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ABSTRACT
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EFFECTS OF PLANT AND CONTROLLER DYNAMICS ON
PERFORMANCE AND PASSIVITY OF HAPTIC RENDERING

CELAL UMUT KENANOGLU
Mechatronics Engineering M.Sc. Thesis, 2022

Thesis Supervisor: Prof. Dr. Volkan Patoglu

Keywords: Physical human-robot interaction, interaction control, haptic rendering,
series (damped) elastic actuation, velocity sourced impedance control, model
reference force control, network synthesis, physical realizations, coupled stability

and effective impedance analysis.

Safe and natural physical human-robot interactions (pHRI) require precise control
of the impedance behaviour of the robot at the interaction port. Series elastic
actuation (SEA) is a commonly used interaction control paradigm for pHRI, as
it can provide interactions with excellent stability robustness and high rendering
fidelity. Series elastic actuation relies on a compliant element placed between the
actuator and the interaction port and the utilization of the model of this compliant
element to implement closed-loop force control. The compliant element relaxes the
strict stability bounds on the controller gains induced due to non-collocation and
bandwidth limitations and provides excellent stability robustness for interaction
control.

Series damped elastic actuation (SDEA) extends SEA by introducing a viscous dis-
sipation element parallel to the series elastic element. SDEA can, not only help
increase the force control bandwidth of SEA but also provide additional advan-
tages, in terms of improving energy efficiency, reducing undesired oscillations, and
alleviating the need for D-control terms.

Velocity sourced impedance control (VSIC) is the most commonly used force con-
trol architecture for S(D)EA, as its cascaded control architecture with a robust inner
motion control loop can effectively eliminate parasitic forces, leading to good render-
ing performance. Model reference force control (MRFC) is an alternative approach
that promises to improve interaction control performance compared to VSIC, as the
knowledge of the plant model enables feedforward action to react to inputs more
quickly.
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In this thesis, we establish the necessary and sufficient conditions for frequency do-
main passivity of series (damped) elastic actuation (S(D)EA) while rendering null
impedance, ideal springs, and Voigt model under VSIC. Furthermore, we rigorously
study the effect of omitting the damping force induced on the serial compliant ele-
ment in closed-loop control and provide the necessary and sufficient conditions for
the passivity of interaction when only the deflections of the serial elastic element is
used to estimate the interaction forces. This model captures a common implemen-
tations of SEA, where the inherent damping effects on the serial elastic element is
ignored.

We introduce passive physical equivalents for S(D)EAs under closed-loop control to
help establish an intuitive understanding of the passivity bounds and to highlight
the effect of different plant parameters and controller terms on the closed-loop per-
formance of the system. Through the passive physical equivalents, we rigorously
compare the effect of different plants dynamics (e.g., SEA and SDEA) and different
cascaded controller architectures (e.g., P-P and P-PI) on the system performance.
Moreover, we show that passive physical equivalents establish a natural means for
effective impedance analysis.

Furthermore, we compare the effect of measuring and omitting the damping force
of the series elastic element on the closed-loop rendering performance of the system.
We also study a reduce order model for the implementation where the damping force
of the series elastic element is omitted, by replacing the robust inner motion control
loop by a low-pass filter. We establish passivity conditions and physical equiva-
lents for this reduce order model and compare the results with the full-order model
to study the effects of this simplifying assumption on the stability and rendering
performance of the system.

We further extend our study to alternative control algorithms, such as model refer-
ence force control (MRFC). We present sufficient conditions for passivity of S(D)EA
under MRFC during null impedance and ideal spring rendering. We prove that over-
estimation of robot inertia and underestimation of the stiffness of the series elastic
element can ensure coupled stability of interaction for SEA under MRFC during
null impedance rendering, as long as a lower limit on damping compensation is not
violated.

We demonstrate the validity of passivity conditions and the performance of hap-
tic rendering through systematic simulation studies, as well as comprehensive set
of physical experiments where we experimentally verify the passivity bounds and
demonstrate the impedance rendering performance under different plant dynamics
and different controller architectures.
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OZET

SERI ELASTIK EYLEME ICIN PASIF GERCEKLESTIRILMELER:
KONTROLCU VE SISTEM DINAMIGININ HAPTIK GERI-BESLEMENIN
PASIFLIGINE VE PERFORMANSINA ETKIiLERI

CELAL UMUT KENANOGLU
Mekatronik Miithendisligi Yiiksek Lisans Tezi, 2022

Tez Danigmani: Prof. Dr. Volkan Patoglu

Anahtar Kelimeler: Fiziksel insan-robot etkilegimi, etkilesim kontrolii, haptik
geri-besleme, seri (viskoelastik) elastik eyleme, hiz kaynakli empedans kontrolii,
model referans kuvvet kontrolii, devre sentezi, fiziksel gerceklestirme, baglagik

kararlilik, ve etkin empedans analizi

Giivenli ve dogal fiziksel insan-robot etkilesimleri (fIRE), etkilesim noktasinda robo-
tun empedans davraniginin hassas kontroliinti gerektirir. Seri elastik eyleme (SEE),
yiiksek stabilite giirbiizliigii ve hassas geri-besleme dogrulugu ile etkilegimler saglaya-
bildiginden, fIRE icin yaygn olarak kullamlan bir etkilesim kontrol yaklagimidir.
Seri elastik eyleme, eyleyici ile etkilesim noktasi arasina yerlegtirilen esnek bir ele-
mana ve bu esnek elemanin modelinin kapali ¢evrim kuvvet kontrolii i¢in kullanil-
masina dayanir. Esnek eleman, eyleyici ile sensor arasindaki dinamikler ve bant
genigligi sinirlamalari nedeniyle ortaya ¢ikan kontrolcii kazanglarindaki siki karar-
lilik sinirlarini gevsetir ve etkilegsim kontrolii i¢in yiiksek kararlilik glirbiizligii saglar.

Seri viskoelastik eyleme (SVE), SEE’nin seri elastik elemanna paralel bir viskoz
soniimleme elemani eklenerek genellenmis halidir. SVE, yalnizca SEEnin diigiik olan
kuvvet kontrol bant genisligini arttirmaya yardimci olmakla kalmaz, ayni zamanda
enerji verimliligini arttirma, istenmeyen salimimlar: azaltma ve kontrolciide tiirev
terimlerine olan ihtiyaci azaltma acilarindan da ek avantajlar saglayabilir.

Hiz kaynakli empedans kontroli (HKEK), SEE/SVE i¢in en yaygin olarak kul-
lanilan kuvvet kontrol mimarisidir. Giirbiiz bir i¢ hareket kontrol ¢evrimine sahip
olan bu kademeli kontrol mimarisi bozucu kuvvetleri etkin bir sekilde ortadan
kaldirarak ytiksek geri-besleme performansi saglar. Model referans kuvvet kontrolii
(MRKK), sistem modelinin bilgisi sayesinde girdilere daha hizl tepki verebildigin-
den, HKEK'ye kiyasla etkilesim kontrol performansini iyilestirmeyi vaat eden alter-
natif bir kontrol yaklagimidir.



Bu tezde, seri (viskoelastik) elastik eyleme (SEE/SVE) HKEK ile sifir empedans,
sanal yay ve Voigt modeli geri-beslemesi sirasinda kapali dongii sistemin frekans
bolgesi pasifligi i¢in gerekli ve yeterli kogullari sunuyoruz. Ayrica, kapali ¢gevrim kont-
rolde seri elastik eleman tizerinde olusan sontimleme kuvvetinin ihmal edilmesinin
etkisini titizlikle inceleyip etkilegsim kuvvetini tahmin etmek i¢in sadece seri elastik
elemanin kullanildigi durumdaki sistemin etkilesimin pasifligi icin gerekli ve yeterli
kogullar: sagliyoruz. Bu model, seri elastik eleman tizerindeki dogal sontimleme etki-
lerinin goz ardi edildigi genel kullanimdaki duruma denk gelmektedir.

Pasiflik sinirlarinin anlagilmasina yardimer olmak ve farkh sistem parametrelerinin
ve kontrol kazanglarinin sistemin performansi tizerindeki etkilerini incelemek igin
kapali gevrim kontrolii altindaki SEE/SVE’lerin pasif fiziksel gerceklegtirmelerini
sunuyoruz. Pasif fiziksel gerceklestirmeler araciligiyla, farkli sistem dinamiklerinin
(6rnegin, SEE ve SVE) ve farkl kademeli kontrol mimarilerinin (6rnegin, P-P ve
P-PI kontrolciiler) sistem performansi tizerindeki etkilerini kargilagtiriyoruz. Ayrica,
pasif fiziksel gerceklestirmelerin etkin empedans analizini kapsadigini gosteriyoruz.

Ayrica, seri elastik elemandaki soniimleme kuvvetinin 6l¢iilmesinin veya bu kuvvetin
ihmal edilmesinin sistemin kapali ¢evrim geri-besleme performansi iizerindeki etki-
lerini kargilagtiriyoruz. Giirbiiz i¢ hareket kontrol ¢cevrimini bir algak geciren filtre ile
modelleyerek, seri elastik elemanin soniimleme kuvvetinin ihmal edildigi uygulama
i¢in derecesi azaltilmig bir model 6neriyoruz. Bu varsayimin sistemin kararlihgi ve
geri-beslemesi performansi iizerindeki etkilerini incelemek i¢in bu derecesi azaltilmig
model i¢in pasiflik kogullarimi ve fiziksel gercelestirmelerini tiiretiyoruz ve sonuglar
tam dereceli modelle kargilagtiriyoruz.

Sonuglarimizi, model referans kuvvet kontrolit (MRKK) gibi alternatif kontrol algo-
ritmalarina igin genigletiyoruz. MRKK altinda SEE/SVE’nin sifir empedans ve ideal
yay geri-beslemesi sirasinda pasifligi i¢in yeterli kogullari sunuyoruz. Robot eylem-
sizliginin fazla tahmin edilmesinin ve seri elastik elemanin sertliginin oldugundan
az tahmin edilmesinin, soniimleme telafisinde bir alt limit ihlal edilmedigi siirece,
sifir empedans geri-beslemesi sirasinda MRKK altinda SEE i¢in etkilegimin baglagik
kararliligin1 garantiyebilecegini kanitliyoruz.

Pasiflik kosullarimin gecerliligini ve haptik geri-besleme performansini sistematik
simiilasyon calismalar ile deneysel olarak dogruluyor, farkli sistem dinamikleri ve
farkli denetleyici mimarileri altinda empedans geri-besleme performansini kapsamh
fiziksel deneyler araciligiyla gosteriyoruz.
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Chapter 1

Introduction

1.1 Motivation

Establishing safe and natural physical human-robot interactions (pHRI) is vital in
many applications, including collaborative manufacturing, service, surgical, assis-
tive, and rehabilitation robotics. Safe and natural pHRI necessitate precise control

of the impedance characteristics of the robot at the interaction port [1, 2].

There are robotic applications which rely on open-loop force/impedance control
which eliminate negative impacts of force sensor. End-effector force/impedance is
directly translated to the motor torques/impedance for open-loop systems. However,
transparency of mechanical design is critical to provide sufficient performance for
open-loop system. To ensure good performance by limiting parasitic forces, the
robot’s mechanical design should have high stiffness, low inertia, and high passive
backdrivability. There are optimization approaches available to assist in the design of
transparent robots [3, 4]. However, making the construction of highly transparent
robots challenging, if not unachievable. Because high force/impedance levels are

required while backdrivable high torque/power density actuators are not available.

Alternatively, closed-loop force control is used in many robotic applications to com-
pensate parasitic force from the mechanical design. However, it is a challenging
problem to achieve coupled stability for closed-loop force control because of un-
avoidable bounds on the controller gains due to non-collocation and bandwidth
limitations of sensors and actuators which enforce a fundamental trade-off between
stability robustness and control performance [5, 6, 7]. The gains should be selected

carefully to not make closed-loop system unstable.

When traditional high-stiffness force sensors are used in the control loop, the sys-



tem’s stable loop gain is mostly allocated to the force sensing element, severely
limiting the upper bound available for controller gains to achieve fast response and
good robustness properties from the controlled system. As a result, high-quality
actuators/power transmission elements are commonly used in force control architec-
tures to avoid hard-to-model parasitic effects like friction and torque ripple, which
may not be effectively compensated by robust controllers based on aggressive force-

feedback controller gains.

Series elastic actuation (SEA) is a commonly employed interaction control paradigm
that has been introduced in [8, 9, 10] to address the fundamental trade-off between
the stability robustness and control performance of closed-loop force control sys-
tems [5, 6, 7]. SEA relies on an intentionally introduced compliant element between
the actuator and the interaction port, and utilizes the model of this compliant el-
ement to implement closed-loop force control. Thanks to SEA, the strict stability
bounds on the controller gains induced due to non-collocation and bandwidth limi-
tations can be relaxed, leading to excellent stability robustness and good rendering
performance. Through closed-loop impedance control of high power density actua-
tors, SEA can also provide active backdrivability within the force control bandwidth
of the device by modulating its output impedance to a desirable level. Moreover,
SEA acts like a low-pass filter for the parasitic forces. SEA is also preferred because
of cost. SEA’s cost is lower than other traditional force sensors. Because the orders
of magnitude more compliant force sensing elements in SEA experience significantly
larger deflections than commercial force sensors, regular position sensors, such as
optical encoders, can be used to measure these deflections, allowing the implemen-

tation of low-cost digital force sensing elements without signal conditioning.

On the negative side, the introduction of the compliant element significantly de-
creases the system bandwidth; consequently, the control effort increases quickly for
high-frequency interactions, resulting in actuator (velocity and/or torque) satura-
tion. Other issues of SEA designs, depending on the application, include possible
end-effector oscillations, especially when SEA is not in touch, and the potential

energy storage of the elastic element.

Series damped elastic actuation (SDEA) extends SEA by introducing a viscous dis-
sipation element parallel to the series elastic element [11, 12, 13, 14, 15]. SDEA can,
not only help increase the force control bandwidth of SEA [11] but also provide ad-
ditional advantages, in terms of improving energy efficiency [13], reducing undesired

oscillations [14], and alleviating the need for D-control terms [15].

Consideration of the damping term in the serial elastic element has major conse-

quences in the high frequency response of the system. When causal controllers
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roll-off, the dynamics of the uncontrolled plant is recovered and the high frequency
response of SDEA is dominated by the dynamics of the physical filter serially at-
tached to the plant. Accordingly, at high frequencies, while SEA acts as the spring
of the series elastic element, the dynamics of SDEA is dominated by the damping
of its physical filter. Consequently, the frequency response of SDEA and SEA are
significantly different from each other, leading to different haptic rendering perfor-

mance.

Coupled stability of interactions with S(D)EA has commonly been studied through
the frequency domain passivity analysis [2]. Given that inanimate environments are
passive and non-malicious human interactions do not intentionally aim to destabilize
a system, frequency domain passivity can be utilized to conclude coupled stability
of interactions [16]. While frequency domain passivity analysis is known to be con-
servative, closed-form analytical passivity conditions derived through such analysis
are informative, as they provide insights on how system parameters affect stability

robustness.

Passive physical equivalents are studied in the field of network synthesis, which
aims to rigorously describe physically realizable behaviours in a given domain with
specified components. In particular, the goal in network synthesis is to design a
passive network of fundamental elements to realize a given driving-point impedance.
Passive physical equivalents gives insight of effects of gains on performance and
passivity bound. Moreover, passive physical equivalents give understanding of which
plant parameters are controllable or uncontrollable [17]. While network synthesis in
the electrical domain has received much attention during the era of analogue circuits,
diminished attention has been renewed during the last decade, especially in the
mechanical domain, with the introduction of inerter element and demonstration of its

successful applications in the design of passive suspensions [18, 19, 20, 21, 22, 23, 24].

Effective impedance is very useful to give physical intuition To provide physical in-
tuition to the characteristics of the impedance at the interaction port, it is common
practice to decompose the impedance into its basic mechanical primitives through
effective impedance analysis [25, 26, 27, 28, 29, 30]. While effective impedance anal-
ysis is quite useful, the use of passive physical equivalents extends this concept,
as a feasible realization also provides a topological connection of fundamental me-
chanical elements. Along these lines, passive physical equivalents subsume effective
impedance analysis, and provide a more intuitive understanding of system behaviour

and its underlying components.

Natural admittance control (NAC) has been proposed as a robust model-based inter-

action control strategy to ensure coupled stability of interaction [7, 31, 32]. NAC is
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used to plant parameters and NAC can provide selection of higher controller gains
under perfect cancellation. Rejection of parasitic dynamics and performance in-
crease with selection of higher gains. Despite selection of higher gains, performance
of the closed-loop system at low frequency is limited by the physical system which
exists an asymptote at the high frequency [7, 33].



1.2 Contributions

In this thesis, firstly, the commonly utilized cascaded control architecture for
impedance control of S(D)EA is analyzed. The cascaded control architecture, also
named velocity source impedance control (VSIC), consists of an inner-most velocity

loop, an intermediate torque loop, and an outer-most impedance loop.

We rigorously study the frequency domain passivity of VSIC acting on different
plants dynamics, such as SEA, SDEA, SDEA s, (denoting SEA with unmeasured

damping effect on the sensor) and their reduce order models.

We introduce passive physical equivalents for S(D)EAs under closed-loop control
to help establish an intuitive understanding of the passivity bounds and to high-
light the effect of different plant parameters and controller terms on the closed-loop

performance of the system.

Furthermore, we extend our results to an alternative control architecture, called

model reference force control (MRFC).

We demonstrate the validity of passivity conditions and the performance of haptic
rendering through systematic simulation studies, as well as comprehensive set of

physical experiments.
Contributions of the thesis may be summarized as follows:

o We rigorously study the passivity of S(D)EA to establish closed-form analyti-
cal solutions for the necessary and sufficient conditions for frequency domain
passivity of S(D)EA while rendering ideal springs and null impedance, without
imposing an assumption on the non-negativeness of the controller gains. Also,
we rigorously study the passivity of SDEA to establish closed-form analyti-
cal solutions for the necessary and sufficient conditions for frequency domain

passivity of SDEA while rendering Voigt models.

o We provide novel physical insights to these passivity conditions by deriving
passive physical equivalents of S(D)EAs under closed-loop control for rendering
Voigt model, ideal spring, and null impedance. Thanks to passive physical
equivalents, we study effects of different plant parameters and controller terms

on the closed-loop rendering performance.

o We rigorously study the effect of omitting the damping force induced on the
serial elastic element in closed-loop control and provide necessary and sufficient
conditions for the passivity of interaction when only the deflections of the

serial spring element is used to estimate the interaction forces. This model,
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called SDEA s, captures the most common implementations of SEA, where
the inherent damping effects on the serial elastic element is ignored. We also
provide physical equivalents of SEA with omitting the damping force induced

on the serial elastic element.

We show that passive physical equivalents establish a natural means for effec-
tive impedance analysis. Furthermore, we compare different plant dynamics,
such as SEA and SDEA, with insight of passive physical equivalents. Passive
physical equivalents promote co-design of S(D)EAs by enforcing simultaneous
consideration of controller and plant dynamics on the closed-loop system per-
formance. Furthermore, through the passive physical equivalents, we compare
the effect of measuring and omitting the damping force on the series elastic

element on the closed-loop rendering performance of the system.

We also study reduce order models for the common implementations of SEA,
where the robust inner motion control loop is replaced by a low-pass filter. We
establish passivity conditions and physical equivalents for these reduce order
models and compare the results with the full order systems to study the effects
of this simplifying assumption on the analysis of coupled stability and haptic

rendering performance.

We propose the use of MRFC for S(D)EA as a control scheme and present the
sufficient conditions for one-port passivity of SEA under MRFC during null

impedance and ideal spring rendering.

We provide validations of our theoretical results through a set of systematic
simulations. We also experimentally validate the theoretical passivity bounds
and haptic rendering performance for SEA, SDEA, SDEAk s, using a single

degree of freedom haptic interface.



1.3 Outline

The rest of thesis organized as follows:

Chapter 2 presents comprehensive review of the related works on coupled stability
of the series elastic actuation, passive physical equivalents, rendering performance

analysis related to effective impedance, and model reference force control.

Chapter 3 overviews the concepts of series elastic actuation, presents the theo-
rems that are used in frequency domain passivity analysis. In addition to them,

it overviews passive physical equivalents, and provides a sample realization.

Chapter 4 presents the frequency domain passivity analysis of series elastic actua-
tion, as well as its passive physical equivalents. Also, effective impedance and haptic
rendering performance analyses are presented with the insight provided by passive

physical equivalents.

Chapter 5 presents the frequency domain passivity analysis of series-damped elastic
actuation, as well as its passive physical equivalents. Also, effective impedance and
haptic rendering performance analyses are presented with the insight provided by

passive physical equivalents.

Chapter 6 presents the frequency domain passivity analysis of series elastic actuation
when the damping effect on the sensor is omitted, as well as its passive physical
equivalents. Also, effective impedance and haptic rendering performance analyses

are presented with the insight provided by passive physical equivalents.

Chapter 7 presents frequency domain passivity analysis of reduce order models of
different series elastic actuation implementations, as well as their passive physical
equivalents. Also, effective impedance and haptic rendering performance analyses

are presented with the insight provided by passive physical equivalents.

Chapter 8 presents haptic rendering performance evaluation for different series elas-

tic actuation implementations through Bode plots.

Chapter 9 presents the experimental setup and experimental verification of the the-

oretical results presented in the previous chapters.

Chapter 10 presents frequency domain passivity analysis of model reference force
control for series elastic actuation during null impedance rendering, and experimen-

tal verification of the theoretical passivity bounds.

Chapter 11 concludes the paper and discusses the future research directions.



Chapter 2
Literature Review

In this section, we discuss the related works on frequency domain passivity of
S(D)EA, and review the classical results and recent developments in the realiza-

tion of passive networks.

2.1 Frequency Domain Passivity of SEA

Pratt et al. have presented the first passivity analysis for SEA, and provided suffi-
cient conditions for an SEA under a filtered PID force controller with feedforward
compensation [9]. Since the introduction of velocity-sourced impedance control
(VSIC) for SEA [8, 34, 35, 36], passivity of SEA under VSIC has been studied
extensively [37, 38, 39, 40, 41]. VSIC has become the most popular force con-
trol architecture for SEA, as its cascaded control architecture with inner motion
control loop can effectively eliminate parasitic forces, leading to good rendering per-
formance [8, 10, 36, 42]. Furthermore, VSIC is easy-to-use, since this controller
does not rely on the dynamic model of the plant and the controller gains can be

empirically tuned.

In terms of null impedance and ideal spring rendering with SEA under VSIC,
Vallery et al. have provided a set of sufficient conditions [37, 38]. They have
also proved that the passively renderable stiffness of an SEA under VSIC is upper
bounded by the physical stiffness of the compliant element of SEA [38]. Taglia-
monte et al. have provided less conservative sufficient conditions for passivity of
SEA under VSIC during null impedance, linear stiffness, and Maxwell body ren-
dering [39]. They have also proved that Voigt model cannot passively rendered
with SEA under VSIC and shown that the maximum renderable stiffness not only
depends on the physical stiffness, but also the physical damping in the system.
Calanca et al. have presented sufficient conditions for passivity of SEA under four
8



different control architectures: VSIC, basic impedance, collocated admittance, and
collocated impedance controllers [40]. They have shown that passively renderable
virtual stiffness of all of these control architectures are also limited by the physical
stiffness of the compliant element. They have also demonstrated that Voigt model
cannot be rendered passively with SEA under VSIC [40].

Tosun and Patoglu [41] have presented the necessary and sufficient conditions for
the passivity of SEA under VSIC for null impedance and linear spring rendering.
The earlier sufficiency bounds on controller gains have been relaxed and the range
of impedances that can be passively rendered has been extended in this study. Fur-
thermore, it has been shown that integral gain of the motion controller is required

to render stiffness if the force controller utilizes an integral term.

Recently, model reference force control (MRFC) has been proposed for SEA and
provided passivity analysis of this control scheme, under model mismatch. In partic-
ular, sufficient conditions for passivity of SEA under MRFC during null impedance

rendering are presented in [43].

2.2 Frequency Domain Passivity of SDEA

SDEA generalizes SEA by introducing a viscous dissipation element parallel to the
series elastic element. Accordingly, the passivity analysis of SDEA subsumes the
passivity analysis of SEA, as most SEA results can be recovered as the effect of the
dissipation element approaches to zero. Passivity analysis of SDEA has received
relatively less attention in the literature since the resulting closed-form solutions are

more complex and harder to interpret [44, 12, 45, 46].

The passive range of virtual stiffness and damping parameters for SDEA under
a cascaded impedance controller with an inner torque loop acting on a velocity
compensated plant and load dynamics has been studied in [44]. In this controller,
a positive velocity feedback loop provides velocity compensation by attempting to

extend the bandwidth of the torque control loop under the passivity constraints.

Oblak and Matjacic [12] have conducted a frequency domain passivity analysis of
SDEA under an unconventional basic impedance controller. In this controller, a
force sensor is employed after the end-effector inertia to measure the human inter-
face force, and this force is used for closed-loop force control, in addition to the
series damped elastic element. It has been demonstrated that a sufficient level of
mechanical damping in the compliant element is required to ensure the passivity
of linear stiffness rendering using this control architecture. Sufficient conditions to

passively render linear springs have been proposed, which include a lower bound on
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the required level of physical damping.

Recently, Mengilli et al. have presented the sufficient conditions for passivity of series
damped elastic actuation (SDEA) under VSIC for the null impedance, pure spring,
and Voigt model rendering [46]. Furthermore, they have extended these results to
absolute stability analysis and derived the necessary and sufficient conditions for

two-port passivity of SDEA under VSIC with a virtual coupler [45].

2.3 Realization of Passive Physical Equivalents

Colgate and Hogan have advocated the use of passive physical equivalents for the
analysis of contact instability observed in interaction control. Through passive re-
alizations of force controlled systems, they have shown a fundamental limitation
on inertia cancellation under passivity constraints for force-feedback systems with
sensor-actuator non-collocation [17]. Ortega et al. have presented physical equiva-

lents to establish an intuitive understanding of passivity-based control [47].

