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ABSTRACT

METHOD OF WEIGHTED WORDS ON CYLINDRIC PARTITIONS

BURCU BARSAKÇI

MATHEMATICS Ph.D DISSERTATION, JULY 2025

Dissertation Supervisor: Assoc. Prof. KAĞAN KURŞUNGÖZ

Keywords: cylindric partitions, ordinary partitions, method of weighted words,
generating functions, shapes of slices of cylindric partitions

In this thesis, we study the generating functions of cylindric partitions having profile
c = (c1, c2, . . . , cr) with rank 2 and levels 2,3 and 4. As a result, we give expressions
alternative to Borodin’s formula for these generating functions. We use the method
of weighted words which was first introduced by Alladi and Gordon, later was applied
by Dousse in a new version to prove some partition identities and to get infinite
products. We adapt the method to our subject with a more combinatorial approach.

iv



ÖZET

AĞIRLIKLI KELİMELER METODUNUN SİLİNDİRİK PARÇALANIŞLAR
ÜZERİNDE UYGULANMASI

BURCU BARSAKÇI

MATEMATİK DOKTORA TEZİ, TEMMUZ 2025

Tez Danışmanı: Doç. Dr. KAĞAN KURŞUNGÖZ

Anahtar Kelimeler: silindirik parçalanışlar, tam sayı parçalanışları, ağırlıklı
kelimeler metodu, üreteç fonksiyonlar, silindirik parçalanış dilimlerinin şekilleri

Bu tezde, c = (c1, c2, . . . , cr) profiline sahip, mertebesi 2 ve düzeyi 2,3 ve 4 olan
silindirik tam sayı parçalanışlarının üreteç fonksiyonları üzerinde çalışıyoruz. Sonuç
olarak, bahsi geçen mertebe ve düzeylerdeki profillere sahip silindirik tam sayı
parçalanışlarının Borodin formülü ile elde edilen üreteç fonksiyonlarına alternatif
olarak matematiksel ifadeler elde ediyoruz. Bu amaçla, ilk olarak Alladi ve Gordon
tarafından tanıtılan ve daha sonra yeni bir versiyonu Dousse tarafından bazı tam
sayı parçalanış özdeşliklerini kanıtlamak ve sonsuz çarpımlar elde etmek için kul-
lanılan ağırlıklı kelimeler metodunu kullanıyoruz. Metodun yeni versiyonunu daha
kombinatorik bir yaklaşımla kendi konumuza uyarlıyoruz.
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1. INTRODUCTION

Cylindric partitions are given by the following definition (Gessel & Krattenthaler
(1997)).
Definition 1.0.1. Let r and ℓ be positive integers. Let c = (c1, c2, . . . , cr) be a com-
position where c1 + c2 + . . . + cr = ℓ. A cylindric partition with profile c is a vector
partition Λ = (λ(1),λ(2), . . . ,λ(r)) where each λ(i) is an ordinary partition such that
λ(i) = (λ(i)

1 ,λ
(i)
2 , . . . ,λ

(i)
si ) and for all i and j,

λ
(i)
j ≥ λ

(i+1)
j+ci+1

, λ
(r)
j ≥ λ

(1)
j+c1 .

The integer r is called the rank of the cylindric partition, while the integer ℓ is called
the level of the cylindric partition.

The size |Λ| of a cylindric partition Λ = (λ(1),λ(2), . . . ,λ(r)) is defined to be the sum
of all the parts of the ordinary partitions included in the cylindric partition. The
largest part of a cylindric partition Λ is defined to be the maximum part among all
the parts of the ordinary partitions included in the cylindric partition and denoted
by max(Λ). For example, for the cylindric partition Λ = ((5,4),(8,2),(7,5,1)) with
profile c = (0,1,2), we have |Λ| = 32 and max(Λ) = 8. The following generating
function

Fc(z,q) :=
∑

Λ∈Pc

zmax(Λ)q|Λ|

is the generating function for cylindric partitions, where Pc denotes the set of
all cylindric partitions with profile c. Note that Fc(z,q) = FS(c)(z,q) where c =
(c1, c2, . . . , cr) and S(c) = (c2, c3, . . . , cr, c1) (Borodin (2007); Corteel, Dousse & Uncu
(2022)). The generating function of cylindric partitions with a given profile is given
by Borodin’s formula (Borodin (2007)):
Theorem 1.0.1. Let c = (c1, c2, . . . , cr) be a composition of ℓ where ℓ and r are
positive integers. Define t := r + ℓ and s(i, j) := ci + ci+1 + . . . + cj. Then the gen-
erating function for cylindric partitions having profile c = (c1, c2, . . . , cr) is given by
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the following formula:

Fc(1, q) = 1
(qt;qt)∞

r∏
i=1

r∏
j=i

ci∏
m=1

1
(qm+j−i+s(i+1,j);qt)∞

r∏
i=2

i∏
j=2

ci∏
m=1

1
(qt−m+j−i−s(j,i−1);qt)∞

.

In the formula above and throughout, the following q-Pochhammer symbols (Gasper
& Rahman (2004)) are used:

(a;q)n :=
n∏

k=1
(1−aqk−1) and (a;q)∞ := lim

n→∞(a;q)n,

where n ∈ N, a,q ∈ C and |q|< 1.

In this thesis, we study the generating functions of cylindric partitions with a profile
c = (c1, c2, . . . , cr) for rank 2 and levels 2,3 and 4. Borodin’s formula (Borodin (2007))
gives the generating functions of cylindric partitions as infinite products. In contrast
to Borodin’s proof of this formula, we used a more combinatorial approach in our
proofs and we get alternative expressions for the generating functions of cylindric
partitions with the above rank and levels. Due to the rank-level duality (Gessel &
Krattenthaler (1997)), we also get the results for cylindric partitions with rank 3 -
level 2, and rank 4 - level 2. The results we have found are given below, where the left
hand sides are the alternative expressions we find while the right hand sides are the
infinite products obtained by Borodin’s formula. The expressions we obtained for
profiles c = (1,1) and c = (2,0) are also obtained in Kurşungöz & Ömrüuzun Seyrek
(2023a) with another combinatorial interpretation, while the expression we get for
profile c = (3,1) can be found in Warnaar (2023) in the context of representation
theory. We have the following generating functions for cylindric partitions with the
given profiles:

Profile c = (1,1):

(1.1) (−q;q2)∞
(q;q)∞

= 1
(q4;q4)∞(q;q4)2

∞(q3;q4)2
∞

.

Profile c = (2,0) :

(1.2) (−q2;q2)∞
(q;q)∞

= 1
(q;q)∞(q2;q4)∞

.

Profiles c = (2,1) and c = (1,1,0):

(1.3)
(∑

n≥0

qn2

(q4;q4)n

)
· (−q2;q2)∞

(q;q)∞
= 1

(q;q)∞(q;q5)∞(q4;q5)∞
.
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Profiles c = (3,0) and c = (2,0,0):

(1.4)
(∑

n≥0

qn2+2·n

(q4;q4)n

)
· (−q2;q2)∞

(q;q)∞
= 1

(q;q)∞(q2;q5)∞(q3;q5)∞
.

Profiles c = (4,0) and c = (2,0,0,0):

(1.5)
(∑

n≥0

qn(n+1) · (−q2;q2)n

(−q3;q2)n · (q2;q2)n

)
· (−q3;q2)∞

(q;q)∞
= 1

(q;q)∞(q2;q6)∞(q3;q6)∞(q4;q6)∞
.

Profiles c = (2,2) and c = (1,0,1,0):
(1.6)(

1+
∑
n≥1

2 · qn(n+1) · (−q2;q2)n−1
(q2;q2)n · (−q;q2)n

)
· (−q;q2)∞

(q;q)∞
= 1

(q6;q6)∞(q;q6)2
∞(q2;q6)2

∞(q4;q6)2
∞(q5;q6)2

∞
.

Profiles c = (3,1) and c = (1,1,0,0):

(1.7)
(∑

n≥0

qn2

(q2;q2)n

)
· (−q2;q2)∞

(q;q)∞
= 1

(q;q)∞(q;q6)∞(q3;q6)∞(q5;q6)∞
.

To be able to obtain the above expressions, we fixed the profile and then studied the
slices of cylindric partitions with the given profile (Kurşungöz & Ömrüuzun Seyrek
(2023b)). We give the definition of the slices of cylindric partitions in the next
chapter. For any profile, there are only finitely many shapes for slices and each slice
with a certain shape can have only certain weights (mod r), where r is the rank of
the cylindric partition, while between weights of slices with certain shapes there are
some minimum distance conditions. Therefore, we tried to implement the method
of weighted words given in Alladi & Gordon (1995), Dousse (2017a), Dousse (2017b)
on cylindric partitions. This method was first introduced by Alladi and Gordon in
Alladi & Gordon (1995) to prove a special (ordinary) partition identity which is
Schur’s identity (Schur (1973)) that states the number of partitions satisfying some
congruence conditions are equal to the number of partitions satisfying some distance
conditions. To prove Schur’s identity, they computed the generating functions for
the minimal partitions satisfying some minimal distance conditions, and used q-
series identities. Later, this method was used by Dousse to prove other partition
identities, but she created a new version of the method in which she used recurrences
and q-difference equations instead of using minimal partitions and q-series identities
(Dousse (2017a), Dousse (2017b)).

We would like to draw the reader’s attention to the identities below (c.f. Andrews

3



(1979)):

(1.8)
∑
n≥0

qn2

(q4;q4)n
= 1

(−q2;q2)∞(q;q5)∞(q4;q5)∞
.

(1.9)
∑
n≥0

qn2+2·n

(q4;q4)n
= 1

(−q2;q2)∞(q2;q5)∞(q3;q5)∞
.

Using (1.8) and (1.9), with the expressions we obtain for profiles c = (2,1) and
c = (3,0), we get the infinite products in (1.3) and (1.4) given by Borodin’s formula
in Borodin (2007). Similarly, using identity (1.10) below (see Gasper & Rahman
(2004)) and Euler’s famous identity for ordinary partitions, we get the infinite prod-
uct in (1.7) given by Borodin’s formula.

(1.10)
∑
n≥0

q
n(n−1)

2

(q;q)n
zn = (−z;q)∞.

We should emphasize that we were neither trying to prove an identity nor dealing
with ordinary partitions. Inspired by the version of the method created by Dousse in
Dousse (2017a), Dousse (2017b) using the minimum distance conditions and modulo
congruence conditions on slices, we computed the beginning terms of the generating
functions of cylindric partitions with chosen profiles. Since for a fixed profile, we
deal with slices with certain shapes which can have certain weights, we did not use
any total order on slices we work on or consider any dilations; but we obtained slice
flows for the given profiles which allowed us to get the alternative expressions for the
generating functions of cylindric partitions. Slice flows are essentially a partial order
on slices (Kurşungöz & Ömrüuzun Seyrek (2023b)). Instead of using recurrences and
q-difference equations, we developed a more combinatorial way in our approach.

For the rest of the thesis, we have the following structure. In the second chapter,
we give necessary definitions and standard results. In the Chapters 3,4 and 5, we
construct the left hand sides of the formulas above. In particular, in Chapter 3 we
obtain formulas (1.1), (1.2), in Chapter 4 we obtain formulas (1.3), (1.4), and finally
in Chapter 5 one can find formulas (1.5), (1.6), (1.7). In the last chapter, we give
details about the future work.
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2. PRELIMINARIES

An ordinary partition of a positive integer n is a finite non-increasing sequence
of positive integers b1, b2, . . . bk such that n = b1 + b2 + . . . + bk where the bi’s are
called parts of the partition for i = 1,2, . . . ,k. For example, if we take n = 6, the
corresponding partitions are

6, 5+1, 4+2, 3+3, 4+1+1, 3+2+1, 2+2+2, 3+1+1+1,

2+2+1+1, 2+1+1+1+1, 1+1+1+1+1+1.

The generating function P (q) for the sequence p(0),p(1),p(2), . . . is the power series
in q:

P (q) =
∑
k≥0

p(k)qk,

where p(k) gives the number of partitions of k. This is called the partition func-
tion. We have the following infinite product representation of the partition function
(Andrews (1998)).

P (q) =
∏
k≥1

1
1− qk

.

The last series and the infinite product converge absolutely for |q|< 1. Considering
geometric series, for any positive integer k we have,

1
1− qk

= 1+ qk + qk+k + qk+k+k + . . . .

This yields to

P (q) =
∏
k≥1

1
1− qk

= (1+ q1 + q1+1 + . . .)(1+ q2 + q2+2 + . . .) . . .(1+ qk + qk+k + . . .) . . .

= 1+ q1 + q1+1 + q2 + q1+1+1 + q1+2 + q3 + q1+1+1+1 + . . .

= 1+ q1 +2q2 +3q3 +5q4 +7q5 +11q6 +15q7 +22q8 + . . . .

5



Here, p(0) is the coefficient of q0 and represents the empty partition, while p(5) = 7
is the coefficient of q5 and it tells us the number of partitions of 5 is 7.

There are graphical representations of ordinary partitions and one them is Ferrers
boards (see Andrews & Eriksson (2004)). For instance, the Ferrers board of the
partition 5+3+1 is

.

