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Abstract
The pooling problem is a classical NP-hard problem in the chemical process and
petroleum industries. This problem is modeled as a nonlinear, nonconvex network
flow problem in which raw materials with different specifications are blended in some
intermediate tanks and mixed again to obtain the final products with the desired spec-
ifications. The analysis of the pooling problem is quite an active research area, and
different exact formulations, relaxations, and restrictions are proposed. In this paper,
we focus on a recently proposed rank-one-based formulation of the pooling prob-
lem. In particular, we study a recurring substructure in this formulation defined by
the set of nonnegative, rank-one matrices with bounded row sums, column sums,
and the overall sum. We show that the convex hull of this set is second-order cone
representable. In addition, we propose an improved compact-size polyhedral outer-
approximationand families of valid inequalities for this set. To further strengthen these
convexification approaches, we develop two bound tightening techniques that refine
the capacities of source, pool, and terminal nodes, as well as flow bounds on arcs.
One is a simple, rule-based approach using network structure (e.g., supply, demand,
and neighboring capacities), while the other solves auxiliary optimization problems to
compute tighter bounds.Our computational experiments show that the newly proposed
polyhedral outer-approximation can improve upon the traditional linear programming
relaxations of the pooling problem in terms of the dual bound. Furthermore, bound
tightening techniques reduce the computational time spent on both the exact method,
linear programming, and mixed-integer linear programming relaxations.
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1 Introduction

The classical blending problem that appears in many industrial settings involves deter-
mining the optimal blend of rawmaterials to producea certain quantity of end products
withminimum cost. This problemdetermines the proportions of the rawmaterials used
in different products considering the specifications of the incoming rawmaterials. The
blending problem is polynomially solvable since it can be modeled as a compact-size
linear program (LP).

When the raw materials are blended in intermediate tanks and remixed to form the
end products, the problem becomes considerably more challenging to solve due to its
nonconvex nature. This problem is known as the pooling problem and is one of the
main problems in the chemical process and petroleum industries. The problem involves
three types of tanks: inputs or sources to store raw materials, pools or intermediates to
blend incoming flow streams and create new compositions, and outputs or terminals to
store the final products. There are two classes of pooling problems based on the links
among the different tanks. The standard pooling problem has no flow stream among
the pools, and the flow streams are source-to-terminal, source-to-pool, and pool-to-
terminal. A typical standard pooling problem instance is shown in Figure 1. On the
other hand, in the generalized pooling problem, flow streams between the pools are
allowed, which makes the problem even more challenging. This class was introduced
by Audet et al. (2004), and an instance of a simple generalized pooling problem is
shown in Figure 2.

Fig. 1 Standard pooling problem
with sources s1, s2, s3, pools
i1, i2, and terminals t1, t2,
forming a three-layer structure:
source-pool-terminal.

Fig. 2 Generalized pooling
problem on the same nodes,
allowing additional pool-to-pool
arcs, enabling more flexible flow
patterns.
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The analysis of the pooling problem has become an active research area since its
introduction by Haverly (1978). The nonconvexity of the problem arises due to keep-
ing track of specifications throughout the network, leading to the potential existence
of multiple local optima (Alfaki and Haugland 2013a). Therefore, researchers have
developed various exact formulations, relaxations, and heuristics to solve the problem.

The P-formulation was introduced by Haverly (1978), which modeled the prob-
lem using flow and pool attribute quality variables. The authors used the Alternating
Method to solve the problem recursively, where an LP model was generated using an
estimation of the pool qualities. More recently, Boland et al. (2015) studied a problem
consisting of multi-period variables which arises in the mining industry as a special
case of the generalized pooling problem based on the P-formulation.

Another formulation, the Q-formulation, was proposed by Ben-Tal et al. (1994),
which used variables representing the relative proportions of pool input flows instead
of the flow variables of pools in the P-formulation. The authors derived a general
principle that can reduce or eliminate the duality gap of a nonconvex program and its
Lagrangian dual in some special cases by partitioning the feasible set. They used this
principle to compute a near-optimal solution that provides a primal bound for three
different versions of the instance produced by Haverly (1978).

Additionally, Audet et al. (2004) proposed a hybrid formulation, which consists
of the quality variable from the P-formulation and the proportion variable from the
Q-formulation in addition to the flow variables. Tawarmalani and Sahinidis (2002)
added some valid constraints to express mass balances across pools, creating the
PQ-formulation. This formulation has proportion variables corresponding to sources
and flow variables along the arcs between pools and terminals (Alfaki and Haugland
2013b). The authors relaxed the new constraints by the convex and concave envelopes
from Al-Khayyal and Falk (1983) and showed the dominance of their results.

Furthermore, Alfaki and Haugland (2013b) introduced a model called the TP-
formulation consisting of the proportion variables corresponding to the terminals and
flow variables along with the arcs between sources and pools. They claimed that
combining these two proportions (sources and terminals) leads to a newmodel referred
to as the STP-formulation in which the full benefit is achieved. Boland et al. (2016)
extended these approaches for the generalized pooling problem through source-based
and terminal-based multi-commodity flow formulations. Chen andMaravelias (2022)
also studied these formulations and derived a family of valid linear constraints tangent
to the hyperbola representing the bilinear term. Castro et al. (2021) compared linear
and logarithmic partitioning schemes derived from piecewise McCormick relaxation
(PCM) and multiparametric disaggregation technique (MDT) for solving P-, Q-, and
TP-formulations. They demonstrated that linear schemes fromPCMaremore effective
for a small number of intervals, while logarithmic schemes from base-2 MDT are
preferable for larger numbers. Lastly, Grothey and McKinnon (2020) introduced the
QQ-formulation, which only uses proportion variables.

It is worth mentioning that some studies have elaborated on the complexity of the
pooling problem. While proving the NP-hardness of the pooling problem, Alfaki and
Haugland (2013a) showed that the problem preserves NP-hardness even if only one
pool exists. Baltean-Lugojan and Misener (2018) demonstrated the strongly polyno-
mial solutions and the NP-hardness of the pooling problem by parameterizing the
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objective function concerning pool concentrations. Meanwhile, the problem remains
NP-hard even by having only one quality constraint at each pool or when the number
of sources and terminals are no more than two (Haugland 2016), but there exists a
pseudo-polynomialalgorithm to solve the problem (Haugland andHendrix 2016). The
pooling problem could be polynomial-time solvable if there exists a bounded number
of sources (Haugland and Hendrix 2016; Boland et al. 2017), and having only one
source or one terminal makes it polynomially solvable since it can be formulated in
the compact form as an LP (Haugland 2016).

As can be seen above, the pooling problem is NP-hard in general and challenging
to solve in practice. This has motivated the researchers to develop relaxations and
restrictions for the problem to obtain dual and primal bounds. The LP relaxations
based on the McCormick envelopes (McCormick 1976) have been widely used in the
literature to solve the pooling problem (Alfaki andHaugland 2013a;Boland et al. 2015;
Dey et al. 2020). In addition, mixed-integer programming (MIP) models have been
developed to generate high-quality bounds aswell (Dey andGupte 2015;Haugland and
Hendrix 2016;Gupte et al. 2017, 2019). Furthermore,Marandi et al. (2018) conducted
a numerical evaluation on the standard pooling problem instances by applying the
sum-of-squares hierarchy (Lasserre et al. 2017) via solving semi-definite programs to
construct lower bounds.Although thismethod has promising results in small instances,
the scale of larger instances remains an issue, and higher levels of the hierarchy become
computationally expensive.

Dey et al. (2020) proposed a new formulation for the pooling problem in which the
bilinear constraints are replaced with rank-one constraints on the decomposed flow
matrix variables related to a pool. This allowed the authors to develop new relaxations
for the pooling problemwhere the rank-one constraint with side constraints is relaxed.
For example, they proved that the convex hull of the set of nonnegative, rank-one
matrices1 with bounded row (or column) sums and the overall sum is polyhedrally
representable. This translates to a nice interpretation for the pooling problem in which
the bounds on row (resp. column) sums can be treated as the bounds on the incoming
(resp. outgoing) arcs to a pool, and the overall bound can be seen as the bound of
the overall flow on the pool. We note that investigating the convex hulls of rank-
one matrices carries significant implications for optimization in various domains (see
Gupte et al. (2020);Dey et al. (2020)). In this paper, we also prove that the convex hull
of the set of nonnegative, rank-one matrices with bounded row sums, column sums,
and the overall sum is second-order cone (SOC) representable.

While there have been some notable advancements in the field, most research has
focused on the standard pooling problem and has been limited to small to medium
problem instances. Moreover, state-of-the-art solutions do not perform well when the
flow streams among the pools are allowed. However, multi-period network flow prob-
lems, such as the mining problem associated with large-scale data, can be formulated
as a special case of the general pooling problem.