Similar to [17, 47|, this paper also focuses on linear passive mechanical networks,
built utilizing springs, dampers, and inerters—a recently introduced fundamental
element for the mechanical domain [18, 48]. Inerter element completes the force-
current analogy between the electrical and mechanical domains by introducing an
ideal linear two-terminal energy storage element equivalent to an ungrounded ca-
pacitor. The completion of the analogy has a major impact, as it enables all of
the previously established results in electrical network synthesis to be equivalently
expressed in the mechanical domain. Thanks to this analogy, all classical results,
including Foster’s reactance theorem [49] characterizing lossless networks, Brune’s
construction method [50] for realization of general positive-real functions using re-
sistors, inductors, capacitors, and transformers, and Bott-Duffin theorem [51] indi-
cating transformers are not necessary in the synthesis of positive-real impedances,

can be directly used for network synthesis in the mechanical domain.

Kalman has also advocated for renewed focus on network synthesis to establish a
general theory of the subject, pointing out high potential of this field to have wider
impact in a broad range of applications [52]. Accordingly, recent results have been
established to extend the classical ones. Chen and Smith have studied the most
general class of mechanical impedances that can be realized using one damper, one
inerter, and an arbitrary number of spring elements, while allowing no levers [20].
Jiang and Smith have studied realizability conditions for positive-real biquadratic
impedance functions which can be realized by five-element [53] and six-element [54]

networks. Chen et al. have extended their earlier results in [22] and established
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realizability conditions to two special class of mechanical networks: networks with
biquadratic functions with an extra pole at the origin [23] and networks that are
constituted of one inerter, one damper, and at most three springs [24]. Hughes and
Smith have extended the classical results on Bott—Duffin realization procedure by
discussing minimality and uniqueness of these realizations among all series-parallel
networks realizing biquadratic minimum functions [55]. Hughes has further ex-
tended these results and established minimal network realizations for the class of
impedances realized by series—parallel networks containing at most three energy stor-
age elements [56, 57]. Morelli and Smith have presented an enumerative approach
to passive network synthesis and provided a classification for networks of restricted
complexity [58]. Readers are referred to the survey by Hughes et al. for a review of

recent developments [59].

2.4 Rendering Performance

While the coupled stability of pHRI systems constitutes an imperative design cri-
terion, the performance of the system is also significant for natural interactions.
Transparency is a commonly used concept in evaluation of the haptic rendering,
as it quantifies the match between the mechanical impedance of the virtual envi-
ronment and the impedance felt by the operator, with the requirement of identical
force /velocity responses [60, 61]. Zyiqin is another commonly used metric that quan-
tifies the difference between the minimum and the maximum passively renderable

impedances [62].

Given that the rendered impedance is a function of frequency, both of these metrics
are also quantified as such; however, the frequency dependence of these metrics make
their interpretation challenging. To provide physical intuition to the characteristics
of the impedance at the interaction port, it is common practice to decompose the
impedance into its basic mechanical primitives through effective impedance analy-
sis [25, 26, 27, 28, 29, 30]. In particular, effective impedance definitions partition the
frequency dependent impedance transfer function into its real and imaginary parts,
assign the real positive part to effective damping, while imaginary part is mapped
to effective spring and effective mass components based on the phase response of

the impedance.

While effective impedance analysis is quite useful, the use of passive physical equiv-
alents extends this concept, as a feasible realization also provides a topological con-
nection of fundamental mechanical elements. Along these lines, passive physical
equivalents subsume effective impedance analysis, and provide a more intuitive un-

derstanding of system behaviour and its underlying components.
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2.5 Model Reference Force Control

Natural admittance control (NAC) has been proposed as a robust model-based inter-
action control strategy to ensure coupled stability of interaction [7, 31, 32]. Newman
has noted that causal controllers cannot alter the high frequency behaviour of the
closed loop system; hence, the maximum achievable performance is limited by this
high frequency asymptote. Passivity necessitates the high frequency dynamic be-
haviour not to be modified by any controller [7] and this inherent restriction imposes
bounds on how the system admittance at low-frequencies can be modified to match
this high frequency behaviour without violating phase limitations imposed by pas-
sivity [7, 31, 32].

As a model-based control approach, NAC utilizes feed-forward action to react to in-
puts more quickly and effectively reject parasitic forces, such as internal friction, to
achieve high interaction control performance [31, 32]. Passivity of NAC under model
uncertainty has been studied for compliant manipulators equipped with force sen-
sors and underestimation of the damping and overestimation the inertia parameters
have been established as sufficient conditions for these systems [7]. Passivity bounds
for this system has also been studied numerically [63]. Hart and Niemeyer [33] have
explicitly shown the equivalence of NAC with model reference force control (MRFC)
for rigid manipulators and rigorously proved the passivity limitations imposed on
the low-frequency inertial behaviour of the system due to the high-frequency asymp-
tote of the system dynamics. They have also established overestimation of robot
inertia and Coriolis affects as a sufficient condition for passivity of MRFC for a rigid
manipulator. In all of these earlier studies, the force sensor is located after the
end-effector inertia, such that the high frequency dynamic behaviour of the system
is dominated by inertia. MRFC of SEA is significantly different from these studies
as the force sensing element is located before the end-effector inertia and the high

frequency dynamic behaviour of the system is dominated by compliance.
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Chapter 3
Preliminaries

Figure 3.1 depicts a schematic representation of a single degree of freedom SDEA
plant without its controller. The reflected inertia of the actuator is denoted by J,,,,
the viscous friction of the actuator including the reflected motor damping is denoted
by B,,, the physical compliant element and viscous damper, arranged in parallel
between the end-effector and the actuator, are denoted by K and By, respectively.
Symbols w,, and w.,q denote the actuator and end-effector velocities, respectively.

The actuator torque is shown with 7,,, while M,,q represents the inertia of the

’_> em — eend: eh
T Bf

MU T,+7,
Jm Mend )

K OO

Figure 3.1 Schematic representation of SDEA (SEA if By = 0)

end-effector.

MNAAANAVAVANAN
wef
3

The torque Ty, on the damped compliant element, also called the physical filter, is
equal to the sum of the torques induced on the linear spring and the viscous damper
elements. Figure 3.1 represents an SEA, when By is set to 0. In this case, 7, can

be computed using the deflections of the linear spring K, according to Hooke’s law.

Human interaction is modeled with two components: 7, represents the passive com-
ponent of the applied torques while 77 is the deliberately applied active component
that is assumed to be independent of system states [16]. We assume that the non-

malicious human interactions do not intentionally aim to destabilize the system.

13



It is considered that the end-effector inertia of SDEA is negligible such that 74, (s) &

Tn + 745 hence, the impedance at the human/environment interaction port can be

defined as Z,,(s) = —Zsez((?), where the spring-damper torque is considered as

positive when these elements are in compression.

Series Damped Elastic Actuator

d »l K .
oo o ls T o e o
B;s

Impedance Torque Motion
Controller Controller Controller End
Effector

1 Pend = ©@h
0,
‘end S

User

Figure 3.2 Block diagram of S(D)EA under VSIC

Figure 3.2 depicts the block diagram of SDEA under VSIC, where thick lines present
physical forces. In this cascaded controller, the inner velocity control loop of the
cascaded controller renders the system into an ideal motion source and acts on
references generated by the outer torque control loop to keep the spring-damper
deflection at the desired level to match the reference force for SDEA. G; and G,,

denote the torque and velocity controllers, respectively.

The torque T7spgr4 on the physical filter, modeled as a damped compliant element, is
equal to the sum of the torques induced on the linear spring and the viscous damper
elements. Figure 3.2 represents an SEA, when By = 0. In this case, Tsga can be
computed using the deflections of the linear spring K, according to the Hooke’s law.
As a third case, By is not equal to zero, but By is omitted in feedback which call
as SDEA i - In the case of SDEA 14 Tsea Can be computed using deflections of the
linear spring K while By is not equal to zero. The control diagram of SDEAf,, is

presented in Figure 3.3.

Series Damped Elastic Actuator

‘[’-SEA
SO—{1 [0~ o P%\ H}Mim ) OB
S
Controller :

Impedance Torque
Controller Controller

End
Effector

1 (J)end = O
0, e
end S
Dend I—]

User

Figure 3.3 Block diagram of SDEAk, under VSIC, for which interaction forces are
estimated by only utilizing the deflections of the physical spring

The following assumptions are considered for the analysis:

A linear time-invariant (LTI) model is considered. Therefore, nonlinear effects,

such as backlash, stiction, and actuator saturation are neglected.

14



o Electrical dynamics are neglected and actuator velocity is assumed to be avail-

able with a negligible time delay.

o Both the deflection induced on the physical filter and its time derivative are

assumed to be measured with a negligible time delay.

« Without loss of generality, a zero motion reference (wy=0) is assumed for the

virtual environment and the transmission ratio is set to 1.

o Physical plant parameters are assumed to be positive, while the controller

gains are allowed to be negative.

3.1 Passivity Theorems

Passivity of an LTI network in the frequency domain is equivalent to the positive
realness of its impedance transfer function Z(s). The positive realness of Z(s) can

be studied according to Theorem 1 as follows.

Theorem 1 (2, 64]). An impedance transfer function Z(s) is passive if and only if:
(1) Z(s) has no poles in the right half plane.
(2) Re[Z(jw)] = 0 for all w.

(3) Any poles of Z(s) on the imaginary azis are simple with positive and real residues.

Following useful lemmas have been established in the literature to determine the
necessary and sufficient conditions for the frequency domain passivity of LTI sys-

tems.

Lemma 1. Let Z(s) = N(s)/D(s) be an impedance transfer function. Then,
Re[Z(jw)] > 0 if and only if P(w) > 0 for any value of w, where P(w) =
Re[N (jw)D(—jw)] = ¥iLy diw'.

Lemma 2. Let f(s) = a3s® + ass® + a1s + ag for a; > 0 be the third-order charac-
teristic equation of a system. Then, f(s) has no roots in the open right half plane iff
az >0, a3 >0, ag > 0, and ajas — agas > 0. If these inequalities are strictly greater

than zero, then the system has no roots on the imaginary axis.

Lemma 3 (45]). A polynomial of the form p(x) = pax® + p1x + po, p(x) > 0 for all
x >0 if and only if ps > 0, po > 0 and py > —2,/pop2-

15



3.2 Passive Physical Equivalents

In the force-current analogy between mechanical and electrical domains, forces are
considered to be analogous to currents while velocities are analogous to voltages.
Accordingly, Figure 3.4 presents the force-current analogy between fundamental

two-terminal elements in both domains.

Mechanical Electrical
F F I-}.—/\N\_QI—}
_>I y ” v v
2 \V/ 2 1
dF _ ! di —i(v -V,)
o0 ~K(vpvy) k/s  springfdt — L 2" VLS jnductor
F F | |
[] Se— —>
V2 u v 2 I I 1
. d(v,7v,) ! __d(v,v,
Fb—— bs inerter | FC—gr— Cs capacitor
F F i [
—> | <  —— ——)
L>V2 L)V1 _:Vz Vi

Figure 3.4 Relationship between mechanical and electrical networks

Inerter is a relatively recently introduced ideal energy storage element that completes
the force-current analogy between the mechanical and electrical domains [18; 48].
Particularly, inerter is an ideal linear two-terminal energy storage element in the
mechanical domain that is equivalent to an ungrounded capacitor in the electrical
domain. Interter element generalizes the more familiar mass/inertia element in the
mechanical domain, which is analogous to the more restricted case of a grounded

capacitor in the electrical domain.
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3.2.1 An example of derivation of passive physical equiva-

lents and effective impedance analysis

Let’s consider the following impedance transfer function:

B JnKs?*+ K(B,+Gn)s+ KKya

Zou = 3.1
«(s) I 8>+ (Bm +Gp) s2+ K (a+1)s (3:1)
Step 1
Firstly, the virtual stiffness can be separated as:
_ OéKd
Zs1(8) = Zout(s) — CESIE (3.2)

where o = G,,,G,.

¢s1

oK
o1

Figure 3.5 Step 1 of realization

Eqn. (3.2) is equal to:

I (K(a+1) — Kga) s+ K(By + Gn) + «(Bn K — By Kg + G K — G, Ky)

Zsals) = I (@4+1)s2+ (a+ 1) (B +Gp) s+ K(a+1)2
(3.3)
Step 2 Then, physical filter can be separated as:
Zsa(s) = (Zsa(s) ™! — (K — ai JKa)/s)7h) (3.4)

Eqn. (3.4) is equal to:

Zuo(s) In (K(a+1)—Kqga)s+ K(By +Gp) + a(Bn K — By Kg+ G, K — Gy Ky)
s2 =

K(a+1)?
(3.5)
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aK o+
ot

s2

Figure 3.6 Step 2 of realization
Step 3

Eqn. (3.5) has a form of 452 which equals to transfer function of parallel inerter

and damper terms. Inerter term is equal to A/C and damper term is equal to B/C'.

The realization of Eqn. (3.1) where o = a%rl — ﬁ%

i} d
o+
oK ;
ot
G(Bm+Gm) GJm'::|

Figure 3.7 Step 3 of realization

An example of effective impedance analysis:

If virtual stiffness and physical filter is separated, the output impedance transfer
function is equal to Zg(s). For effective impedance analysis, we can use [26]. To
derive effective damping of Z(s), we need to find real part of Zg(jw). Furthermore,
we need to find positive part of imaginary part of Zg(jw) for effective mass of Zg(s).
From Figure 3.7, we can see that effective damping of Zy, is equal to o(B,, + G.,)
and effective mass of Z, is equal to o J,,.
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Chapter 4

Passivity Analysis and Passive
Physical Equivalents of SEA

In this chapter, we present the necessary and sufficient conditions for frequency
domain passivity of SEA under VSIC (with P and PI controllers) while rendering
null impedance and linear springs without imposing non-negativity assumption of
the controller gains, introduce passive physical equivalents of these models, and
conduct their feasibility analysis. Also, effective impedance and haptic rendering

analyses are made through passive physical equivalents.

4.1 Ideal Spring Rendering

When both the motion and force controllers are taken as proportional (P) controllers,
the impedance at the interaction port of SEA under VSIC during spring rendering

equals to

ZSEAP'P() JmK52+(Bm+Gm)KS+OZKKd
! S)=
spring In 83+ (B +Gn)s?+ (a+1)K s

where o« = G,,Gy. Note that when (a + 1) = 0, the rendering of virtual springs is

(4.1)

no longer possible.

ZSEAP’P

pring (8) 18 checked according to Theorem 1. Theorem 2 presents

The passivity of
necessary and sufficient conditions for one-port passivity of SEA under VSIC while
rendering spring, when G, and G,,, consist of proportional gains and without impos-

ing non-negative controller gains.

Theorem 2. Consider spring rendering for SEA under VSIC as in Figure 3.2 while
By =0, where Gy and G, consist of proportional gains. Let physical plant param-

eters be positive, while the controller gains are allowed to be negative. Then, the
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following expressions constitute necessary and sufficient conditions for passivity of
ZSEAP’P (8)

spring
(i) K > ;55 Ka, and
(i) 55 Ka>0, and

(1) a+1>0, and

(iv) (B + Gp) > 0.

Proof. 1) Z(s) has no poles in the right half plane. If we apply Routh-Hurwitz sta-

SEAP-F
Zsp’ring

bility criterion, (s) has no roots in the open right half plane, if (B,, + G,)

and (a + 1) are non-negative.

2) RelZ(jw)] > 0 for all w. Invoking Lemma 1, the sign of Re[Zif;j‘;P(jw)] can

be checked by the sign of H(jw) = dyw?, where dy = K?(a+1)(B,, + G) —
a K K4 (B, + G,,). Here, dy is guaranteed to be non-negative if

o}
K> —K 4.2
“a+1 " (4.2)

Note that, it G, is negative, G; should also be negative to ensure that _%5 Kg is

positive.

3) Any poles of Z(s) on the imaginary axis are simple with

positive and real residues. If (B,, + G,,) and (a + 1) are positive, then the

only possible root on the imaginary axis is at zero with a residue of o47 Ka. For the

special case, when (B,, + G,,) = 0, there exist simple poles on the imaginary axis

Im (K_Kd) _ JIm Kq
2 QBmth

Eqn. (4.2) is satisfied. Note that, when (a4 1) = 0, the output impedance transfer

function becomes equal to = K}fjﬁ’gjﬁgiﬁj{ KXd and Condition 3 of Theorem 1

is violated as double poles exist at s = 0. O

whose residues are

5. This residue is positive if the condition in

4.1.1 Passive Physical Equivalent

A realization of Eqn. (4.1) characterizing SEA under VSIC during spring rendering

when both controllers are proportional is presented in Figure 4.1, where o0 = —— —

a+1
6] Kd
(a+1)2 K
For the realization in Figure 4.1 to be physically feasible, all of components of the
model should be non-negative. All components in the realization are guaranteed to

be non-negative, if (B,, + G,,) is non-negative, and +47 K and o+ 1 are positive.
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Figure 4.1 Passive physical equivalent of SEA under VSIC during spring rendering
when the motion and force controllers are taken as P controllers

4.1.2 Feasibility of Passive Realization vs Passivity

The conditions for feasibility of realization in Figure 4.1 are equivalent to the nec-
essary and sufficient conditions for passivity of Eqn. (4.1) according to Theorem 1:
if (B + Gi) is non-negative, and (a + 1) and ;%7 Ky are positive, then Eqn. (4.1)

is passive and all components in Figure 4.1 are non-negative.

4.1.3 Haptic Renderin Performance

Physical realization of SEA during ideal spring rendering in Figure 4.1 indicates two

branches in parallel: an ideal spring (zﬁ) whose stiffness approaches to the desired
spring Ky as the controller gains gets large and parasitic dynamics governed by a

damper-inertance pair in parallel that is coupled to the system with a spring in

aKy .
(a+1)?

dynamics gets more decoupled from the system as the as the controller gains G; and

series. The stiffness of the coupling spring is given by K — hence, the parasitic

G, increase. Note that, since the coupling spring needs to be positive for feasibility,

this springs imposes an upper bound on K, that can be passively rendered. The
1 a K

ot e K

G, has a significant effect for damper term, while both G,, and G; equally affect

parasitic damper-inertance dynamics is scaled by o = indicating that

the inerter term. Furthermore, the parasitic dynamics decrease with the choice of

higher K, values. When K,; = 0, the parasitic dynamics converges to that of null

impedance rendering.
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4.1.4 Effective Impedance Analysis

The effective impedance of the controllable part of the realization in Figure 4.1, that
is, the remaining system dynamics after parallel _%5 Ky and the serial physical filter
K — %7K is extracted, is dominated by the damper term o(B,, + G,,) in the low
frequency range. Therefore, the spring rendering performance can be increased in
the low frequency range by attenuating the affects of this damper term. Similarly,
the high frequency behaviour of these parasitic dynamics is dictated by the inerter
oJ, term. Hence, the passive physical equivalents provide an explicit representation

for the effective impedance analysis.
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4.2 Null Impedance Rendering When Controllers
are P-P

When the force and the motion controllers taken as proportional (P) controllers,
the impedance at the interaction port of SEA under VSIC during null impedance

rendering is

ZSEAP—P( ) JmK$+(Bm+Gm)K

_ 4.3
it ) = G Bt C) s+ (L1 ) K (43)

where a = G,,,G,.

The passivity of Z5EA™" (s) is checked according to Theorem 1. Theorem 3 presents

necessary and sufficient conditions for one-port passivity of SEA under VSIC while
rendering null impedance, when G; and G, consist of proportional gains and without

imposing non-negative controller gains.

Theorem 3. Consider null impedance rendering for SEA under VSIC as in Figure
3.2 while By = 0, where Gy and G, consist of proportional gains. Let physical plant
parameters be positive, while the controller gains are allowed to be negative. Then,
the following expressions constitute necessary and sufficient conditions for passivity

of ZSEAT (s).

(i) (B + Gm) >0, and

(it) a+1> 0.

Proof. 1) Z(s) has no poles in the right half plane. If we apply Routh-Hurwitz sta-

o1 . . SEAP-P
bility criterion, Z..ji

and (a + 1) are non-negative.

(s) has no roots in the open right half plane if (B,, + G,)

2) Re[Z(jw)] > 0 for all w. Invoking Lemma 1, the sign of Re[ZSEA™" (jw)] can be

null

checked by the sign of H(jw) = K2(a 4 1) (B + Gy). Re[Z5EA™"] is guaranteed

n

to be non-negative if (B,, + G,) and («a + 1) are non-negative.

3) Any poles of Z(s) on the imaginary axis are simple with

positive and real residues. There exists no poles on imaginary axis if (a + 1),

and (B, + G,,) are positive. Given that plant parameters J,, and K are positive,
Eqn. (4.3) is passive when (a + 1) = 0, since Eqn. (4.3) equals to £, which models
a passive physical spring. A special case occurs when (B,, + G,,) = 0, for which
there exist poles on the imaginary axis. The residues of these imaginary poles equal

to %, which is positive. O]
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4.2.1 Passive Physical Equivalent

A realization of Eqn. (4.3) characterizing SEA under VSIC during null impedance

rendering when both controllers are P is presented in Figure 4.2.

K

Bm+Gm Jm:j

o+l o+l

Figure 4.2 Passive physical equivalent of SEA under VSIC during null impedance
rendering when both controllers are P

For the realization in Figure 4.2 to be feasible, all physical components in the model

should be non-negative, that is, (B,, + G,,) and (a + 1) should be non-negative,

given the plant parameters .J,,, B,,, and K are positive. In the special case when

(a+1) = 0, the damper and inerter elements converge to oo and the system behaves

as a pure spring.

4.2.2 Feasibility of Passive Realization vs Passivity

The conditions for feasibility of realization in Figure 4.2 are equivalent to the neces-
sary and sufficient conditions for passivity of Eqn. (4.3) according to Theorem 1: if
the (B, + G) > 0 and (a4 1) > 0, then Eqn. (4.3) is passive and all components

in Figure 4.2 are non-negative.

4.2.3 Haptic Rendering Performance

Figure 4.2 indicates that the parasitic effect of the damper (B, + G,,)/(a + 1)
and inerter J,,/(a + 1) terms decrease with choice of high controller gains for SEA
during null impedance rendering when both controllers are P. It can be observed
from Figure 4.2 that G; has a more dominant effect on the damper term, while
G,, and G, gains affect the inerter term in the same manner, as their effects are

multiplicative.
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4.2.4 Effective Impedance Analysis

The effective impedance of the controllable part of the realization in Figure 4.2, that
is, the remaining system dynamics after the serial physical filter K is extracted, is
dominated by the damper term (B,, + G,,)/(a + 1) in the low frequency range.
Therefore, the null impedance rendering performance can be increased in the low
frequency range by attenuating the affects of this damper term. Similarly, the high
frequency behaviour of these parasitic dynamics is dictated by the inerter J,,/(a+1)
term. Hence, the passive physical equivalents provide an explicit representation for

the effective impedance analysis.

4.3 Null Impedance Rendering When Controllers
are P-PI

When the force controller is taken as proportional (P) and the motion controller is
taken as proportional-integral (PI) controller, the impedance at the interaction port
of SEA under VSIC during null impedance rendering equals to

ZSEATSL In K 8?+ (B +Gn) Ks+ 1, K
null Jn 53+ By + Gp) 82+ (Im + (1+a)K) s+ G I, K

(4.4)

SEAP—PI
Znull

where a = G,,,GG;. The passivity of (s) is checked according to Theorem 1.
Theorem 4 presents necessary and sufficient conditions for one-port passivity of SEA
under VSIC while rendering null impedance, when G, is taken as proportional (P)
and the G, is taken as proportional-integral (PI) controller and without imposing

non-negative controller gains.

Theorem 4. Consider null impedance rendering for SEA under VSIC as in Fig-
ure 3.2 while By = 0, where Gy is taken as proportional gain and G, is taken as
proportional-integral gain. Let physical plant parameters be positive, while the con-

troller gains are allowed to be negative. Then, the following expressions constitute

. oy . .. P-PI
necessary and sufficient conditions for passivity of ZSEA ™ (s).

e , and

(it) a+1>0, and
(1ii) By + Gy >0, and
(iv) Gy >0, and

(v) I, > 0.
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Proof. 1) Z(s) has no poles in the right half plane. If we apply Routh-Hurwitz sta-
bility criterion, ZSEA™"" () has no roots in the open right half plane if (B, + Gy)

null

and G.I,, are non-negative and the following condition is satisfied.

7o Bt Gm) (I + (1 +0) K)
= G I, K

(4.5)

2) Re[Z(jw)] > 0 for all w. Invoking Lemma 1, the sign of Re[Z5EA™"" (jw)] can be
checked by the sign of H(jw) = dyw? + dy where

do = Gy I,° K2 (4.6)

dy = —Gy Iy K2 Jp + K2 (B + G (o + 1) (4.7)
Re[Z5EA™"] is non-negative if Gy > 0 as required for non-negativeness of do, and
(¢ +1) >0, (Bn+ Gp) >0 and Eqn. (4.8) holds as required for non-negativeness
of dy. Note that if Eqn. (4.8) holds, then Eqn. (4.5) is also guaranteed to hold.

