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ABSTRACT

TORSION POINTS ON HYPERELLIPTIC JACOBIAN VARIETIES

HAMIDE SULUYER
MATHEMATICS Ph.D DISSERTATION, June 2025

Dissertation Supervisor: Assoc. Prof. Dr. Mohammad Sadek

Keywords: Hyperelliptic Curve, Jacobian, Torsion Order, Continued Fractions,

Modular Curve

This thesis presents a detailed study of explicit methods for constructing hyperellip-
tic curves over the rationals with new torsion orders on the Jacobian. We mention
two methods for this purpose.

First, we utilize the relation between hyperelliptic curves and continued fractions
of power series. We find that for any integer N in the interval [3g,4g + 1], g >
3, satisfying specific partition constraints, there exist infinitely many families of
Jacobians of hyperelliptic curves of genus g possessing a rational torsion point of
order N. We found some original examples of 1-parameter families of hyperelliptic
curves. For example, hyperelliptic curves of genus 3 with the Jacobian possessing
torsion divisor of order 13, genus 4 with order 15, genus 5 with order 17, 18, and 21.

In the second part, we present another method to construct hyperelliptic curves
for which the Jacobians contains a torsion divisor of order quadratic in genus g.
For any integer g > 2, we construct hyperelliptic curves of genus g over (Q whose
Jacobian varieties contain rational torsion points of order N where N = 4% +2g —
2, respectively 4¢g®+2¢—4. These curves introduce previously unobserved quadratic
torsion orders and provide new torsion orders. For example, rational torsion points
in the Jacobians of hyperelliptic curves of genus 4 with torsion order 70, and genus
3 with torsion order 20.

In the last chapter we work on elliptic curves. It was established which groups can
occur as torsion subgroups of elliptic curves over quartic number fields. Except for
some higher-order groups, we identify the quartic field with the smallest absolute
discriminant such that an elliptic curve over this field has the given torsion.
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OZET

HIPERELIPTIK JACOBIYEN COKLUKLARININ TORSIYON NOKTALARI

HAMIDE SULUYER
MATEMATIK DOKTORA TEZI, HAZIRAN 2025

Tez Danigmani: Dog. Dr. Mohammad Sadek

Anahtar Kelimeler: Hipereliptik Egri, Jakobiyen, Torsiyon Mertebesi, Siirekli
Kesirler, Modiiler Egri

Bu tez, Jacobiyende yeni torsiyon mertebelerine sahip olan rasyoneller iizerinde
hipereliptik egriler inga etmek i¢in ac¢ik yontemlerin ayrintili bir ¢aligmasini sunar.
Bu amagla iki methoddan bahsedecegiz.

Oncelikle, hipereliptik egriler ile siirekli kesirler arasindaki iliskiyi kullaniyoruz.
[3g,4g + 1] arahgindaki herhangi bir N € Z igin, ve cins g > 3 i¢in, belirli boliim
kisitlamalarini saglayan, mertebesi IV olan torsiyon noktasina sahip bir parametreli,
cinsi g olan hipereliptik Jacobiyen ailesi bulmay1 basardik. 1 parametreli hipereliptik
egri ailesinin bazi orijinal érneklerini bulduk. Ornegin, cinsi g = 3 olan ve, mertebesi
13 torsiyona sahip hipereliptik Jacobiyen, cinsi g =4, olan ve, mertebesi 15 torsiyona
sahip hipereliptik Jacobiyen, cinsi 5 Jakobiyeni torsiyon mertebesi 17,18 ya da 21
olan eleman igeren hipereliptik egri aileleri bulduk.

Ikinci boliimde, Jacobiyenlerin ¢ cinsinde ikinci dereceden bir torsiyon eleman
icerdigi hipereliptik egriler olusturmak ig¢in bir yontem sunuyoruz. Herhangi bir
tam say1 g > 2 icin, Q {izerinde, Jacobiyen cokluklar1 sirasiyla N = 4¢2 + 2g — 2,
ve 4¢g +2g — 4 olan rasyonel torsiyon elemanlar iceren ¢ cinsli hipereliptik egriler
olugturuyoruz. Bu egriler daha 6nce gézlemlenmemis ikinci dereceden torsiyon mer-
tebelerini tanitir ve yeni torsiyon mertebeleri saglar. Ornegin, cins 4, mertebe 70,
cins 3 mertebe 20.

Son boliimde eliptik egriler tizerine galisiyoruz. Kuartik say:1 cisimleri tizerindeki
eliptik egrilerin torsiyon alt gruplarinin siniflandirilmasi biliniyor. Yiiksek dereceden
gruplar hari¢ olmak ftizere, verilen torsiyona sahip bir eliptik egrinin tanimlandig,
diskriminantinin mutlak degeri en kiiciik olan kuartik sayilar cismini belirliyoruz.
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1. Introduction

The Mordell-Weil theorem states that if an abelian variety A is defined over a number
field K, then the group A(K) of K-rational points on A is a finitely generated
abelian group. An elliptic curve E over a number field K is an abelian variety with
dimension 1. There is a group structure on the set of K-rational points, F(K), of
the elliptic curve given by the so-called chord-tangent process. In particular, we

know that E(K) is a finitely generated abelian group.

The classification of torsion points on elliptic curves over QQ was completed by Mazur
in 1978, providing a list of all possible torsion orders for elliptic curves defined over
rationals in [Mazur & Goldfeld (1978)]. If E/Q is an elliptic curve, then the torsion
subgroup E(Q)tors is isomorphic to one of the following 15 groups: A cyclic group
Z/NZ for N =1,2,3,...,10,12, or a product of two cyclic groups Z/27 x Z/2NZ
for N =1,2,3,4. Mazur’'s work shows that the torsion subgroup of any elliptic
curve over Q can only have certain orders, which are restricted to a finite set of
integers. Following this work, the classification of torsion points of elliptic curves
over quadratic, cubic and quartic number fields has been completed, see the papers
[Kamienny (1992), Kenku & Momose (1988), Jeon, Kim & Schweizer (2004), Derickx
& Najman (2024)].

Later, the study of torsion points was expanded to Jacobians of higher-genus curves,
particularly hyperelliptic curves. These curves, which have genus g > 2, exhibit more
possibilities for the torsion structures compared to elliptic curves. Unfortunately,
there is no group law given by the chord-tangent process on the set of K-rational
points of these curves, unlike elliptic curves. Here, the group structure is obtained
thanks to an abelian variety, which is called the Jacobian of the curve. A primary
focus in this area of research has been to identify small genus hyperelliptic curves
over Q whose Jacobians contain torsion divisors of orders that do not appear in
the elliptic curve case over Q. So in this case, the earliest significant result was
the identification of genus 2 hyperelliptic curves with torsion points of order 11 or
13. These are the smallest torsion orders that do not occur for elliptic curves over

Q. The first examples of one-parameter family of genus 2 hyperelliptic curves that
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contain torsion points of order 11 or 13 can be found in [Flynn (1991),Bernard,
Leprévost & Pohst (2009)].

Moreover, the study of torsion points on Jacobians of genus 2 hyperelliptic curves
has progressed significantly, with many researchers providing further examples of
one-parameter families of hyperelliptic curves over Q that have torsion points of
much larger orders. These include torsion points of orders such as 21, 22, 23, 25, 26,
27, 29, and beyond, see the papers [Leprévost (1991), Leprévost (1995), Leprévost
(1997)]. The exploration of these large torsion orders has opened new directions for
research, contributing to a deeper understanding of the arithmetic of hyperelliptic

curves and their Jacobians.

The primary focus of our initial work in this thesis is to identify small genus hyperel-
liptic curves over QQ that possess torsion orders that do not occur for elliptic curves
over Q, much like the discovery of Flynn and Leprévost of genus 2 hyperelliptic
curves with torsion divisors of order 11 and 13. Additionally, our work may also
involve the exploration of hyperelliptic curves that are not isomorphic to the curves
constructed by Flynn and Leprévost, thus providing new examples of hyperelliptic
curves of genus 2, 3, or other small values with the same torsion structures that are

not isomorphic to the ones in their findings.

The thesis [Nicholls (2018)] provides a comprehensive classification of the possible
orders of torsion divisors on the Jacobians of hyperelliptic curves of genus 2,3 and
4, as found in the current literature. We have constructed new hyperelliptic curves,
as well as a one-parameter family of hyperelliptic curves, which exhibit different
torsion orders for small genus g. To make this construction, we used two different

methods.

Chapter 2 contains a preliminary section in which we introduce key definitions and
fundamental theorems that are considered essential for the comprehension of the

thesis.

In Chapter 3, we present the first method for constructing hyperelliptic curves.
Here we use the relation between the order of the infinity divisor of the Jacobian of

a hyperelliptic curve given by y? = f(z) and the continued fraction expansion of .

It is conjectured by Flynn that, there exists a constant ¢ such that for every integer
g > 1, and for every integer N satisfying N < cg, there exists a hyperelliptic curve
defined over Q of genus g whose Jacobian is endowed with a rational torsion point
of order N, see [Flynn (1990)]. This result suggests the existence of a family of
hyperelliptic curves with rational torsion points of orders bounded linearly by the

genus g. This conjecture is proved in [Leprévost (1996)], with ¢ = 3. In this chapter
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we extended this bound by using a different tool from the ones in Leprévost’s paper.
In this study, we demonstrate that for any integer N in the interval [3g,4g+ 1] with
g > 3, satisfying specific partition constraints, there exist infinitely many families of

hyperelliptic Jacobians possessing a rational torsion point of order V.

Theorem 1.1 Fiz an integer g > 3. Let a, > 1,7 > 0 be integers such that 2a+
204+~v=g+1. Let ar(z),r(z),u(z) € Qlz] be of degrees o, 3,7, respectively. If the

affine equation
y? =r(x)? (u(x)(a1 (x)’r(z) +1)+ al(x)>2 +4 (u(z)ar (2)r* () +r(x))

describes a hyperelliptic curve C, then the divisor at infinily is torsion of order
g+1+6a+36+7.

In this chapter, we found some original examples of 1-parameter family of hyperel-
liptic curves of genus 3 with the Jacobian containing a torsion divisor of order 13,

genus 4 with order 15, genus 5 with torsion divisor of order 17, 18, or 21.

In chapter 4, we present another method to construct the hyperelliptic curves. In
chapter 3, using the continued fraction expansion method, we obtain torsion orders
that are linear as a polynomial in the genus g. Here, our aim is to obtain a torsion
divisor of order quadratic in ¢g. In the literature, we have some papers that manage to
find different quadratic torsion orders. For any even integer g > 2, Flynn provided
a detailed construction of hyperelliptic curves of genus g defined over QQ, whose
Jacobian varieties contain rational torsion points of order N, where N lies in the
interval {92 +2g+1,9°+3g+ 1} , see [Flynn (1991)].

Additionally, Leprévost presented hyperelliptic curves of genus g whose Jacobians
feature torsion points of order 2¢% +2g+1 or 2¢g? +3¢g+1 in [Leprévost (1992)], and
in [Leprévost (1997)] the Jacobians also include torsion points of orders 2¢2 +4¢g + 1
or 2g(2g+ 1), with possible orders of these points being N, %, or %, where N =
2g% +5g+5.

For any integer g > 2, we present hyperelliptic curves of genus g over Q such that
their jacobian varieties contain a rational torsion point of order N where

N = 4g2 +2g — 2, respectively 492 +2g9—4

These represent quadratic orders that have not been previously observed in the
literature and provide us with new rational torsion orders of hyperelliptic Jacobian

varieties that were previously undiscovered.



Theorem 1.2 Fiz an integer g > 2. We set t;=1/(g*(g—1)) and s, =1/(g(g —
1)2). We consider the following curves of genus g defined over Q by the equations

Cgg-1 : 92 = ftg(x) = Agfl(x)Q - 4tgx2g(x —1),
Cgag*Q : y2 = fsg (x) = Ag*2(x)2 _489x2g71(x - 1)27

where
r—q)x9 V- (z =19 +t,2%(x—1) ((z—q)z9 = (z—1)9
A = ET9E >+g(x<_g)>(< 9t~ (@ =1)7)
r—q) 9t (e — 194 s,x(x—1)2 ((x—g)x9 1 — (. —1)9
pale) — O @D g(i_g)> (o —g)as™t = (x=1)7)

There is a torsion divisor on the curve Cy4_1, respectively Cy 4—o, whose order is
4g% +2g — 2, respectively 4¢g*> +2g — 4.

Consequently, we construct the new torsion orders in literature of a genus 4 hyper-
elliptic curve over Q whose jacobian has a torsion point of order 70, and a genus 3
hyperelliptic curve whose jacobian has a torsion point of order 20. Furthermore, for
every integer g > 2, we give a 1-parameter family of hyperelliptic curves of genus g

over Q whose Jacobian varieties possess a rational torsion point of order 2¢g> 4+ 7g+1.

In the last chapter, we work on elliptic curves. Assume that y? = f(z) defines an
elliptic curve where deg(f(z)) =4. In [Adams & Razar (1980)], it was proved that
the continued fraction expansion of \/m is periodic if and only if Dy, = 001 — 002
is a torsion point. Moreover it was proved that if the order of Dy, is N then the
period of the continued fraction of \/m is N—1if N is odd, N—1 or 2(N —1)
if N is even. Based on Adams and Razar’s theorem and Mazur’s classification of
FEior(Q), the possible periods of m are: {1,2,3,4,5,6,7,8,9,10,11,14,18,22}.

Van der Poorten listed all square-free quartic polynomials f(z) over Q with a square
leading coefficient, where the continued fraction expansion of \/m is periodic,
showing that no /f(x) has periods 9 or 11, see [van der Poorten (2004)]. Sadek
[Sadek (2016)] extended this to quadratic fields, identifying all possible periodic
continued fraction expansions of \/m over the quadratic fields K, and showed

that all these periods occur over some quadratic fields.
We similarly investigated the possible periods of y/f(x) over cubic number fields.

Finally, it is known which groups appear as torsion for infinitely many non-

isomorphic elliptic curves over cubic number fields. This set is denoted by S.
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Moreover, for all but two groups in S, Filip Najman identified a cubic field with
the smallest absolute value of discriminant over which there exists an elliptic curve

having that group as its torsion subgroup in [Najman (2012)].

It is established which groups can occur as torsion groups of elliptic curves over
quartic number fields, in [Derickx & Najman (2024)]. For every possible torsion
subgroup arising from the group of points on an elliptic curve defined over a quar-
tic number field, we identify the quartic field with the smallest absolute value of
the discriminant. To find these quartic number fields, we examine the arithmetic
properties of modular curves X 1(m,mn) where m,n > 1. We look for the points of
each modular curve over the quartic number fields K in increasing order of |A(K)|.
For each field, we either find an elliptic curve with the specified torsion group or
prove that no such curve exists. We mostly use Magma [Bosma, Cannon & Playoust
(1997)], to compute the Mordell-Weil group of the given modular curves X (m,mn)
if they are elliptic curves or, if they are hyperlliptic curves we compute the points
by putting a bound. For the higher genus non- hyperelliptic curves we have tried
some methods to decide non-existence of the torsion order over a quartic number
field. However, we couldn’t find an explicit method to decide the existence of the

torsion order over a number fields for these curves.



2. Background

Sections 1 and 2 of the theoretical background discussed here is adapted from the
book [Silverman (2009)].

2.1 Affine Varieties and Projective Varieties

2.1.1 Affine Varieties

The n-dimensional affine space A" = A"(K) is a space which consists of all n-
tuples of elements from a field K. An element P = (a1,...,a,) from the affine space

A"™ represents a point in A" over K.

Let K[X1,...,X,] be the ring of polynomials in n variables over K. A subset V' C A"
is called an algebraic set if there is a set M C K[X7,..., X,,] such that:

V={PeA"|F(P)=0forall F € M}.

For an algebraic set V' C A", the set of polynomials given as follows
I(V)={F e K[Xy1,...,X,] | F(P)=0 for all PV}

is called the ideal of V. This ideal is an ideal in K[Xy,...,X},], and it can be
generated by finitely many polynomials Fy,...,F, € K[X1,...,X,]. Then, we can

express V as:
V={PeA"| F,(P)=---=F.(P)=0}.



An algebraic set V' C A" is called irreducible if it cannot be written as the union
of two proper algebraic subsets Vi and V5. That is, V is irreducible if and only if
the corresponding ideal I(V) is a prime ideal. An affine variety is an irreducible
algebraic set V' C A",

The coordinate ring of an affine variety V is the quotient ring ['(V) =
K[X1,...,X,])/I(V). Since I(V) is a prime ideal, I'(V') is an integral domain. For
every element f = F+1(V) e I'(V), we define a function f:V — K by setting:

f(P):=F(P) for PeV.
The quotient field K (V) = Quot(I'(V')) is called the field of rational functions (or

the function field) of V. It contains K as a subfield. The dimension of V' is the
transcendence degree of K(V')/K.

For a point P € V, we define the local ring at P as:

Op(V)={f € K(V)| f = .9, € T(V),h(P) #0}.

This is a local ring with quotient field K (V'), and its unique maximal ideal is:

Mp(V)={f € K(V) | [ =1.g.h € D(V).h(P) #0,9(P) = 0},

For f =4 € Op(V) with h(P) # 0, the value of f at P is defined by:

f(P) =L

~—

2.1.2 Projective Varieties

On the set A"\ {(0,...,0)}, we may define an equivalence relation ~ by:

(ag,a,...,an) ~ (bo,b1,...,by) if and only if there exists a nonzero A € K such that
b; = Aa; for all i€{0,...,n}.