We aim to address the above challenges in our paper, offering theoretical and
methodological contributions to the pooling problem literature. From the theoretical
aspect, we prove that the convex hull of the set of nonnegative, rank-onematrices with

1 Let X ∈ R
m×n . If X is rank-one, then there exist y ∈ R

m and z ∈ R
n such that X = yzT .
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bounded row sums, column sums, and the overall sum is SOC representable. Although
the size of this representation is exponential, it helps us to develop new LP relaxations
that are stronger than the well-known PQ- and TP-relaxations, and valid inequalities
based on the Reformulation-Linearization Technique (RLT). From the methodologi-
cal aspect, we focus on improving both the time and quality of the exact and relaxed
models via bound tightening. To improve the lower and upper bounds on the capaci-
ties of the nodes and arcs, we use the Optimization-Based Bound Tightening (OBBT)
technique. In addition, we develop a novel bound-tighteningmethod that leverages the
special structure of the mining instances, which are large-scale real-world problems
that can be converted to generalized pooling problems. By implementing our method
in a few simple steps, we can significantly improve the quality of the dual bounds and
enable the exact formulation to reach the optimal solution more efficiently.

The rest of this paper is organized as follows: In Section 2, we prove that the convex
hull of the set of nonnegative, rank-one matrices with bounded row sums, column
sums, and overall sum is SOC representable. In addition,we develop polyhedral outer-
approximations of this complicated convex hull and propose valid inequalities using
RLT. These developments will be the basis of our analysis in the succeeding sections.
In Section 3, we describe the pooling problem formally and providemulti-commodity
flow formulations in detail. Then, we review different polyhedral and MIP-based
relaxations for these formulations. In Section 4, we present new LP relaxations we
have developed. Moreover, we discuss the OBBT technique and how we can use it
for the pooling problem. We also provide the details of our tailored bound-tightening
method to improve the bounds on the capacity of the arcs and nodes of the time-
indexed pooling problem that arises in the mining industry. We present the settings
of our different experiments and their computational results in Section 5. Finally, we
have some concluding remarks in Section 6.

Notation:We denote the set of integers 1, . . . , n as [n]. We use the notation · when a
bound is relaxed. We denote the k-th unit vector as ek and the vector of ones as e.

2 Main Results

To set the stage for ourmain results, we begin by the following definition:A setS ⊆ R
n

is called polyhedrally representable (resp. SOC representable) if it can be written as

S = {x ∈ R
n : ∃y ∈ R

k : Ax + By − c ∈ K},

where K is the nonnegative orthant (resp. the product of Lorentz cones) in an appro-
priate dimension.

Now, let us define the following polyhedral set

T (l, u, l′, u′, L,U) :=
{
X ∈ R

m×n+ :

li ≤
n∑

j=1

xij ≤ ui, i ∈ [m], l′j ≤
m∑

i=1

xij ≤ u′
j , j ∈ [n], L ≤

m∑
i=1

n∑
j=1

xij ≤ U

}
,
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where l, u ∈ R
m+, l′, u′ ∈ R

n+ and L,U ∈ R+ such that u ≥ l, u′ ≥ l′ and U ≥ L.
Without loss of generality, we assume that u > 0 and u′ > 0 (otherwise, we can
simplify the analysis by deleting the row i with ui = 0 and column j with u′

j = 0).
In this section, we focus on the study of the nonconvex set

T̃ (l, u, l′, u′, L,U) := {X ∈ T (l, u, l′, u′, L,U) : rank(X) ≤ 1
}
.

This nonconvex set appears as a substructure in the pooling problem.As an illustration,
consider pool 1 in Figure 1. Let X ∈ R

2×2+ represent the decomposed flow variables,
that is, xij is the amount of flow originated at node i and terminated at node j ;
i ∈ {s1, s2}, j ∈ {t1, t2}. In this case, the sum of row i (resp. column j ) entries of
matrix X is the incoming flow to (resp. outgoing flow from) this pool from source i

(resp. to terminal j ). Similarly, the sum of overall entries of X is the total flow at the
pool. Due to the special structure of the pooling problem, we require rank(X) ≤ 1, as
this guarantees that the outgoing flow from the pool will have identical specifications
(see Dey et al. (2020) for details). The matrix X has a slightly different interpretation
in the case of a generalized pooling problem. See Figure 3 and related discussions.

Before proceeding, we remind the reader a recent result regarding the set
conv(T̃ (l, u, l′, u′, L,U)), which shows that this set has a polynomial-size polyhedral
representation when either row bounds or column bounds are relaxed:

Theorem 1 [ Dey et al. (2020)] We have the following extended formulations2:

• The row-wise formulation is conv(T̃ (l, u, ·, ·, L,U)) = {
X ∈ R

m×n+ : ∃t ∈ R
n+ :

(1)} , where

li tj ≤ xij ≤ ui tj , i ∈ [m], j ∈ [n], Ltj ≤
m∑

i=1

xij ≤ Utj , j ∈ [n],
n∑

j=1

tj = 1. (1)

• The column-wise formulation is conv(T̃ (·, ·, l′, u′, L,U)) = {
X ∈ R

m×n+ : ∃t ′
∈ R

m+ : (2)
}
, where

l′j t ′i ≤ xij ≤ u′
j t

′
i , i ∈ [m], j ∈ [n], Lt ′i ≤

n∑
j=1

xij ≤ Ut ′i , i ∈ [m],
m∑

i=1

t ′i = 1.

(2)

We note that the convex hull of the intersection of the sets T̃ (l, u, ·, ·, L,U) and
T̃ (·, ·, l′, u′, L,U)) is not polyhedral in general (see Theorem 4 in Dey et al. (2020)).
This motivates us to move beyond the standard row- and column-wise formulations
as introduced in Theorem 1, and to explore more advanced relaxations and nonlinear
formulations.

We study the nonconvex set T̃ in three steps: In the first step, we prove that its
convex hull is SOC representable in Section 2.1. This is an improvement over Dey

2 We use these extended formulations in Section 3.3 to derive relaxations for the pooling problem; they
also appear in the summary Table 2 used in our computational experiments.
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et al. (2020) given in Theorem 1, which showed that the convex hull of the set of non-
negative, rank-one matrices with bounded row sums or column sums, and the overall
sum is polyhedrally representable. Unfortunately, the size of our SOC representation
is exponential in the size of the matrix dimensions. This has motivated us to find a
compact-size outer-approximation of the convex hull. In the second step, we obtain
such a polyhedral outer-approximation in Section 2.2, which is stronger than the inter-
section of column-wise and row-wise relaxations from Dey et al. (2020). In the third
and final step, we use RLT to further strengthen the polyhedral outer-approximation
obtained in the second step by adding valid inequalities in Sect. 2.3.

2.1 Second-Order Cone Representable Convex Hull

In this section, we prove the following theorem:

Theorem 2 conv(T̃ (l, u, l′, u′, L,U)) is SOC representable.

We need the following lemma in the proof of Theorem 2.

Lemma 1 Let X be an extreme point of T̃ (l, u, l′, u′, L,U). Then,

• #row := ∣∣{i ∈ [m] : li <
∑n

j=1 xij < ui}
∣∣ ≤ 1.

• #col := ∣∣{j ∈ [n] : l′j <
∑m

i=1 xij < u′
j }
∣∣ ≤ 1.

Proof We only prove the first statement since the proof of the second statement is
similar. Since rank(X) ≤ 1 and X ≥ 0, there exist two non-zero vectors y ∈ R

m+
and z ∈ R

n+ such that X = yz�. By contradiction, suppose that #row > 1. Without
loss of generality, let us assume that li <

∑n
j=1 xij < ui for i = 1, 2, which implies

that y1 > 0 and y2 > 0. The idea of the proof is to to subtract a small-sized vector
from row 1 and adding it to row 2 (and vice versa) to construct a feasible line segment
[X−,X+] with X as the midpoint, contradicting the assumption that X is extreme. In
particular, let us consider the following two points:

X± = y±z� where y± = y ± εe1 ∓ εe2.

We have some observations: Firstly, the sum of the entries of y, y+ and y− vectors is
the same since e�y = e�y+ = e�y−. Secondly, the row sums (except the first two) of
X, X+, and X− matrices are the same since e�

i (yz�)e = e�
i (y+z�)e = e�

i (y−z�)e

for i ≥ 3. Thirdly, all the column sums of X, X+ and X− matrices are the same since
e�(yz�)ej = e�(y+z�)ej = e�(y−z�)ej for j ≥ 1. Consequently, all the overall
sums of X, X+ and X− matrices are also the same.

Now, since all the row sums except the first two and all the column sums are
unchanged, and the row sum bounds are not tight for the first two rows, we can find
small enough ε > 0 such that both X+ and X− belong to T̃ (l, u, l′, u′, L,U). Hence,
since X = 1

2X
+ + 1

2X
− cannot be an extreme point, we reach a contradiction to the

fact that #row > 1. 
�
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Lemma 1 implies that the extreme points of T̃ (l, u, l′, u′, L,U) are contained in
the set

⋃
i∈[m],j∈[n]

⋃
bi′ ∈{li′ ,ui′ },b′

j ′ ∈{l′
j ′ ,u′

j ′ }
Si,j ({bi′ }i′ �=i , {b′

j ′ }j ′ �=j ),

where the set Si,j ({bi′ }i′ �=i , {b′
j ′ }j ′ �=j ) is a subset of T̃ (l, u, l′, u′, L,U)) in which

all the row sums (denoted by bi′ , i ′ = 1, . . . ,m) and column sums (denoted by b′
j ′ ,

j ′ = 1, . . . , n), except the i-th row and j -th column, are equal to bi′ ∈ {li′ , ui′ }, i ′ �= i

and b′
j ′ ∈ {l′

j ′ , u′
j ′ }.