Jﬁ<(a+1ﬂBm+Gm)

< G (4.8)

3) Any poles of Z(s) on the imaginary axis are simple with

positive and real residues. No roots exits on the imaginary axis if (B,, + Gp)

and Gil,, are positive. For the special case when G; = 0, there is a pole on the

imaginary axis whose residue is I{;"Jg(. Note that, G; > 0 and G;1,,, > 0 imply that
I, > 0. When [,, =0, Eqn. (4.4) reduces to Eqn. (4.3) as analysed in the previous

subsection. O

4.3.1 Passive Physical Equivalent

A realization of Eqn. (4.4) characterizing SEA under VSIC during null impedance

rendering when the motion controller is PI alnd the force controller is P is presented

Bn—a  GilmJm BmGi—1 _ Jm
a+1 (a+1)? G2 Im a+l’

in Figure 4.3, where ¢y, = G%, Cop, = and by, =

For the realization in Figure 4.3 to be feasible, all physical components in the model
should be non-negative. Therefore, (a+ 1) should be non-negative from the inerter
term, while G; should be non-negative for a non-negative cy,,. The non-negativeness

of by, imposes

;< @t)(BuGi—1)

4.9
— Gt2 ]m ( )

If I, > 0, then Eqn. (4.9) ensures non-negativeness of ¢y, while also indicating that
(BmGi — 1) and (a + 1) should be positive. It is not possible to select I,,, < 0, as

the non-negativeness of ¢y, conflicts with Eqn. (4.9) in this case.
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Figure 4.3 Passive physical equivalent of SEA under VSIC during null impedance
rendering when the motion controller is PI and the force controller is P

4.3.2 Feasibility of Passive Realization vs Passivity

Given (a + 1) > 0 as necessitated by the feasibility of the realization in Figure 4.3
and the passivity of Eqn. (4.4), Eqn. (4.8) and Eqn. (4.9) can be expressed together

as
Jn_ (BuGi—1) (B + Gh)

(O'/+ 1) a Gt2 [m = Gt Im

Consequently, Eqn. (4.9) presents a more conservative bound and its satisfaction

(4.10)

ensures that Eqn. (4.8) is also satisfied. Lastly, it can be shown that when (B,,G; —

1) > 0 is summed with (a+1) > 0, the result is equivalent to (B,, +G,,) > 0, which

1
Bm "

is known to be positive as Gy >
Hence, the conditions for feasibility of realization in Figure 4.3 provide sufficient
conditions for the passivity of Eqn. (4.4) according to Theorem 1. In particular,
Eqn. (4.9) implies Eqn. (4.8) if (o 4+ 1) > 0, as necessitated by non-negativeness
of ¢g, term. Furthermore, the condition (B,,G; — 1) > 0 imposed by the non-
negativeness of ¢y, implies (B,, + G,,) > 0, when considered with (a+ 1) > 0.

To summarize, the realization in Figure 4.3 is feasible and the sufficient conditions
for passivity of Eqn. (4.4) are satisfied if (B,,G; — 1) and (« + 1) are positive, I, is
non-negative, and Eqn. (4.9) is satisfied. The necessary and sufficient conditions for
passivity of Eqn. (4.4) can be enforced if Eqn. (4.8) is imposed instead of Eqn. (4.9),
and Gy > 0 and (B,, + G,,) > 0 are imposed instead of (B,,G; — 1) > 0.
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4.3.3 Haptic Rendering Performance

Deeper insights may be gained by comparing the physical realization of these sys-
tems. In comparison with Figure 4.2, Figure 4.3 indicates that the addition of an
integral term to the motion controller modifies the damping term by splitting it into
two parts: a regular damper ¢y, whose damping coefficient is inversely proportional
to G; and a newly introduced element that consists of a damper ¢y, in series with an
inerter by,. The newly introduced serial damper-inerter term introduces frequency

dependent dissipation to the system that increases with frequency.

4.3.4 Effective Impedance Analysis

Effective impedance analysis of the controllable part of the realization in Figure 4.3.
In particular, the effective damping for Eqn. (4.4) after removing the uncontrollable

serial compliant element K can be computed as

SEA ( ) _ ((Bm+Gm)(a+1) _Gt I, Jm)w2+Gt Im2

c w) = 4.11
effp-pr (a+ 1)2 w2+ G212 ( )

At low frequencies (as w — 0), Eqn. (4.11) converges to c1,. At high frequencies
(as w — 00), Eqn. (4.11) approaches to ¢, + Cap.

Similarly, the effective inertence for Eqn. (4.4) after removing the serial compliant

element K can be computed as

bSEA ( )_Jm(a—i-l)wQ-l—Im(BmGt—l)

w) = 4.12
effppr (a + 1)2 w2 + Gt2 Im2 ( )

At low frequencies (as w — 0), Eqn. (4.12) converges to (&Ijr”l) + bin. At high

. JIm
frequencies (as w — 00), Eqn. (4.12) approaches to 2=

Hence, null impedance rendering performance at the low frequency range is domi-

nated by the parasitic damping of ¢y,,, while a parasitic inertence of ( &]rl) + by, acts

at this frequency range. The parasitic damping term cy,, is inversely proportional to

G, and can be attenuated by the force controller. Similarly, the parasitic inertance

BnGi—1
G2,

observed from the physical realization, I,, and G,, do not affect ¢y,,. Furthermore,

at the low frequency range can be attenuated by G; and I,,, gains. As can be
G, does not affect parasitic inertence at the low frequency range. At intermediate

frequencies, ¢, slightly reduces with higher I,,, selections, so the performance of null

impedance rendering can be mildly improved by I,,.
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4.4 Discussion

We have presented passivity analysis of SEA under VSIC during null impedance
and spring rendering. Also, we have provided passive physical equivalents of SEA
under VSIC during null impedance and spring rendering. Through passive physical
equivalents, we have provided analysis of effective impedance and haptic rendering
performance. It is important to note that, in general, passive physical realizations for
a given impedance transfer function are not unique. While the feasibility conditions
for a passive physical realization provides sufficient conditions for passivity as shown
in previous Sections, the necessary conditions may not be easily established through

such analysis, as it requires studying feasibility of all passive physical realizations.

K

CZan 2an
L]
J K, JT
C — an c m 1an
1an 1 1an e
oF o+1

(a) (b)

Figure 4.4 Alternative passive physical equivalents of SEA under VSIC during null
impedance rendering when the force controller is P and the motion controller is PI

Figure 4.4 depicts alternative passive physical realizations of SEA under VSIC during
null impedance rendering when the force controller is P and the motion controller
is PI. In particular, Figure 4.3 and Figures 4.4a and 4.4b present the realizations
for the impedance transfer function in Eqn. (4.4). This chapter presents feasibility
conditions for Figure 4.3 and prove that they establish a set of sufficient conditions
for passivity. Figure 4.4a and 4.4b are alternative realizations, where the serial
inerter-damper term introduced due to the integral controller is realized through
a serial spring-damper. The feasibility conditions for these realizations provide a
different set of sufficient conditions for passivity. While Bott-Duffin theorem [51]
establishes that ideal transformers (levers) can be avoided in physical realizations, we
present Figures 4.4a and 4.4b as a set of alternative realizations, since the feasibility
conditions of these two realizations nicely complement each other to recover the

necessary and sufficient conditions for passivity of Eqn. (4.4) and the explicit use
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of a lever to change direction provides an understanding on how negative values of

fundamental elements (e.g., k14, and caq,) can be avoided in realizations.

K

3an san

o+l
4an k3an

L

Figure 4.5 Passive physical equivalent of SEA under VSIC during null impedance
rendering when both controllers are PI

Realizations become more complicated as controllers become more involved, making
their interpretation harder. For instance, Figure 4.5 presents passive physical real-
izations for SEA under VSIC during null impedance rendering, when both controllers
are PL.
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Chapter 5

Passivity Analysis and Passive
Physical Equivalents of SDEA

In this chapter, we present the necessary and sufficient conditions for frequency
domain passivity of SDEA under VSIC with P controllers, while rendering null
impedance, linear springs, and Voigt model, introduce passive physical equivalents
of these models, and conduct their feasibility analysis. Also, effective impedance
and haptic rendering analyses are made through passive physical equivalents. In this
chapter, ideal spring rendering and null impedance rendering analyses are provided
without imposing an assumption on the non-negativeness of the controller gains,
but Voigt model rendering analysis is provided under assumption of non-negative

parameters.

5.1 Voigt Model Rendering

When the force and the motion controllers taken as proportional (P) controllers,

the impedance at the interaction port of SDEA under VSIC during Voigt model

. . P-P
rendering is ZgHE4 " (s) =

Bf Jm $* 4+ [Bf( By + Gu) + Jn K + BgBya) s + [K (B + G + Bga) + B Kgal s
+KKda

In 83+ B +Gm+ B (1+a)]s?+ K(1+a)s
(5.1)

where a = G,,,G,.

The passivity of ZégiAP'P(s) = is checked according to Theorem 1. Theorem 5

presents necessary and sufficient conditions for one-port passivity of SDEA under

VSIC while rendering Voigt model, when G; and G,,, consist of proportional gains.

31



Theorem 5. Consider Voigt model rendering for SDEA under VSIC as in Fig-
ure 3.2, where Gy and G, consist of proportional gains. Let all parameters be pos-
itive. Then, the following expressions constitute necessary and sufficient conditions

for passivity of ZgggEtAP_P(s) =

(i) K > K, oiD) Bttt and

(ii) —2Jm\/BfK (B +Gm+Baa) K (a+1) = (Bp+Gm)Kqa] < Bf (Bp+ Gm+ Bya)
[Bm—|— Gm—|— Bf (a + 1)] — (BdK+ Bf Kd) I .

Proof. 1) Z(s) has no poles in the right half plane. If we apply Routh-Hurwitz sta-

bility criterion, ZgggEtAP_P(s) has no poles in the open right half plane, since all

. . P-P .
coefficients of denominator of Z{?gff‘ (s) are positive.

2) Re[Z(jw)] > 0 for all w. Invoking Lemma 1, the sign of Re[ZSPEA™" (i) can

voigt
be checked by the sign of H(jw) = dew® + dyw* + dyw?, where
dy =K*(a+ 1) (Byn+ G+ Bga) — (Bp+ Gn) K Kga (5.2)
dy =Bf (Bp + Gy + Bga) [Bpy + Gy + By (o + 1)]
— (ByK + By Kg) Jm o (5.3)
ds =B} Jp* (5.4)

Applying Lemma 3, dg is positive, since By is positive. The non-negativeness of ds

imposes the following constraint:

« B, + G

K > K
- d(a—}—l) B, + G+ By

(5.5)

The last necessary and sufficient condition can be derived as:

2 Jm\/BfK (Bt Gyt Baa) K (a+ 1) — (B4 Gyn) Ka 0l
< Bf (Bm—|— Gm—|— By a) [Bm+ Gm+ Bf (Oé + 1)}
—(Bd K+ Bf Kd) Im (56)

Accordingly, Eqns. (5.5) and (5.6) provide the necessary and sufficient conditions to

ZSDEAP’P

ensure that Re[Z,;;

(jw)] > 0. Together with Eqn. (5.5), a simpler but more
conservative set of sufficient conditions can be derived by imposing non-negativeness

of dy instead of Eqn. (5.6) as follows:

I < Bf (Bm—|— G+ Bda) [Bm+ G+ Bf (1—|—Oz)]
= (Bf Kg+ By K) «
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3) Any poles of Z(s) on the imaginary axis are simple

with positive and real residues. There exists no poles on the imaginary axis,

except at s = 0, as long as all controller gains and physical parameters are positive.
For the pole at s = 0, the residue equals to ﬁKd which is also positive for
positive controller gains. O

5.1.1 Passive Physical Equivalent

A realization of Eqn. (5.1) characterizing SDEA under VSIC during Voigt model
rendering when both controllers are proportional is presented in Figure 5.1.

_aBy
f o+l o+1

I |C1V

oB:6)] | b

Figure 5.1 Passive physical equivalent of SDEA under VSIC during Voigt model
rendering when both controllers are P

The parameters of this physical realization can be listed as follows

Jm (6% (Bd — Bf)
b= — Im 5.8
EGE? et B (58)

« (Bf Kg—By K) [Bf (Bm + Gm) —JIm K]

= 5.9
a2 Bi2K (59)
o (Bf Kd—BdK)[Bf(Bm-i-Gm)—JmK]
p— .1
20 (a+1)2 By K? (5.10)
with 0 = 4~ — —a_Ka

a+1 (a+1)2 K °

For the realization in Figure 5.1 to be feasible, all of components of the model should

be non-negative. Hence, the non-negativeness of terms imposes
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a

K > K, 5.11
= a+1 ( )
(6%

By > B 12
;2 g B (5.12)
By T

=L s ___7m 5.13
K = (Bn+Gn) (5:13)

In particular, substituting Eqn. (5.12) into (B K4— B, K) and invoking Eqn. (5.11),
one can prove that (By Kq — B4 K) > 0. Eqns. (5.11) and (5.12) impose upper
bounds on passively renderable stiffness and damping levels. In Eqn. (5.13), (Bm‘irimcm)
captures the time constant of the controlled mass-damper system, while % is the
time constant of the serial physical filter. The condition given in Eqn. (5.13) imposes
the intuitive constraint that the controlled mass-damper model of the plant should
respond faster than the interaction forces filtered by the physical filter, such that
the system can keep up with these inputs to adequately cancel out and superpose

the dynamics according to the desired impedance.

5.1.2 Feasibility of Passive Realization vs Passivity

The feasibility conditions in Eqns. (5.11)—(5.13) serve as a set of sufficient condi-
tions for passivity. In particular, Eqn. (5.11) is a more conservative condition than
Eqn. (5.5) as shown below:

« B, + G,

(0%
K>K > K
=+ = " %(a+1) By +Gm+ Baa

(5.14)

Similarly, Eqn. (5.13) imposes a constraint that is more conservative than the suf-
ficiency condition in Eqn. (5.7), as can be shown by substituting Eqn. (5.5) into
Eqn. (5.7) and noting that the plant parameters are positive.

B By (Bpm+ G+ Bya) [Byy+ G+ By (1
Jm<?f(3m+am)s § Bunt Gt Baa) [But G+ By (1 + o) (5.15)

- (Bde-l-BdK)a

Consequently, the feasibility of Figure 5.1 provides sufficient conditions for the fre-

quency domain passivity of Eqn. (5.1).

5.1.3 Haptic Rendering Performance

Physical realization of SDEA during Voigt model rendering in Figure 5.1 indicates
three main branches in parallel: an ideal spring-damper pair (ﬁ K@{ﬁ Bd)
in parallel that converges to the Voigt model to be rendered, and a branch capturing
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the parasitic dynamics governed by a complex topology of damper-inertance terms

that are coupled to the system in series through a coupling filter.

The coupling filter consists of a spring-damper pair in parallel where the stiffness

and damping of the filter are given by K — Kgand By — Bd, respectively.

(a+1) +1)
The coupling filter indicates that the parasitic dynamics gets more decoupled from
the system as the controller gains G; and G,,, increase. Furthermore, given that the
coupling filter terms need to be positive for feasibility, upper bounds are imposed

on K; and B, parameters of Voigt models that can be passively rendered.

The parasitic dissipation effects are split into two parts: a damper term scaled

by - +1 (afl)g 2 indicating a significant effect of the force control gain G on this

damper term, and a serial damper-inerter term that introduces frequency dependent
dissipation to the system that increases with frequency. The parasitic inertance is
@ +1) (af1)2 (Bdl;fo ), indicating both control gains G,, and G; equally

affect this inerter term.

scaled by

The realization of ideal spring rendering can be recovered with SDEA from the
realization of Voigt model rendering with SDEA by setting By = 0, while the real-
ization of null impedance rendering with SDEA can be recovered from the realization
of Voigt model rendering with SDEA by setting B; = 0 and K; = 0. Similarly, re-
alizations with SEA can be recovered from the SDEA realizations by simply setting
By =0.

5.1.4 Effective Impedance Analysis

Deeper insights may be gained about the parasitic dynamics by studying the effective
impedance of the realization. The effective impedance analysis of the realization
in Figure 5.1, after removing the rendered Voigt model ( ) Kd) ((a =y Bd> and
the serial coupling filter (Bf Bd) (K e +1

effective damping of the parasmc dynamlcs can be computed as

[Bf? (Bm+ Gm)(1 + @)]— By By (B + G+
SDEA (w): Im a(BdK_Bde)l w® + K(Bm‘l'Gm)lK"l_a(K_Kd)l
el fvoige B (a+1)2w? + K2(a + 1)?

Kd) pairs, indicates that the

c (5.16)

At low frequencies (as w — 0), Eqn. (5.16) converges to o(B,, + G,,). At high
frequencies (as w — o0), Eqn. (5.16) approaches to o(B,, + G.,) + ¢14-

Similarly, the effective inertance of the parasitic dynamics can be computed as

BB — ol Ba — Bp)|w? + Jo K*(1 + )+
bSDEA ( ): a(Bde_BdK)(Bm‘l‘Gm)_Jm KKqa
€ffV0'igt BJ% (a + 1)2 w2 + KQ(a + 1)2

(5.17)
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At low frequencies (asw — 0), Eqn. (5.17) converges to by, +bs,. At high frequencies
(as w — 00), Eqn. (5.17) approaches to by,.

Accordingly, the parasitic damping of o(B,, +G,,) affects the Voigt model rendering
performance at the low frequency range, while a parasitic inertance of by, + bs, also
acts at this frequency range. Hence, parasitic damping at low frequencies can be
effectively attenuated by the force controller G;. The effective parasitic damping
increases with frequency and ¢y, is added to o(B,, + G,,) at the high frequency
range. On the other hand, the effective parasitic inertance decreases with frequency
and the effect of by, becomes more dominant at high frequencies. Hence, the effect

of inertance at the low frequency range can be attenuated by G; and G, gains.

Note that, for large controller gains G; and G,,, the dynamics of the parastic
impedance is more effectively decoupled from the rendered impedance (ﬁ Kd)f
(@Z"‘Tl) Bd) through the serial coupling filter. Furthermore, the rendered impedance
converges to the desired K;—B,; parameters of the Voigt model.
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5.2 Ideal Spring Rendering

When the force and the motion controllers taken as proportional (P) controllers,
the impedance at the interaction port of SDEA under VSIC during spring rendering
equals to

Bt i 8 4 (Bf (B + Gm) + i K) 82 4+ (K (B + Gm) + By Kga) s+

ZSDEAIC;S: KKja
spring Jm83+(Bf(l+Oé)+Bm+Gm)52+K(a+1)8

(5.18)

ZSDEAT () ig checked according to Theorem 1.

spring

where o = G,,,GG;. The passivity of
Theorem 6 presents necessary and sufficient conditions for one-port passivity of
SDEA under VSIC while rendering spring, when G; and G, consist of proportional

gains and without imposing non-negative controller gains.

Theorem 6. Consider spring rendering for SDEA under VSIC as in Figure 3.2,
where Gy and G, consist of proportional gains. Let physical plant parameters be
positive, while the controller gains are allowed to be negative. Then, the following ex-

ZSDEAP’P (S) ]

pressions constitute necessary and sufficient conditions for passivity of Zg, i

(i) K > 55Ka, and

(i) 57Ka>0, and

(1) =2 Juy \/ By K (B + Gi) (K + o (K — Ky)) <
Bf ((Bm + Gm) (Bf (1 + CY) + Bm + Gm) — OéJm Kd) 5 and

(iv) a+1>0, and
(v) (B + Gp) > 0.
Proof. 1) Z(s) has no poles in the right half plane. Invoking Lemma 2 imposes

(a+1)(Bm+ G+ Bf(a+1)) > 0. Accordingly, Zi,%ﬁ?ﬂp(s) has no roots in
the open right half plane if (o + 1) and B,, + G,, + By(« + 1) are non-negative.

2) RelZ(jw)] > 0 for all w. Invoking Lemma 1, the sign of Re[pr%g;P'P(jw)} can
be checked by the sign of H(jw) = dgw® + dyw* + dow? where

dy=K (Bp + Gm) (K(a+1) — a Kq) (5.19)
d4:Bf((Bm+Gm)(Bm+Gm+Bf(Oé+1))—a Im Kd) (520)
de =By Jm* (5.21)
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From Lemma 3, the non-negativeness of dy imposes

a
K>—K, 5.22
“a41 ¢ ( )

Furthermore, non-negativeness of dg is guaranteed as the plant parameter By is

positive. The last condition of Lemma 3 imposes

2 \/Bf K (B + Gn) (K + a (K — Ky))

(5.23)
< Bf ((Bm + Gm) (Bf (1 + Oé) + B, + Gm) —adn Kd)

which indicates (B, + G.,) > 0.

3) Any poles of Z(s) on the imaginary axis are simple with

positive and real residues. If B, + G,, + Bf(ow + 1) and (o + 1) are positive,

then the only possible root on the imaginary axis is at zero with a residue
of 2~ K. Note that B,, + G,,, + Bf(a + 1) > 0, since Eqn. (5.23) im-

a+1
plies that (B, + Gy,) > 0, and (o + 1) > 0 due to the stability condition.
When (o + 1) = 0, the output impedance transfer function becomes equal to

By Jm 5°+(Bf(Bm+ Gm)+Jm K) 82+ (K (Bm+Gm)—Bf Kq) s—K Ka .
T S (B G} 52 and Condition 3 of Theo-

rem 1 is violated as double poles exist at s = 0. Hence, when (a + 1) = 0, passive

virtual springs cannot be rendered.

5.2.1 Passive Physical Equivalent:

A realization of Eqn. (5.18) characterizing SDEA under VSIC during spring ren-

dering when both controllers are proportional is presented in Figure 5.2, where
Kqa(Bf(Bm+Gm)—Jm K) b Kqa(Bf(Bm+Gm)—Jm K) o Ky
By K (a+1)? s K2 (a+1)” (a+1)? K *

1
,and 0 = —5 —

Cis = at

For the realization in Figure 5.2 to be feasible, all of components of the model
should be non-negative. Hence, (o + 1) should be non-negative. Furthermore, the
non-negativeness of the right spring imposes the condition expressed in Eqn. (5.22).
The non-negativeness o(B,, + G.,) is guaranteed if (B,, + G,,) > 0 and Eqn. (5.22)
are simultaneously satisfied. As +47 Ka approaches to zero, the outer spring which
represents the virtual stiffness to be rendered, converges to zero. The conditions for

non-negativeness of ¢4 and b4 can be derived as

IS (B, + G (5.24)
By

which indicates (B, + G.,) > 0.
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Figure 5.2 Realization of SDEA under VSIC during spring rendering when
controllers are P

5.2.2 Feasibility of Passive Realization vs Passivity

The feasibility conditions for the realization in Figure 5.2 provide sufficient condi-
tions for passivity of Eqn. (5.18). This can be shown by first considering a sufficient
condition for passivity that is ensured by imposing a non-negative value to d4 as

follows
I < (B + G) (B, + Gy + Be(a+ 1))

m
OéKd

Note that replacing the condition provided in Eqn. (5.23) with the non-negativeness

(5.25)

of d4 provide (more conservative) sufficient condition for passivity. This condition
still needs to considered together with the other necessary conditions of non-negative
dy and dg. Eqns. (5.24) and (5.25) can be arranged together as

(Bm+ Gm)Bf (Bm+Gm)(Bm+Gm+Bf(a+1))
< < .
I < K - a Ky (5 26)
Given Eqn. (5.22) as necessitated by the feasibility of the realization in Figure 5.2
and the passivity of Eqn. (5.18), this inequality is always satisfied. Therefore,
Eqn. (5.24) is a more conservative sufficient condition than the one provided in
Eqn. (5.25) and when Eqn. (5.24) is satisfied, Eqn. (5.23) is guaranteed to hold.

Hence, the realization in Figure 5.2 is feasible and the sufficient conditions for pas-
sivity of Eqn. (5.18) are satisfied if the (B,, +Gp), (a+1), and %7 Kq are positive,
and Eqn. (5.24) is satisfied. If Eqn. (5.23) replaced with Eqn. (5.24), then the

necessary and sufficient conditions for passivity of Eqn. (5.18) can be recovered.
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5.2.3 Haptic Rendering Performance

Physical realization of SDEA during ideal spring rendering is related to that of SEA

in a number of ways. Similar to the case for SEA, Figure 5.2 indicates two branches

aKy
(a+1)

K, as the controller gains gets large and parasitic dynamics governed by damper-

in parallel: an ideal spring whose stiffness approaches to the desired spring

inertance elements that are serially coupled to the system with a spring-damper pair

in parallel. The main differences are due to the physical filter damping By appearing

OéKd
(a+1)

in parallel to the coupling spring K — and the more complicated form of the

parasitic damper-inertance dynamics.

Existence of the physical filter damping By in parallel to the coupling spring indicates
that, unlike the case in SEA, the parasitic dynamics cannot be completely decoupled
from the system as the as the controller gains G; and G,, increase, since By term
dominates the coupling at intermediate and high frequencies. Similar to the case
with SEA, Figure 5.2 indicates that the parasitic effect of the damper o(B,, + G.,)
and inerter J,, /(a4 1) terms decrease with the choice of high controller gains. Once
again, GG; has a more dominant effect on the damper term, while G, and G; gains
affect the inerter term in the same manner, as their effects are multiplicative. In
comparison with Figure 4.1, Figure 5.2 indicates that the addition of an physical
damping By to the filter appends the parastic dissipation effects by introducing a
serial damper-inerter term that introduces frequency dependent dissipation to the

system whose effect increases with frequency.

Since the high frequency dynamics of SDEA is governed by the damping of the
physical filter, all Bode plots converges to this dynamics. Along these lines, high
frequency behaviour of SDEA is significantly different from that of SEA.

5.2.4 Effective Impedance Analysis

Effective impedance analysis of the parasitic dynamics of the realization in Fig-

ure 5.2. In particular, the effective damping for Eqn. (5.18) after removing the

serial coupling filter Bj- (K — @Iﬁ)) pair and the rendered stiffness éﬁl) can be
computed as
Bt (Bf (B + Gm)(a+1) — Jp Kga) w?+

C =
efirp B2 (a+1)%w? 4+ K2(a+1)2

At low frequencies (as w — 0), Eqn. (5.27) converges to o(B,, + G,,). At high
frequencies (as w — 00), Eqn. (5.27) approaches to (B, + G.,) + cis.

Similarly, the effective inertence for the parasitic dynamics of Eqn. (5.18) can be
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computed as

(B Jm(a+ 1)) w? + Jo K*(a+ 1) + By Kga(Bo + G) = Jn K Kqa

bSDEA —
efipp B2 (a+1)2w? + K2(a + 1)2
(5.28)
At low frequencies (as w — 0), Eqn. (5.28) converges to O:’—rl + bys. At high
frequencies (as w — o0), Eqn. (5.28) approaches to C‘Y]—J’fl

Hence, similar to the case with SEA| ideal spring impedance rendering performance
at the low frequency range is dominated by the parasitic damping of o(B,, + G,),
while a parasitic inertence of (O{Tml) +by, acts at this frequency range. Hence, parasitic

damping at low frequencies can be effectively attenuated by the force controller G;.

JIm
(a+1)

Similarly, the parasitic inertance at the high frequency range can be attenuated

by G and G, gains.
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5.3 Null Impedance Rendering

When the force and the motion controllers taken as proportional (P) controllers,
the impedance at the interaction port of SDEA under VSIC during null impedance

rendering equals to

7508A7 B Jm s*+ (By (B + Gm) + Jn K) s + K(Bp + G
ull I8+ (Bf (14 @)+ By + Gp) s+ K(a +1)

(5.29)

where a = G,,G;. Note that when (a+1) = 0, Eqn. (5.29) equals to By + £, which

is passive.

