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Abstract

We explore the utility of quantum spin squeezing in quantum magnetometry, focusing on
three-level (qutrit) Nitrogen-Vacancy (NV) centers within diamond, utilizing a standard Ramsey
interferometry pulse protocol. Our investigation incorporates the effects of dephasing and
relaxation on NV centers’ dynamics during Ramsey measurements, modeled via the Lindblad
quantum master equation. We conduct a comparative analysis between the metrological
capabilities of a single NV center and a pair of NV centers, considering quantum Fisher
information both with and without spin squeezing. The quantum correlations between NV centers
are assessed through the evaluation of the Kitagawa—Ueda spin squeezing parameter within a
two-level manifold. Additionally, parallel calculations are conducted using a two-level model
(qubit) for NV centers. Our findings reveal that leveraging qutrits and spin squeezing yields
enhanced magnetometric precision, albeit constrained by dephasing effects. Nevertheless, even in
the absence of dynamical decoupling methods to mitigate environmental dissipation, strategic
timing of squeezing and free evolution can sustain the advantages of qutrit-based magnetometry.

1. Introduction

The exploration of precisely controlled quantum systems as highly sensitive nanoscale detectors holds
significant promise in advancing our comprehension of intricate processes within biological and
condensed-matter systems, operating at molecular and atomic scales [1, 2]. The demanding criteria for both
high sensitivity and spatial resolution have prompted suggestions to employ spin-based quantum systems as
nanoscale magnetometers [3] or to utilize imaging through the detection of sample-induced

decoherence [4]. A particularly appealing physical platform for realizing these concepts is the
Nitrogen-Vacancy (NV) center in diamond. This choice is motivated by the center’s prolonged coherence
times at room temperature and its convenient optical readout of the spin state [5-10].

Given the considerable potential of the NV center, researchers have conducted studies to enhance the
sensing capabilities of this probe. Specific pulse sequences, such as Carr—Purcell-Meiboom—Gill and dynamic
decoupling [11, 12], have been used to prolong coherence time. Additionally, researchers have investigated
the use of entangled NV centers [13, 14] and, finally, spin squeezing [15]. Spin squeezing, as introduced by
Kitagawa and Ueda [16], involves the quantum redistribution of uncertainties along two orthogonal spin
directions. This operation holds significance in quantum sensing and metrology, providing a means to
enhance measurement precision beyond the standard quantum limit in experiments [17-19]. Consequently,
spin squeezing emerges as a valuable resource in applications of quantum technology. In the context of spin
squeezing generation for NV centers, ensembles of qubits are typically considered. However, this approach
has limitations as the qubit model is an approximation that necessitates a bias field. Here, we explore the
potential of using qutrits for NV centers. Pulsed dynamical generation of spin squeezing has been explored in
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the literature for spin-1 systems [20, 21] and other methods, including generation via nonadiabatic

control [22]. In the context of NV centers, Ramsey interferometry is recognized as a straightforward and
efficient protocol for measuring magnetic fields. It has been extensively studied in qubit systems [23-26] and
has also been discussed for qutrit systems [27, 28].

In this article, we explore the potential enhancements in quantum metrological performance achievable
by transitioning from two-level (qubits) to three-level (qutrits) spin systems and incorporating spin
squeezing within typical quantum magnetometry settings, specifically NV center Ramsey interferometry. We
adopt a foundational approach, comparing qubit versus qutrit Ramsey quantum magnetometry scenarios,
both with and without spin squeezing, in terms of quantum Fisher information (QFI). Considering the
influence of quantum dephasing and relaxation during the spin system’s evolution, our findings suggest that
qutrits, coupled with the additional step of spin squeezing, can outperform qubits in terms of QFI, provided
that the spin squeezing magnitude, the timing of squeezing and free evolution are optimally determined. All
results presented herein are derived from numerical simulations, which offer quantitative insight into the
complex dynamics and metrological performance of these quantum systems.

The structure of the paper is as follows: section 2 provides an overview of the employed model,
elucidating the Hamiltonian and dynamics. In section 3, we introduce QFI and spin squeezing parameter.
Section 4 presents our results, and finally, section 5 summarizes our conclusions.