Now, we are finally ready to prove Theorem 2.

Proof (Proof of Theorem 2) Since T̃ (l, u, l′, u′, L,U) is compact,
conv(T̃ (l, u, l′, u′, L,U)) can be obtained as the convex hull of its extreme points.

Let X be an extreme point of T̃ (l, u, l′, u′, L,U). Then, due to Lemma 1, it must
belong to a set of the form Si,j ({bi′ }i′ �=i , {b′

j ′ }j ′ �=j ) �= ∅. Since rank(X) ≤ 1 and

X ≥ 0, there exist two non-zero vectors y ∈ R
m+ and z ∈ R

n+ such that X = yz�.
Note that we have yi′

∑n
j=1 zj = bi′ , i ′ �= i and zj ′

∑m
i=1 yi = b′

j ′ , j ′ �= j . The
rest of the proof involves considering three cases:
Case 1: Suppose that there exist I �= i and J �= j such that bI > 0 and b′

J > 0. Then,
we obtain the following relations:

yi′ = bi′

bI

yI , i ′ �= i and zj ′ = b′
j ′

b′
J

zJ , j ′ �= j .

As a shorthand notation, we define

B :=
∑
i′ �=i

bi′

bI

, B ′ :=
∑
j ′ �=j

b′
j ′

b′
J

.

Considering the i-th row, j -th column, and overall bounds, we obtain the following
set of equations in y and z,

yI (zj + B ′zJ ) = bI , zJ (yi + ByI ) = b′
J

yi(zj + B ′zJ ) ∈ [li , ui ], zj (yi + ByI ) ∈ [l′j , u′
j ], (yi + ByI )(zj + B ′zJ ) ∈ [L,U ]

yi, yI , zj , zJ ≥ 0,

which can be translated to X variables as follows:

xij xIJ = xiJ xIj

xIj + B ′xIJ = bI , xiJ + BxIJ = b′
J

xij + B ′xiJ ∈ [li , ui], xij + BxIj

∈ [l′j , u′
j ], xij + B ′xiJ + BxIj + BB ′xIJ ∈ [L,U ]

xij , xIJ , xiJ , xIj ≥ 0.

(3)
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The set defined by (3) is the intersection of a quadratic equation with a polytope, and
its convex hull is known to be a SOC representable set (Santana and Dey 2020), which
we denote by Qij ({bi′ }i′ �=i , {b′

j ′ }j ′ �=j ). Hence, we conclude that the convex hull of
Si,j ({bi′ }i′ �=i , {b′

j ′ }j ′ �=j ) is the following SOC representable set:

{
X ∈ R

m×n+ :(xij , xIJ , xiJ , xIj ) ∈ Qij ({bi′ }i′ �=i , {b′
j ′ }j ′ �=j ),

n∑
j ′=1

xij ′ = bi′ i ′ ∈ [m] \ {i},
m∑

i′=1

xi′j = b′
j ′ j ′ ∈ [n] \ {j }

}
.

Case 2: Suppose that bi′ = 0 for all i ′ �= i, meaning that all rows ofX (except possibly
for the i-th one) are zero vectors. Then, we conclude that Si,j ({bi′ }i′ �=i , {b′

j ′ }j ′ �=j ) is
the following polyhedral set:

⎧⎨
⎩X ∈ R

m×n+ : li ≤
n∑

j ′=1

xij ′ ≤ ui , l′
j ′ ≤ xij ′ ≤ u′

j ′ j ′ ∈ [n], xi′j ′ = 0 i′ ∈ [m] \ {i}, j ′ ∈ [n]
⎫⎬
⎭ .

Case 3: Suppose that b′
j ′ = 0 for all j ′ �= j , meaning that all columns of X (except

possibly for the j -th one) are zero vectors. Then, Si,j ({bi′ }i′ �=i , {b′
j ′ }j ′ �=j ) is the fol-

lowing polyhedral set:

⎧⎨
⎩X ∈ R

m×n+ : l′j ≤
m∑

i′=1

xi′j ≤ u′
j , li′ ≤ xi′j ≤ ui′ i′ ∈ [m], xi′j ′ = 0 i′ ∈ [m], j ′ ∈ [n] \ {j}.

⎫⎬
⎭ .

In all cases, we conclude that the convex hull of Si,j ({bi′ }i′ �=i , {b′
j ′ }j ′ �=j is SOC

representable. Finally, by using the relation

conv(T̃ (l, u, l′, u′, L,U)) = conv

( ⋃
i∈[m],j∈[n]

⋃
bi′ ∈{li′ ,ui′ },b′

j ′ ∈{l′
j ′ ,u′

j ′ }
conv

(
Si,j ({bi′ }i′ �=i , {b′

j ′ }j ′ �=j )
))

,

and utilizing the fact that the convex hull of the union of a finite number of compact
SOC representable sets is again SOC representable (Ben-Tal and Nemirovski 2001),
we prove the statement of the theorem. 
�
Recall that we have used an SOC representability result from Santana and Dey (2020)
in Case 1 of the proof above, which already involves exponentiallymany disjunctions.
This highlights the inherent complexity of the substructure we study.

2.2 Polyhedral Outer-approximations

We proved that conv(T̃ (l, u, l′, u′, L,U)) is SOC representable in Theorem 2. How-
ever, its exact representation might be quite large. Instead, we now develop some
outer-approximations of that set.
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2.2.1 A Straightforward Polyhedral Outer-approximation

A straightforward outer-approximation can be obtained using Theorem 1 as follows:

T 1(l, u, l′, u′, L,U)

:= conv(T̃ (l, u, ·, ·, L,U)) ∩ conv(T̃ (·, ·, l′, u′, L,U)). (4)

Clearly, the following relation holds,

conv(T̃ (l, u, l′, u′, L,U)) ⊆ T 1(l, u, l′, u′, L,U)

The set T 1(l, u, l′, u′, L,U) is the intersection of the row-wise and column-wise
extended formulations derived in the previous section. Here, the variable tj (resp. t ′i )
represents the ratio of the column sum j (resp. row sum i) to the overall sum.We note
that, due to the rank condition, tj (resp. t ′i ) also represents the ratio of the entry xij to
the row sum i (resp. column sum j ).

We now present a result related to the set T 1(l, u, l′, u′, L,U).

Proposition 1 T (l, u, l′, u′, L,U) ⊇ T 1(l, u, l′, u′, L,U).

Proof Let X ∈ T 1(l, u, l′, u′, L,U) and t, t ′ satisfy the constraints in the description
of equation (4).

Summing each side of the inequality Ltj ≤ ∑m
i=1 xij ≤ Utj over j and using∑n

j=1 tj = 1 yield L ≤∑n
j=1

∑m
i=1 xij ≤ U .

Summing each side of the inequality li tj ≤ xij ≤ ui tj over j and using
∑n

j=1 tj =
1 yield li ≤∑n

j=1 xij ≤ ui for each i ∈ [m].
The remaining two sets of inequalities (column bounds) follow analogously

by applying the same reasoning to X using t ′i and
∑m

i=1 t ′i = 1. Hence, X ∈
T (l, u, l′, u′, L,U).

Therefore, we conclude that X ∈ T (l, u, l′, u′, L,U). 
�

2.2.2 A Stronger Polyhedral Outer-approximation

Since the convex relaxation T 1(l, u, l′, u′, L,U) is the intersection of the row-wise
and column-wise extended formulations, it is natural to think of another extended for-
mulation that considers rows and columns simultaneously.We now propose a stronger
polyhedral outer-approximation3.

3 We use these extended formulations later in Section 4.1 to derive relaxations for the pooling problem.
Also, see Table 2.
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Let us define T 2(l, u, l′, u′, L,U) := {X ∈ R
m×n+ : ∃R ∈ R

m×n+ : (5)} where

li

m∑
i′=1

ri′j ≤ xij ≤ ui

m∑
i′=1

ri′j , i ∈ [m], j ∈ [n],

Lrij ≤ xij ≤ Urij , i ∈ [m], j ∈ [n],

l′j
n∑

j ′=1

rij ′ ≤ xij ≤ u′
j

n∑
j ′=1

rij ′ , i ∈ [m], j ∈ [n],
m∑

i=1

n∑
j=1

rij = 1.

(5)

The variable rij represents the ratio of the entry xij to the overall sum. Intuitively, the
relationships between the r variables appeared in (5), and the t, t ′ variables appeared
in (1)–(2) are given as

rij = t ′i tj , t ′i =
n∑

j ′=1

rij ′ and tj =
n∑

i′=1

ri′j .

Now, we compare the relaxed extended formulations T 1(l, u, l′, u′, L,U) and
T 2(l, u, l′, u′, L,U):

Proposition 2 T 1(l, u, l′, u′, L,U) ⊇ T 2(l, u, l′, u′, L,U).