If we call ordinary partitions as one-dimensional partitions, we also have two-
dimensional partitions, in other words, plane partitions. Plane partitions of n are
two-dimensional arrays of non-negative integers such that rows from left to right
and columns from top to bottom are non-increasing (Andrews & Eriksson (2004)).
One of the plane partitions of n = 30 is

4 4 3 2 1

4 3 1 1

3 2 1

1

The 3-D Ferrers board of the above plane partition is

Figure 2.1. An example of a plane partition of n = 30
(figure credit: https://en.wikipedia.org/wiki/Plane_partition )

The generating function for plane partitions is given by the following MacMahon
formula (MacMahon (2001)):

PP (q) =
∑
k≥0

pp(k) · qk

=
∏
k≥1

1
(1− qk)k

.

6
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A cylindric partition with a profile c = (c1, c2, . . . , cr) is a modified plane partition
such that starting from the second row, rows are shifted to the left by the profile
so that non-negative integers in the columns from top to bottom and in the rows
from left to right are in the non-increasing form. On top of this, the first row is
repeated after the last row (possibly shifted). This will be taken into account for
the inequalities down each column, but it does not add to the weight. Please recall
Definition 1.0.1 (Gessel & Krattenthaler (1997)).

Consider the cylindric partition Λ = ((5,4),(8,2),(7,5,1)) with profile c = (0,1,2)
where λ(1) = (5,4), λ(2) = (8,2), and λ(3) = (7,5,1) are ordinary partitions, with
c1 = 0, c2 = 1, c3 = 2 and λ(2) is shifted to the left by c2, λ(3) is shifted to the left by
c3, and as a hidden condition λ(1) is shifted to the left by c1, so that horizontally and
vertically we have numbers in the non-increasing form. To get a better visualization
of these shifts created by the profile, if the number of parts of ordinary partitions
contained in the cylindric partition are not equal, we add zeroes to the ordinary
partitions. So for our running example we write Λ = ((5,4,0),(8,2,0),(7,5,1)) with
profile c = (0,1,2), and we do the shifts as follows:

5 4 0
8 2 0

7 5 1
5 4 0

The 3-D Ferrers board of the running example is as follows (Kurşungöz & Öm-
rüuzun Seyrek (2023b)):

Figure 2.2. Visualization of Λ = ((5,4),(8,2),(7,5,1)) with c = (0,1,2)

Note that we will work on the horizontal slices of cylindric partitions with a given
profile, and we simply call them slices. We will give the formal definition after
sharing the visualization for slices of the running example (see Kurşungöz & Öm-
rüuzun Seyrek (2023b)).

7



Figure 2.3. Slices of Λ = ((5,4),(8,2),(7,5,1)) with c = (0,1,2)

Definition 2.0.1. (Kurşungöz & Ömrüuzun Seyrek (2023b)) Let Λ =
(λ(1),λ(2), . . . ,λ(r)) be a cylindric partition with profile c = (c1, c2, . . . , cr) where each
λ(i) is an ordinary partition such that λ(i) = (λ(i)

1 ,λ
(i)
2 , . . . ,λ

(i)
si ). Let m := max(Λ),

and set Λ = Λ(m). Then, form the cylindric partition mΣ with the given profile so
that the positions (i, j) such that λ

(i)
j = m are replaced by 1’s, and all other positions

are replaced by 0’s in Λ(m).

Subtracting 1 from each position (i, j) such that λ
(i)
j = m in Λ(m), leaving all other

positions as they are, we get Λ(m−1). Now, form the cylindric partition m−1Σ with
the given profile so that the positions (i, j) such that λ

(i)
j = m−1 are replaced by 1’s,

and all other positions are replaced by 0’s in Λ(m−1).

We continue in this fashion until all parts of ordinary partitions included in the
cylindric partition become zero, in other words, until we obtain the empty partition
with the given profile. We denote it by 0Σ.

These iΣ’s are called slices of cylindric partition Λ with profile c = (c1, c2, . . . , cr).

Now, let us share with you the slices of the running example Λ = ((5,4),(8,2),(7,5,1))
with profile c = (0,1,2), starting with the empty slice 0Σ. Note that gray squares
are created by the profile and have zero weight, while white squares have weight 1.
Except the gray squares created by the profile, other squares having zero weight are
not represented by gray squares. We have the following order for the slices of the
running example: 0Σ ≤ 8Σ ≤ 7Σ ≤ . . . ≤ 1Σ. Their visual representations are given
below.

≤ ≤ ≤ ≤ ≤

8



≤ ≤ ≤

.

Now, if we put the slices in the order above, so that the gray squares overlap and
8Σ is on the top, the total number of white squares in the same position gives the
weight in that position, and we get the cylindric partition Λ = ((5,4),(8,2),(7,5,1))
with profile c = (0,1,2). Note that this is another visualization for Figure 2.3, and
we will use it in our proofs.

Each slice having a profile c = (c1, c2, . . . , cr) has a shape. We define the shape of a
slice as follows: Without distinguishing between the white and gray squares in the
representation of a slice, we remove k squares from each row, where k is the length
of the rth row. Since in a slice with a profile c = (c1, c2, . . . , cr), there are r rows, after
erasing the rth row, we will be left with (r−1) rows (counting zeroes), and starting
from the top row, we write the number of squares left in the rows, respectively. We
call this the shape of a slice (Kurşungöz & Ömrüuzun Seyrek (2023b)). Shapes of
0Σ,8Σ,7Σ, . . . ,1Σ above are (3,2), (3,3), (2,2), (2,2), (2,1), (3,1), (3,1), (3,2), and
(2,1), respectively.

Note that for a fixed profile, there are exactly
(

ℓ+r−1
r−1

)
shapes, and each shape has

a certain weight (mod r) (Kurşungöz & Ömrüuzun Seyrek (2023b)). Starting with
the minimal slice with a certain shape, we get other slices with the same shape by
adding the same number of white squares (with weight 1) to each row. In the small
example below, starting from the slice 8Σ how we get the bigger slices with the same
shape can be found.

≤ ≤ ≤ . . ..

After giving the necessary information related to the theory, it is time to explain
how we apply the method. First of all, we fix the profile. We determine the number
of shapes and the corresponding minimal slices having positive weight, and then
we determine the minimum distance conditions between the slices. We construct
cylindric partitions with a given profile by starting with the slice on the top. After
the slice on the top, we can put another slice that contains every single white square
in the representation of the slice on the top. After the second slice, if we choose
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a third slice, it must contain every single white square in the representation of the
second slice. And we continue in this fashion.

Consider cylindric partitions having profile c = (2,1) with rank r = 2 and level ℓ =
3. So for the slices of the cylindric partitions with the given profile, there are
exactly

(
ℓ+r−1

r−1

)
=
(

4
1

)
shapes. The corresponding shapes are (0),(1),(2),(3) and let

us denote these shapes by a,c,b, and d, respectively. Slices that have these shapes
with minimum positive weight are shown below. Note that the colored squares are
created by the profile and have zero weight. Different colors are used to distinguish
the different shapes. Although aq1, bq1, cq2, dq2 are the generating terms of the
slices given below, for simplicity of the language, we will name the slices with their
generating terms.

(aq1), (bq1), (cq2),

(dq2).

For example, as shown below, after the slice aq1 we cannot put the slice dq2, as the
crossed white square in the slice aq1 is not contained in dq2.

Figure 2.4. A non-example for slice placement

Putting one white square to each row of the slice dq2, one can obtain the slice dq4

below:

.

Now after aq1, we can put dq4. Moreover, we can have the following placement with
the slices aq1, bq3 and dq4, respectively.

Figure 2.5. An example for slice placement

The above placement of the slices creates the cylindric partition Λ = ((2,2,1),(3))
with profile c = (2,1).
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In the following chapters, using the minimum distance conditions on slices, we create
slice flows for the given profiles that give the pattern of slices with distinct shapes
including weights.
Definition 2.0.2. Given an arbitrary but fixed profile c, the slice flow for the given
profile is a directed graph in which the generating term xqn for each non-empty slice
is a node, and there is an edge from xqn to yqn+1 if and only if the slice generated
by yqn+1 can be obtained from the slice generated by xqn by adding a single square.

Slice flow for a given profile is a diagram that gives the partial order on the slices with
positive weight for the given profile, where the slices are denoted by their generating
terms. Slice flow for a given profile is another form of Hasse diagram in Kurşungöz
& Ömrüuzun Seyrek (2023b), but instead of using visualizations of the slices with
a given profile, we denote the shapes of the slices by words (a, b, etc.) and by using
the arrows we show the placement rules for slices with the given profile. We did not
include the empty slices in the slice flows. For convenience, we horizontally aligned
slices with the same shape, and vertically aligned slices with the same weight. The
weights increase from left to right. Let us share with you the following slice flow
for profile c = (2,1): (Latex codes for the slice flows are created by the tikzcd editor
https://tikzcd.yichuanshen.de.)

aq1 aq3 aq5 aq7

cq2 cq4 cq6 cq8

bq1 bq3 bq5 bq7

dq2 dq4 dq6 dq8

Figure 2.6: Slice flow for profile c = (2,1)

We use the slice flows to produce the generating functions of cylindric partitions for
given profiles and this process will be explained in the following chapters.

11
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3. METHOD OF WEIGHTED WORDS ON CYLINDRIC

PARTITIONS WITH RANK 2 - LEVEL 2

We start our work applying the method of weighted words on cylindric partitions
with rank 2 - level 2. There are only two profiles in this case, profile c = (1,1) and
c = (2,0).
Theorem 3.0.1. Cylindric partitions with profile c = (1,1) have the following gen-
erating function:

(−q;q2)∞
(q;q)∞

.

Proof. For cylindric partitions with profile c = (1,1), there are exactly
(

ℓ+r−1
r−1

)
=
(

3
1

)
shapes. The corresponding shapes are (0),(1),(2) and we will denote these shapes
by a,c and b, respectively. Slices that have these shapes with minimum positive
weight are shown below. Note that the gray squares are created by the profile and
have zero weight.

(aq1), (bq1), (cq2).

Since the bigger slices with a certain shape are obtained by adding the same number
of weight 1 squares to each row of the minimal slice with the given shape and the
number of rows in a slice is determined by the rank, each shape has certain weights
modulo 2 for the given profile. Therefore, slices with shapes a and b can only have
odd weights, while slices with shape c can only have even weights. Slice flow for the
given profile is as follows:

aq1 aq3 aq5 aq7

cq2 cq4 cq6 cq8

bq1 bq3 bq5 bq7

Figure 3.1: Slice flow for profile c = (1,1)
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It is straightforward to write the generating function of the cylindric partitions with
distinct slices: ∏

k≥0
(1+aq2k+1 + bq2k+1)(1+ cq2k+2).

Allowing slices to repeat, we obtain

∏
k≥0

(
1+ aq2k+1

1−aq2k+1 + bq2k+1

1− bq2k+1

)(
1+ cq2k+2

1− cq2k+2

)

Now, if we put a = b = c = 1, this concludes the proof.

Theorem 3.0.2. Cylindric partitions with profile c = (2,0) have the following gen-
erating function:

(−q2;q2)∞
(q;q)∞

.

Proof. For cylindric partitions with profile c = (2,0), there are exactly
(

ℓ+r−1
r−1

)
=
(

3
1

)
shapes. The corresponding shapes are again (0),(1),(2) and we will denote these
shapes by b,a and c, respectively. Slices that have these shapes with minimum
positive weight are shown below.

(aq1), (bq2), (cq2).

Slices with shape a can only have odd weights, while slices with shapes b and c can
only have even weights. Slice flow for the profile can be found below.

cq2 cq4 cq6 cq8

aq1 aq3 aq5 aq7

bq2 bq4 bq6 bq8

Figure 3.2: Slice flow for profile c = (2,0)

As in the previous theorem, it is easy to write the generating function of the cylindric
partitions with distinct slices:

∏
k≥0

(1+aq2k+1)(1+ bq2k+2 + cq2k+2).

Now, if we allow slices to repeat, we get

∏
k≥0

(
1+ aq2k+1

1−aq2k+1

)(
1+ bq2k+2

1− bq2k+2 + cq2k+2

1− cq2k+2

)
.

13



Putting a = b = c = 1 completes the proof.

Note that in the above proofs, even if we do not put a = b = c = 1, we still have infinite
products, which also count the number of shapes of slices included in cylindric
partitions with the given profiles via the powers of a,b and c. In the following
chapters, for the profiles we worked on, this does not happen, as we deal with more
complex slice flows.

14



4. METHOD OF WEIGHTED WORDS ON CYLINDRIC

PARTITIONS WITH RANK 2 - LEVEL 3 AND CYLINDRIC
PARTITIONS WITH RANK 3 - LEVEL 2

In this chapter, we apply the method of weighted words on cylindric partitions with
rank 2 - level 3, and rank 3 - level 2.

We start our examination with cylindric partitions having profile c = (2,1), and we
find an alternative expression for the generating function of cylindric partitions with
the given profile.
Theorem 4.0.1. Cylindric partitions with profile c = (2,1) have the following gen-
erating function: (∑

n≥0

qn2

(q4;q4)n

)
(−q2;q2)∞

(q;q)∞
.

