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ABSTRACT

EFFECTS OF QUANTUM CONFINEMENT AND COHERENCE IN
FINITE-TIME QUANTUM SZILARD ENGINE

BEYZA ASLANBAS
Physics, M.Sc. Thesis, July 2025

Thesis Supervisor: Asst. Prof. Alhun Aydin

Keywords: finite-time heat engine, information thermodynamics, Landauer

principle, open quantum systems

The Szilard engine is a foundational thought experiment that rigorously links ther-
modynamics and information theory. With the miniaturization of devices and ongo-
ing progress in quantum information science, it is crucial to examine how quantum
effects influence the operation of such engines. This thesis investigates the finite-
time dynamics of a quantum Szilard engine subjected to size-invariant shape trans-
formations, in which the geometry of the confinement potential is deformed without
altering its overall size. The system’s evolution is modeled using a time-dependent,
Markovian LGKS (Lindblad-Gorini-Kossakowski-Sudarshan) master equation. We
numerically solve this equation to analyze the thermodynamic behavior of the en-
gine, focusing on the roles of quantum coherence and its interplay with heat, work,
and entropy throughout the cycle. Special attention is given to how coherence
evolves under varying barrier insertion rates and thermalization temperatures. We
demonstrate that coherence generation is strongly influenced by both the protocol
speed and the bath temperature. Furthermore, we show a connection between co-
herence accumulation and the energetic and informational cost of the cycle. These
findings enhance our understanding of coherence in finite-time, measurement-based
quantum devices and suggest that geometric deformations can serve as a powerful
tool for thermodynamic control in quantum technologies.
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OZET

SONLU ZAMAN KUANTUM SZILARD ISI MAKINESINDE KUANTUM
SINIRLAMA VE ESEVRELILIGIN ETKISI

BEYZA ASLANBAS
Fizik, Yiksek Lisans Tezi, Temmuz 2025

Tez Damgmani: Dr. Ogr. Uyesi Alhun Aydin

Anahtar Kelimeler: agik kuantum sistemler, bilgi termodinamigi, Landauer ilkesi,

sonlu zaman 1s1 makineleri

Szilard 1s1 makinesi, termodinamik ve bilgi teorisi arasinda baglanti kuran {inlii
bir diigiince deneyidir. Aygitlarin kii¢iiltiilmesi ve bilgi teknolojilerindeki ilerlemel-
erle birlikte, kuantum mekaniginin ve kuantum bilgi kuraminin Szilard 1s1 maki-
nesi tzerindeki etkilerini incelemek biiyiik 6nem tagimaktadir. Bu ¢alisma, zamana
baglhh Markovian LGKS master denklemi tarafindan yonetilen, 6lgek degismez sekil
dontigtimleri altinda ¢aligan kuantum Szilard 1s1 makinesinin sonlu-zamanl dinamik-
lerini aragtirmaktadir. Bu calismada, sistemin ebatlarini degigtirmeden sadece gek-
lini degistirerek, termodinamik ¢evrim sirasinda kuantum egevreliligin evrimini ve
termodinamik etkilerini inceliyoruz. Is1 makinesinin sonlu-zamanli termodinamik
analizini master denklemini kullanarak simule ediyoruz. Is1 ve ig katkilarindan kay-
naklanan i¢ enerji degisimi ve entropi gibi ilgili termodinamik nicelikler de hesaplan-
maktadir. Ozellikle, farkli bariyer yerlestirme hizlari ve termal sicaklhiklar altinda
esevreliligin nasil davrandigini arastiriyor ve bu stirecin enerjik ve bilgi kuramsal
maliyetindeki roliinii inceliyoruz. Ayrica, sistemde biriken egevrelilik ile protokoliin
hiz1 ve cevrenin sicakligi arasinda bir baglanti ortaya koyuyoruz. Bulgularimiz,
sonlu-zamanl stireclerde ve olgiime dayali kuantum aygitlarda esevreliligin nasil
tiretildigine dair daha derin bir anlayisa katkida bulunmakta ve geometrik defor-
masyonlarin termodinamik kontrol i¢in potansiyel bir ara¢ oldugunu vurgulamak-
tadir.
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1. INTRODUCTION

Since the formulation of the second law of thermodynamics in the mid-19th cen-
tury, its implications have been debated by many scientists (Capek & Sheehan,
2005). Maxwell’s demon thought experiment, which is the most famous objection
to the second law of thermodynamics by seemingly indicating the loss of entropy
in a closed system, remained paradoxical until the establishment of the connection
between information and thermodynamics. In 1929, Leo Szilard revealed the link
between information, measurement, and memory by introducing a single particle
heat engine invoking Maxwell’s demon, which later became known as the Szilard
engine (Szilard, 1929). Later, Rolf Landauer discovered that the erasure of informa-
tion inevitably releases heat, establishing the principle that information is physical
(Landauer, 1982). Building upon these, Charles Bennet showed that Maxwell’s de-
mon cannot violate the second law of thermodynamics once the thermodynamic cost
of erasing the acquired information during measurements, bounded by Landauer’s
principle (Bennett, 1982).

With the resolution of this fundamental bond between information and thermo-
dynamics together with the development of quantum thermodynamics, the Szilard
engine becomes crucial for understanding the behavior of irreversibility and non-
equilibrium in finite-time microscopic systems, which cannot be solved by classical
thermodynamics. A single particle quasistatic Szilard engine in a quantum domain
with quantum measurements has been initially carried out by Zurek, demonstrating
the consistency of measurement cost with the second law of thermodynamics (Zurek,
1984). Numerous researchers have been investigated the variants of the quantum
Szilard engine (Davies, Thomas & Zahariade, 2021; Kim, Sagawa, De Liberato &
Ueda, 2011; Lloyd, 1997).

While these extensions define a limit for work and heat exchanges for several systems,
the finite-size and finite-time analysis is essential to capture the quantum effects,
such as coherence, size, and shape effects. The validity of Landauer’s principle in a
quantum Szilard engine considering the finite-size effects in the absence of an explicit
Maxwell’s demon has been demonstrated (Aydin, Sisman & Kosloff, 2020). They
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demonstrate that due to quantum size and shape effects that arise from the quantum
confinement in the system, the partition insertion requires work, which is recovered
during the expansion. Size-invariant shape transformation, a geometric method
that continuously modifies an object’s shape while keeping its size constant, allows
one to separate the influences of quantum size and shape effects and to examine the
pure quantum shape effects in confined systems with quantized energy levels (Aydin,
2023; Aydin & Sisman, 2019),(Aydin & Sisman, 2023).

More recently, a finite-time quantum Szilard engine has been proposed to investigate
the trade-off between power and efficiency, using a spin-1/2 particle as a working
medium, with Maxwell’s demon performing non-ideal quantum measurement to ex-
tract work (Zhou, Ma & Sun, 2024). Quantum Szilard engine is also used as an
alternative and complementary tool to analyze the extracted work to understand
the correlation structure of the system (Brunelli, Genoni, Barbieri & Paternostro,

2017).

Building upon these recent works, here, we investigate the finite-time operation of
quantum Szilard engine under size-invariant shape transformations. We argue that
the geometric alterations provide a suitable domain for capturing the interplay be-

tween coherence, work extraction, and information in finite-size Markovian systems.

In Section 2, we outline the fundamental operations of closed and open system quan-
tum dynamics. Then, we discuss how quantum thermodynamic relations reduce to
classical thermodynamics and how the connection between information and ther-
modynamics is established. Finally, we discuss quantum features such as coherence

and the effects of quantum confinement.

In Section 4, we introduce one-dimensional quasistatic Szilard Engine modeled as an
n-level system (qudit). We simulate the system in finite-time considering Markovian
evolution for various insertion speeds and temperature regimes to understand the
trade-off between dissipation and coherence. Additionally, to understand the effect
of shape change on coherence in the system, we define a weighted pseudo-coherence

measure that focuses on the low-lying energy states of the system.



2. QUANTUM THERMODYNAMICS AND MEASUREMENT

Thermodynamics is the study of energy and energy transformations, which are char-
acterized by work and heat. The dynamical process in classical thermodynamics is
insufficient to explain the underlying microscopic evolution of the macroscopic quan-
tities. Unitary and dissipative dynamics of the quantum systems enable a more
accurate description of the evolution at small scales where quantum effects and
time-dependent behavior become significant. Extending classical thermodynamics
to the quantum domain involves including quantum mechanical features, such as

coherence, entanglement, and confinement.

This section introduces the closed and open quantum system dynamics and ther-
modynamic formalism that is used in the thesis. It begins with an overview of the
closed, open system dynamics and quantum measurement. Next, the extension of
thermodynamic properties to quantum thermodynamics is discussed, emphasizing
coherence, the Landauer principle, and finite-time effects. Finally, the geometric

implications of quantum thermodynamics due to finite size are explored.

2.1 Closed Quantum System Dynamics

Within the framework of quantum mechanics, the complete description of a system
is given by a time-dependent wave function v (¢) belonging to a Hilbert space H.
For an isolated system, its change in time is determined through the Schrodinger

equation:

L d
ih— [¥(8)) = H|¢(1)), (2.1)

where H(t) is Hamiltonian, % is reduced Planck constant. If the system is in an

eigenstate of H, it can be written as an eigenvalue equation:
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H|En> = En|En>- (2'2)

where |E,) denotes eigenstates with energy E,. Considering & =1 the dynami-
cal solution for ¥ (t) can be expressed in terms of unitary time evolution operator
U(t,ty) = e~ (=) generated by the system Hamiltonian H with initial condition
Ulto,to) = I:

[ (t)) = U(t,t0)[¢(to)) (2.3)

The system’s state can also be represented by the density matrix p(¢):
t) = _pili(t) (¥i(t)| (2.4)
i

where p; is the corresponding probability for each state. For pure states 1, the

density matrix is:

p= () ()] (2.5)

Although the state vector ¢ and density matrix p both describe the state of the
system, the density operator can also encode incoherent classical mixture of the

states. In that case, the density operator takes the following form:
P =D Drltn) (Uil (2.6)
k

where py, is the probability of being in the state |¢y) with the condition > pr = 1.
For pure states, t7(p?) = 1 and for mixed states tr(p?) < 1.