Proof Let X ∈ T 2(l, u, l′, u′, L,U) and R satisfy the constraints in equation (5). Set

tj :=
m∑

i′=1

ri′j and t ′i :=
m∑

k′=1

rij ′ i ∈ [m], j ∈ [n].

By construction, we have

n∑
j=1

tj = 1 and
m∑

i=1

t ′i = 1.

Also,

li

m∑
i′=1

ri′j ≤ xij ≤ ui

m∑
i′=1

ri′j �⇒ li tj ≤ xij ≤ uitj ,

l′i
m∑

k′=1

rij ′ ≤ xij ≤ u′
i

m∑
k′=1

rij ′ �⇒ l′i t ′i ≤ xij ≤ u′
i t

′
i .

Consider the inequality Lrij ≤ xij ≤ Urij : (i) Summing each side of it over i and
using tj = ∑m

i=1 rij yield Ltj ≤ ∑m
i=1 xij ≤ Utj , ∀j ∈ [n]. (ii) Summing each

side of it over j and using t ′i =∑m
k=1 rij yield Lt ′i ≤∑n

j=1 xij ≤ Ut ′i , ∀i ∈ [m].
Hence, we conclude that X ∈ T 1(l, u, l′, u′, L,U). 
�
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We conclude that both the sets T 1(l, u, l′, u′, L,U) and T 2(l, u, l′, u′, L,U) are
outer-approximationsfor conv(T (l, u, l′, u′, L,U)), but T 2(l, u, l′, u′, L,U) yields a
stronger relaxation than T 1(l, u, l′, u′, L,U). On the other hand, the extended formu-
lation T 1(l, u, l′, u′, L,U) requires m + n many additional variables while we need
mn many extra variables for T 2(l, u, l′, u′, L,U).

2.3 Valid Inequalities Obtained by the Reformulation-Linearization Technique

In this section, we strengthen the polyhedral outer-approximation of
conv(T̃ (l, u, l′, u′, L,U)) obtained in the previous section by using RLT4. Assume
that L > 0, and let us define the following set of inequalities

l′j /U ≤ tj ≤ u′
j /L j ∈ [n] (6a)

li/U ≤ t ′i ≤ ui/L i ∈ [m] (6b)

li tj ≤ u′
j t

′
i i ∈ [m], j ∈ [n] (6c)

l′j t ′i ≤ uitj i ∈ [m], j ∈ [n], (6d)

These inequalities are justified and discussed in more detail in the proof of Proposition
3. Also, consider the set

R̃(l, u, l′, u′, L,U) :=
{
X ∈ R

m×n+ : ∃t ∈ R
n+, t ′ ∈ R

m+, R ∈ R
m×n+ :

(6),
n∑

j=1

tj = 1,
m∑

i=1

t ′i = 1,

rij = t ′i tj , i ∈ [m], j ∈ [n], xij = rij

m∑
i′=1

n∑
j ′=1

xi′j ′ , i ∈ [m], j ∈ [n]
}
.

Proposition 3 We have R̃(l, u, l′, u′, L,U) ⊇ T̃ (l, u, l′, u′, L,U).

Proof Let X ∈ T̃m,n. If rank(X) = 0, meaning that X = 0, then we can simply
set t1 = 1 and t ′1 = 1, and thus r11 = 1. In this case, all the lower bounds have
to be zero (otherwise, X = 0 would not have been feasible), and it is trivial to
see that X ∈ R̃(l, u, l′, u′, L,U). On the other hand, if rank(X) = 1, then we set
rij := xij∑m

i′=1

∑n
j ′=1 xi′j ′ for i ∈ [m] and for j ∈ [n] , t ′i := ∑n

j ′=1 rij ′ for i ∈ [m] and
tj :=∑m

i′=1 ri′j for j ∈ [n]. We trivially obtain
∑n

j=1 tj = 1,
∑m

i=1 t ′i = 1, rij = t ′i tj
and xij = rij

∑m
i′=1

∑n
j ′=1 xi′j ′ for i ∈ [m], j ∈ [n].

Dividing each side of the inequality li ≤∑n
j=1 xij ≤ ui by

∑m
i′=1

∑n
j ′=1 xi′j ′ and

using the definition of t ′i as above yield the inequality

li∑m
i′=1

∑n
j ′=1 xi′j ′

≤ t ′i ≤ ui∑m
i′=1

∑n
j ′=1 xi′j ′

�⇒ li/U ≤ t ′i ≤ ui/L, i ∈ [m].

4 We use these valid inequalities later in Section 4.2. See also Table 2.
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Dividing each side of the inequality l′j ≤ ∑n
j=1 xij ≤ u′

j by
∑m

i′=1
∑n

j ′=1 xi′j ′ and
using the definition of tj as above yield the inequality

l′j∑m
i′=1

∑n
j ′=1 xi′j ′

≤ tj ≤ u′
j∑m

i′=1
∑n

j ′=1 xi′j ′
�⇒ l′j /U ≤ tj ≤ u′

j /L, j ∈ [n].

The above derivation also shows that we have

li

t ′i
≤

m∑
i′=1

n∑
j ′=1

xi′j ′ ≤ ui

t ′i
, i ∈ [m] and

l′j
tj

≤
m∑

i′=1

n∑
j ′=1

xi′j ′ ≤ u′
j

tj
, j ∈ [n],

from which we deduce that li tj ≤ u′
j t

′
i and l′j t ′i ≤ uitj for i ∈ [m], j ∈ [n].

Hence, we prove that X ∈ R̃(l, u, l′, u′, L,U). 
�

We obtain valid inequalities for the nonconvex set R̃(l, u, l′, u′, L,U) using the
RLT approach. Note that any such valid inequality is also valid for the set of our
interest, T̃ (l, u, l′, u′, L,U) due to Proposition 3. We apply the following procedure
to obtain such inequalities:

(i) Transform the inequalities (6) into the form less-than-or-equal type with 0 right
hand side.

(ii) Multiply the resulting inequalities to obtain bilinear expressions in t and t ′, and
convert them into inequalities in r:

(a) Replace the term t ′i tj with rij .
(b) Replace the term t ′i with

∑n
j ′=1 rij ′ .

(c) Replace the term tj with
∑m

i′=1 ri′j .

(iii) Obtain inequalities in x variables, using rij := xij∑m
i′=1

∑n
j ′=1 xi′j ′ .

Multiplying (6a) and (6b): These are precisely the McCormick envelopes applied to
rij = t ′i tj . These linear inequalities in r variables are given as follows:

rij ≥ li

U

m∑
i′=1

ri′j + l′j
U

n∑
j ′=1

rij ′ − li l
′
j

U2 , rij ≤ li

U

m∑
i′=1

ri′j + u′
j

L

n∑
j ′=1

rij ′ − liu
′
j

UL

rij ≤ ui

L

m∑
i′=1

ri′j + l′j
U

n∑
j ′=1

rij ′ − ui l
′
j

UL
, rij ≥ ui

L

m∑
i′=1

ri′j + u′
j

L

n∑
j ′=1

rij ′ − uiu
′
j

L2

Although it is possible to derive valid inequalities from themultiplication of inequal-
ities (6c) and (6d), or inequalities (6a) and (6c) for the same (i, j) pair, we observe that
their effect to the relaxation is small. Therefore, we omit them from the discussion.
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3 The Pooling Problem

In this section, we describe the pooling problem formally, and present its well-known
and recently developed exact formulations and different types of relaxations.

3.1 Problem Definition and Notation

Let G = (N,A) represent a graph with the node set N and the arc set A. Moreover,
let S, I , T , and K denote the set of sources (inputs), intermediates (pools), terminals
(outputs), and specifications, respectively. Then, in the pooling problem, we have
N = S∪I ∪T . For the standard pooling problem,we haveA ⊆ (S×(I ∪T ))∪(I ∪T ),
while in the general pooling problem,we haveA ⊆ (S×(I ∪T ))∪(I ×(I ∪T )). This
definition indicates that we may have flow streams among the pools in the generalized
version. In this notation, Si is the set of source nodes from which there is a path to
node i, and Ti is the set of terminal nodes to which there is a path from node i. The
set of nodes to which there is an arc from node i and the set of nodes from which
there is an arc to node i are denoted by N+

i and N−
i , respectively. In this notation,

the unit cost of using arc (i, j) is shown by Cij and the specification k of source s

by λs
k . We may also have some lower and upper bounds for the desired specification

k at terminal t denoted by [μt
k
, μ̄t

k], the capacity of node i denoted by [Li,Ui ], and
capacity of arc (i, j) denoted by [lij , uij ]. A summary of all the notation, which we
have mostly adapted from Dey et al. (2020), can be found in Table 1.

3.2 Source-Based Rank Formulation

In this section, we review the source-based multi-commodity flow formulation for
the generalized pooling problem developed in Alfaki and Haugland (2013a). This
formulation consists of the proportion variables corresponding to sources and the flow
variables along with the arcs between pools and terminals. This formulation was later
investigated and presented in Dey et al. (2020). These authors have convexified the
nonconvex constraint in different ways. We use their formulation and go over their
proposed methods in the following sections.