Proof. Cylindric partitions with profile c = (2,1) have rank r = 2 and level ℓ = 3,
so for the slices of cylindric partitions with the given profile there are exactly(

ℓ+r−1
r−1

)
=
(

4
1

)
shapes. The corresponding shapes are (0),(1),(2),(3) and we will de-

note these shapes by a,c,b, and d, respectively. Slices that have these shapes with
minimum positive weight are shown below. Note that the gray squares are created
by the profile and have zero weight.

(aq1), (bq1), (cq2),

(dq2).

As the bigger slices with a certain shape are obtained by adding the same number
of weight 1 squares to each row of the minimal slice with the given shape and the
number of rows in a slice is determined by the rank, each shape has certain weights
modulo 2 for the given profile. Therefore, slices with shapes a and b can only have
odd weights, while slices with shapes c and d can only have even weights. Slice flow
for the given profile can be found below:
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aq1 aq3 aq5 aq7

cq2 cq4 cq6 cq8

bq1 bq3 bq5 bq7

dq2 dq4 dq6 dq8

Figure 4.1: Slice flow for profile c = (2,1)

Investigating the slices for the given profile, it’s straightforward to find that cylindric
partitions with distinct slices including only the slices with shapes b, c and d (all
shapes except a) have the following generating function:

∏
k≥0

(1+ bq2k+1)(1+ cq2k+2 +dq2k+2).

Whenever a slice with shape a enters the picture, we know that we must be careful
with the slices with shape d, since just before and just after a slice aq2k+1, we cannot
put slices dq2k and dq2k+2. Considering this restriction, the possible arrangements
of distinct slices with maximum weight 6 (cq6 or dq6) are as follows:

(1+ bq1)(1+ cq2 +dq2)(1+ bq3)(1+ cq4 +dq4)(1+ bq5)(1+ cq6 +dq6)

+(aq1)(1+cq2)(1+ bq3)(1+ cq4 +dq4)(1+ bq5)(1+ cq6 +dq6)

+(1+ bq1)(1+cq2)(aq3)(1+cq4)(1+ bq5)(1+ cq6 +dq6)

+(1+ bq1)(1+ cq2 +dq2)(1+ bq3)(1+cq4)(aq5)(1+cq6)

+(aq1)(1+cq2)(aq3)(1+cq4)(1+ bq5)(1+ cq6 +dq6)

+(aq1)(1+cq2)(1+ bq3)(1+cq4)(aq5)(1+cq6)

+(1+ bq1)(1+cq2)(aq3)(1+cq4)(aq5)(1+cq6)

+(aq1)(1+cq2)(aq3)(1+cq4)(aq5)(1+cq6).

Since the maximum weight is restricted by 6 above, the possible weights of slices with
shape a are 1,3, and 5. There is a one-to-one correspondence between the subsets
of the set {aq1,aq3,aq5}, and the terms of the sum above, each line representing
one term. For example, the first line of the sum corresponds to the empty set so
that no slice with shape a is included, while the second line of the sum corresponds
to the subset {aq1} so that the slice aq1 is included, and the seventh line of the
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sum corresponds to the subset {aq3,aq5} so that slices aq3 and aq5 are included.
Therefore, the sum above has eight terms. Now, if we allow slices to repeat, this
sum becomes:

(1 + bq1

1−bq1 )(1 + cq2

1−cq2 + dq2

1−dq2 )(1 + bq3

1−bq3 )(1 + cq4

1−cq4 + dq4

1−dq4 )(1 + bq5

1−bq5 )(1 + cq6

1−cq6 +
dq6

1−dq6 )

+( aq1

1−aq1 )(1+ cq2

1−cq2 )(1+ bq3

1−bq3 )(1+ cq4

1−cq4 + dq4

1−dq4 )(1+ bq5

1−bq5 )(1+ cq6

1−cq6 + dq6

1−dq6 )

+(1+ bq1

1−bq1 )(1+ cq2

1−cq2 )( aq3

1−aq3 )(1+ cq4

1−cq4 )(1+ bq5

1−bq5 )(1+ cq6

1−cq6 + dq6

1−dq6 )

+(1+ bq1

1−bq1 )(1+ cq2

1−cq2 + dq2

1−dq2 )(1+ bq3

1−bq3 )(1+ cq4

1−cq4 )( aq5

1−aq5 )(1+ cq6

1−cq6 )

+( aq1

1−aq1 )(1+ cq2

1−cq2 )( aq3

1−aq3 )(1+ cq4

1−cq4 )(1+ bq5

1−bq5 )(1+ cq6

1−cq6 + dq6

1−dq6 )

+( aq1

1−aq1 )(1+ cq2

1−cq2 )(1+ bq3

1−bq3 )(1+ cq4

1−cq4 )( aq5

1−aq5 )(1+ cq6

1−cq6 )

+(1+ bq1

1−bq1 )(1+ cq2

1−cq2 )( aq3

1−aq3 )(1+ cq4

1−cq4 )( aq5

1−aq5 )(1+ cq6

1−cq6 )

+( aq1

1−aq1 )(1+ cq2

1−cq2 )( aq3

1−aq3 )(1+ cq4

1−cq4 )( aq5

1−aq5 )(1+ cq6

1−cq6 ).

Then, if we put a = b = c = d = 1, we obtain the following sum:

( 1
1−q1 )(1+q2

1−q2 )( 1
1−q3 )(1+q4

1−q4 )( 1
1−q5 )(1+q6

1−q6 )

+( q1

1−q1 )( 1
1−q2 )( 1

1−q3 )(1+q4

1−q4 )( 1
1−q5 )(1+q6

1−q6 )

+( 1
1−q1 )( 1

1−q2 )( q3

1−q3 )( 1
1−q4 )( 1

1−q5 )(1+q6

1−q6 )

+( 1
1−q1 )(1+q2

1−q2 )( 1
1−q3 ) 1

1−q4 ( q5

1−q5 )( 1
1−q6 )

+( q1

1−q1 )( 1
1−q2 )( q3

1−q3 )( 1
1−q4 )( 1

1−q5 )(1+q6

1−q6 )

+( q1

1−q1 )( 1
1−q2 )( 1

1−q3 )( 1
1−q4 )( q5

1−q5 )( 1
1−q6 )

+( 1
1−q1 )( 1

1−q2 )( q3

1−q3 )( 1
1−q4 )( q5

1−q5 )( 1
1−q6 )

+( q1

1−q1 )( 1
1−q2 )( q3

1−q3 )( 1
1−q4 )( q5

1−q5 )( 1
1−q6 ).

Let us denote the first term of this new sum above by P (q), that is,

P (q) := ( 1
1− q1 )(1+ q2

1− q2 )( 1
1− q3 )(1+ q4

1− q4 )( 1
1− q5 )(1+ q6

1− q6 ).

Then, how we get the other terms of the sum is as follows:

( q1

1−q1 )( 1
1−q2 )( 1

1−q3 )(1+q4

1−q4 )( 1
1−q5 )(1+q6

1−q6 ) = P (q) q1

1+q2
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( 1
1−q1 )( 1

1−q2 )( q3

1−q3 )( 1
1−q4 )( 1

1−q5 )(1+q6

1−q6 ) = P (q) q3

(1+q2)(1+q4)

( 1
1−q1 )(1+q2

1−q2 )( 1
1−q3 ) 1

1−q4 ( q5

1−q5 )( 1
1−q6 ) = P (q) q5

(1+q4)(1+q6)

( q1

1−q1 )( 1
1−q2 )( q3

1−q3 )( 1
1−q4 )( 1

1−q5 )(1+q6

1−q6 ) = P (q) q1·q3

(1+q2)(1+q4)

( q1

1−q1 )( 1
1−q2 )( 1

1−q3 )( 1
1−q4 )( q5

1−q5 )( 1
1−q6 ) = P (q) q1·q5

(1+q2)(1+q4)(1+q6)

( 1
1−q1 )( 1

1−q2 )( q3

1−q3 )( 1
1−q4 )( q5

1−q5 )( 1
1−q6 ) = P (q) q3·q5

(1+q2)(1+q4)(1+q6)

( q1

1−q1 )( 1
1−q2 )( q3

1−q3 )( 1
1−q4 )( q5

1−q5 )( 1
1−q6 ) = P (q) q1·q3·q5

(1+q2)(1+q4)(1+q6) .

Now, we will generalize this idea.

Cylindric partitions with the given profile not including a slice with shape a have
the following generating function:

S(q) :=
∏

k≥1(1+ q2k)∏
k≥1(1− qk) = (−q2;q2)∞

(q;q)∞
.(4.1)

Cylindric partitions with the given profile including only one size of slice with shape
a, that is, including aq2k+1 for some k ∈ N, have the following generating function:

(
q1

1+ q2 +
∑
k≥1

q2k+1

(1+ q2k)(1+ q2k+2)

)
S(q).(4.2)

Cylindric partitions with the given profile including exactly two sizes of slices with
shape a have the following generating function:

(
q1 · q3

(1+ q2)(1+ q4) +
∑
k≥1

q1 · q2k+3

(1+ q2)(1+ q2k+2)(1+ q2k+4) +
∑
k≥1

q2k+1 · q2k+3

(1+ q2k)(1+ q2k+2)(1+ q2k+4)

(4.3)

+
∑
n≥1

∑
k≥1

q2k+1 · q2k+2n+3

(1+ q2k)(1+ q2k+2)(1+ q2k+2n+2)(1+ q2k+2n+4)

)
S(q).

Cylindric partitions with the given profile including exactly three sizes of slices with
shape a have the following generating function:
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S(q)
(

q1 · q3 · q5

(1+ q2)(1+ q4)(1+ q6) +
∞∑

k≥1

q1 · q3 · q2k+5

(1+ q2)(1+ q4)(1+ q2k+4)(1+ q2k+6)

(4.4)

+
∑
k≥1

q1 · q2k+3 · q2k+5

(1+ q2)(1+ q2k+2)(1+ q2k+4)(1+ q2k+6)

+
∑
n≥1

∑
k≥1

q1 · q2k+3 · q2k+2n+5

(1+ q2)(1+ q2k+2)(1+ q2k+4)(1+ q2k+2n+4)(1+ q2k+2n+6)

+
∑
k≥1

q2k+1 · q2k+3 · q2k+5

(1+ q2k)(1+ q2k+2)(1+ q2k+4)(1+ q2k+6)

+
∑
k≥1

q2k+1 · q2k+3 · q2k+2n+5

(1+ q2k)(1+ q2k+2)(1+ q2k+4)(1+ q2k+2n+4)(1+ q2k+2n+6)

+
∑
n≥1

∑
k≥1

q2k+1 · q2k+2n+3 · q2k+2n+5

(1+ q2k)(1+ q2k+2)(1+ q2k+2n+2)(1+ q2k+2n+4)(1+ q2k+2n+6)

+
∑

m,n,k≥1

q2k+1 · q2k+2n+3 · q2k+2n+2m+5

(1+ q2k)(1+ q2k+2)(1+ q2k+2n+2)(1+ q2k+2n+4)(1+ q2k+2n+2m+4)(1+ q2k+2n+2m+6)

)
.

As the number of distinct sizes of slices with shape a increases, our expression gets
larger and larger and more complicated. Fortunately, there is a certain pattern
behind the scenes. Now, let us prove the following lemmas which will help us to
compute the above sums:

Lemma 4.0.1. For any integer k ≥ 0, we have the following identity:

(4.5) q2k+1

(1+ q2k)(1+ q2k+2) = q

1− q2

(
−1

1+ q2k
+ 1

1+ q2k+2

)
.

For any integers k ≥ 0, n≥ 2, we have the following identity,

(4.6) q2k+1 · q2k+3 . . . q2k+2n−1

(1+ q2k)(1+ q2k+2) . . .(1+ q2k+2n) =

q

1− q2n

(
−q2k+3 · q2k+5 . . . q2k+2n−1

(1+ q2k)(1+ q2k+2) . . .(1+ q2k+2n−2) + q2k+3 · q2k+5 . . . q2k+2n−1

(1+ q2k+2)(1+ q2k+4) . . .(1+ q2k+2n)

)
.

Proof. Identity (4.5) easily can be verified. For Identity (4.6) we will proceed by
induction on n. The base case n = 2 can be seen by verification. Now, supposing
Identity (4.6) holds for some n≥ 2, we will prove it for n+1, that is, we will prove
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the following:

(4.7) q2k+1 · q2k+3 . . . q2k+2n+1

(1+ q2k)(1+ q2k+2) . . .(1+ q2k+2n+2) =

q

1− q2n+2

(
−q2k+3 · q2k+5 . . . q2k+2n+1

(1+ q2k)(1+ q2k+2) . . .(1+ q2k+2n) + q2k+3 · q2k+5 . . . q2k+2n+1

(1+ q2k+2)(1+ q2k+4) . . .(1+ q2k+2n+2)

)
.

Starting with the left-hand side of (4.7), and using the induction hypothesis, we get

(4.8) q2k+1 · q2k+3 . . . q2k+2n+1

(1+ q2k)(1+ q2k+2) . . .(1+ q2k+2n+2) = q2k+2n+1

1+ q2k+2n+2×

q

1− q2n

(
−q2k+3 · q2k+5 . . . q2k+2n−1

(1+ q2k)(1+ q2k+2) . . .(1+ q2k+2n−2) + q2k+3 · q2k+5 . . . q2k+2n−1

(1+ q2k+2)(1+ q2k+4) . . .(1+ q2k+2n)

)
.

