicial complex whose ver-
tex set is a subset of Y and the facet set is {FF € F(A): FCY}. If A= (F,...,Fy),
then we define the complement of a face F' of A in Y to be F{y =Y \ F' and the

complement of A in Y as A}, = ((F1)5,..., (F5)§)-

From (Alilooee & Faridi, 2015, Theorem 2.8) we know that, if [ is a squarefree

monomial ideal generated in single degree in K{z1,...,2,], then
(6.3) Bia(I) = > dimg Hi-1(Tfpy),
TCA(I)
[V(I)|=d

where the sum is taken over the induced subcomplexes I" of the facet complex A([)
which have d vertices.

Theorem 6.0.7. Let I',,; be the t-path simplicial tree of a path graph P,. Let
Ly =1(Tyy). Then for any 1 <k+1<wv(l'),;), we have

R
bt (6= D (Do) < veg (I[kH])

n,t

Proof. By replacing k+1 with k, it is equivalent to show for any 1 <k <v(I',4),
the following inequality

R
(6.4) (k=1)t+ (t =1Ly (k1)) <reg ([k]> :
[n,t
Due to Lemma 6.0.3, it is enough to consider the case when k£ > 2. Fix k,t € N with
k,t > 2. We divide the discussion into distinct cases depending on the value of n.
First, observe that kt <n due to Remark 6.0.2 and the assumption k < v(I'y, ;).

First, we consider the case when kt <n < kt+t. If kt <n <kt+t, then v(I'y) =k
and thanks to Theorem 4.1.5 (i) we obtain reg(R/Igf}f) =kt—1. If n=Fkt+1t, then
v(I'yt) = k+1, and due to Corollary 6.0.6, we get reg(R/[,[ﬂ) =kt —1. On the other
hand, if kt <n < kt+t, then due to Remark 6.0.2, we have vy (I';,_(x_1)s¢) = 1 which
gives (k—1)t+ (t — L)v1(Ty,—(4—1)¢) = kt — 1. Hence the inequality in (6.4) holds
when kt <n < kt+t.
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Now, let kt+j(t+1) <n < kt+j(t+1)+t, for some j > 1. From here on, we separate
the discussion into two cases, namely Case(1): n=kt+j(t+1), and Case(2): kt+
Jjt+1) <n<kt+jt+1)+t. To simplify the discussion, we will argue on reg([,@ﬂ)

and use reg(R/ Iq[fb = reg(]}ﬂ) —1 to make the final conclusion.

Case (1): Let n=kt+j(t+1), for some j. Hereafter, we set ng:=n. Let A(IT[L]Z]J)
I,[L]Z]’t. We show that 5io,no([r[zz],t) #0
for ig =ng — [(k’ — 1)t + (t — 1)1/1 (Fj(tJrl)th,t) + 1]. Since 11 (Fj(t+1)+t,t) =7+1, we

obtain after simplifying that ig = 2j. Using (6.3) gives

be the simplicial complex whose facet ideal is

k . ) k
Bioo(Ing ) = dimi Hig-1((A(Ig ).
We choose a subset @ of {1,...,n0} with |Q|=1ip+1=2j+1 as follows:
Q={kt+h(t+1),kt+h(t+1)+1:h=0,...,57—1}U{no}.

Counsider
i0+1

v = Z (—1)7“+1 [Ula' .. ,15\71, S 7U’i0+1] ,
r=1

where v, € Q for all p=1,...,ig+1 and v, < vpy1 for all p=1,...,ip. First, we
prove that v € kerd;,—1. In order to make sense that d;,—1 acts on 7, we need

v E C’io_l((A(I[k] ))¢). We begin by proving

no,t
[V s Vi ] € Cigm1 (AT )))
for all r =1,...,i90+ 1. We consider the following three cases.

o If =1, then [v},v2,...,vi,+1] belongs to Oio—l((A(IT[ZIZ]¢
and {1,...,kt} is a facet of A(I[k] ).

no,t

))€) because vi = kt

o Ifr=ip+1, then [v1,...,viy,0iy+1] € C'Z-O,l((A(IgZ]J))C) because v;,+1 = ng and

(1, (k=1 U{ng—t+1,...,n0} is a facet of A(IX ).

