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ABSTRACT

METHOD OF WEIGHTED WORDS ON CYLINDRIC PARTITIONS

BURCU BARSAKC(CI
MATHEMATICS Ph.D DISSERTATION, JULY 2025

Dissertation Supervisor: Assoc. Prof. KAGAN KURSUNGOZ

Keywords: cylindric partitions, ordinary partitions, method of weighted words,

generating functions, shapes of slices of cylindric partitions

In this thesis, we study the generating functions of cylindric partitions having profile
c=(c1,¢2,...,¢r) with rank 2 and levels 2,3 and 4. As a result, we give expressions
alternative to Borodin’s formula for these generating functions. We use the method
of weighted words which was first introduced by Alladi and Gordon, later was applied
by Dousse in a new version to prove some partition identities and to get infinite
products. We adapt the method to our subject with a more combinatorial approach.
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OZET

AGIRLIKLI KELIMELER METODUNUN SILINDIRIK PARCALANISLAR
UZERINDE UYGULANMASI

BURCU BARSAKCI
MATEMATIK DOKTORA TEZI, TEMMUZ 2025

Tez Damsmant: Do¢. Dr. KAGAN KURSUNGOZ

Anahtar Kelimeler: silindirik parcalaniglar, tam say1 parcalamglari, agirlikl

kelimeler metodu, tirete¢ fonksiyonlar, silindirik parcalanig dilimlerinin sekilleri

Bu tezde, ¢ = (c1,c¢2,...,¢) profiline sahip, mertebesi 2 ve diizeyi 2,3 ve 4 olan
silindirik tam say1 parcalaniglarinin tireteg fonksiyonlar: tizerinde ¢aligiyoruz. Sonug
olarak, bahsi gecen mertebe ve diizeylerdeki profillere sahip silindirik tam say1
parcalaniglarinin Borodin formiilii ile elde edilen iirete¢ fonksiyonlarina alternatif
olarak matematiksel ifadeler elde ediyoruz. Bu amacla, ilk olarak Alladi ve Gordon
tarafindan tanitilan ve daha sonra yeni bir versiyonu Dousse tarafindan bazi tam
say1 parcalanig o0zdegliklerini kanitlamak ve sonsuz carpimlar elde etmek icin kul-
lanilan agirlikli kelimeler metodunu kullaniyoruz. Metodun yeni versiyonunu daha
kombinatorik bir yaklagimla kendi konumuza uyarhyoruz.
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1. INTRODUCTION

Cylindric partitions are given by the following definition (Gessel & Krattenthaler
(1997)).

Definition 1.0.1. Let r and ¢ be positive integers. Let ¢ = (c1,c2,...,¢) be a com-
position where ci +co+...+¢. = L. A cylindric partition with profile ¢ is a vector
partition A = ()\(1),)\(2), . .,)\(7’)) where each A\ is an ordinary partition such that
N0 = (Aﬁz),AS), . .,)\g)) and for all i and 7,

(4) (i+1) (r) (1)
A Z N A 2 Ak
The integer r is called the rank of the cylindric partition, while the integer £ is called

the level of the cylindric partition.

The size |A| of a cylindric partition A = (A X2 . A is defined to be the sum
of all the parts of the ordinary partitions included in the cylindric partition. The
largest part of a cylindric partition A is defined to be the maximum part among all
the parts of the ordinary partitions included in the cylindric partition and denoted
by max(A). For example, for the cylindric partition A = ((5,4),(8,2),(7,5,1)) with
profile ¢ = (0,1,2), we have |A| =32 and max(A) = 8. The following generating

function

Fu(z.q) = 3 2max@)gl]
AeP.

is the generating function for cylindric partitions, where P. denotes the set of
all cylindric partitions with profile c¢. Note that Fi(z,q) = Fg((2,q) where ¢ =
(c1,¢2,...,¢) and S(c) = (c2,c3,...,¢r,c1) (Borodin (2007); Corteel, Dousse & Uncu
(2022)). The generating function of cylindric partitions with a given profile is given
by Borodin’s formula (Borodin (2007)):

Theorem 1.0.1. Let ¢ = (c1,c2,...,¢) be a composition of ¢ where ¢ and r are
positive integers. Define t :==r+{ and s(i,j) == ¢;+ciy1+...+¢;. Then the gen-

erating function for cylindric partitions having profile ¢ = (c1,¢2,...,¢) s given by



the following formula:

1 1

Fe (1 q oozl_[ln H m+] i+s(i+1,5)- Q) H H H t m+j7ifs(j,i71);qt>oo

]zml 002232m1

In the formula above and throughout, the following g-Pochhammer symbols (Gasper

& Rahman (2004)) are used:
n
H 1—ag"") and (a;q)0 := lim (a:q)n,

where n € N, a,q € C and |¢g| < 1.

In this thesis, we study the generating functions of cylindric partitions with a profile
c=(c1,c,...,¢) for rank 2 and levels 2,3 and 4. Borodin’s formula (Borodin (2007))
gives the generating functions of cylindric partitions as infinite products. In contrast
to Borodin’s proof of this formula, we used a more combinatorial approach in our
proofs and we get alternative expressions for the generating functions of cylindric
partitions with the above rank and levels. Due to the rank-level duality (Gessel &
Krattenthaler (1997)), we also get the results for cylindric partitions with rank 3 -
level 2, and rank 4 - level 2. The results we have found are given below, where the left
hand sides are the alternative expressions we find while the right hand sides are the
infinite products obtained by Borodin’s formula. The expressions we obtained for
profiles ¢ = (1,1) and ¢ = (2,0) are also obtained in Kursungdz & Omriiuzun Seyrek
(2023a) with another combinatorial interpretation, while the expression we get for
profile ¢ = (3,1) can be found in Warnaar (2023) in the context of representation
theory. We have the following generating functions for cylindric partitions with the

given profiles:
Profile ¢ = (1,1):

(_q;q2)oo . 1

(1) (0 (@50 00o(:¢M) 2 (@%0h)%

Profile ¢ = (2,0) :

(=% ¢*) oo 1
(12) @0

Profiles ¢ = (2,1) and ¢ = (1,1,0):

n? —% P 1
(1.3) (Z (q4q;q4)n> A ) T)eo _ 5

) (4:0)0 (4:0)00(450°) 00 (04 6% ) o



Profiles ¢ = (3,0) and ¢ = (2,0,0):

(1.4) <Z g ) (%) 1

So(@ha)n) (@D (GD)eo(d%07)0(@367) 0

Profiles ¢ = (4,0) and ¢ = (2,0,0,0):

n(n+l) (2.2 32
(1.5) (Zq (q,q)n>_( ,31)00_ 1

q
=0 (=% d*)n - (6%6%)n (¢:9) (49)00(6%545) 00 (43 6%) 00 (%5 ¢5) 00

Profiles ¢ = (2,2) and ¢ = (1,0,1,0):
(1.6)

2:¢q""D (%) (D) 1
1+ 22 (2 ' =
=1 (@) (=44%)n
Profiles ¢ = (3,1) and ¢ = (1,1,0,0):
2

4 (Z <q2q;22>n> -

n>0 (¢;

;q2)oo 1

Joo (@30)00(5¢%)50(6%:0%) 00 (071 ¢%) e
To be able to obtain the above expressions, we fixed the profile and then studied the
slices of cylindric partitions with the given profile (Kursungéz & Omriiuzun Seyrek
(2023b)). We give the definition of the slices of cylindric partitions in the next
chapter. For any profile, there are only finitely many shapes for slices and each slice
with a certain shape can have only certain weights (mod r), where r is the rank of
the cylindric partition, while between weights of slices with certain shapes there are
some minimum distance conditions. Therefore, we tried to implement the method
of weighted words given in Alladi & Gordon (1995), Dousse (2017a), Dousse (2017b)
on cylindric partitions. This method was first introduced by Alladi and Gordon in
Alladi & Gordon (1995) to prove a special (ordinary) partition identity which is
Schur’s identity (Schur (1973)) that states the number of partitions satisfying some
congruence conditions are equal to the number of partitions satisfying some distance
conditions. To prove Schur’s identity, they computed the generating functions for
the minimal partitions satisfying some minimal distance conditions, and used ¢-
series identities. Later, this method was used by Dousse to prove other partition
identities, but she created a new version of the method in which she used recurrences
and g-difference equations instead of using minimal partitions and g-series identities

(Dousse (2017a), Dousse (2017b)).

We would like to draw the reader’s attention to the identities below (c.f. Andrews

(@D (0%65)00(q;6%)% (¢%45)2 (0% ¢%) % (6% 45)3,



(1979)):

2

" 1

q _
(18) % (@59Yn  (—0%0%) oo (4:0°) 00 (0% @)oo

n%+2-n 1

(1‘9) Z (qq4§q4)n B

n>0

(—0%:0%) 00 (0%:0°) 0o (0% o0

Using (1.8) and (1.9), with the expressions we obtain for profiles ¢ = (2,1) and
c¢=(3,0), we get the infinite products in (1.3) and (1.4) given by Borodin’s formula
in Borodin (2007). Similarly, using identity (1.10) below (see Gasper & Rahman
(2004)) and Euler’s famous identity for ordinary partitions, we get the infinite prod-

uct in (1.7) given by Borodin’s formula.

¢ 7
(1.10) %(q;q)nz = (—21¢)cc-

We should emphasize that we were neither trying to prove an identity nor dealing
with ordinary partitions. Inspired by the version of the method created by Dousse in
Dousse (2017a), Dousse (2017b) using the minimum distance conditions and modulo
congruence conditions on slices, we computed the beginning terms of the generating
functions of cylindric partitions with chosen profiles. Since for a fixed profile, we
deal with slices with certain shapes which can have certain weights, we did not use
any total order on slices we work on or consider any dilations; but we obtained slice
flows for the given profiles which allowed us to get the alternative expressions for the
generating functions of cylindric partitions. Slice flows are essentially a partial order
on slices (Kursungdz & Omriiuzun Seyrek (2023b)). Instead of using recurrences and

g-difference equations, we developed a more combinatorial way in our approach.

For the rest of the thesis, we have the following structure. In the second chapter,
we give necessary definitions and standard results. In the Chapters 3,4 and 5, we
construct the left hand sides of the formulas above. In particular, in Chapter 3 we
obtain formulas (1.1), (1.2), in Chapter 4 we obtain formulas (1.3), (1.4), and finally
in Chapter 5 one can find formulas (1.5), (1.6), (1.7). In the last chapter, we give

details about the future work.



2. PRELIMINARIES

An ordinary partition of a positive integer n is a finite non-increasing sequence
of positive integers by,bo,...b, such that n = by + by + ...+ b where the b;’s are
called parts of the partition for ¢ = 1,2,...,k. For example, if we take n =6, the

corresponding partitions are
6, 5+1, 4+2, 3+3, 4+1+1, 3+2+1, 24+2+2, 3+1+1+1,

2424141, 241414141, 1+1+1+1+1+1.

The generating function P(q) for the sequence p(0),p(1),p(2),... is the power series
in g:

P(q) =" p(k)d",

k>0
where p(k) gives the number of partitions of k. This is called the partition func-

tion. We have the following infinite product representation of the partition function

(Andrews (1998)).
1

1—qF

P(g) =11

k>1

The last series and the infinite product converge absolutely for |¢| < 1. Considering

geometric series, for any positive integer k£ we have,

=1+ + " F g
1—gk

This yields to

1
l—q’f

P(g) =11

k>1
=(A4¢ +¢" . )0+ +PF 4+ (1+¢
:1+q1+q1+1+q2+q1—|—1+1+q1+2+q3+q1+1+1+1_}_“'
=1+¢" +2¢2+ 32 +5¢* +7¢° +11¢° +15¢" + 224 + .. ..