The passivity of ZiﬁlEAP_P (s) is checked according to Theorem 1. Theorem 7 presents
necessary and sufficient conditions for one-port passivity of SDEA under VSIC while
rendering null impedance, when G; and G, consist of proportional gains and without

imposing non-negative controller gains.

Theorem 7. Consider null impedance rendering for SEA under VSIC as in Fig-
ure 3.2, where Gy and G, consist of proportional gains. Let physical plant param-
eters be positive, while the controller gains are allowed to be negative. Then, the
following expressions constitute necessary and sufficient conditions for passivity of
ZSDEAP'P(S)'

null
(i) (Bm + Gy) >0, and

(ii) a+1>0.

Proof. 1) Z(s) has no poles in the right half plane. If we apply Routh-Hurwitz sta-
bility criterion, Z30FA™" () has no poles in the right half plane if B,, + G, + By(a+

null

1) and (a + 1) are non-negative.

2) Re[Z(jw)] > 0 for all w. Invoking Lemma 1, the sign of Re[ZSDEA™" (ju)] can
be checked by the sign of H(jw) = dyw* + dyw? + dy where

dy=K?*(a+1) (B +Gn) (5.30)
dy = By (B + Gm) (Bm + Gy + Bp(a + 1)) (5.31)
dy = By Jm* (5.32)

Re[Z5DFA™"] is non-negative if B, + G, + Bf(a+1), (a +1), and (B,, + G,,) are

null

non-negative.

3) Any poles of Z(s) on the imaginary axis are simple with
positive and real residues. When B,, + G,, + Bf(a + 1) and (o + 1) are posi-
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tive, this condition is satisfied. For the special case, when (a4 1) = 0, Eqn. (5.29)
reduces to By + %, which is always passive. There exists a pole on the imaginary
axis when B,, + G,, + Bf(a + 1) = 0. However, B,, + G,, + Bg(a+ 1) = 0, if and
only if (& 4+ 1) = 0, since (B,, + Gm) > 0 and (a4 1) > 0. O

5.3.1 Passive Physical Equivalent:

A realization of Eqn. (5.29) characterizing SDEA under VSIC during null impedance

rendering when both controllers are proportional is presented in Figure 5.3.

Bm+Gm Jm:j

o+l o+l

Figure 5.3 Realization of SDEA under VSIC during null impedance rendering
when both controllers are P

For the realization in Figure 5.3 to be feasible, all physical components in the model

should be non-negative, that is, (B,, + G,) and (« + 1) should be non-negative.

5.3.2 Feasibility of Passive Realization vs Passivity

The conditions for feasibility of realization in Figure 5.3 are equivalent to the nec-
essary and sufficient conditions for passivity of Eqn. (5.29) according to Theorem 1:
if (B +Gp) > 0 and (a+ 1) > 0, then Eqn. (5.29) is passive and all components

in Figure 5.3 are non-negative.

5.3.3 Haptic Rendering Performance

Physical realization of SDEA during null impedance rendering is identical to that of
SEA, except the fact that the physical filter of SDEA includes a physical damping
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term B parallel to the physical spring K. Similar to the case with SEA, Figure 5.3
indicates that the parasitic effect of the damper (B, + G,,)/(a + 1) and inerter
/(a4 1) terms decrease with choice of high controller gains for SDEA during null
impedance rendering when both controllers are P. G; has a more dominant effect
on the damper term, while GG, and G; gains affect the inerter term in the same

manner, as their effects are multiplicative.

5.3.4 Effective Impedance Analysis

The effective impedance of the controllable part of the realization in Figure 5.3, that
is, the remaining system dynamics after the serial physical filter consisting of K-Bj
terms is extracted, is dominated by the damper term (B, + G,,)/(a + 1) in the
low frequency range. Therefore, the null impedance rendering performance can be
increased in the low frequency range by attenuating the affects of this damper term.
Similarly, the high frequency behaviour of the parasitic dynamics is dictated by the
inerter J,,/(a+ 1) term.
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5.4 Discussion

We have presented passivity analysis of SAEA under VSIC during null impedance,
spring rendering, and Voigt model rendering. Also, we have provided passive phys-
ical equivalents of SDEA under VSIC during null impedance, spring rendering, and
Voigt model rendering. Through passive physical equivalents, we have provided
analysis of effective impedance and haptic rendering performance. It is important
to note that, in general, passive physical realizations for a given impedance transfer
function are not unique. Similarly Section 4.4, Figure 5.4 depicts alternative pas-
sive physical equivalents for the impedance in Eqn. (5.18) for SDEA under VSIC
during spring rendering when both controllers are P. Here, Figures 5.4a and 5.4b
complement each other to provide the same sufficient conditions as presented for

Figure 5.2.

K
3 K| B Ko

f o+l f o+l
o+1 | o+1 I
J 1 C2as J 1 2as
C1as m k C1as m k1
——y 1as 1 as
o+1 o+1
(a) (b)

Figure 5.4 Alternative passive physical equivalents of SDEA under VSIC during
spring rendering when both controllers are P
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Figure 5.5 Passive physical equivalent of SDEA under VSIC during null impedance
rendering when both controllers are PI

Realizations become more complicated as controllers become more involved, mak-
ing their interpretation harder. For instance, Figure 5.5 presents passive physical
realizations for SDEA under VSIC during null impedance rendering, when both

controllers are PI.
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Chapter 6

Passivity Analysis and Passive
Physical Equivalents of SDEA ;. f

In this chapter, we study the effect of omitting the damping force induced on the
serial compliant element in closed-loop control, and provide necessary and sufficient
conditions for the passivity and passive physical equivalents of interaction when only
the deflections of the serial elastic element is used to estimate the interaction forces.
This model, depicted in Figure 3.3 and named SDEA[ ,, captures the most common
implementations of SEA, where the inherent damping effect on the serial elastic
element is ignored. Furthermore, effective impedance and haptic rendering analyses
are made through passive physical equivalents. Also, we compare the passivity
bounds of SDEA,, with SDEA.

6.1 Voigt Model Rendering

The impedance at the interaction port of SDEAf,, under VSIC during Voigt model

, . . SDEAg,,
rendering when both controllers are proportional is Zy,,. " (s) =

By Jm 83 + (Bf( By + Gy + By o) + Ji, K) $*+
(K(Bm+Gn) +a(Bg K+ BfKg))s+ K Kqga
In s>+ (Bf+ By +Gp) s+ K(1+a)s

(6.1)

. SDEAK,, , . . '
where o = G, Gy. The passivity of Zy,., 7"(s) is checked according to Theorem 1.

Theorem 8 presents necessary and sufficient conditions for one-port passivity of
SDEAk,, under VSIC while rendering Voigt model, when G; and G,, consist of

proportional gains.

Theorem 8. Consider Voigt model rendering for SDEAg,, under VSIC as in Fig-
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ure 3.3, where Gy and G, consist of proportional gains. Let all parameters be pos-

itive. Then, the following expressions constitute necessary and sufficient conditions
. SDEAK
for passivity of Zy ;e 77 (5).

. @ Bm+Gmefa
(i) K > Kq (a+1) Bn+Gm+Bga’ and

(1)) =2 /7 < By (Bn+Gp +Ba) (Bi+ B+ Gi) —a Jy, (Bp(K+Kq) + K By)
where
v = By Jp? (K (a+ 1) (K (Bp+ G + Baa)+Bj a Ky)
—a K Ky (Bf+ B+ Gp).

Proof. 1) Z(s) has no poles in the right half plane. If we apply Routh-Hurwitz sta-
DEAk
oigt

(s) has no poles in the open right half plane, since all

) i SDEA,,
coeflicients of denominator of Z,

S
bility criterion, Z;,

oigt (5) are pOSitive.

SDEA
2) Re[Z(jw)] > 0 for all w. Invoking Lemma 1, the sign of Re[Zy 1 (jw)] can

be checked by the sign of H(jw) = dgw® + dyw* + dow?, where

dy =K(K(By+Gpmt Baa)+BrKyo) (a+1) —K Kqo( B+ Byt Gry,) (6.2)
dy=B{ B+ Byt Gm)(Bm+Gm~+ Bao)—Jma(K (By+ By + By Kq) (6.3)
de =By Jm* (6.4)

Here, dg is positive, since By is positive. The non-negativeness of dy imposes the

following constraint:

a Bm—i—Gm—Bfa

K > K 6.5

=0+ 1) By + Gm + Baax (6.5)
The last necessary and sufficient condition can be derived as:
By (By+Gm +Baa) (By+ B+ G,

—aJy (Bf(K—l-Kd) + KBd)

where v = By J;,* (K (a + 1) (K (By+ G + Baa)+Bya Kg)—a K Ky (Bf+ B+ Gi).

Accordingly, Eqns. (6.5) and (6.6) provide the necessary and sufficient conditions to

A
ensure that Re[ZVm;gt be(

jw)] > 0. Together with Eqn. (6.5), a simpler but more
conservative set of sufficient conditions can be derived by imposing non-negativeness

of dy instead of Eqn. (6.6) as follows:
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g < Bf(Bf—l-Bm—l—Gm) (Bm—i—Gm—l—Bda)
"= o (K (Bg+ By) + By Ky)

(6.7)

3) Any poles of Z(s) on the imaginary axis are simple

with positive and real residues. There exists no poles on the imaginary axis,

except at s = 0, as long as all controller gains and physical parameters are positive.
For the pole at s = 0, the residue equals to _%5 K4, which is positive for positive

controller gains.

Eqn. (6.5) and Eqn. (6.6) are necessary and sufficient condition for passivity of

Eqn. (6.1) when all parameters are positive. [

6.1.1 Passive Physical Equivalent

A realization of Eqn. (6.1) characterizing SDEAf,, under VSIC during Voigt

model rendering when both controllers are proportional is presented in Figure 6.1.
By (B;—B
The parameters of this realization include k£, = K — fﬁ _ Bl ; 1) and

_ Bm—Bf+Gm+Bda—Bfa Kda(BnL+Gm_Bj'a)
Cop = ) R a1 . The rest of terms are long and

complicated; hence, are presented as a Matlab script that allows for a numerical

means of checking for the non-negativeness of each element®.

k1 v
1 f
o+l
b,
CZV C3\/
J

Figure 6.1 Passive physical equivalent of SDEAf,, under VSIC during Voigt model
rendering

IThe Matlab script that presents parameters of the realization in Figure 6.1 is available for download at
XXXXX.
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6.1.2 Haptic Rendering Performance

Physical realization of SDEA ¢, during Voigt model rendering in Figure 6.1 indicates
three main branches in parallel: a spring-damper pair (ﬁ Kd)fo in parallel,
and a branch capturing the parasitic dynamics governed by a complex topology of
damper-inertance terms that are coupled to the system in series through a spring.
The parallel spring-damper pair of (J‘Tl) Kd)—B s indicates that, while SDEAf ,
can render the desired spring levels, it cannot render the desired damping, since the
controller terms have no affect on By. Accordingly, SDEAf,, cannot render desired
Voigt models, unlike SDEA which has direct control over the desired damping term
in addition to the spring term. According to the SDEA,, realization, the uncon-
trollable damping term B acts as a parasitic effect working against the rendering

performance.

For the physical realization of SDEAf ,, the coupling filter consists of the spring
k1, whose stiffness can get large for large controller gains or By. Hence, unlike
the case for SDEA, larger controller gains do not necessarily decouple the parasitic
dynamics from the rendered impedance for SDEAg,,. When the coupling is strong,
the parasitic dissipation effects due to the last branch in the SDEAg,, realization
can be split into two parts: a damper ¢y, and a serial damper-inerter term that
introduces frequency dependent dissipation that increases with frequency. Unlike in
the SDEA realization, SDEAg,, does not have a pure inerter term that dominates

the parasitic dynamics at high frequencies.

The third row of Table 8.1 presents realizations for SDEA,, while rendering Voigt,
spring, and null impedance models. Table 8.1 indicates that there exists continuity
among the realizations; that is, one can recover the realization of ideal spring ren-
dering with SDEA[,, from the realization of Voigt model rendering with SDEAg,,
by setting By = 0, while the realization of null impedance rendering with SDEAg,
can be recovered from the realization of Voigt model rendering with SDEAg,, by
setting By = 0 and Ky = 0. Similarly, realizations with SEA can also be recovered

from the SDEA , realizations by simply setting By = 0.

6.1.3 Effective Impedance Analysis

Further insights may be gained about the parasitic dynamics by studying the effec-

tive impedance of the realization. Effective impedance analysis of the realization in

o

(a+1)
that, at low frequencies (as w — 0), the effective damping of the parasitic dynamics

Figure 6.1, after removing ( Kd) —By and the serial coupling filter ki, indicates

converges to ¢o,, while at high frequencies (as w — 00), the effective damping of

20



the parasitic dynamics approaches to co, + c3,.

Similarly, the effective inertance of the parasitic dynamics at low frequencies (as
w — 0) converges to bs,, while at high frequencies (as w — 00), the effective

inertance of the parasitic dynamics approaches to zero.

Accordingly, in addition to the parasitic effect of By, through the coupling spring,
the parasitic damping of ¢y, affects the Voigt model rendering performance at the
low frequency range, while a parasitic inertance of bs, also acts at this frequency
range. The effective parasitic damping increases with frequency and ¢y, is added to
3, at the high frequency range. On the other hand, the effective parasitic inertance

decreases to zero with increasing frequency.

Comparison of the effective impedance of the realization of SDEAf,, with SDEA
at the high frequency range indicates that the effective inertance of the parasitic
dynamics of SDEAg,, goes to zero, while the effective inertance of the parasitic
dynamics of SDEA at the high frequency goes to by,; hence, the effective inertance
of the parasitic dynamics for SDEA is higher than that of SDEAk,,. A numerical
comparison of the effective damping of SDEAf,, with SDEA at the low frequency

range is presented in Chapter 8.

6.1.4 Comparison of Passivity Bounds of SDEAf, with
SDEA

Comparison of the necessary conditions presented in Equs. (5.5) and (6.5) that
impose upper bounds on K,y for SDEA and SDEAf , respectively, indicates that

the bound for SDEA,, is more relaxed as follows:

« B,, + G, S « By, + Gy — Bya

K> K
=M a4+ 1)Bn+ Gm+Bga ~ “(a+1) By + Gm+ Bya

(6.8)

Accordingly, Eqn. (6.8) shows that SDEAf, can passively render virtual springs Kj
that are stiffer than the virtual springs that can be passively rendered by SDEA.

Comparison of the sufficient conditions of SDEA and SDEAfg,, presented in
Equs. (5.7) and (6.7) indicate that

Bt (Bm+ Gm+ Bygo) [Bp+ G+ By (14 o))
(Bde+BdK) o

_ By (B + G + B4@) (B + G + By)

- [Bde—I-K(Bd—i-Bf)]Oz
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Consequently, while SDEAf,, can passively render more stiff virtual spring com-
pared to SDEA according to Eqn. (6.8), SDEA,, also possesses a more strict pas-
sivity bound on .J,,, as expressed in Eqn. (6.9).
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6.2 Ideal Spring Rendering

When By = 0 in Eqn. (6.1), the output impedance transfer function becomes equal to
the transfer function for the ideal spring rendering. The impedance at the interaction

o , . SDEAK,,
port of SDEAg,, under VSIC during ideal spring rendering becomes Z, ., ' (s) =

By Jm 83+ (Bf By + By Gy + I K) 8* + (B K + G K + Bfa Kg) s + a K Ky
IJns®+ (Bf+Bpn+Gn)s?+K(1+a)s

(6.10)

L SDEAK,, ) )
where a = G,,G;. The passivity of Z (s) is checked according to Theorem 1.

spring
Theorem 9 presents necessary and sufficient conditions for one-port passivity of
SDEAk,, under VSIC while rendering spring, when G; and G, consist of propor-

tional gains.

Theorem 9. Consider spring rendering for SDEAk,, under VSIC as in Figure 3.5,
where Gy and G, consist of proportional gains. Let all parameters be positive. Then,
the following expressions constitute necessary and sufficient conditions for passivity

SDEAk
Of Zspm'ng fb<8)'

. o (Bm+Gm—Bja)
(i) K> Ky D Baicn o and

(ii) =2 /7 < By (Bm+ Gi) (Bp+ B+ Gp)— By o Jy (K+ Ky)
where
v =B Jp? (K (a+1) (K (Bt Gn)+BraKy)—a K Kq (By+ B+ Gp).

Proof. 1) Z(s) has no poles in the right half plane. If we apply Routh-Hurwitz sta-

. ] . SDEAbe
bility criterion, Zg, .,

(s) has no poles in the open right half plane, since all

] ) SDEAK,,
coefficients of denominator of Z

spring | (8) are positive.

SDEAK,
2) Re[Z(jw)] > 0 for all w. Invoking Lemma 1, the sign of Re[Z, ., 1 (jw)] can

be checked by the sign of H(jw) = dgw® + dyw* + dyw?, where

dy =K (a+1)[K (By+Gr)+BraK g — K K4 Byt Gt By) (6.11)
d4:Bf [(Bm+ Gm) (Bm+ Gm+Bf) — adp (K+ Kd)] (6'12)
d¢ =By J” (6.13)
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Applying Lemma 3, d is positive, since By is positive. The non-negativeness of ds

imposes the following constraint:

a (Bm+Gn—Bra)

K> K, 6.14
=7 a+1) (ButGnm) (6.14)

The last necessary and sufficient condition can be derived as:
~2/7 < By (Bm+ Gw) (B + B+ Gp) — By a Jp, (K+ Ky) (6.15)

where v = By J,2 (K (o + 1) (K (Bp+ G)+Bra Kyg)—a K Kq (Bp+ B+ Gry).

A simpler but more conservative set of sufficient conditions can be expressed by
using Eqn. (6.14) together with Eqn. (6.16) instead of Eqn. (6.15) as follows

I (Bm, + Gm) (Bm + G, + By)
"= (Kq+ K)

(6.16)

]

6.2.1 Passive Physical Equivalent:

A realization of Eqn. (6.10) characterizing SDEA , under VSIC during ideal spring

rendering when both controllers are proportional is presented in Figure 6.2. The

. . . . - B2 K _  Bm+Gm
parameters of this realization include kiy, = K — 55 — (43, ¢, = 22i5m —
Kqa (Bm+Gm—B . .
By — 2o I (:H)g ! a). The rest of terms are still complicated and presented as a

Matlab script which is presented before with giving By = 0.

6.2.2 Haptic Rendering Performance

Physical realization of SDEAk,, during ideal spring rendering in Figure 6.2 indicates
three main branches in parallel: a spring-damper pair (ﬁ Kd)fo in parallel,
and a branch capturing the parasitic dynamics governed by a complex topology of
damper-inertance terms that are coupled to the system in series through a spring.
The parallel spring-damper pair of (ﬁ Kd)fB s indicates that, while SDEAf ,
can render desired spring levels and the controller terms have no affect on Bjy.
Accordingly, SDEA, can render desired ideal spring like SDEA. According to the
SDEA,, realization, the uncontrollable damping term By acts as a parasitic effect

working against rendering performance.
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Figure 6.2 Passive physical equivalent of SDEA,, under VSIC during ideal spring
rendering

6.2.3 Effective Impedance Analysis

Further insights may be gained about the parasitic dynamics by studying the effec-

tive impedance of the realization. Effective impedance analysis of the realization in

_a

(a+1)
that at low frequencies (as w — 0) the effective damping of the parasitic dynamics

Figure 6.2, after removing ( Kd) —By and the serial coupling filter ki, indicates
converges to cos. At high frequencies (as w — ©0), the effective damping of the

parasitic dynamics approaches to cos + c35.

Similarly, the effective inertance of the parasitic dynamics at low frequencies (as
w — 0) converges to bss. At high frequencies (as w — ©0), the effective inertance

of the parasitic dynamics approaches to 0.

Accordingly, in addition to the parasitic effect of By, through the coupling spring,
the parasitic damping of cy4 affects the spring rendering performance at the low
frequency range, while a parasitic inertance of bz, also acts at this frequency range.
The effective parasitic damping increases with frequency and cys is added to cs,
at the high frequency range. On the other hand, the effective parasitic inertance

decreases to zero with increasing frequency.

Comparison of the effective impedance of the realization of SDEAf,, with SDEA
at the high frequency range indicates that the effective inertance of the parasitic
dynamics of SDEAg,, goes to zero, while the effective inertance of the parasitic
dynamics of SDEA at the high frequency goes to J,,/(« + 1); hence, the effective
inertance of the parasitic dynamics for SDEA is higher than that of SDEAg,,. A
numerical comparison of the effective damping of SDEA,, with SDEA at the low

frequency range is presented in Chapter 8.
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6.3 Null Impedance Rendering

When K; = 0 in Eqn. (6.10), the output impedance transfer function becomes
equal to the transfer function for null impedance rendering. The impedance at the

interaction port of SDEAf,, under VSIC during null impedance rendering becomes
SDEAK,, '

Znull (S> =
By Jpm $* 4 (Bf By + By Gy + Ji K) s + K(Bm, + Gi)
Jn 2+ (Bf+ Bpm+Gn) s+ K(1+ )
SDEA
4

null

(6.17)

where a = G,,G;. The passivity of b (s) is checked according to Theorem 1.
Theorem 10 presents a necessary and sufficient condition for one-port passivity of
SDEAK,, under VSIC while rendering null impedance, when G; and G,, consist of

proportional gains.

Theorem 10. Consider null impedance rendering for SDEAk,, under VSIC as
in Figure 3.3, where Gy and G, consist of proportional gains. Let all parameters
be positive. Then, the following expression constitute the necessary and sufficient

SDEA
condition for passivity of Z,., " (s).

(i) =2JmK\/Bp(a+ 1) (B + Gi) < By((Bu + Gu)(By + By + Gr) — 0 K).

SDEAK,,

Proof. 1) Z(s) has no poles in the right half plane. Z, (s) has no roots in the
SDEA
open right half plane if all coefficients of denominator of anlE re (s) are positive.
. . . SDEAk,, .

2) Re[Z(jw)] > 0 for all w. Invoking Lemma 1, the sign of RelZ,,, (jw)] can

be checked by the sign of H(jw) = dyw* + dyw? + dy where
do=K?*(a+1)(Bn+Gn) (6.18)
dg:Bf(Bm+Gm)(Bf+Bm+Gm)—BfOszK (619)
dy = By Jp” (6.20)

From Lemma 3, dy and d4 are always positive while gains are positive, while the
following condition is also imposed: When all parameters are positive, the necessary

and sufficient condition for the passivity of Eqn. (6.17) can be derived as

~2Jm K\ By(a+ 1) (B + Gn) < By((Bm + G) (By + By + Gim) — aJK) (6.21)

Hence, Eqn. (6.21) provides the necessary and sufficient condition for
SDEAk,, .
Re[Znull (]w)]
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A simpler but more conservative sufficient condition can be provided as

J. < (Bm + Gm) (Bf+Bm+Gm)
m= aK

(6.22)

3) Any poles of Z(s) on the imaginary axis are simple

with positive and real residues. There is a no poles on the imaginary axis

while all controller gains and physical parameters are positive. ]

6.3.1 Passive Physical Equivalent:

A realization of Eqn. (6.17) characterizing SDEAg,, under VSIC during null

impedance rendering when both controllers are P is presented in Figure 6.3, where

bl _ Bfa(Bm+Gm) aJdm _ a(Bm+tGm)  adn K
W= .

K(a+1)?  a+tl and ¢1, = a+t1 By

1n

1n

2I|

Figure 6.3 Passive physical equivalent of SDEA,, under VSIC during null
impedance rendering

For the realization in Figure 6.3 to be physically feasible, all components in the model
should be non-negative. Non-negative controller gains and physical parameters guar-
antee non-negativeness of all components, except by, and ¢;,. The non-negativeness

of by, and ¢y, imposes

<
Jm < K (a+1)

(6.23)

Note that there exists an alternative passive physical equivalent of Eqn. (6.17) which

possesses a more similar topology with the realization in Figure 6.2 with K; = 0.

o7



In this section, we have preferred to present the realization in Figure 6.3, as the
parameters of this realization are less complicated, leading to more compact and

intuitive symbolic expressions for passivity.

6.3.2 Feasibility of Passive Realization vs Passivity

Eqn. (6.23) imposes a constraint that is more conservative than the sufficiency con-
dition in Eqn. (6.22). Therefore, Eqn. (6.23) not only ensures feasibility of the
realization in Figure 6.3, but also provides a sufficient condition for passivity of

Eqn. (6.17) when all gains and physical parameters are positive.

6.3.3 Haptic Rendering Performance

Physical realization of SDEA,, during null impedance rendering in Figure 6.3 in-
dicates two main branches in parallel: a damper B¢, and a branch capturing the
parasitic dynamics governed by a complex topology of damper-inertance terms that
are coupled to the system in series through a spring.A damper term By shows that
the controller terms have no affect on By. According to the SDEA , realization, the
uncontrollable damping term By acts as a parasitic effect working against rendering

performance.

6.3.4 Effective Impedance Analysis

Further insights may be gained about the parasitic dynamics by studying the effec-
tive impedance of the realization. Effective impedance analysis of the realization in
Figure 6.3, after removing B and the serial coupling filter ki, indicates that at low
frequencies (as w — 0) the effective damping of the parasitic dynamics converges
to ¢1,. At high frequencies (as w — ©0), the effective damping of the parasitic

dynamics approaches to ¢, + cop.

Similarly, the effective inertance of the parasitic dynamics at low frequencies (as
w — 0) converges to by,. At high frequencies (as w — 00), the effective inertance

of the parasitic dynamics approaches to 0.

Accordingly, in addition to the parasitic effect of By, the parasitic damping of ¢y,
affects the null impedance rendering performance at the low frequency range, while
a parasitic inertance of by, also acts at this frequency range. The effective parasitic
damping increases with frequency and ¢y, is added to co, at the high frequency
range. On the other hand, the effective parasitic inertance decreases to zero with

increasing frequency.
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Comparison of the effective impedance of the realization of SDEAf,, with SDEA
at the high frequency range indicates that the effective inertance of the parasitic
dynamics of SDEAg,, goes to zero, while the effective inertance of the parasitic
dynamics of SDEA at the high frequency goes to J,,/(a + 1); hence, the effective
inertance of the parasitic dynamics for SDEA is higher than that of SDEAg,,. A
numerical comparison of the effective damping of SDEA,, with SDEA at the low

frequency range is presented in Chapter 8.
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6.4 Discussion

We have provided necessary and sufficient conditions of SDEA  f, under VSIC dur-
ing rendering Voigt model, spring, and null impedance. Also, we have provided
passive physical equivalents of SDEA  , under VSIC during rendering Voigt model,
spring, and null impedance. Through passive physical equivalents, analysis of effec-
tive impedance and haptic rendering performance are provided. Furthermore, we
compare the passivity bounds of SDEA and SDEA .