In the Schrodinger picture, the time evolution of the density operator is

ZPZ (£,t0)|2i(to)) (Wi (to) [UT (¢, t0) = U(t,t0)p(to) U (¢, to). (2.7)

Time derivation of the p leads to the Liouville-von Neumann equation equation.
The Liouville-von Neumann equation equation describes the time dependence of

the density matrix p(t),
oty = —alH (D). (o), (25)

The expectation value of the operator A is given as:

(A1) = tr(Ap(t)) (2.9)



While in the Schrodinger picture, the time evolution operator acts on states, in

Heisenberg’s picture, the operators evolve in time

A (t) = U (¢, t0) AU (¢, to). (2.10)

The density matrix is fixed at the initial value as pg = p(tg) because the operators

govern time-dependence. Then the equation of motion in the Heisenberg picture is:

d : 0A
o) = it An o)+ (%) 211
where Hp(t) is the time-dependent Hamiltonian in the Heisenberg picture obtained

from the Schrodinger picture Hamiltonian H(t),

Hy(t) = U (t,t0)H(t)H (L, to). (2.12)

2.2 Quantum Measurement

Extracting information from a system requires measurement. In contrast to clas-
sical measurement, which reveals a definite value without disturbing the system,
quantum measurement yields probabilistic outcomes and disturbs the system. Even
though the characteristics of quantum measurement raise skepticism about the in-
terpretations of quantum mechanics, for the purpose of this research, I employ the
standard interpretation of quantum mechanics to describe the quantum measure-

ment processes.

The quantum state [¢) is represented as a linear combination of the eigenstates
{|ag)} of the operator A:

Y) = Ek:cﬂaw. (2.13)

where ¢ = (ax|1)) are complex coefficients.

Born rule states that measuring an operator A with eigenstates {|ay)} on the state

|1}, the probability of obtaining the state |ay) yields:



Play) = |ex* = {ax|) . (2.14)
The state collapses to the corresponding eigenstate |¢') = |ay) after the measure-
ment.

Following this principle, projective (Von Neumann) measurement, positive operator
valued measurement (POVM), and weak measurements have been introduced to

describe different measurement scenarios.

2.2.1 Projective (Von Neumann) Measurements

In the standard formulation of quantum mechanics, a projective measurement is
represented by a Hermitian operator A defined on the Hilbert space H. This operator

has a spectral decomposition of the form.

A= Zakﬂk, (2.15)
k

where aj, are the real eigenvalues corresponding to possible measurement outcomes,
and II; = |ag)(ag| are the orthogonal projectors onto the eigenspaces of A. These
projectors satisfy the completeness relation >, 11z = I and the orthogonality condi-
tion II;I1;, = 64114

If the system is in a pure state |¢), then the probability of the measurement outcome

ay, is given by the Born rule:

Plag) = (|Ix|). (2.16)

Following the measurement, the system collapses into the corresponding eigenstate:

/:M:a. 2.17
') Plar) |ag) (2.17)

If the system is initially in a mixed state described by a density matrix p, then the

probability of obtaining the outcome ay is

P(ay) = tr[lp], (2.18)



and the post-measurement state becomes

p= Tk (2.19)

Projective measurements model the situation in which maximal information is re-
trieved, and the system collapses fully into one of the eigenstates of the observable

in the measurement basis.

The projection p — [pll; step is a linear transformation; however, normalization
tr[I1;p] causes nonlinearity in the measurement outcome. In classical mechanics also,
the measurement induces nonlinearity, yet it does not affect the system’s dynamics,

only updates the knowledge via Bayes’ rule (Jacobs, 2014).

2.2.2 Positive Operator-Valued Measure (POVM)

Positive operator-valued measure (POVM) is a class that a measurement is repre-
sented with a set of positive semi-definite operators { F;. } acting on the Hilbert space
‘H such that.

> Er=1. (2.20)
k

Each operator E}, corresponds to a possible measurement outcome. If the quantum

system is in the state p, the probability of observing outcome k is given by

P(k) = tr[Epp). (2.21)

The Ej, operators are not necessarily orthogonal projectors, and do not, in general,
define how the state evolves after the measurement. To describe post-measurement

evolution, we introduce a set of Kraus (measurement) operators { My} such that

Ep= MMy, S MM, =1 (2.22)
k

Upon observing outcome k, the system is updated according to

, MpM;

pl=—"""k_ (2.23)
tr[MypMj]



POVMs generalize projective measurements and allow for descriptions of noisy,

weak, or indirect measurements.

2.2.3 Weak Measurements

Unlike projective measurement, POVM description can extract partial information

from the system.

Weak measurement was first introduced by Aharonov et. al as a way to probe quan-
tum systems without fully collapsing the state and extracting partial information
about an observable through the use of pre- and post-selection(Aharonov, Albert &
Vaidman, 1988). While their original formulation introduced the concept of weak
values and two-state vector formalism, here we focus on weak measurements as a type
of Positive Operator-Valued Measure (POVM) that extracts only a small amount of

information about an observable and minimally disturbs the system (Jacobs, 2014).

The total probability of obtaining a result in the range k € [a,b] using the trace
property

b b
P(k € [a,b]) = > tr (MypM]) = tr (Z M,ijp) . (2.24)
k=a k=a

Then, instead of projecting the system into a single eigenstate, one can express
operators that are weighted sums over projectors in Gaussian form, peaked at the
eigenstate |ag), to extract the partial information. These measurement operators

are given by

1

M
FTN

2
Z@‘A(“’“_%) aj)(ayl, (2.25)
J

where N is the normalization constant chosen to satisfy the completeness relation
S MM =1,

After the measurement, the final state takes the form

Mklech 1 —Maj—a )2/2
pp=————i =% e MNUTW a) (ay]. (2.26)
w[Mypdf] N5

The final state peaked around eigenvalue A, with width 1/ VA. When ) is larger,

the width is small, resulting in a sharply peaked final state. This corresponds to a

8



strong measurement. When A is smaller and the width is larger, the final state is
more spread out. This corresponds to a weak measurement with higher uncertainty

about the measured value.

2.3 Open Quantum System Dynamics

In realistic physical scenarios, every quantum system interacts with the environment,
which influences the system’s dynamics and characteristics. The theory of open
quantum systems analyzes such systems where the environment induces decoherence,

dissipation, and thermalization.

The closed quantum systems evolve unitarily with the Liouville-von Neumann equa-
tion (2.8), a special case of the master equation describing the time evolution of
the state. In an open quantum system, interaction with the environment leads
to non-unitary dynamics of the system’s reduced state. While the combined sys-
tem—environment evolution remains unitary in principle, a full microscopic descrip-
tion is typically infeasible due to the complexity and number of environmental de-
grees of freedom. Therefore, the reduced dynamics are described using more general

formulations such as quantum master equations.

There are various master equations designed for different types of open quantum
systems. The Lindblad-Gorini-Kossakowski-Sudarshan (LGKS) master equation

formulates the most general class of Markovian dynamics.

In the following, we introduce the formulation of the LGKS master equation using
(Breuer & Petruccione, 2002), starting from fundamental assumptions about system-
bath coupling and the Markovian approximation, to build a detailed understanding

of the following chapters.

If the system interacts with the environment, we can write the total Hamiltonian as

follows:

H(t)=Hs+ Hg+ Hy(t) = Hyo+ H/(t) (2.27)

Hg,Hg, and Hy are the Hamiltonians of the system, environment, and interaction,
respectively. Hg+ Hp = Hp represents the free Hamiltonian. The Schrodinger,

Heisenberg, and interaction pictures are equivalent representations of unitary quan-

9



tum dynamics. The interaction (Dirac) picture is particularly useful for perturbative
treatments, where the Hamiltonian is split into a solvable part and an interaction

term.

The unitary time evolution operator can be separated into free and interaction

operators.

U(t,to) = Uo(t,to)Us(t,te) = Ur(t,to) = U(t,to)U(t,t))  (2.28)

Using the cyclic property of trace, the expectation value of the operator A in (2.9)

can be written in terms of the interaction picture elements:

(A(1)) = tr (Ao(t,to) U (t.t0) plto) U} (£, 10) U (1. t0) ) = tr (Ar(D)pr (1) (229)

Where interaction picture operator Aj(t) is

Ay(t) = U§(t,to) AU (8 t0). (2:30)
and state pr(t) in the interaction picture is

pi(t) = U (t,to) p(t)Uo (£, to) = Us(t,to) plto) U} (8, o). (2.31)

The derivative of pr(t) yields the Liouville-von Neumann master equation:

£ p1(8) = ~ilHr(t),pr (1) 2.32)

Taking the integral of both sides results in:

pr(t) = pi(to) i / ds [H1(s). p1(s)) (2.33)

We trace the environment to determine the system’s evolution during the interaction.

2 prs(t) = it [Hy(0) pr(to)) ~ [ dstrw (), [Hi(s)or(9] (230

Where p;g is the reduced density operator of the system in the interaction picture.

10



We now consider that the environment and the system do not correlate at the initial

time t =tg. The initial density operator then takes the following form:

p1(to) = ps(to) ® pe(to) (2.35)

In the case of correlation between the system and the environment, the time evolu-

tion of the interaction state for ¢ > ¢ty becomes

p1(t) # ps(t) @ pe(t). (2.36)

In weak coupling regimes, the environment is much larger than the system, so the
state of the environment is not affected by the system. Born approximations assumes
that pp(to) = pp for all times. Hence, the time evolution of the interaction state

becomes:

pr(t) =~ prs(t) ® pg (2.37)

prs is defined by tracing out the environment. The final form of the equation

Eq. 2.34 is as follows:

dprs(t)
ot

= —/OtdstrE [Hi(t),[H1(s),prs(s) ® pEl] (2.38)

As time evolves, the interaction between the system and environment generally
induces correlations, making the total density matrix p; entangled and no longer
separable. To prevent such correlation, Markov approximation is applied in which
the environment is considered "memoryless" so that it forgets any information about
the system. The integral of [H;(t),prs(t)] represents the evolution of the density
matrix of the system due to interaction with the environment at previous times; that
time s influences from 0 to the current time ¢. In cases where the time of the memory
of environmental interaction is considerably shorter in comparison to the system

evolution time, then we can apply Markovian approximation as prs(s) — prs(t).

d t
apls(t) = —/0 dstrp [Hi(t),[Hi(s),prs(t) @ pEl|. (2.39)

The equation Eq. 2.39 is referred to as the Redfield equation, which is local in time.
The time evolution of the density operator is still dependent on the initial time tg =0,

which implies that time evolution is influenced by memory. To derive a memoryless

11



(Markovian) master equation, one typically starts from the Redfield equation and
imposes additional approximations—such as the secular approximation—to cast it
into the Lindblad form, which generates a quantum dynamical semigroup. A semi-
group description of the system’s dynamics is valid when the environment has a short
correlation time, ensuring that memory effects are negligible. For completely posi-
tive, trace preserving (CPTP) quantum dynamical system trg{V (t)ps} =trgps =1

time evolution operator V (t) obey the semigroup property:

T(t+s)=T(t)T(s), for all t,s > 0. (2.40)