2. Model

In a scenario where an unknown magnetic field is to be estimated, we consider a sensing protocol based on
NV centers that are initialized and controlled in the presence of the same field. Although the field strength is
not precisely known in advance, we assume it to exceed a few Gauss—sulfficient to lift the degeneracy
between the |+1) and |—1) spin states via Zeeman splitting. This splitting, typically on the order of several
MH?z or more, enables frequency-selective microwave control. In particular, the |0) <+ |—1) transition can be
addressed resonantly without significantly exciting |+1), since typical microwave pulses have bandwidths of
only a few MHz [29]. To accomplish this, we utilize one or two NV centers as our probes. The NV center,
characterized as an optically active color defect, results from a substitutional nitrogen impurity and a
neighboring carbon vacancy in the diamond lattice. Comprising six electrons from nitrogen and the
surrounding carbon atoms, the negatively charged NV center is described as a spin-1 system. We opt to
explore the full capabilities of the NV center by modeling it as a qutrit system. This choice is motivated by the
potential advantages that qutrits offer in metrology when compared to qubits [30, 31]. Its ground state is a
spin triplet (*A,) denoted as |Sms) with S=1 and mgs = 0,41. The NV center Hamiltonian captures these
properties, while the excited-state triplet (°E) is acknowledged at a higher energy level and is not explored in
this context [29, 32].

Initially, our focus is on a single NV center. We then extend our consideration to two NV centers,
exploring Ramsey interferometry with and without the application of spin squeezing as illustrated in figure 1.

2.1. Free Hamiltonian and initial states
Neglecting interactions with nuclear spins or spin-strain effects [33, 34], the Hamiltonian governing N NV
centers is expressed as follows,

N —
HOZZ[DS;-l-gsB"Si}. (D)

i=1

We take /i = 1 here and in the rest of the paper. D = 2.87 GHz is the temperature-dependent zero-field
splitting, and gs = 2.80 MHz G~ is the gyromagnetic ratio for the electron spin. The magnetic field taken
parallel to the NV center axis (z) is denoted as B = (0,0, B,). We assume the NV axes are aligned with the
magnetic field direction for simplicity, as is typical in NV center-based quantum sensing experiments using

chemical vapor deposition methods [35, 36]. The spin-1 operator S= (§x, Sy, 32) is defined as
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Figure 1. The application of Ramsey-type sequence on two Nitrogen-Vacancy (NV) Centers with and without the introduction of
spin squeezing. T is the free evolution time. Tyq is the duration of the application of spin squeezing.
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S; is the spin matrix for the ith NV center. Due to the Zeeman effect in the presence of a magnetic field, the
electron spin (S = 1) is split into three states: m; = 0, 1, —1, denoted as |0), |1) and |—1). The initial state of
the NV center is taken in the excited state |—1),

) = )—1).- 5)

i=1

This initialization can be achieved by first optically polarizing the spin into the |0} state, followed by a
microwave m-pulse to transfer the population to |—1). Although this is a less common choice compared to
starting in |0), initializing in |—1) is experimentally feasible [37] and physically motivated in our case, as the
|—1) state is aligned along the S, axis, which is relevant for the dynamics considered in this work. Then, each
NV center undergoes a 7/2 pulse, achieved by applying a rotation operator,
e*igé".

This pulse is experimentally generated by microwave drives [38].

When incorporating spin squeezing, the initial state, |1)y), is first driven through spin squeezing, and
then subjected to the 7/2 pulse, as illustrated in figure 1.

2.2. Spin squeezing generation
To describe the intricate dynamics and capture the squeezing effects in the Hamiltonian for two NV centers,
a squeezing term is introduced,

2

N
Hy=c (Y Sa] (6)

i=1

where ¢ is the squeezing constant. The Hamiltonian, as depicted in equation (6), is referred as a one-axis
twisting Hamiltonian [20, 39]. The choice of x-axis twisting in the context of spin squeezing is strategic, as it
allows for the manipulation of the noise cone, effectively narrowing the error ellipse of the spin. This,
combined with the optimal initial state, enhances the precision of the magnetic field measurement by
interplaying with the z-axis rotation induced by the magnetic field [40].

The collective spin squeezing Hamiltonian in equation (6) explicitly includes interspecies interaction
terms (e.g. S8, for N =2 NV centers), which are essential for generating collective spin squeezing. The
following subsections discuss the methods to engineer these inter-NV interactions.

2.2.1. Pulse sequence method

A more direct approach to generating spin squeezing is through pulse sequences that induce an axis-twisting
effect. In [21] a method for achieving spin squeezing via such pulse sequences is described in detail. Recent
theoretical proposals and experimental efforts have further explored the realization of such Hamiltonians
and the generation of spin squeezing using periodic pulse sequences in various quantum systems [41]. While
their work focuses on spin-1/2 systems, this approach can be extended to spin-1 systems. This is particularly
relevant to our setup, where we are interested in generating x-axis twisting. By adjusting the pulse properties,

3
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the method should allow us to transition from z-axis to x-axis twisting, which is more pertinent to the spin
dynamics we are studying. A recalculation of the squeezing parameters within our parameter ranges will be
necessary, but the method is sufficiently flexible to be implemented within our protocol.