In general, passive physical realizations for a given impedance transfer function
are not unique and the feasibility conditions for a passive physical realization only
provides sufficient conditions for passivity. Hence, the necessary conditions are not
easy established through such analysis, as it requires studying feasibility of all passive

physical realizations.

B-OL_Bd K' (XKd

o+1

o+ D oA B

b -1 b, -

1av

1av CZav

(a) Voigt model rendering

B K' (XKd Bf K

f o+l
aK,
o+l b1as
| b2as C
T : B +G, J = G
as c
5as (x+1 b]anE:

Ideal s .
(b) Ideal spring rendering (c¢) Null impedance rendering

Figure 6.4 Alternative passive physical equivalents of SDEAg,,

60



Figure 6.4 depicts alternative passive physical equivalents of SDEAf,, under VSIC
during Voigt model, ideal spring, and null impedance rendering. In particular,
Figure 6.4a and Figure 6.1 present the realizations for the impedance transfer func-
tion in Eqn. 6.1, Figure 6.4b and Figure 6.2 present the realizations for the ideal
spring rendering when By is set to zero in Eqn. 6.1, and Figure 6.4c and Figure 6.3
present the realizations for null impedance rendering when B, and Ky are set to
zero in Eqn. 6.1. We have used in our analysis Figures 6.1, 6.2, and 6.3 instead
of Figure 6.4a, 6.4b, and 6.4c because of simplicity of the terms and easier to give
intuitive for performance comparison. By exists alone in Figures 6.1, 6.2, and 6.3
where we can easily see that By is not affected by any controller terms and parasitic

effect of By for performance.
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Chapter 7

Passivity Analysis and Passive
Physical Equivalents of Reduce

Order Model of Different
Implementations of SEA

In this chapter, we study the effect of utilizing a reduce order model for SEA, SDEA,
and SDEA[,,. In particular, in the reduce order model, depicted in Figure 7.1 and
called SDEA i

an ideal motion source and replaced with a low-pass filter of the form w,/(s + w,),

the inner motion controller is assumed to render the system into

red’

where w, captures the bandwidth limitation of the motion controlled system.
Reduced Model of SDEA

l TSEA

d d K

® T - ® o) ® 0 . T Tht Th

N z, O— 6 P s | T SDEA Mt th
L t S+, s 4 +kl/.

Impedance Torque
Controller Controller End
Effector

User

1 Oend = Op

Figure 7.1 Block diagram of impedance control with reduce order model SDEAg _,
for which the interaction forces are estimated by only utilizing the deflections of the
physical spring

The physical interaction force that is applied to the actuator as a disturbance is
omitted in the reduce order model, as it is assumed that this force is partially
cancelled out with a feed-forward control action and the motion controlled system

is sufficiently robust to effectively compensate for the interaction force within its

bandwidth.

The reduce order model is commonly employed as it provides simpler analysis; how-
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ever, the results obtained through the analysis of the reduce order model necessitate
rigorous validation with respect to the full order model. In this chapter, we provide
necessary and sufficient conditions for passivity and passive physical equivalents of
reduce models. Furthermore, effective impedance and haptic rendering analyses are
made through passive physical equivalents. Also, we compare passivity bounds with

full order model.

7.1 Reduce Order Model for SDEA[

In this section, we have studied reduce order model for SDEA,.q where block

diagram is provided in Figure 7.1.

7.1.1 Voigt Model Rendering

The impedance at the interaction port of SDEA, , under VSIC during Voigt model

; . . ,SDEA
rendering when both controllers are proportional is Zy ., " (s) =

By 8* 4+ (K + Bpwa (1 + BgGy)) 82 + we(K + BaGt K + B Gy Kg) s + G K Kjw,
$3 +we 82+ G K wy s

(7.1)

DEA

The passivity of Z‘S}mgt red(5) is checked according to Theorem 1. Theorem 11

presents necessary and sufficient conditions for one-port passivity of SDEA . under

red

VSIC while rendering Voigt model, when G consists of proportional gains.

Theorem 11. Consider Voigt model rendering for SDEAk,,, under VSIC as in
Figure 7.1, where Gy consists of proportional gains. Let all parameters be positive.

Then, the following expressions constitute necessary and sufficient conditions for
o SDEAE,,,
passivity of Zyy  4(8)).

. Kq(1-B; G
(i) K > 7‘1];1(%11 t), and
. Gy (K+K(i) 2\/Bf GtK<K(Bth+1)+Kd (Bf Gt—].))—BthK
(ZZ) Wa 2 (Bd Gt+1) - Bf (Bd Gt+1) :
Proof. 1) Z(s) has no poles in the right half plane. ZgZiAK’”ed(s) has no roots in
SDEAg,

the open right half plane if all coefficients of denominator of Zy,,,, ""*(s) are posi-

tive.

2) Re[Z(jw)] > 0 for all w. Invoking Lemma 1, the sign of Re[Z{jthAK“d (jw)] can

be checked by the sign of H(jw) = dgw® + dyw* + dow? where
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dy=G(BaGi+1) K*w,? + G Ky(ByGi—1) Kw,* (7.2)
dy=Bjw,* — ByGywa (K — Byw,) — BGi Kw, — By GiK qw, (7.3)
dg = By (7.4)

Here, dg is positive, since By is positive. The non-negativeness of dy imposes

K> Kd(l—BfGt)

7.5
- BG4+ 1 ( )

When Lemma 3 is applied, the last necessary and sufficient condition for passivity

can be derived as

| Gi(E + Ky 2\/BfGtK(K(Bth+1)—i—Kd(BfGt—1))—BthK iy
Ya =BG 1) B (ByGi+ 1) (7.6)

A simpler but more conservative sufficient condition can be presented by imposing

non-negativeness of dy instead of Eqn. (7.6) as

Gy [K (Bd + Bf) + Bf Kd]
- Bf (Bth+l)

(7.7)

Waq,

3) Any poles of Z(s) on the imaginary axis are simple

with positive and real residues. There is a no poles on the imaginary axis ex-

cept at s = 0, when all controller gains and w, are positive. There is a pole when

s = 0, for which the residue equals to K, which is positive.

Hence, Eqns. (7.5) and (7.6) constitute the necessary and sufficient conditions for

the passivity of Eqn. (7.1) when all parameters are positive.

7.1.1.1 Passive Physical Equivalent

A realization of Eqn. (7.1) characterizing SDEAf , under VSIC during

Voigt model rendering when both controllers are proportional is presented
ByGi—B;Gi+1

in Figure 7.2, where kyy = K — Ky + BaBjGiwa, €1y = ——(g—— +
Kq(BfGi-1) b - (waBf(GiBy—1)+K ) (waBa(Gt BaK+K—Ka)+(K—Kg)?) q
7V S - GrK?w, (K—Kq+ByByGtwa ) , an

(waBf(GitBf—1)+K)(waBa(Gt BaK+K—Kg)+(K—Kq)?)

C =
v GiKwa (B K—ByK—ByKy+BaBfwa )
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4v

4v C5v

Figure 7.2 Passive physical equivalent of SDEA g _, under VSIC during Voigt model
rendering

7.1.1.2 Haptic Rendering Performance

Physical realization of SDEAk

dicates three main branches in parallel: a spring-damper pair K, B in parallel,

., during Voigt model rendering in Figure 7.2 in-
and a branch capturing the parasitic dynamics governed by a complex topology of
damper-inertance terms that are coupled to the system in series through a spring.
The parallel spring-damper pair of K;~B; shows that, while SDEA, , can render
the desired spring levels, it cannot render the desired damping, since the controller
terms have no affect on By. Hence, SDEAg _, cannot render desired Voigt models,
unlike SDEA which has direct control over the damping term in addition to the
spring term. Similar to the case with the SDEAf , realization, according to the
SDEA,, realization, the uncontrollable damping term By acts as a parasitic effect

working against the rendering performance.

For the physical realization of SDEA _,, the coupling filter consists of a spring,
whose stiffness can get large for large controller gains or B,;. Hence, unlike the
case for SDEA, larger controller gains do not necessarily decouple these parasitic
dynamics from the rendered impedance. When the coupling is strong, the para-
sitic dissipation effects due to the last branch in SDEA

into two parts: a damper ¢4, and a serial damper-inerter term that introduces fre-

., realization can be split
quency dependent dissipation to the system that increases with frequency. Similar
to SDEAg,, and unlike the SDEA realizations, SDEAf, , does not have a pure

inerter term that dominates the parasitic dynamics at high frequencies.

The fourth row of Table 8.1 presents realizations for SDEA g, while rendering Voigt,

red
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spring, and null impedance models. Table 8.1 indicates that there exists continuity
among realizations; that is, one can recover the realization of ideal spring rendering
with SDEAg _, by

setting By = 0, while the realization of null impedance rendering with SDEAg, _,

from the realization of Voigt model rendering with SDEAg, _,
can be recovered from the realization of Voigt model rendering with SDEA, , by
setting B; = 0 and Ky = 0.

7.1.1.3 Effective Impedance Analysis

Further insights may be gained about the parasitic dynamics by studying the ef-
fective impedance of the realization. The effective impedance of the realization in
Figure 7.2, after removing K, B and the serial coupling spring ks,, indicates that,
at low frequencies (as w — 0), the effective damping of the parasitic dynamics
converges to cy,, while at high frequencies (as w — o0), the effective damping of

the parasitic dynamics approaches to ¢y, + C5,.

Similarly, at low frequencies (as w — 0), the effective inertance of the parasitic
dynamics converges to by,, while at high frequencies (as w — ©0), the effective

inertance of the parasitic dynamics approaches to zero.

Accordingly, in addition to the parasitic effect of By, through the coupling spring,
the parasitic damping of ¢4, affects the Voigt model rendering performance at the
low frequency range, while a parasitic inertance of by, also acts at this frequency
range. The effective parasitic damping increases with frequency and cy, is added to
sy at the high frequency range. On the other hand, the effective parasitic inertance

decreases to zero with increasing frequency.

If we compare the effective impedance of SDEAg, to SDEAF, ,, at the high fre-
quency range, the effective inertance of the parasitic dynamics of both SDEA , and
SDEAK,., goes to zero. While the effective dampings of SDEAf,,and SDEA, , at
low frequencies converge to cg, and c¢y,, respectively, for large torque controller gains
(as Gy — 00), both of these parasitic damping terms converge to By — By + %.
Finally, both SDEA,, and SDEAF, , possess frequency dependent parasitic dissi-

pation terms.

7.1.1.4 Comparison of Passivity Bounds of SDEAk , vs SDEAg

red

While the reduce order model SDEA ., , provides simpler passivity conditions, these

conditions need to be rigorously validated with respect to the full-order model
SDEAK,,.

Comparison of the necessary conditions presented in Equs. (6.5) and (7.5) that
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impose upper bounds on K, for SDEAf,, and SDEA

red?

respectively indicates
that the bound for SDEAg, , may be more relaxed. In particular, it is easy to
show that for relatively large controller gains such that /(o + 1) ~ 1 and for
By, + G (1 — BfGt) > 0, the following condition holds

a Bn+G,(1-BrGy)
K> K
= (Q+1) B+ G (BaGr+ 1)

(1—-ByGy)
(BaGi+1)

> K (7.8)
Eqn. (7.35) indicates that the K; bound according to the reduce order model
SDEA, , may mislead the analyst into thinking that stiff virtual springs K} that
are impossible to passively render with the full-order model SDEA,, can be pas-
sive. Therefore, the selection of maximum K, according to the SDEAg, _, bound
can be fallacious, as rendering implementations are always performed on a physi-
cal hardware whose dynamics is better captured by the full-order model SDEAg , .
Note that, if B,, + G (1 — ByG;) < 0, the necessary conditions of SDEAf,, and
SDEA._, given in Eqns. (6.5) and (7.5) are trivially satisfied.

If the cut-off frequency of the reduce order model is selected to satisfy w, < %
then it can be shown that the passivity bound of SDEAg, _,
sufficient condition for the passivity bound of SDEA,, in Eqn. (6.7). In particular,

Y

in Eqn. (7.7) provides a

the comparison of the sufficient conditions of presented in Eqns. (6.7) and (7.7)

indicates that

o Bi(BaGi+1)(Bn+Gn)

"= Gi(K(Bg+ By)+ By Ka)
< Bf (Bf+Bm+Gm)(Bm+Gm+Bda)
- a(K(Bd+Bf)+Bde)

(7.9)

Accordingly, if w, < %, then Eqn. (7.7) presents a more conservative bound
than Eqn. (6.7). In other words, if the cut-off frequency of the reduce order model
is selected to underestimate the inner-motion control bandwidth of the full-order

model, then the passivity bound of SDEAk , in Eqn. (6.7) is ensured.

Furthermore, in addition to w, < £t if it can also be imposed that Zmt&m <
Bf Gm Gt m m

Im
ensured, since this condition ensures that B, + G,,(1 — BfG;) < 0; hence, the

, then passivity of renderings with the full-order model SDEA,, can be

necessary condition in Eqn. (6.7) for the passivity of the full-order model is also
satisfied. Otherwise, the necessary condition presented in Eqns. (6.5) needs to be
imposed (instead of Eqn. (7.5)) for SDEAk, . to ensure passivity of the rendering

implementations.
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7.1.2 Ideal Spring Rendering

When B; = 0 in Eqn. (7.1), the output impedance transfer function at the interac-

tion port reduces to that of SDEAk, , under VSIC during ideal spring rendering as

SDEA
Zspring fred (8) =

Bf53+(K+Bfwa>32+wa(K +BfGth)S+GtKdea
83 +we 82+ Gy K w, s

(7.10)

The passivity of 72Dk

spring

presents necessary and sufficient conditions for one-port passivity of SDEA g, under

d(s) is checked according to Theorem 1. Theorem 12

VSIC while rendering spring, when G, consists of proportional gains.

Theorem 12. Consider spring rendering for SDEAk, , under VSIC as in Fig-
ure 7.1, where Gy consists of proportional gains. Let all parameters be positive.

Then, the following expressions constitute necessary and sufficient conditions for

passivity of Zifﬁ;h{”ed (s)).

(Z) KZ Kd(l—BfGt), and

2 \/Bf Gi K (K—-K4(1-By Gy))
By ‘

(1i) w, > Gy (K + Ky) —

ZSDEAK

Proof. 1) Z(s) has no poles in the right half plane. Z ., *(s) has no roots in

the open right half plane if all coefficients of denominator of Ziﬁi;l(

red(s) are posi-

tive.

2) Re[Z(jw)] > 0 for all w. Invoking Lemma 1, the sign of Re[ZSDEAK

spring red (jw)] can
be checked by the sign of H(jw) = dgw® + dyw* + dyw? where

dy =Gy Kw,* (K — K4+ By Gy Ky) (7.11)
d4:Bfwa (’U)a—GtK—Gth) (712)
de = By (7.13)

From Lemma 3, dg is always positive if By is positive. Non-negativeness of ds
imposes:

K > K41 - B;G,) (7.14)

When Lemma 3 is applied, the following equation can be derived:

2\/Br Gi K (K — Ka(1 — By Gy)
By

we > Gy (K + Kg) — (7.15)
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: : : . SDEA
Non-negative d, is the sufficient condition of Re[Zspm-ngK

rd (jw)] when dy and dg
are non-negative which imposes: A simpler but more conservative set of sufficient
conditions can be derived by using Eqn. (7.14) together with Eqn. (7.16) instead of
Eqn. (7.15), where

we > Gy (K + Ky) (7.16)

3) Any poles of Z(s) on the imaginary axis are simple

with positive and real residues. There is a no poles on the imaginary axis ex-

cept s = 0 while all controller gains and w, are positive. There is a pole when s = 0

where residue equals to K, which is always positive with positive K. O

KK,

4s C

Figure 7.3 Passive physical equivalent of SDEAg _, under VSIC during spring ren-
dering rendering

7.1.2.1 Passive Physical Equivalent:

A realization of Eqn. (7.10) characterizing SDEAf , under VSIC during spring

rendering when both controllers are proportional is presented in Figure 7.3,
(1-By G+) (K—Kq) (K—Kq) (Grwa B2 —wa By +K)

where ¢y = TR by NI , and
(B Gi—1) (K—KJ) L KK
Css = G K B Grwa

7.1.2.2 Haptic Rendering Performance

Physical realization of SDEA, , during spring rendering in Figure 7.3 indicates
three main branches in parallel: a spring-damper pair K;- By in parallel, and a
branch capturing the parasitic dynamics governed by a complex topology of damper-

inertance terms that are coupled to the system in series through a spring. The

69



parallel spring-damper pair of K, By shows that, while SDEAk, , can render de-

sired spring and the controller terms have no affect on By. Hence, SDEAf _, can

red
render desired spring like SDEA. Similar to the case with the SDEA , realization,
according to the SDEAf _, realization, the uncontrollable damping term By acts as

a parasitic effect working against rendering performance.

For the physical realization of SDEAk

red?

the filter consists of a spring. Hence,
unlike the case for SDEA, larger controller gains do not necessarily decouple these
parasitic dynamics from the rendered impedance. When the coupling is strong, the
parasitic dissipation effects due to the last branch in SDEA , realization can be
split into two parts: a damper ¢4, and a serial damper-inerter term that introduces
frequency dependent dissipation to the system that increases with frequency. Similar
to SDEAk,, and unlike in the SDEA realizations, SDEA, , does not have a pure

inerter term that dominates the high frequency parasitic dynamics.

7.1.2.3 Effective Impedance Analysis

Insights may be gained about the parasitic dynamics by studying the effective
impedance of the realization. The effective impedance of the realization in Fig-
ure 7.3, after removing Ky By and the serial coupling spring K — K, indicates that
at low frequencies (as w — 0), the effective damping of the parasitic dynamics
converges to cgs. At high frequencies (as w — 0), the effective damping of the

parasitic dynamics approaches to css + ¢55.

Similarly, at low frequencies (as w — 0), the effective inertance of the parasitic
dynamics converges to bys. At high frequencies (as w — o0), the effective inertance

of the parasitic dynamics approaches to zero.

Accordingly, in addition to the parasitic effect of By, through the coupling spring,
the parasitic damping of c4s affects the spring rendering performance at the low
frequency range, while a parasitic inertance of by, also acts at this frequency range.
The effective parasitic damping increases with frequency and c4 is added to csg
at the high frequency range. On the other hand, the effective parasitic inertance

decreases to zero with increasing frequency.
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7.1.3 Null Impedance Rendering

When K; = 0in Eqn. (7.10), the output impedance transfer function at the interac-
tion port reduces to that of SDEAg _, under VSIC during null impedance rendering

as

SDEAf,,
Znull ¢ (8)

_ By s+ (K + Bjwg) s + K w, (7.17)
- 2+ we s+ Gy K w, '

The passivity of nglEAK”d(s) is checked according to Theorem 1. Theorem 13

presents the necessary and sufficient condition for one-port passivity of SDEAg

under VSIC while rendering null impedance, when G, consists of proportional gains.

Theorem 13. Consider null impedance rendering for SDEAg,,, under VSIC as in
Figure 7.1, where Gy consists of proportional gains. Let all parameters be positive.

Then, the following expression constitute the necessary and sufficient condition for

passivity of nglEAK”d (s)).

By G

(Z) waZGtK_MT

Proof. 1) Z(s) has no poles in the right half plane. Z SDEAK

vl 7°(s) has no roots in

the open right half plane if all coefficients of denominator of ZfﬁlEAK

red(s) are posi-

tive.

2) Re[Z(jw)] > 0 for all w. Invoking Lemma 1, the sign of Re[ZsﬁlEAK”d (jw)] can

be checked by the sign of H(jw) = dyw* + dyw? + dy where

do = Gy K w,* (7.18)
dy = Bfwg (we — Gy K) (7.19)
dy = By (7.20)

From Lemma 3, dy and d4 are always positive while all controller gains and w, are

positive.

When Lemma 3 is applied, the following equation can be derived: When all pa-
rameters are positive, the necessary and sufficient condition for the passivity of
Eqn. (7.17) becomes

2K \/B; G
we > G K — % (7.21)
f
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. . . " : SDEA ,
Non-negative dy is the sufficient condition of non-negative Re[Z fred ()] when

null

dy and dy are non-negative which imposes A simpler but more conservative sufficient

condition can be derived as
we > Gy K (7.22)

3) Any poles of Z(s) on the imaginary axis are simple

with positive and real residues. There is a no poles on the imaginary axis

while all controller gains and w, are positive. O]

2n

o C4|

Figure 7.4 Passive physical equivalent of SDEAg , under VSIC during null
impedance rendering rendering

7.1.3.1 Passive Physical Equivalent

A realization of Eqn. (7.17) characterizing SDEAf , under VSIC during null

impedance rendering when both controllers are proportional is presented in Fig-

Bf(BfGi—1 _
1 f( F Gt ) o K—Bjfwg
Gy wa Gk andes, = Byt poan e

red

ure 7.4, where ¢y, = G% — By, by, =

7.1.3.2 Haptic Rendering Performance

Physical realization of SDEAg, , during null impedance rendering in Figure 7.4
indicates two main branches in parallel: a damper By, and a branch capturing the
parasitic dynamics governed by a complex topology of damper-inertance terms that
are coupled to the system in series through a spring.A damper term By shows that

the controller terms have no affect on By. According to the SDEA, _, realization, the

red

uncontrollable damping term By acts as a parasitic effect working against rendering

performance.
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7.1.3.3 Effective Impedance Analysis

Further insights may be gained about the parasitic dynamics by studying the effec-
tive impedance of the realization. Effective impedance analysis of the realization in
Figure 7.4, after removing By and the serial coupling filter K, indicates that at low
frequencies (as w — 0) the effective damping of the parasitic dynamics converges
to ¢3,. At high frequencies (as w — ©0), the effective damping of the parasitic

dynamics approaches to ¢z, + 4.

Similarly, the effective inertance of the parasitic dynamics at low frequencies (as
w — 0) converges to by,. At high frequencies (as w — 00), the effective inertance

of the parasitic dynamics approaches to 0.

Accordingly, in addition to the parasitic effect of By, the parasitic damping of cs,
affects the null impedance rendering performance at the low frequency range, while
a parasitic inertance of by, also acts at this frequency range. The effective parasitic
damping increases with frequency and cy, is added to c3, at the high frequency
range. On the other hand, the effective parasitic inertance decreases to zero with
increasing frequency. A numerical comparison of the effective damping of SDEA g

red

with SDEA at the low frequency range is presented in Chapter 8.
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7.2 Reduce Order Model for SDEA

In this section, we have studied reduce order model for SDEA. where block diagram

is provided in Figure 7.5.

Reduced Model of SDEA

K .

©y y © ) Om| 1 0 . Tsoea Tht Th

Z —> 2| 3 — — )

- 0=l sto, [l [y s
Impedance Torque

Controller Controller End
Effector

User

1 [ Wend = Op o

®end

Figure 7.5 Block diagram of impedance control with reduce order model S(D)EA
7.2.1 Voigt Model Rendering

The impedance at the interaction port of reduce order model of SDEA,.; under
VSIC during Voigt model rendering becomes:
B s* 4+ (K + Bjwa(1 + ByGy)) s>
+ (K wg + Grwa(BgK + By Kg)) s + Gy K Kqwq
s34+ (wq + By Gywg) 2 + Gy K wg s

ZSDEAred (S) _

Voigt (723)

The passivity of ZggftA”d(s) is checked according to Theorem 1. Theorem 14

presents necessary and sufficient conditions for one-port passivity of SDEA,..; under

VSIC while rendering Voigt model, when G consists of proportional gains.

Theorem 14. Consider Voigt model rendering for SDEA,.q under VSIC as in Fig-
ure 7.5, where G, consists of proportional gains. Let all parameters be positive.
Then, the following expressions constitute necessary and sufficient conditions for

passivity of Zﬁfiff“d (s).

. 23/Bj Gt K (K—Kq+B4 Gt K)-Gi (Ba K+By Ka)
(ZZ) Bf (Bd Gt-i-l) (Bf Gt+1> S Wa-

Proof. 1) Z(s) has no poles in the right half plane. Z‘gﬁff”d(s) has no roots in the

open right half plane if all coefficients of denominator of Z‘ggff’“ed(s) are positive.

2) Re[Z(jw)] > 0 for all w. Invoking Lemma 1, the sign of Re[ZgﬁiA“d (jw)] can be
checked by the sign of H(jw) = dgw® + dyw* + dow? where

do=Gy K w,> (K — K4+ By G K) (7.24)
dy=Bjw,ABayGy +1)(B;Gy + 1)~ ByGiKw,— BfGiKqw, (7.25)
de = By (7.26)
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From Lemma 3, dg is always positive since By is positive. Non-negativeness of d

imposes:
Ky
K> —"— 7.27
~— B;Gi+1 ( )
When Lemma 3 is applied, the following equation can be derived:
_2\/BfGtK(K—Kd+BthK)—Gt(BdK-‘rBde)< (7.28)

By (B4Gy+1) (B; G+ 1) = Wa

Non-negative dy is the sufficient condition of Re[ZngtA”d (jw)] when dy and dg are

non-negative which imposes:

Gy (BdK+Bde)

a 7.29
Bf(Bth—Fl)(BfGt-i-l)_w ( )

3) Any poles of Z(s) on the imaginary axis are simple

with positive and real residues. There is a no poles on the imaginary axis ex-

cept s = 0 while all controller gains and w, are positive. There is a pole when s = 0

where residue equals to Ky which is always positive with positive K. O

7.2.1.1 Passive Physical Equivalent

A realization of Eqn. (7.23) characterizing SDEA,.; under VSIC during Voigt

model rendering when both controllers are proportional is presented in Figure 7.6.