3.2.1 Mathematical Model

In this section, we review the Source-Based multi-commodity flow formulation. An
explanation of the mathematical model and an introduction to different relaxations
and restrictions will follow.

min
∑
i∈I

∑
s∈Si

∑
j∈N+

i

Csix
s
ij −

∑
i∈I

∑
j∈N+

i

Cij fij (7)

s.t. Li ≤
∑

j∈N−
i

fji ≤ Ui ∀i ∈ I ∪ T (8)

Li ≤
∑

j∈N+
i

fij ≤ Ui ∀i ∈ S (9)
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Table 1 Notations of the source-based rank formulation

Indices s Source (or input), s = 1, . . . , S

i Intermediate (or pool), i = 1, . . . , I

t Terminal (or output), t = 1, . . . , T

k Specification, k = 1, . . . , K

Sets Si The set of source nodes from which there is a path to
node i

Ti The set of terminal nodes to which there is a path from
node i

N+
i

The set of nodes to which there is an arc from node i

N−
i

The set of nodes from which there is an arc from node i

Variables fij The amount of flow from node i to node j

xs
ij The amount of flow on arc (i, j) originated at the source

s ∈ Si

qs
i The fraction of flow at pool i originated at source s

Parameters Cij Cost of sending unit flow over arc (i, j)

λs
k

The specification k of source s

[μt
k
, μ̄t

k
] The desired interval for specification k of terminal t

[Li,Ui ] Lower bound and upper bound of the capacity of node i

[lij , uij ] Lower bound and upper bound of the capacity of arc
(i, j)

lij ≤ fij ≤ uij ∀(i, j) ∈ A ∪ {(s, i) : i ∈ I , s ∈ Si } (10)∑
j∈N−

si

xs
ji =

∑
j∈N+

i

xs
ij ∀i ∈ I ,∀s ∈ Si (11)

∑
s∈Si

xs
ij = fij ∀(i, j) ∈ A (12)

∑
j∈N+

i

xs
ij = fsi ∀i ∈ I ,∀s ∈ Si (13)

μt
k

∑
j∈N−

t

fjt ≤
∑

j∈N−
t

∑
s∈Sj

λs
kxs

jt ≤ μ̄t
k

∑
j∈N−

t

fjt ∀t ∈ T ,∀k ∈ K (14)

xs
ij = qs

i fij ∀(i, j) ∈ A,∀s ∈ Si (15)

xs
ij ≥ 0 ∀(i, j) ∈ A,∀s ∈ Si (16)

qs
i ≥ 0 ∀i ∈ I ,∀s ∈ Si. (17)

The objective function (7) minimizes the cost of sending the raw materials to the
outputs through some pools. In this equation, the sum of xs

ij variables can be replaced
by fij and the objective will be as follows:

min
∑

(i,j)∈A

Cij fij



M. Jalilian, B. Kocuk

Fig. 3 A sample generalized
pooling problem instance.

In this case, we should consider the cost of purchasing rawmaterials as positive and the
profit of selling outputs as negative. In addition, the cost of sending the raw material
directly to the output is the difference between its cost and the revenue from selling
it, which could be either positive or negative.

Constraint (8) imposes bounds on the capacity of pools and terminals, while in
constraints (9), we have these bounds for the sources. In constraints (10), flows on
different arcs are limited to be in an interval, and constraints (11) is the flow conserva-
tion, which guarantees that all the flows coming into pools go out of them. We define
the set N−

si used in equations (11) as N−
si = {j ∈ N−

i : j /∈ S \ s and s ∈ Sj }.
Figure 3 shows a fictitious sample of a general pooling problem, which will be our

running example in this section. Let us write constraints (11) for pool i = 6 and its
source s = 1:

N−
1,6 = {5}, N+

6 = {7, 9} �⇒ x1
5,6 = x1

5,7 + x1
5,9

In fact, this constraint ensures that the incoming flow to a pool from each of its source
nodes equals the outgoing flow from it originated at the same source.

Equations (12) and (13) ensure that the flow decomposition is performed precisely.
If the link (s, i) does not exist for i ∈ I and s ∈ Si , we refer to fsi as a ghost flow,
following the terminology of Dey et al. (2020). Let us have a look at Figure 3 and try
to write equations (13) for i = 6 and s = 1:

x1
6,7 + x1

6,9 = f1,6

Constraints (14) are to meet the specification requirements at terminals. Specifically,
it imposes lower and upper bounds, μt

k
and μ̄t

k , on the total incoming flow from pools

j ∈ N−
t to each terminal t ∈ T . The expression

∑
j∈N−

t

∑
s∈Sj

λs
kx

s
jt represents

the total amount of flow with specification k ∈ K from different sources s via the
flows xs

jt . This constraint is critical to guarantee that the blended product delivered
to each terminal satisfies the required quality standards. Constraint (15), which is the
nonconvex bilinear constraint, calculates the fraction of flow at pool i originated at
source s on each arc (i, j). Variable xs

ij , which denotes this flow, is modeled as the
product of the fraction qs

i of flow at pool i originating from source s and the total
outgoing flow fij . This constraint is essential for tracking the origin of flow across
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the network, enabling the correct evaluation of quality specifications at the terminals.
Finally, we have the nonnegativity of the variables in constraints (16) and (17).

It is worth mentioning that the Source-Based formulation is equivalent to the PQ-
formulation.

3.3 Polyhedral Relaxations

The proposed exact formulation of the pooling problem is nonconvex.Now,we present
different LP relaxations of this model. Our starting point will be the work of Dey
et al. (2020) in which the bilinear constraint in the Source-Based formulation (15)
is rewritten as a set of rank restrictions on a matrix consisting of decomposed flow
variables xs

ij as follows:

rank
(
[xs

ij ](s,j)∈Si×N+
i

)
≤ 1 ∀i ∈ I . (18)

As an example, consider pool i = 6 in Figure 3. It is easy to see that the following
relation:

⎡
⎣x1

6,7 x1
6,9

x2
6,7 x2

6,9
x3
6,7 x3

6,9

⎤
⎦ =

⎡
⎣q1

6
q2
6

q3
6

⎤
⎦× [f6,7 f6,9

]

This example demonstrates the logic of the rank-one constraint as the matrix on the
left-hand side can be written as the product of a column vector and a row vector.

The rank constraints (18) can be convexified in different ways. Below, we present
some LP-based relaxations in detail.

3.3.1 Column-Wise Relaxation

Let us consider constraints (9), (10) (in which fij is substituted by its equivalent
values from (13) and (12) respectively), and the bilinear constraint (15) (replacedwith
its equivalent rank constraint (18)) as a set. According to Theorem 1 and equation (1)
we can define the column-wise relaxation for the source-based formulation for pool i
as below:

FS(i)
1 :=

{
[xs

ij ](s,j)∈Si×N+
i

∈ conv(T̃ (li , ui, ·, ·, Li , Ui))

}
.

This relaxation restricts the column-sum of the decomposed flow variables’ matrices
for all i ∈ I and is equivalent to the McCormick relaxation of the PQ-formulation
(Dey et al. 2020).

As an illustration, let us consider i = 6 in Figure 3 as a pool for which we
implement the column-wise extended relaxation. The associated sets for this pool
are S6 = {1, 2, 3}, N+

6 = {7, 9}. Then, in the following matrix, we have a row for
each element of S6 and a column for each element in N+

6 . The bound of each column
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is the bound of an outgoing arc from the corresponding pool, and the overall bound
is the pool bound. This instance shows how we impose column-sum bounds on the
matrix of decomposed flow variables for each pool.

[
xs
ij

]
(s,j)

=
⎛
⎝

u6,7 u6,9 U6

x1
6,7 x1

6,9
x2
6,7 x2

6,9
x3
6,7 x3

6,9
L6 l6,7 l6,9

⎞
⎠

3.3.2 Row-Wise Relaxation

Analogous to the column-wise relaxation, the row-wise relaxation can be defined based
on Theorem 1 and equation (2). This relaxation, which restricts the row-sum of the
decomposed flow variables’ matrices for all i ∈ I , is defined as follows:

FS(i)
2 :=

{
[xs

ij ](s,j)∈Si×N+
i

∈ conv(T̃ (·, ·, l′i , u′
i , Li, Ui))

}
.

Considering pool 6 from Figure 3. The followingmatrix has a row for each element
in S6 and a column for each element of N+

6 . The bounds imposed on the summation
of each row are the bounds of incoming arcs (including the ghost flows) to pool i = 6,
and the overall bound is the pool’s capacity bounds.

[
xs
ij

]
(s,j)

=
⎛
⎝

U6

l1,6 x1
6,7 x1

6,9 u1,6

l2,6 x2
6,7 x2

6,9 u2,6

l3,6 x3
6,7 x3

6,9 u3,6

L6

⎞
⎠

This matrix shows how we impose row bounds on the matrix of the decomposed flow
variables.