2.2.2. Electric field induced strain method

An alternative method for generating spin squeezing, besides using pulse sequences, is the application of a
strong electric field to induce strain in the system, leading to a Hamiltonian of the form ~[(S,)* — (S,)?].
Although this Hamiltonian differs from the one used in our work, it still develops spin squeezing along
specific axes, as demonstrated in [42].

2.2.3. Off-resonant field mediated effective interaction method

Another approach, commonly used in spin-1/2 systems, involves effective interactions of the form

~STS~ + h.c., mediated by an off-resonant field that is adiabatically eliminated, as outlined in [43]. To
generalize this to spin-1 systems, one can introduce strong laser fields and replace photon operators with
c-numbers, yielding a Hamiltonian of the form ~g(S™)? + h.c. Alternatively, large detuning can be employed
via the Schrieffer—Wolff transformation, also known as the Frohlich transformation, as shown in [44], to
eliminate photon degrees of freedom, leading to a simpler effective Hamiltonian. This method has also been
applied in systems like silicon-vacancy centers, which are similar to NV centers, as described in [45].

2.2.4. Other methods
The generation of this type of Hamiltonian in real setup has been further discussed in the literature. It can be
realized through phonon mediation, as evidenced in [46] or produced in optical cavities [47]. In our specific
protocol, we need to deactivate spin squeezing after a specific duration. A dynamic control method for NV
center spin squeezing, as discussed in [48], could potentially address the technical challenge.

Recent work [49] demonstrates the generation of large-scale spin squeezing from finite-temperature
easy-plane magnetism, a method that shows great promise for NV centers.

To approximate a realistic measurement scenario, we calculate the classical Fisher information (CFI)
in appendix B.

2.3. Dynamics
We describe the open quantum system dynamics of the NV center by the following Lindblad master
equation [50],

p (1) = =i [H,p(0)] +De(p (1) +Da(p (1), (7)

where the unitary contribution to the dynamics, H, is provided as follows,

e during free evolution by H = H,
o during spin squeezing by H = Hy + Hs.

The dynamics of the NV center system, including the effects of dephasing and relaxation, are modeled and
numerically simulated using the Lindblad quantum master equation (equation (7)). This approach allows
for a comprehensive investigation of the system’s behavior under various environmental conditions. All
results presented in this work, including the comparative analysis of metrological capabilities, QFI
calculations, and spin squeezing parameter evaluations, are derived from these numerical simulations.
Specifically, the QFI is computed utilizing the QuanEstimation toolbox in Python, allowing for a systematic
exploration of various parameters and environmental conditions, as detailed in the following subsections.

To model the system, we adopt a Markovian dissipation framework and analyze the interplay between
dephasing and thermalization coefficients in optimizing the squeezing effect. Our approach employs a
phenomenological master equation incorporating decoherence and dephasing terms, consistent with
standard treatments of bulk NV centers, which rely on jump operators linear in spin-1 defect operators (S,
S_,and S,) [51-53]. The NV center, while offering long coherence times and controllable spin dynamics, is
nevertheless affected by the fluctuating states of nearby nuclear spins. These nuclear spins introduce a
dynamic and unpredictable backdrop, contributing to the environmental dissipation that impacts the
precision of measurements performed on the NV center. We assume very low temperatures relative to the NV
center transition frequencies. Dephasing and thermalization are incorporated through the dissipators given
as follows,

Da(p) =Y [San (1) S = p (1) (®)
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Do) =S [0S 2 {51500} ©)

i=1

where SI_ is the lowering operator of the ith NV center, and, §~ = %(Sx —1 Sy) We define the thermalization
rate, denoted by 7, as 20 us, based on the literature [54]. For the dephasing rate, 74, we will consider two
scenarios: one where 74 is 10% of the thermalization rate (74 = 0.17;), and another where it is equal to the
thermalization rate (4 = ¥).

In this study, we focus on NV centers located deep within the bulk of the diamond, at depths exceeding
tens of nanometers from the crystal surface. This assumption minimizes the influence of surface effects, such
as charge dissipation caused by near-surface defects, allowing us to concentrate on bulk NV center dynamics.
While charge dissipation is generally more pronounced for near-surface NV centers, its contribution
decreases significantly with increasing depth, as demonstrated in [55]. This reference provides a detailed
quantitative analysis of the depth-dependent impact of charge and spin dissipation on decoherence and
relaxation rates. For instance, it shows that the electric field fluctuations due to surface charges scale inversely
with the square of the defect depth. At depths greater than tens of nanometers, the dissipation contribution
from surface charges becomes negligible compared to bulk dissipation sources. These findings support our
assumption that the charge dissipation for deep NV centers is substantially less impactful. Additionally,
experimental results in [56] confirm the depth dependence of relaxation and dephasing times, illustrating a
marked improvement in coherence times as NV center depth increases. Figures 1 and 2 of [56] highlight this
trend, with T2 and T1 coherence times improving by approximately two orders of magnitude as the depth
increases from 4 nm to 12 nm.