. . . . o K_Kd _ Bf—Bd
The parameters of this realization include ¢, = GRS bs, = B, Crws
c (Bf Ka—Ba K) (Bf wa—K) and b — (Bf Ka—Ba K) (Bf wa—K)
(A B2 Gy K w, ) 6o — B; Gy K2 wq

For the realization in Figure 7.6 to be feasible, all of components of the model should

be non-negative. Hence, the non-negativeness of terms impose:

K > Ky (7.30)
By > By (7.31)
K

- < “ .32
B = w (7.32)
By By

- > —= 7.33
K = Ky ( )

Eqn. (7.30) imposes a constraint that is more conservative than the sufficiency condi-
tion in Eqn. (7.27). Eqn. (7.32) imposes a more conservative bound than Eqn. (7.29)
while Eqn. (7.33) holds.
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CGV b5v b ]
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Figure 7.6 Passive physical equivalent of SDEA,..; under VSIC during Voigt model
rendering

Consequently, the feasibility of Figure 7.6 provides sufficient conditions for the fre-

quency domain passivity of Eqn. (7.23).

7.2.1.2 Comparison of Passivity Bounds of SDEA A with SDEA

Inner loop of (#2) SDEA full-order model equals to:

G
Ins + By, + G,

(7.34)

Comparison of the necessary conditions presented in Eqns. (7.27) and (5.5) indicates
that: x B o
K> d a m T Gm

— > K, 7.35
~ B;Gy+1— d(a+1)Bm+Gm+Bda ( )

Accordingly, Eqn. (7.35) shows that SDEAf, _, presents a more conservative bounds
than SDEA while the following equation holds:

0 < B + Gm + Bgo(1 — B, Gy) (7.36)

which is can be rearranged as:

Wa Z BdOZ(B}nGt - 1)

(7.37)
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If 1 — B,,Gy > 0, no need to check Eqns. (7.36) or (7.37) and Eqn. (7.35) always
holds. If 1 — B,,G; < 0 and the cut-off frequency of the reduce order model is
selected to satisfy Eqn. (7.37), then it can be shown that the passivity bound of
SDEA._, in Eqn. (7.27) provides a sufficient condition for the passivity bound of
SDEA in Eqn. (5.5). In particular, the comparison of the sufficient conditions of
presented in Eqns. (7.29) and (5.7) indicates that

7 < B¢(BqGi+ 1)(BfGi+ 1)(Bpm + Giy)

m= (Bf Kqi+ B4K) Gy
- By (Bt Gt Ba) B+ Gt By (1+0)
- (Bf Kd+BdK) a

(7.38)

Accordingly, if w, < %, then Eqn. (7.29) presents a more conservative bound
than Eqn. (5.7) while the following equation holds:

0 < ByBra(l — BpGy) + (B + Gi)(Bm + By) (7.39)

which is can be rearranged as:

w BdBfa(BmGt — 1)
¢ = Jm(Bm + Bf)

(7.40)

If 1 — B,,G: > 0, no need to check Eqns. (7.39) or (7.40) and Eqn. (7.38) always
holds. If 1 — B,,G; < 0 and the cut-off frequency of the reduce order model is
selected to underestimate the inner-motion control bandwidth of the full-order model
and Eqn. (7.40), then the passivity bound of SDEA in Eqn. (5.7) is ensured while
Eqn. (7.40) is satisfied. However, Eqn. (7.37) presents a more conservative bounds
than Eqn. (7.40).

As aresult, if 1 — B,,G; > 0, SDEA, _, presents sufficient conditions of SDEA while
the cut-off frequency of the reduce order model is selected to underestimate the inner-
motion control bandwidth of the full-order model. If 1 — B,,G; < 0,%:@ <

we < B’”J#Gm, SDEAF, ., presents sufficient conditions of SDEA.
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7.3 Reduce Order Model for SEA

In this section, we have studied reduce order model for SEA where block diagram

is provided in Figure 7.5, but By is equal to zero.

7.3.1 Ideal Spring Rendering

The impedance at the interaction port of reduce order model of SEA under VSIC

during spring rendering becomes:

_K52+Kwas+GtKdea

ZSEA'red
(5) 3t wes?+G Kw,s

spring

(7.41)

The passivity of Z SEArea

oring  (8) is checked according to Theorem 1. Theorem 15 presents

necessary and sufficient conditions for one-port passivity of SEA,.q under VSIC while

rendering spring model, when G, consists of proportional gains.

Theorem 15. Consider spring rendering for SEA,.q under VSIC as in Figure 7.5
while By = 0, where G consists of proportional gains. Let all parameters be positive.
Then, the following expressions constitute necessary and sufficient conditions for

passivity of Z5Edred ().

spring

(i) K > K,.

Proof. 1) Z(s) has no poles in the right half plane. Z5227<(s) has no roots in the

Spring
open right half plane if all coefficients of denominator of Z 55?,;“54

(s) are positive.

2) RelZ(jw)] > 0 for all w. Invoking Lemma 1, the sign of Re[Zgﬁﬁ;d (jw)] can be
checked by the sign of H(jw) = dyw? where

dy=Gy K w,? (K — Ky) (7.42)

Non-negativeness of dy imposes:
K> K, (7.43)

3) Any poles of Z(s) on the imaginary axis are simple

with positive and real residues. There is a no poles on the imaginary axis ex-

cept s = 0 while all controller gains and w, are positive. There is a pole when s = 0

where residue equals to Ky which is always positive with positive K. O
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7.3.1.1 Passive Physical Equivalent

A realization of Eqn. (7.23) characterizing SDEA,..; under VSIC during Voigt model

rendering when both controllers are proportional is presented in Figure 7.6. The

: : : : . Kwa—Kd Wq _ K—Kd
parameters of this realization include cgs = iy T and bs, = R

K-K

d

CBS 5s

Figure 7.7 Passive physical equivalent of SEA,.; under VSIC during ideal spring
rendering

For the realization in Figure 7.7 to be feasible, all physical components in the model
should be non-negative. Feasibility of cg, and bss imposes necessary and sufficient

condition of Eqn. (7.41) while all parameters are positive.

7.3.1.2 Comparison of Passivity Bounds of SEA, ., with SEA

If Eqn. (7.43) is satisfied, ideal spring rendering of full-order model for SEA is
ensured which is the Eqn. (4.2).

The necessary and sufficient condition of SEA,.; during spring rendering equals to
K > K; while all parameters are positive. K > K, presents sufficient condition of
full-order model of SEA under VSIC during ideal spring rendering when controllers
P-P.

79



7.4 Discussion

We have provided necessary and sufficient conditions of reduce order model of SEA,
SDEA, and SDEAg s, under VSIC during rendering Voigt model, spring, and null
impedance. Also, we have provided passive physical equivalents of S(D)EAs,..; under
VSIC during rendering Voigt model, spring, and null impedance. Through passive
physical equivalents, analysis of effective impedance and haptic rendering perfor-
mance are provided. Furthermore, we compare the passivity bounds of full order

model and reduce order model of S(D)EAs.

3v

4av

— b, ¢
C4av Bf-B d C
W, | Ceay

(a) Voigt model rendering

KKsBw O KtBw,

Kd b3as bZHfﬁ:
o

B |__| b4as 1 B E: 3am
C7as n W
a C8as Gt Wa C7an c

Q
gan I

(¢) Null impedance rendering

6as

=

(b) Ideal spring rendering
Figure 7.8 Alternative passive physical equivalents of SDEAg, _,

Similarly Section 6.4, Figure 7.8 depicts alternative passive physical equivalents

of SDEAg, , under VSIC during Voigt model, ideal spring, and null impedance

rendering. In particular, Figure 7.8a and Figure 7.2 present the realizations for the

impedance transfer function in Eqn. 7.1, Figure 7.8b and Figure 7.3 present the

realizations for the ideal spring rendering when By is set to zero in Eqn. 7.1, and
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Figure 7.8c and Figure 7.4 present the realizations for the null impedance rendering
when By and K are set to zero in Eqn. 7.1. We have used Figures 7.2, 7.3, and 7.4
instead of Figure 7.8a, 7.8b, and 7.8c because similarity between passive physical
equivalents with SDEA,, and easier performance evaluation in Section 8. Similarly
physical passive equivalents of SDEAf ,, By is occurred alone which has a parasitic

effect for performance.
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Chapter 8
Haptic Rendering Performance

In this section, we study the effects of the physical plant parameters and the con-
troller gains on the rendering performance through Bode plots. We provide perfor-
mance comparisons between different plant (SEA vs SDEA) and controller (P-P vs
P-PI) architectures, using the insight gained through the passive realizations of the

closed-loop systems.

The passive physical equivalents in Table 8.1 explicitly show that, when causal
controllers roll-off, the dynamics of the uncontrolled plant is recovered. Accordingly,
the high frequency response of all realizations are dominated by the dynamics of the
physical filters (spring and damper) serially attached to the plant; hence, passive
physical realizations indicate that SEAs act as a physical spring K, while an SDEAs
act as a physical spring K and damping By in parallel, at high frequencies.

In Table 8.1, all passive physical equivalents include an inerter and a damper term
in parallel. This damper term significantly affects the low frequency range of null
impedance and spring rendering, as well as the bandwidth of spring rendering. The

inerter term affects the transition from intermediate to high frequency range.

Furthermore, in Table 8.1, the passive physical equivalents for spring rendering
include a spring with _%5 K, parallel to all other components. For large controller
gains, this spring converges to the desired virtual spring K to be rendered. As
controllers are selected to include integral terms, additional components are included

to the passive physical realizations, in parallel with the terms discussed above.
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Table 8.1 Comparison of Physical Realizations of S(D)EA under VSIC

H

Voigt Rendering

H Spring Rendering H Null Rendering

aB aK
oK, aB
SDEA (a) <7 IZHGTT
I:j b::‘:w
G(B;]-Gm) 1V bC
SEA No passive realization exists.
oK,
SDEAg,, (f) ort
SDEAg,., | (i) $K




Table 8.2 Parameters of the S(D)EA plant

Parameter Value
I 0.002 kgm?
B 1.22 Nms/rad
K 360 Nm/rad
By 0.5 Nms/rad

Table 8.2 presents the physical parameters of the S(D)EA plant used in simulations
to evaluate the system performance. The proportional controller gains are set as G,
=10 Nms/rad and G; = 5 rad /sNm, while the integral gain of motion controller is set
as I, = 10 Nm/rad. Table 8.3 presents the numerical values selected for the parallel
inerter and damping terms of the passive physical equivalents in Figures 4.2-5.2 for

various controller gains G,,, Gy, I,,, and desired stiffness levels K.

Table 8.3 Numerical values for the inerter and damping terms of the passive physical
equivalents for SEA and SDEA for various controller gains G,,, Gy, I,,, and Kj.
(Inerter is in kgm? and damper is in Nm -2-.)

rad
SEA SDEA
Null Impedance Rendering Spring Rendering | Null Impedance Rendering | Spring Rendering
P-P P-PI P-P P-P P-P
Inerter | Damper | Inerter | Damper (cy,,) | Inerter | Damper | Inerter Damper Inerter | Damper
Gy=5 [3927°| 0220 |3.927° 0.200 2.32¢7 | 0.130 | 3.92¢7® 0.220 3.92¢7° | 0.130
G, =50 |3.99¢° 0.022 3.99¢70 0.020 2.33¢7° 0.013 3.99¢°0 0.022 3.99¢~0 0.013
Gy =100 | 2.00e75 | 0.011 | 2.00e=5 0.010 1.17e7% | 0.007 | 2.00e~° 0.011 2.00e=5 | 0.007
G =10 [3.92e° | 0220 |3.927° 0.200 2.32¢7° | 0.130 | 3.92¢~° 0.220 3.92¢7° | 0.130
Gp=50 | 797¢%| 0204 |797e" 0.200 4.66e7 5| 0.119 | 7.97¢S 0.204 7.97¢7% | 0.119
Gy =100 | 3.99¢75 | 0.202 | 3.99¢5 0.200 2.33¢7 5| 0.118 | 3.99¢¢ 0.202 3.99¢75 | 0.118
I, =10 - - 3.92¢7° 0.200 - - - - - -
I, =50 - - 3.92e~° 0.200 - - - - - -
I, = 100 - - 3.92¢~° 0.200 - - - - - -
Ky, =150 - - - - 2.32¢7 [ 0.130 - - 3.92¢7° | 0.130
Ky =200 - - - - 1.79¢=° | 0.100 - - 3.92¢7° | 0.100
K, =250 - - - - 1.25¢7° | 0.070 - - 3.92¢° | 0.070

Please note that only the parallel inerter and damper terms common to all realiza-
tions are presented in Table 8.3 for SEA and SDEA except Voigt model rendering.
The numerical values used for additional elements in the realizations are presented
in Table 8.4 in Section 8.1.4.

The null impedance rendering performance increases as the parallel inerter and
damper terms in the physical equivalents decrease. From Table 8.3, it can be ob-
served that these parallel inerter and damper terms decrease with the choice of
higher proportional gains GG; and G,,. For all physical equivalents, GG; has a larger
effect on decreasing the damper term than G,,. Furthermore, the integral controller
gain [I,,, does not have any significant effect on these parasitic inerter and damper
terms, for the realizations considered, but results in frequency dependent damping

effect that increases with frequency.

The spring rendering performance also improves as the parasitic inerter and damper

terms in the physical equivalents decrease. From Table 8.3, it can be observed
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that these parallel inerter and damper terms decrease with the choice of higher
proportional gains GG; and G,,. For all physical equivalents, GG; has a larger effect on
decreasing the damper term than G,,. Higher desired stiffness K,; decreases these
parallel inerter and damper terms for SEA, while K, decreases only the damper
term for SDEA and has no effect on the inerter term for SDEA.

Tables 8.3 and 8.4 show that the parasitic components of the physical realization
approach to zero as the controller gains are increased; however, passivity bounds
limit these gains to ensure that physical components cannot be negative, resulting
in a trade-off between the rendering performance and the stability robustness. Sim-
ilarly, passivity bounds impose a upper bound on K, during spring rendering, as

demonstrated by high K, terms necessitating negative damping in realizations.
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8.1 Effects of Controller Gains on Null

Impedance Rendering Performance

P-P controllers for SEA:

~ Magpnitude [dB] |
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rad/sNm | 0 Nms/rad

3 e g g'“=250N /rad
- LG ) --Gp = ms/ra
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@ ®©-45
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0-7457 \ i o
=90 .
A’(“‘i’z 10° 1t 10° 102 10° F &(/H 105
Frequency [rad/s] requency [rad/s]
(a) Performance effect of Gy (b) Performance effect of G,

Figure 8.1 Effect of G} and G,,, on null impedance rendering performance of SEA
when both controllers are P
Figure 8.1 presents Bode plots of system performance for various G,, and G; con-
troller gains. It can be observed from the Bode plots that the output impedance
converges to the dynamics of the physical spring K at the high frequency range
and the controller gains can shape this transition. Figure 8.1a indicates that null
impedance rendering performance can be significantly improved by employing higher
G; gains, leading to attenuated damping effects. Figure 8.1b shows that the effect
of G, gain is much less in the low frequency range. Figures 8.1a and 8.1b indicate
that higher G; and G,,, gains enable smoother the transition from the intermediate
frequency range to the high frequency range and reduce the resonant peak. Table 8.3
can be used to verify that the damper term of passive physical equivalent decreases
with choice of higher force controller gain G; and the inerter term decreases with

choice of high controller gains G; and G,,.

P-PI controllers for SEA:

The Bode plots in Figures 8.2a and 8.2b indicate that the system response under
P-PI controller is quite similar to the behaviour under the P-P control architecture.
In Figure 8.2¢, the effect of I,, on Bode plots of the null impedance rendering

performance seems quite low.

1, does not display a noticeable effect on the null impedance rendering perfor-
mance, as shown in Figure 8.2c, I, significantly affects the disturbance rejection

performance of the system, as the disturbance rejection performance is improved by
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Figure 8.2 Effect of G;, G,,, and I, on null impedance rendering performance for
SEA when the force controller is P and the motion controller is PI

larger I, gains. Further insight into the disturbance rejection performance can also
be gained through physical realizations. In particular, if we consider a disturbance
force Fyq acting on the system at the same location with the actuator input in
Figure 3.2, the disturbance response of the closed-loop system under P-PI VSIC
controller during null impedance rendering can be derived as

S

SEAP'P( ) o Wend _
Tsea=0  JIm 82—|— (Bm+Gm) s+1,,

Ffrnutt T F ist

(8.1)

YfSEAP‘PI

nu

The disturbance transfer function in Eqn. (8.1) is in the form of a passive

admittance of an inerter .J,,, damper (B,, + G,,) and spring [,,, in parallel; hence,

YSEAP‘P

i " decreases with I,,, indicating better disturbance attenuation. The physical

. . P-PI
realization of st EA

- emphasizes the effect of I,, as the restoring spring that

counteracts disturbances.

When a P-P controller that omits the integral term is utilized under VSIC, no

restoring spring exists for the disturbance response and much larger steady state
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errors are likely be induced due to disturbances. Also note that larger G,, gains

positively impact the disturbance response of both systems.

P-P controllers for SDEA:
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Figure 8.3 Effect of G} and G,, on null impedance rendering performance of SDEA
when both controllers are P

Figure 8.3 presents Bode plots of system performance for various G,, and G; con-
troller gains. It can be observed from the Bode plots that the output impedance
converges to the dynamics of the physical damper B at the high frequency range

and the controller gains can shape this transition.

Figure 8.3a indicates that null impedance rendering performance can be significantly
improved by employing higher G; gains, leading to attenuated damping effects.
Figure 8.3b shows that the effect of G,, gain is less in the low frequency range.
Figures 8.3a and 8.3b indicate that higher GG; and G,, gains enable smoother the

transition from the intermediate frequency range to the high frequency range.

8.1.1 Effects of Controller Gains on Ideal Spring Rendering

Performance

P-P Controllers for SEA:

High frequency dynamics of SEA is governed by the spring of the physical filter,
all Bode plots converges to this dynamics. Figure 8.4a shows that as the force con-
troller gain Gy is increased, the frequency range over which the virtual stiffness is
successfully rendered can be significantly increased. Figures 8.4a and 8.4b indicate
that, a smoother transition takes place at the intermediate frequency range, form
the rendered virtual spring at the low frequency range to the spring of the physical
filter at the the high frequency range, when higher P-gains are utilized. Similarly,
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Figure 8.4 Effect of Gy, G,,, and K, on the spring rendering performance of SEA
during when both controllers are P

Figure 8.4c shows that higher virtual stiffness levels can be rendered for higher K
selections, and for such selections the transition at the intermediate frequency range
is smoother. Figure 8.4b indicates that G,, gains do not result in significant render-
ing performance differences at the low frequency range; however, GG, gains positively
impact the disturbance response of the system, as shown in the previous subsection.
Furthermore, the effects of controller gains on parameters of the realization can also

be verified through the numerical values presented in Table 8.3.

Insight into the disturbance rejection performance of SEA during spring rendering
can also be gained through physical realizations. In particular, if we consider a
disturbance force Fj;4 acting on the system at the same location with the actuator
input in Figure 3.2, the disturbance response of the closed-loop SEA system under
P-P VSIC controller during spring impedance rendering can be derived as

S
Tsea:_O Jm52 + (Bm+Gm)S+GmGth

YSEAP‘}ES _ Wend
Fdist

(8.2)

fspring
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The disturbance transfer function Yffgijp in Eqn. (8.2) is in the form of a passive
admittance of an inerter J,,, damper (B,, + G,,) and spring G,, G; K, in parallel;
hence, Yffgﬁjp decreases with larger controller gains and K, indicating better
disturbance attenuation. The physical realization of YfSEAP'P

spring

emphasizes the effect
of G,, G Ky as the restoring spring that counteracts disturbances. Note that when

K4 — 0, the disturbance response for null impedance rendering case is recovered.

P-P Controllers for SDEA:
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Figure 8.5 Effect of Gy, GG,,,, and K, on the spring rendering performance of SDEA
during when both controllers are P

Figure 8.5a shows that as the force controller gain G, is increased, the frequency
range over which the virtual stiffness is successfully rendered can be significantly
increased. Figures 8.5a and 8.5b indicate that, a smoother transition takes place
at the intermediate frequency range, form the rendered virtual spring at the low
frequency range to the damping of the physical filter at the the high frequency range,
when higher P-gains are utilized. Similarly, Figure 8.5¢ shows that higher virtual
stiffness levels can be rendered for higher K, selections, and for such selections, the
transition at the intermediate frequency range is smoother. Figure 8.5b shows that
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G, gains do not result in significant rendering performance differences at the low
frequency range; however, G, gains positively impact the disturbance response of
the system. The effects of controller gains on parameters of the realizations can also

be verified through the numerical values presented in Table 8.3.

If we consider a disturbance force Fjy;; acting on the system at the same location
with the actuator input in Figure 3.2, the disturbance response YffgifP_P(s) of
the closed-loop SDEA system under P-P VSIC controller during spring impedance
rendering is identical to that of SEA given in Eqn. (8.2). Hence, the addition of By

to the physical filter does not affect this disturbance response.

8.1.2 Effects of Physical Plant and Filter Parameters on

Null Impedance Rendering Performance

Passive physical equivalents do not distinguish between the plant and the controller
parameters and promote co-design thinking by enforcing simultaneous consideration

of controller and plant dynamics on the closed-loop system performance [65, 66].

Effects of Plant Parameters:

Table 8.1c and 8.1e indicate that the inerter term is equal to &%1 for S(D)EA during
null impedance rendering when both controllers are P. Hence, the parasitic effect
of this intertence can be reduced, either by redesigning the plant with lower J,,
or selecting higher controller gains. Figures 8.6a and 8.6¢ show that better null

impedance rendering performance can be achieved by employing a plant with lower
J for S(D)EA plants.

Similarly, Table 8.1c and 8.1e indicate that the damper term is equal to % for
S(D)EA during null impedance rendering when both controllers are P. Hence, the
parasitic effect of this damper can be reduced, either by redesigning the plant with
lower B, or selecting higher controller gains, especially higher G;. Figures 8.6b
and 8.6d show that the null impedance rendering performance can be improved by

employing a plant with lower B, for S(D)EA plants.

Effects of Physical Filter Parameters:

Table 8.1c and 8.1e indicate that the physical filter affects the system performance
as a serially connected mechanical low-pass filter and does not have any influence
on the remaining parasitic dynamics. Figures 8.7a and 8.7b indicate that the null
impedance rendering bandwidth of S(D)EA improves for the selection of higher filter

stiffness K, when both controllers are P.
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Figure 8.6 Effect of plant parameters .J,,, and B,, on performance for SEA and SDEA
during null impedance rendering when both controllers are P

This performance improvement is due to the improved bandwidth of the physical
filter; however, employing a stiffer mechanical filters come with the cost of reduced
force sensing resolution and less disturbance attenuation under impulsive distur-

bances acting at the interaction port.

Figure 8.7c shows that the damping of the physical filter By dominate the high
frequency dynamic behaviour of SDEA.

8.1.3 Effects of Physical Plant and Filter Parameters on

Ideal Spring Rendering Performance

Effects of Plant Parameters:

Table 8.1b and 8.1d indicate that the inerter terms are equal ¢.J,, and O‘C]—_ﬁ for SEA
and SDEA, respectively, during ideal spring rendering when both controllers are P.
Hence, the parasitic effect of these intertences can be reduced, either by redesigning

the plant with lower J,,, or selecting higher controller gains. Figures 8.8a and 8.8c
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Figure 8.7 Effect of physical filter parameters K-B; on performance for SEA and
SDEA during null impedance rendering when both controllers are P

show that better virtual spring rendering performance can be achieved by employing
a plant with lower J,,, for S(D)EA plants.

Similarly, Table 8.1b and 8.1d indicate that the low frequency dominant damper
term is equal to o(B,, + G,,) for both SEA and SDEA during ideal spring rendering
when both controllers are P. Hence, the parasitic effect of this damper can be re-
duced, either by redesigning the plant with lower B,, or selecting higher controller
gains, especially higher G;. Figures 8.8b and 8.8d show that the virtual spring
rendering performance can be improved by employing a plant with lower B,, for
S(D)EA plants.

Effects of Physical Filter Parameters:

Table 8.1b and 8.1d indicate that the physical filter directly affects the virtual spring
rendering performance of the system, as it acts as the coupling element between the

parasitic system dynamics and spring to be rendered. In particular, the coupling

aKd

oty whose feasibility of implementation imposes an

spring is in the form of K —
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Figure 8.8 Effect of plant parameters J,,, and B,, on performance for SEA and SDEA
during ideal spring rendering when both controllers are P

upper bound on the virtual springs Ky that can be passively rendered. The effect of
coupling through this spring element can be reduced by using a physical filter with

lower stiffness K.

Furthermore, the stiffness of the physical filter K has a direct effect on the term

o that scales parasitic dynamic effects. In particular, o = a%rl - (afl),z%

be reduced by the use of lower filter stiffness K, positively affecting the parasitic

can

inertance and damping effects for SEA, and damping effects for SDEA, respectively.

Table 8.1d indicates that the damper of the physical filter B; directly affects the
coupling behaviour and lower By increases range of virtual stiffness, while accuracy

of virtual stiffness decreases.

Figures 8.9a and 8.9b show that the frequency range over which desired virtual spring
is rendered can be improved if the stiffness of the physical filter K is selected to be
close to K4. Figure 8.9¢ indicates that the virtual spring rendering performance is

improved for lower By, as this damping dominates the high frequency behaviour and
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Figure 8.9 Effect of physical filter parameters K-B; on performance for SEA and
SDEA during ideal spring rendering when both controllers are P

the transition from desired spring to By needs to take place earlier for larger By.

8.1.4 Rendering Performance Comparison of SEA vs SDEA

For null impedance rendering, Table 8.1c and 8.1e indicate that both SEA and SDEA
have identical parasitic dynamics consisting of a damper and inerter in parallel and
the effects of controller gains on these elements are the same. Hence, only difference
is due to the damper term By in the physical filter of SDEA. Figure 8.10a presents
a comparison the null impedance rendering performance of SEA and SDEA when
the controller gains are selected to be the same. As can be verified from Table 8.3,
the inerter and damper terms of physical equivalents of SEA and SDEA have the
same values. Figure 8.10a indicates that the performance of SEA and SDEA are
very close in the low frequency range. However, as expected, the high frequency
dynamics of SEA is dominated by the stiffness K of the physical filter, while the
high frequency dynamics of SDEA is dominated by the damping By of the physical

filter. Accordingly, the transition from null impedance rendering to high frequency
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dynamics differs significantly for SEA and SDEA.
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Figure 8.10 Rendering performance comparison between SEA and SDEA

Table 8.4 Numerical values for serial-inerter damper element for various values of
Gy, G, I, and Ky for SEA during null impedance rendering when controllers are
PI-P and for SDEA during spring rendering when controllers are P-P.