Now, one can easily verify that the right-hand side of (4.8) is equal to the right-hand
side of (4.7), and this concludes the proof.

Lemma 4.0.2. For any integer m≥ 1, the following holds.
(4.9)∑

k≥1

q2k+1 · q2k+3 . . . q2k+2m−1

(1+ q2k)(1+ q2k+2) . . .(1+ q2k+2m) = q2m

1− q2m
· q1q3 . . . q2m−1

(1+ q2)(1+ q4) . . .(1+ q2m) .

Proof. We will prove the lemma by induction on m. The base case m = 1 can be
easily verified, when we use Identity (4.5). Now, supposing that (4.9) holds for
m≥ 1, we will show that it also holds for (m+1). Using Lemma 4.0.1, rearranging
the expression, changing the index and then applying the induction hypothesis, we
get what we want:

∑
k≥1

q2k+1 · q2k+3 . . . q2k+2m+1

(1+ q2k)(1+ q2k+2) . . .(1+ q2k+2m+2) =
∑
k≥1

q

1− q2m+2×(
−q2k+3 · q2k+5 . . . q2k+2m+1

(1+ q2k)(1+ q2k+2) . . .(1+ q2k+2m) + q2k+3 · q2k+5 . . . q2k+2m+1

(1+ q2k+2)(1+ q2k+4) . . .(1+ q2k+2m+2)

)

= q

1− q2m+2 ·
(∑

k≥1

−q2k+3 · q2k+5 . . . q2k+2m+1

(1+ q2k)(1+ q2k+2) . . .(1+ q2k+2m)

+
∑
k≥1

q2k+3 · q2k+5 . . . q2k+2m+1

(1+ q2k+2)(1+ q2k+4) . . .(1+ q2k+2m+2)

)

= q

1− q2m+2

(
− q2m ·

∑
k≥1

q2k+1 · q2k+3 . . . q2k+2m−1

(1+ q2k)(1+ q2k+2) . . .(1+ q2k+2m)

+
∑
k≥2

q2k+1 · q2k+3 . . . q2k+2m−1

(1+ q2k)(1+ q2k+2) . . .(1+ q2k+2m)

)

= q

1− q2m+2

(
− q2m · q2m

1− q2m
· q1q3 . . . q2m−1

(1+ q2)(1+ q4) . . .(1+ q2m)
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+ q2m

1− q2m
· q1q3 . . . q2m−1

(1+ q2)(1+ q4) . . .(1+ q2m) −
q3q5 . . . q2m+1

(1+ q2)(1+ q4) . . .(1+ q2m+2)

)

= q2m+2

1− q2m+2 ·
q1q3 . . . q2m+1

(1+ q2)(1+ q4) . . .(1+ q2m+2) .

Lemma 4.0.3. For any integers m1,m2 ≥ 1, we have

∑
k2≥1

∑
k1≥1

q2k1+1q2k1+3 . . . q2k1+2m1−1q2k1+2k2+2m1+1q2k1+2k2+2m1+3 . . . q2k1+2k2+2m1+2m2−1

(1+ q2k1)(1+ q2k1+2) . . .(1+ q2k1+2m1)(1+ q2k1+2k2+2m1) . . .(1+ q2k1+2k2+2m1+2m2)

(4.10)

= q2(m1+m2)q2m2q1q3q5 . . . q2(m1+m2)−1

(1− q2(m1+m2))(1− q2m2)(1+ q2)(1+ q4)(1+ q6) . . .(1+ q2(m1+m2))
.

Proof. We will prove Identity (4.10), by proving the following identity by induction
on m2.

∑
k2≥1

q2k1+2k2+2m1+1q2k1+2k2+2m1+3 . . . q2k1+2k2+2m1+2m2−1

(1+ q2k1+2k2+2m1) . . .(1+ q2k1+2k2+2m1+2m2)(4.11)

= q2m2q2k1+2m1+1q2k1+2m1+3 . . . q2k1+2m1+2m2−1

(1− q2m2)(1+ q2k1+2m1+2)(1+ q2k1+2m1+4) . . .(1+ q2k1+2m1+2m2) .

Let us start with the base case m2 = 1. If we take k = k1 + k2 + m1 in (4.5), and
compute the sum over k2, we get

(4.12)
∑

k2≥1

q2k1+2k2+2m1+1

(1+ q2k1+2k2+2m1)(1+ q2k1+2k2+2m1+2)

=
∑

k2≥1

q

1− q2

(
−1

1+ q2k1+2k2+2m1
+ 1

1+ q2k1+2k2+2m1+2

)
= q2

1− q2
q2k1+2m1+1

(1+ q2k1+2m1+2) .

Now, suppose that (4.11) holds for m2 ≥ 1. We will prove it for m2 + 1. Note
that, after using Lemma 4.0.1, doing some computations and using the induction
hypothesis gives what we want.

∑
k2≥1

q2k1+2k2+2m1+1q2k1+2k2+2m1+3 . . . q2k1+2k2+2m1+2m2+1

(1+ q2k1+2k2+2m1)(1+ q2k1+2k2+2m1+2) . . .(1+ q2k1+2k2+2m1+2m2+2)

(4.13)

= q

1− q2m2+2

( ∑
k2≥1

−q2k1+2k2+2m1+3q2k1+2k2+2m1+5 . . . q2k1+2k2+2m1+2m2+1

(1+ q2k1+2k2+2m1)(1+ q2k1+2k2+2m1+2) . . .(1+ q2k1+2k2+2m1+2m2)
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+
∑

k2≥1

q2k1+2k2+2m1+3q2k1+2k2+2m1+5 . . . q2k1+2k2+2m1+2m2+1

(1+ q2k1+2k2+2m1+2)(1+ q2k1+2k2+2m1+4) . . .(1+ q2k1+2k2+2m1+2m2+2)

)

= q

1− q2m2+2

(
− q2m2

∑
k2≥1

q2k1+2k2+2m1+1q2k1+2k2+2m1+3 . . . q2k1+2k2+2m1+2m2−1

(1+ q2k1+2k2+2m1) . . .(1+ q2k1+2k2+2m1+2m2) +

∑
k2≥1

q2k1+2k2+2m1+1q2k1+2k2+2m1+3 . . . q2k1+2k2+2m1+2m2−1

(1+ q2k1+2k2+2m1) . . .(1+ q2k1+2k2+2m1+2m2)

− q2k1+2m1+3q2k1+2m1+5 . . . q2k1+2m1+2m2+1

(1+ q2k1+2m1+2)(1+ q2k1+2m1+4) . . .(1+ q2k1+2m1+2m2+2)

)

= q

1− q2m2+2

(
q2m2q2k1+2m1+1q2k1+2m1+3 . . . q2k1+2m1+2m2−1

(1+ q2k1+2m1+2)(1+ q2k1+2m1+4) . . .(1+ q2k1+2m1+2m2)

− q2k1+2m1+3q2k1+2m1+5 . . . q2k1+2m1+2m2+1

(1+ q2k1+2m1+2)(1+ q2k1+2m1+4) . . .(1+ q2k1+2m1+2m2+2)

)

= q2m2+2q2k1+2m1+1q2k1+2m1+3 . . . q2k1+2m1+2m2+1

(1− q2m2+2)(1+ q2k1+2m1+2)(1+ q2k1+2m1+4) . . .(1+ q2k1+2m1+2m2+2) .

Now, using (4.11) in the left-hand side of (4.10), and then using Lemma 4.0.2 com-
pletes the proof.

Lemma 4.0.4. For any integer mi ≥ 1 where i = 1,2, . . . ,n, the following identity
holds:

∑
kn≥1

. . .
∑

k2≥1

∑
k1≥1

(
q2k1+1q2k1+3 . . . q2k1+2m1−1

(1+ q2k1)(1+ q2k1+2) . . .(1+ q2k1+2m1)

)(4.14)

(
q2k1+2k2+(2m1+1)

(1+ q2k1+2k2+2m1)
q2k1+2k2+(2m1+3) . . . q2k1+2k2+(2m1+2m2−1)

(1+ q2k1+2k2+2m1+2) . . .(1+ q2k1+2k2+2m1+2m2)

)
(

q2k1+2k2+2k3+(2m1+2m2+1)

(1+ q2k1+2k2+2k3+2m1+2m2)
q2k1+2k2+2k3+(2m1+2m2+3) . . . q2k1+2k2+2k3+(2m1+2m2+2m3−1)

(1+ q2k1+2k2+2k3+2m1+2m2+2) . . .(1+ q2k1+2k2+2k3+2m1+2m2+2m3)

)

. . .

(
q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1+1)q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1+3)

(1+ q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1))(1+ q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1+2))
. . . q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1)

. . .(1+ q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1+2mn))

)

= q1q3 . . . q2m1+2m2+...+2mn−1

(1+ q2)(1+ q4) . . .(1+ q2m1+2m2+...+2mn)×

q2(m1+m2+...+mn)

(1− q2(m1+m2+...+mn))
q2(m2+m3+...+mn)

(1− q2(m2+m3+...+mn))
· · · q2(mn−1+mn)

(1− q2(mn−1+mn))
q2mn

(1− q2mn) .

Remark: We did not prefer the more compact ∏ notation, because each factor in
each term has a combinatorial meaning and we want to see it explicitly.

Proof. This lemma is a generalization of the previous two lemmata, and the proof
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will be done by induction on n. The base case n = 1 is Lemma 4.0.2, while the case
n = 2 is Lemma 4.0.3. Let us denote the left-hand side of (4.14) by B. Then if we
consider (4.14) with (n+1) indices, it is the following expression:

(4.15) B ·
∑

kn+1≥1

(
q2k1+2k2+...+2kn+1+(2m1+2m2+...+2mn+1)

(1+ q2k1+2k2+...+2kn+1+(2m1+2m2+...+2mn))
×

q2k1+2k2+...+2kn+1+(2m1+2m2+...+2mn+3) . . . q2k1+2k2+...+2kn+1+(2m1+2m2+...+2mn+1−1)

(1+ q2k1+2k2+...+2kn+1+(2m1+2m2+...+2mn+2)) . . .(1+ q2k1+2k2+...+2kn+1+(2m1+2m2+...+2mn+1))

)
.

Now, in (4.11), first putting kn+1 in place of k2 and mn+1 in place of m2, then
changing k1 by (k1 + k2 + . . . + kn), and changing m1 by (m1 + m2 + . . . + mn) we
get the sum over kn+1 above. Using Identity (4.11) for the sum over kn+1 and then
applying the induction hypothesis, we get what we want.

Now, let us again concentrate on the number of distinct sizes of the slices with shape
’a’ included in the generating function of cylindric partitions with the given profile,
and call it n. Using the lemmas we proved, we obtain the following:

When n = 0, we have the generating function S(q). Please recall (4.1).

When n = 1, we will either have a slice with shape a having size 1 or (2k + 1) for
some k ≥ 1. So, for size 1, we have the following generating function,

q1

(1+ q2)S(q),

while for the odd sizes ≥ 3, we have the following generating function,

q1

(1+ q2) ·
q2

(1− q2)S(q).

Summing these generating functions gives the generating function (4.2) for case
n = 1:

q1

(1+ q2) ·
1

(1− q2)S(q) = q12

(q4;q4)1
S(q).

When n = 2, the possible sizes are

1, 3
1, 2k1 +3 for k1 ≥ 1
2k2 +1, 2k2 +3 for k2 ≥ 1
2k2 +1, 2k2 +2k1 +3 for k1,k2 ≥ 1.

Note that whenever a new index ki comes into play, we make the distance greater
than 2, that is, while the distance between 1 and 3 is 2, the distance between 1 and
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2k1 +3 is greater than 2. Similarly, the distance between 2k2 +1 and 2k2 +3 is 2, but
the distance between 2k2 +1 and 2k1 +2k2 +3 is greater than 2. Using the lemmas
we proved, one can directly see that we have the following generating functions for
each of the following cases separated by the sizes (weights) of slices with shape a:

Sizes 1 and 3:
q1q3

(1+ q2)(1+ q4)S(q).

Sizes 1 and 2k1 +3 for all k1 ≥ 1:

q1q3

(1+ q2)(1+ q4) ·
q2

(1− q2)S(q).

Sizes 2k2 +1 and 2k2 +3 for all k2 ≥ 1:

q1q3

(1+ q2)(1+ q4) ·
q4

(1− q4)S(q).

Sizes 2k2 +1 and 2k2 +2k1 +3 for all k1,k2 ≥ 1:

q1q3

(1+ q2)(1+ q4) ·
q2

(1− q2) ·
q4

(1− q4)S(q).

Summing these generating functions, we get the following generating function (4.3)
for the case n = 2:

q1q3

(1+ q2)(1+ q4) ·
1

(1− q2) ·
1

(1− q4)S(q) = q22

(q4;q4)2
S(q).

When n = 3, the possible sizes and the corresponding generating functions are as
follows:

Sizes 1, 3, 5:
q1q3q5

(1+ q2)(1+ q4)(1+ q6)S(q).

Sizes 1, 3, 2k1 +5 for all k1 ≥ 1:

q1q3q5

(1+ q2)(1+ q4)(1+ q6) ·
q2

(1− q2)S(q).