The equivalence class of (ag,a1,...,a,) with respect to ~ is denoted by (ag:aj :---:

ap). The n-dimensional projective space P = P"(K) is the set of all equivalence



classes:
P*"={(ap: - :apn)|a; € K, not all a; =0}.

An element P = (ag:---:ay) € P" is a point, and the coordinates ag,...,a, are
referred to as the homogeneous coordinates of P.

A monomial of degree d is a polynomial G € K[Xj,...,X,] of the form:

n n
G:aHXZdi, where a #0 € K and ) d; =d.
1=0 1=0

A polynomial F' is called homogeneous if it is the sum of monomials of the same
degree. Anideal I C K[Xj,...,X,] generated by homogeneous polynomials is called

a homogeneous ideal.

Let P=(ap:---:ap) € P" and let F' € K[Xy,...,X,] be a homogeneous polynomial.
We say that F(P) =0 if F(ao,...,a,) =0, which is well-defined because for any
A # 0, we have:

F(Xao, ..., ap) = )\dF(ao,...,an),

where d is the degree of F'. Thus, F(ag,...,a,) =0 <= F(X\ag,...,\a,) =0.

A subset V' C P" is called projective algebraic set if there exists a set of homo-

geneous polynomials M C K[Xj,...,X,] such that:

V={PeP"|F(P)=0forall FeM}.

The ideal I(V') C K[Xy,..., Xy, which is generated by all homogeneous polynomials
F such that F'(P)=0 for all P €V, is called the ideal of V. This is a homogeneous
ideal. A projective algebraic set V' C P" is irreducible if and only if I(V) is a
homogeneous prime ideal in K[Xj,...,X,]. A projective variety is an irreducible

projective algebraic set.

Given a non-empty variety V' C P", we define its homogeneous coordinate ring as:

Fh(v) = K[X()? ce. >Xn]/I(V)7

which is an integral domain containing K. An element f € I'; (V') is said to be a form

of degree d if f = F+ (V) for some homogeneous polynomial F' € K[Xy,...,X,]
8



with deg F' = d. The function field of V' is defined by:

K(V):= {z | g,h € T (V) are forms of the same degree and h # O},

which is a subfield of Quot(I',(V)), the quotient field of I'y (V). The dimension of
V' is the transcendence degree of K (V') over K.

Let P=(agp:---:a,) €V and f € K(V). Write f = { where g =G+ 1(V) and
h=H+I(V) are forms of degree d with homogeneous polynomials G and H of

degree d. Since:

G(\ag, ..., an)  XGl(ag,...,a,) Glag,...,an)

H(Xag, ..., \ay) :/\dH(ao,...,an) H(ag,...,an)’

we define f(P) = G®=0u if H(P) #£0. The ring Op(V) = {f € K(V) |

f is defined at P} is a local ring with maximal ideal:

Mp(V)={f €0p(V) | f(P)=0}.

2.2 Arithmetic of Elliptic Curves

Elliptic curves are nonsingular algebraic curves of genus one having a specified base
point, which is called the point at infinity and denoted by oco. In general, we are

writing an elliptic curve in the following form:

Y2Z+ a1 XY Z+a3YZ? = X3+ a9 X% Z + as X Z% + ag Z3.

Moreover the point at infinity is oo = (0:1:0) and aj,---,as € K for some field
K. Elliptic curves can be written in the different forms and usually, people use
Weierstrass form, it can be obtained by changing the coordinates x = X/Z and

y=Y/Z, and we obtain the following equation :

E:y? +aizy+asy = 25 + asz® + asx + ag



If the characteristic of the algebraic closure K is not 2, we can simplify the equation

by completing the square. To achieve this, we perform the substitution

1
Yy §(y—a15€—a3),

which transforms the equation into the following form:
E: y2 = 4x3+b2x2+2b4x+bﬁ,
where the new coefficients are defined as
by = a% +4ay, by=2a4+aras, bg= a% +4ag.
Additionally, we introduce the following quantities:
bs = a%aG +4asag — ajazaq + aga% — ail,

cy = b3 —24by, cg = —b3 + 36boby — 216bg,

A = —b3bg — 8b3 — 270 + abybs,

o dx dy
j frg -, w = = 5 .
A 20+ aixr+as  3rc+2a2x+aq4—ary

It can be verified that the following relations hold:
Abg = bobg — b

and
1728A = ¢} — 5.

A is discriminant of the curve and j is the j-invariant of the curve.

Assuming that the characteristic of K is neither 2 nor 3, the elliptic curves we are

considering are described by the short Weierstrass equation:
E:y?> =23+ Az + B.
For this equation, we define the discriminant A and the j-invariant as follows:
A = —16(4A% 4+ 27B?), j___lrf$L4ﬁ.

The only transformation that preserves the form of this equation is the change of

10



variables:

r=u?2 and y=u3y

for some u € K, and under this transformation, we have
utA'= A, WSB' =B, u’A =A.

Proposition 2.1 (a) A short Weierstrass equation has the following properties:
(i) The curve is nonsingular if and only if A # 0.
(i) The curve has a node if and only if A =0 and cq # 0.
(iii) The curve has a cusp if and only if A =cq4=0.

(b) Two elliptic curves are isomorphic over K if and only if their j-invariants are

equal.

(c) For any jo € K, there exists an elliptic curve defined over the field K (jo) with
J-tnvariant equal to jg.
Proposition 2.2 Fvery elliptic curve defined over a field K can be described by a

Weierstrass form.

Note that the Weierstrass form is commonly used, it is not the only classical form

for representing elliptic curves.

y* =2 —3x+3 yY=2*+z yY=2—x
A =2160 A=-64 A =64
y?=2° y? =23 + 22

o =D

Figure 2.1 The first three curves are examples of elliptic curves, while the fourth
curve exhibits a cusp, and the fifth curve displays a node.
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2.2.1 Group Law

Assume that F is an elliptic curve defined over the field K. Then E can be described
by a Weierstrass equation. Thus, the set of K-rational points of the elliptic curve

FE is given by
E(K)={(z,y) € K?: yz—l—alxy—l—agy:x3+a2x2+a4m—|—a6}u{oo}

The main advantage of elliptic curves lies in the fact that an addition operation
can be defined on this set, which can be thought of as a special form of addition,
which is a chord tangent process, and through it, we demonstrate that the set of
K-rational points, F(K), actually possesses a group structure.

The curve E C P? consists of the points P = (z,y) that satisfy the Weierstrass
equation, along with the point at infinity oo =(0:1:0). Take L C P? a line and since
the equation of elliptic curve has degree three, the line L intersects F at exactly three

points, counting with multiplicities, which is coming from the Bézout’s theorem.

Next, we define a composition law @, that is a special addition law on the elliptic
curves, on F as follows:

Let P, Q € E, and let L be the line through P and @ (if P =@, let L be the tangent
line to £ at P). Let R be the third point of intersection of L with E. Let L’ be
the line through R and co. Then L' intersects E at three points: R, oo, and a third
point, which we denote by P ® Q).

Proposition 2.2. The composition law (I11.2.1) satisfies the following properties:

(a) If a line L intersects E at the points P, @), and R (not necessarily distinct),
then
(P®Q)® R = o0.

(b) For every point P € E, we have

P&oo=P.

(c) The composition law is commutative, i.e.,

PopQ=QdP forall PQecE.

12



(d) For any point P € E, there exists a point —P € E such that

P& (—P)=oc.

(e) The composition law is associative, meaning that for any points P,Q,R € E,

(PHQ)®R=Pd®(Qa®R).

In other words, the composition law (I11.2.1) makes E into an abelian group with

identity element oco. Furthermore:

(f) Suppose E is defined over K. Then the set of K-rational points of an elliptic
curve E given by F(K) forms a subgroup of F.

PaQ@&R=0 \

Addition of distinct points Adding a point to itself

Figure 2.2 The figures give us composition law. In these figures O represents the
point at infinity, oo.

We now simplify the notation by dropping the special symbol & and use the standard
group operations "4+" to represent the group law on an elliptic curve E. For n € Z

and a point P € F, we define:

[n]P=P+---+P n>0, addition of n many P
[n]P=—-P—---—P, n<0, addition of |n| many -P
[0]P = o0
Even if we can explain the group law on the graph of an elliptic curve we can give

the explicit formula for the group operation on E. Consider E, an elliptic curve

given by the Weierstrass equation:

2

F(x,y) 292+a1$y+a3y—963—a2$ —ayx —ag =0,
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and let Py = (z0,y0) € E. We can explain the coordinates of the inverse of this point.
To compute —Fy, we draw the line L through Fy and the identity point oo, finding
the third intersection with F. The line L is given by:

L:I—ZEOZO.

Substituting into the equation for E, we find the quadratic polynomial F'(xg,y) has
roots yo and y, where —Py = (x¢,%(). Then we have the following equalitys:

F(z0,y) = c(y—v0)(y —vh) = ¥ + a1x0y + agy — xj — azad — asgwo — ag

From the coefficients of 32 we obtain ¢ =1 and by equating the coefficients of y we

obtain yj = —yo — a1xo — as. Finally we have:

— Py = (x0, —yo — a1z0 — a3).

For the addition law, let Py = (z1,y1) and P = (z2,y2) be points on E. If 21 = x9
and y; +y2 +ai1xa +az =0, we have P} + P, = 00, see the previous explanation.
Otherwise, the line L through P; and P, (or the tangent line when P, = P,) is given
by:

L:y=Xx+v.

The relation between the points is:
P+ Py + P3 = oc.

We substitute this into the equation of E to find the third intersection point P =
(3,93);

Fz,\x+v) = z(z—x1)(x—x2)(x—1x3)
= Mz+v)?4+az(\e+v)+azsDr+v) — 25 —aga? — agz — ag
By looking the coefficients of 23, we get ¢ = —1. By coefficients of 22 we get x3 =
A2+ a1\ —ag — 1 — 2, and since Ps is a point on the line L, y3 = Axg+v. Here

P+ Py + Py = o0, then P; + P» = —P3. We need to apply the inverse formula to Ps.
Hence —P3 = (23, —x3(A+a1) —v—ag).

Group Law Algorithm
Let E be an elliptic curve given by:

E: y2+a1xy+a3y:x3+a2x2+a4x+a6.

14



(a) Let Py = (z0,y0). Then:

— Py = (z0, —yo — a120 — a3).

(b) For Py + P» = P3 with P; = (z;,y;) € E for i =1,2,3:
— Ifxy =22 and y1 +yo2 +ar1x2+a3 =0, then P+ P, = 0.
— If 21 =29

_ 31’%+2a2m1+a4—a1y1 - —x§+a4x1+2a6—a3y1

2y1 +a1x1 +as ’ 2y1 +a1x1 +as

x5 =N —21—m2, y3=Ar1—123)—Y1

— Otherwise, define A and v by:

Y2 —u1 Y112 — Y271
A= |y =2
T2 — X1 X2 —T1

The equation of the line through P; and P is:

Yy=Ar+r.

Using these, P3 = P} + P» has coordinates:

x3:A2+a1)\—a2—x1—x2,

Y3 = —()\—l—al):cg—u—ag.

(c) Special cases include for P # +Ps:

2
Y2—y1 Y2—U1
x(P1+P2):<I2—I1> +a1<x2_x1>—a2—x1—x2,

and the duplication formula for P = (z,y) € E:

[Q]P x4 — 641’2 — 2[)61’ — bg
l’ = .
423 + box2 + 2047 + bg

Example 2.1 To compute P+ P for the point P = (1,3) on the curve y* = 23 +38,
we first calculate the A\ and v for the case x1 = xo. Using the formulas for x3 and

ys, we find that x5 = =" and y3 = =3>. Therefore, P+ P = (%77 _TB)
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Example 2.2 On the elliptic curve y> = 3 — 5z, add the points P = (—1,2) and
Q = (0,0). Using the formula, we find that the slope X is:

N =2 =2,
0—(—1) 1

Then, we calculate x3 and ys:

3=(-2%—(-1)—0=4+1=05,

y3 = (—2)(—=1—-5)—2=(=2)(—6)—2=12—-2 = 10.

Thus, P+ Q = (5,10). We can easily verify that the sum is a point on the curve.

Theorem 2.1 (Mordell- Weil)
Let K be a number field and let E/K be an elliptic curve. The group E(K) is a
finitely generated abelian group. That is,

E(K) 27" x B(K)ors

77" represents the free part of the group, that is, it consists of the infinite order
points. The invariant r is the rank, the number of independent points of infinite
order. The rank r is more difficult to compute. There is no general algorithm.
Descent methods can sometimes estimate it. In the literature, relatively little is still

known about r.

E(K)tors is the torsion subgroup of F(K). It consists of points of finite order. The

torsion subgroup is finite. Its structure is well known:

E(K)tors = Z/mZ or E(K)tors = Z/mZ X Z/nZ.

The situation we described for the rank is not valid for the torsion subgroup. There
are many studies on this topic in the literature. The classification of the torsion
subgroup for an elliptic curve over rational numbers Q has been fully determined
by Mazur in [Mazur & Goldfeld (1978)]. Furthermore, the complete classification
for the number fields of degree 2,3,4, was given in [Kamienny (1992), Kenku &
Momose (1988), Jeon et al. (2004), Derickx & Najman (2024)], which is generalized

by Mazur’s theorem. Research in this area is still ongoing today.
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Theorem 2.2 (Mazur & Goldfeld (1978)) Let E/Q be an elliptic curve. Then
the torsion subgroup Eiors(Q) is isomorphic to one of the following fifteen groups:

o Z/NZ with 1 < N <10 or N =12,
o Z/2Z x7Z/2NZ with 1 < N <A4.
Further, each of these groups occurs as Fiors(Q) for some elliptic curve E/Q.

Moreover, Merel proved a general theorem for the torsion subgroup of an elliptic

curve.

Theorem 2.3 (Merel (1996)) For every integer d > 1, there is a constant N(d)
such that for all number fields K/Q of degree at most d, and all elliptic curves E /K,
we have:

Etors(K) < N(d)

2.3 Arithmetic of Hyperelliptic Curves

The following background information is summarized from the work of Michael Stoll
[Stoll (2014)]. For further details, see [Stichtenoth (2009)].

2.3.1 Hyperelliptic Curve

Definition 1 Let k be a field. Fiz g € N\{0}. The weighted projective plane IP’; is
the set of the equivalence classes of triples («, B,7) where the equivalence is given as

follows :

(a,8,7) = (', 8',) if and only if (!, 5',7) = (A, A1 B, \Y), for some A € k.

For g =0 we obtain the definition of the standard projective plane. There is a one-

to-one correspondence between the affine space A%(k) and IP’?] given as follows:

P2 — A%(k)
(:B:7)— (%,%) where v # 0
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A*(k) — P2
(@,f) — (a:4:1)

In the similar way, we obtain a bijection between the points with a # 0 and A2(k)

given by

A2(k) — P2
(By7) — (1:8:7)

These two subsets of Pg can be called as the two standard affine patches of Pg.

Definition 2 Let g > 2 be an integer. A hyperelliptic curve is a subvariety of the
weighted projective plane IP’g given by the equation y*>+ H(x,2)y = F(x,z) ; where H
and F are homogeneous of degrees g+ 1 and 2g+ 2, respectively, and F € k[x,z] is
homogenous of degree 2g+2 and squarefree. If char(k) # 2 then a hyperelliptic curve
can be defined in the form y?> = F(x,z), such that F satisfies the same conditions.

We define the set of k-rational points of the curve as follows:

C(k) ={(a:B:7) €Fg(k) | 57 = Fla,)}.

If we intersect C' with the affine patches of ]P’g, we obtain the standard affine patches

of C'. They are affine plane curves and they are given as follows:
P=F(e1) and y2=F(1,2),

respectively. During this thesis, we will write C': 4% = f(z) := F(x,1), but we will
always consider C' as a projective curve. Let C :y? = F(z,2) and (a: 3:7) € C(k)
such that v # 0 have the form (a: 3:1) where 32 = f(a). These points correspond
to the solutions in k of the equation y? = f(z). We will frequently just write (o, 3)
for such an affine point. Meanwhile, we have other k-rational points with v = 0.

These points on C' are called the points at infinity.

We obtain them by taking z = 0 and x = 1 in the defining equation,

F(z,2)= f29+21‘29+2 —I—fgg+1x29+1z+ o fra2?atl 22012,

e If fo442 =0 then that gives us deg f =2g+1, and there is one such point,
namely (1:0:0). We denote this point by co.

o If fog40= s? is a nonzero and square in k, then there are two k-rational points
at infinity, namely (1:s:0) and (1: —s:0). We will denote them by oo; and
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009. Otherwise there are no k-rational points at infinity.

Example 2.3 The curve given by C:y? = 25 +42° +62* + 223 + 22+ 20+ 1 is a

hyperelliptic curve on rational numbers Q.

The degree of the polynomial on the right-hand side is 6, so the genus g of this curve
s 2.

At infinity, there are two points {(1: —1:0), (1:1:0)} as the degree of f(x) is even.

The set of all rational points on the curve is given as follows:

CQ) ={(1:-1:0),(1:1:0),(0:=1:1),(0:1:1),(=1:=1:1),(=1:1:1)}.

The most popular theorem about the set of the k- rational points of any curve is

given as follows:

Theorem 2.4 (Faltings (1986)) Let C'/k be a smooth curve of genus g > 2. Then
C'(k) is finite.