Here, p(0) is the coefficient of ¢ and represents the empty partition, while p(5) =7

is the coefficient of ¢° and it tells us the number of partitions of 5 is 7.

There are graphical representations of ordinary partitions and one them is Ferrers
boards (see Andrews & Eriksson (2004)). For instance, the Ferrers board of the
partition 54+3+1 is

If we call ordinary partitions as one-dimensional partitions, we also have two-
dimensional partitions, in other words, plane partitions. Plane partitions of n are
two-dimensional arrays of non-negative integers such that rows from left to right
and columns from top to bottom are non-increasing (Andrews & Eriksson (2004)).

One of the plane partitions of n = 30 is

44321
4311
321
1

The 3-D Ferrers board of the above plane partition is

Figure 2.1. An example of a plane partition of n =30

(figure credit: https://en.wikipedia.org/wiki/Plane_partition )

The generating function for plane partitions is given by the following MacMahon
formula (MacMahon (2001)):

PP(q) =" pp(k)-q"

k>0
— H 1
k>1 (1 - qk)k'

6
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A cylindric partition with a profile ¢ = (¢, co,...,¢,) is a modified plane partition
such that starting from the second row, rows are shifted to the left by the profile
so that non-negative integers in the columns from top to bottom and in the rows
from left to right are in the non-increasing form. On top of this, the first row is
repeated after the last row (possibly shifted). This will be taken into account for
the inequalities down each column, but it does not add to the weight. Please recall
Definition 1.0.1 (Gessel & Krattenthaler (1997)).

Consider the cylindric partition A = ((5,4),(8,2),(7,5,1)) with profile ¢ = (0,1,2)
where A1) = (5,4), A = (8,2), and A®) = (7,5,1) are ordinary partitions, with
c1=0, o =1, c3 =2 and A? is shifted to the left by ¢z, A®) is shifted to the left by
cs, and as a hidden condition A(Y) is shifted to the left by c1, so that horizontally and
vertically we have numbers in the non-increasing form. To get a better visualization
of these shifts created by the profile, if the number of parts of ordinary partitions
contained in the cylindric partition are not equal, we add zeroes to the ordinary
partitions. So for our running example we write A = ((5,4,0),(8,2,0),(7,5,1)) with
profile ¢ = (0,1,2), and we do the shifts as follows:

54 0
8§ 2 0
75 1

The 3-D Ferrers board of the running example is as follows (Kursungdz & Om-
riuzun Seyrek (2023b)):

g L

Figure 2.2. Visualization of A = ((5,4),(8,2),(7,5,1)) with ¢=(0,1,2)

Note that we will work on the horizontal slices of cylindric partitions with a given
profile, and we simply call them slices. We will give the formal definition after
sharing the visualization for slices of the running example (see Kursungoz & Om-
riuzun Seyrek (2023b)).



Figure 2.3. Slices of A = ((5,4),(8,2),(7,5,1)) with ¢ = (0,1,2)

Definition 2.0.1. (Kursungéz € Omriuzun Seyrek (2023b)) Let A =
()\(1),)\(2), . .,)\(T)) be a cylindric partition with profile ¢ = (c1,ca,...,¢) where each
D s an ordinary partition such that N = ()\gi),)\(i),...,)\g?). Let m := max(A),
and set A = A" Then, form the cylindric partition m2 with the given profile so
that the positions (i,7) such that A§i) =m are replaced by 1’s, and all other positions
are replaced by 07s in A(™).

Subtracting 1 from each position (i,7) such that )\gi) =m in A leaving all other

(m=1) " Now, form the cylindric partition m—12 with

(4)

J

positions as they are, we get A

the given profile so that the positions (i,7) such that X\’ =m—1 are replaced by 1’s,

and all other positions are replaced by 0’s in A1),

We continue in this fashion until all parts of ordinary partitions included in the
cylindric partition become zero, in other words, until we obtain the empty partition

with the given profile. We denote it by oX.
These ;%’s are called slices of cylindric partition A with profile ¢ = (¢1,c2,...,¢r).

Now, let us share with you the slices of the running example A = ((5,4), (8,2),(7,5,1))
with profile ¢ = (0,1,2), starting with the empty slice (X. Note that gray squares
are created by the profile and have zero weight, while white squares have weight 1.
Except the gray squares created by the profile, other squares having zero weight are
not represented by gray squares. We have the following order for the slices of the
running example: (X < g3 <3 < ... < 3. Their visual representations are given

below.

IN



IN
IN
IN

Now, if we put the slices in the order above, so that the gray squares overlap and
g2 is on the top, the total number of white squares in the same position gives the
weight in that position, and we get the cylindric partition A = ((5,4),(8,2),(7,5,1))
with profile ¢ = (0,1,2). Note that this is another visualization for Figure 2.3, and

we will use it in our proofs.

Each slice having a profile ¢ = (¢1,¢2,...,¢) has a shape. We define the shape of a
slice as follows: Without distinguishing between the white and gray squares in the
representation of a slice, we remove k squares from each row, where k is the length
of the r* row. Since in a slice with a profile ¢ = (c1,¢a, ..., ¢,), there are r rows, after
erasing the r* row, we will be left with (r — 1) rows (counting zeroes), and starting
from the top row, we write the number of squares left in the rows, respectively. We
call this the shape of a slice (Kursungoz & Omriiuzun Seyrek (2023b)). Shapes of
02,8%,7%,...,1% above are (3,2), (3,3), (2,2), (2,2), (2,1), (3,1), (3,1), (3,2), and
(2,1), respectively.

l+r—1
r—1

a certain weight (mod r) (Kursungéz & Omriiuzun Seyrek (2023b)). Starting with

Note that for a fixed profile, there are exactly ( ) shapes, and each shape has
the minimal slice with a certain shape, we get other slices with the same shape by
adding the same number of white squares (with weight 1) to each row. In the small
example below, starting from the slice g2 how we get the bigger slices with the same

shape can be found.

!S

After giving the necessary information related to the theory, it is time to explain

IN

how we apply the method. First of all, we fix the profile. We determine the number
of shapes and the corresponding minimal slices having positive weight, and then
we determine the minimum distance conditions between the slices. We construct
cylindric partitions with a given profile by starting with the slice on the top. After
the slice on the top, we can put another slice that contains every single white square

in the representation of the slice on the top. After the second slice, if we choose



a third slice, it must contain every single white square in the representation of the

second slice. And we continue in this fashion.

Consider cylindric partitions having profile ¢ = (2,1) with rank r = 2 and level ¢ =
3. So for the slices of the cylindric partitions with the given profile, there are
exactly (ZJ;CIl):(;l) shapes. The corresponding shapes are (0),(1),(2),(3) and let
us denote these shapes by a,c,b, and d, respectively. Slices that have these shapes
with minimum positive weight are shown below. Note that the colored squares are
created by the profile and have zero weight. Different colors are used to distinguish
the different shapes. Although aq!, bq', c¢?, dg® are the generating terms of the
slices given below, for simplicity of the language, we will name the slices with their

generating terms.

(aq"), (bq"), !: (cq®),
~

For example, as shown below, after the slice ag' we cannot put the slice dg?, as the

crossed white square in the slice ag! is not contained in dg?.

Figure 2.4. A non-example for slice placement

Putting one white square to each row of the slice dg?, one can obtain the slice dg*

below:

Now after ag', we can put dg*. Moreover, we can have the following placement with

the slices ag',bg® and dg*, respectively.

Figure 2.5. An example for slice placement

The above placement of the slices creates the cylindric partition A = ((2,2,1),(3))
with profile ¢ = (2,1).

10



In the following chapters, using the minimum distance conditions on slices, we create
slice flows for the given profiles that give the pattern of slices with distinct shapes
including weights.

Definition 2.0.2. Given an arbitrary but fized profile c, the slice flow for the given
profile is a directed graph in which the generating term xq™ for each non-empty slice

n+1

is a node, and there is an edge from xq" to yq if and only if the slice generated

by yq" ! can be obtained from the slice generated by xq™ by adding a single square.

Slice flow for a given profile is a diagram that gives the partial order on the slices with
positive weight for the given profile, where the slices are denoted by their generating
terms. Slice flow for a given profile is another form of Hasse diagram in Kursungoz
& Omrituzun Seyrek (2023b), but instead of using visualizations of the slices with
a given profile, we denote the shapes of the slices by words (a, b, etc.) and by using
the arrows we show the placement rules for slices with the given profile. We did not
include the empty slices in the slice flows. For convenience, we horizontally aligned
slices with the same shape, and vertically aligned slices with the same weight. The
weights increase from left to right. Let us share with you the following slice flow
for profile ¢ = (2,1): (Latex codes for the slice flows are created by the tikzcd editor
https://tikzcd.yichuanshen.de.)

Figure 2.6: Slice flow for profile ¢ = (2,1)

We use the slice flows to produce the generating functions of cylindric partitions for

given profiles and this process will be explained in the following chapters.

11
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3. METHOD OF WEIGHTED WORDS ON CYLINDRIC

PARTITIONS WITH RANK 2 - LEVEL 2

We start our work applying the method of weighted words on cylindric partitions
with rank 2 - level 2. There are only two profiles in this case, profile ¢ = (1,1) and
c=(2,0).
Theorem 3.0.1. Cylindric partitions with profile ¢ = (1,1) have the following gen-
erating function:
(—4:4%) o
(43 9)o

Proof. For cylindric partitions with profile ¢ = (1,1), there are exactly (HT 11> (?)
shapes. The corresponding shapes are (0),(1),(2) and we will denote these shapes
by a,c and b, respectively. Slices that have these shapes with minimum positive
weight are shown below. Note that the gray squares are created by the profile and

have zero weight.

Since the bigger slices with a certain shape are obtained by adding the same number

of weight 1 squares to each row of the minimal slice with the given shape and the
number of rows in a slice is determined by the rank, each shape has certain weights
modulo 2 for the given profile. Therefore, slices with shapes a and b can only have
odd weights, while slices with shape ¢ can only have even weights. Slice flow for the

given profile is as follows:

\/\/\/\
1/\/\/\/

12



It is straightforward to write the generating function of the cylindric partitions with

distinct slices:

H(1+aq2k+1+bq2k+1>(1+cq2k+2).
k>0

Allowing slices to repeat, we obtain

1 <1+ a2kt ., s ><1+ cq2k+2 >
i 1—ag? 1 " 1 pg2k+l 1— cq2k+2

Now, if we put a =b = ¢ =1, this concludes the proof. n

Theorem 3.0.2. Cylindric partitions with profile ¢ = (2,0) have the following gen-

erating function:
(—¢*4°)
)

(¢

o0

oo

Proof. For cylindric partitions with profile ¢ = (2,0), there are exactly (éjf:l):(‘i’)
shapes. The corresponding shapes are again (0),(1),(2) and we will denote these
shapes by b,a and ¢, respectively. Slices that have these shapes with minimum

positive weight are shown below.

=S

Slices with shape a can only have odd weights, while slices with shapes b and ¢ can

(cq).

only have even weights. Slice flow for the profile can be found below.

N/

cq? cq? cq® cq®
aq! aq® aq’ aq’

bg? bg* bqb bg®
Figure 3.2: Slice flow for profile ¢ = (2,0)

As in the previous theorem, it is easy to write the generating function of the cylindric

partitions with distinct slices:

H(1—|—aq2k+1)(l+bq2k+2—|—cq2k+2).
k>0

Now, if we allow slices to repeat, we get

2h+1 2%e-+2 2k-+2
a b c
11 <1+ 1 : 2k+1> <1+ 1 qb 2 T : 2k+2>'
20 —aq —bg —cq

13



Putting a = b = c=1 completes the proof. O

Note that in the above proofs, even if we do not put a = b= c=1, we still have infinite
products, which also count the number of shapes of slices included in cylindric
partitions with the given profiles via the powers of a,b and c¢. In the following
chapters, for the profiles we worked on, this does not happen, as we deal with more

complex slice flows.
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4. METHOD OF WEIGHTED WORDS ON CYLINDRIC

PARTITIONS WITH RANK 2 - LEVEL 3 AND CYLINDRIC
PARTITIONS WITH RANK 3 - LEVEL 2

In this chapter, we apply the method of weighted words on cylindric partitions with

rank 2 - level 3, and rank 3 - level 2.