3.3.3 Intersection of Row-Wise and Column-Wise Relaxations

We can use the intersection of the row-wise and column-wise relaxations as a new
method to relax the nonlinear constraint of the pooling problem (equation (4)). As
we saw in Section 2.2.1, this relaxation is at least as good as both previous ones but
increases the scale of the problem. We use the extended formulations of the row-wise
and column-wise relaxations to implement it and define it for all i ∈ I as follows:

FS(i)
3 = FS(i)

1 ∩ FS(i)
2
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3.4 Mixed-Integer Programming Approximations

One of the other ways to deal with the bilinear constraints (15), is to utilize discretiza-
tion methods. Gupte et al. (2017) have classified the discretization methods proposed
for the pooling problem into two different categories: i) forcing some variables to take
certain prespecified values from their domain, which applies to each bilinear program,
and ii) discretizing the amount of flow at each pool, which is proposed by Dey and
Gupte (2015) for the first time, and results in a “network flow MILP restriction” by
exploiting the pooling problem’s structure. Both of these strategies present an MILP
approximation of the pooling problem. In this section, we use the discretization meth-
ods described in Dey et al. (2020), which focus on the first strategy. We use them in
the Source-Based formulation to obtain inner and outer-approximationsof the pooling
problem.

In this section, we try to find an outer-approximation (relaxation) by discretizing
the proportion variables q as follows:

qj =
H∑

h=1

2−hzjh + γj ,

where H ∈ Z++ is the level of discretization, zih are binary variables, and γi is
a continuous non-negative variable upper-bounded by 2−H . Now we define xs

ij as
follows:

xs
ij =

⎛
⎜⎝ ∑

j ′∈N+
i

xs
ij ′

⎞
⎟⎠
(

H∑
h=1

2−hzjh + γj

)
∀i ∈ I ,∀s ∈ Si,∀j ∈ N+

i .

Let αsjh := (
∑

j ′∈N+
i

xs
ij ′ )zjh and βij := (

∑
j ′∈N+

i
xs
ij ′ )γj , then, by using the

McCormick envelopes,we obtain the following outer-approximation for all i ∈ I , s ∈
Si, and j ∈ N+

i :

D̄row

(|Si |,|N+
i |,H)

([lsi]s, [usi]s) :=

{x ∈ R
Si×N+

i+ |(α, β, γ, z) ∈ R
Si×N+

i ×H × R
Si×N+

i × R
N+

i × {0, 1}N+
i ×H :

lsizjh ≤ αsjh ≤ usizjh ∀j ∈ N+
i ,∀h ∈ [H ], (19)

usizjh +
∑

j ′∈N+
i

xs
ij ′ − usi ≤ lsizjh +

∑
j ′∈N+

i

xs
ij ′ − lsi ∀j ∈ N+

i ,∀h ∈ [H ], (20)

lsiγj ≤ βsj ≤ usiγj ∀j ∈ N+
i , (21)



M. Jalilian, B. Kocuk

usiγj + 2−H (
∑

j ′∈N+
i

xs
ij ′ − usi) ≤ βsj

βsj ≤ lsiγj + 2−H (
∑

j ′∈N+
i

xs
ij ′ − lsi)

∀j ∈ N+
i , (22)

lsi ≤
∑

j∈N+
i

xs
ij ≤ usi (23)

xs
ij =

H∑
h=1

2−hαsjh + βsj ∀j ∈ N+
i }. (24)

Dey et al. (2020) showed that D̄row

(|Si |,|N+
i |,H)

is a relaxation of the source-based rank

formulation.
We can analogously define the outer-approximation denoted as

D̄col

(|Si |,|N+
I |,H)

([lij ]j , [uij ]j ),∀i ∈ I by restricting the sum of each column in the

decomposed flow variable matrices as well.
Analogous to the Source-Based formulation,we have the Terminal-Based formula-

tion consisting of the proportion variables corresponding to the terminals and the flow
variables along with the arcs between sources and pools. This model was first intro-
duced in Alfaki and Haugland (2013a) as the TP-formulation and was later utilized in
Dey et al. (2020).

4 Solution Approach

In this section, we develop a new LP relaxation that considers imposing bounds on
the row-sum and the column-sum of the decomposed flow variable matrices simul-
taneously (Sect. 4.1). We also provided the technical details of obtaining new valid
inequalities by the RLT in Sect. 2.3, which we use in the computations. In addition,
we discuss how to utilize the Optimization-Based Bound Tightening (OBBT) tech-
nique to improve the bounds of the arcs and nodes of the generalized pooling problem
instances of the literature (Sect. 4.3.1). Moreover, we propose a simple and computa-
tionally cheap bound tighteningmethod to improve the bounds of the mining problem
as a special case of the generalized pooling problem with the “time-indexed” feature
(Sect. 4.3.2). It is important to note that this section represents a novel application of
the concepts and techniques introduced in Sect. 2 to the pooling problem, showcasing
the versatility and effectiveness of our approach.

4.1 New Linear Programming Relaxations

We have reviewed the row-wise and column-wise extended relaxations for the Source-
Based andTerminal-Basedmulti-commodity flow formulations presented byDey et al.
(2020) in Sect. 3.3. Also, we discussed that a stronger relaxation can be obtained by
intersecting these two aforementioned relaxations, which may increase the size of the
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problem. In Sect. 2.2.2, we showed that to have an even stronger relaxation, we can
consider imposing bounds on the row-sum and column-sum of a matrix consisting of
the decomposed flow variables of each pool simultaneously. We call this relaxation
Row-Column and define it as the following.

FS(i)
4 :=

{
[xs

ij ](s,j)∈Si×N+
i

∈ T 2(li, ui , l
′
i , u

′
i , Li, Ui)

}
.

Proposition 2 shows the row-column relaxation is at least as good as the intersection
of the row-wise and the column-wise relaxations. Therefore, we have the following in
which the left-hand side relationship can be strict:

FS(i)
4 ⊆ FS(i)

3 := FS(i)
1 ∩ FS(i)

2

4.2 Valid Inequalities

In Sect. 2.3, we applied the RLT to derive new valid inequalities to strengthen the
relaxations. Now, we exemplify how these inequalities are adaptable to the context
and the notations of the pooling problem.

Our experiments involve simultaneously adding valid inequalities both in x and
r variables. Specifically, we denote the valid inequalities resulting from the multi-
plication of (6a) and (6b) as Vab. We have restricted ourselves to these families of
inequalities since the other inequalities either have a negligible effect on the overall
results or cause numerical issues. Detailed results of our experimentswith the addition
of valid inequalities can be found in Sect. 5.2.4.

4.3 Bound Tightening

4.3.1 Optimization-Based Bound Tightening

In global optimization, one of the valuable tools to reduce the variables’ domain is
to execute OBBT (Quesada and Grossmann 1993, 1995; Caprara and Locatelli 2010;
Gleixner et al. 2017; Puranik and Sahinidis 2017; Bynum et al. 2018). Let z and z̄

represent the lower and upper boundof ourmulti-commodityflowproblems,which can
be obtained from a relaxation and any primal solution, respectively. Then, to compute
the upper (or lower) bound of a particular arc or node, we consider this bound as a
variable and maximize (or minimize) it subject to the LP relaxation constraints of
our problem. We need to take into account that the original objective function should
be between z and z̄. Therefore, we add this as a constraint to the new problem. In
particular:

• To find the lower bound (upper bound) of each arc (i, j) ∈ A, we minimize
(maximize) the corresponding flow variable (fij ).

• To generate a lower bound (upper bound) for each source node s, we minimize
(maximize) the summation of outgoing flows from that node (

∑
i∈N+

s
fsi).
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Fig. 4 A mining problem instance

• For each pool i, to find a lower bound (upper bound), we minimize (maximize) the
summation of incoming flows (

∑
j∈N−

i
fji ) or the summation of outgoing flows

from that node (
∑

j∈N+
i

fij ).
• Finally, to improve the lower bound (upper bound) of each terminal node t , we
minimize (maximize) the summation of all the incoming flows to that terminal
(
∑

i∈N−
t

fit ).

4.3.2 Bound Tightening for the Time-indexed Pooling Problem

A special case of the generalized pooling problem that arises in the mining industry is
investigated in Boland et al. (2015). In this case, the rawmaterial (supply) with certain
specifications comes into stockpile p = {1, . . . , P } at time τ ∈ T s

p . On the other
hand, demand for the final product with the desired specifications is placed at time
τ ∈ T t . Any violations of the output specifications from the customer’s desired ones
will cause a “contractually agreed” penalty, and the objective function is to minimize
this penalty. The prescription of converting this problem to a general pooling problem
by Boland et al. (2015) is as follows.

• Input Nodes: Create the input node sτ
p for each supply coming into stockpile p at

time τ ∈ T s
p .

• Pool Nodes: Create the pool node iτp for each supply coming into stockpile p at
time τ ∈ T s

p .
• Output Nodes: Create the output node jτ for each demand at time τ ∈ T t .
• Input-to-Pool Arcs: Create an arc from input node sτ

p to pool node iτp for each
supply coming into stockpile p at time τ ∈ T s

p .



Improved Rank-One-Based Relaxations and…

• Pool-to-Pool Arcs: Create an arc from iτp to iτ
′

p where τ ′ ∈ T s
p is the time of the

“immediate successor” supply of the one at time τ ∈ T s
p coming to the stockpile

p.
• Pool-to-Output Arcs: Create an arc from iτp to jτ ′′

where τ ′′ ∈ T t is the time of
the “immediate successor” demand of the supply sτ

p coming to stockpile p at time
τ ∈ T s

p .