Sizes 1, 2k2 +3, 2k2 +5 for all k2 ≥ 1:

q1q3q5

(1+ q2)(1+ q4)(1+ q6) ·
q4

(1− q4)S(q).
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Sizes 1, 2k2 +3, 2k2 +2k1 +5 for all k1,k2 ≥ 1:

q1q3q5

(1+ q2)(1+ q4)(1+ q6) ·
q2

(1− q2) ·
q4

(1− q4)S(q).

Sizes 2k3 +1, 2k3 +3, 2k3 +5 for all k3 ≥ 1:

q1q3q5

(1+ q2)(1+ q4)(1+ q6) ·
q6

(1− q6)S(q).

Sizes 2k3 +1, 2k3 +3, 2k3 +2k1 +5 for all k1,k3 ≥ 1:

q1q3q5

(1+ q2)(1+ q4)(1+ q6) ·
q2

(1− q2) ·
q6

(1− q6)S(q).

Sizes 2k3 +1, 2k3 +2k2 +3, 2k3 +2k2 +5 for all k2,k3 ≥ 1:

q1q3q5

(1+ q2)(1+ q4)(1+ q6) ·
q4

(1− q4) ·
q6

(1− q6)S(q).

Sizes 2k3 +1, 2k3 +2k2 +3, 2k3 +2k2 +2k1 +5 for all k1,k2,k3 ≥ 1:

q1q3q5

(1+ q2)(1+ q4)(1+ q6) ·
q2

(1− q2) ·
q4

(1− q4) ·
q6

(1− q6)S(q).

So, the generating function (4.4) for the case n = 3 :

q1q3q5

(1+ q2)(1+ q4)(1+ q6) ·
1

(1− q2) ·
1

(1− q4) ·
1

(1− q6)S(q) = q32

(q4;q4)3
S(q).

Note that while n changes to n+1, the number of possible sizes we deal with changes
from 2n to 2n+1. This depends on two facts: The minimum size is either 1, or greater
than 1 when we look at the possible sizes, and between two distinct sizes the distance
is either 2, or greater than 2.

While n changes to n + 1, what we do is as follows: We take all possible sizes for
the case n, and add the term (2n + 1) to each option, then shift the indices (ki’s)
to the right term if they exist. This gives the possible size options including 1 as
a minimum size for the case n + 1, and these are half of all the possible sizes for
the case n + 1. Then adding 2kn+1 to the each term of the possible size options
including 1 as a minimum size, we get the other half.

Application of this process from n = 2 to (n + 1) = 3 can be seen below: We take
the possible sizes for the case n = 2, and add the term 5 to each option, then shift
the indices to the right term if they exist:
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1, 3 → 1, 3, 5
1, 2k1 +3 → 1, 2k1 +3, 5 → 1, 3, 2k1 +5
2k2 +1, 2k2 +3 → 2k2 +1, 2k2 +3, 5 → 1, 2k2 +3,2k2 +5
2k2 +1, 2k2 +2k1 +3 → 2k2 +1, 2k2 +2k1 +3, 5 → 1, 2k2 +3,2k2 +2k1 +5.

Now, we add 2k3 to the each term of the possible size options including 1 as a
minimum size, we get the other half.

2k3 +1, 2k3 +3, 2k3 +5
2k3 +1, 2k3 +3, 2k3 +2k1 +5
2k3 +1, 2k3 +2k2 +3, 2k3 +2k2 +5
2k3 +1, 2k3 +2k2 +3, 2k3 +2k2 +2k1 +5

Hence, using these observations and the lemmas we proved, we see that while n

changes to (n+1) we multiply the generating function for n, by

q2n+1

(1+ q2n+2) ·
1

(1− q2(n+1))
.

So we get

qn2

(q4;q4)n
S(q) q2n+1

(1+ q2n+2) ·
1

(1− q2(n+1))
= q(n+1)2

(q4;q4)n+1
S(q),

and this completes our proof.

Now, we continue our work with cylindric partitions having profile c = (3,0), and
we find an alternative expression for the generating function of cylindric partitions
with the given profile.
Theorem 4.0.2. Cylindric partitions with profile c = (3,0) have the following gen-
erating function: (∑

n≥0

qn2+2·n

(q4;q4)n

)
(−q2;q2)∞

(q;q)∞
.

Proof. Cylindric partitions with profile c = (3,0), have rank r = 2 and level ℓ = 3, and
there are exactly

(
ℓ+r−1

r−1

)
=
(

4
1

)
shapes. The corresponding shapes are (0),(1),(2),(3)

and we will denote these shapes by b,a,c, and d, respectively. Slices that have these
shapes with minimum positive weight are shown below.

(aq1), (bq2), (cq2),
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(dq3).

Since the rank r is 2, slices with shapes a and d can only have odd weights, while
slices with shapes b and c can only have even weights. Slice flow for the given profile
can be found below:

dq3 dq5 dq7

cq2 cq4 cq6 cq8

aq1 aq3 aq5 aq7

bq2 bq4 bq6 bq8

Figure 4.2: Slice flow for profile c = (3,0)

Investigating the slices for the given profile, we see that cylindric partitions with
distinct slices including only the slices with shapes a, b and c (all shapes except d)
have the following generating function:

∏
k≥0

(1+aq2k+1)(1+ bq2k+2 + cq2k+2).

Whenever we add a slice dq2k+3 where k ≥ 0, we should erase the slices bq2k+2 and
bq2k+4 from the product above. This is the only restriction we have. Let us share
with you the possible arrangements of distinct slices with maximum weight 6 (bq6

or cq6):

(1+aq1)(1+ bq2 + cq2)(1+aq3)(1+ bq4 + cq4)(1+aq5)(1+ bq6 + cq6)

+(1+aq1)(1+cq2)(dq3)(1+cq4)(1+aq5)(1+ bq6 + cq6)

+(1+aq1)(1+ bq2 + cq2)(1+aq3)(1+cq4)(dq5)(1+cq6)

+(1+aq1)(1+cq2)(dq3)(1+cq4)(dq5)(1+cq6).

Since the maximum weight is restricted by 6 above, the possible weights of slices
with shape d are 3 and 5. So, there is a one-to-one correspondence between the
subsets of the set {dq3,dq5}, and the terms of the sum above. Now, if we compare
slice flows for the profile c = (3,0) and the profile c = (2,1) the only difference is that
the minimum weight for the shape d is 3 for the profile c = (3,0), while minimum
weight for the shape a is 1 for the profile c = (2,1). Same pattern, with one missing
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piece, which is dq1. So, in the proof of Theorem 4.0.1, if we exclude the parts that
include the aq1 slice, the generating function becomes

(∑
n≥0

q(n+1)2−1

(q4;q4)n

)
(−q2;q2)∞

(q;q)∞
=
(∑

n≥0

qn2+2·n

(q4;q4)n

)
(−q2;q2)∞

(q;q)∞
.

Now, we will study cylindric partitions with rank r = 3 and level ℓ = 2.
Theorem 4.0.3. Cylindric partitions with profile c = (2,0,0) have the following
generating function: (∑

n≥0

qn2+2·n

(q4;q4)n

)
(−q2;q2)∞

(q;q)∞
.

Proof. Cylindric partitions with profile c = (2,0,0), have rank r = 3 and level
ℓ = 2. So there are exactly

(
ℓ+r−1

r−1

)
=
(

4
2

)
shapes. The corresponding shapes are

(0,0),(1,0),(1,1),(2,0),(2,1),(2,2) and we will denote these shapes by c,a,b,d,e,
and f , respectively. Slices that have these shapes with minimum positive weight are
shown below. Note that the gray squares are created by the profile and have zero
weight.

(aq1), (bq2), (cq3),

(dq2), (eq3), (fq4).

Since the rank r is 3, weights of the slices with the shapes a and f are congruent
to 1 (mod 3), weights of the slices with shapes b and d are congruent to 2 (mod 3),
and weights of the slices with shapes c and e are congruent to 0 (mod 3). Slice flow
for the given profile is as follows:
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cq3 dq5 fq7

bq2 aq4 eq6 bq8

aq1 eq3 bq5 aq7

dq2 fq4 cq6 dq8

Figure 4.3: Slice flow for profile c = (2,0,0)

Now, consider the following product:

(1+aq1) · (1+ bq2 +dq2) · (1+ eq3)︸ ︷︷ ︸
bq2←cq3→aq4

·(1+aq4 +fq4) · (1+ bq5)︸ ︷︷ ︸
aq4←dq5→eq6

·(1+ eq6 + cq6)·

(1+aq7)︸ ︷︷ ︸
eq6←fq7→bq8

·(1+ bq8 +dq8) · (1+ eq9)︸ ︷︷ ︸
bq8←cq9→aq10

·(1+aq10 +fq10) · (1+ bq11)︸ ︷︷ ︸
aq10←dq11→eq12

. . . .

In the above product, in every odd weight greater than or equal to 3, there is a
missing slice which should be taken into account, namely cq6k+3,dq6k+5,fq6k+7 for
any k ≥ 0. These are indicated under the corresponding parentheses with possible
slices next to them. The inserted slice is written in the middle, with its potential
neighbors indicated on the left and on the right. Considering these restrictions,
possible arrangements of distinct slices with maximum weight 6 (eq6 or cq6) as
follows:

(1+aq1) · (1+ bq2 +dq2) · (1+ eq3) · (1+aq4 +fq4) · (1+ bq5) · (1+ eq6 + cq6)

+(1+aq1) · (1+bq2) · (cq3) · (1+aq4) · (1+ bq5) · (1+ eq6 + cq6)

+(1+aq1) · (1+ bq2 +dq2) · (1+ eq3) · (1+aq4) · (dq5) · (1+eq6)

+(1+aq1) · (1+bq2) · (cq3) · (1+aq4) · (dq5) · (1+eq6).

This structure and the generalization of this structure are the same as in the proof
of Theorem 4.0.2.

The following theorem will finalize this chapter.
Theorem 4.0.4. Cylindric partitions with profile c = (1,1,0) have the following
generating function: (∑

n≥0

qn2

(q4;q4)n

)
(−q2;q2)∞

(q;q)∞
.
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Proof. Cylindric partitions with profile c = (1,1,0), have rank r = 3 and level
ℓ = 2. So there are exactly

(
ℓ+r−1

r−1

)
=
(

4
2

)
shapes. The corresponding shapes are

(0,0),(1,0),(1,1),(2,0),(2,1),(2,2) and we will denote these shapes by c,e,a,b,d,
and f , respectively. Slices that have these shapes with minimum positive weight are
shown below.

(aq1), (bq1), (cq2), (dq2),

(eq3), (fq3).

Since the rank r is 3, weights of the slices with shapes a and b are congruent to 1
(mod 3), weights of the slices with shapes c and d are congruent to 2 (mod 3), and
weights of the slices with shapes e and f are congruent to 0 (mod 3). Slice flow for
the given profile is given below.

bq1 fq3 cq5 bq7

dq2 aq4 eq6 dq8

aq1 eq3 dq5 aq7

cq2 bq4 fq6 eq8

Figure 4.4: Slice flow for profile c = (1,1,0)

Now, consider the following product in which the missing slices and the restrictions
are indicated:

(1+aq1)︸ ︷︷ ︸
bq1→dq2

·(1+ cq2 +dq2) · (1+ eq3)︸ ︷︷ ︸
dq2←fq3→aq4

·(1+aq4 + bq4) · (1+dq5)︸ ︷︷ ︸
aq4←cq5→eq6

·(1+ eq6 +fq6)·

(1+aq7)︸ ︷︷ ︸
eq6←bq7→dq8

·(1+ cq8 +dq8) · (1+ eq9)︸ ︷︷ ︸
dq8←fq9→aq10

·(1+aq10 + bq10) · (1+dq11)︸ ︷︷ ︸
aq10←cq11→eq12

. . . .

In the above product, in every odd weight, there is a missing slice which should be
taken into account, namely bq6k+1,fq6k+3, cq6k+5 for any k≥ 0. These are indicated
under the corresponding parentheses with possible slices next to them. Possible
arrangements of distinct slices with maximum weight 6 (eq6 or fq6) are as follows:
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(1+aq1)(1+ cq2 +dq2)(1+ eq3)(1+aq4 + bq4)(1+dq5)(1+ eq6 +fq6)

+(bq1)(1+dq2)(1+ eq3)(1+aq4 + bq4)(1+dq5)(1+ eq6 +fq6)

+(1+aq1)(1+dq2)(fq3)(1+aq4)(1+dq5)(1+ eq6 +fq6)

+(1+aq1)(1+ cq2 +dq2)(1+ eq3)(1+aq4)(cq5)(1+eq6)

+(bq1)(1+dq2)(fq3)(1+aq4)(1+dq5)(1+ eq6 +fq6)

+(bq1)(1+dq2)(1+ eq3)(1+aq4)(cq5)(1+eq6)

+(1+aq1)(1+dq2)(fq3)(1+aq4)(cq5)(1+eq6)

+(bq1)(1+dq2)(fq3)(1+aq4)(cq5)(1+eq6).