Based on Eq. 2.40, the evolution operator V(t) can be separated into sequences.
If we substitute s — t — s, the terms in the integral can be stated in terms of the
current time and previous time. This substitution reflects the memory effects of
the correlation between the system and the environment. On the other hand, the
semigroup property implies that system time evolution only depends on the current
state and time. Likewise, because s >t — s, we can conclude that the time scale of
the system s is much larger than the time scale of the evolution of the correlation
t —s. Therefore, the bounds of the integral can be replaced by infinity. Thus, in
the case of a weak correlation between the system and environment, the Markovian

master equation takes the following form in the interaction picture:

jtPIS(t) = - /OOO dstrg [Hy(t),[H[(t = s),prs(t) ® pE]]- (2.41)

Now, we can dive into explaining the terms and the correlation to proceed towards
the Lindblad form.In the interaction picture, the interaction Hamiltonian Hj(t) can
be break down into the system part A, (t) = et A e~st and the environment

part B, = 1Bt B e HE! a5 given below:
H](t) = ZAoz(t) ® Boz(t) (2'42)
(0%

The environment correlation function interprets the dependence of environmental

fluctuations at different times. It is defined as follows:

Cap(t,s) = (Ba(t)Bs(s)) o = tre (Ba(t) Bs(s)pk) (2.43)

Because environment is stationary [Hg, pg| = 0. Time translation of the correlation

function:
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(Ba(t+7)Bs(s+7)) 5 = (Ba(t) Bs(s)) & (2.44)

If we replace 7 = —s:

(Ba(t—35)Bg(0)) g = (Ba(t)Bs(s))E (2.45)

This means that the correlation only depends on the time difference t-s. So
Cap(t,s) = Cop(t —s) Embedding Eq. 2.42 and the description of the correlation

function, the master equation Eq. 2.41 takes the following form:

sl -2 | dm(14a(®), Aslt = D)prs(O1Cap(r)+ [prs (D) Aa(t =), Aa(B] (7).

(2.46)

Converting Eq. 2.46 into the Schrodinger picture Eq. 2.7 using the transformation

between Schrodinger and interaction pictures:

pIS (t) _ eiHstpS (t)e—iHSt 0 (t) _ e—iHSthS (t)eiHSt (2'47)
apgt(t) _ —i[Hs,ps(t)] _i_efiHSt 8pgst<t) oiHst (248)

Then, the final form of the master equation is as follows:

d

70501 = 5, p5(0)= 3 [ 47 (o A5(=)psO]Cos() + (143 =) AclCon-7)

(2.49)
The system operators A, (t) oscillate in time due to the system Hamiltonian Hg. We

can decompose them into components that rotate at specific frequencies w, similar

to breaking a musical chord into individual notes:
Aa(t) =Y e ™A, (w) (2.50)
w

Each Aq(w) is like a "note" that changes the system’s energy by w. [Hg, Aq(w)] =
—wAq(w) means that A, (w) reduces the system’s energy by w when w > 0. When

we plug this decomposition into the master equation, we get terms like:

13



et A (W) Ag(w)p(t) (2.51)

Terms with w # —w’ oscillate rapidly and average to zero over time, much like high-
pitched noise that can be ignored. In contrast, terms with w = —w’ vary slowly or
remain constant, so they survive in the long-time dynamics. This is analogous to
tuning a radio: we keep only the clear station (resonant terms) and ignore the static

(fast oscillations).

The remaining time integral takes the form:

/OOO dr Cag(r)ein =Tpp(w), (2.52)

where I', g(w) is the one-sided Fourier transform of the environment correlation func-
tion Cyg(7). This quantity is a complex, time-independent rate. Its real part, de-
noted v,5(w), determines the dissipation rates, while the imaginary part contributes
to a correction of the system Hamiltonian known as the Lamb shift, denoted Hg
which is often omitted in the evolution of the heat engines because it does not

contribute directly to dissipation or heat exchange.

Combining all these results, the master equation finally takes the Lindblad form:

. . 1
ps(t) = —i[Hs+Hys, ps(D)]+ D Yap(@)(Ag(w)ps(t) Al (w) - §{AE(M)A5(M)7ps(t)}),
w7a75
(2.53)
which ensures complete positivity and trace preservation. This form is generally
used to model the reduced dynamics of open quantum systems in the weak-coupling,

Markovian limit.

2.4 Quantum Thermodynamics

Quantum mechanics provides the fundamental framework for describing the dy-
namics of small systems such as atoms and particles. In contrast, thermodynamics
governs the statistical behavior of large ensembles of particles. The main challenge
is to understand how thermodynamics concepts and laws such as temperature, en-
tropy, and the second-law emerges from the quantum properties of a few or many

particles. The goal of quantum thermodynamics is to develop microscopic models
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that explain the emergence of thermodynamic behavior from quantum principles
(Vinjanampathy & Anders, 2016).

This section offers a summary of fundamental principles in quantum thermodynam-
ics based on the comprehensive reviews Vinjanampathy & Anders (2016), Kosloff
(2013). Starting from the role of information in the thermodynamic process, a dis-

cussion on information and thermodynamics is introduced.

2.4.1 Classical to Quantum Thermodynamics

The zeroth law of thermodynamics defines the temperature and separates the def-
inition of the system and bath by stating that if A is in thermal equilibrium with
B, and B is in equilibrium with another system C, then A and C' are also in
equilibrium. This relation makes the temperature a meaningful and measurable
property. The first law expresses energy conservation by relating change in system
internal energy U to heat added ) and work W done by the system through equation
AU = Q+W. The second law states that the entropy of an isolated system cannot
decrease (AS > 0), which leads to the irreversibility and breakdown of the time-
reversal symmetry. The third law asserts that absolute zero temperature cannot be

reached in a finite number of steps.

In classical thermodynamics, internal energy is the average total Hamiltonian of the
system. The same definition also holds for quantum systems. For quantum system

in state p and Hamiltonian H, internal energy is:

sz = tr(pH). (2.54)
The change in internal energy is
AU =U(r / —dt / C[p(8) H (1) di + /0 o) H()]dt (2.55)

Then defining average heat absorbed by the system and the average work done on

the system as follows corresponds Eq. 2.55 to the first law of thermodynamics.

- /0 wp(t) H(H)]dt, (W)= /0 trlp(t) ()] dt (2.56)

15



Work is extracted from the system when (Wezt) = —(W) > 0, heat is dissipated from
the system to the environment when (Qg;s) = —(Q) > 0.

«®+GV%:A:ZuV@ﬂﬂﬂdﬁzmvﬁﬂﬂﬂ]—mkmﬂﬂm]:AU (2.57)

Carnot finds that the maximum efficiency of heat engines operating between hot
Ty and cold T temperatures is n =1 — % Later, Clausius discovered that less
efficiency than the Carnot efficiency is caused by irreversibility and generalized it in
the Clausius inequality ¢ ‘%Q <0, which quantifies the deviation from the reversibility.

The state function entropy as:

Asz/ég (2.58)

Even though Clausius’s formula defines the entropy change, it does not explicitly
specify the absolute value of entropy. While Boltzmann is trying to understand how
systems evolve toward equilibrium, he established the relation between macroscopic
quantities like energy, pressure, and volume and microscopic quantities like position
and momentum. Then, he discovered that the number of available microstates is
connected to entropy and the maximum possible microstate (Boltzmann distribu-
tion) corresponds to equilibrium.(Boltzmann, 1877) Later, with the contribution of

Max Planck (Planck, 1978), the Boltzmann entropy is formulated as:

S = kplnQ (2.59)

where kp is the Boltzmann constant and 2 is the number of available microstates.

The change is Boltzmann entropy also salsifies the Clausius inequality.

Then Gibbs extended the concept of entropy accounting the probability of each
microstate (Gibbs, 1878)

S = —kB Zpilnpi (2.60)
i
where p; = 1/ is the probability of the system being in microstate i.

In his foundational work, John Von Neumann (Von Neumann, 2013) introduced the
density matrix formalism Eq. 2.6 to describe quantum states. Then he extended the
Gibbs entropy to quantum domain. In his work, the entropy in quantum description

is expressed as:

S(p) = —kptr[plnp|. (2.61)
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For thermal thermal equilibrium states where py, = e /Z von Neumann entropy
S(pn) exactly matches the Gibbs entropy. However, for non-thermal states, this
equivalence becomes less straightforward and raises some debates in quantum ther-
modynamics. Although some non-equilibrium resources depend on coherence and
correlation, the von Neumann entropy does not capture those effects. So, alternative
coherence and correlation measures are used. Despite these concerns, the suitability
of von Neumann entropy as a quantum thermodynamic entropy has been supported
by many works, including the Landauer principle. In this thesis, the Von Neumann

entropy is used as the general quantum thermodynamical entropy.

The relation between classical and quantum thermodynamics heat, work and entropy
implies that we can extend the fundamental thermodynamic relations to quantum
thermodynamics. Eq. 2.58 shows that The system’s heat intake is restricted by the
change in entropy as () > T'AS. Using this, the free energy, amount of extractable

work at constant temperature and volume, is defined as:

F(p)=U(p)=T5S(p) (2.62)

This free energy also sets the upper limit on the work extracted from the system in

equilibrium

(Wext) = —=(W) = —AU +(Q) = —AU +TASy, = —AF. (2.63)

2.4.2 Information and Thermodynamics

In 1948 Claude Shannon made the analog of thermodynamics entropy which is
known as information entropy (Shannon, 1948). He quantified the entropy as math-

ematical formalism of lost information:
n
H=-K) pilogp; (2.64)
i=1

where K is scaling factor (K = kp in thermodynamics). Even though the similarity
between information entropy and thermodynamics entropy seems obvious, up until
the development of Landauer’s principle and the study of Maxwell’s demon, the

physical connection between information and thermodynamics was not understood.
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In 1867, James Clerk Maxwell proposed a thought experiment known as Maxwell’s
Demon. This thought experiment consists a box filled with gas, divided with a
partition in the middle. The demon separates the hot gas molecules to the left and
cold gas molecules to the right. In the end, all the gas molecules are separated by
their temperatures causing the entropy of the system is reduced. Which seemingly

breaks the second law of thermodynamics.

In 1929, Leo Szilard formulated an engine which is thermodynamical analog of
Maxwell’s demon thought experiment (Szilard, 1929). The classical version of the
Szilard Engine consists of a single particle in a box with volume Vj, which goes

through four steps in isothermal conditions.