3. Quantum measures

3.1. Quantum Fisher information

In the context of quantum parameter estimation, particularly for magnetic field sensing, fundamental results
in quantum metrology become imperative. Let us consider a scenario where a quantum state encodes a
parameter 0, and the goal is to estimate this parameter with optimal precision [57, 58]. For a mixed state
described by the density operator, p, the QFI can be defined, using the symmetric logarithmic derivative
(SLD) operator (Ly), as

Fq(0) =Tr [pL}] . (10)
The SLD operator is implicitly determined by the equation,

Lop+ pLo

Ogp = 2 (11)
Expressing i(; in the eigenbasis of p, the QFI takes the form,
Z| (k|0 pl1) | . (12)

A+ A

Here, |k) and |I) are the eigenvectors and A and ); are the eigenvalues of the density operator p.
The QFI sets a lower bound on the uncertainty of parameter estimation through the Cramér—Rao bound:

_
Fq(0)

This expression shows that increasing the QFI improves the precision in estimating the parameter 6. Even in
the absence of spin squeezing, one can motivate the use of higher-dimensional quantum systems through a
simple argument. Consider a Zeeman interaction of the form H = —vBS,. For a spin-1/2 system, the QFI is
Fq = 4+, where the factor of 4 can be associated with the structure of the two-dimensional Hilbert space.
Extending this to a spin-1 (qutrit) system, one intuitively expects Fq = 92, reflecting the larger separation
between eigenvalues of S, and the increased dimensionality of the system. In such cases, the optimal
measurement is along the spin direction aligned with the magnetic field—typically the z-axis component.
While simply using a qutrit provides some advantage, spin squeezing offers a strategy to harness the full
potential of the higher-dimensional Hilbert space, analogous to how GHZ states or optical squeezed states
are used to approach the Heisenberg limit in other platforms. Thus, although the expanded Hilbert space of

Al >
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spin-1 systems opens up greater possibilities for enhanced sensitivity, reaching the Heisenberg limit generally
requires careful state preparation and the use of entanglement or squeezing techniques.

In the specific application of estimating a magnetic field, 6, in our case, is the strength of the magnetic
field, and the QFI provides a quantitative measure of the ultimate precision achievable in such quantum
magnetic field sensing experiments. This theoretical foundation is critical for understanding the limits and
potential advancements in quantum-enhanced magnetic field measurements. To quantify this precision, we
employ the QuanEstimation toolbox in Python [59] to calculate the QFI.

3.2. Spin squeezing parameter

The concept of spin squeezing is established by defining it as the condition where the variance of a spin
component normal to the mean spin is smaller than the standard quantum limit. To quantify the extent of
spin squeezing, we employ the spin squeezing parameter, as introduced by Kitagawa and Ueda [16].
Kitagawa—Ueda spin squeezing brings quantum entanglement perspective to the usual spin squeezing which
is the reduction of spin noise in a certain direction at the cost of more noise in other directions. This
criterion is given by

52: 4(A]$U_)min (13)

- N
where 1, is an axis perpendicular to the mean-spin direction 71, N is the number of spins (in our case,

N =2), and ] represents the collective spin operator.

In this work, we are using the particle-entanglement-based definition of spin squeezing, which is more
restrictive than the noise redistribution version introduced by Wineland et al [60], commonly used in
Ramsey measurements. The entanglement-based definition requires true multi-particle entanglement and
cannot be achieved with a single spin, whereas the Wineland definition can reflect spin squeezing even in the
absence of particle entanglement, merely by redistributing noise between different spin components.

Kitagawa—Ueda and other quantum correlations based criteria of spin squeezing [61] are commonly
defined for SU(2) or spin-1/2 atomic ensembles. Spin squeezing in SU(3) or spin-1 systems can be discussed
in their SU(2) subgroups, such as isospin squeezing [62]. We follow a similar approach to characterize
quantum correlations and spin squeezing within the manifold of {|0),|—1)}. In general, spin squeezing can
be optimized by rotating the coordinate frame and choosing the critical rotation angles. For simplicity, we
only consider a fixed reference frame. Based on this manifold, the spin matrices & = (6«,5,,5) are written
as