This structure and generalization of this structure are the same as in the proof of
Theorem 4.0.1, then so is the proof.
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5. METHOD OF WEIGHTED WORDS ON CYLINDRIC

PARTITIONS WITH RANK 2 - LEVEL 4 AND CYLINDRIC
PARTITIONS WITH RANK 4 - LEVEL 2

In this chapter, we apply the method of weighted words on cylindric partitions with
rank 2 - level 4 and rank 4 - level 2. First of all, we begin studying cylindric partitions
with rank 2 - level 4. In this case, we deal with profiles c = (4,0), c = (3,1) and
c = (2,2). We derive alternative expressions for the generating functions of cylindric
partitions with the given profiles.
Theorem 5.0.1. Cylindric partitions with profile c = (4,0) have the following gen-
erating function: (∑

n≥0

qn(n+1) · (−q2;q2)n

(−q3;q2)n · (q2;q2)n

)
(−q3;q2)∞

(q;q)∞
.

Proof. Slices of cylindric partitions with profile c = (4,0) can have exactly(
ℓ+r−1

r−1

)
=
(

5
1

)
shapes. The possible shapes are (0),(1),(2),(3),(4) and we will de-

note these shapes by b,a,c,d and e, respectively. Slices that have these shapes with
minimum positive weight are shown below.

(aq1), (bq2), (cq2),

(dq3), (eq4).

Slices with shapes a and d can only have odd weights, while slices with shapes b,c

and e can only have even weights. Slice flow for the given profile can be found below.
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bq2 bq4 bq6 bq8

aq1 aq3 aq5 aq7

cq2 cq4 cq6 cq8

dq3 dq5 dq7

eq4 eq6 eq8

Figure 5.1: Slice flow for profile c = (4,0)

Now, we will work on the following product in which the missing slices and the
restrictions are indicated:

(1+aq1)·(1+ cq2)︸ ︷︷ ︸
bq2→aq3

·(1+aq3 +dq3) · (1+ cq4)︸ ︷︷ ︸
aq3← bq4→ aq5︸ ︷︷ ︸

dq3←eq4→dq5

·(1+aq5 +dq5) · (1+ cq6) . . .︸ ︷︷ ︸
aq5← bq6→ aq7︸ ︷︷ ︸

dq5←eq6→dq7

The notation is explained below. Now, let us define the following product which is
the generating function of cylindric partitions created by slices with shapes a,c or d,
that is, shapes b and e are not included, when repetitions of slices are not allowed:

(5.1) P (q) := (1+aq)
∏
k≥0

(1+ cq2k+2)(1+aq2k+3 +dq2k+3).

Note that in the product above, for the weight 2 there is only one missing slice,
namely bq2 which can be followed by with slice aq3. Except this case, for every
weight (2k +4), there are two slices missing: bq2k+4 and eq2k+4 for k ≥ 0. If we put
bq2k+4 in place of (1 + cq2k+4) then we need to erase the slices dq2k+3 and dq2k+5,
while if we put eq2k+4 in place of (1+cq2k+4) then we need to erase the slices aq2k+3

and aq2k+5. A small example of this process is given below, in which we restrict the
maximum slice weight with 7, and we give the beginning terms of the generating
function of cylindric partitions with the given profile, when repetitions of slices are
not allowed.

(1+aq1)(1+ cq2)(1+aq3 +dq3)(1+ cq4)(1+aq5 +dq5)(1+ cq6)(1+aq7 +dq7)

+(1+aq1)(bq2)(1+aq3)(1+ cq4)(1+aq5 +dq5)(1+ cq6)(1+aq7 +dq7)

+(1+aq1)(1+ cq2)(1+aq3)(bq4)(1+aq5)(1+ cq6)(1+aq7 +dq7)
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+(1+aq1)(1+ cq2)(1+dq3)(eq4)(1+dq5)(1+ cq6)(1+aq7 +dq7)

+(1+aq1)(1+ cq2)(1+aq3 +dq3)(1+ cq4)(1+aq5)(bq6)(1+aq7)

+(1+aq1)(1+ cq2)(1+aq3 +dq3)(1+ cq4)(1+dq5)(eq6)(1+dq7)

+(1+aq1)(bq2)(1+aq3)(bq4)(1+aq5)(1+ cq6)(1+aq7 +dq7)

+(1+aq1)(bq2)(1+aq3)(1+ cq4)(1+aq5)(bq6)(1+aq7)

+(1+aq1)(bq2)(1+aq3)(1+ cq4)(1+dq5)(eq6)(1+dq7)

+(1+aq1)(1+ cq2)(1+aq3)(bq4)(1+aq5)(bq6)(1+aq7)

+(1+aq1)(1+ cq2)(1+dq3)(eq4)(1+dq5)(eq6)(1+dq7)

+(1+aq1)(bq2)(1+aq3)(bq4)(1+aq5)(bq6)(1+aq7).

Let us write the version of the sum above after allowing slices to repeat and replacing
a,b,c,d,e by 1:

( 1
1−q )( 1

1−q2 )(1+q3

1−q3 )( 1
1−q4 )(1+q5

1−q5 )( 1
1−q6 )(1+q7

1−q7 )

+( 1
1−q )( q2

1−q2 )( 1
1−q3 )( 1

1−q4 )(1+q5

1−q5 )( 1
1−q6 )(1+q7

1−q7 )

+( 1
1−q )( 1

1−q2 )( 1
1−q3 )( q4

1−q4 )( 1
1−q5 )( 1

1−q6 )(1+q7

1−q7 )

+( 1
1−q )( 1

1−q2 )( 1
1−q3 )( q4

1−q4 )( 1
1−q5 )( 1

1−q6 )(1+q7

1−q7 )

+( 1
1−q )( 1

1−q2 )(1+q3

1−q3 )( 1
1−q4 )( 1

1−q5 )( q6

1−q6 )( 1
1−q7 )

+( 1
1−q )( 1

1−q2 )(1+q3

1−q3 )( 1
1−q4 )( 1

1−q5 )( q6

1−q6 )( 1
1−q7 )

+( 1
1−q )( q2

1−q2 )( 1
1−q3 )( q4

1−q4 )( 1
1−q5 )( 1

1−q6 )(1+q7

1−q7 )

+( 1
1−q )( q2

1−q2 )( 1
1−q3 )( 1

1−q4 )( 1
1−q5 )( q6

1−q6 )( 1
1−q7 )

+( 1
1−q )( q2

1−q2 )( 1
1−q3 )( 1

1−q4 )( 1
1−q5 )( q6

1−q6 )( 1
1−q7 )

+( 1
1−q )( 1

1−q2 )( 1
1−q3 )( q4

1−q4 )( 1
1−q5 )( q6

1−q6 )( 1
1−q7 )

+( 1
1−q )( 1

1−q2 )( 1
1−q3 )( q4

1−q4 )( 1
1−q5 )( q6

1−q6 )( 1
1−q7 )

+( 1
1−q )( q2

1−q2 )( 1
1−q3 )( q4

1−q4 )( 1
1−q5 )( q6

1−q6 )( 1
1−q7 ).

Now, we will generalize this small case. First of all, allowing slices to repeat and
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then putting a = c = d = 1, (5.1) becomes

(5.2) S(q) :=
∏

k≥0(1+ q2k+3)∏
k≥0(1− qk+1) = (−q3;q2)∞

(q;q)∞
.

Let n denote the number of distinct slices with shape b or e that appear in the
cylindric partitions with the given profile. Note that, since we allow slices to repeat,
for instance if bq2 comes into the picture, then we will see it as bq2

1−bq2 , i.e., all repeated
forms of bq2 are being taken into account.

When n = 0, the generating function of cylindric partitions with the given profile is
(5.2).

When n = 1, we will either have a slice with shape b (bq2k+2 for some k ≥ 0), or a
slice with shape e (eq2k+4 for some k ≥ 0). So, the generating function for n = 1 is

(
q2

1+ q3 +
∑
k≥1

q2k+2

(1+ q2k+1)(1+ q2k+3)

)
S(q)

︸ ︷︷ ︸
every possible size of a slice with shape b included

+
(∑

k≥1

q2k+2

(1+ q2k+1)(1+ q2k+3)

)
S(q)

︸ ︷︷ ︸
every possible size of a slice with shape e included

.

When n = 2, we will have two shapes of b or e so that one of the following cases
may happen: (b,b), (b,e), (e,e) or (e,b). Note that, in these duos the former written
shapes has less weight than the latter.

Case 1: (b,b)

If weights of slices (b,b) are exactly 2 and 4, the generating function including this
duo is (

q2 · q4

(1+ q3)(1+ q5)

)
S(q),

if weights of slices (b,b) are 2 and ≥ 6, the generating function including this duo is
(∑

k≥1

q2 · q2k+4

(1+ q3)(1+ q2k+3)(1+ q2k+5)

)
S(q),

if weights of slices (b,b) are 2k + 2 and 2k + 4 for k ≥ 1, the generating function
including this duo is

(∑
k≥1

q2k+2 · q2k+4

(1+ q2k+1)(1+ q2k+3)(1+ q2k+5)

)
S(q),

if weights of slices (b,b) are 2k + 2 and ≥ 2k + 6 for k ≥ 1, the generating function
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including this duo is
( ∑

m≥1

∑
k≥1

q2k+2 · q2m+2k+4

(1+ q2k+1)(1+ q2k+3)(1+ q2m+2k+3)(1+ q2m+2k+5)

)
S(q).

The generating function for this case is the sum of these four disjoint cases.

Case 2: (b,e)

Since the minimum distance between the weights of slices with shape b and e is 4,
the generating function corresponding to this case:

(∑
k≥1

q2 · q2k+4

(1+ q3)(1+ q2k+3)(1+ q2k+5)

)
S(q)+

( ∑
m≥1

∑
k≥1

q2k+2 · q2m+2k+4

(1+ q2k+1)(1+ q2k+3)(1+ q2m+2k+3)(1+ q2m+2k+5)

)
S(q).

Case 3: (e,e)

As the minimum weight of a slice with shape e is 4, we have the following generating
function for this case:(∑

k≥1

q2k+2 · q2k+4

(1+ q2k+1)(1+ q2k+3)(1+ q2k+5)

)
S(q)+

( ∑
m≥1

∑
k≥1

q2k+2 · q2m+2k+4

(1+ q2k+1)(1+ q2k+3)(1+ q2m+2k+3)(1+ q2m+2k+5)

)
S(q).

Case 4: (e,b)

Since the minimum distance between the weights of slices with shape e and b is 4
and the minimum weight of a slice with shape e is 4, the generating function for this
case is: ( ∑

m≥1

∑
k≥1

q2k+2 · q2m+2k+4

(1+ q2k+1)(1+ q2k+3)(1+ q2m+2k+3)(1+ q2m+2k+5)

)
S(q).

Now, we will share some lemmas which will help us in the computation of the sums
above. Since the proofs of these lemmas are almost the same as in the proof of
Theorem 4.0.1, they are omitted.

Lemma 5.0.1. For any integer k ≥ 0, we have the following identity:

q2k+2

(1+ q2k+1)(1+ q2k+3) = q

(1− q2)

(
−1

1+ q2k+1 + 1
1+ q2k+3

)
.
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For any integers k ≥ 0, n≥ 2, we have the following identity,

q2k+2 · q2k+4 . . . q2k+2n

(1+ q2k+1)(1+ q2k+3) . . .(1+ q2k+2n+1)

= q

(1− q2n)

(
−q2k+4 · q2k+6 . . . q2k+2n

(1+ q2k+1)(1+ q2k+3) . . .(1+ q2k+2n−1) + q2k+4 · q2k+6 . . . q2k+2n

(1+ q2k+3)(1+ q2k+5) . . .(1+ q2k+2n+1)

)
.

Lemma 5.0.2. For any integer m≥ 1, the following holds.

∑
k≥1

q2k+2 · q2k+4 . . . q2k+2m

(1+ q2k+1)(1+ q2k+3) . . .(1+ q2k+2m+1) = q2m

(1− q2m) ·
q2q4 . . . q2m

(1+ q3)(1+ q5) . . .(1+ q2m+1) .

Lemma 5.0.3. For any integers m1,m2 ≥ 1, we have

∑
k2≥1

∑
k1≥1

q2k1+2q2k1+4 . . . q2k1+2m1q2k1+2k2+2m1+2q2k1+2k2+2m1+4 . . .

(1+ q2k1+1)(1+ q2k1+3) . . .(1+ q2k1+2m1+1)(1+ q2k1+2k2+2m1+1) . . .

q2k1+2k2+2m1+2m2−2q2k1+2k2+2m1+2m2

(1+ q2k1+2k2+2m1+2m2−1)(1+ q2k1+2k2+2m1+2m2+1)

= q2(m1+m2)q2m2

(1− q2(m1+m2))(1− q2m2)
· q2q4q6 . . . q2(m1+m2)

(1+ q3)(1+ q5)(1+ q7) . . .(1+ q2(m1+m2)+1)
.

Lemma 5.0.4. For any integer mi ≥ 1 where i = 1,2, . . . ,n, the following equality
holds:

∑
kn≥1

. . .
∑

k2≥1

∑
k1≥1

(
q2k1+2q2k1+4 . . . q2k1+2m1

(1+ q2k1+1)(1+ q2k1+3) . . .(1+ q2k1+2m1+1)

)
(

q2k1+2k2+(2m1+2)

(1+ q2k1+2k2+2m1+1)
q2k1+2k2+(2m1+4) . . . q2k1+2k2+(2m1+2m2)

(1+ q2k1+2k2+2m1+3) . . .(1+ q2k1+2k2+2m1+2m2+1)

)
(

q2k1+2k2+2k3+(2m1+2m2+2)

(1+ q2k1+2k2+2k3+2m1+2m2+1)
q2k1+2k2+2k3+(2m1+2m2+4) . . .