We start our examination with cylindric partitions having profile ¢ = (2,1), and we
find an alternative expression for the generating function of cylindric partitions with
the given profile.

Theorem 4.0.1. Cylindric partitions with profile ¢ = (2,1) have the following gen-

(St oo

n>0 (9)o0

erating function:

Proof. Cylindric partitions with profile ¢ = (2,1) have rank r =2 and level ¢ = 3,
so for the slices of cylindric partitions with the given profile there are exactly
(%:1):(1") shapes. The corresponding shapes are (0),(1),(2),(3) and we will de-
note these shapes by a,c,b, and d, respectively. Slices that have these shapes with
minimum positive weight are shown below. Note that the gray squares are created

by the profile and have zero weight.

B R
—

As the bigger slices with a certain shape are obtained by adding the same number

of weight 1 squares to each row of the minimal slice with the given shape and the
number of rows in a slice is determined by the rank, each shape has certain weights
modulo 2 for the given profile. Therefore, slices with shapes a and b can only have
odd weights, while slices with shapes ¢ and d can only have even weights. Slice flow

for the given profile can be found below:

15



dq? dg* dq® dq®
Figure 4.1: Slice flow for profile ¢ = (2,1)

Investigating the slices for the given profile, it’s straightforward to find that cylindric
partitions with distinct slices including only the slices with shapes b, ¢ and d (all

shapes except a) have the following generating function:

H(1+bq2k+1)(1+cq2k+2+dq2k+2)-
k>0

Whenever a slice with shape a enters the picture, we know that we must be careful

2k+1

with the slices with shape d, since just before and just after a slice aq , We cannot

put slices dg?* and dg?**2. Considering this restriction, the possible arrangements

of distinct slices with maximum weight 6 (cq® or dq®) are as follows:
(1+bgY) (1 +cq® +dg?) (1 +bg3) (1 + cq* + dg*) (1 + bg®) (1 + cq® + dq®)
+(aql)(1+cq?)(1+b¢3) (14 cq* +dg*) (1 +bg°) (1 + cq® + dgb)
+(1+bg') (14 cq?)(aq®) (1 +cq?) (1 +bg°) (1 +cq® + dgb)
+(1+bg")(1+cq? +dg?)(1+bg’) (1 + cq*) (ag®) (1 + cq®)
+(aq")(1+ca?)(aq®)(1+cq?)(1+bg°)(1+cq®+dg°)
+(aq")(1+ecq?)(1+b¢°)(1+cq?)(ag®)(1 +cq®)
+(1+bg")(1+ca?)(ag®)(1+cq?)(ag®)(1 +cq®)
+(aq")(1+cq?)(aq®)(1+cq?)(ag®)(1+cq®).

Since the maximum weight is restricted by 6 above, the possible weights of slices with
shape a are 1,3, and 5. There is a one-to-one correspondence between the subsets
of the set {aq',aq® a¢’}, and the terms of the sum above, each line representing
one term. For example, the first line of the sum corresponds to the empty set so
that no slice with shape a is included, while the second line of the sum corresponds
to the subset {aq'} so that the slice ag' is included, and the seventh line of the

16



sum corresponds to the subset {aq?’,aq5} so that slices ag® and ag® are included.
Therefore, the sum above has eight terms. Now, if we allow slices to repeat, this

sum becomes:

(1+1 b1>(1+1 cq2+1 dq )<1+1 b3)(1+1 cq4+1 dq )(1+1 bq )(1+1 cq6+

dg®
1—dgb )

dq6
+(1 aql )(1_'_1 cq? >(1+1 b3)(1+1 cq4+1 dq )<1+1 bq >(1+1 cq6+17dq6)

6

+(1+ 2 (1 5 cqm - ><1+1 s ><1+1 ; (125 ><1+1 5)

"‘(13(;(11)(1 + 15?3(]2)(1

dq®

6

+(1 —aql )(1_'_1 cq? >(1+1 bq )(1_'_1 cq? >(1 aq® )(1+1 —cqb )

6

+(1+1 bq )(1+1 cq? )(1igq3)(1+133(14)(133(15)(1"‘122(16)

3 4
+( 1i(;q1 )(1 + 13?;(12)(1?2(13)(1 + 12(2(14)(

6
1-aq® )(1+1 cq® )

Then, if we put a =b=c=d =1, we obtain the following sum:

(12 (28 (1) (L ) () (1255
L) (722) (1) () () (1255

3

() (2 (1900 (720 (125) (3585

) () () 2 (7 (120)

(o) (12 (1%00) (120 (25 (3255)

(o) (122) () (7220 (1258) (1)

3 5

) () (%) () (15 (1)

L) (122) (755 (720 (75 (220)-

Let us denote the first term of this new sum above by P(q), that is,

Ly 1ty 1 d+d
1—gV 11— 1= 11— 1= 1 —¢b

P(q) = ( )-

Then, how we get the other terms of the sum is as follows:

(1) (125) () () (1) (1255 = P(g) 14

17




3 6 3
(1_1q1)(1_1q2)(12013)(1_1q4)(1_1q5)(1i36) = p(Q)m

2 5 5
(1_1q1)(}tg2)(1_1q3)1_1q4(12q5)<1_1q6) = P(Q)(qugw

1 3 1.3

6 .
(120 (1252) (150 (250 () (25 = P(g) e

5 1.5
(12(11)(1,1012)(1,1(]3)(1}q4)(1gq5)(1}q6) = P(Q)(prq )(1+g T)(114%)

3 5 3.5

(1—1q1 )( 1_1q2)(12q3)(1_1q4>(1(_lq5)(1_1q6) = P(Q) (1+q2)(1+g4)(1+q6)

1 3 5 1.3 5

( 1Eq1 )(1_1q2 ) ( 1gq3 ) ( 1_1q4 )( lgq5 )( 1_1q6) = P(Q) (1+q2)(1(1~iq'2)(1+q6) .

Now, we will generalize this idea.

Cylindric partitions with the given profile not including a slice with shape a have

the following generating function:

(4.1) S(q) = i1 (1+¢%) <_Zz;§2)oo‘

M1(1-¢%) (¢

oo

Cylindric partitions with the given profile including only one size of slice with shape

a, that is, including ag?**! for some k € N, have the following generating function:

ql q2k’+1
(42) <1+q2+kz>:1 (1+q2k)(1+q2k+2)>5@'

Cylindric partitions with the given profile including exactly two sizes of slices with

shape a have the following generating function:

(4.3)
1 . 2k+3 2k+1  2k+3
q -q q -q q q
+ +
(it 2 T @+ A @) T 2 (T (11 (1 1 )
q2l€+1 q2/€+2n+3

+ S(q).

1;[]{; 1+q2k‘ 1+q2k+2)(1+q2k+2n+2)(1+q2k+2n+4>> ( )

Cylindric partitions with the given profile including exactly three sizes of slices with

shape a have the following generating function:

18



1.,3.0 00 1.,3. 2k+5
S(0) q'q-q s q"q°q
(1+¢*)(1+g")(1+¢%) S (L+¢*)(1+g")(1+¢*+)(1+¢2H0)

1., 2k+3  2k+5

+3 q-q q

= (L4+¢2) (14 g2 F2) (1 + gk +4) (1 + g2+ 16)
+ Z Z ql . q2k+3 . q2k+2n+5

oSt (L ) (1+ g2 +2) (1 + gZ6+4) (1 4 g2k +2n+4) (1 4 2k+2n+6)
n Z PR 23 2k45

=1 (1 + q2k)(1 + q2/€+2)(1 + q2/€+4)(1 + q2k+6)
N Z q2k+1 q2k+3 q2k+2n+5

k>1 1 + q2/c 1+ q2k+2)(1 + q2kz+4)(1 + q2k+2n+4> (1 + q2k+2n+6)

2k+1_ ,2k+2n+3  2k+2n+5

4 q

+ Z 28) ( 2k+2q htont2 Shtontd %126
Siist T+ (14 2)(1+¢ )(1+q )(1+¢ )

G2hL . 2R
+ - %;N (14 ¢2F) (1 + ¢2FF2) (1 4 2F+2n+2) (1 + ¢2h+20+4) (1 4 g2h+2n42m+4) (] 4 2k+2n+2m+6)

2k+2n+2m+5 )

As the number of distinct sizes of slices with shape a increases, our expression gets
larger and larger and more complicated. Fortunately, there is a certain pattern
behind the scenes. Now, let us prove the following lemmas which will help us to

compute the above sums:
Lemma 4.0.1. For any integer k > 0, we have the following identity:

2k+1
q+

_q -1 1
(1+q2k)(1+q2/€+2> - 1_q2 <1+q2k + 1+q2k+2>‘

(4.5)

For any integers k >0, n > 2, we have the following identity,

G2FHT . 2hH3 | 2kt2n—1
(4.6) 2k 2k+2 2kt2ny
(1+¢*%)(1+q )...(1+q )
q 2B 2hAD 2kt2n—1 ., g2hH3 . 2hA5  2k+2n—1
1_q2n (1+q2k)(1+q2/€+2).“(1_|_q2k‘+2n—2> (1+q2k+2)(1+q2/€+4).“(1_|_q2k+2n)

Proof. 1dentity (4.5) easily can be verified. For Identity (4.6) we will proceed by
induction on n. The base case n =2 can be seen by verification. Now, supposing

Identity (4.6) holds for some n > 2, we will prove it for n+ 1, that is, we will prove
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the following:

g2RHT . 2hH3 g 2k+2nt]
(4.7) 2k 2k+2 2k+2n+2y
(L+¢*)(14+¢*+2)...(1+¢ )
q _ 2R3 2k 2kt . 2R3 2D 2ktant
1_q2n+2 (1+q2k)(1+q2k+2)(1+q2k+2n) (1+q2k+2)(1+q2/€+4).“(1_|_q2k+2n+2)

Starting with the left-hand side of (4.7), and using the induction hypothesis, we get

PhHL 2R3 2ktant o+l
(4.8) 2% 2%+2 eront2y ranta
(L4+g*F)(1+¢*+2) . (L4 g2ht2nt2) - 14 g2htent
¢ 2R3 2k 2k N hH8 g2hA5 | 2ktan—1
1= @20 \ (1 + 2R) (1 + 2 +2). (14 26 20=2) ' (14 g2k 2)(1 4 26 T0) . (14 g2ht2n)

Now, one can easily verify that the right-hand side of (4.8) is equal to the right-hand

side of (4.7), and this concludes the proof. O
Lemma 4.0.2. For any integer m > 1, the following holds.
(4.9)

> I 2 g 2k2m—1 o AP 2l

& )1+ ¢F2) (14 2m) — T—g? (1+¢)(1+¢")...(1+ )

Proof. We will prove the lemma by induction on m. The base case m =1 can be
easily verified, when we use Identity (4.5). Now, supposing that (4.9) holds for
m > 1, we will show that it also holds for (m+1). Using Lemma 4.0.1, rearranging
the expression, changing the index and then applying the induction hypothesis, we

get what we want:

2k+1 | 2k+43 2k+2m~+1

> ¢4 -4 Sy
kzl(1_|_q2k)<1_|_q2k:+2)".(1+q2k+2m+2) k211_q2m+2

_q2k+3 . q2k‘+5 o q2k+2m+1 q2k—|—3 . q2k‘+5 - _q2k+2m—|—1
((1 + q2k>(1 + q2k+2) o (1 + q2k+2m) + (1 + q2k+2)(1 + q2k+4> o (1 + q2k+2m+2)>

_ 2k+3 | 2k+5 2k+2m~+1

_q '(Z A R
1_q2m+2 =l (1+q2k)<1+q2k+2)(1+q2]€+2m)

2k+3 2k—|—5

q ) q2k+2m+1 )

q
_|_
kz>:]_ 1+q2k+2 (1_|_q2k+4) (1_|_q2k+2m+2)

_q2m_ Z
=1 (1+q2k)(1+q2k+2)(1+q2k+2m)

2l€+3

q G2FH1 . 2hA3 2kt2m—1
T 1_gmt?