Gx = [0){=1]+]=1)(0], (14)
G, =1i([|0)(—=1] = |=1)(0]), (15)
G, = |[=1)(=1] —10){0]. (16)

and the collective spin J = (s, J,,/.) is defined as

~ 1 . .
Jx= E(Ux®13 +13®0'x)7 (17)
~ 1, . .
Jy=3(6,0L+5@4)), (18)
~ 1 . R
.= E(O—Z®I3 +1; ®Jz)7 (19)

with I5 being the three-dimensional unit matrix. To calculate spin squeezing, we calculate the mean spin
squeezing direction 7 for the state,

o (0:0).02) 20)

)]

And then, we take the minimal variance, (AJ2 | Jmin» in the perpendicular direction of 7. The presence of spin
squeezing is characterized by £2 < 1. Spin squeezing is closely tied to the creation of entanglement [40, 63,
64]. Additionally, a previous study suggests that initial squeezing can aid in entanglement [44]. Our results
are consistent with this statement (appendix A).

Our approach highlights the quantum metrological advantage of employing higher-dimensional (spin-1)
multipartite quantum entanglement. This advantage, distinct from conventional spin noise squeezing, is
achieved by leveraging entanglement-based criteria for spin squeezing to further enhance sensitivity in
quantum measurement protocols.
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While we evaluate spin squeezing within the {|0),| — 1)} subspace for metrological relevance, the full
spin-1 (qutrit) Hilbert space is retained in our model. The state |[41) and its couplings remain active in the
dynamics and decoherence, distinguishing the qutrit from the reduced qubit model and accounting for their
differing behavior.

4, Results

In our simulations, the magnetic field was fixed at B= 50 G, but similar results were obtained across a range
of values from 5 to 500 G. Initially, we investigate the typical Ramsey sequence for one and two NV centers,
both starting in the initial state (equation (5)). Subsequently, after a 7/2 pulse, we allow the system to
undergo evolution through the free Hamiltonian H, for a duration of Ty = 20 us, Ty being the free
evolution time. We choose this time taking into account the dissipative time that falls within the order of
tenth of microseconds. To further enhance precision, we start again in the initial state (equation (5)),
however before the 7/2 pulse and the free evolution, we introduce spin squeezing for a duration of Ty which
corresponds to the time it takes for the squeezing parameter to reach its minimum value. The two scenarios
are illustrated in figure 1.

4.1. Analysis with spin-1 formalism

Figure 2 compares one NV center without spin squeezing (blue), two NV centers without spin squeezing
(red) and two NV centers with spin squeezing applied at varying strengths, specifically with squeezing
constants of ¢; = 0.25 GHz (green) and ¢; = 2.5 GHz (cyan).

In the case without spin squeezing, figure 2(a) shows a twofold increase in the QFI when transitioning
from one NV center to two NV centers. When environmental dissipation is introduced (figures 2(b) and (c)),
whether the QFI increases or decreases for one NV center, the twofold enhancement persists for two NV
centers.

In the case with spin squeezing, in the absence of dissipation (figure 2(a)), the QFI is larger when spin
squeezing is applied with squeezing constant, ¢; = 0.25 GHz. It increases further with a higher squeezing
constant, ¢; = 2.5 GHz. When environmental dissipation is introduced with 4 = 0.1, (figure 2(b)), spin
squeezing remains beneficial, particularly at a lower squeezing constant, ¢; = 0.25 GHz. This suggests that in
the presence of dissipation, a higher squeezing constant does not necessarily lead to higher QFI. Instead, a
low squeezing constant (¢; = 0.25 GHz), which is sufficient enough to generate spin squeezing, is more
advantageous. However, within the first 4 us, a higher squeezing constant, ¢; = 2.5 GHz, provides more
benefit.

Finally, figure 2(c) shows that the advantage of squeezing is lost when the dephasing rate increases to
~d = ;- While spin squeezing enhances magnetic sensing capabilities, they are also highly sensitive to
environmental dissipation, particularly dephasing. Analyzing the behavior of the QFI curves under such
dissipation conditions is crucial. By identifying the time at which the QFI reaches its maximum, we can
optimize experimental design and ensure measurements are performed at the peak sensitivity.
Experimentally, we typically measure populations or (S,) values. However, it is important to note that while
the QFI is calculated for the optimal positive operator-valued measure (POVM), specifically the
eigenprojectors of the SLD, measuring S, could potentially be suboptimal. In practical NV center
experiments, measurements are typically performed by projecting the system into the S, basis. This is
achieved by applying a second 7/2-pulse at the end of the free evolution time, which rotates the accumulated
phase from the transverse plane (S, S,) onto the S,-axis, where population differences are then measured.
Our method is designed for measuring DC magnetic fields, where the typical readout technique is optically
detected magnetic resonance (ODMR), which relies on monitoring changes in photoluminescence intensity
under resonant microwave excitation [26, 27, 65, 66].