S(D)EA P-PI (Null Impedance) | SDEA P-P (Spring Rendering)
Inerter (by,) | Damper (co,) | Inerter (bys) | Damper (c15)
Gy=5 0.0204 0.0200 1074 0.078
G; =50 0.0024 0.0024 107° 0.008
Gy =100 0.0012 0.0012 107 0.004
Gn =10 0.0204 0.0200 1074 0.078
G =50 0.0204 0.0041 1074 0.082
G, = 100 0.0204 0.0020 1074 0.083
I, =10 0.0204 0.0200 - -
I, =50 0.0040 0.0198 - -
I, =100 0.0020 0.0196 - -
Kq = 150 - - 10~ 0.078
K4 =200 - - 1074 0.104
K4 =250 - - 2e~4 0.131

For ideal spring rendering, Table 8.1b and 8.1d indicate that both SEA and SDEA
include identical parasitic damper terms, but the parasitic inerter terms are dif-
ferent. Furthermore, SDEA includes an extra branch with frequency dependent
damping effect that increases with frequency. As can be verified from Table 8.3,
the inerter effects are lower for SEA, compared to SDEA, while the low frequency
damping effects are identical. Table 8.4 presents the numerical values for the ele-
ments that provide the frequency dependent damping effect. Figure 8.10b presents
a comparison the ideal spring impedance rendering performance of SEA and SDEA
when the controller gains are selected to be the same. Figure 8.10b indicates that
the performance of SEA and SDEA are quite close to each other in the low fre-

quency range. However, similar to the the null impedance rendering case, the high
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frequency dynamics of SEA is dominated by the stiffness K of the physical filter,
while the high frequency dynamics of SDEA is dominated by the damping By of the
physical filter. Accordingly, the transition from spring rendering to high frequency
dynamics differs significantly for SEA and SDEA.

8.1.5 Comparison of Loss Factor for SEA and SDEA

Dissipation in a system can be quantified using the concept of the loss coefficient.

The loss coefficient is defined as the ratio of the energy dissipated per radian and

the total strain energy [67] that is Z%T—VV‘{/ where AW is dissipated energy and W is

total energy. Loss factor (loss coefficient) defines the equation of motion of a single

degree-freedom system with internal damping which is:

Energy dissipated during 1 cycle of harmonic displacement/radian (8.3)

Mazximum strain energy in cycle

Figure 8.11 presents a comparison of loss factors of SEA and SDEA while both

systems are rendering an ideal spring.
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Loss Factor
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T
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T
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Figure 8.11 Loss Factor of SEA vs SDEA

Figure 8.11 Figure 8.11 shows that loss factor of SDEA is higher than that of SEA,
as SDEA includes more damping compared to SEA.
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8.1.6 Voigt Model Rendering Performance of SDEA

During Bode plot and numeric evaluation as in Figure 8.12 and Table 8.5, Table 8.2
is used while K; = 150 Nm/rad and By = 0.2 Nms/rad.
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Figure 8.12 Effect of Gy, G,,, K4, and By on the voigt model rendering performance
of SDEA during when both controllers are P

Figure 8.12a shows that as the force controller gain Gy is increased, the frequency
range over which the virtual stiffness and virtual damping are successfully rendered
can be significantly increased. Figure 8.12b shows that G, gains do not result in
significant rendering performance differences at the spring rendering range; however,
Figure 8.12b indicates that, range of virtual damping is increased with higher G,,
gains. Higher K, increases virtual stiffness and slightly reduces the virtual damping
because o(B,, + G,,) reduces with higher K, as shows in Figure 8.12c. Figure 8.12d
indicates that higher B, increases virtual damping. Also, higher B, increases range
of the virtual damping due to lower inerter term. The effects of controller gains
on parameters of the realizations can also be verified through the numerical values

presented in Table 8.5.

Since the high frequency dynamics of SDEA is governed by the damping of the
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Table 8.5 Numerical values for the inerter and damping terms of the passive
physical equivalents for SDEA during Voigt model rendering for various controller
gains G, Gy, K4, and By. (Inerter is in kgm? and damper is in Nm -=.)

rad
bls O'(Bm + Gm>
Gi=5 2.4e7° 0.130

G=50 270 0.013
G=100 et 0.007
Gn=10 | 2.4¢7° 0.130
G,=50 | 5e° 0.119
G=100 | 2¢e7° 0.118

Kq=150 | 2.4e7° 0.130
K4=200 | 2.4e° 0.100
K4=250 | 2.4e° 0.070
By=0.1 | 3.2¢7° 0.130
B4=0.2 | 2.4e7° 0.130
B4=0.3 | 1.6e7° 0.130

physical filter, all Bode plots converges to this dynamics.

Performance evaluation of ideal spring rendering and null impedance rendering for

SDEA with insight of passive physical equivalents are provided in Table 8.1.

8.1.7 Physical Filter Damping Effect for SDEA

During Bode plot evaluation as in Figure 8.13, Table 8.2 is used while K; = 150
Nm/rad and By = 0.2 Nms/rad.

Table 8.1a, 8.1b, and 8.1c are passive physical equivalents for SDEA for Voigt model
rendering, ideal spring rendering, and null impedance rendering, respectively. All
passive physical equivalents include physical filter term which consists of parallel
damping and spring terms. Figure 8.13 presents performance of Voigt model render-
ing, ideal spring rendering, and null impedance rendering for SDEA when controllers
are P. Figure 8.13a shows that Voigt model rendering performance is the worst for
the lowest By. There is no significant difference between By = 0.5Nms/rad and
By = 1Nms/rad. Figure 8.13b shows that when Bj is the lowest, range of spring
rendering is the largest, but it is less accurate for the larger part. As a results of
Figure 8.13b, there is no significant difference between different By. Figure 8.13c
shows that the performance is the worst for the lowest B;. There is no significant
difference between By = 0.5Nms/rad and By = 1Nms/rad. All Bode plots in
Figure 8.13 show that goes to By in the high frequency, but the high frequency
behaviours change with different By.
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Figure 8.13 Effect of physical parameters By on performance SDEA during Voigt
model rendering, spring rendering, and null impedance rendering

8.1.8 Physical Filter Damping Effect for SDEA

During Bode plot evaluation as in Figure 8.14, Table 8.2 is used while K; = 150
Nm/rad and By = 0.2 Nms/rad.

Table 8.1f, 8.1g, and 8.1h are passive physical equivalents for SDEAf,, for Voigt
model rendering, ideal spring rendering, and null impedance rendering, respectively.
All passive physical equivalents have the physical filter damping B; as a parallel

term with the all terms and this uncontrollable By is not measured for SDEAg,, .

Figure 8.14 presents effect of By on performance for Voigt model rendering, spring
rendering, and null impedance rendering. Figure 8.14a and 8.14b show that range of
the virtual stiffness in the low frequency range are larger with lower By because of
lower physical filter damping term in Table 8.1f and 8.1g. Figure 8.14c shows that
range of the low frequency range increases with lower By because of lower physical
filter damping term in Table 8.1h. All Bode plots in Figure 8.14 show that goes to
By in the high frequency, but the high frequency behaviours change with different
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Figure 8.14 Effect of unmeasured physical parameters By on performance SDEAg,
during Voigt model rendering, spring rendering, and null impedance rendering

By.

Figure 8.13 and 8.14 shows that higher performance increases with higher B for
SDEA, but performance reduces with higher By for SDEAf ,. It can be verified by
checking passive physical equivalents because By places parallel to all components
for SDEAk,, which has disruptive effect, but By places parallel to physical spring
for SDEA which affects performance in good way.

8.1.9 Performance Comparison of SDEA, SDEAg,,
SDEAf, . ,, and SEA

Voigt Model Rendering: Voigt model can be passively rendered with SDEA,
SDEAk,,, and SDEAg
fore in [39]. Table 8.1a, 8.1f, and 8.1i are passive physical equivalents for Voigt
model rendering for SDEA, SDEAk,,, and SDEA[, ,, respectively. Table 8.1a has

desired virtual damping term which is parallel to desired virtual stiffness. Table 8.1f

but SEA cannot render Voigt model which is shown be-

red’
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Figure 8.15 Performance comparison of SDEA, SDEAf,, SDEAg, ,, and SEA

and 8.1i have desired virtual stiffness terms like Table 8.1a, but Table 8.1f and 8.1i
have physical filter damping term By instead of desired virtual damping which is not
measured. The lack of desired virtual damping and existence of the physical filter
damping term as a parallel term with the all other terms significantly affect Voigt
model rendering performance for SDEAf , and SDEAg, ,. Table 8.1a shows that
this By exists in physical filter for SDEA where By is couple with spring. In addition
to them, Table 8.1a and 8.1f have (aKy)/(a + 1) as a desired virtual stiffness,but

Table 8.1i have K, as a desired virtual stiffness.

Figure 8.15a presents comparison of Voigt model rendering for SDEA, SDEAk, , and
SDEAF,_, when controller gains are selected to be the same. Figure 8.15a shows that
SDEA has the best performance for Voigt model rendering performance. The range
of desired virtual stiffness is larger for SDEA. Figures 8.15a shows that SDEAg,,
and SDEA i

red

cannot render damping in the intermediate frequency unlike SDEA.
Therefore, we can say that SDEAg,, and SDEAg, , cannot render Voigt model
accurately. Figure 8.15a shows that all Bode plots in Figure 8.15a goes to By in
the high frequency. Lastly, it can be clearly seen that performance of SDEAf,, and
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SDEAF,,, are almost same.
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Figure 8.16 Effective damping and spring plots of SDEA and SDEAf,, for Voigt
model

Figure 8.16 shows that Voigt model performance comparison of SDEA and SDEAk,
in terms of effective impedance analysis. Figure 8.16a shows that effective damping
of SDEA gets closer the desired impedance, but SDEAf, goes irrelevant value with
the effect of physical filter damping term in Table 8.1f. Furthermore, Figure 8.16a
shows that effective damping gets closer with the choice of higher gains. SDEA and
SDEAK,, go to By in the high frequency range. Figure 8.16b shows that SDEA and
SDEAK,, can render virtual stiffness in the low frequency range, but SDEA’s range
is larger than SDEA[,. Figure 8.16b shows that performance increases with choice
of higher controller gain. Furthermore, effective spring of SDEA goes to 0 in the
low frequency range while SDEA,, is not equal to 0. Effective spring for SDEA in

the high frequency range converges to summation of &y, and (aKy)/(a+1) .

Ideal Spring Rendering: Table 8.1b, 8.1d, 8.1g, and 8.1j are passive physical equiv-
alents for ideal spring rendering for SDEA, SEA, SDEAg ,, and SDEA[, _,, respec-
tively. All passive physical equivalents have desired virtual stiffness as a parallel
term. Table 8.1j has K, as a desired virtual stiffness, others have (a«K,)/(a+ 1) as
a desired virtual stiffness. Table 8.1g and 8.1j have physical filter damping term By

as a parallel term to all terms which affects performance of ideal spring rendering
poorly. Table 8.1b shows that this By exists in physical filter for SDEA where By

is couple with spring.

Figure 8.15b presents comparison of ideal spring rendering for SEA, SDEA,

SDEAk,,, and SDEAg, , when controller gains are selected to be the same. Fig-

ure 8.15b shows that ideal spring rendering performance of SDEA and SEA is very

close and range of desired virtual stiffness in the low frequency range is better than
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SDEAbe and SDEAK

red”

All type of SDEAs go to By in the high frequency while
SEA goes to physical stiffness in the high frequency. Accordingly, the transition from
spring rendering to high frequency dynamics differs significantly for SEA, SDEA,
and SDEAf . Lastly, it can be clearly seen that performance of SDEAg,, and

SDEAF, , are almost same.
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Figure 8.17 Effective impedance comparison for SDEA, SDEA,,, and SEA for
spring rendering

Figure 8.17 shows that spring rendering performance comparison of SDEA,
SDEAk,,, and SEA in terms of effective impedance analysis. Figure 8.17a shows
that effective damping of SDEA and SEA are nearly same, but effective damping of
SDEA,, is higher. Therefore, it means that parasitic damping effect of SEA and
SDEA is lower than SDEA,, which lead to better spring rendering performance
which is verified by checking Figure 8.15b. SDEA and SDEA[,, go to By in the high
frequency range while SEA goes to 0. Figure 8.17b shows that SDEA, SDEAg,,,
and SEA can render virtual stiffness in the low frequency range and SDEA,, has
the lowest range. Furhermore, Figure 8.17b shows that SDEA’s effective spring is 0
while SDEAk,, is not 0 in the high frequency range. Effective spring for SDEA in
the high frequency range converges to summation of k15 and (aKy)/(a+1). Lastly,
Figure 8.17b shows that SEA goes to physical stiffness in the high frequency range.

Null Impedance Rendering: Table 8.1c, 8.1e, 8.1h, and 8.1k are passive physical
equivalents for null impedance rendering for SDEA, SEA, SDEAk,,, and SDEAg
respectively. SDEA , has physical filter damper term as a parallel term to all

red)

terms which affects performance of null impedance rendering poorly. This B exists

in physical filter for SDEA where By is couple with spring.

Figure 8.15¢ presents comparison of null impedance rendering for SEA, SDEA,
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SDEAf;,,, and SDEAg , when controller gains are selected to be the same. Fig-
ure 8.15¢ shows that null impedance rendering performance of SDEA and SEA is
very close and better than SDEAg,, and SDEAk, ,. Range of the low frequency
is larger for SEA and SDEA. All type of SDEAs go to By in the high frequency
while SEA goes to physical stiffness in the high frequency. Accordingly, the transi-
tion from spring rendering to high frequency dynamics differs significantly for SEA,
SDEA, and SDEA[,,. Lastly, it can be clearly seen that performance of SDEAg,,

and SDEA, _, are almost same.
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Figure 8.18 Effective impedance comparison for SDEA, SDEA,,, and SEA for
null impedance rendering

Figure 8.18 shows that null impedance rendering performance comparison of SDEA
SDEAK,,, and SEA in terms of effective impedance analysis. Figure 8.18a shows
that effective damping of SDEA, SDEAf ,, and SEA are nearly same in the low
frequency range, but effective damping of SDEA and SEA get lower in the interme-
diate frequency range while SDEAf , increases. Furthermore, Figure 8.18b shows
that SDEA’s effective spring is 0 while SDEAg,, is not 0 in the high frequency
range. Effective spring for SDEA in the high frequency range converges to ki, of
Table 8.1h. Lastly, Figure 8.18b shows that SEA goes to physical stiffness in the
high frequency range.

8.1.10 Maximum Renderable Virtual Stiffness Comparison
for SDEA, SDEAg,, and SDEAk, ,

In this subsection, 3 systems are used to compare maximum renderable virtual
stiffness SDEA, SDEA,,, and SDEAg

red”’

SDEA and SDEAg,, go to (aKy)/(a+1) in the low frequency range while SDEA, _,
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Table 8.6 Physical parameters of 3 different systems

Parameters System-1 | System-2 | System-3
T (kgm?) 6.399e~4 0.002 6.794e~4

By, (Nms/rad) | 0.169 1.22 0.0122
K(Nm/rad) 362 360 360
B¢(Nms/rad) 0.05 0.5 0.005

goes to Ky. In the literature SEA and SDEA cannot render virtual stiffness which is
higher than physical stiffness [39, 45], but numerical evaluations show that SDEA fb

and SDEA, _, can render virtual stiffness which is higher than physical stiffness.

Figure 8.19 presents maximum renderable virtual stiffness comparison for SDEA,
SDEAk,,, and SDEAg, , for 3 different systems when controller gains are same.
These systems parameters are defined in Table 8.6. All Bode plots in Figure 8.19
show that SDEAg,,, and SDEAg, , can render virtual stiffness which is higher
than physical K, but SDEA cannot render virtual stiffness which is higher than
K. However, as we mentioned before SDEAf ,,, and SDEAf , spring rendering
bandwidth can be lower because of higher B¢ term as in Figure 8.19b. Figure 8.19a
and 8.19c has the lower By term, so the low frequency range is almost same with
SDEA while SDEAbe and SDEAg, _, can render higher virtual stiffness.
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Chapter 9
Experimental Evaluations

This chapter presents the experimental verification of theoretical results for passivity

bounds and haptic rendering performance of S(D)EA.

9.1 Experimental Setup

In this section, we experimentally validate the theoretical passivity bounds and
haptic rendering performance for S(D)EA using a customized version of the single
degree of freedom series elastic brake pedal presented in [68, 69]. The series elastic
brake pedal, presented in Figure 9.1, is actuated by a brushless DC motor equipped
with a Hall-effect sensor and an optical encoder. The torque output of the motor is
amplified with a gearbox and a capstan reduction featuring 1:10 and 1:3.95 trans-
mission ratios, respectively. The series elastic element is implemented as an ideal
spring through a compliant cross-flexure joint embedded into the capstan pulley.
The deflections of the cross-flexure joint are measured through a linear encoder to
estimate interaction torques. All controllers are implemented in real-time at 1 kHz

utilizing an industrial PC connected to an EtherCAT bus.

To implement a series damped elastic brake pedal, linear eddy current damping is
added in parallel to the compliant element of the SEA brake pedal. In particular,
permanent magnets are arranged as a Halbach array to augment the magnetic field
on the side of the array facing an aluminum plate. The distance between the magnet
array and aluminum plate is adjusted to control the level of damping added to the
system. When the magnets are removed, the SDEA brake pedal simplifies to the
original SEA brake pedal.

The experimental setup is presented in Figure 9.1 which is consist of a high-torque

brushless DC motor (1), gearbox (2) which increases torque capacity, the capstan
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drive (3,4) which provides minimum reduction and provides more reduction, magnet
holder (5), magnets (6) which arranged with considering Halbach array [70, 71], end-
effector (7), an aluminum plate (8), the linear encoder (9), cross-flexure leaf spring
(10), the rotational encoder (11) to measure end-effector position, and motor drive

(12). If (5) is removed, the device becomes SEA which is the Figure 9.1c.
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Figure 9.1 Components of experimental setup
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9.2 System Identification

Accurate system identification is very important to find real passivity bound for
the experimental setup. Passivity bounds of Chapter 4, 5, 6, 7, and 8 include
physical system parameters. Therefore, there is a necessity to do convenient system

identification to select proper controller gains to obtain passive system.
Reflected Intertia and Damping of Actuator

Closed-loop system identification is utilized to experimentally determine the system
parameters related to the actuator and the power transmission. The closed-loop
identification enables accurate prediction of plant parameters using LTI techniques,
since the robust motion controller effectively compensates for the hard-to-model
nonlinear effects in the power transmission. To determine the reflected inertia and
damping of the plant, the system identification is performed under the inner velocity
control with G, = 0.0576 N-m s/rad. A chirp velocity reference signal with an
amplitude of 7.85 rad/sec is applied to the motion control loop over the frequency
range of 0.001-10 Hz, while no exogenous torque 7y, is applied to the system. A first-
order transfer function is fitted to the collected data with R? = 0.88 to determine
the plant parameters as J,,, = 0.0024 kg-m? and B,, = 0.0177 N-m s/rad. Eqn. (9.1)

presents transfer function of Figure 9.2.

Win Gm
— = 9.1
Wy Jns + B, + G, (9-1)

We know the G, in this model, and the rest of physical parameters can be found

with the estimated transfer function.

(Dd 1 (Dm
G ,
J s+B
m m
- Velocity
Controller

Figure 9.2 Closed loop motion controlled system

The system is excited with chirp signal between 0.009-10 Hz. The Matlab’s System
Identification Toolbox is used to find LTI model by using experimental data. The

estimated transfer function is: o

_ 9.2
s+ 31.36 (92)
Figure 9.3 presents Bode plot of the estimated transfer function.

Inertia and damping of the Table 9.1 can be achieved from Eqn. 9.2 which presents
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Bode Diagram
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Figure 9.3 Bode plot of inner loop

the experimentally characterized parameters for the S(D)EA brake pedal system.
The estimated transfer function has a fit of R? is %87.5 with the data collected. R?

was measured in frequency domain.
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Stiffness and Damping of the Physical Filter

101
O Measured Data R2=0.9908
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8 [
7 [

Torque [Nm]
(6]

0 1 1 1 1 1 1 1 |
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
Deflection [rad]

Figure 9.4 Identification of stiffness of physical filter

Identification of stiffness and damping of the physical filter are simpler than iden-
tification of reflected inertia and damping. The stiffness can be found from putting
static load on the end-effector when the motor does not work. Stiffness of the elastic
element can be found from the torque that occurred by the static load and deflec-
tion. Experimental result of the stiffness of the physical filter reported in Figure 9.4.
The slope of the fitted line is 121.8. NRMSE of fitted line is 3.06% where RMSE is
0.24.

Figure 9.5 Details of arrangement of magnet

Figure 9.5 presents filter damping of SDEA. This magnets placed in logic of Halbach

array. Thanks to arrangement of Halbach array as Figure 9.5, one side will be strong

side and other one will be weak side. Therefore, the power of the damping can

be increased with Halbach array. The damping depends on the distance between
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magnets and aluminium plate. The distance in our experiment setup is 12 mm.
Magnet plate is grounded with the distance of 12 mm to aluminium plate as Figure
9.6a. For the system identification of the damping coefficient, the magnet array is
fixed to a force sensor and the motion of the aluminum plate is controlled to follow
a reference chirp signal with an amplitude of 33.5 rad/sec over the frequency range
of 0.9-1.4 Hz. The velocity is estimated through the numerical differentiation of the
encoder data using the curve braking velocity estimator [72]. A least square fit to
the experimental data indicates that By = 0.0127 N-m s/rad with R? = 0.836.

Time [sec]

(b) Damping identification experiment result

(a) Experiment setup for
damping identification

Figure 9.6 Damping identification

Table 9.1 Experimentally characterized system parameters for the SEA brake pedal

Parameter Value
I 0.0024 kgm?
B,, 0.0177 Nms/rad
K 121.8 Nm/rad
By 0.0127 Nms/rad

Table 9.1 presents system identification results of S(D)EA brake pedal.

9.2.1 Torque Controller Tuning

This section presents tuning process of force/torque controller for VSIC of S(D)EAs.
As we know, we have already tuned velocity controller during system identification
process. Experimental setup can catch desired torque accurately with better tuned

force/torque controller. We fixed the end-effector and we gave the system desired
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torque with chirp signal between 0.1-2 Hz. As a result G, = 0.0576 Nm/rad and
G, = 25 rad/sNm. They are valid for the rest of the chapter unless otherwise stated.
RMSE value is 0.48 and NRMSE value is 4.03% where the range of the output is

used for normalization.
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Figure 9.7 Measured torque vs desired torque

Figure 9.7 shows that experimental setup can catch desired torque well.
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9.3 Series Elastic Actuation

In this section, theoretical verification experimentally is evaluated. Experiments of
rendering performance and passivity bounds verification are conducted. Note that
magnet holder (5) and magnets (6) are removed to transform device SEA as Figure

9.1c.

9.3.1 Impedance Rendering Performance

In this subsection, we evaluate haptic rendering performance analysis of VSIC for

SEA during null impedance rendering and spring rendering.

9.3.1.1 Null Impedance Rendering
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Figure 9.8 Chip test for 3 different G,

Performance of SEA under VSIC during null impedance rendering is important, as

this control mode provides active backdrivability to the system.

Figure 9.8 presents null impedance rendering performance of SEA under VSIC for
three distinct levels of the torque controller gain G;. In Figure 9.8 | as the torque
controller gain G; is increased from 20 rad/(s N-m) to 30 rad/(s N-m), the torque
required to move the pedal decreases from 1.48% to 0.62% of 40 N-m torque output
capacity of the SEA brake pedal. Note that this level of active-backdrivability
is excellent for the SEA brake pedal, as evidenced by commonly employed chip

test, where a potato chip is used to move the device without getting broken. The
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experimental results in Figure 9.8 are also in good agreement with the analysis
presented in Section 8, where the positive effect of increasing the torque controller

gain GGy on the null impedance rendering performance has been shown.
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Figure 9.9 Null impedance rendering performance when interacting with human

Purpose of haptic rendering device is interacting with human. Figure 9.9 shows the

performance of SEA when interacting with human.

9.3.1.2 Spring Rendering

Two virtual stiffness are studied where K, selected as 50 Nm/rad an 100 Nm/rad.
Static torques with known values are applied the end-effector and stiffness are cal-
culated with knowledge of displacement. We studied these virtual stiffness for two
different gains which are Gy = 25 rad/sNm and G; = 30 rad/sNm. If G, is selected
as 25 rad/sNm, stiffness of virtual stiffness equal to 49.13 Nm/rad with K; = 50
Nm/rad and 98.27 Nm/rad with K; = 100 Nm/rad. If G is selected as 30 rad/sNm,
stiffness of virtual stiffness equal to 49.27 Nm/rad with K; = 50 Nm/rad and 98.55
Nm/rad with K; = 100 Nm/rad.
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Figure 9.10 Rendering two virtual stiffness experimentally when G; = 25 rad/sNm

Figure 9.10 presents experimental verification of rendering two virtual stiffness when
G, = 25 rad/sNm. When K is selected as 100 Nm/rad, K,; = 98.99 Nm /rad whose
error is %0.73. When K, is selected as 50 Nm/rad, K,; = 51.27 Nm/rad whose
error is %4.35. Note that fitted line NRMSE of K; = 100 Nm/rad is 4.85% where

RMSE is 0.28, and fitted line NRMSE of K; = 50 Nm/rad is 2.01% where RMSE
is 0.11.
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Figure 9.11 Rendering two virtual stiffness experimentally when G; = 30 rad/sNm
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Figure 9.11 presents experimental verification of rendering two virtual stiffness when
G = 30 rad/sNm. When K is selected as 100 Nm/rad, K,; = 98.36 Nm/rad whose
error is %0.19. When K, is selected as 50 Nm/rad, K,; = 51.11 Nm/rad whose
error is %3.73. Note that fitted line NRMSE of K; = 100 Nm/rad is 3.33% where
RMSE is 0.19, and fitted line NRMSE of K; = 50 Nm/rad is 1.79% where RMSE
is 0.10.