2.3.1.1 Divisors, Picard Group, Jacobian of the Curve

Definition 3 Consider the hyperelliptic curve C : y?> = F(z,z) of genus g over a
field k. The coordinate ring of the curve C' over k is defined as the quotient ring:

k[O] = Kl,y,2)/(y* — F(x,2)).

Here, the ideal (y?> — F(x,z)) is generated by the relation y? = F(z,z), which is
irreducible and homogeneous. Thus, k[C] is an integral domain.

The field k(C), which is the field of fractions of k[C], consists of rational functions
on the curve C over k. It is called the function field of C over k.

Definition 4 Let k be a number field and k be its algebraic closure. Let C be a
smooth, projective and absolutely irreducible curve over a field k. A divisor D on

C is a finite formal integral linear combinations of points in C' (/;:) In other words,

D= Z np-P
peC(k)

where np € Z and np =0 for all but finitely many points P.
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o The degree of such a divisor is deg(D) = ZPeC(}E) np.

o The set of divisors is called the divisor group which is a free abelian group

and denoted by Dive.

o The degree zero divisors form a subgroup of the divisor group Dive, which is
denoted by Dive.

e D is called an effective divisor, if the non-zero terms np are positive integers

(i.e., np >0 for all P).

Let k be a number field and & be its algebraic closure. k(C) is the function field of
C over k.

Definition 5 Let ¢ € k(C)*. We define the divisor of ¢ to be
div(¢) =Y ordp(¢)-P
P

where ordp(¢) > 0 if P is the zero of ¢ and gives us the multiplicity of P. But if P
is the pole of ¢ then ordp(¢) < 0. We call such a divisor principal divisor. We

write Princo for the set of principal divisors which is a subgroup of Dive.

Definition 6 The quotient group Pico = Dive / Princo is called the Picard group
of C. We say two divisors D, D' are linearly equivalent if and only if D — D’ is

principal; we denote it as D ~ D',

Example 2.4 Let C:y? = f(x). Ifdeg f =2g+2 then the divisors of the functions

x and y over the curve can be given as follows:
o div(z) = (0,4//(0)) + (0, =/ f(0)) — 001 — 002
* le(y) = Za:f(a):()(aa 0) - (g+ 1) (Ool + 002)

If deg(f) =2g+1 then then the divisors generated by the functions x and y over the

curve can be given as follows:
o div(z) = (0, /7(0)) + (0, —/F(0)) - 20

* le(y) = Za:f(a):()(aa 0) - (29 + 1) 100
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Example 2.5 Let aj,as,a3 € k such that a; # aj, for i # j, where k is a field, and
char(k) # 2. We have the following curve:

C:y?=(z—a1)(z—a)(z—as3).

C' is a smooth curve with a single point at infinity because deg(f) =3. Fori=1,2,3,
let P; = (a;,0) € C. Then

div (z —a;) = 2P; — 200
div(y) =P +P+P;—300

Proposition 2.3 Let C' be a smooth curve and let f € k(C)*.
i. div(f) =0 if and only if f € k*.
it. deg(div(f)) =0.

It follows that Prince is the subgroup of Divoc. Then one defines
PicY = Div, / Princc .

Note that if k is a field, then k%P refers to the subfield of the algebraic closure of k
which contains the elements that are separable over k; this field called the separable

closure of k.

Theorem 2.5 Let C' be a smooth, projective and absolutely irreducible curve of
genus g over the field k. Then there exists an abelian variety J, called the Jacobian
of the curve C', of dimension g over k such that for each field k C L C k*°P, we have
J(L) = Pick(L).

Theorem 2.6 (Mordell-Weil Theorem) Let k be a number field and let J be
the Jacobian of a curve over k. Then the group J(k) is a finitely generated abelian
group, 1.e.

J(k) =~ Z" % Jyop (k)

where 1 is the rank of the group, representing its free part, and Jior(k) is the torsion

subgroup of J(k) which consists of elements of finite order.

Let Py be a rational point on the curve C over k, we define the following map
7 Py cC—J (k‘)

P+ [P — Ry
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This morphism is injective when the genus g > 0. Hence, the problem of determining
the set of k-rational points on C, denoted by C'(k), can be equivalently reformulated
as finding the intersection J(k)Ni(C). This formulation allows us to utilize the
group structure of J to extract information about C'(k). Then we can say that even
though there is no group structure on hyperelliptic curves unlike elliptic curves,
there is a group law on the Jacobian of the curve. In literature, there is still limited
understanding regarding the rank. However, in the case of hyperelliptic curves, there
is no general classification for the torsion order, similar to the case of elliptic curves.
Even when considering the field Q, we do not have a classification or a bound on
the possible torsion orders.

Over finite fields, there is a well-known theorem that provides an estimate for the

number of rational points on hyperelliptic curves as follows:

Theorem 2.7 (Hasse-Weil Bound) Let C' be a smooth, absolutely irreducible
projective curve of genus g over a finite field Fy,. The number of rational points
N =|C(F,)| satisfies:

IN—(g+1)] <29/q.

The following theorem helps finding torsion subgroups of Jacobians of hyperelliptic

curves over Q.

Definition 7 A prime p is said to be a prime of good reduction for C if the reduction
of C modulo p remains a smooth curve. The reduction map p, takes a point in
J(Q), the Jacobian of C' over the rationals, and maps it to J(Fp), the Jacobian of
the reduction of C' modulo p over the finite field .

Theorem 2.8 Let C' be a hyperelliptic curve over Q, and let J denote its Jacobian.
Let p be a prime of good reduction for C. Then the reduction map pp: J(Q) — J(Fp)

induces an injective group homomorphism on the torsion subgroup J(Q)iors.

Definition 8 Let C be a smooth, projective, absolutely irreducible curve over a field
k, and let D be a divisor in Dive(k). The Riemann-Roch space associated with

the divisor D is the k-vector space given as follows:

L(D) = { € k(C)* : div(p) + D > 0} U{0}.

Here, div(p) denotes the divisor of the rational function ¢. The space L(D) consists
of those rational functions ¢ whose divisor, when added to D, is a non-negative

divisor.
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Theorem 2.9 (Riemann-Roch Theorem)

Let C' be a smooth, projective, absolutely irreducible curve of genus g over a field k.
Then there exists a divisor W € Diveo(k) such that for every divisor D € Dive(k),
the dimension of the Riemann-Roch space L(D) is finite. Additionally, the following

formula holds:

dimy L(D) = deg D — g+ 1+ dimy, L(W — D).

In particular, if dimy L(W) = g, and the degree of W is degW =2g —2, then

dimy L(D) =deg D — g+ 1.
fordegD >2g—1

Example 2.6 Consider a hyperelliptic curve C :y*> = f(x) of odd degree and genus
g.

Using the equation of the curve, we can eliminate powers of y greater than the first
power, which simplifies the structure of k[x,y|. This ring has a k-basis consisting of

the elements:

{1,2,22, ...y, xy,2%y,...}.

We know that the valuation at oo for x is orde(x) = —2 and the valuation at oo for
y it is ords(y) = —(29+1). This means the valuation of x™ is ords(z™) = —2n,
and the valuation of "y is ords(x"y) = —(2n+2g+1).

Thus, the valuation at the point at infinity oo for any linear combination of these
basis elements is determined by the element with the minimal valuation among those
with nonzero coefficients. Then we obtain the following Riemann-Roch spaces for

the divisor obtained by integer multiple of point at infinity, co.

Forn <g,
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Forn <g,
L(2n+1)-00) = (1,z,2°,...,2"),

Forn=g,
L(2g-00) = (1,x,22,...,29),
Forn=g+1,
L((2g+1)-00) = (1,z,2%,...,29,y),
Forn>g+1,
L((2n)-o00) = (1,z,2%,... 29y, 29" ay, ... 2" 97 1y 2™)
Forn >g,

L((2n41)-00) = (1,z,2%,. .. 29 y, 29" xy, ... 2™ 2" 9y).

We defined a map from the set of points of a hyperelliptic curve defined over a field
k and the Jacobian of the curve over k. Now the following theorem gives us the

representation of points on the Jacobian.

Theorem 2.10 Let C be the genus g hyperelliptic curve given by y* = f(z) with
degree of f(x) being 29+ 1. Fiz a rational point Py € C(k). For each point Q € J(k),

there is a unique effective divisor Dg € Divo(k) of minimal degree such that
Q = [Dq—(deg Dg) - Fy]

Furthermore, we have deg Dg < g, where g is the genus of the curve.

2.4 Continued Fractions and Order of The Infinity Divisor

Let 32 = f(x) be a hyperelliptic curve over Q with deg(f(z)) =2g+2 for g > 2 is
the genus of the curve. Then we have two points at infinity, as we discussed in
the previous section, which are given by ooy and oos. The infinity divisor is given
by Dy = 001 — 0oy that is an element of the Jacobian of the curve, Jac(Q). In
this section we will see the relation between the continued fraction expansion of

y =/ f(x) and the order of the infinity divisor.
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2.4.1 Continued Fractions

In this section, we briefly summarize the main results on classical continued fractions
and continued fractions of power series. See works such as [Nicol & Petersen (2023),
Hardy & Wright (1979)] for general references on continued fractions.

For any positive real number o € R, one can give the continued fraction expansion

as follows:

1
a=ay+——7F
a2+a3+.4.

where a,, are positive integers, referred to as the partial quotients. The rational

numbers %, where p,, and ¢, are coprime positive integers, are defined as:

Pn 1

1
n a1+ a2+“-+ﬁ
These are called convergents. The sequence of these rational numbers approximates

«a with an error of q%. Specifically, for all n, the approximation satisfies:

L

<
a2

Pn
O{ —_—
’ Gn

Example 2.7 The continued fraction expansion of /2 is given as follows:

V2=1+(V2-1)
1
\/§:1+7\/§+1
V24+1=2+(V2-1)

1
Va=14——

2F e
1
Jr2+ﬁ
) 1
Then we obtain that V2 =[1,2,2,2,---] =[1,2] = 1—}—271
24 5=
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Let K be the laurent-series field k ((x_1)> Define a function
p:K—klz] > K,  p(a)=1/(a—]a])

where [a] is the polynomial part of «. For positive integers r let ¢, be the r-fold

composition of ¢ with itself and let ¢y be the identity map, namely,
ag =, ar=pr(a), arp1=1/(ay—[ay]) forr>1.

In addition, a, := [a,] is called a partial quotient of a. Now, the continued

fraction expansion of « is given by

1
a=ag+
1
ai +
az +
One can write the latter continued fraction in short as a = [ag,a;,a2,...]. The

convergents of a are defined by setting p_o =0, p_1=1,q-2=1, g—1 =0, and for
r =0,
Gr = QrQr—1+qr—2, DPr = QrPr—1+pr—2,

where ¢, p, € k[x]. We have the following equalities :

p’f’/QT‘:[aO;ala"'7aT] (T}O),
>

qrPr—1 —Pr4r—1 = (_1)T (7“

o= Pror1 TP [agiar,....ar, 1] (1> —1),
qror4+1+Gqr—1
o = [ar;ary,...]  (r=0),

QT/QT—l = [ar;ar—la---aal] (7"2 1),
gra—pr=(=1)"/(grars1+q-1) (r=-1).

Example 2.8 Given the polynomial f(x) = 2%+ 42° +42* + 22 +4. We want to find
the continued fraction expansion of g(x):=/f(x). The polynomial part of g(x) is:

ag = [ag) = 27 4 222

Then, the next term is:

T ap—ap g(z) — (23 +222)
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If we multiply and divide it by the conjugate we obtain the following equality:

1 g(x)+(9c3+2x2) B g(a:)—i—(x3+2x2) 9(x) + 2% + 202

g(x) — (23 4+222) g(x)+ (z3+222) g(x)2—<x3—|—2x2)2 2r+4

Then we obtain that

alz[oq]:l

g(z) + 23 + 222 _ 2<IE3+2$2> e
20+4 20 +4

Similary, the next term is as follows:

1 1 1
C}{Q: = 1 2: 3 22
MG e R
3 2 2
 wd @)+ (P

~g(z) — (23 +222)  g(x)+ (23 +222)
(2x+4) (g(x) + 3+ 21’2)

20+4
= g(z) + 23 + 222

Then az = g = {g(x) —|—$3+2z2} = 203 4+ 42? = 2(23 + 22%) = 2ag. Then we can
stop at this point.

We get the continued fraction expansion of g(x) as indicated below:

1

@) =g(x) ="+ 22"+
x2+

2 (23 + 222
(3 + :B)+$2+'

— {x3+2m2,m2,2(m3—|—2x2)] = [ag, a1, 2ao]

Definition 9 Let a; be the i-th partial quotient of the continued fraction expansion

of \/f(z). The continued fraction of \/f(x) is said to be periodic if there is a
positive integer n such that apy, = ap, for every h > 1, the smallest such n is called

the period of the continued fraction.

Example 2.9 In the ezample 2.8 the continued fraction expansion of g(x) is peri-

odic such that the period is 2.

Theorem 2.11 Let C be a hyperelliptic curve of genus g defined over the field k
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with char(k) # 0 by equation y*> = f(z) where f(x) € k[z] is of even degree 2g+2.
Assume that the leading coefficient of f(x) is a square in k. Then if the continued
fraction expansion of \/ f(x) is periodic, it will be in the following form

y=1/f(z)=lao,a1, - ,an—1,2a0]

and it holds the followings:
o an_j=a; foralli<n.

o deg(a;) < deg(ag) for alli <n.

The following properties can be found in [Adams & Razar (1980)] and [(Van der
Poorten & Tran, 2000, Theorem 4.2)].

Theorem 2.12 Let f(x) € k[x] is of even degree 2g+2, for a number field k. As-
sume that the continued fraction expansion of /f(x) is periodic. Then it is in the

following form

Y= [ao;al)GQ)"' 7am—1727a07am—17"' 7a27a1)2a0]

where Ay(mot ) = v Lagit1 for any 0 <i < mT_l, for some v #0 € k.

—1
Remark 2.1 For the case v =1 we obtain n=m. But if v # 1 then n = 2m.

In the context of Theorem, we refer to the minimal value m as the quasi-period

length. Therefore, when v =1, the period length is equal to the quasi-period length.

Lemma 2.1 The continued fraction of uy is given by

My = |:Ma07a1/u7l’ba27 e auam—laQGO/(klu)’ kﬂ’a17 e 7am—1/<k,u)a 2a0#:| )

for any p.

Remark 2.2 In Theorem 2.12, if v =1, then the period ism. If k # 1; in particular,
m is odd, then py has the period length m if and only if p> = 1/k.

Adams and Razar, [Adams & Razar (1980)] proved the following theorem for elliptic
curves. These results were then extended to hyperelliptic curves. In the rest of this
chapter, we will investigate the close relation between continued fraction expansion
of m, where f(z) is an even degree polynomial and the torsion order of the
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divisor Do, = [001 — 0032] on the Jacobian of the hyperelliptic curve C : 32 = f(z).

Theorem 2.13 (Adams & Razar (1980),Berry (1990)) Let C' be the hyperel-
liptic curve defined over k by the equation y? = f(x) where f(x) € k[z] is of even
degree 2g+2, g > 1, that has no repeated root in k, and the leading coefficient of
f(z) is a nonzero square in k. The divisor D, is torsion if and only if the continued

fraction of y is periodic.

Corollary 2.1 Assume that the curve C :y? = f(x) satisfies the hypotheses in The-
orem 2.13. Assume that the continued fraction of y is periodic. Then the continued

fraction expansion of y is given by

Y= [GOQCLL@Z,"' aam—172rya0aam—1v"' 7a27a172a0]

where y(mt_yy = v tagit1 for any 0 <i < mTfl, for some v#0 € k.

—1

Theorem 2.14 Assume that the curve C : y? = f(x) satisfies the hypotheses in The-

orem 2.13. Then the order of the torsion divisor D is given by:

m—1
|Doo| = Z dega;
=0

m—1

=g+1+ Z dega;
=1

Moreover, degag =g+1, and 1 <dega; < g for 1 <i<m—1.
Corollary 2.2 Assume that the curve C :=y? = f(z) satisfies the hypotheses in
Theorem 2.13. Assume that the continued fraction of y is periodic with quasi-period

length m. Then
m+g < |Doo| <mg+1
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3. Construction of Curves Via Continued Fractions

3.1 Hyperelliptic Curves via Continued Fractions

The aim is to construct a 1-parameter family of hyperelliptic curves. We have
seen some invariants of a hyperelliptic curve in the previous sections. Let C' be a
hyperelliptic curve defined over k by the equation y? = f(z) where f(z) € k[z] is of
even degree 2g+2, g > 1, that has no repeated root in k, and the leading coefficient
of f(z) is a nonzero square in k. Assume that the continued fraction expansion of
y is periodic. Let us to fix the quasi-period length, m by starting from the smallest
possible value 1. During this section assume that the order of the infinity divisor
Do is N and a; = a;(z), which are the partial quotients of the continued fraction

expansion of y for a given curve in the form y? = f(x). We know also that
m—1

N=g+1+ Z dega;
i=1

3.1.1 m=1

First we assume that the quasi-period m of the continued fraction expansion of y
is 1 then basicly, y = [ag,2ao] and y? = ag? 4+ 1. This implies that the order of the
divisor D« is just g+ 1, which is the degree of ag.
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3.1.2 m=2

In this part we assume that the quasi-period m of the continued fraction of y is
2. Then y = [ag, a1, 2ag], then y? = %‘10 + ag?. One can say that the torsion order of
the infinity divisor can be bounded as 24+g < N <2¢g+1, for genus g. We know
that the hyperelliptic curve can be given by y? = f(x) where f(z) is a degree 2g +2
polynomial. So 26% must be a polynomial. Moreover since the degree of ag is g+ 1
and the degree of a; is N —g—1. Then the degree of %O is 2g+2— N. Assume
that ag = 29! +39 _yrpa™ and a1 = Zgz_og_l spx™. Looking at the degree, we can
say that
2g+1-N
2a 2
sto _ p29H2-N Z By
ai SN—-g-1 n=0
Consequently, we need to solve the equation (ﬁng”_]v +Zig;61_N h"z™)a; —
.
2ap = 0 such that sy_4_1 # 0. The solution of this system gives us 1-parameter
families of hyperelliptic curves. One of the explicit solution of this system can be

given in the following theorem.