First, a box with a single particle inside is divided into two equal parts with the qua-
sistatic insertion of a partition. No work or heat is extracted or done on the system.
As a result, no entropy change occurs, the system always remains in equilibrium.
After the partition is added to the system, we have no information regarding which
side of the box the particle is located. The demon applies a measurement to learn
the location of the particle, right or left. Again, during the measurement process, no
work or heat exchange occurs between the system and the heat bath, and the sys-
tem’s entropy remains the same. According to the measurement result, the partition
starts to move on the opposite side where the particle is located. When the partition
reaches the end of the wall, the expansion stops, and work can be extracted. For

ideal gas, the extracted work is calculated as:

V/2 gV
& kpTIn2 2.65
QA v e (2.65)

V/2
W= [T PaV = ksT

\%
The heat transfer occurs from the heat bath to the system. In thermodynamics,
the system’s total energy is AU = W + @), which is equal to U =W +TS. In the
isothermal compression process, the system’s internal energy does not change 6U =0,
so AW = —TAS. From here, the entropy change of the system is AS = —kpgln2.
Extraction of work results in heat being lost in the system in the same amount.

Then the partition leaves the box without causing any work and heat exchange.

The decrease of entropy by AS = —kpln2 seemingly violates the second law of

thermodynamics, which states that entropy either increases or stays constant.

In 1961, Rolf Landauer showed the relation between entropy and information (Lan-
dauer, 1982). The information erasure is a logically irreversible operation where
a bit, initially in an unknown state (0 or 1), is reset to a definite state (say, 0).

Landauer modeled the bit as a physical system with two distinct states represented
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by two separate regions in phase space. Erasing a bit corresponds to decreasing the

phase space volume from two possible states into one, reducing the system’s entropy

by S = kpln2.

According to the second law of thermodynamics, total entropy cannot decrease.
Therefore, this reduction in system entropy must be compensated by an equal or
greater increase in the environment’s entropy (Sagawa, 2012a). Landauer showed

that erasing one bit of information causes heat dissipation as
(Qminy = kpTn2. (2.66)

In a more general sense, the Landauer principle asserts that the heat () released to
the surroundings during the erasure of information cannot be less than the corre-

sponding change in the memory’s entropy AS.

Q>TAS (2.67)

Later, in 1982, Charles Bennet used Landauer’s principle to solve Maxwell’s de-
mon paradox (Bennett, 1982). The measurement information causes the decrease
of the entropy. The measurement device, like Demon, stores one bit of information
about the particle’s location, which is equal to Shannon entropy S = —kpln2. After
the expansion systems return to the initial state and the demon no longer knows
the particle’s location, information is erased, and kg7T'In2 heat is dissipated to the
environment. Extracted work turns into heat. While these arguments are origi-
nally made for classical information, they have since been extended to apply to the

information erasure of quantum states p.

The progression, from Carnot to Bennet, reveals the fundamental connection be-

tween thermodynamics and information theory.

2.4.3 Coherence

Quantum coherence is a fundamental feature of quantum systems arising from the
presence of superposition, and it manifests as interference between quantum states.
It reflects the existence of well-defined phase relations between different basis states

and plays a central role in distinguishing quantum from classical behavior. The off-
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diagonal elements of density matrix p;; = (i|p|j) where i # j represent the coherence

terms.

Coherence measures are used to quantify the degree of superposition in a system
relative to a chosen basis. To properly define such measures, we must first establish
what constitutes an incoherent state and operation (Baumgratz, Cramer & Plenio,
2014). The incoherent states are the diagonal element of the density matrix shown

as:

Pincoh = ZPZ|Z> <Z‘ el (268)
7

Selective and non-selective incoherent operations form the minimal complete set
that captures all possible incoherent state transformations and measurement sce-
narios (Yadin, Ma, Girolami, Gu & Vedral, 2016). Therefore, considering both
types of operations is sufficient to fully describe the effects of coherence in quantum

thermodynamic processes.

The properties of incoherent operations, originally formulated in (Baumgratz et al.,

2014), are reviewed here, and their proofs are included for clarity and completeness.

Statement 1. A non-selective incoherent CPTP quantum operation ¢, which con-
sists of a set of incoherent Kraus operators M, does not generate coherence. It’s

action on a state is given by:
o(p) =3 MM, S MIM,=1. (2.69)
k k

Proof. Extending the initial state p;neon gives:

B(p) = S Myph] — 314 (zpi |i><i|) M =S p i) iM. (2.70)
k k 7

ki

Since each M}, is incoherent, My|i) maps the state into a basis state with single

component |fx(i)), where fy is an index function. Thus:

My i) G| M = g

Fe@) e (qri = 0) (2.71)

Substituting back to ¢(p):

®(p) = ksz‘Qk,ﬂfk(i)ﬂfk(i)\ => ( z(:) piQk,i) 17l (2.72)
K} J \kyi fr(i)=j
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which remains diagonal in the basis |j).

For the case where initial state p has coherence term between basis{|k)} and {|I)}
after the application of projection operator which is described by a quantum map
II(p) = 3; IL;pll;, these coherent terms destroyed. We can prove this by checking

the amplitude after the projection:

(3

(I = (6 (ST ) 1) = S 2.73)

The off-diagonal terms (k # 1) become:

(k[pIi 1) = (ki) (il ple) (ill) = Orida (il pli) = 0 (2.74)
The final state has only diagonal terms:

p— 0" = Lilpli)|i) (il (2.75)

2

All coherence terms vanish, and the final state is diagonal. This proves that the

coherence cannot increase by the ICTP operations.

Statement 2. The selective incoherent quantum operations applied to incoherent

state (MyZM g C 7) can not not produce coherence.

Proof. The post measurement state when selective quantum operation applied to

incoherent state is:

_ MypM;

— pi = tr[MypM]]. (2.76)
k

Pk
The numerator is the same operation as in Statement 1. The denominator p, =
tr[M,,pM]] normalization which does not effects the coherent terms. As a result

selective measurement also keeps the incoherence.

If we apply the the same operation of coherent state the coherence are destroyed.

After introducing a class of incoherent operations that do not generate coherence and
preserve the set of incoherent states, we can differentiate a broader class of quantum
operations that create or destroy coherence. Coherent operations are operations

outside the class of incoherent operations, which are any quantum operation that
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transforms an incoherent state into a coherent one. Mathematically if any Kraus
operator M}, in a quantum operation ®(p) = > MypM ,i maps at least one basis state
to a superposition such as My|I) is non-classical for some |I)), then ® is definitely

coherent.

Based on these properties of incoherent and coherent operations, the corresponding

requirements for coherence measures are (Baumgratz et al., 2014):

1.1 Non-negativity
Rule: C(p) > 0 for all density matrices p.
Reason: Coherence quantifies the degree of quantumness or deviation from

classical behavior in a state.

1.2 Monotonicity under ICPTP maps
Rule: C(E(p)) < C(p) for any incoherent completely positive trace-preserving
(CPTP) map €&.
Reason: CPTP maps, such as non-selective measurement, do not increase

coherent terms.

1.3 Monotonicity under selective measurements
Rule: 3, pmC(pm) < C(p), where py, = M%% are the post-measurement
states and py, = tr(M,,pM} ) is the probability of outcome m.
Reason: This ensures that when post-measurement states are selected, the

coherence do not increase.

1.4 Convexity
Rule: C(X;pipi) < >ipiC(p;) for any mixed state p = >; pip;.
Reason: Convex mixing of states does not increase average coherence.

The most commonly used coherence measures, /1 norm and the relative entropy,
satisfy all the above conditions. Both are based on distance measures. [ norm
quantifies coherence as the sum of the absolute values of the off-diagonal elements

of the density matrix,which is defined as:

Ciy(p) =D _Ipigl, (2.77)
oy
Chrel.ent. (p) = S(pdiag) - S(P), (278)

where S(p) = —tr(plogp) is the von Neumann entropy and pgiag is the state obtained

by discarding all off-diagonal elements of p. The relative entropy of coherence mea-
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sures quantifies the distance between a quantum state and its closest incoherent

state using the quantum relative entropy.

Coherence plays an important role in the thermodynamics behaviors. Coherence can
be used as a resource to extract work. When a quantum system initially in a coherent
state p is projected onto a basis through a decohering operation ,the process removes
coherence and increases the system’s entropy. It has been demonstrated that work
can be obtained from the initial state coherence with a projection process (Kammer-
lander & Anders, 2016). For example, when the projection is performed in the energy
basis {|k)} of a Hamiltonian H = Yy Ex|k)(k| with eigenenergies E}, the maximum
average work that can be extracted. If we compare the initial entropy defined as
S(p) = —tr(plnp) with entropy after projection S(II(p)) = —tr(Il(p)InIl(p)), the

decrease in entropy can be harnessed to extract work:

(Whnax) = kT[S (I(p)) = S(p)] (2.79)

The proof of entropy decrease resulting from the projection is demonstrated in (Gem-
mer & Anders, 2015).

2.4.4 Finite-Time Landauer Principle

The Landauer bound Eq. 2.66 is holds in quasistatic limit, where the system evolve
infinitely slowly. However, in realistic scenarios, information erasure occurs much
faster. Hence, generalizing the Landauer principle to finite-time processes is neces-

sary for understanding the resulting dissipation.

In the Markovian regime where system is governed by the LGKS master equation

Eq. 3.4, for arbitrary driving protocols, correction term to Landauer bound is shown

by Van Vu & Saito (2022).

the entropy difference between initial state pg and the state at 7 is:
AS =tr(prlnp;) —tr(polnpo) (2.80)

And the heat is:
Q= —/0 tr(Hype)dt (2.81)
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So using the Landauer bound Eq. 2.66, the irreversible entropy production can be
written as X, = —AS+ Q@ > 0. In the case of appearance of finite-time effects

addition irreversible entropy is produced. Adding the correction terms gives:

50> ag Mo=prl S j g, 20-1/d) —c]?

2.82
279, 277, ( )

where ||po — pr||1 denotes the trace distance between the initial and final states,
and € = ||pr —|0)(0|||1 measures the deviation from the ground state. The quantity
~ is the time-averaged dynamical activity, characterizing the thermal relaxation
timescale, and is defined as 7 = 771 [J X tr [Lk(t)pth(t)q dt (Van Vu & Saito,
2022). This relation indicates that erasing information over a finite time requires an
additional dissipative cost, which is inversely related to both the system’s driving

speed and its closeness to the target state.