The effect of spin squeezing on the NV centers is further illustrated in figure 3. The squeezing parameter,
initially around 0.5 (below 1) at the beginning of free evolution, increases due to dephasing and
thermalization during this period. Appendix A demonstrates that spin squeezing also leads to entanglement.

The spin system is initially oriented along the z-axis. The expectation values of the angular momentum
operators are

<]z> = gv <]x> - 07 <]y> - 07 (21)

where N is the total number of spins in the ensemble. In this state, the spin variance is symmetric around the
z-axis, forming a circular uncertainty distribution in the x—y-plane. The uncertainty in each component is

N

(AL = (A5)) = - (22)
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(b)

()

—— Single NV Center

—:— Two NV Centers (No Squeezing)

------- Two NV Centers (Squeezing ¢; = 2.5 GHz, Tsq =3 ns)
---- Two NV Centers (Squeezing ¢; = 0.25 GHz, Tsq =30 ns)

Figure 2. QFI as a function of time with B= 50 G for the spin-1 formalism. The different scenarios are illustrated as: (a) without
including any dissipation terms, (b) including thermalization and dephasing with v = 0.2 MHz and yq = 0.1, and (c)
including thermalization and dephasing with v = 0.2 MHz and 4 = 7. Curve identification is provided in the accompanying
legend figure.

1.0
0.9
~ 0.8
0.7
0.6
0 5 10 15 20
t (us)

Figure 3. For the spin-1 formalism, the curve in solid blue represents the squeezing parameter, £2, as a function of time during the
free evolution of two NV centers subjected to spin squeezing with ¢; = 2.5 GHz for a time of Tyq = 3 ns, including thermalization
and dephasing with ¢ = 0.2 MHz, g = 0.17;, and B=50 G.

When spin squeezing is applied, the variance along one axis in the x—y plane is reduced, while the variance
along the orthogonal axis increases. The squeezed variances become,

N
e

N¢?

<(A]sq)2> <(AIanti—sq)2> =

where €2 < 1 is the squeezing parameter. When spin squeezing is applied, the spin variance is reduced along
a specific direction in the x—y plane and increased along the orthogonal direction. Although we do not
analytically specify the squeezed axis, it is uniquely determined for each state as the direction minimizing the
spin variance perpendicular to the mean spin vector. This squeezed axis lies within the transverse plane due
to our choice of squeezing Hamiltonian. After the 7/2 pulse, the squeezed axis is effectively aligned with the
direction in which the spin state accumulates phase due to the magnetic field, ensuring that the reduced
uncertainty translates into enhanced phase sensitivity. After applying a /2 pulse, the spin state is rotated
into the x—y plane, and the noise ellipse is now aligned in this plane. This sequence is illustrated in figure 4.
The pulse does not alter the relative squeezing, but just the orientation of the state. The effect of the magnetic
field B, applied along the z-axis, is to precess the spin state around the z-axis.
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Figure 4. Illustration of the mean spin orientation and the variance of state preparation before the free evolution of the NV
centers. At time #;, the state is in its initial configuration (equation (5)) with homogeneous variance. At time ¢, the state reaches
the end of the spin squeezing period, remaining aligned in the z-direction but with noise squeezed into an ellipse. Finally, at t3, a
7 /2 pulse is applied, shifting the state into the x—y plane.

While we did not adopt a non-exponential decoherence model, such an approach could provide valuable
insights by capturing slower, more realistic dissipation dynamics [67]. Furthermore, non-exponential decay
could potentially extend coherence times, thus enhancing metrological precision in practical applications.
Investigating this further may increase the relevance of our results to real-world quantum systems.

Moreover, we examine non-Markovian effects by introducing an ancillary qubit into the model, resulting
in improved metrological performance, as discussed in section 4.3.

4.2. Analysis with spin-1/2 formalism

In this section, we examine the outcomes within the identical parameter scope for the spin-1/2 framework.
This is achieved by concentrating on the dynamics of the states |0) and |—1), which correspond to the
standard qubit subspace commonly used in NV center-based Ramsey interferometry. This configuration
effectively represents the regular NV Ramsey scheme, allowing for a direct and meaningful comparison with
our spin-1 (qutrit) results under comparable conditions, including the same dissipation parameters. The
Hamiltonian, in this context, is characterized as follows,

N

N w .