2k+1

-q ) q2k+2m71 )

q
+
k§2 1+q2k 1+q2k+2) (1+q2k+2m)

_ q B qu ‘ q2m ‘ q1q3 o q2m—1
1 —g2m+2 L—g¥™ (1+¢*)(1+q¢%)...(1+¢*™)
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N q2m ' qlq C] —1 B q3q5 B .q2m+1
1—¢> (1+¢3)(1+4¢Y)...(1+¢*) (14+¢*)(1+q?)...(1+¢*>m+2)
q2m+2 q q3 q2m+1

T 1= (T @) (It gh) ()

Lemma 4.0.3. For any integers my,ms > 1, we have

(4.10)

2]{:1—|—1 2]€1—|—3 2k1+2m1—1 2k1+2ko+2m1+1 2k14+2ko+2m1+3 2k1+2ko+2m1+2mo—1

q -q q q q
k22>1 klz>1 1+ q2k1 1+ q2/€1+2) (1 + q2k1+2m1 ) (1 + q2/€1+2k2+2m1) o (1 + q2k1 +2k2+2m1+2m2)

2(m1+m2) 1,3,5 2(my+mg)—1

_ q "¢ ¢ .. .q
(1= g2mitm2))(1 — ¢2m2)(1+¢2) (1 4+ ¢*) (1 +¢0) ... (1 4 g2mitma))’

Proof. We will prove Identity (4.10), by proving the following identity by induction

on mao.

2k1+2ko+2mq+1 2k1+2ko+2m1+3

4.11
( ) k222:1 (1 + q2k1+2k2+2m1) o (1 + q2k1+2k2+2m1+2m2)

q2m2q2k’1+2m1+1q ..q
- (1= q2m2) (1 4 21 +2m+2) (1 4 g2k +2mi+4) (1 g2k1t2mi+2ms)”

2k1+2ko+2m1+2mo—1

2k1+2m1+3 2k1+2m1+2mo—1

Let us start with the base case mg = 1. If we take k = ki + ko +m7 in (4.5), and

compute the sum over kg, we get

2k1+2ko+2m1+1

q
4.12
( ) k%l (1 + q2k1+2k2+2m1 ) (1 + q2/€1 +2k2+2m1+2)

-1 1 q2 q2k1+2m1+1
o k;z>1 1— (1 + q2k’1+2k2+2m1 + 1 + q2k1+2k2+2ml+2> - 1— q2 (1 + q2k1+2m1+2) :
Now, suppose that (4.11) holds for mg > 1. We will prove it for my+1. Note
that, after using Lemma 4.0.1, doing some computations and using the induction

hypothesis gives what we want.

(4.13)

2]{:1 +2k2 +2mq1+1 2k}1 +2k)2 +2m1+3 2]{:1 +2]€2 +2m1+2mo+1

q q q
kz>:1 (1 + q2k‘1+2k2+2m1 ) (1 + q2k1+2k2+2m1+2) o (1 + q2]€1+2k2+2m1+2m2+2)
22

_ 2k1+2ko+2m1+3 2k1+2ko+2m1+5 2k1+2ko+2m1+2mo+1

g q q q
1— q2m2+2 (k;l (1 + q2l€1 +2ko+2my ) (1 + q2k1+2k2+2m1+2) o (1 + q2l€1 +2k2+2m1+2m2)
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2k1+2ko+2m1+3 ,2k1+2ko+2m1+5

q q

q
k:z>1 (1 + q2k1+2k2+2m1+2) (1 + q2]€1 +2k2+2m1+4) o (1 + q2k1+2k‘2+2m1+2m2+2)
2=

2k14+2ko+2mq+2mao+1 )

q qle—|—2k2—|—2m1+1q2k‘1+2k2+2m1+3 o q2k1+2k2+2m1+2m2—1
= _QQmQZ o1 +2ko+2 2k1+2ka+2my+2 +
1 — g?mat2 ko >1 (14 g2hit2hat2amy) (1 4 2Rt 2hat2m+2ms)
q2k:1 +2]€2+2m1+1q2k1 +2ko+2m1+3 qQk‘l +2ko+2m1+2mo—1
el (1 + q2k1 +2k2+2m1) o (1 + q2k1 +2k2+2m1+2m2)
22
q2]€1+2m1—|—3q2k‘1 +2m1+5 o q2k1—|—2m1+2m2—|—1
B (1 + q2k1+2m1+2)(1 + q2k1+2m1+4) o (1 + q2/€1+2m1+2m2+2)
B q q2m2 q2k1—|—2m1+1q2k1+2m1+3 o q2k1+2m1—|—2m2—1
1— q2m2+2 (1 + q2k1+2m1+2)(1 + q2k1+2m1+4) o (1 + q2k1+2m1+2m2)
q2k1+2ml+3q2/€1 +2m1+5 o q2k‘1+2m1+2m2+1
N (14 g2k1+2mi42) (1 4 g2ki+2mi+4) | (1 4 g2ki+2mi+2mo+2)

2 2 2k1+2 1
qm2+q1+m1+q q

(1 _ q2’an+2)(1 + q2k1+2ml+2)(1 + q2k1+2m1+4) ) (1 + q2k1+2m1+2m2+2> '

2k1+2m1+3 2k14+2m1+2mo+1

Now, using (4.11) in the left-hand side of (4.10), and then using Lemma 4.0.2 com-
pletes the proof. O

Lemma 4.0.4. For any integer m; > 1 where i = 1,2,...,n, the following identity
holds:

(4.14)
Z Z Z ( q2k1+1q2k‘1+3 o q2]€1+2m1—1 >
=, .. .kQZIklzl (1 + qijl)(l +q2k1+2) o (1 +q2k1+2m1)
q2k1+2k2+(2m1+1) q2k1+2k2+(2m1+3) ..
<(1 + q2k1 +2k2+2m1) (1 + q2/€1+2k‘2+2m1 +2) )

2k1+2k2+(2m1+2m2—1)
(1 + q2k1 +2ko+2mq +2m2) >
< q2k1—|—2k2+2k3+(2m1+2m2+1) q2k1+2k2+2k‘3+(2m1+2m2+3) ..q

(1 + q2k‘1+2k2+2k3+2m1 +2m2) (1 + q2k1+2k2+2k)3+2m1+2m2+2> )

2k1+2ko+2ks+(2m1+2mo+2ms—1)
(1 + q2k1 +2ko+2k3+2my +2m2+2m3) )
q2k1—|—2k2+...+2kn+(2m1+2m2+...+2mn—1+3)

1+ q2k1 +2k2+...+2kn+(2m1+2m2+,..+2mn_1)) (1 4 q2k1 +2ko+...4+2kn+(2m1+2mo+...4+2mp_1 +2))

( q2k1+2k2+...+2kn+(2m1+2m2—|—...+2mn_1+1)

...q
(1 +q2k1+2k:2+...+2kn+(2m1+2m2+...+2mn—1+2mn))

2k14+2ka+...4+2kn+(2m1+2ma+...4+2mn—1) )

glq?.. . gFmt2mat. A2ma—1
- X
1+ @) (1+¢%).. (1 + g2mat2mat . +2mn)

q2(m1+m2+...+mn) q2(m2+m3+...+mn) q2(mn_1+mn)

2mn

q
(1 _ q2(m1+m2+...+mn)) (1 _ q2(m2+m3+,,,+mn)) ' (1 _ q2(mn,1+mn)) (1 _ q2m”) .

Remark: We did not prefer the more compact [] notation, because each factor in

each term has a combinatorial meaning and we want to see it explicitly.

Proof. This lemma is a generalization of the previous two lemmata, and the proof
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will be done by induction on n. The base case n =1 is Lemma 4.0.2, while the case
n =2 is Lemma 4.0.3. Let us denote the left-hand side of (4.14) by B. Then if we

consider (4.14) with (n+1) indices, it is the following expression:

( ) Z < q2k1+2k‘2+...+2kn+1+(2m1+2m2+...+2mn+1)
4.15) B-
knJrlZl (

q2k1+2k2+...+2kn+1 +(2m1+2ma+...4+2mn+3) .

(1+q2k1+2k2+...+2kn+1+(2m1+2m2+...+2mn+2)). (1_|_q2k1+2k2+...+2kn+1+(2m1+2m2+...+2mn+1))

X
14+ q2k1+2k2+...+2/€n+1 +(2m1+2m2+...+2mn))

2k1+2ka+...42kn41+(2my1+2ma+...4+2mp41—1) )

Now, in (4.11), first putting k,4+1 in place of ko and my,y1 in place of ma, then
changing k1 by (k1 + k24 ...+ k), and changing mj by (m3+ma+...+my) we
get the sum over k,y; above. Using Identity (4.11) for the sum over k;,4; and then
applying the induction hypothesis, we get what we want. O

Now, let us again concentrate on the number of distinct sizes of the slices with shape
‘a’ included in the generating function of cylindric partitions with the given profile,

and call it n. Using the lemmas we proved, we obtain the following;:
When n =0, we have the generating function S(q). Please recall (4.1).

When n =1, we will either have a slice with shape a having size 1 or (2k+1) for

some k > 1. So, for size 1, we have the following generating function,

1

uiqg)S(Q)>

while for the odd sizes > 3, we have the following generating function,
1 2

q q
1+ (1—q2)S(Q)'

Summing these generating functions gives the generating function (4.2) for case

n=1:
q' 1 g
i+ (-@) W=

When n = 2, the possible sizes are

1, 3

1, 2k1+3 for k1 >1

2ko +1, 2ko+3 for ko >1

2ko + 1, 2ko 42k + 3 for ki, ko > 1.

Note that whenever a new index k; comes into play, we make the distance greater

than 2, that is, while the distance between 1 and 3 is 2, the distance between 1 and
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2k1 4 3 is greater than 2. Similarly, the distance between 2ko+ 1 and 2ko + 3 is 2, but
the distance between 2k + 1 and 2k + 2ko + 3 is greater than 2. Using the lemmas
we proved, one can directly see that we have the following generating functions for

each of the following cases separated by the sizes (weights) of slices with shape a:

Sizes 1 and 3: L3
qq

(1+¢*)(1+4¢%)

Sizes 1 and 2k +3 for all k1 > 1:

S(q).

q'¢ ¢
1+¢)(1+¢) (1—¢%) S()

Sizes 2ko + 1 and 2k9 + 3 for all k9 > 1:

7'¢ q'
(1+¢*)(1+¢") (1—¢% St

Sizes 2ko + 1 and 2ko 4 2k1 + 3 for all ki, ko > 1:

q1q3 q2 q4
1+ (1+¢H 1-¢2) (1_q4)5(q).