The effect of coherence lay in the difference between initial state py and the tar-
get state pr. Dephasing map A(p) = >, II,plIl, where II,, project the state into
nth instantaneous eigenstate of system’s Hamiltonian H(7), removes the coherence
terms, and leaves only diagonal terms which corresponds to classical terms Eq. 2.75.
Using the trace norm contractivity property of the CPTP maps diagonal terms and

coherence terms Cl.s can be separated as:

1o — prll1 = [|A(po) — Alpr)||1 + Cres, (2.83)

If we separate the entropy production into diagonal (classical) contribution AS¢ =
S(A(po)) — S(A(pr)) and the entropy caused by coherence, given by the relative
entropy of coherence Cie = S(A(p:)|lpr) = S(A(pr)) — S(pr) then it becomes:

AS = A8+ Crel (2'84)
The lower bound Eq. 2.82 can be further written as:

A —Ap; 2 res
[AGo) =My (  © (2.85)

2T+ 27,

BQ Z A‘Scl +

While this equation captures the left over coherence in the final state, the dynam-
ically generated coherence during the erasure is not accounted. If the coherence is
quantified with the [; norm coherence measure Eq 2.77, the amount of coherence in
time 7 is:

C, = /O " Oy (pr)dt (2.86)
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The thermodynamic cost of this dynamically generated coherence is appears in the
lower bound on dissipated heat:

~R 2
BQ > AS+ %2? (2.87)

where ﬁf" is the time average characteristic relaxation rate written as (75)*1 =

T (el Ze(®)13)

2.5 Quantum Confinement Effect

When a particle is trapped within a finite region comparable to its wavelength, the
geometrical constraints restrict the allowed wavefunction, causing to the quantiza-
tion of energy levels. This relation between wave characteristics of particles with
the spatial domain geometry is called quantum confinement. The dynamics of such
a quantum system are described by the time-dependent Schrédinger equation sub-

jected to desired boundary condition:

0 n’
Zﬁawrﬂf) = —%V%ﬂ(r,t) + V(I‘,t) w(rvt) (288)

where 1 (r,t) = 0 is the wavefunction of the particle that depends on position r and

time ¢ and A is Planck constant.

When the system size is comparable to the de Broglie wavelength, quantum con-
finement effects become more evident. The wave character of particles is quantified
with their de Broglie wavelength Ayp = h/p, where h is Plank constant and p is
momentum. The de Broglie wavelength in three dimensions is (see (Pastor, 2019)

for derivation).

h
vV 27rkaT

where m, k,, and T correspond to mass, Boltzmann constant, and temperature,

A = (2.89)

respectively. This expression also includes the effect of thermalization in confined
systems. At lower temperatures, the quantum effects become more pronounced. Due
to limitations of the allowed quantum states and modification of the density of states,
only a finite number of energy levels are populated at finite temperatures. These

effects are not solely a consequence of the reduced system size but a fundamental

25



manifestation of how confinement geometry reshapes the energy spectrum and the

resulting quantum behavior.

The following subsections begin with quantum boundary layer method, which is used
to calculate the effective domain. Then quantum size and shape effect resulting from

the change in effective domain is discussed.

2.5.1 Quantum Boundary Layers

The Schrodinger equation requires the implementation of boundary conditions when
the particle is confined to a finite region. The Dirichlet boundary condition is
where the wavefunction vanishes at the domain’s boundary Q. ¥ (r,t) =0 for r € .
To satisfy the 1 = 0 condition, the wavefunction must decay rapidly near these
boundaries over a short length, resulting in increased curvature V2. Thus, the
probability of the particle being localized in this small region is close to zero. Hence,
the decay in probability density near the edges reduces the effective region accessible

to the particle causing discrete energy levels and increasing energy.

The distribution of the particles is strongly affected by the decay of the wavefunc-
tion near the boundaries. When each wavefunction is weighted by its occupation
probabilities, the combined effect of all wavefunctions in the boundary leads to a
reduced particle density near those edges. This behavior reflects a fundamental
quantum mechanical constraint on the system, with detailed calculations provided
in (Sisman, Ozturk & Firat, 2007).

In equilibrium, the thermal density distribution is obtained from the ensemble av-

erage over quantum states. It is given by:
n(r) = f(Ep) g (), (2.90)
k

where k is state index, EY, is energy value, f(F}y) is distribution function (Boltzmann,
Fermi-Dirac, or Bose-Einstein), 1. (r) is eigenfunction. Thermal density distribution
n(r) appears approximately uniform in the interior of the domain but decays rapidly
near the boundaries because wavefunction vanishes at the boundary. The sharp
decay over a short distance defines the quantum boundary layer (QBL), within

which the probability density becomes negligible.

To approximate this exclusion zone, QBL theory introduces an empty layer of thick-
ness ¢ on each side of the confinement domain. (Aydin, 2020). Considering the ther-
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mal density distribution and the decay at the boundaries, it has been showed that

0 thickness is universal for the Maxwell-Boltzmann distribution (Firat & Sisman,

2009).
§ = 2th (2.91)

This relation directly connects the boundary layer thickness to the quantum and
thermal properties of the particles. Instead of solving the full Schrédinger equation,
the QBL provides an approximation by adjusting the effective region of the confine-
ment domain. In higher dimensions, this correction modifies the volume, area, and

length as follows:

Lesg = L — 6Ny,
Agg=A— 0P+ 62Ny, (2.92)
Veg=V —0A+0%P—3°Ny,

where V', A, P, and Ny denote the volume, surface area, perimeter, and number of
vertices of the domain, respectively. These corrections area obtained by considering,
the exclusion on surface area (§A), overlap correction at edges (62P), and the vertex

contribution to excluded volume (§3N,).

2.5.2 Quantum Size Effect

Quantum size effect is the term used for the changes that arise in the system due to

changes in the size parameters of the system under quantum confinement conditions.

When the domain size is changed, all observables in the system are affected by this
change. As the system size decreases, the energy levels become more discrete and
the gaps between them start to increase. This situation can again be examined using
the QBL approach. As the domain size decreases, the effect of the boundary layers
increases relatively more compared to the total domain. This changes the statistical
distribution of the particles and causes an increase in the ground state energy. This
also takes into account the changes in the density of states and the variations in
kinetic energy near the boundaries. As a result, the thermodynamic, optical, and

transport properties of the system are influenced depending on its size.

For example, in the expression Vg =V —§A + 62P — 8Ny, geometric volume V

amplifies the impact of the subtraction terms involving . As a result, thermody-
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namic observables calculated using Vg exhibit significant deviations from classical
counterpart V. Because, de Broglie wavelength has A\, o< 1/ VT relation with tem-
perature, these deviations become especially prominent at low temperatures, where

the boundary layer grow further inside the domain.

Quantum corrections become essential in nanoscale systems such as quantum dots,
thin films, and nanowires, where confinement in one or more dimensions leads to
size-dependent changes in energy levels and measurable quantum corrections to bulk

behavior.

2.5.3 Quantum Shape Effect

The quantum shape effect refers to the influence of the domain’s geometry, indepen-
dent of its overall size, on the quantum and thermodynamic behavior of confined
systems. Unlike the quantum size effect, which arises from changes in the geometric
size parameters (V, A, L, P, Ny), the shape effect emerges due to size-invariant
shape transformations (SIST).In order to understand the effect of shape-dependent
behaviors, we must examine how modifications in confinement space affect the sys-
tem’s eigenspectrum (Aydin, 2023; Aydin & Sisman, 2023).

Time-dependent Schrédinger equation with Dirichlet Boundary condition Eq. 2.88
is mathematically equivalent to the Helmholtz equation V2t + k%1 = 0 where k? =
2mE/ 12 represents the quantized momentum states. The solutions to this equation
form a discrete spectrum of eigenvalues k; that depends on the domain geometry
2. When the Helmholtz equation is solved for domains with identical size but
different shapes, their energy levels k; will differ. This geometric coupling produces
characteristic modifications in the system: non-uniform level scaling, ground state
reduction, level splitting (Aydin, 2020).

Non-uniform level scaling, which creates uneven distribution due to shape change,
occurs because different eigenfunctions respond differently to shape changes. The
shape modifications affect the eigenfunction spectrum unevenly across the states.
Higher energy states are more sensitive to this shape change. While total spectral
density is preserved, energy level distribution changes, so the eigenvalues k; do not
scale uniformly (Aydin, 2023).

The ground state reduction occurs when the symmetry of the domain is broken due
to shape transformations. As the domain’s shape changes, certain regions have a

larger effective domain and are less confined. The ground state is inclined to localize
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in the larger regions because of its lower kinetic energy. Also, besides typical shape
change, the overlapping quantum boundary layers near adjacent boundaries create
an effective expansion for the ground state, making the particle behave as if in a
larger domain (Aydin, 2023). The spectral modifications affect the operational be-
havior of thermodynamic properties. As the available volume changes, the partition
function Z value is affected, and other thermodynamic properties are consequently
affected. In the Fig. 2.1, a partition inside a rectangular domain is rotated qua-
sistatically to observe the change in Z, F, U and S. Initially, when boundaries
are far apart, the QBL of boundaries acts independently, making Z grow slowly. As
boundaries approach and the boundary layers overlap, Z increases exponentially due
to effective volume increase. Overlap boundary layers increase the effective region,
which causes an increase in the partition function. Eventually, when boundaries get
extremely close, the squeezed region becomes inaccessible. During the initial phase
where boundary layers start to overlap, the effective volume grows, which leads to
a sharp drop in free energy, entropy, and internal energy. This occurs because the
ground state becomes increasingly dominant as it occupies the less confined regions,
lowering the system’s energy and disorder. When boundaries get extremely close,
the squeezed region is excluded from the available domain. The entropy increases

because the excluded region forces the states into a more disordered space.
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Figure 2.1 Partition function (Z), free energy (F), internal energy (U), entropy (S)
during rotational SIST process. Below, the change in the thermal density distribu-
tion during rotation is shown. Between approximately 45-60 degrees, the effect of
the change in effective volume within the system is reflected in the thermodynamic
parameters.

the sudden decrease in the entropy is better understood when we check the energy
levels Fig. 2.2. Avoided crossings in the energy levels begin to occur as the boundary
layers approach each other. With the rotation of the partition, the eigenstates
start to occupy larger areas where they can become more stable. This geometric

reorganization leads to the formation of avoided crossings between the eigenstates
(Aydin, 2023).
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Figure 2.2 The state distribution, which starts in thermal equilibrium, leads to the
formation of an avoided crossing during rotation (approximately in between 20-40
degrees) as the boundary layers begin to overlap.
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3. QUANTUM SZILARD ENGINE

Measurement-based heat engines exploit the information while extracting work. The
Szilard engine, which is a representation of Maxwell’s demon thought experiment
as discussed in Section 2.4.2; is a measurement-based heat engine that provides a
profound example highlighting the connection between information extraction and
thermodynamics (Szilard, 1929).