HO = E Eo-zﬁ (24)
i=1

where w = D — gsB, and 6; = (6., Gyi, 0, are the Pauli matrices for the ith NV center. The parameters and
open quantum system dynamics are kept same as in the spin-1 model. Equations (8) and (9) are modified
respectively to

N
Da(p) =D yal6ap(t) 62— p(D)]; (25)
i=1
a 1
— A At At s
D=3 60007 {67, 000}, (26)
where c?ii are the Pauli spin ladder operators for the ith NV center. The spin squeezing Hamiltonian in

equation (6) is modified to
N 2
Hs =¢ Zé'xi . (27)
i=1
The initial state of the NV center is taken in the excited state |—1). Then each NV center undergoes an /2

pulse, achieved by applying a rotation operator,

—iZs,

€
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—:— Two NV Centers (No Squeezing)

------ Two NV Centers (Squeezing ¢; = 2.5 GHz, Tsq =3 ns)
---- Two NV Centers (Squeezing ¢; = 0.25 GHz, Tsq =30 ns)

Figure 5. QFI as a function of time with B= 50 G for the spin-1/2 formalism. The different scenarios are illustrated as: (a)
without including any dissipation terms, (b) including thermalization and dephasing with v¢ = 0.2 MHz and vy = 0.1, and (c)
including thermalization and dephasing with v, = 0.2 MHz and ~yq = ;. Curve identification is provided in the accompanying
legend figure.

As in the spin-1 formalism, if spin squeezing is added, it is applied before the 7/2 pulse. We then proceed to
analyze the QFI under both scenarios (with and without squeezing), considering the presence and absence of
dissipation.

In figure 5(a), we observe that without considering any dissipation channel, spin squeezing yields a
higher QFI. However, in the presence of dissipation (figures 5(b) and (c)), the advantages of spin squeezing
are lost even for small dephasing (figure 5(b)), and Ramsey sequence without spin squeezing is more
beneficial. Earlier in figure 2(b), for the qutrit case, we observed advantages even in the presence of
dephasing. Therefore, the benefits of using qutrit sensors over qubit sensors are clearly evident.

4.3. Non-Markovian environment

We simulate non-Markovian effects by introducing an ancillary qubit coupled to a single NV center,
effectively forming a minimal finite environment [68, 69]. This coupling, implemented via an XX + YY
interaction with a strength of 0.1 GHz, enables bidirectional information exchange between the system and
the environment, a hallmark of non-Markovian dynamics [70]. Such memory effects manifest as deviations
from purely exponential decay, including coherence revivals and enhanced QFIL.

Both the NV center and the ancillary qubit are subject to environmental decoherence, including
dephasing and thermalization. However, the NV center now experiences these effects indirectly through its
interaction with the ancillary spin. The finite size of this spin environment allows information to flow back
into the NV center, reproducing non-Markovian characteristics without requiring an explicit spectral density
model. Moreover, the presence of the ancillary qubit modifies the effective bath spectral response seen by the
NV center, rendering it Lorentzian with a finite bandwidth. This spectral structure leads to non-Markovian
open system evolution, as discussed in [71].

As shown in figure 6, this configuration leads to significantly higher QFI, demonstrating the metrological
advantage of non-Markovian regimes. By introducing just one ancillary qubit, we create a structured
environment that shifts the system’s response from a Markovian to a non-Markovian regime.

In practice, NV centers are often surrounded by a finite number of nuclear or impurity spins, which
naturally form non-Markovian environments. Our simplified model captures these effects and illustrates the
potential of engineered non-Markovian dynamics to enhance quantum sensing [69, 72].
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200
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Figure 6. For the spin-1 formalism, the curves show the quantum Fisher information (QFI) as a function of time during the free
evolution of a single NV center, including thermalization and dephasing with v = 0.2 MHz, 74 = 0.17, and B=150 G. The blue
solid curve represents QFI under Markovian dissipation, while the red dashed curve shows QFI under non-Markovian dissipation.

5. Conclusion

The study concludes that incorporating a spin squeezing step in magnetometric measurement and utilizing
qutrit NV centers, as demonstrated through our comprehensive numerical simulations, yields a precision
increase relative to standard Ramsey magnetometry. These findings are strongly supported by comprehensive
simulations across diverse parameters and environmental settings. While the advantage of spin squeezing is
notably sensitive to the dephasing environment, becoming marginal with increased dephasing, our
simulations showed that moderate squeezing resulted in higher QFI compared to strong squeezing over
extended periods. The analysis, computationally comparing spin-1/2 and spin-1 formalisms, unequivocally
demonstrated the advantages of using a qutrit system over a qubit system.

In light of surface effects, the dominant role of charge dissipation near the surface severely challenges the
exploitation of spin squeezing and multipartite entanglement for magnetometry. Addressing these
limitations requires exploring alternative strategies to enable quantum entanglement advantages for
near-surface probes. Future research could focus on identifying optimal depths and surface properties to
enhance magnetometry precision under non-Markovian dynamics and spin squeezing. These efforts are
crucial for unlocking the full potential of NV centers for advanced sensing applications.