no,t

e Now, let 1 <r <ip+1. If v, =kt+h(t+1) for some h e {1,...,j—1}. Then

vp—1=kt+(h—1)(t+1)+1=v,—1,

and {v,_1+1,...,v,} is a path on ¢ vertices. Therefore [vy,..., ¥y, ..., vi4+1] €

C’io_l((A(I,[LIZ]7t))C) because {1,...,(k— 1)t} U{v,—1 +1,...,v.} is a facet of
k

All0):

The case when v, =kt +h(t+1)+1, for some h € {0,...,7—1}, can be argued
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in a similar way. In fact, in this case we have v,41 =kt +(h+1)(t+1) =
v+t Then [v1,...,0y,...,vig11] € Cig—1((A(IM))¢) since {1,..., (k= 1)t} U
{vp,...,vp41—1} is a facet of A([gz],t)'

Therefore v € Cio,l((A(I[k} ))¢). Moreover,

no,t
i0+1
Sig-1(7) = D (=161 ([vr,.. O, vig4a]) =
r=1

= > (=D S (D) oy Gy s Vi 4]

r=1,...,50+1 s=1,...,10

SF#r

It is easy to check that, for fixed  and s the coefficient of [v1,..., 0, ..., Us,. .., Vig41]
is (—1)rFs+2 — (—1)"s+1 = 0. Hence v € ker §;,_1.

We claim that v does not belong to Imd;,. Indeed, if this were the case, we would

have ]:[io_l((A(I[k] )¢ K) #0. Consequently, this would imply that 35, p, (I[k] ) #0,

no,t no,t

leading us to the inequality (k—1)t+ (¢ —1)v1(Fpg—r—1)e,) < reg(I[k]

no.t)» as required.

We now proceed to prove that v is not in Imd;,, that is, there does not exist any
element in Cj, ((A(Igg{t))c) whose image under the boundary map d;, is 7. We begin
by noting that [v1,...,vi,+1] & Cio((A([,[Llf)]7t))C) since, by the definition of @, there
does not exist a k-matching S = {S1,...,S5k} in the induced subgraph of P,, on
{1,...,n0}\ Q such that UF_S; is a facet of A(—,?[zlz],t
the basis of Cio,l((A(Igz]’t

of (A(IT[ZZ]J))C. Similarly, B;, represents the basis of Cj,((A({, 1]

no,t

). Next, we define B;,_1 as
))¢), consisting of all oriented (ig — 1)-dimensional faces
))¢). Let A be the
transformation matrix of d;,. Recall that each column of A represents the coordinate
vector of an element in B;, expressed in terms of the basis B;,_1, consequently the
entries of A are either 1,—1 and 0. Furthermore, let x represent the column vector
))¢ with respect to B;,. With this

notation, we can write d;,(x) = Ax. Let b, be the column vector of the components

of the components of an element in (A(IL]Z%
of v with respect to B;,—1. We aim to show that the linear system Ax = b, has no
solutions. In other words, by Rouché-Capelli Theorem, the ranks of the coefficient
matrix A and the augmented matrix (A|b,) are different. Let R be the row of
(Alb,) corresponding to [va,...,vi+1]. The row R has exactly (t— 1)%0 + 1 non-zero

entries; specifically, in R there is:
e 1 in the column corresponding to b.;

e —1 in the column, denoted by C) 4, which corresponds to the element of B;,

of the form [vo,...,v},...,a,...,0j41,...,0;y+1), for all even j in {2,... 40} and
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for all @ € N with v; < a <wvjq1;
e 0 in the remaining columns.

For example, if we consider the second squarefree power of the 3-path ideal of the
path graph P4, we have @ = {6,7,10,11,14} and v = [7,10,11,14] — [6,10,11,14] —
6,7,11,14] +[6,7,10,14] — [6,7,10,11]. In the augmented matrix (A|b,) of d4, the
five non-zero entries of R are given in Table 6.1, specifically: 1 appears in the col-
umn corresponding to b, and —1 appears in the columns corresponding to the ele-
ments [7,8,10,11,14], [7,9,10,11,14], [7,10,11,12,14], and [7,10,11,13,14], denoted
by Cag, C29, C412, and Cy 13, respectively. Moreover, 0 appears in the remaining

entries of R, which are not illustrated due to the large size of the matrix.