(1+ q2k1+2k2+2k3+2m1+2m2+3) . . .
. . .

q2k1+2k2+2k3+(2m1+2m2+2m3)

(1+ q2k1+2k2+2k3+2m1+2m2+2m3+1)

)
. . .

(
q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1+2)

(1+ q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1+1))
q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1+4) . . . q2k1+2k2+...+2kn+(2m1+2m2+...+2mn)

(1+ q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1+3)) . . .(1+ q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1+2mn+1))

)

= q2q4 . . . q2m1+2m2+...+2mn

(1+ q3)(1+ q5) . . .(1+ q2m1+2m2+...+2mn+1)×

q2(m1+m2+...+mn)

1− q2(m1+m2+...+mn)
q2(m2+m3+...+mn)

1− q2(m2+m3+...+mn) · · ·
q2(mn−1+mn)

1− q2(mn−1+mn)
q2mn

1− q2mn

Now, using Lemma 5.0.4, let us compute the sums for the cases n = 1 and n = 2.
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If n = 1:
(

q2

(1+ q3) +
∑
k≥1

q2k+2

(1+ q2k+1)(1+ q2k+3)

)
S(q)

︸ ︷︷ ︸
every possible size of a slice with shape b included

= q2

(1+ q3)(1− q2)S(q)

(∑
k≥1

q2k+2

(1+ q2k+1)(1+ q2k+3)

)
S(q)

︸ ︷︷ ︸
every possible size of a slice with shape e included

= q4

(1+ q3)(1− q2)S(q)

Note that because of Lemma 5.0.4, there are two things that are not a coincidence:
having the same denominators for two disjoint cases above and having the minimal
weights coming from each disjoint case as a power of q. Recall that the minimal
positive weight for a slice with shape b is 2, while the minimal weight for a slice with
shape e is 4. So, the generating function for n = 1 is:

(q2 + q4)
(1+ q3)(1− q2)S(q) = q2(1+ q2)

(1+ q3)(1− q2)S(q) = q1·(1+1) · (−q2;q2)1
(−q3;q2)1(q2;q2)1

· (−q3;q2)∞
(q;q)∞

.

If n = 2, we have the following generating functions corresponding to each case:

Case 1: (b,b) (
q2 · q4

(1+ q3)(1+ q5)(1− q2)(1− q4)

)
S(q),

Case 2: (b,e) (
q2 · q6

(1+ q3)(1+ q5)(1− q2)(1− q4)

)
S(q),

Case 3: (e,e) (
q4 · q6

(1+ q3)(1+ q5)(1− q2)(1− q4)

)
S(q),

Case 4: (e,b) (
q4 · q8

(1+ q3)(1+ q5)(1− q2)(1− q4)

)
S(q).

So, the generating function for n = 2 is
(

q2 · q4 · (1+ q2)(1+ q4)
(1+ q3)(1+ q5)(1− q2)(1− q4)

)
S(q) = q2·(2+1) · (−q2;q2)2

(−q3;q2)2(q2;q2)2
· (−q3;q2)∞

(q;q)∞
.

Now, we will prove the following generating function for any n:
(

qn(n+1) · (−q2;q2)n

(−q3;q2)n · (q2;q2)n

)
(−q3;q2)∞

(q;q)∞
.

Note that cases n = 1 and n = 2 were already proven above. It is easy to see that
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the base case n = 0 also holds. We will proceed by induction on n. Now, supposing
the above formula holds for n, we will prove it for (n+1).

Let us give you a summary of what happens when n changes to (n+1): First of all,
the number of indices (ki’s) that we see increases by one (changes from n to n+1).
So, by Lemma 5.0.4, we multiply the denominator by (1 + q2(n+1)+1)(1− q2(n+1)).
Recall that, in the numerator, we see the minimal weights coming from disjoint cases
as a power of q. While n changes to (n + 1) the number of disjoint cases we deal
with changes from 2n to 2n+1.

For a general n, the minimum weight comes from the case (b,b,b, . . . , b)︸ ︷︷ ︸
n many

which is

2+4+6+ . . .+(2n) = n(n+1).

Starting with this case, how we compute the minimal weights for other cases is as
follows: Let us work on n = 3, for the sake of simplicity. Starting with (b,b,b), the
minimal triple is (bq2, bq4, bq6). If we change the biggest slice with shape b with a
slice with shape e (as the minimum distance between weights of slices with shapes
b and e is for 4), it becomes (bq2, bq4, eq8), and we get

(bq2, bq4, bq6)︸ ︷︷ ︸
(q2·q4·q6)

→ (bq2, bq4, bq6),(bq2, bq4, eq8)︸ ︷︷ ︸
(q2·q4·q6)(1+q2)

.

Continuing with the cases (bq2, bq4, bq6),(bq2, bq4, eq8), we will change the roles of b

and e for the two biggest slices and we will get two more cases, that is, we will get
(bq2, eq6, eq8),(bq2, eq6, bq10):

(bq2, bq4, bq6),(bq2, bq4, eq8)︸ ︷︷ ︸
(q2·q4·q6)(1+q2)

→ (bq2, bq4, bq6),(bq2, bq4, eq8),(bq2, eq6, eq8),(bq2, eq6, bq10)︸ ︷︷ ︸
(q2·q4·q6)(1+q2)(1+q4)

.

Finally, starting with (bq2, bq4, bq6),(bq2, bq4, eq8),(bq2, eq6, eq8),(bq2, eq6, bq10), and
interchanging the roles of b and e for all the slices, we will get the last
cases: (eq4, eq6, eq8),(eq4, eq6, bq10),(eq4, bq8, bq10),(eq4, bq8, eq12), so we obtain all
the cases:

(bq2, bq4, bq6),(bq2, bq4, eq8),(bq2, eq6, eq8),(bq2, eq6, bq10),(eq4,eq6,eq8),(eq4,eq6,bq10),
(eq4,bq8,bq10),(eq4,bq8,eq12).
One can easily see that the weights of the last four cases are the iterations of the
weights of the first four cases, respectively. So, we finally get:

(q2 · q4 · q6)(1+ q2)(1+ q4)(1+ q6).
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We apply the same process for all n, to get all the minimal weights. So, when n

changes to (n + 1), the number of change in the roles of shapes b and e changes
from n to n + 1. As a result, we multiply the numerator by q2(n+1) · (1 + q2(n+1)).
Therefore, we obtain:

(
qn(n+1) · (−q2;q2)n · q2(n+1) · (1+ q2(n+1))

(−q3;q2)n · (q2;q2)n · (1+ q2(n+1)+1)(1− q2(n+1))

)
(−q3;q2)∞

(q;q)∞
.

This is nothing but
(

q(n+1)(n+2) · (−q2;q2)n+1
(−q3;q2)n+1 · (q2;q2)n+1

)
(−q3;q2)∞

(q;q)∞
.

Theorem 5.0.2. Cylindric partitions with profile c = (2,2) have the following gen-
erating function:

(
1+

∑
n≥1

2 · qn(n+1) · (−q2;q2)n−1
(q2;q2)n · (−q;q2)n

)
(−q;q2)∞

(q;q)∞
.

Proof. Slices of cylindric partitions with profile c = (2,2) can have exactly(
ℓ+r−1

r−1

)
=
(

5
1

)
shapes. The possible shapes are (0),(1),(2),(3),(4) and we will de-

note these shapes by d,a,c,b and e, respectively. Slices that have these shapes with
minimum positive weight are shown below.

(aq1), (bq1), (cq2),

(dq2), (eq2).

Slices with shapes a and b can only have odd weights, while slices with shapes c,d

and e can only have even weights. Slice flow for the given profile is:
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dq2 dq4 dq6 dq8

aq1 aq3 aq5 aq7

cq2 cq4 cq6 cq8

bq1 bq3 bq5 bq7

eq2 eq4 eq6 eq8

Figure 5.2: Slice flow for profile c = (2,2)

Before continuing, let us share with you a lemma which we will need for computing
the infinite sums in this proof. Note that, the new lemma is another version of
Lemma 5.0.4 with a small shift.

Lemma 5.0.5. For any integer mi ≥ 1 where i = 1,2, . . . ,n, the following equality
holds:

∑
kn≥1

. . .
∑

k2≥1

∑
k1≥1

(
q2k1q2k1+2 . . . q2k1+2m1−2

(1+ q2k1−1)(1+ q2k1+1) . . .(1+ q2k1+2m1−1)

)(
q2k1+2k2+(2m1)

(1+ q2k1+2k2+2m1−1)

q2k1+2k2+(2m1+2) . . . q2k1+2k2+(2m1+2m2−2)

(1+ q2k1+2k2+2m1+1) . . .(1+ q2k1+2k2+2m1+2m2−1)

)(
q2k1+2k2+2k3+(2m1+2m2)

(1+ q2k1+2k2+2k3+2m1+2m2−1)
q2k1+2k2+2k3+(2m1+2m2+2) . . . q2k1+2k2+2k3+(2m1+2m2+2m3−2)

(1+ q2k1+2k2+2k3+2m1+2m2+1) . . .(1+ q2k1+2k2+2k3+2m1+2m2+2m3−1)

)
. . .(

q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1)q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1+2)

(1+ q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1−1))(1+ q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1+1))
. . . q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−2)

. . .(1+ q2k1+2k2+...+2kn+(2m1+2m2+...+2mn−1+2mn−1))

)

= q0q2 . . . q2m1+2m2+...+2mn−2

(1+ q1)(1+ q3) . . .(1+ q2m1+2m2+...+2mn−1)×

q2(m1+m2+...+mn)

(1− q2(m1+m2+...+mn))
q2(m2+m3+...+mn)

(1− q2(m2+m3+...+mn))
· · · q2(mn−1+mn)

(1− q2(mn−1+mn))
q2mn

(1− q2mn) .

Consider the following product in which the missing slices and the restrictions are
indicated:

(1+aq1 + bq1) (1+ cq2)︸ ︷︷ ︸
aq1← dq2→ aq3︸ ︷︷ ︸

bq1←eq2→bq3

(1+aq3 + bq3) (1+ cq4)︸ ︷︷ ︸
aq3← dq4→ aq5︸ ︷︷ ︸

bq3←eq4→bq5

(1+aq5 + bq5) . . . .
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Note that, this structure is the same as in Theorem 5.0.1 except for the first factor
(1+aq1 + bq1) and for the missing slices and their restrictions corresponding to the
second factor (1+ cq2).

If we allow slices to repeat and put a = b = c = 1, the generating function of cylindric
partitions including shapes a, b or c (all shapes except d and e) is the following:

(5.3) S(q) :=
∏

k≥0(1+ q2k+1)∏
k≥0(1− qk+1) = (−q;q2)∞

(q;q)∞
.

Let n denote the number of distinct slices with shape d or e that appear in the
cylindric partitions with the given profile. We put d = e = 1.

When n = 0, the generating function of cylindric partitions with the given profile is
(5.3).

When n = 1, we will either have a slice with shape d or a slice with shape e. The
minimum weights of slices with shapes d and e are the same which is 2. So, we have
the following generating function for case n = 1:

(
2 ·
∑
k≥1

q2k

(1+ q2k−1)(1+ q2k+1)

)
S(q).

This is nothing but

2 · q2

(1+ q1)(1− q2)S(q) = 2 · q1(1+1) · (−q2;q2)1−1
(q2;q2)1 · (−q;q2)1

· (−q;q2)∞
(q;q)∞

.

When n = 2, since the minimum distance between the weights of slices with shapes
d and e is 4, and slices with these shapes have the same minimum weight, for cases
(d,d) and (e,e), also for cases (d,e) and (e,d) we have the same generating functions.

Case (d,d): If weights of slices (d,d) are 2k and 2k + 2 for k ≥ 1, the generating
function including this duo is

(∑
k≥1

q2k · q2k+2

(1+ q2k−1)(1+ q2k+1)(1+ q2k+3)

)
S(q) = q6

(1+ q1)(1+ q3)(1− q4)S(q),

if weights of slices (d,d) are 2k and ≥ 2k + 4 for k ≥ 1, the generating function
including this duo is
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( ∑
m≥1

∑
k≥1

q2k · q2m+2k+2

(1+ q2k−1)(1+ q2k+1)(1+ q2m+2k+1)(1+ q2m+2k+3)

)
S(q)

= q6

(1+ q1)(1+ q3)(1− q4) ·
q2

(1− q2)S(q).

So, the generating function for case (d,d) is the following:

q6

(1+ q1)(1+ q3)(1− q2)(1− q4)S(q).

For case (d,e), we have the following generating function:
( ∑

m≥1

∑
k≥1

q2k · q2m+2k+2

(1+ q2k−1)(1+ q2k+1)(1+ q2m+2k+1)(1+ q2m+2k+3)

)
S(q).

= q8

(1+ q1)(1+ q3)(1− q2)(1− q4)S(q).

Therefore, the generating function for case n = 2 is

2 · q6(1+ q2)
(1+ q1)(1+ q3)(1− q2)(1− q4)S(q) = 2 · q2(2+1) · (−q2;q2)2−1

(q2;q2)2 · (−q;q2)2
· (−q;q2)∞

(q;q)∞
.