We also add one extra pool with time τ = ∞ for the supply surplus of each stockpile
whose summation is all being directed to an extra output node that we add. The amount
of incoming flow to the last output equals the summation of all the supplies minus the
summation of all the demands. Figure 4 shows a mining problem instance.

Since the mining problem is mostly large-scale and has some unique features, such
as being time-indexed, which increases the size of the problem even more, it may not
be a good idea to perform Optimization-Based Bound Tightening on it. Therefore,
we propose some simple and cheap methods to improve the bounds of this problem.
Let us consider Figure 4 as a part of a mining problem instance, which is formulated
as a general pooling problem in which the nodes are placed vertically to reflect the
time of supply/demand (the supply/demand node’s names represent the ordering of
their time). In addition, there are two stockpiles in this example, and we can see the
input and pool nodes are aligned in two lines to show which nodes are from the same
stockpile (even supply and pool nodes are from stockpile 1 and odds are from stockpile
2). Algorithm 1 shows how we can improve the bounds of different nodes and arcs of
this instance.

Algorithm 1 Bound Tightening for the Mining Problem
1: Bounds of each input node and its outgoing arc are set to its amount of supply:

Ls = Us = lsi = usi = qs ∀s ∈ S, i ∈ N
+
s .

2: Bounds of each output node are set to its amount of demand:
Lt = Ut = dt ∀t ∈ T .

3: The lower bound of each pool-to-terminal arc is improved as:
lit = max{Lt −∑p∈Pi

Up, 0} ∀(i, t) ∈ A, i ∈ I , t ∈ T .

The upper bound of this arc is improved as:
uit = min{Ui,Ut } ∀(i, t) ∈ A, i ∈ I , t ∈ T .

4: The lower bound of each pool-to-pool arc is calculated by:
lij = max{Li −∑(i,t)∈A,t∈T Ut , 0} ∀(i, j) ∈ A, i, j ∈ I .

The upper bound of this arc is calculated by:
uij = Ui −∑(i,t)∈A,t∈T lit ∀(i, j) ∈ A, i, j ∈ I .

The upper bound of each pool-to-pool arc is set to the minimum of the supply surplus and uij .
5: The bounds of each pool is set as the summation of the bounds of all its incoming arcs:

Li =∑
j∈N−

i
lj i and Ui = ∑

j∈N−
i

uji ∀i ∈ I .

5 Computations

In this section, we present the results of our experiments on two different sets of
generalized pooling problem instances. First, we consider 13 well-known standard
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Table 2 Computational Methods (* indicates a method developed in this paper).

Method Notation

Source-Based Terminal-Based

LP Relaxations Column-wise FS
1 FT

2

Row-wise FS
2 FT

1

Row-wise ∩ Column-wise FS
3 FT

3

Row-column* FS
4 FT

4

MIP Relaxations Discretizing q considering
X’s column-sum

MS
1 (H) MT

2 (H)

Discretizing q considering
X’s row-sum

MS
2 (H) MT

1 (H)

Valid Inequalities Obtained by multiplication of
(6a) and (6b)*

VS
ab

VT
ab

pooling problem instances from the literature (Haverly 1978;Adhya et al. 1999; Foulds
et al. 1992; Ben-Tal et al. 1994). We have generalized them by adding the arcs (i, j)

and (j , i) for each pair of pools i, j ⊆ I , where i �= j (Alfaki and Haugland 2013a).
Second, we use the data of the real-worldmining problem instances based on the work
of Boland et al. (2015). In what follows, we report the results of the exact methods
based on the original Source-Based and Terminal-Based rank formulations as well as
the experiments with different types of relaxations, restrictions, and valid inequalities
which we discussed in Sections 3 and 4. We perform all the experiments with and
without the bound tightening and report the results separately. Table 2 shows the
methods and notations we use.

All the experiments are implemented in Python 3.7, and optimization problems are
solved byGurobi 9.1.1 on an Intel(R) 3.7GHz processor and 64GBRAMworkstation.
The time limit for each experiment is set to one hour. Also, we have utilized the Python
JobLib package to perform OBBT in parallel for each pair of (i, j) ∈ A and node
i ∈ N .

5.1 Literature Instances

In this section, we focus on the instances from the literature and perform different
experiments.

5.1.1 Exact Formulations

First, we solve these instances with the original Source-Based and Terminal-Based
formulations. Table 3 shows these results (additional details in Appendix, Table 13).

This table presents the running time and the optimality gap (O-Gap) when using
theGurobi solver to obtain the ‘Exact’ solution for the literature instances. It compares
the results with and without the OBBT technique. The preprocessing time refers to
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Table 3 Literature Instances: Exact Formulations

Formulation Gurobi without OBBT Gurobi with OBBT

Time %O-Gap Preprocessing Time Time %O-Gap

Source-Based 1117.10 0.66% 18.62 185.45 0.00%

Terminal-Based 277.43 0.67% 18.62 2.65 0.00%

the overall time taken to compute the bounds for the original objective value plus the
OBBT processing time.

In OBBT, to obtain a lower bound for the objective value, we have solved the
original Terminal-Based formulation in which we have relaxed the bilinear constraint
and refer to it as the Multi-Commodity Flow (MCF) formulation in the rest of the
paper. In addition, to get an upper bound, we have solved the restriction GT

2 (H = 3)
developed by Dey et al. (2020) for all the instances.

According to the table, the OBBT technique helps to improve the running time and
the optimality gap for most of the instances for both formulations. In terms of the
running time, the Terminal-Based formulation performs better than the Source-based
formulation even without the bound tightening. Additionally, in the Terminal-Based
formulation, theGurobi is able to close the gap in amuch shorter time than the previous
formulation.

Generally, we can say that performing the OBBT technique on the generalized
version of literature instances is advantageous on average, and the time and optimality
gap improvements are more significant for the Terminal-Based formulation.

5.1.2 Linear Programming Relaxations

We now investigate the performance of different relaxations for the pooling problem
instances from the literature. Also, we report the results of these methods with their
original bounds and with the improved bounds to evaluate the effect of OBBT on these
outer-approximations.

Table 4 shows the results of the LP relaxations without the bound improvements
(additional details in Appendix, Table 14). This table indicates the running time and
the duality gap (D-Gap). To calculate this gap, we consider the objective values of
the ‘Exact’ obtained by ‘Gurobi with OBBT’ with 0.00% optimality gap as the upper
bound (UB) and the bounds obtained by the relaxations as the lower bound (LB) and
use the following equation:

Gap = UB − LB

|UB| × 100 (25)

In general, the average running time of the LP relaxations ismuch smaller than ‘Exact’.
Without performingOBBT, all the LP relaxations of both formulations yield almost the
same duality gap while the Terminal-Based formulation is able to give slightly better
duality gap percentages. As we can see, F3 is better thanF1 andF2, and interestingly
it is equal to F4 here.
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Table 6 Literature Instances: MIP Relaxations (H = 3)

OBBT MS
1 (H) MS

2 (H) MT
1 (H) MT

2 (H)

Time %D-Gap Time %D-Gap Time %D-Gap Time %D-Gap

No 17.38 8.35% 136.38 0.84% 0.12 0.61% 0.14 0.14%

Yes 0.29 0.24% 4.06 0.11% 0.14 0.24% 0.14 0.11%

In Table 5, we can see the results of the LP relaxations of the Source-Based
and Terminal-Based formulations with OBBT (additional details in Appendix, Table
15). According to the results, the column-wise relaxations of the Source-Based and
Terminal-Based formulations (FS

1 and FT
2 , respectively) have the same performance

while solving the literature instances of the pooling problem and give the duality gap
percentage of 7.99 on average. Identically, the row-wise relaxations of these two for-
mulations (FS

2 and FT
1 ) give the same solution qualities with the average duality gap

percentage of 4.96. In addition, the intersection of the row-wise and column-wise (F3)
and the row-column relaxation (F4) perform better than the previous LP relaxations
which just consider imposing bounds on the row-sum or the column-sum. Moreover,
F3 and F4 are interestingly equal for this data set.

We can realize that performing OBBT on the literature instances before utiliz-
ing the LP relaxations to solve them improves the duality gap significantly and this
improvement is more significant than that of the ‘Exact’ solutions.

5.1.3 Discretization Relaxations

In this section, we evaluate the performance of the MIP relaxations in solving the
generalized version of the literature instances.We compare the results of thesemethods
before and after applying the OBBT technique while discretizing the variable q . Dey
et al. (2020) have investigated the impact of the different discretization levels H =
1, . . . , 5 and shown that a good choice for the pooling problem that balances accuracy
and computational effort is H = 3. Therefore, we have considered the same level to
run the experiments using MIP relaxations and restrictions.

Table 6 shows the results of the different discretization relaxations for the pool-
ing problem instances of the literature with and without OBBT (additional details in
Appendix, Table 16). In case of having no OBBT, MS

1 (H) cannot perform as well
as the others in terms of the solution quality and gives an average gap percentage of
8.35 for all the instances. In terms of the running time, the MIP relaxations of the
Source-Based formulation are not as strong as those of the Terminal-Based formu-
lation and take more time to solve the problems. This difference is more significant
when comparing MS

2 (H) to the others. However, we observe that OBBT helps the
MIP relaxations of the Source-Based formulation to have remarkable improvements
in terms of the running time and the duality gap on average as well.