Table 6.1 The non-zero entries of R in (Alby).

| 78101114 [ 79101114 | 710111214 | 710111314 | b,
71011 14 | -1 \ -1 \ -1 \ -1 |1

To prove our claim, it is enough to show that we can perform elementary row oper-
ations within the augmented matrix (A|b,) to reduce R to a row with zero entries
everywhere except for a 1 in the column corresponding to b,. This transformation
can be achieved by utilizing only certain specific rows of (A|b,), which will be de-
lineated in the following description. For all s € [ig/2], let R(j1,...,js;a1,...,as) be

the row of (A|b,) corresponding to the element of B, of the form

— —

[027"'71)]'17'"7a17"'7/0j1+17"'7Ujs—lavjsa'"7a87"'>Ujs+17"'7vio+1]7
for all even ji,...,js in {2,...,90} with j; <--- < js and a1,...,as € N with v, <
ap, < vj,+1 for each h € [s]. Hence, the following hold within R(j1,...,Js;a1,...,as):

(1) there is 0 in the column corresponding to b.;

(2) for each & € ({vo,v2+1,...,0p41}\Q) U {vj41,..-,Vj,4+1}, let
C(jla"'ajs;ala"'>a$;
9) be the column of (A|b,) corresponding to the element of B;, of the form

o~ o~

[027---,5,---,Uj1,~~~,a1,---,Uj1+1,Uj1+2,--~7Ujs—17vjs,---,Gs,---,Ujs+17~--7vio+1]-

The following value appears in C'(j1,...,js;a1,...,as;0):

o —1,if v, 420 <0 < apy; for some h=0,...,s (where jo:=0 and azy1 :=
Uio+1)§
o 1,if ap <9 <wj, 41 for some h=1,...,s;
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(3) All other entries are zero.

For example, in Table 6.2, we present the relevant rows and columns utilized in the
reduction of R when considering the second squarefree power of the 3-path ideal
of P14. Given that ig = 4, it follows that s € {1,2}; specifically, the first four rows

correspond to s = 1, while the last four rows to s = 2.

Table 6.2 Rows used for the elementary operations on R.

79111213 | 7891113 [ 7891112 | 78111213 [ 78111214 | 78111314 | 7891114 [ 79111214 79111314 | 79111213
791112 I 0 -1 0 0 0 I 0 I
781113 0 | 1 0 -1 | 0 1 | 0 0 0 0
781112 0 0 L L 1 0 0 0 0 0
791113 1 I -1 0 0 I 0 0 I 0 0 1 1
781114 0 | 0 0 0 | -1 -1 | I 0 0 0
791114 0 | 0 0 0 | 0 0 | -1 1 -1 0
710 11 12 0 0 0 0 0 0 0 0 0 0
7101113 0 \ 0 0 0 \ 0 0 \ 0 0 0 0

7891113 | 78101112 | 79101112 | 78101113 | 79101113 | 710111213 [ 78101114 79101114 [ 710111214 | 710111314 | b,

0 0 I 0 0 0 0 0 0 0 0

1 0 0 [ 1 0 [ 0 [ 0 0 [ 0 [ 0 0

0 l 0 0 0 0 0 0 0 0 0

1 0 0 [ 0 1 [ 0 [ 0 0 [ 0 [ 0 0

0 0 0 | 0 0 | 0 | 1 0 | 0 | 0 0

0 0 0 [ 0 0 [ 0 [ 0 1 [ 0 [ 0 0

0 - 1 0 0 I 0 0 l 0 0

0 0 0 \ -1 1 \ -1 \ 0 0 \ 0 \ 1 0

Our aim is to prove that prove that we can reduce R to a row with zero entries every-
where except for a 1 in the column corresponding to b,. This reduction is achieved
by successively adding to R the rows R(ji,...,Js;a1,...,as), for s=1,... ig/2, fol-

lowing a stepwise process.

For example, the reader can easily verify that the row R in Table 6.1 can be reduced
to the desired form by summing the rows from Table 6.2 to R. This process involves
first adding the initial four rows, followed by the remaining ones, so that we cancel
out 1 and —1 entries in each column to obtain zeros. This example illustrates the key
steps of the reduction process. We now present the general procedure. Throughout,
we adopt the notation M (U,V') to denote the entry in row U and column V of a

matrix M.