Theorem 3.1 Let o > 1 be any positive integer. For any g > 2a— 3 there exists a
1-parameter family of hyperelliptic curves such that genus is g and the torsion order
of the infinity divisor D, = 001 — 002 of the Jacobian of the curve is N = a+g.

This family is given as follows:

C’:y2 _ [xg—i-l_‘__”_l_xg—a—&-Q_{_(_l)a—l ((t—l)a—l—(—l)a_l) (xg—a+1+xg—a_|_-__+xa—1)
a

2
+(=1)! (Z (=D + (=)= x‘”ﬂ + 1359—0‘*2 +a9 bl
1=2

Proof. Since the period of the continued fraction of y is 2, y2 = 240 +ad. Then by

ai

2ay
looking the equation of 42, the square part is ag and the rest is —. Then the degree
a

of ag is g+ 1 and the degree of %“10 is g—a+2. Then deg(a;) = a—1. We know
that N = deg(ag) +deg(ay), then N = g+ a. O

We can give 1 -parameter families of hyperelliptic curves such that quasi-period
length m of y is 2 and genus is g, torsion order of the infinity divisors Dy, is

N =k + g for some k € Z and for some small genus ¢ as follows:
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1)N =2+ g where g > 2 :

Cry? =29 4 af — (= 2t) (297 42972 4 4 2) —t2+t]2

+ (294 ta9 ottt

2) N =3+ g where g >3 :

C:y? =[x9 429 42971 ¢ (t3 —3t2+3t) (a:g_2+---+m2)

+ (£ =362+ 2t) w+ 15— 22 442+ (29 2924ttt [t

3) N=4+g where g >5:
C:y2 :[$g+1+..-+Ig_2—(t4—4t3+6t2—4t> (l‘g_3+$g_4+"'—|—l‘3>

—(t* =488+ 67— 3t) 2® — 14 365 = 37 147 + (29 29I 12t ottt
4) N =5+ g where g > 7 :

Cry=[a9 T 429+ 2973 4 (t5 5t 1083 — 10t2+5t) <x9_4+...+x4>
+ (£ = 5t 1063 — 102 +4t) 2 + (5 — 5t1 + 106 — 917 + 3¢t) 22
+(£° =51+ 9% — 742+ 2t ) w+ 17 — 4t* 4 61° — 41> 412
+ (295 a9 I Pt t) [t
Corollary 3.1 There exists a one-parameter family of hyperelliptic curves defined
on Q, whose Jacobian has a rational point of order 11 and whose genus is either 7

or 8; order 13 and whose genus is either 8, 9, 10 or 11; order 17 and whose genus
is either 12, 13, 14 or 15; order 23 and whose genus is either 15, 16, 17, 18 or 19.

Example 3.1 ¢g=7, N=11
C:y? :[x8+x7+x6+x5— <t4—4t3+6t2—4t) (:L‘4+x3)
2
— (' =4t 67— 3t) 2® — 1+ 365 = 37 1|+ (o + 12t + 1P+ ta® +ta+t) /b
g=8, N=11

Cry? =27 +a8 427+ (1 =324 3t) (254 +27) +(t3—3t2+2t):c+t3—2t2+t}2
+ (27 +tal 4t t) /8
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g=8, N=13

Coy? = +2® 427+ (£ = 5t* +10° — 1067 4 5t ) (2
+ (£ = 5t +10£5 — 1062 + 4t) 2® + (17— 5t* + 106> — 9£> + 3t ) 2
+ (£ =511+ 983 = T2+ 2t ) o+ 17 — Att + 615 — 41? + 12
+ (27 +tat Fta® 4 ta® ta ) [t
Corollary 3.2 Let g be an integer > 1. For any integer N such that 2+¢g < N <

%(g—i— 1), there exists a one-parameter family of hyperelliptic curves defined over Q

of genus g and whose Jacobian has a rational point of order N.

In general, if m = 2, then the period length and quasi-period length coincide yielding
that y = [ao; a1, 2ag]; or equivalently 3 = a% + 2ﬂ, where ag /a1 € k[z] is a polynomial
whose degree is at most g. In fact, one may gslsume that ag = a1h(x), h(z) € k],
and dega; +degh =g+ 1. It follows that to maximize the order of the torsion divisor

at infinity dega; must be g; and hence h(x) is a linear polynomial.

Theorem 3.2 Fix an integer g > 1. Let o be an integer such that 1 < a <g. Let
h(z),a1(z) € k[x] be polynomials of degree o and g+ 1 — a respectively. Assume that
the polynomials h(x) and a1(x)>h(z) +2 have no repeated roots.

Set C' to be the hyperelliptic curve defined over k by the equation
y? = h(z) (al(ac)Qh(ac) + 2) :

Then the divisor at infinity on C is torsion of order 29+ 2 — «. Moreover, y =
[a1(z)h(z); a1(x), 2a1 (z)h(z)].

Corollary 3.3 Fiz an integer g > 1. Let h(x) € k[z] be of degree o, 1 < a < g. Let
C be the hyperelliptic curve y* = h(x) (1:2(9+1_°‘)h(1:) + 2). The divisor at infinity is
torsion of order 29+ 2 — a. In particular, given an integer N, g+2 < N <2g+1,
there exists a hyperelliptic curve C' of genus g whose Jacobian has a k-rational point

of order N.

Example 3.2 ¢g=5, N =11

Take h(x) =z +1, ai(z) =2°+1
C:y* =(x+1) ((x5 +1)2(z+1) +2>
g=6, N=13
Take h(z) =z +1, ai(z) =25 +1
C:y* =(x+1) ((a:6—|— DXz +1) +2>
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3.1.3 m=3

We can use similar idea to construct 1-parameter hyperelliptic curves such that
the quasi-period length of the continued fraction of y is 3. The continued fraction

expansion is given as

ai ai
Yy = |ap,aq, 77270‘07 7,@1,2@0
Y Y
where 7 is a skew-value. Then we obtain

2apa1 +1

2 2 0d1
=an+—5——

Y 0 a% Y

By using similar idea with the case m = 2, the rational part must be a polnomial,
with the leading coefficient is 2(%10 and the degree is deg(ag) —deg(ai). In this case
the order of the infinity divisor is given as follows:

2
N = Zdegai =degag+degaj +degas
=0

= 2dega; +degag
=2dega;+g+1.

The following theorem provide us a solution:

Theorem 3.3 Let g be an even (respectively odd) integer > 1. For any odd (resp.
even) integer N such that 3+ g < N <2g+1 there exists a 1 -parameter family of
hyperelliptic curves defined over Q of genus g and whose Jacobian has a rational

point of order N.
The following curves is a family of the hyperelliptic curves with genus g > 1, torsion

order N =2r+g+1,Vr <}

1 2
y? = (2 <2a2x9+1 +adz" + 2x9_2T+1) /aQ) + (2xg_r+1 + a) /a

where r = deg(ay).
Proof. By looking the continued fraction of y

2apa1 +1

2 2 01
=a9” + ——-.

Y=ot T e

Then in the given equality the square part represents ag, so degag—dega; =g—r+1.
Then dega; =r and N =2r+g+1. O

In general we obtain the following: we have to consider m = 3 in two subcases:
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i) when the period length n =m, and ii) when the period length n = 2m. In the
1

first case y = [ag; a1, a1,2ag], whereas in ii) y = [ap;a1,v7 a1, 2vap, 7" ta1,a1,2a0]. In

2 1
cither cases y* = a3 + a02a71+, where v is taken to be 1 in i).
ai + Y
Theorem 3.4 Fiz an integer g > 1. Let o be an integer such that 1 < a <|(g+
1)/2]. Let ai(x),q(x) € k[z] be polynomials of degree oo and g+ 1 — 2« respectively.

Set C' to be the hyperelliptic curve defined over k by the equation

y* = (va(@)ar(z)* +ay(x) + 7261(513))2 +47q(z)ar (z) + 4.

Then the divisor at infinity on C' is torsion of order g+ 1+ 2«a. Moreover,

y = [yq(z)a1(z)® + a1 (z) +7%q(2); a1 (z), 7 a1 (z), 2va0(z), 7 a1 (z), a1 (), 2a0 (z)).

2 1
Proof. Since y? = a2 + M, where v =1 if m = n, one may assume that
" aity
h(@)(ay(z)?+7) -1

ap(z) = for some h(x) € k[x] where degh +dega; = g+ 1 and

2a; ()
degh > dega;. One may then write h(x) = q(z)ay(z)+ 1/~ for some non-constant

polynomial ¢(z) € k[z]. In particular, 2dega; +degq =g+ 1. d

Corollary 3.4 Fiz an integer g > 1. Let h(x) € k[z]| be of degree a, 1 < a < [(g+
1)/2]. Let C be the hyperelliptic curve y* = (7x9+1_2ah(x)2 + h(x) +72x9+1_20‘)2 -
4291220 (1) +- 47y, The divisor at infinity is torsion of order g+ 1+ 2. In partic-
ular, given an integer N, g+3 < N < g+1+2|(g9+1)/2], there exists a hyperelliptic

curve C' of genus g whose Jacobian has a k-rational point of order N.

3.14 m=4

In this case the continued fraction expansion of y is periodic with period m =4, so

y = |ag,a1,a2,a1,2ap]. Hence

y2 . 2apaia9 + &026112@2 + 2a02a1 + 2ag + a9 2 2apaia2 + 2ag + a9

3.1
(3.1) 2a1 +a1%as 0

2a1 +a1%as

By using similar idea with the case m = 2, the rational part must be a polnomial,

with the leading coefficient is a% and the degree is deg(ag) —deg(ay). In this case
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the order of the infinity divisor is given as follows:

2
N = Zdegai =degag+ 2degay + degas
=0

=2dega; +degas+g+1.
An example of a solution of this case is given as follows:
Example 3.3 Let g > 1 be an integer. For any N such that44+g < N < %g+2 there

exists a 1-parameter family of hyperelliptic curves of genus g such that the order of

the infinity divisor is N.

In the following lists we are giving the 1-parameter family of genus ¢ hyperelliptic
curves such that the order of their infinity divisor is N. We are categorizing our

curves by N or g is some cases.

Let 4 <k < g+ 2 be an integer where ¢ is the genus of the curves. Let N =k +g,

] = 58] =

1m—1 . . 1
2 _ | 1 i (k—2)(i—1)+1 Loym,(k—2)(m—1)+1
—175((—t)i_1 (k—2)¢—1)+}(_t)n—1 (k=2)n—1 o+l 2 g-(-3) L >2
B P T 9 T T t.ﬁl'f 21'

2 2
+14 gxg + ﬁxg—(k—Z) N tn—?(_x>(k—2)n—2 _ t(m—l) (_x)(k—Q)(m—l)

Let N =2g+3.

Respectively for g =2, 3 and 4 the curves are given as follows:

2 3+x2(4+5)+x(5+2+2>+2 2+2x2+(5+2) 12
=|lz"+—= 1= —|-+t= - — -+ ]+
y 2 \t 2\t 2 t t t o t2 t

3 2 2 3
x° /2 ¢ /4 2 x /5 1 2 2z
y2 = <x4+(+3)+(—+5>+(+—+2)> +—

2 \1 o\t 2 AR R ;
5 1 2 372
+ (t t2_t3)x+ P
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2
t 2t 203 422
2 5 2
Y —(.’E +§£L‘ —t3+t2> +T_t7+1

For g > 5 the curves are given as follows:

t o 22 = 2_’_2510971 4 228 4a?
2 3 2 t t 4

t
y2:<x9+1+2x92+x5+x ——+ +29  — ——+1

g+4
Let N =2g+k where 4 <k <

as follows: .

is an integer. In this case the curves are given

» 1>2 99— k+3

t 4 t
2_( g+1 U g-k+3_ 2(k—2) (1 ) tok—2 1
Y <a: —|—2x +x +t4 —|—2:zc +t2 :
2k —2 4
—2k+5
+$g + ; (1+t4>+1

In general, we obtain the following:

We now consider the case where m =4, and hence the quasi-period length and the
period length are the same. One has y = [ag;a1,a2,a1, 2ag).

Theorem 3.5 Fiz an integer g > 1. Let o, be integers such that 2 < a+ <
g+1. Let ay(z),a2(x) € k[z] be non-constant polynomials of degree o, 3, respectively.
There ezists r(z) € [x] of degree at most B —1 such that the Weierstrass equation

o 1 2
(3.2) Yo = Z(qamg—kml—kq) +qag+r
where q(x) =r(x)ai(x) —az(x), degg=g+1—a— 3, describes a hyperelliptic curve
C' for which the divisor at infinity on C' is torsion of order g+ 1+2a+ f3.

Proof. Given that the continued fraction expansion of y has period length 4, one

sees that
9 9 n 2apaias + 2ag + as

=Qa
4 0 2a1 + afas

Now for the last equation to be Weierstrass, one may assume the existence of h(z) €
k[x], degh < g, such that h(2a; +a%a2) = 2apaias + 2ag + a2. In other words, one

may write
h(2a1 +a%a2) —az hay hai —as

2(aga1 +1) 2 2(ajas+1)

ap =

Now we find conditions under which ag € k[z]. One notices that degh+dega; =g+1,
moreover, deg h > degasg; or h =qas+1r where 0 < degqg<g—1and 0 <degr <degas.
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This shows that
_hai+q  rar—az—q

2 2(&1(12—{—1) )

In particular, the Weierstrass equation becomes

ao

2

y° == (qajaz +ray —|—q)2 +qas +r, where ra; —as+¢q=0.

| =

O

Example 3.4 In equation (3.3) of Theorem 3.5, if we set ag =raj —q, hence h =
rqai; —q* +1, we obtain the Weierstrass equation

2

2
Yy° = (rqa% — q2a1 +ra;+ q) +rqay — q2 =+ 7.

1 =

Choosing r,q to be k-rationals when g is odd; and q to be k-rational whereas r to be
linear if g is even, the order of the torsion divisor at infinity becomes 5(g+1)/2 if
g 1s odd; and 5g/2+2 if g is even.

3.1.5 m=5

In what follows we investigate the quasi-period length m = 5. The continued fraction

expansion of y is given by [ag; a1,a2,vaz,a1/7v,2vag,a1/v,vaz,az2,a1,2ap]. This yields
that ) )
P =adt 1+~a5+ 2ap(ay +yag +yaia3)
O v+ 2ymaz+ai(l+a3)

Theorem 3.6 Fiz an integer g > 1. Let a, 8 be non-zero integers such that § < a <
25 and . Let ay(z) be of degree . Let t(x) € [z] be of degree 23 — . Then there
exists ax(x) € k[z] of degree B and r(z) € k[z]| of degree at most f—1 such that the

Weierstrass equation

v = L (=) +raz(@)r(@)) (@ (z)az() + 1) +ar (@)r(z))’

+ ag(x) (—t(z) +yag(x)r(x)) +r(x)

o |

describes a hyperelliptic curve C over k for which the divisor at infinity has order
g+1+2a+28.

Proof. Setting the non-square part to be a polynomial h(x) of degree at most g, one
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ao(x) = —1+4 ha? —~ya + hy +2a1azhy + afadyh _arh n —1—~a3 + hy+ajashy
0 2(ay +agy +yaad) 2 2(ay +agy+vyarad)

Setting h = gas +r with degr < degas, one has

_ath4q  —1—va3—qa1+ry+aiagry
2 2(ay + agy+yaad) '

ag

Let t(z) € [z] be such that degt+dega; =28, f > 1. Now there is as(z) € [z] of
degree 3 such that t(z)a; (7) = az(z)? + f(x) where deg f < 8. Set r(z) = — f(x)+1/v
and ¢(z) = —vt(z) +yaz(z)r(z). The Weierstrass equation describing C' becomes

2 2

vy = 5 ((=t(@) +yas(z)r(z)) (a1 (z)az(z) +1) +ar(2)r(z))
+ ag(x) (t(x) +yaz(@)r(x)) +r(z)

N

U

If deg g < 2degas, then —1 —~a3 —qay +ry-+ajazry=0. We now use the assumption
that a; = tag for some t € [z] of degree at least 0. This directly implies that r =1/~.
It follows that tas — gt —vyas = 0, whence ay = tah and g = (t —7)ah. In particular,
degq = dega; < 2degas. The curve is now described by

1
a— l(al(qa2+r)+q)2+qa2+r
af 3 2 2, \2 2
= I((t—V)(t ag +1>+t /7) +i(t—7)ag +1/7.

If degq > 2degag, then using the assumption that a; = tag for some ¢ € [x], one has
again that » = 1/~. There is u € [z]| such that

—yag — qt +tag = 2u(t+y+ytad).