Regarding the use of discretization relaxations for the literature instances, OBBT
does not make remarkable improvements for the relaxations of the Terminal-Based
formulation since it has a good performance already.Utilizing this bound improvement
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Table 7 Mining Instances: Exact Formulations

Formulation Gurobi Gurobi with Bounds

Time %O-Gap Time %O-Gap

Source-Based 1384.84 3.13% 1767.06 2.79%

Terminal-Based 1690.87 1.25% 1520.46 0.88%

method is more beneficial for the relaxations of the Source-Based formulation, which
helps the model to obtain better bounds in a shorter time. Generally, MIP relaxations
are stronger than the LP methods on average, but they are computationally more
expensive and need more time to reach high-quality dual bounds.

5.2 Mining Instances

In this section, we report the results of applying different methods we have described
previously to solve real-world cases of the mining problem. We have converted these
problems to the generalized pooling problem by the instructions in Sect. 4.3.2. This
set consists of yearly, half-yearly, and quarterly planning time horizons.

The supplies of the raw materials must be blended in the pools and mixed again in
the output points to meet the demand amount with certain specification requirements.
There are four specifications; ash, moisture, sulfur, and volatile, which should not
violate the maximum preferable amount specified by the customers. Otherwise, the
supplier will be penalized by a contractually agreed amount, and the objective is to
minimize this penalty.

5.2.1 Exact Formulations

Table 7 shows the ‘Exact’ objective value of solving the mining instances (additional
details in Appendix, Table 17).

According to Table 7, while using the Source-Based formulation, the optimality
gap and the running time of the Gurobi are 3.13% and 1457.08 on average, respec-
tively. On the other hand, the Terminal-Based formulation finds the solutions with the
optimality gap of 1.25% in the running time of 1690.87 on average. Additionally, the
average optimality gap of theSource-Based formulation,while havingupdatedbounds,
has decreased. Moreover, updating the bounds of the problem positively impacts the
running time and the optimality gap of Gurobi while experimentingwith the Terminal-
Based formulation.

5.2.2 Linear Programming Relaxations

In this section, we utilize the LP relaxations to deal with the generalized pooling
problem counterpart of the mining problem instances.

Boland et al. (2015) have used the McCormick envelopes to obtain dual bounds
of the mining instances. They have also modeled and solved the mining problem (in
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addition to its generalized pooling problem counterpart) and reported the best-known
primal bounds for these instances. The authors have calculated the duality gap of their
relaxation based on the primal bounds they have obtained. Since their primal bounds
are cheaper and to have comparable results, we have reported their gap in the tables
consisting of the results of our relaxations and calculated the duality gap of the results
based on their primal bounds.

Table 8 shows the results of the LP relaxations of the Source-Based and Terminal-
Based formulations without performing the bound tightening method (additional
details in Appendix, Table 18). The results show that without performing the bound
improvement methods, all the LP relaxations of the two multi-commodity flow for-
mulations have the same performance and give identical bounds. These bounds are
significantly stronger than those reported by Boland et al. (2015). This may be true
for the mining problem as a special case of the generalized pooling problem in which
the supply and the demand are placed at different points of time.

We have followed the steps defined in Section 4.3.2 to improve the bounds of
different nodes and arcs in the mining problem. These steps are cheap and simple,
and since they do not require solving optimization problems, they have negligible
preprocessing time. Thus, unlike OBBT, we do not report the preprocessing time in
this case.

Table 9 indicates that performing the bound tighteningmethod improves the quality
of the LP relaxations (detailed results in Table 19). As we can see, FS

3 and FS
4 give

better dual bounds. Recall that our proposed LP relaxation FS
4 considers bounds on

the row-sum and the column-sum of the decomposed flow variables matrices of the
pools simultaneously. As we can see from the table, this relaxation outperforms the
others and gives stronger dual bounds.

In addition, the duality gap of FT
3 and FT

4 are 1% better than those of the Source-
Based formulation respectively. Therefore, we can say that in both cases of using the
updated bounds and without them, the row-column relaxation is the best choice to
obtain the dual bounds of the mining instances since it is at least as good as the others
and gives better dual bounds while using the updated bounds.

5.2.3 Discretization Relaxations

In this section, we evaluate the performance of the discretization methods that provide
outer-approximations of the mining problem. Table 10 shows the results of different
MIP relaxations, which discretize the variable q at the discretization level H = 3
for the mining problems (detailed results in Table 20). As discussed previously, these
MIP methods are generally stronger than LP relaxations, but they need much more
time to give high-quality bounds. The results confirm this fact, and we can see that the
running time of the discretization relaxations for the mining problems is not as short
as those of the LP relaxations, but the duality gap they give is better. To calculate this
duality gap, similar to the LP relaxations, we have considered the best primal bounds
reported by Boland et al. (2015). Meanwhile, without the updated bounds, MS

1 (H)

performs better than the others in terms of the bound quality and average duality gap.
The results of theMIP relaxations in conjunctionwith the bound tightening indicate

that improving the bounds of arcs and nodes of the mining problem positively impacts
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Table 11 Mining Instances with Bounds (Source-Based: LP+Valid Inequalities)

Valid Ineq. FS
1 FS

2 FS
3 FS

4

Time %D-Gap Time %D-Gap Time %D-Gap Time %D-Gap

– 3.55 5.12% 3.92 4.98% 3.99 4.01% 2.75 3.94%

VS
ab

2.60 4.70% 2.51 4.54% 2.79 3.92% 4.32 3.88%

Table 12 Mining Instances with Bounds (Terminal-Based: LP+Valid Inequalities)

Valid Ineq. FT
1 FT

2 FT
3 FT

4

Time %D-Gap Time %D-Gap Time %D-Gap Time %D-Gap

– 2.14 3.38% 2.60 6.32% 2.40 3.05% 2.92 2.98%

VT
ab 3.43 3.26% 3.00 4.38% 4.18 3.03% 6.70 2.96%

the dual bound obtained by the discretization relaxations. The discretization method
MT

1 (H) has not only improved the duality gap significantly but also the running time
is much less than the case of having no updated bounds. The rest of the methods
have improved the relaxation quality by making use of the bound tightening method
within almost the same amount of average running time. For some instances, the MIP
relaxations run out of the time limit of one hour, which is the cause of the large average
of time needed to obtain a high-quality dual bound.

5.2.4 Valid Inequalities

We developed some valid inequalities in Section 2.3, which have the lower bounds of
the pools as the denominator of a fraction. These lower bounds exist in the mining
problem, and we can improve them. However, for the literature instances, they do not
exist generally. Therefore, we only evaluate the new valid inequalities’ performance
with themining instances. In this section,we aim to evaluate the performance of adding
the valid inequalities to the row-wise, column-wise, and their intersection as well as
the row-column relaxations of the Source-Based and Terminal-Based formulations
separately.We report the results of the valid inequalitiesVab since they have reasonable
performance in the mining instances.

Table 11 shows the running time and the duality gap of adding the valid inequalities
to the LP relaxations of the Source-Based formulation (additional details in Appendix,
Table 21). We have used the updated bounds of the arcs and nodes obtained by the
proposedbound-tighteningmethod.We observe that the best performanceof the relax-
ations is achieved while adding the VS

ab.
To obtain high-quality dual bounds for the generalized pooling problemcounterpart

of the mining problem instances, we can make use of this addition as it can yield less
duality gap than the LP relaxations in the same average amount of running time.

Table 12 summarizes the results of LP relaxations of the Terminal-Based formula-
tionwhile we add valid inequalities to them (additional details in Appendix, Table 21).
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As shown in the table, the best dual bound of the relaxations is obtained in addition to
VT

ab. In two different cases shown in the table, the best dual bounds are obtained while
using the row-column relaxation.

6 Conclusion

In this paper, we focused on the pooling problem, a challenging nonlinear and
nonconvex network flow problem. Our analysis focused on a recently proposed rank-
one-based formulation of the problem. Firstly, we proved that the convex hull of a
recurring substructure in the formulation defined as the set of nonnegative, rank-one
matrices with bounded row sums, column sums, and the overall sum is second-other
cone representable. Secondly, based on this analysis, we introduced novel linear pro-
gramming relaxations, which outperform existing approaches. Thirdly, we derived
valid inequalities using the Reformulation Linearization Technique to strengthen the
dual bounds further. Finally, to improve the bounds on node and arc capacities, we
utilized Optimization-Based Bound Tightening for generic problem instances and a
simple and cost-effective bound-tightening method tailored for time-indexed pooling
problem instances. Computational experiments on some benchmark instances showed
that our approach has the potential of producing accurate and efficient results thanks
to the improved formulations and bound tightening techniques.

7 Computations

Here, we use the following abbreviations in the appendix: OBJ for the objective
function value, δO and δD as abbreviations for the optimality and the duality gap (%),
respectively. T T for the total time, PT for the preprocessing time, and GT for the
Gurobi solver time.
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