Step 1: For simplicity, set M = (A|b,). In M, we replace R by R+ R(j1;a1),
where the sum ranges over all even j; € {2,...,ip} and a; € N such that vy <ap <

vj,+1. This results in the following:

(1) The —1 at M(R,Cj q) is reduced to zero by adding the 1 at
M(R(j1;a1),C(j1;a1;0)), where § = vj, 41 (note that C(ji;a1;9) and Cj, o
correspond to the same column in M). In our example, the —1 in Cjy 12 re-
duces to 0 by adding 1 in M(R(4;12),(4;12;14)).

(2) For every § € ({va,v2+1,...,vy41}\ @), the following hold:
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(a) If a1 <6 < wvj 41, the entry at M(R,C}, q,) is zero, because the 1 at
M(R(j1;a1),C(j1;01;9)) cancels out the —1 at M(R(j1,0),C(j1;a1;0)).
For example, 1 in M(R(4;12),C(4;12;13)) cancels out —1 in
M(R(4;13),C(4;12;13)).

(b) If 6 < a1 or vj, 41 <0 < Vjy41, the entry at M(R,C(j1;a1;0)) is —1. For
example, see M(R(4;12),C(4;12;9)) and M (R(4;12),C(4;12;8)).

We denote the resulting row and the resulting matrix, after applying these elemen-

tary operations, by R; and M respectively.

Step 2: In the matrix M;, we replace Ry by Ry + Y R(ji1,J2;a1,a2), where the
sum ranges over all even ji,j2 € {2,...,ip} with j; < j2 and aj,a2 € N such that
vj, < a1 <vj4+1 and vj, < az < vj,+1. We obtain the following result:

(1) From Step 1 the entry at M1 (R,C(j1;a1;6)) is —1,if § < ay (similarly, if vj, 41 <
§ <vjgy1). Thus, there exists an h € {0,...,s} such that v;, <& <wvj, ., allow-
ing us to cancel —1 by adding 1 from M;i(R(jn,j1;6,a1),C(jn,j1;9,a1;v5,4+1))-
For example, —1 at M;(R(4;12),C'(4;12;9)) is canceled by adding 1 from
Mi(R(2,4;9,12),0(2,4;9,12; 10)).

(2) For every § € {va,va+1,...,0i541}\ @, the following hold:

(a) If a1 <6 <wj 41 (or ag <6 <wj,41), the entry at My (R, C(j1,j2;a1,a2;6))
becomes zero, since the 1 at M (R(j1,j2;a1,a2), C(j1,J2;a1,a2;0)) cancels
the —1 at Mi(R(j1,J2;0,a2), C(j1,J2;0,a2;a1)). In our example, —1 at
Mi(R(2,4;9,12), C(2,4;9,12;8)) can be reduced to zero by summing with
1 at Mi(R(2,4;8,12), C'(2,4;8,12;9)).

(b) If § < a1 (or vj42 <0 < az or vj,42 < 6 < Viy+1), the entry at
Mi(R,C(j1,72;a1,a2;9)) remains —1.

After this step, we denote the updated row and matrix by Rs and My respectively.

Step s (with 2 < s <ip/2): In the matrix Ms_; obtained at the (s — 1)-th step,
we replace the row Rs_1 by Re—1+> R(j1,...,Js;01,...,as), where the sum ranges
over all even ji,...,js € {2,...,i0} with j; <--- < js and ay,...,as € N such that
vj, < ap < vj, 41 for h € [s]. As observed in Step 2, the only non-zero entries in
Rs are the —1 located at Mg(Rs,C(j1,...,Js;a1,--.,as;9)), where either § < aq, or
vj,+2 < 0 < ay, for some h € [s—1], or vj,12 < < Vig41.

Now, continue the procedure described above until the final step, which is given for

s =1p/2. In our example, the process concludes at the second step since s =2, and
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no additional —1 values arise from this step, meaning that the desired result has

been achieved.

Step ip/2: For simplicity, let ig/2 = ¢. In the matrix M, 1, we replace R, 1
by Ry—1+ > R(j1,---,Je;01,-..,a¢), where the sum ranges over all even ji,...,j; €
{2,...,i0} with j; <--- <jsand ay,...,ar € N such that vj, <ap <wvj, 41 for h € [{].
The only significant case that remains to be analyzed is when v;, |42 <6 < ay, for
some h € [¢] but, in this case, it suffices to proceed analogously to the argument

presented in (1) of Step 2.

This guarantees that summing to R the rows R(ji,...,Js;a1,...,as), for s =
1,...,i0/2, we get a row with zero entries everywhere except for a single 1 in the
column corresponding to b,. As a consequence, the coefficient matrix A and the
augmented matrix (A|b,) have different ranks. This completes the proof of our

claim.