The classical Szilard engine consists of classical ideal single-particle gas in a box of
volume V| a massless partition that can be inserted and removed, and an intelligent
being like Maxwell’s demon, which measures the particle’s location. Initially, the
partition is inserted into the box from the center, dividing it into two equal parts.
The particle is trapped in either the left or right side of the box. Then, the demon
performs a measurement to determine the particle’s location. This 1-bit of infor-
mation reduces the entropy by AS = kgln2. Based on the measurement result, the
demon attaches a weight to the partition. If the particle is on the left, the partition
expands to the right due to pressure difference, and vice versa. As a result, work
W = kpTIn2 is extracted at the end of the expansion. Then, the partition is re-
moved without any work, and the system returns to its initial state. According to
Landauer’s principle, erasing the information from the demon’s memory increases
the entropy by AS = kgln2. Thus, the Szilard engine becomes an analogy to un-
derstanding the relation between information and measurement in thermodynamic

processes.

Table 3.1 Thermodynamic changes during the classical Szilard engine cycle

Step AF AS w AU
Insertion 0 0 0 0
Measurement —kgT'In2 —kgln?2 0 0
Expansion 0 0 +kgTIn2 0
Removal +kpTIn2 +kpgln2 0 0
Full Cycle 0 0 kpTIn2 0

While the classical formalism of information back-action establishes foundational
principles, its extensions into the quantum domain offer a different perspective on the
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underlying informational resources (Cai, Dong & Sun, 2012; Cuzminschi, Zubarev,
Iordache & Isar, 2023; Elouard, Herrera-Marti, Huard & Auffeves, 2017; Peterson,
Sarthour & Laflamme, 2020; Plenio & Vitelli, 2001; Sagawa, 2012b; Violaris & Mar-
letto, 2022).

This chapter explores the thermodynamics of the quantum Szilard engine under
quantum confinements effects. We introduce a finite-time formulation of the Szi-
lard engine that designed to explore non-equilibrium dynamics of information-based

engines.

3.1 Finite-Time Szilard Engine

The setup consists three elements, the system (S), heat bath (B) at constant tem-
perature and the measuring device(M). The system is a one-dimensional particle
in a box and a finite d-potential barrier. The engine undergoes the four steps (Fig.

3.1):

o Step I — II: (Insertion) A finite §-function potential barrier is inserted at
the center of the box, partitioning the system into two compartments. The
system remains coupled to the heat bath, and the barrier height increases from

zero, driving the system out of equilibrium.

o Step IT — IIT (Measurement): A strong or weak measurement is performed
by M. While the strong measurement localizes the particle to either the left
(L) or right (R) compartment, the weak measurement partially localizes the
particle. The measurement device is maintained at the same temperature as
B, but its thermal noise is neglected in the measurement. For strong projective
measurements at the bath temperature this is fine, but for repeated weak mea-
surements the pointer’s back-action needs to be considered which we ignored

here assuming it is weak.
e Step III — IV Expansion:

— Strong measurement regime: After strong localization of the particle

to one side, the barrier is shifted towards the outside of the box.

— Weak measurement regime: The barrier undergoes incremental

shifts, interrupted by repeated weak measurements. After each displace-
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ment, the measurement outcome updates the localization probability and

guides further expansion until the barrier reaches the wall.

e Step IV — I: The potential barrier is removed. The system returns to its

initial configuration.

il il

Removal Measurement
I A l

Atk tdd

Figure 3.1 The schematic representation of the cycle. The ground state of the
particle is illustrated as a representation.

We consider a particle of mass m confined to a one-dimensional box that extends
from x =0 to x = L, with a time-dependent potential barrier at the center, x = L /2.

The system Hamiltonian is given by:

h? 92

+a(t)o(x), (3.1)
in which % is the reduced Planck constant and «(f) is time-dependent barrier
strength.

The d§-potential barrier is investigated with rectangular function centered at a = L /2.

The rectangular barrier of height Vi and width w is expressed using the Heaviside

step function H(z) as:

Vieet (7) ZVO{H (x— (§+dx—‘2”)> —H(a:— (§+dx+g’>)], (3.2)

where dz denotes a displacement of the barrier center from L /2.

The instantaneous eigenstates |, (x,t)) and corresponding eigenvalues F,,(t) satis-

fies the time-dependent Schrodinger equation:

H{(x,t)[n(z,1)) = En(t)|tn(2,1)), (3.3)
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with Dirichlet boundary conditions ,,(0,t) = ¢, (L,t) = 0.

The system couples with the heat bath B at temperature T'=1/kpf at t = 0. After
the coupling, the system’s thermal equilibrium is disturbed by the heat bath and
evolves according to LGKS master equation.

ps = —i[H,ps] + > ((Ni+ 1) (Lips L, — ${LL Ly, ps}) + Ni(LEps L, — 3{LiLf,, ps}))
k
(3.4)

Here, Ly = |tp_1) (k| are the jump operators that induce transitions between the
adjacent energy levels of the system and the v is the decay rate. N(wy) = eﬁmﬁ
is the Bose-Einstein distribution function, where Awy = (E — Ex_1)/h denotes the
transition frequency corresponding the system energy spacing, as influenced by the

interactions with the heat bath.

The Lindblad equation is designed for the Markovian evolution where the system

interacts weakly with the heat bath with an Ohmic spectral density with decay rates

Yk X WE-

During the insertion process (stage 1 — 2), the system evolves non-adiabatically
under the combined influence of the time-dependent Hamiltonian ( Eq. (3.1)) and
the dissipative dynamics governed by the master equation (Eq. (3.4)). The driving
parameter «(t) controls the insertion speed, with its specific functional form criti-
cally affecting the system’s transition dynamics. Notably, rapid variations in «(t)
lead to slower equilibration, as the system requires more time to adjust to sudden

changes in the potential landscape.

Building on methods from (Das, Thomas & Jordan, 2023), where a finite-time Stir-
ling engine is investigated, we simulate the insertion process via two different initial

state; ground and thermal state.

Following the completion of the insertion process, we perform a projective measure-
ment on the system. The left and right subspaces are defined by the projection

operators:

N N
P = Z:O‘Lnﬂ[fn’ Pr = Z:O|Rn><Rn’ (3'5)

where {| L)} and {|R,)} span the left and right spatial regions, respectively (Davies
et al., 2021).

We analyze two different measurement: strong and weak. These two measurement

are encompassed within the general framework of POVMSs, where a set of Kraus op-
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erators M}, satisfies the completeness relation >, M ,i M, = I. The post-measurement
state is given by (Erdman, Czupryniak, Bhandari, Jordan, Noé, Eisert & Guarnieri,
2025)

Miup(t)M]

_— 3.6
trlp(t) M{ My &0

p(t+At) =

For the n-level Szilard engine, we model the measurement process using a single

Kraus operator of the form:

Mk:\/EPL—l—\/l—RPR, (37)

where x € [0,1] controls the measurement strength. As x =1, the measurement
becomes strong, yielding maximal information about whether the particle is on the
left. Conversely, when x = 0.5 the measurement is uninformative, corresponding to
a minimal disturbance of the system. Intermediate values of k enable tunable weak

measurements, allowing partial information gain while decreasing state disturbance.

This formulation captures the fundamental trade-off between information gain and
measurement disturbance that is crucial for the Szilard engine operation. The mea-
surement strength s can be experimentally controlled through parameters like in-

teraction time or coupling intensity in realistic implementations.

Following the measurement phase, the system undergoes expansion, which proceeds
differently depending on the measurement regime. In the case of the strong mea-
surement, the potential barrier is continuously shifted toward the outer wall. Under
a weak measurement regime, the expansion is performed sequentially: after each
small displacement of the barrier, the measurement strength x is updated. And an-
other weak measurement is applied with the updated measurement strength. This
measurement-feedback process is repeated iteratively, guiding the gradual expansion

until the barrier reaches the edge of the box.

Through out the entire operations we monitor thermodynamic evolution of the par-
ticle. The changing energy landscape and quantum state dynamics are captured

through several key quantities.

The internal energy U of the system:

Ut)=w[Ht)pt)] = Enlt)  palt) (3.8)
" Shifting ~ Changing
energy levels populations
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reflecting both the shifting energy spectrum and state probability adaptation. Here,
pn(t) are the occupation probability.

The entropy S quantifies information loss and irreversibility during the non-adiabatic

process due to population adaptation of energy levels. It is given as:

S(t) = —kptr[p(t)Inp(t)] = —kBZ pr () Inpy,(t) (3.9)

population change
disorder

Entropy production caused by both population change p,(¢) and quantum coherence
of p(t).

From the definitions of internal energy and entropy, the free energy F' in non-
equilibrium is:

F(t)=U(t) - TS(1). (3.10)

The relation between F' and work is W, < —AF determines the bounds the ex-

tractable work. For reversible process the equality holds.

The incremental work during expansion is results from changes in Hamiltonian H (t)
and the system’s state remains unchanged instantaneously. Applying forward dif-

ference method to Eq. 2.56 gives the incremental work AW in At time step:

AW = tr (‘%(t)) = tr[AH(t) p(t)] (3.11)

The incremental heat reflects energy change due to changes in the system’s state

p(t) at fixed Hamiltonian:
AQ = tr[H(t) Ap(t)] (3.12)

These definitions satisfy the first law of thermodynamics AQ = AU — AW.

The second law constrains heat dissipation in terms of entropy production:
0Q >T4dS, (3.13)

with equality for reversible processes. Landauer bound follows this principle when we
applied it to the erasure of information. For non-equilibrium systems, the entropy
production ¥; = —AS+ 5Q >0 (where = 1/(kgT)) reveals irreversibility from
both population relaxation and quantum coherence decay and generalize the second
law to finite-time operations. The excess entropy produced by irreversible operations
Y7 > 0 reflects their deviation from equilibrium. For quantum information erasure,
the minimum heat dissipation is given by Eq. 2.82.
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The complete thermodynamic cycle reveals how quantum coherence, embedded in
the off-diagonal elements of p(¢), modifies work extraction and efficiency compared to
classical expectations. These effects become particularly significant when analyzing

the full engine operation across all phases.

In addition, to characterize quantum coherence throughout the thermodynamic cy-
cle, we employ three complementary approaches. The standard relative entropy and

f1-norm coherence measures are defined respectively as:

Crel(p) = S(pdiag) - S(p)> 061 (P) = Z ’pij’7 (3'14)
i#]
where pqiag Tepresents the state with all off-diagonal elements set to zero. These

measures satisfy all axiomatic requirements for proper coherence quantifiers.

To characterize quantum coherence in our system, we analyze the thermally weighted

coherence:

Cw =D pi=jlpizjl, (3.15)
0]

which we specifically designed to track the contribution of initial state coherence
throughout the evolution and to give emphasis on the quantum coherence accumu-
lated in states with high thermal occupation. While this measure may not satisfy all
general requirements for coherence quantification mentioned in (Baumgratz et al.,
2014), it serves our particular purpose of monitoring how initial quantum coherence
propagate and influence the thermodynamic process. The measure compares the
weighted magnitude of off-diagonal elements against population terms, providing
insight into how initial superposition of most relevant states affect the system dy-
namics. This proves particularly useful for understanding the role of initial coherence

in work extraction and other thermodynamic quantities.