Additionally, we have observed that spin squeezing is typically associated with multipartite entanglement
under certain conditions, but a detailed quantification of entanglement was not performed in this study and
remains a subject for future work. A more detailed investigation could help clarify whether the observed
enhancement in precision is primarily due to the redistribution of spin noise or the presence of
entanglement.

Our findings contribute to the broader exploration of quantum technologies beyond qubits, where
qutrits and higher-dimensional qubits (qudits) are increasingly considered, particularly in the context of
quantum computing [73, 74]. An intriguing question persists regarding the scalability, as outlook in [75], of
these advantages, especially regarding the utilization of NV center qutrit ensembles or the investigation of
higher-level systems (qudits). These avenues pose exciting challenges for future studies, promising further
insights.
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Appendix A. Entanglement measure
For higher-dimensional systems than qubits, some entanglement measures exist. The negativity, denoted as

N(pag), quantifies entanglement in bipartite quantum systems pag [76]. It is defined as the absolute sum of
the negative eigenvalues of the partially transposed density matrix p1,

N(pas) = _ INl, (A1)
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Figure Al. For the spin-1 formalism, the curve in solid blue represents the logarithmic negativity, Ey, as a function of time during
the free evolution of two NV centers subjected to spin squeezing with ¢; = 2.5 GHz for a time of Tyq = 3 ns, including
thermalization and dephasing with v = 0.2 MHz, 74 = 0.17, and B=50 G.

where ); are the negative eigenvalues of the density matrix p}. The logarithmic negativity, denoted as
En(pap), is related to the negativity and serves as a good indicator of the degree of entanglement in our
system. It is defined as

EN (pAB) = 10g2 (ZN(pAB) + 1) . (AZ)

In figure A1, we observe that the application of spin squeezing to the two NV centers system creates an
entanglement between them. This entanglement is illustrated by an increase in the logarithmic negativity
during the application of spin squeezing. During free evolution, this entanglement decreases due to
environmental dissipation. Thus, the creation of spin squeezing in our spin-1 systems is accompanied by the
creation of entanglement. We emphasize that such multipartite entanglement arises naturally as a
consequence of spin squeezing, where the NV centers are treated as effectively interacting through a
collective spin-squeezing mechanism. Multipartite entanglement can be a byproduct of spin squeezing, and
spin squeezing is the main resource we harness for metrological advantage here. We do not focus on the
implementation of an entanglement protocol for spatially separated NV centers here, such as those based on
dipolar interaction or photon-mediated schemes; instead, in the main text, we discuss how spin squeezing
can possibly be generated between two NV centers.

Appendix B. CFI

We calculate the CFI during the system’s free evolution to better reflect a realistic experimental setup.
Specifically, we evaluate the CFI using measurements along the eigenvectors of S, and S, which can be
practically implemented through state tomography to reconstruct the quantum state and analyze its
sensitivity to parameter changes. In quantum metrology, the CFI is a valuable metric for quantifying how
responsive a measurement is to variations in a system parameter. For a probability distribution {p;(6)} that
depends on a parameter 6, the CFI is given by

CFI(Q):ZEEQ)@%E)@) , (B.1)

i

where p;(0) represents the probability of the ith measurement outcome for a given 6. In our context, these
probabilities correspond to outcomes measured along the eigenvectors of S, and S,, providing the necessary
basis for CFI calculation. By choosing eigenvectors of S, and S, as the POVM elements, we model
measurements that are feasible in practical setups. Such measurements can be carried out using state
tomography, as detailed in [77]. However, we note that in standard NV center Ramsey experiments, a second
m/2-pulse is typically applied at the end of the free evolution time to rotate the phase accumulated in the
transverse plane (S, S,) onto the S-axis, where the population difference is then measurable. Optical state
tomography reconstruction of the density matrix allows for accessing the full POVM set. However, this
would be slow and resource-intensive. Hence, nearly optimal S, measurements are preferable. In figure B1,
we observe that the CFI is non-zero and is higher with squeezing, which further supports our results.
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---- QFI (Squeezing ¢ = 0.25 GHz, Tsq =30 ns)
---- QFI (No Squeezing)

CFl (Squeezing c; = 0.25 GHz, T5q = 30 ns, POVM: 5,, S,)
—— CFI (No Squeezing, POVM: 5,, S,)

Figure B1. QFI and CFI as a function of time for a two-NV-center spin-1 system. The plots account for thermalization and
dephasing rates of 4y = 0.2 MHz and 4 = 0.1+;. Curve identification, including specific squeezing parameters and POVMs, is
provided in the accompanying legend figure.
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