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ABSTRACT

CONTROLLING AND MEASURING THE TOPOLOGICAL SPIN OF
MAJORANAS

EMRE DUMAN
Physics, M.Sc. Thesis, July 2025

Thesis Supervisor: Prof. Inanc Adagideli

Keywords: Majorana-zero-mode, topological-spin, Fermi-sea, topological-insulator

Majorana zero modes (MZMs) have attracted interest both for their fundamental
physics and for their potential technological applications. While the non-Abelian
phase associated with a braiding operation is widely recognized, the accompanying
Abelian phase of —11/4 does not enjoy the same level of recognition. The non-Abelian
exchange statistics of Majorana zero modes make them suitable for potential appli-
cations in fault-tolerant quantum computation and topological quantum computing
For this reason, finding physical platforms capable of realizing these exotic quasi-
particles in condensed matter systems is an active area of research. In this thesis,
we focus on the Abelian exchange phase of Majorana zero modes. We examined
this phase in two well-known models of topological superconductors: the Fu-Kane
model and hybrid structures of superconductor / quantum anomalous Hall (QAH)
insulators. We demonstrated that this phase originates from an Aharonov-Casher
phase generated by a superconducting vortex encircling a charge of —e/4 associ-
ated with the Fermi sea. Next, in two-dimensional (2D) systems, we showed that
the fractional charge and the Majorana zero mode are co-located in the core of the
superconducting vortex, whereas in three-dimensional (3D) systems, the fractional
charge and the Majorana mode can be spatially separated. In doing so, we designed
a heterostructure system that enables the manipulation of both the Abelian and
non-Abelian contributions of Majoranas. Finally, we proposed a superconducting
vortex interference experiment capable of directly detecting the effects of the isolated
Abelian exchange phase discussed here.
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OZET

MAJORANALARIN TOPOLOJIK SPINININ KONTROLU VE OLCUMU

EMRE DUMAN
Fizik Yiksek Lisans Tezi, Temmuz2025

Tez Danismani: Prof. Dr. Inan¢ Adagideli

Anahtar Kelimeler: Majorana-sifir-modu, topolojik-spin, Fermi-denizi,

topolojik-yalitkanlar

Majorana sifir-modlar1 (MZM’ler) hem temel fizik hem de teknolojik uygulama
potansiyeli agisindan ilgi gormektedir. Bir degigim (6rgii) iglemiyle iligkin Abelyen
olmayan faz yaygin bir sekilde taninirken, buna eslik eden —1/4 Abelyen faz aym
tammirliliga sahip degildir. Majorana sifir modlarimin Abelyen olmayan degisim
istatistikleri, onlar1 hata toleransh ve topolojik kuantum hesaplama alanlarindaki
potansiyel uygulamalar: i¢in uygun yapmaktadir. Bu sebeple, yogun madde sis-
temlerinde bu egzotik kuazi parcaciklar1 gergeklestirebilecek fiziksel platformlarin
bulunmasi aktif bir aragtirma konusudur. Bu c¢aligmada Majorana sifir modlarinin
Abelyen degisim fazina odaklandik. Topolojik siiperiletkenlerin 6zellikle iki iyi bi-
linen modeli olan Fu-Kane modeli ve siiperiletken /kuantum anormal Hall (QAH)
yalitkani hibrit yapilarinda bu fazi inceledik. Bu fazin, Fermi denizi ile iligkili
olan —e/4’liikk bir yiikiin etrafinda dolanan bir stuperiletken girdabin olusturdugu
Aharonov-Casher fazindan kaynaklandigini gosterdik. Sonra, iki boyutlu (2D) sis-
temlerde, kesirli yiikiin Majorana sifir modu ile birlikte siiperiletken girdap ¢ekird-
eginde ortak konumlandigy, fakat ti¢ boyutlu (3D) sistemlerde, kesirli yiik ve Majo-
rana modunun ayrigtirilabilinecegini gosterdik. Boylece Majoranalarin Abelyen ve
Abelyen olmayan katkilarinin manipiile edilmesinin yolunu acan bir hetero-sistem
tasarimladik. Son olarak, buradaki izole edilmig Abelyen degisim fazinin etkilerini
dogrudan tespit edebilecek bir siiperiletken girdap girisim deneyi 6nerdik.
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1. INTRODUCTION

The topological spin of a particle determines the phase it acquires due to an exchange
operation. Exchange of Majorana zero modes (MZMs) implements unitary gates
for topological quantum computing; therefore, the topological spin of MZMs is a
valuable control knob. In this thesis, based on original wotk we demonstrate
that the topological spin of Majoranas in superconducting vortices is related to a
fractional Fermi-sea charge. In addition to the charge associated with the topological
spin, superconducting vortices in topological insulators might bind a charge due to
the Witten e ect. Itis possible to fuse these two contributions to tune the topological
spin of the composed particle. Furthermore, we propose that the topological spin
might be observed through its connection to the fractional charge.