Finally, we evaluate the non-adiabatic work contribution by comparing the work
performed during the quasistatic process (Wys) with that of the finite-time process
(Wh).

AWhnon-adiabatic = Wit — Ws (3.16)

In the following sections, we analyze the Szilard engine with two different initial
conditions; thermal and ground state. For each case, we determine the optimal
parameters to maximize efficiency and examine the trade-offs between temperature,

dissipation rate, insertion speed,acceleration, partition width, and efficiency.

The system is modeled using dimensionless parameters to simplify numerical calcu-

lations while preserving physical interpretation. The physical constants are scaled
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such that h =1, Boltzmann constant kg = 1 and the electron mass m = 1. The po-
sition space is discretized into n = 30 grid points over the length L = Lgy/Lg where
Lgr = 10nm is the length of the box in SI units and Lg is reference length that is
obtained from the characteristic energy scale Egl = hg1? /2mgr L.

The relation between natural units and SI units of temperature is Tsy = T x E5' /3.

The Markovianity conditions are naturally satisfied in this framework through the
following physical constraints: the dissipation rate in SI units 75! = ~g/to is chosen to
be much smaller than the system’s characteristic energy gap AE/h, ensuring weak
coupling between the system and bath. Here, AE represents the smallest energy
difference between quantum states, which for this system scales as AE ~ Ey. Addi-
tionally, the bath’s cutoff frequency w. inherently exceeds 7§I due to the Lindblad
formalism’s assumption of a memoryless environment, where the bath correlation
time 75 ~ 1/w, is negligible compared to the system’s dynamical timescales. The
Born approximation further holds since 731 & kpT/h, guaranteeing that the bath
remains unperturbed by the system. These conditions collectively enforce Marko-
vian dynamics, validating the use of the LGKS master equation(Eq. 3.4) for this

setup.

3.1.1 Initial Thermal State

The system initially is in Gibbs’s state, the initial state of the system is:

p(0) =", (3.17)

where Z = tr(e PH (O)) is partition function and = 1/kpgT is inverse temperature.
At t =0, the system is coupled to the heat bath.

As the barrier strength a(t) changes rapidly the finite-time modification of the
potential leads to different degrees of departures from equilibrium thermodynamics.
The distinct non-adiabatic dynamical signatures produced by «a(t) is followed with
fidelity. The fidelity measures the similarity between the system’s actual state and
the thermal state corresponding to the instantaneous Hamiltonian, thus serving as

an indicator of how far the system is from equilibrium.

P00 (0) =15 |\ 0000 0. 3.15)
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The populations are calculated in energy basis pe:

Pu(t) = (n(t)|pe(t)[¢n(t)) (3.19)

The insertion strength is chosen as «(t) = ct, where ¢ corresponds to insertion ac-

celeration.

To identify the maximum achievable efficiency of the quantum Szilard engine, we
conducted a systematic parameter scan over temperature T', dissipation rate 7p, and
insertion acceleration c. The ranges of these parameters were chosen to encompass
the physically relevant, efficient operating regimes of the engine. In (Fig. 3.2), the
three plots illustrate how efficiency changes with each control variable during this
optimization process. The approach involves varying one parameter at a time while
keeping the others constant, allowing the influence of each parameter on efficiency
to be isolated and the optimal value to be identified. First, the insertion speed c
is varied while keeping T and =g fixed. This gives the value of ¢ that maximizes
efficiency for the chosen operating conditions. Next, ¢ is fixed at this optimal value,
and the hot bath temperature T is varied to find the temperature that yields the
highest efficiency under the updated settings. Finally, with both ¢ and T fixed
at their respective optimal values, the dissipation rate 7g is varied to determine its
optimal point. This procedure is applied because testing all the parameters together

is not computationally feasible.
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Figure 3.2 The parameters with respect to efficiency 7 in order of: (a) ¢ vs n, (b) T
vs 1, (¢) gamma vs 7
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From this procedure, the parameters are chosen to be ¢ = 0.05, T'= 133K, and
Y0 = 0.06 for n = 18 energy levels. Using these parameters, I then observe the
thermodynamic changes in the system, starting from fidelity (Fig. 3.3).

During insertion, since the dissipation rate 79 and ¢ are small in the finite-time
regime, the equilibrium state is preserved. However, fluctuations caused by measure-
ment disturb the equilibrium. During expansion, the system approaches equilibrium

again.
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Figure 3.3 The fidelity when the initial state is chosen as thermal: (a) insertion (b)
expansion

Under ideal quasistatic conditions, the populations track the equilibrium Gibbs dis-
tribution py,(t) = %. Since the equilibrium is not disturbed during insertion,
the population graph gives the same results for both the quasistatic (dashed lines)
and finite-time (solid lines) cases. (Fig. 3.4-a).The energy level diagram at the end
of the insertion shows that the system is in a degenerate state.(Fig. 3.5-a). The
avoided crossings in the spectra of the expansion process, as seen in Fig. 3.4-b, are

a hallmark of the quantum shape effect (Aydin, 2023).

During expansion, we focus only on the finite-time regime. Because, after the mea-
surement, the use of the Gaussian approximation to the Dirac delta potential causes
a discontinuous separation of the box, which causes a significant error in the qua-

sistatic regime.

In the finite-time expansion, non-adiabatic transitions occur due to rapid barrier

insertions. Fidelity indicates the deviations from equilibrium.

The non-adiabatic effects manifest through two distinct mechanisms. First, the co-
herent dynamics generates off-diagonal elements in the energy eigenbasis through
the unitary term —i[H (t),p(t)], due to non-commuting terms of the H(t). Second,
the dissipator attempts to restore the system towards equilibrium by suppressing

these coherence at a rate determined by the 7. coefficients. The competition be-
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tween these processes leads to the finite-time population dynamics observed in the

simulation.

Throughout expansion energy levels exhibit avoidant crossing, unlike the insertion
case. This behavior arises from the SIST in the system. As the partition moves,
the boundary layer of the partition and the outside wall get closer, which decreases
the effective length of the box. This shape transformation leads to ground state
reduction; as a result, the ground state becomes energetically more favorable, and
the population increases. This redistribution of state due to ground state reduction
is driven by the SIST.

The observed population dynamics and energy level shifts are influenced not only by
the insertion speed and non-adiabatic transitions but also by this modification of the

effective confinement length and the shape due to the barrier’s finite size (Fig. 3.5)
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Figure 3.4 Population: (a) insertion (b) expansion
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Figure 3.5 Energy levels: (a) insertion (b) expansion

An important consideration in this context is the size effect resulting from barrier
insertion. The insertion effectively divides the original box into two smaller com-
partments. Moreover, the finite width and height of the potential barrier reduce the
available effective volume for the particle. This leads to a decrease in the effective
length of each compartment, which alters the energy spectrum beyond just splitting
the domain. The reduction of the effective length increases the energy eigenvalues

because the particle is more tightly confined.

The Fig. 3.13 shows the effect of finite-time behavior on internal energy U, free
energy F', and entropy S. We compare the quasistatic insertion process with the

finite-time insertion.

In finite-time insertion, U, F' and S shows the same behavior as quasistatic cases

due to preservation of equilibrium.

The internal energy U, which changes proportionally with the population and the
shifting energy levels, increases due to the small changes occurring in these values.
Similarly, we observe that the entropy, which varies inversely with the population,
decreases. However, the change in internal energy dominates over the change in free

energy, causing the free energy to increase.

In the finite-time regime, the slight difference on the entropy is result of decoherence
generated by the heat bath. The effect of coherent terms is better understood
when we check the relative entropy of coherence and the relative work of coherence
(Fig. 3.15).

In the expansion process, the ground state energy population increases, which causes
a decrease in the internal energy. The increase in internal energy is compensated
by a corresponding increase in entropy, resulting in no substantial reduction in free

energy.

43



At the end of the expansion, the ground state population of the system increases.
This is due to the decrease in the ground state energy level. However, as the overlap
areas of the boundary layers decrease again, the ground state population increases

once more. This behavior is clearly reflected in the change of internal energy.

—e— U (Finite-time) —m— F (Finite-time) —a— S (Finite-time)
-o- U (Quasistatic) -4~ F (Quasistatic) -#- S (Quasistatic)
le—-5+2.302
1.00
-68.45 42
0.95 40
—68.50
o o
W ti} &
o 0.90 \E’ \53 38
=) - —68.55 w
0.85 36
—68.60
0.80 34
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
t/to t/to t/to
—e— U (Finite-time) —a— F (Finite-time) —4— S (Finite-time)
-0~ U (Quasistatic) -~ F (Quasistatic) -- S (Quasistatic)
1.000 -47.5 2.2
0.975 —-50.0 21
0.950 -52.5
2.0
o o Q
W 0.925 W -55.0 X
g g §Le
2 0.900 3 -57.5 g
> w Dl
0.875 -60.0 -
-62.5
0.850 17
—65.0
0.825 1.6
100.00 100.05 100.10 100.15 100.20 100.25 100.00 100.05 100.10 100.15 100.20 100.25 100.00 100.05 100.10 100.15 100.20 100.25
t/to tito tito

Figure 3.6 Comparison of internal energy U, free energy F' and the entropy S: (a)
insertion (quasistatic and finite-time). (b) expansion (finite-time).

During insertion process system does work due to changing potential term in Hamil-
tonian, also the heat is applied due to change in population to adapt the new
Hamiltonian (Fig. 3.14). When we check the work contribution of the coherent
terms Weop, = tr(AHp) — tr(AH pgiqg) = 0 show that the work contribution is not
due to extra coherence generation, but because of the extra finite-time non-adiabatic

transition.

During the expansion, the system performs work on the surroundings, and the
amount of this work varies over time. The same can be said for the dissipated
heat.
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Figure 3.8 The difference in work changes between the nonadiabatic and quasistatic
cases

45



Fig. 3.9 shows different type of the coherence measure in the system. [; coherence
measure shows the weight of the off diagonal terms in the energy basis. It is a
direct count of the coherence in the system. On the relative entropy we can see the
entropy contribution of the coherent terms in the system. C', measure indicates the

coherence contribution of lower states population.