As before, we proceed by induction on n. The base case n = 1 and case n = 2 were
done above.

This time, when n changes to (n+1), the following happens: The number of indices
(ki’s) that we see changes from n to (n + 1). So, by Lemma 5.0.5, we multiply the
denominator by (1 + q2n+1)(1− q2(n+1)). Recall that, in the numerator, we see the
minimal weights coming from disjoint cases as a power of q.

For a general n, the minimum weight comes from case (d,d,d, . . . ,d)︸ ︷︷ ︸
n many

is

2+4+6+ . . .+2 ·n = n · (n+1).

Starting with this case, how we compute the minimal weights for other cases is as
follows: Let us work on n = 3, as before. Starting with (d,d,d), the minimal triple
is (dq2,dq4,dq6). If we change the biggest slice with shape d with a slice with shape
e (as the minimum distance between weights of slices with shapes d and e is 4), it
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becomes (dq2,dq4, eq8), and we get

(dq2,dq4,dq6)︸ ︷︷ ︸
(q2·q4·q6)

→ (dq2,dq4,dq6),(dq2,dq4, eq8)︸ ︷︷ ︸
(q2·q4·q6)(1+q2)

.

Continuing with the cases (dq2,dq4,dq6),(dq2,dq4, eq8), we will change the roles of d

and e for the two biggest slices and we will get two more cases, that is, we will get
(dq2, eq6, eq8),(dq2, eq6,dq10):

(dq2,dq4,dq6),(dq2,dq4, eq8)︸ ︷︷ ︸
(q2·q4·q6)(1+q2)

→ (dq2,dq4,dq6),(dq2,dq4, eq8),(dq2, eq6, eq8),(dq2, eq6,dq10)︸ ︷︷ ︸
(q2·q4·q6)(1+q2)(1+q4)

.

All of the following cases are the cases that starts with a slice with shape d:
(dq2,dq4,dq6),(dq2,dq4, eq8),(dq2, eq6, eq8),(dq2, eq6,dq10).

Changing the roles of d and e for above slices, we get the left cases:
(eq2, eq4, eq6),(eq2, eq4,dq8),(eq2,dq6,dq8),(eq2,dq6, eq10), then we obtain all the
cases:

(dq2,dq4,dq6),(dq2,dq4, eq8),(dq2, eq6, eq8),(dq2, eq6,dq10),
(eq2,eq4,eq6),(eq2,eq4,dq8), (eq2,dq6,dq8),(eq2,dq6,eq10).

In this last step, since the roles of d and e are symmetric, no iteration is needed.
We just multiply the previous step by 2. So, finally we get:

2 · (q2 · q4 · q6)(1+ q2)(1+ q4).

We apply the same process for all n, to get the minimal weights. So, when n changes
to (n+1), we multiply the numerator by q2(n+1) · (1+ q2n). Therefore, we obtain:

(
2 · qn(n+1) · (−q2;q2)n−1 · q2(n+1) · (1+ q2n)

(−q;q2)n · (q2;q2)n · (1+ q2n+1)(1− q2(n+1))

)
(−q;q2)∞

(q;q)∞
.

And, this is what we want:
(

2 · q(n+1)(n+2) · (−q2;q2)n

(−q;q2)n+1 · (q2;q2)n+1

)
(−q;q2)∞

(q;q)∞
.

Theorem 5.0.3. Cylindric partitions with profile c = (3,1) have the following gen-
erating function: (∑

n≥0

qn2

(q2;q2)n

)
(−q2;q2)∞

(q;q)∞
.
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Proof. Slices of cylindric partitions with profile c = (3,1) can have exactly(
ℓ+r−1

r−1

)
=
(

5
1

)
shapes. The possible shapes are (0),(1),(2),(3),(4) and we will de-

note these shapes by a,c,b,d and e, respectively. Slices that have these shapes with
minimum positive weight are shown below.

(aq1), (bq1), (cq2),

(dq2), (eq3).

Slices with shapes a,b and e can only have odd weights, while slices with shapes c

and d can only have even weights. Slice flow for the given profile is the following:

aq1 aq3 aq5 aq7

cq2 cq4 cq6 cq8

bq1 bq3 bq5 bq7

dq2 dq4 dq6 dq8

eq3 eq5 eq7

Figure 5.3: Slice flow for profile c = (3,1)

Now, we will work on the following product in which the missing slices and the
restrictions are indicated:

(1+ bq1)︸ ︷︷ ︸
aq1→(1+cq2)

·(1+ cq2 +dq2) · (1+ bq3)︸ ︷︷ ︸
(1+ cq2)← aq3→ (1+ cq4)︸ ︷︷ ︸

(1+dq2)←eq3→(1+dq4)

·(1+ cq4 +dq4)·

(1+ bq5)︸ ︷︷ ︸
(1+ cq4)← aq5→ (1+ cq6)︸ ︷︷ ︸

(1+dq4)←eq5→(1+dq6)

·(1+ cq6 +dq6) (1+ bq7)︸ ︷︷ ︸
(1+ cq6)← aq7→ (1+ cq8)︸ ︷︷ ︸

(1+dq6)←eq7→(1+dq8)

. . .

Now, let us define the following product which is the generating function of cylindric
partitions created by slices with shapes b,c or d, that is, shapes a and e are not
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included, when repetition of slices are not allowed:

(5.4) P (q) :=
∏
k≥0

(1+ bq2k+1)(1+ cq2k+2 +dq2k+2).

In the product above, for the weight 1 there is only one missing slice, namely aq1

which can be followed by with slice cq2. Except this case, for every weight (2k +3),
there are two missing slices: aq2k+3 and eq2k+3 for k ≥ 0. If we put aq2k+3 in place
of (1 + bq2k+3) then we need to erase the slices dq2k+2 and dq2k+4, while if we put
eq2k+3 in place of (1 + bq2k+3) then we need to erase the slices cq2k+2 and cq2k+4.
We will proceed as in the previous proofs of this chapter. Allowing slices to repeat
and then putting b = c = d = 1, (5.4) becomes

(5.5) S(q) :=
∏

k≥0(1+ q2k+2)∏
k≥0(1− qk+1) = (−q2;q2)∞

(q;q)∞
.

Let n denote the number of distinct slices with shapes a or e that appear (with
any repetition) in the cylindric partitions with the given profile. As usual, we will
proceed by induction on n.

When n = 0, the generating function of cylindric partitions with the given profile is
(5.5).

When n = 1, we will either have a slice with shape a (aq2k+1 for some k ≥ 0), or a
slice with shape e (eq2k+3 for some k ≥ 0). So, the generating function for n = 1 is
(

q1

(1+ q2) +
∑
k≥1

q2k+1

(1+ q2k)(1+ q2k+2)

)
S(q)

︸ ︷︷ ︸
every possible size of a slice with shape a included

+
(∑

k≥1

q2k+1

(1+ q2k)(1+ q2k+2)

)
S(q)

︸ ︷︷ ︸
every possible size of a slice with shape e included

.

Using Lemma 4.0.4, for case n = 1 we obtain:

q1(1+ q2)
(1+ q2)(1− q2)S(q) = q12

(q2;q2)1
· (−q2;q2)∞

(q;q)∞
.

Suppose the following generating function holds for any n:

(
qn2

(q2;q2)n

)
(−q2;q2)∞

(q;q)∞
.

While n changes to (n + 1), by Lemma 4.0.4, we multiply the denominator by (1 +
q2(n+1))(1−q2(n+1)) and in the numerator, we see the minimal weights coming from
disjoint cases as a power of q. Since for a general n, the minimum weight comes
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from the case (a,a,a, . . . ,a)︸ ︷︷ ︸
n many

which is

1+3+5+ . . .+(2n−1) = n2,

while n changes to (n + 1), we multiply the numerator by q2n+1 · (1 + q2(n+1)), and
we obtain
(

qn2

(q2;q2)n

)
· q2n+1(1+ q2(n+1))
(1+ q2(n+1))(1− q2.(n+1))

· (−q2;q2)∞
(q;q)∞

=
(

q(n+1)2

(q2;q2)n+1

)
· (−q2;q2)∞

(q;q)∞
.

We will continue our work with the rank 4 - level 2 cylindric partitions. The proofs of
the following theorems will be omitted, as the the proofs of Theorem 5.0.4, Theorem
5.0.5, and Theorem 5.0.6 are the same as the proofs of Theorem 5.0.1, Theorem 5.0.2,
and Theorem 5.0.3, respectively.
Theorem 5.0.4. Cylindric partitions with profile c = (2,0,0,0), have the following
generating function:

(∑
n≥0

qn(n+1) · (−q2;q2)n

(−q3;q2)n · (q2;q2)n

)
(−q3;q2)∞

(q;q)∞
.

Proof. Slices of cylindric partitions with profile c = (2,0,0,0) can have exactly(
ℓ+r−1

r−1

)
=
(

5
3

)
shapes. The possible shapes are (0,0,0), (1,0,0), (1,1,0), (1,1,1),

(2,0,0), (2,1,0), (2,1,1), (2,2,0), (2,2,1), (2,2,2). We will denote these shapes by
l,a,b,d,c,e,h,m,k and n, respectively. Slices that have these shapes with minimum
positive weight are shown below.

(aq1), (bq2), (cq2), (dq3),

(eq3), (hq4), (lq4),
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(mq4), (kq5), (nq6).

Slices with shapes a and k have weights congruent to 1 (mod 4); slices with shapes
b,c and n have weights congruent to 2 (mod 4); slices with shapes d and e have
weights congruent to 3 (mod 4), finally slices with shapes h, l and m have weights
congruent to 0 (mod 4). Slice flow for the given profile is the same as the slice flow
for profile c = (4,0) and can be found below.

cq2 mq4 nq6 lq8

aq1 eq3 kq5 dq7

bq2 hq4 bq6 hq8

dq3 aq5 eq7

lq4 cq6 mq8

Figure 5.4: Slice flow for profile c = (2,0,0,0)

Theorem 5.0.5. Cylindric partitions with profile c = (1,0,1,0) have the following
generating function:

(
1+

∑
n≥1

2 · qn(n+1) · (−q2;q2)n−1
(q2;q2)n · (−q;q2)n

)
(−q;q2)∞

(q;q)∞
.

Proof. Slices of cylindric partitions with profile c = (1,0,1,0) can have exactly(
ℓ+r−1

r−1

)
=
(

5
3

)
shapes. The possible shapes are (0,0,0), (1,0,0), (1,1,0), (1,1,1),

(2,0,0), (2,1,0), (2,1,1), (2,2,0), (2,2,1), (2,2,2). We will denote these shapes by
e,h, l, b,n,a,d,c,f and k, respectively. Slices that have these shapes with minimum
positive weight are shown below.

(aq1), (bq1), (cq2), (dq2),
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(eq2), (fq3), (hq3),

(kq4), (lq4), (nq4).

Slices with shapes a and b have weights congruent to 1 (mod 4); slices with shapes
c,d and e have weights congruent to 2 (mod 4); slices with shapes f and h have
weights congruent to 3 (mod 4), finally slices with shapes k, l and n have weights
congruent to 0 (mod 4). Slice flow for the given profile is the same as the slice flow
for profile c = (2,2) except for the number of shapes and their names, and can be
found below.

cq2 kq4 eq6 nq8

aq1 fq3 bq5 hq7

dq2 lq4 dq6 lq8

bq1 hq3 aq5 fq7

eq2 nq4 cq6 kq8

Figure 5.5: Slice flow for profile c = (1,0,1,0)

Theorem 5.0.6. Cylindric partitions with profile c = (1,1,0,0) have the following
generating function: (∑

n≥0

qn2

(q2;q2)n

)
(−q2;q2)∞

(q;q)∞
.

Proof. Slices of cylindric partitions with profile c = (1,1,0,0) can have exactly(
ℓ+r−1

r−1

)
=
(

5
3

)
shapes. The possible shapes are (0,0,0), (1,0,0), (1,1,0), (1,1,1),

(2,0,0), (2,1,0), (2,1,1), (2,2,0), (2,2,1), (2,2,2). We will denote these shapes by
f,k,a,d,b,c,e,h, l and n, respectively. Slices that have these shapes with minimum
positive weight are shown below.
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(aq1), (bq1), (cq2), (dq2),

(eq3), (fq3), (hq3), (kq4),

(lq4), (nq5).

Slices with shapes a,b and n have weights congruent to 1 (mod 4); slices with
shapes c and d have weights congruent to 2 (mod 4); slices with shapes e,f and h

have weights congruent to 3 (mod 4), finally slices with shapes k and l have weights
congruent to 0 (mod 4). Slice flow for the given profile is the same as the slice flow
for profile c = (3,1) except for the number of shapes and their names, and can be
found below.

bq1 hq3 nq5 fq7

cq2 lq4 dq6 kq8

aq1 eq3 aq5 eq7

dq2 kq4 cq6 lq8

fq3 bq5 hq7

Figure 5.6: Slice flow for profile c = (1,1,0,0)
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6. FUTURE WORK

Our plan is to continue to work on cylindric partitions with rank 2 and levels ≥ 5.
We will try to generalize our results. We will also simultaneously work on cylindric
partitions with profile c = (1,1,1). We will try to give expressions alternative to
Borodin’s formula for the generating functions having the profiles mentioned above.
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