Summing these generating functions, we get the following generating function (4.3)
for the case n =2:

2

q1q3 1 1 q2

) d) (- (-~

When n = 3, the possible sizes and the corresponding generating functions are as

follows:
Sizes 1, 3, 5:
7'¢*q° 5(0)
(I+¢2)A+¢")(1+¢5) 7
Sizes 1, 3, 2k1 +5 for all k1 > 1:
70 ¢ 5(0)

(I1+¢*)(1+¢*)(1+¢% (1-¢?)
Sizes 1, 2ko+ 3, 2ko+5 for all ko > 1:

7'’ e
T A+ ) g
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Sizes 1, 2ko + 3, 2ko+2k1 + 5 for all ki, ko > 1:

1.3.5 2 4
' qq q q
S(q).

1+ 1+ (1+¢% (1—-¢?) (1—g¢*)

Sizes 2ks+ 1, 2ks+3, 2k3+5 for all kg > 1:

¢'¢*¢ ¢°
D+ 1) 2

Sizes 2ks+1, 2k3 +3, 2ks+2k1 +5 for all kq,ks > 1:

1.3,.5 2 6
'qq q q
S(q).

1+ 1+ (1+4% (1-¢?) (1—-45

Sizes 2ks+ 1, 2ks+2ko 4+ 3, 2ks+ 2k + 5 for all ko, k3 > 1:

1.3.5 4 6
q°q q q
S(q).

1+ 1+ (1+4% (1—-¢*) (1—-4¢5

Sizes 2ks + 1, 2k + 2ky + 3, 2ks + 2ky +2k1 +5 for all k1, ko, k3 > 1:

1.3.5 2 4 6
q°q q q q
S(q).

(I+¢*)(1+g)(1+¢5) (1—-¢*) (1-q*) (1-¢%)

So, the generating function (4.4) for the case n =3 :

2
q1q3q5 1 1 1 q3

U1+ () (- 1= D~ (b

S(q).

Note that while n changes to n+ 1, the number of possible sizes we deal with changes
from 2" to 2”1, This depends on two facts: The minimum size is either 1, or greater
than 1 when we look at the possible sizes, and between two distinct sizes the distance

is either 2, or greater than 2.

While n changes to n+ 1, what we do is as follows: We take all possible sizes for
the case n, and add the term (2n+ 1) to each option, then shift the indices (k;’s)
to the right term if they exist. This gives the possible size options including 1 as
a minimum size for the case n+ 1, and these are half of all the possible sizes for
the case n+ 1. Then adding 2k, 41 to the each term of the possible size options

including 1 as a minimum size, we get the other half.

Application of this process from n =2 to (n+1) = 3 can be seen below: We take
the possible sizes for the case n = 2, and add the term 5 to each option, then shift

the indices to the right term if they exist:
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1,3 —1,3,5

1, 2k1+3 — 1, 2k1+3,5 —1, 3, 2k1 +5

2ko+1, 2ko+3 — 2ko+1, 2ko+3, 5 — 1, 2ka+3,2ka+5

2ko+1, 2ko +2k1+3 — 2ko+1, 2ko+2k14+3, 5 — 1, 2kas +3,2ks + 2k + 5.

Now, we add 2ks to the each term of the possible size options including 1 as a

minimum size, we get the other half.

2ks+1, 2kg+3, 2k +5

2ks+1, 2kg+3, 2kg+2k1+5

2ks+1, 2k3z +2ks +3, 2kg +2ka +5

2k3 +1, 2kg+ 2ks + 3, 2kg+ 2ks +2k; +5

Hence, using these observations and the lemmas we proved, we see that while n

changes to (n+ 1) we multiply the generating function for n, by

q2n+1 1

(1 +q2n+2) (1 _ q2(n+1)) ’

So we get
2 2
" g2t 1 g+
2 12y 2ni1)) (A A S5(q)
(¢%q%)n 7 (A+¢7"*2) (1—g ) (¢hdYn
and this completes our proof. O]

Now, we continue our work with cylindric partitions having profile ¢ = (3,0), and
we find an alternative expression for the generating function of cylindric partitions
with the given profile.

Theorem 4.0.2. Cylindric partitions with profile ¢ = (3,0) have the following gen-

¢ (=65 6P
<n§0 (q4;q4)n> (¢:0)00
Proof. Cylindric partitions with profile ¢ = (3,0), have rank r» = 2 and level £ = 3, and
there are exactly (é+r_l):<;1) shapes. The corresponding shapes are (0),(1),(2),(3)

r—1

erating function:

and we will denote these shapes by b,a,c, and d, respectively. Slices that have these

shapes with minimum positive weight are shown below.

R B e
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—Ree

Since the rank r is 2, slices with shapes a and d can only have odd weights, while
slices with shapes b and ¢ can only have even weights. Slice flow for the given profile

can be found below:

NN

cq?
aq’
bg?
Figure 4.2: Slice flow for profile ¢ = (3,0)
Investigating the slices for the given profile, we see that cylindric partitions with

distinct slices including only the slices with shapes a, b and ¢ (all shapes except d)

have the following generating function:

H(1+aq2k+1)(1+bq2k+2+Cq2k+2)-
k>0

2k+3 2k+2

Whenever we add a slice dgq where k > 0, we should erase the slices bq and
bg*+* from the product above. This is the only restriction we have. Let us share
with you the possible arrangements of distinct slices with maximum weight 6 (bq6

or cgb):

(1+ag)(1+bg? +cq?) (1 +ag®) (1 +bg* + cg*) (1 + ag®) (1 + b8 + cqP)
+(1+aq")(1+cq?)(dg®)(1+cq*)(1+ag®) (14 bg® + cqP)
+(1+aq")(1+b¢ +cg®)(1+ag®) (1 + cq*)(dg®) (1 +cq®)
+(1+aq")(1+cq?)(dg®)(1+cq?)(dg®) (1 +cq®).

Since the maximum weight is restricted by 6 above, the possible weights of slices
with shape d are 3 and 5. So, there is a one-to-one correspondence between the
subsets of the set {dq>,d¢°}, and the terms of the sum above. Now, if we compare
slice flows for the profile ¢ = (3,0) and the profile ¢ = (2,1) the only difference is that
the minimum weight for the shape d is 3 for the profile ¢ = (3,0), while minimum

weight for the shape a is 1 for the profile ¢ = (2,1). Same pattern, with one missing
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piece, which is dq'. So, in the proof of Theorem 4.0.1, if we exclude the parts that

include the ag' slice, the generating function becomes

q(n—|—1)2—1 (—¢%¢) a0 _< qn2—|—2.n ) (=% %)
<n§z:o <q4?q4)n> (@D %(Q‘*;q‘*)n (€:0)o0

Now, we will study cylindric partitions with rank » =3 and level ¢ = 2.

Theorem 4.0.3. Cylindric partitions with profile ¢ = (2,0,0) have the following

¢ (=65 )

<§O(q4;q4)n> (6000
Proof. Cylindric partitions with profile ¢ = (2,0,0), have rank r = 3 and level
¢ =2. So there are exactly (41:1):@) shapes. The corresponding shapes are
(0,0),(1,0),(1,1),(2,0),(2,1),(2,2) and we will denote these shapes by c,a,b,d,e,

and f, respectively. Slices that have these shapes with minimum positive weight are

generating function:

shown below. Note that the gray squares are created by the profile and have zero

weight.

(ag"), (cq®),

(dg?), (fqh).

Since the rank r is 3, weights of the slices with the shapes a and f are congruent
to 1 (mod 3), weights of the slices with shapes b and d are congruent to 2 (mod 3),
and weights of the slices with shapes ¢ and e are congruent to 0 (mod 3). Slice flow

for the given profile is as follows:
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nd
N
~N

dq? fq* cq® dq®
Figure 4.3: Slice flow for profile ¢ = (2,0,0)

Now, consider the following product:

(1+ag")-(1+bg° +dg*)- (1+eq®) -(1+ag"+ fq")- (1+0¢°) -(1+eq’+cq®):
—— ——
bg2<+cq3—aqt aqt<dg®—eqb
(1+aq") -(1+b8+dg®) - (14eq”) -(1+ag®+ f¢'%) -  (1+bg'h)
—— S——— ——
eqb« fq"—bg® bg8<+—cq®—aql® aql0«dgtl—eql?
In the above product, in every odd weight greater than or equal to 3, there is a
missing slice which should be taken into account, namely g3, dgb%+5, f¢®%+7 for
any k > 0. These are indicated under the corresponding parentheses with possible
slices next to them. The inserted slice is written in the middle, with its potential
neighbors indicated on the left and on the right. Considering these restrictions,
possible arrangements of distinct slices with maximum weight 6 (eq6 or cq6) as

follows:

(1+ag") - (1+0¢> +dg?)- (1 +eq®) - (1+ag* + fg*) - (1+bg°) - (1 +eq®+cq®)
+(1+ag')-(1+ba?)-(cq®)- (1+aq?)- (1+bg°) - (1+eq®+cq’)
+(1+aq") - (1+b¢* +dg*) - (1 +e¢®) - (1 +aq*) - (da®) - (1 +eq®)
+(1+agq')-(1+ba?)-(cq®)- (1+aq?)-(dg®)- (1 +eq®).

This structure and the generalization of this structure are the same as in the proof
of Theorem 4.0.2. O

The following theorem will finalize this chapter.
Theorem 4.0.4. Cylindric partitions with profile ¢ = (1,1,0) have the following

generating function:
¢\ (=
(go (q4;q4)n> (¢

1) oo
-

o0
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Proof. Cylindric partitions with profile ¢ = (1,1,0), have rank r = 3 and level
¢ =2. So there are exactly (134;:1):(421) shapes. The corresponding shapes are
(0,0),(1,0),(1,1),(2,0),(2,1),(2,2) and we will denote these shapes by c,e,a,b,d,
and f, respectively. Slices that have these shapes with minimum positive weight are

shown below.

(ag"), I (bg"), (cq?), (dg?),
I (eq?), (fd).

Since the rank r is 3, weights of the slices with shapes a and b are congruent to 1

(mod 3), weights of the slices with shapes ¢ and d are congruent to 2 (mod 3), and
weights of the slices with shapes e and f are congruent to 0 (mod 3). Slice flow for

the given profile is given below.

cq bg'* fd° eq®
Figure 4.4: Slice flow for profile ¢ = (1,1,0)

Now, consider the following product in which the missing slices and the restrictions

are indicated:

(1+aq1)~(1+cq2+dq2)~ (1—|—eq3) -(1+aq4—|—bq4)~ (1+dq5) ~(1—|—eq6—|—fq6)~
—_——— —_—— —_———

bgl—dg? dq? < fg3—aq* aqt<—cq®—eqb
(1+aq") (I+ceq®+dg®)- (14eq”) -(1+aq0+bg'%)- (14dg'h)
——— ————
eqS<bq7—dqg8 dq®« fq%—aql0® aql0«—cqll —eql?

In the above product, in every odd weight, there is a missing slice which should be
taken into account, namely bg®+1, f¢8%+3 cq®%+5 for any k > 0. These are indicated
under the corresponding parentheses with possible slices next to them. Possible

arrangements of distinct slices with maximum weight 6 (eq® or f¢%) are as follows:
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(1+ag")(1+cq® +dg®)(1+eq®) (1 +ag" +bg*) (1 +dg°) (1 +eq®+ fq°)
+(bg')(1+da?)(1+eq’)(1+ag* +bg*)(1+dg°) (1 +eq® + fq°)
+(1+aq")(1+da?)(fg*) (1 +aq*)(1+dg°) (1 +eq® + f4°)
+(1+ag")(1+cq® +dg*) (1 +eq®) (1 +aq*)(cq®) (1 +eq®)
+(bg')(1+da?)(fa*)(1+aq*)(1+dg”) (1 +eq® + f¢°)
+(ba')(1+dg®)(1+eq’)(1+aq?)(cq®)(1+eq®)
+(1+aq')(1+dg?)(fq®)(1+aq?)(cq®)(1 +eq®)
+(ba®)(1+dq?)(fq®)(1+aq*)(ca®)(1 +eq®).