Entropy production can be decomposed into classical and quantum cost as in
Eq. 2.85. Using the dephasing map classical entropy change AS =S¢+ S(p||pdiag)

from population redistribution can be obtained as:

ASq = S((p(to))) — SL(p(t))) (3.20)

and the relative entropy of coherence lost to the environment:

S(ﬂHPdiag) = S(ﬂ) _S(pdiag) (3'21)

At the end of the expansion, the remaining coherence in the system can be used
to extract work Eq. 2.79. This work can then be utilized during the partition
insertion step in the next cycle. However, during the removal process, as the system
tries to return to its initial thermal equilibrium state, these coherences are lost.
Therefore, there are currently two possible ways to extract work from coherence:
either by employing an alternative mechanism during removal to extract work from
the remaining coherence, or by better defining the system’s initial and final states.

For this reason, the removal process is not included in this thesis.
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Figure 3.9 Comparison of coherence measures: (first column) insertion (quasistatic
+ finite-time), (second column) expansion (after measurement)
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After the partition is removed from the system, the changes required for the system
to return to its initial state (erasure) are determined. The change in internal energy
can be found using the difference between the system’s initial and final states, Ugpas =
U(tanal) — U(0). Since the system Hamiltonian remains constant after the partition
is removed from the box, the system neither performs work nor receives work during
erasure. According to the first law, the change in internal energy equals the heat
change Ugras = Qeras-
The efficiency is defined as:

n— Wtotal.

Qins

(3.22)

The final results of the changes in thermal quantities, obtained using Table 3.3, are

given in Table 3.2.

Table 3.2 Thermodynamic quantities for each stage of the cycle

Quantity Insertion Measurement Expansion Erasure Total

AU 0.1950 0.0011 -0.1655 -0.0305  0.0000
AF 0.1974 20.9038 -18.0364 -3.0647  0.0000
AS -0.0001 -0.6931 0.5926 0.1006  0.0000
Total Work 0.1975 0.0000 -0.2239 0.0000  -0.0264
Total Heat -0.0024 0.0011 0.0584 -0.0305  0.0264

Table 3.3 Parameters for initial thermal state scenario

n C 7w T (K) n
10 0.05 0.06 133 0.44

3.1.2 Initial Ground State

To minimize scattering and tunneling effects originating from higher energy levels,
the system was initialized in the ground state, and the insertion, measurement, and

expansion procedures were applied in the same manner.

p(0) = [¥0(0)) (10 (0)] (3.23)
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Figure 3.10 The parameters with respect to efficiency 7 in order of: (a) ¢ vs n, (b)
T vs n, (¢c) gamma vs 7

In this procedure, the parameters are set to ¢ =1.15, T'= 300K, and 9 = 0.07 for
n = 18 energy levels. These parameters do not yield the maximum efficiency, as

testing all parameter combinations is computationally infeasible.

Using these parameters, the thermodynamic changes in the system are examined,
beginning with fidelity. Since the system starts from the ground state, it is not in
thermal equilibrium during insertion. Towards the end of the insertion, it reaches

thermal equilibrium.
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0.95
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Q
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Figure 3.11 Fidelity: (a) insertion (b) expansion

The system, initially in the ground state, is connected to the heat bath, leading to

an increase in the populations of the higher energy levels during the insertion stage

until a thermal distribution is reached. During the expansion, the populations of
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the lower energy states initially increase due to the reduction of the ground state

energy caused by SIST. Subsequently, the system returns to a thermal distribution.
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Figure 3.12 Population: (a) insertion (b) expansion

The deviation of the system from equilibrium during insertion leads to differences
between the quasistatic and finite-time cases. The main source of this difference
is that, in the quasistatic case, the system is in thermal equilibrium, resulting in a

different population distribution.

The internal energy, U, exhibits a characteristic dip during the expansion phase.
This transient decrease is attributed to the rate of work extraction momentarily
exceeding the rate of heat absorption from the reservoir. The subsequent relaxation
of U back to its initial thermal equilibrium value upon completion of the expansion

signifies a final re-thermalization process.
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As predicted by the second law, the free energy, F', decreases monotonically through-
out the expansion. The initial steep decline corresponds to a period of rapid relax-
ation when the system is furthest from its final equilibrium. As the system ap-
proaches the new equilibrium state in the expanded volume, the rate of change of
F diminishes, eventually plateauing as the potential for further work extraction is

exhausted.

The system’s entropy, S, increases and stabilizes at a new, higher value. This
increase is composed of two contributions: the change in configurational entropy
due to the expanded volume, and, crucially, the entropy produced internally due to

the irreversibility of the finite-time process.
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Figure 3.13 Comparison of internal energy U, free energy F, and entropy S: (a)
insertion (quasistatic and finite-time), (b) expansion (finite-time)

During the finite-time insertion, the work cost per increment behaves non-
monotonically, in stark contrast to the smooth profile of the quasi-static benchmark.
This behavior is a direct consequence of non-adiabatic dynamics. The final increase
in work cost before the insertion completes can be interpreted as a dynamic rebound
effect, where an out-of-equilibrium quantum state exerts transient pressure on the
barrier as it comes to rest. The total work cost is greater than the reversible limit

(kpT'In2), with the excess work being dissipated as heat due to quantum friction.

20



"The profile of the extracted work per increment during the finite-time expansion is
highly non-uniform. The initial peak corresponds to the maximum pressure exerted
by the particle at the start of the expansion. We observe a subsequent dip in the
work rate, which we attribute to transient, non-equilibrium effects; the particle’s
quantum state lags behind the rapidly retreating partition, temporarily reducing
the force exerted and the power output. The process concludes with a sharp drop in
work extraction as the partition’s velocity and the particle’s pressure both approach
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Figure 3.14 Work and heat change in each step: (first column) insertion, (second
column) expansion

To quantify the thermodynamic cost of finite-time operation, the difference be-
tween the work extracted in the non-adiabatic and quasi-static protocols, AW =
Wha — Wes, was analyzed. This quantity, representing the work lost to dissipation,
is observed to decrease nearly linearly as the expansion progresses. This linear
trend suggests that the rate of entropy production due to quantum friction is ap-
proximately constant for the given expansion protocol. The final negative value of
this difference at the end of the process quantifies the total energy that was irre-
versibly dissipated as heat instead of being converted into useful work, highlighting

the energetic cost required to achieve non-zero power.
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Figure 3.15 The difference in insertion work changes between the nonadiabatic and
quasistatic cases

During the finite-time insertion, we observe the generation of quantum coherence
from an initially incoherent thermal state. This is attributed to the non-adiabatic
driving induced by the moving partition, which forces the system into a superposition
of its instantaneous energy eigenstates. Subsequently, as the driving ceases, the
coherence decays due to thermalization, as the system relaxes back to an equilibrium

thermal state in the new potential via its coupling to the reservoir.

Following the position measurement, the system begins the expansion in a state of
high coherence. While all coherence measures decay due to thermalization, their
dynamics differ. Notably, the {; norm of coherence shows a more robust persis-
tence midway through the expansion compared to other measures, particularly the
custom Cf, measure designed to probe low-energy coherence. This discrepancy sug-
gests that the non-adiabatic dynamics transiently populate coherent superpositions
between high-energy eigenstates. This effect, a signature of quantum friction, is
most pronounced during the fastest portion of the expansion. The difference be-
tween the /1 and C,, measures thus provides insight into the energy distribution of
the generated coherence, isolating the contribution from these transient high-energy

excitations.
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Figure 3.16 Comparison of coherence measures: (first column) insertion (quasistatic
+ finite-time), (second column) expansion (after measurement)

The simulation results for the finite-time expansion deviate significantly from the
idealized, quasi-static Szilard engine model. The fact that the extracted work is
less than the decrease in free energy, Wyctual < —AF, is direct evidence of dis-
sipation. This irreversibility arises from the non-adiabatic nature of the expan-
sion; rapid changes in the confining potential induce quantum transitions to excited
states, a phenomenon known as quantum friction. Consequently, the ideal Szilard
Information-to-Energy Transduction (SIST), where W = kgT'In2, is not achieved.
A portion of the energy is irrecoverably lost as heat, highlighting the fundamental

trade-off between power and efficiency in finite-time quantum engines.

The final results of the changes in thermal quantities, obtained using Table 3.5, are

given in Table 3.4.

Table 3.4 Thermodynamic quantities for each stage of the cycle

Quantity Insertion Measurement Expansion Removal Total

AU 3.3896 0.0022 0.3465 -3.7382  0.0000
AF -188.1925 47.0089 -50.1454 191.3290  0.0000
AS 2.8235 -0.6928 0.7441 -2.8748  0.0000
Total Work 0.6808 0.0000 -0.8892 0.0000  -0.2084
Total Heat 2.7088 0.0022 1.2356 -3.7382  0.2084

The standard well-defined temperature no longer works in the non-adiabatic regime.
This occurs because different energy levels evolve at different rates during the in-

sertion process, making it impossible to satisfy the Boltzmann condition }% =
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Table 3.5 Parameters for initial ground state scenario

n c w T(K) 19
18 1.15 0.07 300 0.05

e~ (En—Ent1)/kpT with a single, well-defined temperature 7' for all states in equi-
librium. This breakdown from well-defined temperature emerges when the insertion
time becomes shorter than the quantum speed limit 7 < i/AFE, where AF represents
the energy spacing of the system. The resulting non-equilibrium dynamics generate
additional entropy production and irreversible work losses, as the populations can-
not follow the changing potential. These effects play a crucial role in the finite-time
quantum Szilard engine, where the discrete energy levels respond unevenly to the
barrier insertion and the expansion. Since the quantum boundary layer thickness
depends inversely on the square root of temperature in equilibrium, this emergent,
ill-defined temperature prevents a direct quantification of shape-dependent bound-
ary effects. As a result, finite-time operation introduces fundamental limitations on

evaluating geometric contributions to the system’s thermodynamics.
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4. CONCLUSION

A finite-time quantum Szilard engine is investigated under size invariant shape trans-
formation (SIST). We showed that different insertion speeds and temperatures con-
trol the thermodynamic parameters of the system. Although the insertion speed
appears to be directly proportional to the work applied to the system during the
insertion process, it behaves inversely with the work extracted during the expansion
due to tunneling-related effects. The pseudo coherence measure C, does not show
significant differences when analyzed under varying insertion speeds. This is because
the systems studied at different speeds do not undergo any shape deformation; the
effect of insertion speed appears only in energy space, rather than in the spatial
profile of the system. In the case of different temperatures, the shape effect becomes
more pronounced in the C,. This is because the thickness of the boundary layers is
inversely proportional to temperature. The increase in boundary layer thickness en-
hances the effect of ground state reduction and leads to more prominent differences
in the pseudo coherence measure Cy. Although coherence does not significantly
influence work extraction in the system, it was shown to play a role in the states

resulting from the SIST process.

To determine the optimal work extraction conditions, a geometric thermodynamic
analysis is required. Additionally, further investigation is needed to perform the
removal process more effectively and work extraction from the coherence. Effect of

weak measurement also will be considered.
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