Now the choice ¢ = —2ya3u yields that (t—~)as = 2u(t+7). Picking ag = 2(t+7)d)

gives that u = (t —v)ab and the Weierstrass equation becomes

v = i (26(t+7)ah (—167(t =)t +7)Paf +1/7) = 83(t =) (t+7)a%)” + (t—)a
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3.1.6 m=6

Fixing an integer m > 0, we set Q(w) := Q(wq,- -+ ,wy,), where wy, -+ ,wy, are alge-
braically independent. In this section, we construct hyperelliptic curves C' of genus

g over Q(w) described by the equation
Y2 = hogio(W)2 22912 4 hog g (W)a® Tt o+ ho(w),  hi(w) €Q(w), i=0,-,29+2.

The curve C' admits two Q(w)-rational points at infinity denoted by oco; and oos.

We investigate the case when the divisor Dy, = 001 — 002 in the Jacobian of C is
torsion with the quasi-period length m is the same as period length n and both are

equal to 6. This means that the continued fraction expansion of y is given by

(3.3) [ag(x);a1(x),a2(x),a3(x),a2(x),a1(z),2a0(7)]

where degag =g+ 1 and 1 < dega; < g when 1 =1,2,3.

In order to construct our desired curves, a solution of a certain polynomial Diophan-

tine equation must be found.
Lemma 3.1 Let r(x),q(z),a1(x),a2(x),a3(x) € Q[z]. The polynomial Diophantine

equation

— 2q(z) —2a2(x) + a1 (x)r(x) + az(x)r(z) — 2q(x)ai (v)az(z) + a1 (z)az(x)as(x)r(z)

— ag(z)?a3(x) =0
has the following solution

() = ulz)r(z)/2,
az(z) = a(x)r(z),

as(z) = a1(0)u(z)r(z) +ar(z) +u(o),

where u(z) € Q[x].

Proof. One may check that the claimed solution satisfies the polynomial Diophantine

equation. 0

Theorem 3.7 Fiz an integer g > 3. Let a, > 1,7 > 0 be integers such that 2a.+
28+ =g+1. Let a1(z),r(x),u(x) € Qlz]| be of degrees a, 3,7, respectively. If the
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affine equation
2
y? =r(z)? (u(m)(al(x)Qr(x) +1)+a1 (x)) +4 (u(x)al(x)rz(x) —i—r(x))
describes a hyperelliptic curve C, then the divisor at infinity is torsion of order
g+1+6a+35+7.

In addition, if B =1, and the Galois group of the polynomial
r(z) (u(:t:)(al (2)%r(z)+1)+ al(:c))Q +4 (u(x)ay (x)r(x)+1)

is either the full symmetric group Sag11 or the alternating group Aasgi1, then the
Jacobian Jo of C satisfies that End(J¢o) =, in particular, Jo is an absolutely simple

abelian variety

Proof. In view of (3.3), a hyperelliptic curve C' for which the divisor at infinity is

torsion with m =n =6 is described by an equation of the form

y2 _ 2 a2(2—|—a2a3)+2a0(1+a2a3+a1a2(2+a2a3))
0 (1+aia2)(as+a1(2+ asgas)) ’

In order for the latter equation to be a polynomial equation, the latter fraction must
be a polynomial h € Q[z]. This yields that

aih —a%ag—i—(a1+a3)h+a2(—2+a1a3h)
= +
2 2(1+a2a3+a1a2(2+a2a3))

ag

By comparing the degrees of the numerator and denominator of the latter fraction
as polynomials in a1,as and a3, we may assume that h = 2qas +r with degr < deggq
to obtain that

B arth+2q —2a2—2q+ a1r+asr —2qaias + ayazasr — CL%CLg
2 2(14agas + ajaz(2+ agasz))

ag

We notice that if the degree of ¢(x) is strictly less than the sum of the degrees of ag(x)
and as(z), then the numerator of the latter fraction is of strictly less degree than
the denominator. Therefore, for ag to be a polynomial in Q[z], we may assume that
—2a9 — 2q+ayr+ asr — 2qaias + ajazasr — a%ag =0 € Q[z]. According to Lemma
3.1, a solution to this polynomial Diophantine equation is provided giving rise to
the affine equation y? = (a1h+2¢)%/4+ h. After using the explicit description of the

solution in Lemma 3.1, the curve C' is described by

y? =r(z)? (u(x)(al(x)2r(x) +1)+ al(:r;))Q +4 (u(:r;)al (z)r?(z) + T’(SL’)) :
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Now, when =1, the rest of the statement will follow from [(Zarhin, 1999, Theorem
1.3)). 0

Remark 3.1 In Theorem 4.1, we insist that §:=degr > 1, since otherwise az = 2ay.
This means that in (3.3), the quasi period length, m, and the period length, n, satisfy
that m =n = 3.

o . B .
We notice that in Theorem 4.1, if ai(z) = > Aiz’, r(z) = > Riz’, and u(z) =
i=0 i=1
,Y .
> "Ujz', then the curve C' is defined by an equation of the form y? = f(z) where
1=0

f(x) E @[A(LAOHR(LRﬁ?UOJ 7U’YH'I]

The discriminant of C is a constant multiple of the discriminant Ay of the
polynomial f, see for example [Lockhart (1994)] or [Liu (1996)], hence it is a
polynomial in Q[Ag,---Aqa, Ro,---Rg,Uy,---,U,]. If we consider the affine space
AOTPHIH3 with coordinates Ag,---Aa, Ro, - Rg, Up,---,U,, then for a choice
(Ag,---Aa,Ro,---Rg,Uy,---,U,) € ATBH7H3 the equation 32 = f(z) defines a hy-
perelliptic curve of genus g over Q if and only if (Ao,---Aq, Ro,--- Rg,Uo,---,U,)

is chosen to lie in the complement of the hypersurface Ay =0 in the affine space
Aat+B+y+3.

As a direct consequence of Theorem 4.1, we get the following result.

Corollary 3.5 Fix an integer g > 3. Let N be an integer such that 3g < N <
4g+ 1. If there exists integers o, 3 > 1,7 >0 such that 2a+20+~v=g+1 and
N =g+ 1+46a+ 30+, then there exists infinitely many hyperelliptic curves of
genus g over Q whose Jacobian posses a rational point of order N. In particular, if
g is odd, respectively even, there are infinitely many hyperelliptic curves of genus g

over Q whose Jacobian posses a rational point of order 4g+ 1, respectively 4g — 1.

Although our trials to study hyperelliptic curves C' for which the corresponding
continued fraction has quasi-period length m <5 yielded torsion divisors at infinity
with order O(kg), where k < 3, we successfully obtained families of hyperelliptic
curves whose jacobain contains torsion points whose order is not listed in literature.

As an example, when m = n = 4, one obtains the following equation
2 2 9 2 2
y? = (rqaf — a1 +ray+q) +4(rqar — ¢* +7),

Choosing r,q to be Q-rationals and ¢? # r when ¢ is odd; and ¢ to be Q-rational

whereas r to be a linear polynomial if g is even, the order of the torsion divisor at
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infinity becomes 5(g+1)/2 if ¢ is odd; and 5g/2+2 if g is even.
As a result, we can summarize all of the small quasi-period lengths from one to six

and the order of the infinity divisor as follows:

Quasi period of

continued fraction expansion Torsion Order of Dy, := N

of \/f(x):=m

m=1 N=g+1

m=2 g+2<N<2g+1

m=3 g+2<N<2g

m=4 Ifgisodd:N§5g+5
If g is even: N < og 4

m=>5 N<3g+3

m =6 If g is odd: N <4g+1

If g is even: N <4g—1

Example 3.5 Consider the following family of hyperelliptic curves of genus 3
Cr: =2+t + (22 +1) + 12 +4(2(2 +1) +1)

over Q(t). Since the discriminant of Cy is given by 248-5%. (1 +1)(5+ 5t +4t3), if
t # —1, then the class of the divisor (1:2:0)—(1:—2:0) on the Jacobian of Cy is
of order 10.

3.2 Explicit families

In this section we provide explicit parametric families of hyperelliptic curves of
genus g > 3 whose Jacobian possess Q-rational torsion points of orders that does

not appear in the literature.

Theorem 3.8 There exists infinitely many hyperelliptic curves of genus 3 over Q
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whose Jacobians posses a rational point of order 13.

Proof. In Theorem 4.1, pick r(z) = ax +0b, a # 0, to be a linear polynomial in Q[z],
u(z) =u e Q\{0}, and a1(z) = cx+d € Q[z], c # 0. When the discriminant of this
curve is nonzero, we get a b-parametric family of hyperelliptic curves satisfying the
hypothesis of the theorem, where that divisor at infinity is (1:a?-c?-u:0)— (1 :
—a?-c?-u:0). O

In a similar fashion, one may prove the following theorem.

Theorem 3.9 There exists infinitely many hyperelliptic curves of genus 4 over Q

whose Jacobians posses a rational point of order 15.
Example 3.6 Ifu+#0, then the hyperelliptic curve C’f’t of genus 3 described by the
equation

Y2 = (x+ )22t +utz+u(z+t)(x+202) 2 +4(t+z +u(z+ 1)} (x +21))

satisfies that the divisor at infinity is torsion of order 13.

Example 3.7 Consider the genus 4 hyperelliptic curve described by
2
C’;i = (x+1)? (x+ (x—s)(1+x2(:p—|—t))) +4 (t+x+x(—s+x)(t+x)2> :

For a choice of s,t such that the discriminant of Cs; is nonzero, one sees that the
divisor at infinity (1:1:0)—(1:—=1:0) s torsion of order 15.

Remark 3.2 In examples 3.6, the equation describing the curve C’llt?} is of the form
(x+1)fur(x) where the polynomial f,+ has generic Galois group Sy. The latter
statement can be justified by seeing that the specialization fi1 has Galois group S7.
It follows that f,+ has Galois group Sy for infinitely many pairs u,t. According to
Theorem 4.1, this means that the Jacobian JC}L?’t of Cﬁ satisfies that End(JC}i,t) =
and that (]Clll?t is an absolutely simple abelian variety for infinitely many values of

Uu,t.

The same argument yields that the Jacobian of Cslf’t in Example 3.7 is an absolutely

simple variety for infinitely many choices of s,t.

We notice that for g > 5, there are at least two integers N in the interval [3g,4¢g+ 1]
when g is odd, [3g,49 — 1] when ¢ is even, satisfying the hypotheses of Corollary 3.5.
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Example 3.8 Consider the following families of hyperelliptic curves of genus 5
C’;Z y? = 4(t+x+x(t+x)2(x2 +35))+ (x —f-t)z(x + (x2 +3)(1 +x2(x +t)))2

Cifu o =@+ (ttutot+ule+1)*(2”+5))* +4(s+ 2> +ulz +1) (2 +5)%)
21 Y2 =d(s+r+u(z+s) @2 +1)+ (x4 9)2(t+ut+ 2 +u(z+s)(@? +1)?)?

s,tu

corresponding to the triple (o, 5,7) = (1,1,2),(2,1,0),(1,2,0), respectively, in Theo-
rem 4.1. In fact, for the triple (1,1,2), we chose a1(z) =z, r(x) =z +t, u(z) = 2% +s,

which implies that the divisor at infinily is torsion of order 17.

For the triple (1,2,0), we chose ai(x) = x +t, r(x) = 2° +s, u(r) =u € Q\ {0},
yielding that the divisor at infinity is torsion of order 18. Finally, for the triple
(2,1,0), we chose aj(z) =22 +t, r(x) =x+s, u(r) =u € Q\ {0}, with the divisor

at infinity being torsion of order 21.

The same argument as in Remark 3.2 shows that the Jacobians of the curves C’Sli

and C’f}zu are absolutely simple varieties for infinitely many choices of s,t,u.
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4. Quadratic Torsion Order

In this chapter we will explain a different method to construct hyperelliptic curves.
Constructing a quadratic torsion order begins with the works of Leprévost and
Flynn. Leprévost gave a one parameter family of hyperelliptic curves with torsion
order 2g%+2g+1 or 2g? +3g+1 in [Leprévost (1992)]. Then Flynn proved that fixing
g, for any N in the interval [92 +2g9+1,9°>+3g+ 1} , there exists a hyperelliptic curve
which contains a rational torsion divisor of order N in [Flynn (1991)]. There are
similar results for order 2¢g? 4+4g+1 and 2¢g(2g+1). Moreover for N =2¢+5g+5,
Leprévost constructed a family of genus g hyperelliptic curves defined over Q such
that their Jacobian have a rational torsion point of order N or % or %, see [Leprévost
(1997)].

In these articles the idea is similar to what we use in this work, we try to give
two different descriptions of equations describing the same curve and use relations
between divisors on hyperelliptic curves to obtain new torsion orders of rational
points on the Jacobian of the curve.

By using this method, we can obtain small genus hyperelliptic curves such that their
Jacobian has a torsion divisor of big order. Through this, we will obtain new torsion

divisors that were not previously found in the literature.

Throughout this chapter, assume that K is a number field. Let f(z) € K[z] be a
polynomial of odd degree 2g 4+ 1 which has no repeated factors. We consider the
hyperelliptic curve C described by the equation y? = f(z). We let D be a divisor on
C. We recall that the Riemann-Roch space of D is the K-vector space is given by

L(D) = {¢ € K(C) : div(¢)+ D >0} U{0}

Assume that the set of the points of the curve over the number field K is denoted
by C(K). We notice that the curve C' has one point at infinity, since the degree of
f(x) is odd, we eplained the details in the preliminary part. During this chapter
we will denote the point at infiniy as P,,. There exists a natural embedding of

the curve C into its Jacobian J that maps a point P to the divisor class [P — D],
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where D is a fixed divisor of degree 1. As we explained in the background part,
this map restricts to C'(k) — J(k) if D is a k-rational divisor. In particular, one
can choose D to be the rational divisor Py, if f(x) is monic. The class of a
divisor of the form [P — Py defines an element in J(K). We say that the divisor
[P — Py is a torsion divisor of order N if its class in the Jacobian J has order N.
Notice that K (C) is the function field, which consists of the functions on the curve C.

We remark that ordp, (z) = —2 and ordp,_(y) = —(2¢g+1). It follows that for any
m >0, if D,, =2(9+m+1)Py, then the genartors of Riemann-Roch space given
by D,, is as follows:

L(Dm> = <17$7$27“' 7xg+m+1ayaxy7“' ’xmy>

Moreover if D], = (2(g+m)+ 1) Ps, then the genartors of the Riemann-Roch space

given by D! is as follows:

L(D;n) = <1,ZL‘,(L’2,"' 7xg+m7y7$y7"' 7xmy>

Let d, 0 <d < g—1, be an integer. From now on, we work with the algebraic curves

C :y? = f(z) over the number field K where

fla) = A(x)? = a9 (2 — 1971 A(x) e K[z], degA(z) <g, le K\{0}.
One sees that Py = (0,4(0)), Py’ = (0,—A(0)), P = (1,A(1)), P = (1,-A(1)) are
in C(K). In particular, the divisors D; = P; — Py, and D;' = P/ — Py, i =0,1, are

K-rational divisors on C'. We now consider ¢y € K(C') such that

div(¢r) = (g+m)P + (g+m+2) Py — (29 + 2m +2) Px.

We notice that ¢y = ¢ /297" € K(C') such that the divisor of ¢y is given as follows:

div(yy) = div(gbf/x9+m)
= div(¢s) —div(z9™™)
= (g+m)P+(g+m—+2)P, — (29+2m+2) Py
— ((g+m)Py +(g+m)Py— (29 +2m) Px)
= —(9g+m)Po+(9+m+2)P1 —2Px

Moreover y — A(z) € K(C) and the divisor of this function can be obtained by
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looking the equation of the curve as follows:
div(y— A(x)) = (g+1+d) Do+ (g — d) Dy

Therefore, one obtains the following system of equations

g+1+d g—d Dy div(y — A(x))
(4.1) =

—(g+m) (g+m+2)) \ Dy div(yf)

Proposition 4.1 Fix two integers g>1 and d, 0<d < g—1. Let C be a hyperellip-
tic curve defined by the equation y* = A(x)? = Az9H1+4 (. —1)9=¢ where A(x) € K|x],
degA(x) < g, A€ K\{0}. Let m be an integer such that 1 <m < d+1. Then there
is a torsion divisor on C' whose order divides 29+ (2m+3)g+2d+m+2.

g+1+d g—d
Proof. Assume that M = . If we multiply both sides with

—(g+m) (g+m+2)
det(M)- M~ € Zyxs, we obtain that det(M)- Dy is a principal divisor, similar for
Dy also. This yields that |Dg| and |D1]| divide det(M) = 2¢% 4 (2m+3)g +2d+m +2.
U

By investigating the divisor of ¢y, div(¢s) = (9 +m)PR + (g +m+2)P —
(29 +2m + 2)Py, we can see that div(¢s) 4+ (29 +2m +2)Px > 0.  Then
¢ € L((29 +2m +2)Py). Thus, we deduce that (¢;) = a(x) —b(x)y for some
a(x),b(z) € K|x] such that dega(z) < g+m+1 and degb(z) < m.

In particular, one has that the norm of div(¢y) in K(C') is given by

(a(z) = b(z)y)(a(z) +b(x)y) = h(w)z9™™(x = 1) 2, h(z) € K[z], ue K\ {0}.