This structure and generalization of this structure are the same as in the proof of
Theorem 4.0.1, then so is the proof. m
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5. METHOD OF WEIGHTED WORDS ON CYLINDRIC

PARTITIONS WITH RANK 2 - LEVEL 4 AND CYLINDRIC
PARTITIONS WITH RANK 4 - LEVEL 2

In this chapter, we apply the method of weighted words on cylindric partitions with
rank 2 - level 4 and rank 4 - level 2. First of all, we begin studying cylindric partitions
with rank 2 - level 4. In this case, we deal with profiles ¢ = (4,0), ¢ = (3,1) and
c¢=(2,2). We derive alternative expressions for the generating functions of cylindric
partitions with the given profiles.

Theorem 5.0.1. Cylindric partitions with profile ¢ = (4,0) have the following gen-

erating function:

< """ (g% ) ) (—¢% %)
S0 (=% (6%6n) (6D
Proof. Slices of cylindric partitions with profile ¢ = (4,0) can have exactly
(ﬁ'il):@) shapes. The possible shapes are (0),(1),(2),(3),(4) and we will de-
note these shapes by b,a,c,d and e, respectively. Slices that have these shapes with

minimum positive weight are shown below.

“—ReEl SRR

Slices with shapes a and d can only have odd weights, while slices with shapes b,c

and e can only have even weights. Slice flow for the given profile can be found below.
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Figure 5.1: Slice flow for profile ¢ = (4,0)

Now, we will work on the following product in which the missing slices and the

restrictions are indicated:

(1+ag))-(14cg®)-(1+ag® +dg®) - (A+eq)  -(A+a®+dg®) - (1+¢d%). ..

\7_3/ —— ~—_———
bg?—aq aq3 « bq4 N aq5 aq5 “ bq6 N aq7
dq3<feq4~>dq5 dq5<—eq6~>dq7

The notation is explained below. Now, let us define the following product which is
the generating function of cylindric partitions created by slices with shapes a,c or d,

that is, shapes b and e are not included, when repetitions of slices are not allowed:

(5.1) P(q) = (1+aq) [] (14 g +2) (1 + ag® 3 1 dg?¥+3),
k>0

Note that in the product above, for the weight 2 there is only one missing slice,
namely bg? which can be followed by with slice ag®. Except this case, for every
weight (2k +4), there are two slices missing: bg?*** and eg?*** for k > 0. If we put
bg2k+4 in place of (1 +cq2k+4) then we need to erase the slices dg?*3 and dg?F*?,

26+4 i place of (1+cq2+4) 2k+3

while if we put eq then we need to erase the slices ag
and ag?*5. A small example of this process is given below, in which we restrict the
maximum slice weight with 7, and we give the beginning terms of the generating
function of cylindric partitions with the given profile, when repetitions of slices are

not allowed.
(1+ag") (1 +cq®)(1+ag® + dg®) (1 +cq*) (1 +ag® +dg°) (1 +¢q®) (1 + ag” +dq")
+(1 +aq1)(bq2)(1 —i—aq3)(1 + cq4)(1 +aq® + dq5)(1 + cqﬁ)(l +aq’ + dq7)

+(1+ag")(1+cq*)(1+aq®)(ba*)(1+aq®) (14 ¢¢°) (1 +ag” +dg")
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+(1+ag")(1+cq®)(1+dg®)(eq*) (1 +dg®) (1 +c¢®) (1 +aq” +dq")
+(1+ag")(1+c¢?) (1 +ag® +dg®) (1 +cg*) (1 +aq®)(bq®) (1 +aq")
+(1+ag")(1+cg?) (1 +ag® +dg®) (1 +cg*) (1 +dg®)(eq®)(1+dq")
+(1+aq")(ba?)(1+ag®)(bg*)(1+aq®)(1+cq°) (1 +aq” +dqg")
+(1+aq")(ba?)(1+ag*)(1+cq*)(1+aq”)(bq®)(1+aq")
+(1+ag")(ba?)(1+aq®)(1+cq*)(1+dq®)(eq®)(1+dq")
+(1+ag")(1+cq®) (1 +aq®)(bg*)(1+aq®)(ba®)(1+aq")
+(1+ag")(1+c*)(1+dg®)(eq?)(1+dq®)(eq®)(1+dq")
+(1+ag")(ba?)(1+aq?)(bg?)(1+aq®)(bq®)(1+aq”).

Let us write the version of the sum above after allowing slices to repeat and replacing
a,b,c,d,e by 1:

(22 () (%) (10) (1255 () (1)
(L) () (20) (25 () (%)

4

) () (P () () (141

4

) () (1) () () (141

6

() () () () (1) (1)

6

() (2 () () (1) ()

1
1-
1
1-
1
1-
1
1-
1
1-
2 4 1+q7
"’_(%)(1(1(1 )(1_1(13)(13(14)(1_1q5)<1_1q6)<1tg7)
1
1-
1
1-
1
1-
1
1-
1
1—-

2 6

)(1qq )(1_1q3>(1_1q4)(1_1q5)<1gq6)<1_1q7)

2 6

)(1qq )(1_1q3>(1_1q4)(1_1q5)<13(]6)(1_1(17)

4 6

) () (1) () (1) (1)
4 1 6

() () () () (1) ()

2 4 6 1

DL () () () (1) ().

Now, we will generalize this small case. First of all, allowing slices to repeat and
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then putting a =c=d =1, (5.1) becomes

o1+ (=367

(5.2) S(a) = Miz0(1—=¢**Y)  (6:0)eo

Let n denote the number of distinct slices with shape b or e that appear in the

cylindric partitions with the given profile. Note that, since we allow slices to repeat,
2

for instance if bg? comes into the picture, then we will see it as lqu, i.e., all repeated

forms of bg? are being taken into account.

When n = 0, the generating function of cylindric partitions with the given profile is

(5.2).

When n =1, we will either have a slice with shape b (bg***2 for some k > 0), or a

slice with shape e (eg?*** for some k > 0). So, the generating function for n =1 is

q2 qQk-‘rQ q2k—|—2
S S
(it Svarinuree )50+ (Z a5

every possible size of a slice with shape b included every possible size of a slice with shape e included

When n =2, we will have two shapes of b or e so that one of the following cases
may happen: (b,b), (b,e), (e,e) or (e,b). Note that, in these duos the former written
shapes has less weight than the latter.

Case 1: (b,b)

If weights of slices (b,b) are exactly 2 and 4, the generating function including this

¢ q*
(e S0

if weights of slices (b,b) are 2 and > 6, the generating function including this duo is

duo is

2k+4

> ¢ q St
k>1 (14 ¢3) (14 ¢g2k+3) (1 4 ¢2++5) q),

if weights of slices (b,b) are 2k +2 and 2k +4 for k > 1, the generating function

including this duo is

2k+2 . 2k+4

q

q
<1§ (14 g2F+1) (14 g2k +3) (1 + ¢2++5) > S(q),

if weights of slices (b,b) are 2k +2 and > 2k+6 for £ > 1, the generating function
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including this duo is

2k+2 | 2m—+2k+4

q

q
S(q).
(mz>11§1 1+ g2RH1) (14 g2k H3) (14 ¢2m+2k+3) (1 4 g2m+2k+ 5))

The generating function for this case is the sum of these four disjoint cases.
Case 2: (b,e)

Since the minimum distance between the weights of slices with shape b and e is 4,

the generating function corresponding to this case:

2. 2k+4

q9"-q
(% (1+¢3)(1+ g% +3)(1+ q2k+5)>S(Q)+

2k+2 , 2m+2k+4

q

q
S(q).
<mz>:1kz>:1 L4 2R 1) (14 g2F43) (1 + ¢?mH2k43)(1 +q2m+2’“+5)>

Case 3: (e,e)

As the minimum weight of a slice with shape e is 4, we have the following generating

function for this case:

2k+2 | 2k+4

4

(;; (1+ qz’““)q(l + g2 (1+ q2k:+5)>5((J)+

G2R+2 . g 2mt2k+4
S5(q).
(ngl kz>:1 14 @2k +1) (14 ¢2F+3) (1 + ¢2m+2k+3) (1 4 q2m+2k+5>>

Case 4: (e,b)

Since the minimum distance between the weights of slices with shape e and b is 4
and the minimum weight of a slice with shape e is 4, the generating function for this

case is:

2k+2  2m—+2k+4

q q
<mzz: zz: 1+612k+1)(1+q2k+3)(1+q2m+2’“+3)(1+q2m+2k+5)>5(q»

Now, we will share some lemmas which will help us in the computation of the sums
above. Since the proofs of these lemmas are almost the same as in the proof of
Theorem 4.0.1, they are omitted.

Lemma 5.0.1. For any integer k > 0, we have the following identity:

2k+2
q+

q —1 1
1+ @) (1+¢23) ~ (1—¢2) <1+q2k+1 T 1+q2k+3)‘
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For any integers k >0, n > 2, we have the following identity,

q2k+2 . q2k—|—4 o q2k+2n
(1 + 20 (1 + 2 F3) . (1 + g2Rr2ntl)
_ q _q2k+4 . q2/€—|—6 o q2k+2n N q2/€—|—4 i q2k+6 o q2k—|—2n
(1_q2n) (1+q2k+1)(1+q2k+3)_“(1_‘_q2k+2n—1) (1_{_q2k+3)(1_{_q2k‘+5)”‘(1+q2k+2n+1)

Lemma 5.0.2. For any integer m > 1, the following holds.

2k+2 , 2k+4 2k+2m

5 2P g _ e ¢t
= (1+q2k+1)(1+q2k+3)'._(1+q2k+2m+1) (1_q2m) (1+q3)(1+q5)“‘(1+q2m+1)'

Lemma 5.0.3. For any integers my,ms > 1, we have

2k1+2 2k +4 2k1+2m1q2k1+2k2+2m1+2 2k1+2ko+2m+4

q

q q q
22;1]4;12;1 1+q2k1+1)(1+q2k1+3)...(1+q2k1+2m1+1)(1+q2k1+2k2+2m1+1)”.

q2k1 +2ko+2m1+2mo 72q2k1 +2ko+2m1+2mo

(1 + q2/€1 +2ko+2m1+2mo—1 ) ( 1+ q2k1 +2ko+2m1+2mo+1 )

2(m1—|—m2) 2mo 2 4 6 2(m1+m2)

_ q q _ ?q'¢®..q
(1—g2mitm2))(1 —g?m2) (14¢3)(14+¢°)(1+4¢7)... (1 +g2mtm2)+l)’

Lemma 5.0.4. For any integer m; > 1 where 1 = 1,2,...,n, the following equality
holds:

Z Z Z ( q2k1+2q2k1+4 o q2k1—|—2m1 >

] o] 1+q2k1+1)(1_‘_q2k1+3)“_<1+q2k1+2m1+1)

q2k‘1+2/€2+(2ml+2) q2k1+2k2+(2m1—|—4) o q2k1+2k2+(2m1+2WZ2)
(1 + q2k‘1+2k2+2m1+1) (1 + q2k1+2k2+2m1 +3) o (1 + q2k1+2k2+2m1+2m2+1)