This thesis is organized as follows:

In chapter 2 we focus on the topological spin of Majorana and its manipulation. In
section 2.1, we de ne the Witten e ect, and show that an e=4 fractional charge is
bound to vortices in topological superconductors due to it. We then establish the
equivalence between the topological spin and the Fermi-sea charge in section 2.2.
Here, a distinction appears: In bona- de 2D systems, the two contributions nec-
essarily fuse, whereas in 3D systems, the two contributions can be separated and
brought together at will. This distinction is examined in section 2.3. Next, Sec-
tion 2.4 presents the numerical simulation methods used to analyse the phenomena
mentioned above, including constructing the BCS ground state in Section 2.4.1.

In chapter 3, we focus on the measurable consequences of the topological spin.
We present a proposal for a vortex interference experiment that demonstrates that
the contribution of the fractional charge is observable. We derive the circuit QED
Hamiltonian describing our experimental setup in section 3.1, and show the mapping
of the circuit QED Hamiltonian to a tight-binding model in section 3.2.

We provide section summaries where meaningful, and a conclusion in chapter 4.

L available as a preprint in (de Wit, Duman, Bozkurt, Brinkman & Adagideli, 2025) at the time of submitting
this thesis.

1



2. THE TOPOLOGICAL SPIN OF MAJORANAS

The existence of Majorana Fermions as an elementary particle is an unresolved issue;
however, it is predicted that they emerge as low-energy quasi-particle excitations in
condensed matter systems. MZMs exhibit non-Abelian exchange statistics which
enable quantum computational gates (Beenakker, 2020; Castagnoli & Rasetti, 1993;
Lahtinen & Pachos, 2017; Nayak, Simon, Stern, Freedman & Das Sarma, 2008) to be
implemented in a fault-tolerant, topologically protected way (Kitaev, 2003). There

Is an ongoing search for condensed matter systems that realize MZMs (Beenakker,
2013; Lutchyn, Bakkers, Kouwenhoven, Krogstrup, Marcus & Oreg, 2018; Yazdani,
von Oppen, Halperin & Yacoby, 2023). In this study, we focus on MZMs bound
to vortices: Majorana vortices were rst identi ed in p-wave superconductors (Car-
oli, De Gennes & Matricon, 1964; Jackiw & Rossi, 1981), where their exchange
statistics were shown to resemble those of non-Abelian quasiparticle excitations in
quantum Hall systems (Ilvanov, 2001; Read & Green, 2000). Subsequently, MZMs
were also predicted in superconductor-topological insulator (SC TI) proximity struc-
tures (Cook & Franz, 2011; Fu & Kane, 2008).

In this Chapter, we explore the fractional charge of vortex-bound Majorana modes
in TI-SC systems, as seen in Fig 2.1. First, in Section 2.1, we employ a topological
Lagrangian term to examine the fractional charge induced on a topological insula-
tor by vortex ux from a type-1l superconductor, called the Witten e ect. Then,

we make the connection between topological spin and the fractional charge in Sec-
tion 2.2. We nd in Section 2.3 that the Witten e ect charge and the fractional
charge due to the topological spin fuse, and co-localize in 2D systems; in 3D sys-
tems, on the other hand, we can tune the gaps of the system, the magnetization
strength and superconducting pair potential strength ¢, to move the MZM and
the Witten e ect charge on opposite ends of the system. Finally, in Section 2.4, we
show how to calculate the charge, and Berry connection, using tight-binding models.

lina superconductor, the fundamental excitations are Bogoliubov quasiparticles, described by operators
that are linear combinations of fermionic creation and annihilation operators, mixing particle and hole
components. A Majorana zero mode (MZM) is a special case: a Bogoluibov quasiparticle with exactly
zero energy, whose operator is self-conjugate; and hence, two MZMs are required to form a fermion. MZMs
carry no net charge, and often exhibit topological protection against local perturbations.
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Figure 2.1 S/3D TI/FMI heterostructure. A 3D topological insulator (TI) cylinder
with radius r and height h is coupled to an s-wave superconductor (S) below and
a ferromagnetic insulator (FMI) above. A vortex induces a magnetic gap (z) and
pairing potential (z), binding a fractional charge e=4 at the TI/FMI interface.
Majorana zero modes (MZMs) localize on opposite surfaces: at the S/Tl interface
and 2 on the sidewall. The FMI layer can be replaced by a magnetic topological
insulator.

2.1 Witten E ect

Topological insulators are materials whose d-dimensional bulk is insulating but
which host robust, symmetry-protected conducting d 1-dimensional surface or edge
states arising from a nontrivial topology of their band structure. The addition of an
axion term in the electrodynamic Lagrangian models this nontrivial behavior (Qi,
Hughes & Zhang, 2008; Rosenberg & Franz, 2010). As a direct result of this ad-
ditional term, the interface between a Tl and a type-Il SC can host a topological
magneto-electric e ect in the form of a fractional charge bound to a vortex, and this
is called the Witten e ect. The axion term is,

z

(2.1) S =353 dxF F
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