It follows that

a?(z) =3 (2)y? = h(x)z9T™(z—1)9Tm T2
a*(x) = b (w) (A%(z) =29 @ —1)77) = h(@)ed T (@ —1)otm
a(.I)Q — b(:z:)QA(gj)Q — —)\b(aj)2xg—i—1—i—d(glj _ 1)g—d+ h(x)xg—&-m(x . 1)g+m+2

_ l,g-l—m(m _ 1)g—d (h(iL‘) ($ _ 1)m+2+d _ )\b(l‘)Ql'd_H_m)

where m < d+ 1.
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We know that (¢r) = a(z) —b(z)y for some a(x),b(z) € K[x] such that dega(zr) < g+
m+1 and degb(z) <m and div(¢s) = (g+m) P + (9+m+2)P1 — (2g+2m+2) Px.
Since Py does not lie in the support of div(¢) whereas Py’ is in the support of
div(¢y), it follows that ¢ (Po) # 0 and ¢5 (') =0. Then a(0) —b(0)A(0) # 0 but
a(0)+b(0)A(0) =0. This yields that z 1 a(z) —b(z)A(z) whereas x | a(z)+b(z)A(x).
Similarly, the support of div(1f) contains Py but it does not contain P,’, therefore
(x—1) | a(z) —b(x)A(z) but (z—1) ta(x)+b(x)A(x). Thus, we may assume that

(2) +b(x)A(z) = pla)z?™™,

a )
a(w) =b(x)A(x) = qlz)(z—-1)7"7,
p(z)a(z) = hiz)(@—1)" = Ap(z) 22,

It follows that

p<x>2xg+m _ [h(l’) (I _ 1>m+2+d _ )\b(x)Qxd—H—m} (l‘ _ 1)g—d

(4.2) Ale) = 2 (@)b(a)

where A(z) € K[x]. We set p(x) =z —a, a # 0,1, where a is to be chosen later such
that b(a) and h(a) are non-zero, and p(z) | (h(:v)(x— 1)m+2+d—)\b(aj)2xd+1_m).

Now we will find conditions under which b(z) divides the polynomial p(z)2x9T™ —
h(z)(x —1)97™+2 of degree m. From now on, we assume that g+ m is even. We set
h(x) = 1. In the latter case, p(z)2x9™ — h(z)(z — 1)97"+2 = (p(z)x9+™)/2 — (z —
1)1Hg+m)/2) (p () xl9+m)/2 4 (1 — 1)1+ 0+m)/2) - Now, we set b(z) = p(x)zl9tm)/2 —
(z— 1)1+(g+m)/2‘

Following the discussion above, we fix an integer m, 1 <m < d+ 1, such that g+m

is even. We are interested in the following 1-parameter family of hyperelliptic curves

2 Nadba(@)7H (2 =19~ (= Y™ 4 (5 — a)alotm)/2)°
Cod:y” =
2(r— )
— A d$g+1+d<x _ 1)g*d,
ba(z) = (- Oc)a:(ngm)/Z —(z— 1)1+(g+m)/2’ a#0,1,

A\ _ 1
ad = ad+1—m(a_1)g—d‘

One sees that deg(by(x)) = (g+m)/2 if a # (g+m)/2+ 1, whereas deg(ba(x)) =
(g+m)/2—1 otherwise. Since deg(b,(x)) is at most m and deg A(x) = g, the possible
values for m are either g and then o # g+ 1; or g — 2 where in this case « = g. The

fact that m < d+1 < ¢ implies that m = g — 2, hence o = g and by (z) = by(x) =
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(x—g)d~! —(z—1)9.

4.1 The order of the torsion divisor

In this section, we discuss the order of the torsion subgroup of the Jacobian of the
curve C 4 defined above when o = g. We notice that in this case, d is either g —2

or g—1. We will show that the curve C, 4 is indeed hyperelliptic of genus g.

Proposition 4.2 Fix an integer g > 2. The curves 0579_2 and O;,g—l defined over

Q(t) by

Cogo1 Y =Al_1(2)* —4tz®(z—1),
Cogo = Y =Ay o(x)” —dta®  (z—1)*

where
r—g)29 14 (z—1)9+tz?(z—1) ((z—g)adt — (z—1)9
A ) — (z—g)ad +(z—1)9+ (;_g))(( 9) ( ))7
r—g)29 M 4 (r—1)9+tx(z—1)? ((z—g)a9 - (z—1)9
A ) = (x—g)a9 ™ + (z— 1)+ (;_g)) (x—g) (x—1)7)

are hyperelliptic curves of genus g.

Proof. We set
o-1(@) = ((x—9)Ay_1(2))* = 4tz*(z —1)(z — 9)* € Q(t)[x].

We need to prove that the discriminant of f§_;(z), A ( f;,l(x)), is nonzero. We
assume on the contrary that fi (z) = Pf(x)- Pj(x)? for some P{(x) and Pj(x)
in Q[t,z] where P}(x) is square-free as a polynomial in z. Since deg, ( fg_l) =2,
one sees that the ordered pair (degt (Pf(m)) ,deg; (Pf(x))) is either (0,1) or (2,0).
Assuming that (degt (Pf(a:)) ,deg; (Pf(m))) = (0,1), it follows that each t-coefficient
of fi_1(x), as a polynomial in ¢, is divisible by Pi(x):= Pf(z), 1 =0,1,2.
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In particular, one obtains that

AE) | 2(@—ge V) + @ -1)7) (- (- 1) (09" — (a - 1)7))
+ 4a(z—1)(a—g)",
Pi) | (-2 4 (2-1))".

The divisibility conditions above imply that Py(z) | 4229(z —1)(x —g)?, in particular,
Pi(z) | 2x(z—1)(z —g). Yet, the last divisibility condition implies that z,z — 1,2 —g¢
cannot be factors of P;(z) if g > 2. Therefore, f;_l(:v) is either Pj(x)? or 2P}(z)2.

This is a contradiction as f;,l(x) is of odd degree as a polynomial in x.

We now assume that (degt (Pf(m)) ,deg; (Pf(x))) = (2,0). It follows that P4(x)
divides each t'-coefficient of f;_l(x), as a polynomial in ¢, 7 =0,1,2. A contradiction

is obtained by following the same argument as in the previous case.

The proof that the curve C’;g_z is of genus g over Q(t) is similar. O

Theorem 4.1 Fiz an integer g > 2. We set t;=1/(g*(g—1)) and s, =1/(g(g —
1)2). We consider the following curves of genus g defined over Q by the equations

Cgg-1 : yg = ftg(x) = Agfl(x)Q - 4tgx2g(x —1),
Cypg—2 : Y°= fs,(x) = Ago(2)? —dsga®(x —1)%

where
r—) 9t (e =194+ t,22(xe—1) ((x—g)x9 L — (. —1)9
A = 9 )+guim)« 9~ (e =1)7)
r—)a9 t+ (z—1)9+s,x(x—1)2((x—g)a9 = (. —1)9
Aoy~ D )+_ﬂi—m)(( gast = (@=1)7)

There is a torsion divisor on the curve Cy 41, respectively Cy 4—o, whose order is
4g% +2g — 2, respectively 4>+ 2g — 4.

Proof. That the curves Cy 41 and Cy 4_2 are of genus g over Q follows from Propo-

sition 4.2. We recall the existence of the following rational functions on the curve
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0979—1
Of, = ag—1(z) —bg—1(x)y,

_ Ony _aga(z) —bya()y
wftg o opgtm rg+m ’

O, =y~ Ag-1(2),

where the norm of ¢, is given by az_y(x) — b3y (x)y? = a9t (z — )92 =

22972(x —1)%9.  According to Proposition 4.1, the order of the class of the divi-
sor Dy = (0,A4-1(0)) — Px divides | = 4¢* +2g —2. It follows that the principal
divisor 1Dy is the divisor of the rational function Ly_1(z,y) where

2 2 —
O, " 05,y = Aga ()M

wftggid B ¢ftg a ag—l(‘”)_bg—l(m)y'

This implies that

(y—Ag—1(2))¥ - (ag—1(x) + bg—1(z)y) - x29~2
Ly_1(z,y) = g ag_l(x)g_bg—l(x§292
_(y—Ag-1(2))* - (ag-1(2) +by1(2)y) - 2?97
(I — 1)29 . 292
(y = Ag-1(2))* - (ag-1(x) +by—1(x)y)
(z—1)%

(4.4) -

We recall that P = (1,—A,_1(1)), P’ = (0,—A4-1(0)) € Cy 4—1(Q) do not appear in
the support of the divisor Dy. From equations (4.3) and (4.4) describing Ly_1(z,y),
we can compute Lg_1 (Pl’) and Ly (Pol) as follows

A (—2A _1(1))29.129*1 B 929
Lg—l (Pl) o ag_l(l)g—f-bg_l(l)Ag_l(]_> - (1_g>7
_ 2 (g b B
Ly (Po’) _(=2451(0)* é(y_11()02>9 by—1(0)A,1(0))
229, 929

(_g)Qg.g.(_1)2g g2g+1'
We therefore obtain the following identity
Ly (P1/) (1-9) =Ly (Po/) gt

Assume that the order of the Dg is f then [ = j- f for some j € N. So we can say that
there exists a rational function Ny_1 on the curve Cy 4—1 such that fDy= (Ng_1).
Moreover, we know that j- fDg=1Dg= (Ly—1). Hence we obtain that L,_; = aNgfl,
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for some a € Q. Therefore we manage to find the following equality:

If we look at right hand side of the equation we have g as a factor and left hand
side we have 1 — g, which are relatively prime. The valuation of g is 2g+1+47-¢
for some ¢ € Z, on the right-hand side of the equation. But on the left-hand
side it can be j-c, for some ¢ € Z. Then 2g+1 = j(¢ —¢). Then j must divide
29+ 1. We also know that j-f =1=4¢?>+29—2=2(2g—1)(g+1). Given that
29+ 1 is relatively prime to [ = 4¢? +2g —2 = 2(29 — 1)(g+1), this implies that

the order of the class of Dy cannot be a proper divisor of [, and hence must be [ itself.

For the curve Cg g2, weset ¢f, = ag—2(x) —bg—2(2)y, ¥y, = ¢y, /29T and 0., =
y—Ag—2(x). We consider the class of divisor Dy := P — Py, where Py = (1,A44_2(1)).
According to Proposition 4.1, there is a rational function Ly_o(z,y) defined in Cy 4o
such that the principal divisor I’Dy is the divisor of Ly o, where I’ = 4% +2g — 4.

In fact, the function Ly_o is defined as follows.

Lg—o(z,y) = 9?59;2 'i/ﬁj%sg;l
29—2  2g—1
AR
 p(20-1)-(29-2)
(4.5) (Y= Ag—a(2))¥7% (ag—2(x) — by—_o(x)y)? 1
' - 2(29-1)-(29-2)
_ (y—Ag2(2))*2 - (ag-a(2) = by—2(2)y)* " - (ag—2(x) + by—2(2)y) >
2(29-D29=2) - (ay_9(x) + bg—o(x)y)?9~
2g—1
(Y= Aga(@)¥ 2 (a2 y(x) — B2 a(w)y?)
T p(20-1)(29-2) . (ag—a(z) +by_ 2(x)y)2g 1
(y— Ay_o(x))?92. 2(29-2)(29-1) (1 —1)(29-9(29-1)
a 229-2)Q29-1) - (ag_o(x) + bg_o(z)y)?9~1
DS Ve PR TC)) et Ve
‘ B (ag—Q(x) + bg—2(x>y)29_1

For the points Py’ = (1,—Ay_2(1)), P’ = (0,—Ay—2(0)) € Cy4—2(Q), we use equa-
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tions (4.5) and (4.6) to compute Ly_o (Pll) and L,_o (P)) respectively as follows

(=244 2(1))%972-(1—g)>9 ! 5 29—1
L2 (pll) _ g e —920-2(1 _ g)29 1,
_ AV (20— 2 (1\%92
Lyoa (py) = GO 2 C1C0C) 202 () s
! (a(0) —b(0)Ag—2(0))20~1 (—?1)29_1

We obtain the following equality:
—9Lg—2 (P1/) =(1-9)% "Ly (Pol)

Analogous to the previous argument, we may assume that the order of Dy is f with
j-f=1for some j € Q. Then there exists a rational function N,_5 on the curve
Cy,g—2 such that fDy = (Ny_2). Moreover, we know that j- fD; =1Dy = (Ly—2).
Hence we obtain that L, _9 = aN, 372, for some a € Q. Therefore we have the following
equality:
—gNg—z (Pll) = (1 —g)zg_lNg_z <P0/>

The valuation of 1 —g¢g is 29 — 14 j-c¢ for some ¢ € Z, on the right-hand side of
the equation. But on the left-hand side it can be j-c/, for some ¢’ € Z. Then we
obtain 2g —1 = j(¢’ —¢). Then j must divide 2g —1. We also know that j- f =
| =4¢g>+2g9—4=2(2g—1)(g+1)—2. We observe that 29 — 1 is relatively prime to
492 +2g—4=2(2g—1)(g+1) — 2 implies that the order of class of the divisor of D;
is exactly 4¢° +2g — 4. O

In the following example, we produce hyperelliptic curves of genus g, 2 < g <5,

whose Jacobians possess rational torsion points with order determined by Theorem
4.1.

Example 4.1 Consider the genus-2 hyperelliptic curve Co described by 3> =
—162° + 172* — 1423 + 5322 — 28z + 4, the order of the class of the divisor Dy =
(0:2:1)—(1:0:0) is 18 and the class of the divisor Dy =(1:4:1)—(1:0:0) is of

order 9.

For the genus-2 hyperelliptic curve Cy' described by y* = —8x° +17x* — 1623 + 1822 —
8xr+1, the order of D1 =(1:2:1)—(1:0:0) is 16 and the order of Dy = (0:1:
1)—(1:0:0) s 8.

Consider the genus-3 hyperelliptic curve Cs described by y*> = —72x" +812% — 1862° +
10572* — 102823 462822 — 1922 +36. The class of the divisor D= (0:6:1)—(1:0:

0) is of order 40 in the Jacobian of the curve Cs. One also notices that the class of
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the divisor Dy = (1:18:1)—(1:0:0) s of order 20. According to [Nicholls (2018)],
this is the first example of a genus-3 hyperelliptic curve with a rational torsion point

of order 20 on its Jacobian.

The class of the divisor Dg=(0:12:1)—(1:0:0) has order 70 in the Jacobian of
the genus-4 curve Cy : y*> = —19229 4 22828 — 98427 4 745620 — 1054425 + 112452* —
745823 4 348922 — 1080z 4 144. This is the first example of a genus-4 curve with a

rational divisor of order 70 on its Jacobian.

The class of the divisor Dg=(0:20:1)—(1:0:0) has order 108 in the Jacobian
of the genus-5 curve Cs : y> = —400x' + 500210 — 34002° 4 3220028 — 5972027 +
9068525 — 927702 + 71241x* — 4135223 + 1645622 — 3840z + 400.

The class of the divisor D1 = (2:1280:1)—(1:0:0) has order 106 in the Jaco-
bian of the genus-5 curve Cs' = y? = —402'1 + 185210 — 15602 4 223002° — 8144027 +
2425802°% — 4904002° 4 7453762* — 8577283 + 67846422 — 315392 + 65536.

4.2 An infinite family of hyperelliptic curves

Lemma 4.1 Let g > 2 be an integer. There exists a family of hyperelliptic curves
such that the Jacobian has a rational torsion divisor of order divides 2¢* +5g+2d+3,

for some integer d between —g—1<d < g, on its Jacobian.

Proof. Consider C :=y? = A?(z) — Ax97174(x —1)9=¢ whic is a hyeprelliptic curve.
Then one sees that Py = (0, A(0)), Py’ = (0,—A(0)), P = (1,A(1)), P\’ = (1,—A(1))
are in C'(K), as previous case. We will prove that there exists ¢ on C such that
div(y)) = —(g+1)Do+ (g +3)D;. It follows that

(g+1+d) (9—-d) )
det(M) = =2¢%+5g+2d+3

—(g+1)  (9+3)

Here, instead of existing of v, it will be enough to have ¢ on C' such that
div(p) = (94 1)Py+ (9+3)PL — (29+4) P

Since div(gp/mgH) = div(v). We know that ¢ € L((29+4)Px) =

<1,x,x2,...,x9+2,y,azy>. Then ¢ = a(x) — b(z)y where a(x) and b(z) are some
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rational polynomials with deg(a(z)) < ¢g+2 and deg(b(z)) < 1. Moreover, we have
that (a(z) —b(z)y)((a(z) +b(x)y) = k- 297 (2 — 1)973, by looking at the divisor of

. Then we have the following equalities:

a?(z) = b (z)y? = ka9 o —1)973

a?(z) — b (x)A%(z) = 29 (2 —1)97¢ {k(x —1)d+3 )\bQ(J;)xd}

One assumes that both sides of the polynomials are monic, so say that k = 1. Since
div(p) does not contain Py, but contains Py’ then ¢ (Py) # 0 but ¢ (Fy’) =0. This
implies that z{a(z) —b(x) A but z | a(z) +b(x)A. Similarly, ¢ (P1)=0but ¢ (P]) #0.
Then (z—1) |a(x) —b(x)A but (z —1)ta(x)+b(x)A. Tt follows that

a(w) =b(x)A=(z=1)7"q

a(x)+b(z)A = 29t

where p-q = (z —1)4T3 — Ab?(z)2¢. We need to have that deg(p) = 1, and deg(q) =
d+2. Since deg((a(z) —b(z)A) < g+2 and deg(a(z)+b(x)A) < g+2.