Case (2): Now, suppose kt+j(t+1) <n < kt+j(t+1)+t, for some j. Let A(IW)

n,t
be the simplicial complex whose facet ideal is Ink,]j

Observe that v1 ([, (1)) =
V1(Fpg—(k—1)e,e). 1t is sufficient to show that Bio,no(fr[fb # 0, where iy and ng are

defined in Case 1. From (Alilooee & Faridi, 2015, Theorem 2.8) we know that

k . = ¢

Bipmo (Il = Y- dimg Hig—1 (D 1),
reaf)
[V(T)|=no

where the sum is taken over the induced subcollections T of A(/ ]

nt) Which have
ng vertices. Take I' = A([L’Z{t) and observe that A(L@,t)? defined as in Case (1),

(k]

is an induced subcollection of A([l;7;) having ng vertices. From Case (1), we

n,t

know that dim Hiy—1(T§,py) # 0, 50 Bigng(Iig) # 0, which implies (k — 1)t + (t —
k
D0 (T (o 1yet) < reg(I).

In conclusion, we get the desired lower bound. O]

We illustrate the proof of above theorem in the following example.

Example 6.0.8. Referring to the notation of the proof of Theorem 6.0.7, in Table
6.3 we display the regularity of the third squarefree power of the 3-path ideal of P,
for 9 <n < 20. The elements of set A are displayed by the hollow circles.

For instance, take n =17. Since 17 = kt+2(t+1) for k=t =3, we are in Case (1) of
the proof of above theorem. Here we have ig =4, and A =1{9,10,13,14,17}, and v =
[10,13,14,17] — [9,13,14,17] +[9, 10, 14, 17] — [9, 10, 13, 17] ++ [9, 10, 13, 14]. Moreover,
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Table 6.3 The regularity of the third squarefree power of the 3-path ideal of P, for

9<n<20.
n | reg(1P))
9 9 1 2 3 4 5 6 7 8 9
10 9 1 2 3 4 5 6 7 8 9 10
11 9 1 2 3 4 5 6 7 8 9 0 M
12 9 1 2 3 4 5 6 7 8 9 10 11 12
13 11 1 2 3 4 5 6 7 8 9 10 M 12 13
14 11 1 2 3 4 5 6 7 8 9 10 M 12 13 14
15 11 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
]_6 11 1 2 3 4 5 6 7 8 9 10 M 12 13 14 15 16
17 13 1 2 3 4 5 6 7 8 9 10 M 12 13 14 15 16 17
18 13 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
19 13 1 2 3 4 5 6 7 8 9 10 M 12 13 14 15 16 17 18 19
20 13 1 2 3 4 5 6 7 8 9 10 M 12 13 14 15 16 17 18 19 20

[10,13,14,17) € C3((A(115))°) because {1,...

[9,13,14,17) € C3((A(1125))) because

A(Iﬁ]’?,);

[9,10,14,17] € C’g((A(Il[:?,g,))c) because

A(Iﬁ],?,);

9,10,13,17] € Ca((A(I14))°) because

A(Iﬁ],g);

[9,10,13,14] € C3((A(I15))9) because

A1),

...

...

...

...

,9} is a facet of A(Iﬁ]’g%

,6} U{10,11,12} is a facet

,6} U{11,12,13} is a facet

,6} U{14,15,16} is a facet

,6} U{15,16,17} is a facet

It is easy to see that d3(y) =0, so v € kerds. Moreover, [9,10,13,14,17] does not
belong to Cy((A(L {3}]3))0) because there is no 3-matching in the induced subgraph of
Pi7zon{1,...,8} U{11,12} U{15,16}. Finally, it can be verified by using Macaulay2
((Grayson & Stillman, Grayson & Stillman), (Hersey, Smith & Zotine, 2023)) that

~ is not in Imdy, since the rank of the representative matrix of d4 differs from that

of the corresponding augmented matrix. Therefore, F[g((A([

54717(1{?%],3) #0.