2k1+2ka+2k3+(2m1+2mo+4) o

q2k1+2k2+2k3+(2m1+2m2+2) q
((1 +q2k1+2k2+2k3+2m1+2m2+1) (1 +q2k1+2k2+2k3+2m1+2m2+3> o
q2k1+2k2—|—...+2kn+(2m1+2m2+...+2mn_1+2)
1+ g2k1+2kot A 2kn+(2ma+2ma+. +2mp 1 +1))

q2k1 +2ko+2k3+(2m1+2ma+2ms3)
(1 + q2k1+2k2+2k‘3—|—2m1+2m2+27713+1) (

2k142ka+...42kn+(2m1+2ma+...4+2my_1+4) . 2k1+2ka+...4+2kn+(2m1+2ma+...42mn)

q --q

(1+q2k1+2k2+...+2kn+(2m1+2m2+...+2mn,1+3)) o (1 _|_q2k1+2k:2+...+2kn+(2m1+2m2+...+2mn,1+2mn+1))

q2q4 - .q2m1+2m2+...+2mn
:(1 + q3)<1 +q5) . (1 + q2m1—|—2m2+...+2mn+1) X
q2(m1+m2+...+mn) q2(m2+m3+.~.+mn) q2(mn71+mn) qun

1— q2(m1+m2+...+mn) 1— q2(m2+m3+~~-+mn) e T q2(mn71+mn) T q2m

Now, using Lemma 5.0.4, let us compute the sums for the cases n =1 and n = 2.
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q72+2 q2k—|—2 S( )_ q S( )
(1+¢%) = I+ (1+¢2M3) T a-

every possible size of a slice with shape b included

g2k +2 ¢
(g:l (1+q2k+1)(1+q2k+3)>5(Q> = (1+q3)(1_q2)5(Q)

every possible size of a slice with shape e included

Note that because of Lemma 5.0.4, there are two things that are not a coincidence:
having the same denominators for two disjoint cases above and having the minimal
weights coming from each disjoint case as a power of q. Recall that the minimal
positive weight for a slice with shape b is 2, while the minimal weight for a slice with

shape e is 4. So, the generating function for n =1 is:

(*+4% (g) = *(1+¢*) S():ql‘(1+1)~(—q2;q2)1.(—qg;q2)oo
(I+¢3)(1—¢?) (I+¢3)(1—¢?) (=) (G0

If n =2, we have the following generating functions corresponding to each case:

Case 1: (b,b)
q q
( (1+¢3)(1+¢°)(1~ 2)(1—q4)>5(q>’
Case 2: (b,e)
[ )0
(1+¢3) 1+q)(
Case 3: (e,e)
[ )0
(1+¢3) 1+q)(
Case 4: (e,b)
4q q
(== 50

So, the generating function for n =2 is

( - q"- (1+¢*)(1+q") ) ()qu'(z“)‘(—qZ;qQ)z_(—q3;q2)oo
I+ 1+ (1 - 0-) )"V T @@ @aw

Now, we will prove the following generating function for any n:

( """ (g% ) ) (—¢% %)
(=)0 (%)) (G

; oo

Note that cases n =1 and n = 2 were already proven above. It is easy to see that
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the base case n =0 also holds. We will proceed by induction on n. Now, supposing

the above formula holds for n, we will prove it for (n+1).

Let us give you a summary of what happens when n changes to (n+1): First of all,
the number of indices (k;’s) that we see increases by one (changes from n to n+1).
So, by Lemma 5.0.4, we multiply the denominator by (1 +q2(”+1)+1)(1 — q2(”+1)).
Recall that, in the numerator, we see the minimal weights coming from disjoint cases
as a power of ¢. While n changes to (n+ 1) the number of disjoint cases we deal

with changes from 2" to 2"+

For a general n, the minimum weight comes from the case (b,b,b,...,b) which is
~—_———

n many

2+446+...4+(2n) =n(n+1).

Starting with this case, how we compute the minimal weights for other cases is as
follows: Let us work on n = 3, for the sake of simplicity. Starting with (b,b,b), the
minimal triple is (bg?,bg*, bg®). If we change the biggest slice with shape b with a
slice with shape e (as the minimum distance between weights of slices with shapes

b and e is for 4), it becomes (bg?,bg*, eq®), and we get

(bg?,bg*,bq%) — (bg?,bg*,b4%), (bg?, bg*,eq®) .

(q2-q*-45) (q2-q*-q%)(1+¢?)

Continuing with the cases (bg?,bg*,bq%), (bg?,bg*, eq®), we will change the roles of b
and e for the two biggest slices and we will get two more cases, that is, we will get
(bg? eq®,eq®), (ba?,eq®, bq'?):

(bg®,bg*,bg%), (bg?, bg*,eq®) — (bg?,bg*,bg®), (bg?, bg* eq®), (bg?,eq®, eq®), (bg?, eq®, bg™?) .

(q2-q*-¢5)(144¢?) (q2-q*-¢5)(14+¢%)(1+4*)

Finally, starting with (bg®,bg",0¢%), (bg? bq", eq®), (ba? eq®, eq®), (bg? eq®,bg'?), and
interchanging the roles of b and e for all the slices, we will get the last
cases: (eq,eq®,eq®), (eq*,eqb bq'), (eq*,bq®,bg"0), (eq*,bg®,eq'?), so we obtain all

the cases:

(bg®,bg*,bq°), (ba®, ba*, eq®), (ba®,eq® eq®), (bg?, eq®, bg"), (eq*, eq®,eq®), (eq*, eq®, bq'?),
(eq*.bg®,bg'?), (eq*, bg® eq'?).
One can easily see that the weights of the last four cases are the iterations of the

weights of the first four cases, respectively. So, we finally get:

(@ q" ®) 1+ (1 +¢") (1 +%).
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We apply the same process for all n, to get all the minimal weights. So, when n
changes to (n+ 1), the number of change in the roles of shapes b and e changes
from n to n+1. As a result, we multiply the numerator by At (1 —|—q2("+1)).

Therefore, we obtain:

qn(n+1) . (_qz;q2)n . q2(n+1) . (1 + q2(n+1)) (_q3;q2)oo
(_qS; q2)n . (q2; q2)n . (1 + q2(n—|—1)+1)(1 _ q2(n—|—1)) (q; Q)oo '

This is nothing but

<q(n+l)(n+2) . (_q2; q2)n+1> (_q3;q2)oo
(=% )41 (@51 ) (G0)0
O

Theorem 5.0.2. Cylindric partitions with profile ¢ = (2,2) have the following gen-

erating function:

<1+ > 2. (“12?@2%—1) (=4:4%)o0
= (@%@ (—46%)n (4;9)

Proof. Slices of cylindric partitions with profile ¢ = (2,2) can have exactly
(64;:1):(?) shapes. The possible shapes are (0),(1),(2),(3),(4) and we will de-
note these shapes by d,a,c,b and e, respectively. Slices that have these shapes with

minimum positive weight are shown below.

¥

(eq?).

Slices with shapes a and b can only have odd weights, while slices with shapes c,d

and e can only have even weights. Slice flow for the given profile is:
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Figure 5.2: Slice flow for profile ¢ = (2,2)

Before continuing, let us share with you a lemma which we will need for computing
the infinite sums in this proof. Note that, the new lemma is another version of
Lemma 5.0.4 with a small shift.

Lemma 5.0.5. For any integer m; > 1 where 1 =1,2,...,n, the following equality
holds:

Z Z Z ( q2k1 q2k1+2 o q2k1+2m1—2 q2k1+2k2+(2m1)

o1 Ko ko1 1+q2k1—1)(1+q2k1—|—1)."(1+q2k1+2m1—1) 1+q2k)1+2k2—|—2m1—1)
q2k1+2k2+(2m1+2) o q2/€1+2k2+(2m1+2m2—2)
(1 + q2k1+2k2+2ml—|—1) . (1 + q2k1+2k2+2m1+2m2—1) (

q2k1 +2ko+2k3+(2m1+2ma)

1 + q2k1—|—2k2+2k}3+2ml+2m2—1)

q2k1+2k‘2+2k3+(2m1+2m2+2) o q2k1+2k2+2k3+(2m1+2m2+2m372)
(1 + q2k1+2k2+2k3+2m1+2m2+1) . (1 + q2]€1 +2k2—|—2k3+2m1 +2m2+2m3—1) e

q2k1+2k2+...+2kn+(2m1+2m2+...+2mn,1)q2k1+2k2+...+2k:n+(2m1+2m2+...+2mn,1+2)
(1+q2k1+2k2+...—|—2kn+(2m1+2m2+.‘.+2mn_1—1))(1 _|_q2k1+2k2+...+2kn+(2m1+2m2+...+2mn_1+1))
- _q2k1+2k2+...+2kn+(2m1+2m2+...+2mn—2) )

(1 + q2k1—|—2k2+...+2k:n+(2m1+2m2—|—“.+2mn_1+2mn—1))

q0q2 o q2m1+2m2—|—...—|—2mn—2

gD (14 ). (1 + gZmF2mar +2m,—1)
q2(m1+m2—|—...—|—mn) q2(m2—|—m3+...—|—mn) qQ(mn_l—&—mn)

2mn

4q
(1 _ q2(m1+m2+...+mn)) (1 _ q2(m2+m3+~~+mn)) e (1 — q2(mn_1+mn)) (1 — q2mn) .

Consider the following product in which the missing slices and the restrictions are
indicated:

(I+aq'+b¢")  (I+eg®)  (I+ag®+0¢®)  (I+cq')  (1+ag®+bg%)....

—_——— —_———
aq1 — dq2 — aq3 aq3 — dq4 — aq5
bqleeq2~>bq3 bq3e6q4~>bq5
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Note that, this structure is the same as in Theorem 5.0.1 except for the first factor
(1+aq' +bg') and for the missing slices and their restrictions corresponding to the

second factor (1+cg?).

If we allow slices to repeat and put a =b=c =1, the generating function of cylindric

partitions including shapes a, b or ¢ (all shapes except d and e) is the following:

izo(1+¢*)  (—¢:¢%) s

(5:3) S(9) = Meso(1= ") (:9)

Let n denote the number of distinct slices with shape d or e that appear in the

cylindric partitions with the given profile. We put d =e = 1.

When n = 0, the generating function of cylindric partitions with the given profile is
(5.3).

When n =1, we will either have a slice with shape d or a slice with shape e. The
minimum weights of slices with shapes d and e are the same which is 2. So, we have

the following generating function for case n = 1:

2k
(2 > (11 ¢ 1q<1+q2k+1)>5(Q)'

k>1

This is nothing but

2. ¢?
(T+gh)(1—¢?)

2-¢'" - (—¢%¢?)1o1 (—¢56)o0
(¢%¢)1- (—4:¢*h (4:9)00

S(q) =

When n = 2, since the minimum distance between the weights of slices with shapes
d and e is 4, and slices with these shapes have the same minimum weight, for cases

(d,d) and (e,e), also for cases (d,e) and (e,d) we have the same generating functions.

Case (d,d): If weights of slices (d,d) are 2k and 2k + 2 for k > 1, the generating

function including this duo is

6

2k . g2k .
(%(1+q2k:—1)(1+q2k+1)(1+q2k+3)>S(Q): (1+q1)(1+q3)<1_q4)5(q),

if weights of slices (d,d) are 2k and > 2k +4 for k > 1, the generating function

including this duo is
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g2k . 22k
S
(%1;;1 (14?1 (14 g2+ 1) (L 4 g?mH2Rt)(1 +q2m+2’f+3)> (@)

¢ ¢
SO P 1)

So, the generating function for case (d,d) is the following:

q6
(I+¢)(1+¢*)(1—¢*)(1—¢")

S(q).

For case (d,e), we have the following generating function:

2k 2 2k+2
< q qm+ +

S(q).
n;l];l 1_|_q2k' 1 (1+q2k—|—1)<1+q2m+2k+1)(1_|_q2m+2k‘+3>>

8
T+ )1+ (1 -¢?)(1—¢Y)

S(q).

Therefore, the generating function for case n =2 is

2:¢°(1+¢%) S(g) = 20T (o1 (5o
(T+gh)(1+¢3)(1—¢*)(1—q*) (@%4%)2- (—a:4%)2 (¢:9)

As before, we proceed by induction on n. The base case n =1 and case n =2 were

done above.