Since p and b(z) are degree one monic polynomials, p =z —« and b(z) = x — 3, for
some 3, € Q. Then

29 (2 —a)? — [(:1: —1)974 ((:c ~ 1)~ A~ B)Qxdﬂ

4= 2 (s —a)(@— P

As A is a polynomial in Q[x], we obtain two following equations:
i) (a=1)2((a=1)™3 = Aa—p)%ad) =0

if) A9 (5~ )2 (8- 1)+ =0,

d+3
To satisty the first equation we can choose A = % where a # [ and o # 0 and

(B—a)?= (ﬁgjﬁﬁ. If g is odd then we can choose « as follows.

(ﬂ_a):i(ﬁ_l)lg;g = a :6i(/8_1)92+3
i i

By looking at the degree of the monomials of the equation y? = A?(x) — Ax9T1H4(z —
1)9~¢ describing the curve, we need to have —g—1<d < g. U

Theorem 4.2 Fiz an odd integer g > 2. We set

(B (a—1)7*2
04:5—697%1,5750,17 )\:WEQ(@-
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The family of hyperelliptic curves Cg of genus g defined over Q(3) by the equation

y? = AQ(Z‘) — /\arzg(x —1)

9 (z—a)—|(z—1) ((z—1)9T2 =Xz —B)%297!
oy = 2l e Dl DN D oo

possesses a torsion divisor whose order is 29>+ Tg+ 1.

Proof. The proof follows the same ideas in the proof of Theorem 4.1. Assume that
y? = A%(x) — A\v?9(z — 1) where

29 (@ =)’ — [(z = 1) ((z = )7 = Mz = 5)%9 )|

Az) = ,
) 2e—a) D)
+3
(—1)9+2 B-1%
A= 2T anda=8— .
(o Bpast =
By Lemma 4.1 the order of Dg divides [ = 2¢%+7g+1. Assume that 6(x) =y — A(x)

and ¢ (2) = a(z) — b(2)y, ¥() = fﬁf

Let L(z,y) be a function of the divisor of /D0 where [ = 2¢% +7g+ 1. This function
is defined by

Liz.y) = Q(x\i]ngS _ H(x;g+3:c9“ _ L0+ 9(2%2@@)@

2

RSy}

2 _ xg—&-l(x . 1)g+3

=
=

where ¢ = a(z) +b(z)y, then - @ =a?(z) —b
Moreover ¢-0(x) = (y — A(x))(a(x) +b(x)y)
= b(2)y* +a(x)y —a(z) Az) —b(z)A(x)y
= (z—B)y* — A(z)a(x) +y(a(x) = b(x) A(z))
= (z = B)y* — Alz)a(x) + (x —1) - q-y4.2
Since (z — B)y” — A(w)a(x) = (x— B) [A*(z) = \a™ (= 1)| — A(x)a(x)
= (z—B)A%(z) = A (z —1)(z — §) — A(x)(z — 1)g — (x — B) A*(x)
= —\*(z —1)(z - f) = (z = 1)A(z) -q

Then ¢-0(z) = (2 — 1) [g- (y — A(z)) — \a (¢ - 5)|
As a result
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(y— A(@))**2 [q(y — A(x)) = A (z — B)]
(x—1)9+2 ’

(4.7) L(z,y) =

Assume that the class of Dy is not the order [. Then | = mn where m and n are

integer divisors of [ and Dy is of order n, i.e. there exists a rational function N(z,y)
on Q(p) such that
nDo = (N )

Then there exists a constant s, such that sN™(z,y) = L(z,y). Since Pj=(0,—A(0))
and P; = (1,A(1)) are not in the support of the divisor Dy, then

L7 N™(P)
L(P) N™(Py)
, 0)(—2A(0))9+3 r—1)92 — Nz — )22 !
L(P) = q( )((_1>9(+2)) where ¢ = (z—1) (x_(a) )
—2A(0 g+3 1
Then L(P)) = _(a)) —
Moreover,
z,y)-0(z 2
L(z,y) L ’Gy()x Z()gi)ﬁ , where L(z,y) can be given by equation (4.7)
[ - 22@)]" - [aly — Ale) - 2 (2 - B)]

(o =172y + A(@))7 7
[ 1] [aty — A) ~ a2~ )
(o =192y + A(@))7 7
(=202)"" [aly = )~ Ae*(a — 9)
(y+A())7 7

Evaluate P, = (1, A(1)) at L(x,y) we obtain:
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_ (=P -B)
HI = A
)\g+3(1 _5)94—3
T (1—a)et?
29 +3 1_5g+3 . 6_1#
—_)\9t1 .Bg—l—l

since g is odd

ad—1

Consequently, we obtain
L(Fp)

_ _320+4,5 0+
L(P) b

which is the polynomial of § with degree 3g+ 10. Since 3¢+ 10 is coprime with
2g° +7g+1, by following the same argument with the previous proofs we conclude
that the order of Dy is exactly equals to [ = 2g% +7¢g + 1.

O

Example 4.2 Consider the genus-3 hyperelliptic curve described by y? =
—19051227 + 72780125 — 11815962° + 105425221 — 52700823 + 16644822 — 30912 +
3136. The class of the divisor Dy = (0:56:1)—(1:0:0) is of order 40 in the
Jacobian of the hyperelliptic curve. We remark that this curve is not isomorphic to

the genus-3 curve Cs given in Example 4.1.

Consider the genus-5 hyperelliptic curve defined by y?> = —1334139660000x!! +
7810111072849210 — 212378957150042° + 355094990521722% — 4096195967356827 +
3498078690721625 — 22600090770240° 4 111702512592002* — 41052597120002 +
104513328000022 — 1625184000002 + 11664000000. The class of the divisor Doy =
(0:108000:1)—(1:0:0) gives rise to a rational point of order 86 in the Jacobian

of the curve. This curve corresponds to B =2 and g=>5 in Theorem 4.2.

Corollary 4.1 In Theorem 4.2, we set 3 =u(t) := (t*+1)%/4t?, t #0,1. For any
integer g > 2, the curve Cyy) is a hyperelliptic curve of genus g defined over Q(t)

that possesses a torsion divisor whose order is 2g> +7g+1.

Consider the genus-2 hyperelliptic curve described by y? = —299054816676000x° +
9373130428715292%  —  11651614211940502%  +  6772794734856251>
132825168000000x 4 8294400000000. The class of Dy = (0:2880000: 1) —(1:0:0)
is of order 23. This curve corresponds to ¢t =2 and § = 25/16 in Corollary 4.1.

Consider the genus-4 hyperelliptic curve described by
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y? = —4410764513139682083438616677713721000002°
+ 22310095034036707025629820436058652226492:°
—  49599721095446670277081923184001424780502"
+ 63290547046305323028140178991911913356252°
—  52601996013041220726106342897004160000002°
+ 31230705966092130738589892442720000000002:
—  13159262422814867971392172382100000000002>
+39634530595069232810201875200000000000022
— 76786692290915614316668300000000000000x
+  6733822227188480528040000000000000000

The class of Dy = (0:2594960929800000000: 1) —(1:0:0) is of order 61. This curve
corresponds to t =2 and = 25/16.

4.3 Cubic Order

In this part, we will discuss the question of whether it’s possible to construct hyper-
elliptic curves with a rational torsion point whose order is cubic, in relation to the

genus.

To obtain this torsion order, intuitively we need to obtain 3 x 3 matrices. So, in
this case we are taking y? = f(r), with deg(f(z)) = 2g+2. Then we have two
points at infinity, by this way we have D, as a divisor, unlike rational divisors
in the 2 x 2 case. Actually the idea in the previous part is finding two different
ways to write the equation describing the curve. Now our aim is to find 3 different
ways to represent the curve. Leprévost is constructing genus 2 curves with torsion
N =21,22,23,25,26,27,29 by using this method [Leprévost (1995)]. We are giving

an example of a family of genus 3 hyperelliptic curves with torsion order 25.

Assume that y? = f(z) = A%(x) — M\x'(x —1)7 where i +7 < 2g+1, i,j € Z and
A(x) € R[z] with degree is g+ 1. So here we have an even degree curve, that

is there exits two points of infinity denoted by Py~ and P,t. We have the
rational points on the curve as Py = (0,A(0)),P = (1,A(1)),P = (0,—A(0)),
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P} =(1,—A1)),Px" and P, which give us the following rational divisors:

Do=Py—Px "
Di=P —Py"
Doo =P — P

Assume that there exists another way to write the curve equation as follows:
y? = f(z) = B*(z) — pa® (z —1)! with

k+1<2g+1 and B(x) € R[z] with degree is g+ 1. Then A(0) ==£B(0) and A(1) =
+B(1).

Our aim is to find another equation of the curve as y? = C?(x) — Ax™(k —1)", by this
way we will obtain the functions which are obtained by y — A(x),y — B(x) and y —
C(z), let’s call them ¢1, ¢2, ¢3 respectively. Then this will gives us the following

equation:
ar fiom Dy div (¢1)
az B2 e Dy | =| div(¢e)
az B3 73 D div (¢3)

So by the same argument with the previous section the order of Dy, Dy and Dy
divide det(M).

Example 4.3 Assume that
y? = A% () +mat(z—1)
= B*(2) +na’(z—1)
= C?(z) +rz.

Then (B—A)(B+ A) = 23(x — 1)(mx —n). Assume that B(1) = A(1) and B(0) =
—A(0). Then

Ale) 2 2
urd(mr —n) x—
B(z) = 5 + oy for some u € Q

Moreover (C — A)(C + A) = x(x —1)(ma3(x — 1) —r), assume that A(0) = —C(0).

61



Then

3 —1) =
C(z) = : (mx (2 ) T) + 2%, for some v € Q.

By equalising the equations of A:

u20m14 — U?’LU2$3 — VT +vV= u02m$4 — U,UmeL‘?’ — UQUT‘ —uxr

Then
v=u
m=n
—1
r=—
u2
The matriz M is given as follow:
4 1 -1
M=1 -3 1 3
1 0 3
such that det(M) = 25. Furthermore,
Dy (¢1)
M-1 Dy | =] (¢2)
Dy (¢3)

foror=y—A(x), ¢p2= y=B@) 4ng ¢3=y—C(x). Then the order of Dy, D1 and Do

3

divide 25. By using magma we obtain that the order of D1 is exactly 25 for any

u (nx?’(x—lﬂ—;) ;

_ 2 _ 42 A(, _
5 e and y* = A%(z) +x*(x —1).

In the article of Leprévost, we see several examples of hyperelliptic curves with

n,u € Q, for the given A =

different torsion orders, by using the 3 x 3 matrices. We showed a different one
in the previous example. However, generalizing cubic torsion in terms of genus is
a hard question, and it is conjectured by the writers in [Patterson, Williams &
van der Poorten (2008)] that there do not exist hyperelliptic Jacobians that contain

a rational torsion divisor of order ¢3.
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5. Torsion Points of Elliptic Curves Over Cubic and Quartic

Number Fields

Assume that y? = f(x) defines an elliptic curve where deg(f(z)) = 4. In [Adams
& Razar (1980)], it was proved that the continued fraction expansion of \/m is
periodic if and only if Dy = 001 — 002 is a torsion point. Moreover it was proved
that if the order of Dy, is N then the period of the continued fraction of \/m is
N—1if Nisodd, N—1or 2(N—1)if N is even.

Mazur, [Mazur & Goldfeld (1978)] gave the complete classification of the torsion
subgroup of the points of the elliptic curves E over Q, denoted by Fio, (Q) which

is isomorphic to one of the following 15 groups:

Z/nZ, 1<n<12n#11 or
Etor(@)g
L2 X Z)2nZ, 1<n<4

5.1 Cubic Number Fields

Kenku, Momose, Kamienny [Kamienny (1992); Kenku & Momose (1988)], gave the
classification of Eio(K) where F is an elliptic curve defined over K for K is a

quadratic extension of Q as follows:
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Z/nZ, 1<n<I18n#17
Z)2Lx LInZ, 1<n<6.

Z|3Z X Z/3nZ, n<n<2 onlyif K=Q(/—3)

ZJAZ x 7.]AZ , only if K = Q(+v/—1).

By looking at the theorem of Adams and Razar and Mazur’s classification of
FEior (Q), the possible periods of 1/ f(x) are given as follows:

{1,2,3,4,5,6,7,8,9,10,11,14,18,22}

Van der Poorten (2004) [van der Poorten (2004)] wrote all square free quar-
tic polynomials f(z) over Q with a square leading coefficients such that the
continued fraction expansion of \/m is periodic.  Moreover it was shown
that there is no polynomial over Q such that the continued fraction expansion
of \/m is of period 9 or 11. Then all of these periods exist over QQ except 9 and 11 .

Mohammad Sadek(2016) in [Sadek (2016)] wrote all square free quartic polynomials
f(z) with a square leading coefficient over some quadratic field K such that the con-
tinued fraction expansion of \/m is periodic. Moreover he is giving the quadratic
number field for which the absolute value of the discriminant is smallest. By con-
sidering the classification of Eyo(K) and Adams and Razar, all possible periods are

as follows:
{1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,17,18,22,26, 30,34}

It was shown that all of these periods occur over some quadratic fields.

The classification of Eio(K) where K is a cubic number field and F is an elliptic

curve over K is given by following theorem:

Theorem 5.1 (Derickx, Etropolski, van Hoeij, Morrow & Zureick-Brown (2021))

Let E be an elliptic curve defined over a cubic number field K, then
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Z/mZ, 1<m<16 orm=18,20,21
Etor (K) =

7)27.x 7.)2mZ, 1<m<T

The set of all possible periods of the continued fraction expansion of |/ f(x) are as

follows:
{1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,17,18,19, 20, 22, 26, 30, 34, 38 }

We need to show that all of these periods, except the periods occuring over QQ, are

realized over a cubic number field, i.e., we will focus on the following set of periods:

{9,11,12,13,15,17,19,20,26, 30,34, 38}

5.1.1 Periods 9 and 11

Theorem 5.2 The cubic field K given by the polynomial 3 — x> +1 has the smallest
|A| over which there are infinitely many quartic polynomials f(x) for which the
continued fraction of m has period 9, and there are infinitely many quartic
polynomials f(x) for which the continued fraction of \/m has period 11.

Proof. By Theorem 2.14 if a curve y? = f(x) has the point D, which is order 10 then
the period of the continued fraction of |/ f(x) is either 9 or 18. The parametrization
of the elliptic curve with a torsion point of order 10 is given in [Kubert (1976)] as
follows:

Epe:y?+ (1 —c)zy — by = 2° — ba?

where

3(4_ 1) it — _
(b,c)z(t (t—1)(2t—1) —t(t—1)(2t 1))

(2—3t+1)2 ° 2_3t+1
According to ([Sadek (2016)], Proposition 4.1) the elliptic curve £}, . can be described
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by a quartic model given by y? = (X2 +u19)? — 4v19(X + w1g) where

— 45 — 1685 + 8t + 813 — 4t +1

u10(t) = A2 =3t +1)2 ’
B3(t—1)(2t—1) 23 — 212 — 2t + 1
t)=— t) =

with ¢(t —1)(2t — 1)(t> =3t +1) # 0 and kyo(t) = —4t(t — 1)(t> — 3t + 1), given in
([Sadek (2016)], Theorem 5.1). According to Lemma 2.1 the continued fraction of
py is periodic of period 9 if and only if k19 = 1/u?, see Remark 2.2. This leads to the
equation for the Jacobian of an elliptic curve, given by Jig := —4t(t —1)(t> — 3t +1).
Then the period of continued fraction expansion of y is 9 if and only if Ejg:=
y? = 23 — 22 — z has a solution in a cubic field which is not a cusp. We have
Ey(K)=17/2Z®7?, for K is the cubic number field generated by the polynomial
23 — 22+ 1. Moreover, |A(K)| =23 is the smallest discriminant, over which we have
this period of continued fraction expansion of \/m .

Similarly, by theorem 2.14 if a curve y? = f(x) has the point D,, which is order
12 then the period of the continued fraction of y? = f(x) is either 11 or 22. The
parametrization of the elliptic curve can be found in [Kubert (1976)] as follows:

Ey.: y? + (1 —c)zy — by = 23 — bx? where

bo) — t2t—1) (212 =2t +1)(3t2 =3t +1) (2t —1)(3t% =3t +1)
b= (-1 )

where t(t —1)(2t —1)(2t2 — 2t +1)(3t> =3t +1) # 0. A quartic model for the elliptic
curve Ej, . on which cot — 00~ is a point of order 12 is given by y? = (X% +up)?—
4v19(X 4+ wi2) where

128 — 120t + 3366 — 468¢° + 372t* — 168¢3 + 3612 — 1
4(t—1)5 ’
t(2t —1)(2t2 — 2t +1)(3t2 — 3t +1) 6t — 83 +2t2 +2t -1
4 , W12 = 3 3
(t—1) 2(t—1)

ulg(t) =

V19 (t) = —

4(2t —1)2(3t2 = 3t +1)3
(t—1)1

Similarly the period of y is 11 if and only if the elliptic curve E12 which obtained

with k19 (t) =

from the square-free part of kya(t); E12: y? = 23 + 2%+ has a point over K which
is not a cusp. We have E192(K)=7/2Z &7, for K is a number field generated by
the polynomial z® — 2 + 1 again.
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F. Najman found the cubic field with the smallest discriminant having it as a
torsion of an elliptic curve for every torsion subgroup over the cubic number field,
except Z/20Z, see [Najman (2012)].When examining the set of possible periods in
the case of cubic fields, the only periods that do not appear in the quadratic case
are 19 and 38. This refers to a torsion point of order 20. However in this case
determining the cubic field with the smallest absolute value of the discriminant is
a challenging task. For other cases, the necessary conditions were compiled by M.
Sadek, [Sadek (2016)], and the fields with the smallest discriminants were identified
by Najman, [Najman (2012)]. In summary, bringing all this information together,
for all possible periods over cubic fields (except for 19 and 38), the corresponding
m polynomials have been determined, the conditions under which these periods
occur have been specified, and the cubic fields with the smallest discriminants

realizing them have been computed.