20

.))¢ K) #0 and so



Now, let n =19. We know that

54,17(11[?5],3): > dimg H3(Tp),
rca(ly )
V(D)=

where the sum is taken over the induced subcomplexes I' of A(/ 5’9]73) which have 17

vertices. Observe that A(Iﬁ]ﬁ) is an induced subcomplex of A(IE’){?)) on{1,...,17}

vertices and F[g((A(Iﬂf)))C;K) # 0 as discussed before. Therefore 64717(1'5’9]73) # 0.
Combining Theorem 6.0.4 and Theorem 6.0.7, we obtain the following nice combi-
natorial description of the regularity of squarefree powers of t-path ideals of path
graphs.

Theorem 6.0.9. Let 'y, ; be the t-path simplicial tree of a path graph P, and I, ; =
I(T'yt). Then for any 1 <k+1<wv(l',;), we have

i R
” (1[1) bt = D (Cc) = e ()

n,t
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7. DIRECTIONS FOR FUTURE RESEARCHES

In this section we propose some open questions, which can inspire new work related

to squarefree powers of monomial ideals.

1) We know that I(A)M®)] has a linear resolution if A is a simplicial tree with the
intersection property (see Theorem 4.0.3) or A is a t-path simplicial tree of a broom
graph (see Theorem 4.1.5). However, given an arbitrary simplicial tree A, Example
4.1.1 shows that I(A)Y(®)] need not have a linear resolution. It is interesting to

characterize those simplicial trees A for which I(A)¥(®)] has a linear resolution.

2) Let A be a pure simplicial tree. From Theorem 5.0.6, we know that if I(A)¥] is
linearly related then I(A)F+1 is also linearly related. Does this statement hold for
the linearity of the resolution, that is, if I (A)[k] has a linear resolution then does

I(A)F+1 has also a linear resolution?

3) In Theorem 6.0.9, we provide a closed formula for reg(R/ Igﬁ), where I, ; is the
t-path ideal of the path graph P,. In general, it seems very difficult to derive such
a formula for the squarefree powers of an arbitrary simplicial tree. It could be
interesting to establish at least an upper or lower bound for reg(R/I(A)), where A

is a simplicial tree.

In a more general context, a lower bound for certain squarefree powers can be
obtained as an easy generalization of (Erey et al., 2022, Theorem 2.1), whose proof
is provided below for the sake of completeness.

Proposition 7.0.1. Let A be a pure simplicial complex of dimension t—1. Then

k—1+(t—1)ri(A) <reg (J(z[k]>

for all 1 <k <wvi(A).

Proof. Denote by r the induced matching number of A, for simplicity. Let A’ be a
subcomplex of A with r facets {F1,..., F;.} which is an induced matching of A. Since
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reg(I(ANF) < reg(I(A ) 1) from (Herzog et al., 2004, Lemma 4.4), it is enough to
prove that &+ (t—1)r <reg(I(A")]), in particular that 8, .+(1(A’)) #0. Consider
the ideal J = (z1,... ,zr) in a new polynomial ring R = K|[z1,...,2,]. Since JIE s a
squarefree strongly stable ideal in R, we have §3,_j, .(.J k1) £ 0 from (Herzog & Hibi,
2011, Theorem 7.4.1). Now, let f; = [Lier; zi- Since A is pure of dimension ¢ —1
and {F71,..., F,} is an induced matching of A, then f1,..., f, is a regular sequence in
S=Klr;:i€Uj_Fj] and deg(f;) =t foralli=1,...,r. Set I = I(A") = (f1,..., fr)
and the map ¢ : R — S with ¢(z;) = fj for all j=1,...,r. As explained in (Erey
et al., 2022, Theorem 2.1), the i-th free module in the minimal free resolution of 1 [£]
is given by S(—tk —ti)ﬁi(ﬂk]) and ﬁi,j(J[k]) = Bitj (I[k]). Then B,y r+(I) # 0 because
Bk (JH) 0. O

We recall that, for a simple graph G, it is expected that
k+01(G) < reg (TG < b+ 1(G)

for 1 <k <v(G), as discussed in (Erey et al., 2022, page 3). Based on the results of
this thesis, we present the following conjecture.

Conjecture 7.0.2. Let A be a simplicial tree of dimension t—1. Then

k=14 (t—1)v1(A) <reg (I(SWJ) <k—-1+(t—-1)r(A)

for all1 <k <v(A).

4) In (Alilooee & Faridi, 2018), a combinatorial description of all graded Betti
numbers of ¢t-path ideals of path graphs and cycle graphs is given. It would be of
interest to give such a description for the squarefree powers of t-path ideals of path

graphs and cycle graphs.
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