This time, when n changes to (n+ 1), the following happens: The number of indices
(ki’s) that we see changes from n to (n+1). So, by Lemma 5.0.5, we multiply the
denominator by (1+¢*"t1)(1 —¢2"*+1). Recall that, in the numerator, we see the

minimal weights coming from disjoint cases as a power of q.

For a general n, the minimum weight comes from case (d,d,d,...,d) is
—_——

n many

24446+...42-n=n-(n+1).

Starting with this case, how we compute the minimal weights for other cases is as
follows: Let us work on n = 3, as before. Starting with (d,d,d), the minimal triple
is (dg?,dq*,dq%). If we change the biggest slice with shape d with a slice with shape

e (as the minimum distance between weights of slices with shapes d and e is 4), it
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becomes (dq?,dq*,eq®), and we get

(dq?,dq*,dg®) — (dg?,dg*,dq®), (dg?,dq", eq®).

(q2-q*45) (q2-q*¢5)(14+4¢?)

Continuing with the cases (dq?,dq*,dq%), (dq?,dq*,eq®), we will change the roles of d
and e for the two biggest slices and we will get two more cases, that is, we will get
(dg®,eq°, eq®), (dg? eq°,dq'?):

(dg?,dq*,dq®), (dg*,dg*,eq®) — (dg?,dg*,dq®), (dg?,dg ,eq®), (dg*, eq®, eq®), (dg? eq®,dg™) .

(q2-q*¢%)(14+4¢?) (q2-q*¢%)(14+¢%)(1+q*)

All of the following cases are the cases that starts with a slice with shape d:
(dg®,dg*,dq®),(dg*, dg*,eq®). (dg* eq®, eq®), (dg? eq®. dg"?).

Changing the roles of d and e for above slices, we get the left cases:
(eq2,6q4,eq6),(eq2,6q4,dq8),(qu,dq(j,qu),(eqz,dq(j,eqlo), then we obtain all the
cases:

(dg®,dq*,dq®), (dg?,dg* eq®), (dq®,eq®, eq®), (dg?,eq®,dq'?),

(ea® eq*.eq®), (eq? eq*, dq®), (eq? dq® dq®),(eq? dq® eq'?).

In this last step, since the roles of d and e are symmetric, no iteration is needed.

We just multiply the previous step by 2. So, finally we get:
2-(¢*q"-¢") (L +*) (1 +¢").

We apply the same process for all n, to get the minimal weights. So, when n changes

to (n+1), we multiply the numerator by A (1 +¢?"). Therefore, we obtain:

< 2. ¢t (g2 )1 - 2D (14 g2 ) (—:¢%) s
(=;¢%)n - (¢%¢2)n- (1+¢2t)(1—2tD) | (¢;¢)00

And, this is what we want:

(2 gl Dnr2). (—qz;qz)n> (—4:6%) o0
(=¢:¢*)n+1-(@%¢%)n+1 ) (@@

]

Theorem 5.0.3. Cylindric partitions with profile ¢ = (3,1) have the following gen-

(% (q2q;7;22)n> (_(q?
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erating function:

10%) oo
=

o



Proof. Slices of cylindric partitions with profile ¢ = (3,1) can have exactly

(%:1):(?) shapes. The possible shapes are (0),(1),(2),(3),(4) and we will de-

note these shapes by a,c,b,d and e, respectively. Slices that have these shapes with

(eq®).

minimum positive weight are shown below.

-

Slices with shapes a,b and e can only have odd weights, while slices with shapes ¢

and d can only have even weights. Slice flow for the given profile is the following:

NN SN N
SN SN
NN SN N

NSNS N

Figure 5.3: Slice flow for profile ¢ = (3,1)

Now, we will work on the following product in which the missing slices and the

restrictions are indicated:

(1+bg") -(1+cq®* +dq?) - (1+b¢?) (1+cq* + dg*)-
—_——— ———
aq'—(1+cq?) (1+cq?) « aq® = (1+cq?)
(14dg?)eq®—(1+dg?)
5 6 6 7
(14+bq”) (14cq”+dq°) (14+0bq")
——— ———
(1+cq?) « ag® = (1+¢¢%) (14¢q®) —aq" = (1+¢¢®)
(14dg4)eqd—(1+dq0) (14dq8)<—eq”— (1+dq8)

Now, let us define the following product which is the generating function of cylindric

partitions created by slices with shapes b,c or d, that is, shapes a and e are not
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included, when repetition of slices are not allowed:

(5.4) P(q) == [T (1 +bg* (1 + cg® 2 4 dg**2).
k>0

In the product above, for the weight 1 there is only one missing slice, namely ag

which can be followed by with slice cq?. Except this case, for every weight (2k +3),

2k+3

there are two missing slices: aq and eg?*3 for k> 0. If we put ag®**3 in place

of (1+bg**3) then we need to erase the slices dg?**? and dg?*™, while if we put

eq? 3 in place of (14 bg?**3) then we need to erase the slices cg®**2 and cg?*+4.
We will proceed as in the previous proofs of this chapter. Allowing slices to repeat

and then putting b=c=d =1, (5.4) becomes

 Teso(1+6¢*2)  (—¢%¢*)

(5.5) Slg) = Miz0(1—=¢"*Y)  (6:0)e

Let n denote the number of distinct slices with shapes a or e that appear (with
any repetition) in the cylindric partitions with the given profile. As usual, we will

proceed by induction on n.

When n = 0, the generating function of cylindric partitions with the given profile is
(5.5).

When n =1, we will either have a slice with shape a (an’CJrl for some k> 0), or a

slice with shape e (eq?**3 for some k > 0). So, the generating function for n =1 is

gt g2+ o2+
<<1+q2>+,§<l+q2k><1+q2k+2>>s<q” <,§1<1+q2k><1+q2k+2>>5@

every possible size of a slice with shape a included  every possible size of a slice with shape e included

Using Lemma 4.0.4, for case n =1 we obtain:

q'(1+¢%) " AP
G0 -2) D= @ wow

Suppose the following generating function holds for any n:

(o.9]

< " )(_q25q2)oo
(@%d*)n) (6D

While n changes to (n+ 1), by Lemma 4.0.4, we multiply the denominator by (14

") (1 — 2 +D)) and in the numerator, we see the minimal weights coming from

disjoint cases as a power of ¢q. Since for a general n, the minimum weight comes
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from the case (a,a,a,...,a) which is
(S

n many
14345+...+2n—1)=n?

while n changes to (n+ 1), we multiply the numerator by ¢*"*1. (14 ¢*"*1), and

we obtain
( qn2 > q2n+1(1+q2(n+1)) .(_q2;q2)oo :< q(n+1)2 >_(—q2;q2)oo
(@%6%)n) A+@PCH)A-20FD)  (¢;9) (¢%4*)n+1 (49) o0
O

We will continue our work with the rank 4 - level 2 cylindric partitions. The proofs of
the following theorems will be omitted, as the the proofs of Theorem 5.0.4, Theorem
5.0.5, and Theorem 5.0.6 are the same as the proofs of Theorem 5.0.1, Theorem 5.0.2,
and Theorem 5.0.3, respectively.

Theorem 5.0.4. Cylindric partitions with profile ¢ = (2,0,0,0), have the following

generating function:

( ¢"" - (—=¢% %) ) (—¢*¢%)oo
=0 (=) (%6%n) (€0

Proof. Slices of cylindric partitions with profile ¢ = (2,0,0,0) can have exactly
(64;:1)2(:5))) shapes. The possible shapes are (0,0,0), (1,0,0), (1,1,0), (1,1,1),
(2,0,0), (2,1,0), (2,1,1), (2,2,0), (2,2,1), (2,2,2). We will denote these shapes by
l,a,b,d,c,e,h,m,k and n, respectively. Slices that have these shapes with minimum

positive weight are shown below.

(bg?), (dg?),
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(mq*), (kq®), (ng").

Slices with shapes a and k have weights congruent to 1 (mod 4); slices with shapes
b,c and n have weights congruent to 2 (mod 4); slices with shapes d and e have
weights congruent to 3 (mod 4), finally slices with shapes h,l and m have weights
congruent to 0 (mod 4). Slice flow for the given profile is the same as the slice flow

for profile ¢ = (4,0) and can be found below.

cq? mq* ng® g%
aqt eq’ kq® dq”
bq? hq* bqb hq®
dq3 aq5 6q7
g o mg®
Figure 5.4: Slice flow for profile ¢ = (2,0,0,0)
O

Theorem 5.0.5. Cylindric partitions with profile ¢ = (1,0,1,0) have the following

generating function:

<1+ > 2q"m. (_qZ;q2)n—1> (-4,
= (@36 (—46%)n (4;9)

Proof. Slices of cylindric partitions with profile ¢ = (1,0,1,0) can have exactly
(ﬁ:l):(g) shapes. The possible shapes are (0,0,0), (1,0,0), (1,1,0), (1,1,1),
(2,0,0), (2,1,0), (2,1,1), (2,2,0), (2,2,1), (2,2,2). We will denote these shapes by
e, h,l,b,n,a,d,c, f and k, respectively. Slices that have these shapes with minimum

positive weight are shown below.

(aq), ! (bq"), F (cq?), (dq?),
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(eq?),

E (kq"), (ig*), (ng*).

Slices with shapes a and b have weights congruent to 1 (mod 4); slices with shapes

¢,d and e have weights congruent to 2 (mod 4); slices with shapes f and h have
weights congruent to 3 (mod 4), finally slices with shapes k,l and n have weights
congruent to 0 (mod 4). Slice flow for the given profile is the same as the slice flow
for profile ¢ = (2,2) except for the number of shapes and their names, and can be

found below.

cq? kq* eq’ ng®

ag' fe bg° hq'
\ y / \ ) / \ y / \ )

q q q q
i / \ y / \ 5 / \ p /
q q aq q

eq2 nq4 cq6 kq8

Figure 5.5: Slice flow for profile ¢ = (1,0,1,0)
n

Theorem 5.0.6. Cylindric partitions with profile ¢ = (1,1,0,0) have the following

generating function:
2
<Z q" )(_QQ;QZ)OO
n>0 (@%6*)n) (690

Proof. Slices of cylindric partitions with profile ¢ = (1,1,0,0) can have exactly
(%:1)2(2) shapes. The possible shapes are (0,0,0), (1,0,0), (1,1,0), (1,1,1),
(2,0,0), (2,1,0), (2,1,1), (2,2,0), (2,2,1), (2,2,2). We will denote these shapes by
f,k,a,d,b,c e, h,l and n, respectively. Slices that have these shapes with minimum

positive weight are shown below.
49



F (aq"), I (bq"), (cq?), (dg?),
F (eq®), E (fg*), (hq?), (kq*),
I (Ig"), I (ng®).

Slices with shapes a,b and n have weights congruent to 1 (mod 4); slices with

shapes ¢ and d have weights congruent to 2 (mod 4); slices with shapes e, f and h
have weights congruent to 3 (mod 4), finally slices with shapes k and [ have weights
congruent to 0 (mod 4). Slice flow for the given profile is the same as the slice flow
for profile ¢ = (3,1) except for the number of shapes and their names, and can be

found below.

bq' hq? ng’ fa’
\ 2 / \ ) / \ y / \ -
cq q q q

aq! e ag® eq”
dqQ kq4 cq6 lq8

f¢ b hq"

Figure 5.6: Slice flow for profile ¢ = (1,1,0,0)
O
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6. FUTURE WORK

Our plan is to continue to work on cylindric partitions with rank 2 and levels > 5.
We will try to generalize our results. We will also simultaneously work on cylindric
partitions with profile ¢ = (1,1,1). We will try to give expressions alternative to

Borodin’s formula for the generating functions having the profiles mentioned above.
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