We aim to address our problem within the context of quartic fields. In their unpub-
lished preprint, Derickx and Najman present a torsion order classification for elliptic
curves defined over quartic number fields. Our goal is to compute the specific quar-
tic field with the smallest absolute value of the discriminant on which each torsion

subgroup resides and subsequently discuss periodic functions.

5.2 Quartic Number Fields

Theorem 5.3 (Derickx & Najman (2024)) If K wvaries over all quartic num-
ber fields and E wvaries over all elliptic curves over K, the groups that appear as

E(K)tors are exactly the following
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7/nZ, n=1,---,1820,21,22. 24,
20X ZL)2nZ, n=1,---,9,
Z/3ZXT/3nL, n=1,---.3,

ZJAL X L]AnZ, n=1,2,

757 x T.)5Z,

ZJ6Z x 7./]6Z

We are interested in the torsion orders which does not occur over Q. So the set of

torsion subgroups over a quartic number field K but not over Q is as follows :

Z/nZ, n=11,13,14---,18,20,21,22,24,
Z)2L X Z)2nZ, n=5, -9,
Z)3T X Z/3nZ, n=1,--3,
L)AL X L]AnZ, n=1,2,
7./57.x 1.)57,
Z/6Z x Z/6T
In the website [LMFDB Collaboration (2025)] we can find the list of the quartic

number fields ordered by the absolute value of the discriminant and labeled in order
K;.
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K | Polynomial Disc. | G. || K | Polynomial Disc. | G.
Ky | 2* =23 —2?+2+1 | 3213 | Dy|| Kyy | 2t —2—1 —283 | S,
Ky | 2t =2 +22—x+1 53 Cy |l K1 | 2*—223+2 26.5 Dy
Ky | ot —2241 24.32 | C2 || Ky | ot =234+ 22 4+2 -1 —331 | Sy
Ky | ot =234+ 20+1 33.7 | Dy|| Kyg | 2* —23—-22%243 32.37 | Dy
Ky | 2*—a? 4222 +z+1 | 32.52 C3 || Kis =34+l 23.72 | Dy
Kg | 2*—2+1 229 Sy || Kig | a2t —2%—1 —24.52 | Dy
K7 | 241 28 C3| Ki7 | 2*+322+1 24.52 | C2
Kg | 2*+22—x+1 257 | Sy || Kig | 2* =322 +3 24.3% | Dy
Ko | ot +22—22+1 2417 | Dy || Ky | ot —a3—2?2 -2z +4 | 32.7% | C2
Ky | 2* =23 +22 -1 —52.11 | Dy || Koo | 2* =223+ 2% —22+1 | —26.7 | Dy

In this section, we aim to identify, for a given group G in the list of torsion groups
given in Theorem 5.3, the quartic field K with the smallest absolute discriminant
such that G appears as a torsion group of some elliptic curve E(K). Our work
involves examining fields in increasing order of |A(K)|. For each field, we either find
an elliptic curve with the specified torsion group or prove that no such curve exists.
We refer to the field associated with a group G in the list as K(G).

Our strategy centers around examining the arithmetic properties of modular curves
X1(m,mn) where m,n > 1. We are looking for the points of each modular curve
over the quartic number fields in the given order of the table. If the modular curve
is an elliptic curve finding the points on a number field is straightforward thanks to
Magma. If the modular curve is a hyperelliptic curve again, we can use Magma to
compute the points; however, in this case, determining the number field is not as
straightforward. If the modular curve is neither an elliptic curve nor a hyperelliptic
curve we have some tools for deciding which number fields these torsion orders
do not occur. But we can not decide the existence of these torsion subgroups by
using the strategies we know. We further investigate the newly discovered points to
determine whether they generate elliptic curves with the desired torsion structures.
This involves analyzing whether the new points correspond to an elliptic curve whose
torsion subgroup matches the required order.

In the website [Sutherland (2025b)], respectively [Sutherland (2025a)], we can find
that the table provides links to the optimized equations f(z,y) =0 for X;(N),
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respectively X7 (m,mn), together with parameterizations.

Let

E= [(11 (U,’U)7 G/Q(va)? CL3<U,’U), a4(U,U), aﬁ(uav)}
P =[Py(u,v), Py(u,v)], and Q = [Qx(u,v), @Qy(u,v)] define an elliptic curve in Weier-
strass form:

y2 +ajry+azy = 23+ a2x2 + a4 + ag

where P is a point of order IV, respectively P is a point of order m and () is a point

of order mn on the curve.

5.2.1 Genus 0 Curves

The curve X;(m,mn) is defined over the cyclotomic field Q((,,). Then first, we look
at the existence of (,, in the number field K. If it exists, we search the non-cusp
points over the modular curve X;(m,mn) on K. Then we evaluate all the points on
the corresponding elliptic curve, if one point gives us the wanted torsion order, we

are done.

Theorem 5.4 The genus 0 modular curves and their corresponding number field

with the smallest absolute value of the discriminant are as follows:
o K(Z/3ZXxZ/3Z)=K;
o K(Z/3ZXZ]6Z) = K,
o K(ZJAZ X Z]AZ) = K3
o K(Z/5Z X Z]5Z) = K>

Proof. Magma was utilized for these calculations. If you would like more details
about the curve equations, you can find some of them in the thesis [Kazancioglu
(2023)] and [Kazancioglu & Sadek (2025)]

Since K1 contains (3, Z/3Z x Z/37Z and 7Z/3Z x Z/6Z can occur over K;. The
corresponding elliptic curve with torsion Z/3Z x Z/3Z is given as 3> +y = 2% where
the point is (0,(3). Corresponding elliptic curve with torsion Z/3Z x Z/6Z is given
as Y2+ (2¢3 + 1)y + (6¢3 + 4)y = 2% + (6¢3 + 4)2 where the point is (0,(3). Since
K does not contain (4 and (5, Z/47 x Z/AZ and Z /57 x 7./57 do not occur as a

torsion subgroup of an elliptic curve over Kj.
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Since K3 does not contain (4, Z/47 x 7./47 cannot occur as a torsion subgroup of
an elliptic curve over Ks. Notice that K5 contains (5, so it is enough to find one
elliptic curve with torsion Z/5Z x 7 /57 over Ks.

The corresponding elliptic curve with torsion Z/5Z x Z/5Z is given by
Y2t o (—8GE+5(2 —8Cs +24) ay + & (—8C3 + 5 8¢5 +2) y = 2* +
% (—8C§’ +5¢2 — —8(5+2)z? where the point is (0,(s).

K3 contains (4 and the corresponding elliptic curve over Kj is given by y? + zy+
% (3¢ +1)y =23+ % (3¢4+1) 22 where the point is (0,(4). O

5.2.2 Genus 1 Curves

Genus 1 curves are elliptic curves and Magma can compute their Mordell-Weil group
over any number field. Here, if the Mordell-Weil Group is different from the Mordell-
Weil Group over Q then there may be a non-cusp point over K. We evaluate the
points on the related elliptic curve; if it gives us the wanted torsion group, we are

done.

Theorem 5.5 The genus 1 modular curves and their corresponding number field

with the smallest absolute value of the discriminant are as follows:

e K(Z/117Z) = K,

o« K(Z/14Z) = K3

o K(Z/15Z) = K>

o K(Z)2Z xZJ10Z) = K,

o K(Z)2Z xXZJ127) = K4

o K(Z/3ZXZ]IZ)= K5

o K(Z/AZ XZ/8Z)= K17

o K(Z/6Z XZ]6Z)= K9

Proof. The modular curve Xj(11) is given in the table or can be given by the
equation y? —y = 23 — 2. The Mordell Weil Group of this curve over K is
isomorphic to Z/5Z x Z. The point (—a?+1,a+ 1) is one of the infinite order points
which gives us the elliptic curve y? 4+ (—a® —3a? —a+ 1)ay + (—4a® — 4a® + 1)y =
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234 (—4a® +a® + 7a+4)x? over K1 which has a torsion subgroup Z/11Z.

X1(14) (K1) = X1 (14)(K2) = X1(14)(Q) = Z/6Z, so all points are cusps over K7 and
Ko also. X1(14)(K3) &2 Z/6Z x Z. The point (—a®+ a,—a>+a*+a—2) has an

infinite order which gives us an elliptic curve over K3 as follows:

y? + 1/13(9a® — 11a® + 3a + 18)xy + 1/169(60a® — 43a®> — 32a + 68)y = 23 +
1/169(60a® — 43a? — 32a 4 68)z>

X1(15)(K7) = X1(15)(Q) = Z/8Z, so all the points over K; are cusps. However,
X1(15)(K2) = Z/16Z, and the point (a —1,—a®+a? — a) gives us an elliptic curves
y? 4 (—2a3 + 50 —5a+3)xy + (3a® 4+ 5a® — 13a+10)y = 23 + (3a3 + 5a% — 13a + 10) 2>
over Ky with torsion order Z/15Z.

X1(2,10)(K1) &2 Z/6Z x Z. The point (2a3 — 3a® +2,—3a® + 5a%> — a — 2) has an
infinite order which gives us an elliptic curve over K with torsion subgroup Z/27Z x

Z/10Z as follows:

y? = 2% + 1/14523721(—1744472a% — 6669240a> + 13343304a — 2211914)z% +
1/210938471685841(—18346356787928a + 33511461110808a> —
33122427523848a + 18185366189609)x

X1(2,12) (K1) = Z /27 x Z/AZ, but all the points are either cusps or make the curve
singular, so there is no torsion subgroup of the wanted order. X;(2,12)(K3) =
X1(2,12)(Q) = Z/AZ, then all points are cusps. X1(2,12)(K3) = Z/27 x Z/8Z, but
all the points make the curve singular. X;(2,12)(Ky) = Z/27Z x Z/4AZ x Z, and one
of the infinite order point (4a —6a? +3a+7,8a3 — 13a% +8a+12) gives us an elliptic
curve which has a torsion subgroup of order Z /27 x 7,/127 as follows:

y? = 234 1/8296707(25496368a° — 436796804 + 332840480 + 28964434) 2>
+1/22945115681283(—57628102792176a> + 890945203296644>
—  459741455219360 — 96546884975333 )

X1(3,9)(K1) = Z/3Z x Z/3Z but the points are either cusps or give us singular
curves. Ky does not contain (3. X1(3,9)(K3) = X1(3,9)(K4) =7Z/37 x Z/37Z but the
points are either cusps or give us singular curves or give us the curves with the torsion
group isomorphic to Z/9Z. On the other hand, X1(3,9)(K5) =Z/3Z X Z/3LX L X L
and one of the infinite order point (1/4(a®—a?+3a+5),1/8(3a® —3a%+9a+7)) gives
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us an elliptic curve which has a torsion subgroup of order Z/37Z x 7Z/9Z defined by

y? +1/61731(—394a> + 394a® — 1182a + 69205)xy
+ 1/66854673(—270034a> 4 2700344 — 810102a + 6932362)y
= 2% 4+1/66854673(—270034a> 4 2700344 — 810102a + 6932362) >

Ki,Ko, Ky, K5, K¢, Kg, K10, K11, K13, K14, K15, K16 do not contain (4.
X1(4,8)(K3) = X1(4,8)(Ky) = X1(4,8)(K12) 2 Z/27 x Z.JAZ and X;(4,8)(K7) =
ZJAZ x Z.JAZ but the points are either cusps or give us singular curves.
X1(4,8)(K17) & Z/27 X ZJAZ x Zx7Z and one of the infinite order points
(5a3 + 2a,—15a% — 24a® — 6a — 9) gives an elliptic curve with a torsion subgroup
ZJAZ x Z/8Z over K17 as follows:

y2 +xy—410y = 3 — 41022

Ko, Kg, -+, K13, K15, K16, K17 do not contain (g. X1(6,6)(K1) = X1(6,6)<K3) =
X1(6,6)(K1) = X1(6,6)(K5) = X1(6,6)(K1a) = X1(6,6)(K1s) = Z,/2Z x Z/6Z but

the points are either cusps or give us singular curves.

X1(6,6)(K19) 2 7Z/27 x 7.)6Z x 7 x 7, and one of the infinite order points (a3 —
2,a% — 3) gives an elliptic curve with a torsion subgroup Z/6Z x Z/6Z over Kig as

follows:

y2 + (9a® +90)zy + (131224 4 104976 )y = > + (1624 + 1296) 2>

5.2.3 Genus 2 Curves

Genus 2 curves can be hyperelliptic or non-hyperelliptic, and Magma can compute
the points of the curve over any number field. The points may be non-cusp points
over K. We evaluate the points on the related elliptic curve; if it gives us the wanted
torsion group, we are done. From the data’s of Andrew V. Sutherland, we obtain
the unsimplifed version of the curves and by using Magma we transfer them in a
simplified version if it is an hyperelliptic curve, i.e. the form of y? = f(x) where f(x)

is a polynomial of the degree 29+ 1 or 29+ 2.
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Theorem 5.6 The genus 2 modular curves and their corresponding number field

with the smallest absolute value of the discriminant are as follows:
o« K(Z/13Z) =K,
o K(Z/16Z) = K,
o K(Z/18Z) = K3

Proof. X1(13) := y? 4+ (23 4+ 22 + 1)y — 2> — 2, and the simplified form can be given
as y? = 2% 4+ 22° + 2 4+ 223 + 622 + 42 +1. We find the points of simplified form
over K7 via Magma and pull back on the unsimplified form. Then one of the
points (—a3+a? — 1, —a?) gives us an elliptic curve over K7 with the desired torsion

subgroup Z/13Z as follows:
y? + (263 —2a)vy + (3a® +2a% —a— 1)y =22 + (3a> +2a® —a—1)2? .

X1(16) := y? + (23 + 22 — 2+ 1)y + 22, and the simplified form can be given as y? =
25 4+22° + 2 + 203 4+ 622 + 42+ 1. In Magma, to identify the points of a hyperelliptic
curve, we must set a bound. However, we believe that the points found within this
bound are sufficient to determine the number fields. The points we have found on
the curve, within the specified bound, are all cusps over K. However, over K»
the point (1/11(10a® —10a? —7),1/1331(812a> — 344a® + 876a — 1625)) gives us an

elliptic curve as follows:

y?  +  1/483153(1488897a3 + 435511a2 + 12353060 + 116480)zy -+
1/1929229929(—3387895251a3 + 296044677a> — 1836840618a + 2768924824)y =
3 4+1/1929229929(—3387895251a3 + 2960446772 — 18368406180 + 276892482422

where it has the desired torsion subgroup Z/16Z.

X1(18) :=y% + (2% — 222 + 32+ 1)y + 22 and the simplified form can be given as y* =
28 —42° +102* — 1023 4 522 — 22+ 1. We have the same situation with the previous
case here. Over Ko, Kg, K7 all points we have found on the curve, within the specified
bound, are all cusps. Over K1, K3, K4, K5 we have non-cusp points, yet they give
only singular curve. But over Kg the point (1/2(—a®—a%41),1/8(3a%+a?—2a—9))

gives us an elliptic curve as follows:

y? +1/19(—61a> — 58a® — 85a + 35)xy 4 1/361(499a> 4 59502 4 833a 4+ 113)y = 2> +
1/361(499a3 4 59542 + 833a + 113) 22

with the desired torsion subgroup Z/18Z.
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5.2.4 Higher Genus Curves

The rest of the curves are given as follows:
« Genus 3: X;(20)
o Genus 4: X;(2,14)
o Genus 5: X7(17),X1(21),X1(24), X1(2,16)
» Genus 6: X;(22)
e Genus 7: X;(2,18)

All of these algebraic curves are non-hyperelliptic curves. By using Magma we can
not compute the points of an algebraic curve if it is not an elliptic or hyperelliptic
curve. We can use some tools to obtain an idea about the existence of this torsion

subgroup over a quartic number field.

First, instead of looking the points of X1(20) over a number field K, we can search
the points of X(20). Some of the Modular curves Xo(V) can be found in the web
site [The LMFDB Collaboration (2024)]. Since X(20) is an elliptic curve, it is
easy to compute its Mordell-Weil group via Magma. If all the points of X((20) is
cusp, there is no 20 cycle over K. By this idea we can eliminate the quartic number
fields as follows: Ko, Ky, K¢, K10, K11, K15, K19, K29, since their Mordell Weil groups
is somorphic to the Z/6Z, which is the same over Q. We know that Xy(4n) has 6
rational cusps for n is a prime number, see [Ogg (1972)]. Then all of the points are

cusps over these number fields. For the rest of the number fields, 20-cycle may exist.

Moreover, we know that Xi(4n) covers X7(2,2n), then we can check the existence
of non-cusp points of X7(2,2n), which is an elliptic curve in the case n =5. Then we
check the Mordell-Weil group of X7(2,10) over the given 20 number fields and, we
could eliminate the number fields K3, K4, K¢, K11, K15, K19, Koq, since the Mordell-
Weil group over these number fields is isomorphic to Z/67Z, which is the same over

Q. So in general there is no 20-cycle over the number fields as follows:

Ko, K3, K4, K¢, K10, K11, K15, K19, K29
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