Figure 9.10 and 9.11 show that errors are lower for selection of Gy = 30 rad/sNm
for both selection of Kj;. In previous chapters, we have shown that higher G, gain
increases the performance of spring rendering under VSIC through passive physical

equivalents and numerical evaluation.

The SEA brake pedal is designed to interact with humans, so it is important the
evaluating performance when the SEA brake pedal interacts with humans. In this

experiment, a human interacted with the end-effector of the SEA brake pedal.

----Desirgd Torque
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Figure 9.12 When human interacting with the SEA brake pedal when K; = 50
Nm/rad

Figure 9.12 presents desired torque and measured torque when K is selected as 50
Nm/rad. The human can interact the device safely while the device displays the
desired virtual environment. The impedance controller computes the desired torque
reference. Figure 9.12 shows that controller and device has good spring rendering
performance because measured torque can catch the reference torque. NRMSE of
Figure 9.12 is 3.28% where RMSE is 0.49.
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Figure 9.13 When human interacting with the SEA brake pedal when K; = 100
Nm/rad

Figure 9.13 presents desired torque and measured torque when K is selected as
100 Nm/rad. The human can interact the device safely while device display the
desired virtual environment. The impedance controller computes the desired torque
reference. Figure 9.13 shows that controller and device has good spring rendering
performance because measured torque can catch the reference torque. NRMSE of

Figure 9.13 is 0.94% where RMSE is 0.15.
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Figure 9.14 When human interacting with the SEA brake pedal when K; = 50
Nm/rad with G; = 30 rad/sNm
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Figure 9.14 presents desired torque and measured torque when Ky is selected as 50
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Nm/rad with G; = 30 rad/sNm. The human can interact the device safely while
device display the desired virtual environment. The impedance controller com-
putes the desired torque reference. Figure 9.14 shows that controller and device has
good spring rendering performance because measured torque can catch the reference
torque. NRMSE of Figure 9.14 is 3.03% where RMSE is 0.40 which is lower than
selection of Gy = 25 rad/sNm. Therefore, selection of higher G, provides better
tracking performance for measured torque. Also, Figure 9.12 and Figure 9.13 show

that higher K, provide better performance.

9.3.2 Verification of Passivity Bounds

Bode plots cannot be feasible for experimental verification because it can be chal-
lenging to obtain the system phase. There are alternative ways for passivity. When
an arbitrary passive environment is coupled with a system, a passive system should
hold the coupled stability. In this chapter, the system is coupled to a range of the
most destabilizing environments and induces fast movements and impacts to the
end-effector of the SEA brake pedal. Chatter was observed when coupled stability
is violated. For simplicity, the theoretical passivity bounds in the previous sections
have been derived under the non-limiting assumption that the power transmission of
the system has a unity reduction ratio. Equivalent plant parameters and controller
gains can be established for systems with a reduction ratio of n by introducing
the following mappings: J,., = n® Ju, Bp,, = n* By, and G, = n* G, and
G, = 1/nG,.

9.3.2.1 Null Impedance Rendering

In this subsection, we have studied the coupled stability of SEA under VSIC during
null impedance rendering when the controllers are P-PI. We have selected one passive
and one active Gy gains for five distinct [,,, gains according to the necessary and

sufficient condition given in Eqn. (4.8).
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Figure 9.15 G;—1,,, plot for experimentally coupled stability for null impedance
rendering

Figure 9.15 presents the experimental G;—I,,, plot for the SEA brake pedal, together
with the theoretically predicted passivity boundary depicted as the magenta line.

“*7 indicate experiments where coupled stability was preserved, while

The symbols
symbols “0" denote experiments where coupled stability was compromised. As can be
inspected from Figure 9.15, the test cases are fairly close to the analytically predicted
passivity boundary and these results serve as a validation of the theoretical passivity
bound. These results also indicate that the modelling assumptions considered during
the derivations are reasonable and do not cause large deviations from the theoretical

predictions.

9.3.2.2 Spring Rendering Rendering

In this subsection, we have studied the coupled stability of SEA under VSIC during
spring rendering when both controllers are P. We have selected one passive and one
active K, values for four distinct Gy gains according to the necessary and sufficient

condition given in Eqn. (4.2).
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Figure 9.16 G;—K,; plot for experimentally coupled stability for spring rendering

Figure 9.16 presents the experimental K,;—G; plot for the SEA brake pedal, where
Koir = QLH K4 denotes the stiffness of rendered spring. In the figure, the theoretical
passivity boundary is depicted as the magenta line and is equal to physical stiffness of
the SEA according to Eqn. (4.2). The experimental results validate the analytically
predicted passivity boundary. According to the experimental results, the theoretical
bound is about 7% more conservative, as the physical system is likely to have some

extra dissipation effects due to unmodelled friction and hysteresis.
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9.4 Series Damped Elastic Actuation

In this section we studied SDEA performance evaluation and passivity bounds ex-

perimentally. Torque controller tuning and all gains are same with SEA.

9.4.1 Impedance Rendering Performance

In this subsection, we evaluate haptic rendering performance analysis of VSIC for

SDEA during null impedance rendering and spring rendering.

9.4.1.1 Null Impedance Rendering
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Figure 9.17 Chip test for 3 different G; for SDEA

Performance of SDEA under VSIC during null impedance rendering is important,

as this control mode provides active backdrivability to the system.

Figure 9.17 presents null impedance rendering performance of SDEA under VSIC for
three distinct levels of the torque controller gain G;. In Figure 9.17 , as the torque
controller gain G is increased from 20 rad/(s N-m) to 30 rad/(s N-m), the torque
required to move the pedal decreases from 1.36% to 0.92% of 40 N-m torque output
capacity of the SDEA brake pedal. Note that this level of active-backdrivability
is excellent for the SDEA brake pedal, as evidenced by commonly employed chip
test, where a potato chip is used to move the device without getting broken. The

experimental results in Figure 9.17 are also in good agreement with the analysis
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presented in Section 8, where the positive effect of increasing the torque controller

gain G; on the null impedance rendering performance has been shown.
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Figure 9.18 Null impedance rendering performance when interacting with human
for SDEA

Purpose of haptic rendering device is interacting with human. Figure 9.18 shows

the performance of SDEA when interacting with human.

9.4.1.2 Spring Rendering

Two virtual stiffness are studied where K, selected as 50 Nm/rad an 100 Nm/rad.
Static torques with known values are applied the end-effector and stiffness are cal-
culated with knowledge of displacement. We studied these virtual stiffness for two
different gains which are Gy = 25 rad/sNm and G; = 30 rad/sNm. If G; is selected
as 25 rad/sNm, stiffness of virtual stiffness equal to 49.13 Nm/rad with K; = 50
Nm/rad and 98.27 Nm/rad with Ky = 100 Nm/rad. If G, is selected as 30 rad/sNm,
stiffness of virtual stiffness equal to 49.27 Nm/rad with K; = 50 Nm/rad and 98.55
Nm/rad with K; = 100 Nm/rad.

Figure 9.19 presents experimental verification of rendering two virtual stiffness when
G = 25 rad/sNm. When K is selected as 100 Nm/rad, K,; = 97.01 Nm/rad whose
error is %1.28. When K, is selected as 50 Nm/rad, K,; = 50.96 Nm/rad whose
error is %3.72. Note that fitted line NRMSE of K; = 100 Nm/rad is 1.4% where
RMSE is 0.08, and fitted line NRMSE of K,; = 50 Nm/rad is 2.36% where RMSE
is 0.13.
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Figure 9.19 Rendering two virtual stiffness experimentally when G; = 25 rad/sNm

for SDEA
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Figure 9.20 Rendering two virtual stiffness experimentally when G; = 30 rad/sNm

Figure 9.20 presents experimental verification of rendering two virtual stiffness when
G = 30 rad/sNm. When K is selected as 100 Nm/rad, K,; = 98.17 Nm/rad whose
error is %0.39. When K, is selected as 50 Nm/rad, K,; = 50.91 Nm/rad whose
error is %3.33. Note that fitted line NRMSE of K; = 100 Nm/rad is 0.88% where
RMSE is 0.05, and fitted line NRMSE of K; = 50 Nm/rad is 2.57% where RMSE

126



is 0.15.

Figure 9.19 and 9.20 show that errors are lower for selection of Gy = 30 rad/sNm for
both selection of K. In previous chapters, we have shown that selection of higher G,
and K, increases the performance of spring rendering under VSIC through passive

physical equivalents and numerical evaluation.

The SDEA brake pedal is designed to interact with humans, so it is important the
evaluating performance when the SDEA brake pedal interacts with humans. In this

experiment, a human interacted with the end-effector of the SDEA brake pedal.

6

T
---Desired Jorque
—— Measured Torque

. Torque [Nm]

6 ! ! !

0 2 6 10
Time [sec]
Figure 9.21 When human interacting with the SDEA brake pedal when K; = 50
Nm/rad

Figure 9.21 presents desired torque and measured torque when K is selected as 50
Nm/rad. The human can interact the device safely while the device displays the
desired virtual environment. The impedance controller computes the desired torque
reference. Figure 9.21 shows that controller and device has good spring rendering
performance because measured torque can catch the reference torque. NRMSE of
Figure 9.21 is 3.97% where RMSE is 0.43.

Figure 9.22 presents desired torque and measured torque when K is selected as
100 Nm/rad. The human can interact the device safely while device display the
desired virtual environment. The impedance controller computes the desired torque
reference. Figure 9.22 shows that controller and device has good spring rendering
performance because measured torque can catch the reference torque. NRMSE of
Figure 9.22 is 0.84% where RMSE is 0.10.
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Figure 9.22 When human interacting with the SDEA brake pedal when K; = 100
Nm/rad
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Figure 9.23 When human interacting with the SDEA brake pedal when K; = 50
Nm/rad with Gy = 30 rad/sNm for SDEA

Figure 9.23 presents desired torque and measured torque when K is selected as 50

Nm/rad with G; = 30 rad/sNm. The human can interact the device safely while

device display the desired virtual environment. The impedance controller com-

putes the desired torque reference. Figure 9.23 shows that controller and device has

good spring rendering performance because measured torque can catch the reference
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torque. NRMSE of Figure 9.23 is 3.67% where RMSE is 0.42 which is lower than
selection of Gy = 25 rad/sNm. Therefore, selection of higher G; provides better
tracking performance for measured torque. Also, Figure 9.21 and Figure 9.22 show

that higher K; provide better performance.

9.4.1.3 Voigt Model Rendering

The SDEA brake pedal is designed to interact with humans, so it is important the
evaluating performance when the SDEA brake pedal interacts with humans. In this

experiment, a human interacted with the end-effector of the SDEA brake pedal.
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Figure 9.24 When human interacting with the SDEA brake pedal when K; = 100
Nm/rad and By = 0.01 Nms/rad

Figure 9.24 presents desired torque and measured torque when Ky is selected as 100
Nm/rad and By is selected as 0.01 Nms/rad. The human can interact the device
safely while the device displays the desired virtual environment. The impedance
controller computes the desired torque reference. Figure 9.24 shows that controller
and device has good spring rendering performance because measured torque can
catch the reference torque. NRMSE of Figure 9.24 is 1.3% where RMSE is 0.16.

Figure 9.25 presents desired torque and measured torque when K is selected as 100
Nm/rad and By is selected as 0.01 Nms/rad while Gy = 30 rad/sNm. The human
can interact the device safely while device display the desired virtual environment.
The impedance controller computes the desired torque reference. Figure 9.25 shows

that controller and device has good spring rendering performance because measured
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Figure 9.25 When human interacting with the SDEA brake pedal when Ky = 100
Nm/rad and B; = 0.01 Nms/rad with G; = 30 rad/sNm

torque can catch the reference torque. NRMSE of Figure 9.25 is 1% where RMSE
is 0.13.
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Figure 9.26 When human interacting with the SDEA brake pedal when Ky = 100
Nm/rad and B, = 0.05 Nms/rad with G; = 30 rad/sNm

Figure 9.26 presents desired torque and measured torque when K is selected as 100
Nm/rad and By is selected as 0.05 Nms/rad while G; = 30 rad/sNm. The human
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can interact the device safely while device display the desired virtual environment.
The impedance controller computes the desired torque reference. Figure 9.26 shows
that controller and device has good spring rendering performance because measured
torque can catch the reference torque. NRMSE of Figure 9.26 is 0.96% where RMSE
is 0.12 which is lower than selection of G; = 25 rad/sNm. Therefore, selection of
higher G; provides better tracking performance for measured torque. Also, Figure

9.25 and Figure 9.26 show that higher B, provides better performance.

9.4.2 Verification of Passivity Bounds

In this subsection, we verified theoretical passivity bounds of Voigt model rendering

and spring rendering experimentally for SDEA.

9.4.2.1 Voigt Model Rendering

In this subsection, we studied passivity bounds of Voigt model rendering for SDEA
when controller are P-P. We selected 1 passive and 1 non-passive K,;, for different B,
gains. Necessary condition-1 is calculated from Eqn. (5.5) and necessary condition-2
is calculated from Eqn. (5.6). These 2 necessary conditions are equal to necessary
and sufficient condition. Virtual stiffness K ;. is equal to Kda%rl. Note that during

this experiment, G; = 30 rad/sNm.
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Figure 9.27 B;—K,; plot for experimentally coupled stability for spring rendering
for SDEA
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Figure 9.27 presents experimental results of K,;. vs By of the SDEA brake pedal.
The passivity bounds of K,; according to Eqn. (5.5) depicted as a magenta line
which is the necessary condition-1 and Eqn. (5.6) depicted as a blue line which is
the necessary condition-2 for Voigt model rendering for SDEA when controllers are
P-P. Figure 9.27 shows that under the condition lines points hold coupled stability,
but K ;. is over the condition lines, the chatter was observed at end-effector, so the
coupled stability is violated. Figure 9.27 presents there is a difference between the
condition lines and the points where coupled stability is violated. It can be caused

by the omitted damping on the end-effector.

9.4.2.2 Spring Rendering

In this subsection, we have studied the coupled stability of SDEA under VSIC during
spring rendering when both controllers are P. We have selected one passive and one
active Ky values for four distinct GG; gains according to the necessary and sufficient
conditions given in Eqns. (5.22) and (5.23).
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Figure 9.28 G~ K, plot for experimentally coupled stability for spring rendering
for SDEA

Figure 9.28 presents the experimental K,;,—G; plot for the SDEA brake pedal. In
the figure, the theoretical passivity bound according to Eqn. (5.22) is depicted as
the magenta line and is equal to physical stiffness of the SDEA, while the bound
according to Eqn. (5.23) is depicted as the blue line. Figure 9.28 shows that the

132



two conditions are very close to each other for the parameters of the SDEA brake
pedal. The experimental results validate the analytically predicted passivity bound-
ary. According to the experimental results, the theoretical bounds are about 6.5%
more conservative, as the physical system is likely to have some extra dissipation

effects due to unmodelled friction and hysteresis.
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9.5 Series Elastic Actuation with Omitted Damp-
ing Effect

In this section we studied SDEA s, performance evaluation and passivity bounds

experimentally. Torque controller tuning and all gains are same with SEA and
SDEA.

9.5.1 Impedance Rendering Performance

In this subsection, we evaluate haptic rendering performance analysis of VSIC for

SDEA ¢, during null impedance rendering and spring rendering.

9.5.1.1 Null Impedance Rendering

0.6

—G,=20 rad/sNm
----G=25 rad/sNm
G,=30 rad/gNm

Torque [Nm]

©
[N

-0.4

-0.6

Tirﬁe [sec] 10

Figure 9.29 Chip test for 3 different G; for SDEAk 4,

Performance of SDEA  , under VSIC during null impedance rendering is important,

as this control mode provides active backdrivability to the system.

Figure 9.29 presents null impedance rendering performance of SDEA g ¢, under VSIC
for three distinct levels of the torque controller gain G;. In Figure 9.29 , as the torque
controller gain G, is increased from 20 rad/(s N-m) to 30 rad/(s N-m), the torque
required to move the pedal decreases from 1.49% to 0.91% of 40 N-m torque output
capacity of the SDEA k f;, brake pedal. Note that this level of active-backdrivability
is excellent for the SDEAk s, brake pedal, as evidenced by commonly employed chip
test, where a potato chip is used to move the device without getting broken. The
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experimental results in Figure 9.29 are also in good agreement with the analysis
presented in Section 8, where the positive effect of increasing the torque controller

gain GGy on the null impedance rendering performance has been shown.

2

1.5F P. ﬁ ;,‘ a h ' B

Torque [Nm]

0 5 . 10 15
Time [sec]

Figure 9.30 Null impedance rendering performance when interacting with human
for SDEAbe

Purpose of haptic rendering device is interacting with human. Figure 9.30 shows

the performance of SDEAk s, when interacting with human.

9.5.1.2 Spring Rendering

Two virtual stiffness are studied where K, selected as 50 Nm/rad an 100 Nm/rad.
Static torques with known values are applied the end-effector and stiffness are cal-
culated with knowledge of displacement. We studied these virtual stiffness for two
different gains which are Gy = 25 rad/sNm and G; = 30 rad/sNm. If G; is selected
as 25 rad/sNm, stiffness of virtual stiffness equal to 49.13 Nm/rad with K; = 50
Nm/rad and 98.27 Nm/rad with K; = 100 Nm/rad. If G, is selected as 30 rad/sNm,
stiffness of virtual stiffness equal to 49.27 Nm/rad with K; = 50 Nm/rad and 98.55
Nm/rad with K; = 100 Nm/rad.
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Figure 9.31 Rendering two virtual stiffness experimentally when G; = 25 rad/sNm

for SDEAbe

Figure 9.31 presents experimental verification of rendering two virtual stiffness when
Gy = 25 rad/sNm. When K is selected as 100 Nm/rad, K,; = 97.88 Nm/rad whose
error is %0.39. When K, is selected as 50 Nm/rad, K,; = 49.86 Nm/rad whose
error is %1.48. Note that fitted line NRMSE of K; = 100 Nm/rad is 3.6% where
RMSE is 0.21, and fitted line NRMSE of K; = 50 Nm/rad is 0.82% where RMSE

is 0.04.
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Figure 9.32 Rendering two virtual stiffness experimentally when G; = 30 rad/sNm

for SDEAbe
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Figure 9.32 presents experimental verification of rendering two virtual stiffness when
G; = 30 rad/sNm. When K is selected as 100 Nm/rad, K,; = 98.30 Nm/rad whose
error is %0.25. When K, is selected as 50 Nm/rad, K,; = 49.63 Nm/rad whose
error is %0.73. Note that fitted line NRMSE of K; = 100 Nm/rad is 2.13% where
RMSE is 0.12, and fitted line NRMSE of K; = 50 Nm/rad is 3.05% where RMSE
is 0.17.

Figure 9.31 and 9.32 show that errors are lower for selection of G = 30 rad/sNm for
both selection of K;. In previous chapters, we have shown that selection of higher
G and K, increase the performance of spring rendering under VSIC through passive

physical equivalents and numerical evaluation.

The SDEA f, brake pedal is designed to interact with humans, so it is important
the evaluating performance when the SDEA ¢, brake pedal interacts with humans.
In this experiment, a human interacted with the end-effector of the SDEA 4, brake
pedal.
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Figure 9.33 When human interacting with the SDEA  f;, brake pedal when
K4 =50 Nm/rad for SDEA s,

Figure 9.33 presents desired torque and measured torque when K is selected as 50
Nm/rad. The human can interact the device safely while the device displays the
desired virtual environment. The impedance controller computes the desired torque
reference. Figure 9.33 shows that controller and device has good spring rendering

performance because measured torque can catch the reference torque. NRMSE of

Figure 9.33 is 5.09% where RMSE is 0.43.

137



--- Desired Torque ‘
—— Measured Torque ﬂ

4FMM

N
T
1

Torque [Nm]
o
; S

» N
T T
-—
-
—
-
-
-
-—
-
[ ey
-
-_—
L s
-—
-——
1

-6 1 1 1 1 1 1
6
Time [sec]

Figure 9.34 When human interacting with the SDEA  f;, brake pedal when
K4 =100 Nm/rad for SDEAK ¢,

Figure 9.34 presents desired torque and measured torque when K is selected as
100 Nm/rad. The human can interact the device safely while device display the
desired virtual environment. The impedance controller computes the desired torque
reference. Figure 9.34 shows that controller and device has good spring rendering
performance because measured torque can catch the reference torque. NRMSE of
Figure 9.34 is 1.18% where RMSE is 0.12.
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Figure 9.35 When human interacting with the SDEA 5, brake pedal when
K4 =50 Nm/rad with G; = 30 rad/sNm for SDEA 4,
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Figure 9.35 presents desired torque and measured torque when K is selected as 50
Nm/rad with G; = 30 rad/sNm. The human can interact the device safely while
device display the desired virtual environment. The impedance controller com-
putes the desired torque reference. Figure 9.35 shows that controller and device has
good spring rendering performance because measured torque can catch the reference
torque. NRMSE of Figure 9.35 is 3.71% where RMSE is 0.38 which is lower than
selection of Gy = 25 rad/sNm. Therefore, selection of higher G; provides better
tracking performance for measured torque. Also, Figure 9.33 and Figure 9.34 show

that higher K, provide better performance.

9.5.1.3 Voigt Model Rendering

The SDEA f;, brake pedal is designed to interact with humans, so it is important
the evaluating performance when the SDEA ¢, brake pedal interacts with humans.
In this experiment, a human interacted with the end-effector of the SDEA g f;, brake
pedal.
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Figure 9.36 When human interacting with the SDEA gy, brake pedal when
K4 =100 Nm/rad and By = 0.01 Nms/rad

Figure 9.36 presents desired torque and measured torque when K| is selected as 100
Nm/rad and By is selected as 0.01 Nms/rad. The human can interact the device
safely while the device displays the desired virtual environment. The impedance
controller computes the desired torque reference. Figure 9.36 shows that controller

and device has good spring rendering performance because measured torque can
catch the reference torque. NRMSE of Figure 9.36 is 1.21% where RMSE is 0.13.
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Figure 9.37 When human interacting with the SDEA  f;, brake pedal when
K4 =100 Nm/rad and B; = 0.01 Nms/rad with G; = 30 rad/sNm

Figure 9.37 presents desired torque and measured torque when K is selected as 100
Nm/rad and By is selected as 0.01 Nms/rad while G; = 30 rad/sNm. The human
can interact the device safely while device display the desired virtual environment.
The impedance controller computes the desired torque reference. Figure 9.37 shows
that controller and device has good spring rendering performance because measured
torque can catch the reference torque. NRMSE of Figure 9.37 is 1.1% where RMSE
is 0.11.
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Figure 9.38 When human interacting with the SDEA  f;, brake pedal when
K4 =100 Nm/rad and By = 0.05 Nms/rad with G; = 30 rad/sNm

Figure 9.38 presents desired torque and measured torque when K is selected as 100
Nm/rad and By is selected as 0.05 Nms/rad while G; = 30 rad/sNm. The human
can interact the device safely while device display the desired virtual environment.
The impedance controller computes the desired torque reference. Figure 9.38 shows
that controller and device has good spring rendering performance because measured
torque can catch the reference torque. NRMSE of Figure 9.38 is 0.95% where RMSE
is 0.11 which is lower than selection of Gy = 25 rad/sNm. Therefore, selection of
higher G; provides better tracking performance for measured torque. Also, Figure

9.37 and Figure 9.38 show that higher B, provides better performance.

9.5.2 Verification of Passivity Bounds

9.5.2.1 Voigt Model Rendering

In this subsection, we studied passivity bounds of Voigt model rendering for
SDEAk s, when controller are P-P. We selected 1 passive and 1 non-passive K,
for different B, gains. Necessary condition-1 is calculated from Eqn. (6.5) and nec-

essary condition-2 is calculated from Eqn. (6.6). These 2 necessary conditions are

[0

equal to necessary and sufficient condition. Virtual stiffness K,;,. is equal to Kda_+1'

Note that during this experiment, G; = 30 rad/sNm.
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Figure 9.39 By~ K,; plot for experimentally coupled stability for spring rendering
for SDEA K fb

Figure 9.39 presents experimental results of K,;, vs By of the SDEA i f;, brake pedal.
The passivity bounds of K,; according to Eqn. (6.5) depicted as a magenta line
which is the necessary condition-1 and Eqn. (6.6) depicted as a blue line which is the
necessary condition-2 for Voigt model rendering for SDEAk s, when controllers are
P-P. Figure 9.39 shows that under the condition lines points hold coupled stability,
but K,; is over the condition lines, the chatter was observed at end-effector, so the
coupled stability is violated. Figure 9.39 presents there is a difference between the
condition lines and the points where coupled stability is violated. It can be caused

by the omitted damping on the end-effector and underestimation of damping.

9.5.2.2 Spring Rendering

In this subsection, we studied passivity bounds of spring rendering for SDEAk s,
when controller are P-P. We selected 1 passive and 1 non-passive K,;,. for 4 differ-
ent Gy gains. Necessary condition-1 is calculated from Eqn. (6.14) and necessary
condition-2 is calculated from Eqn. (6.15). These 2 necessary conditions are equal to
necessary and sufficient condition. The rendering stiffness is equal to K475 which

is depicted as K.
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Figure 9.40 Gy~ K, plot for experimentally coupled stability for spring rendering
for SDEA K fb

Figure 9.40 presents experimental results of K ;. vs G; of the SDEA brake pedal.
The passivity bounds of K, according to Eqn. (6.14) depicted as a magenta line
which is the necessary condition-1 and Eqn. (6.15) depicted as a blue line which is
the necessary condition-2 for spring rendering for SDEA g y, when controllers are P-P.
Figure 9.40 shows that these two necessary conditions are very close and these lines
provide relaxer condition than physical stiffness which is the advantage of SDEAk s,
over the SDEA and SEA. Figure 9.40 shows that under the condition lines points
hold coupled stability, but K, is over the condition lines, the chatter was observed
at end-effector, so the coupled stability is violated. Figure 9.40 presents there is
a difference between the condition lines and the points where coupled stability is
violated. It can be caused by the omitted damping on the end-effector. Figure 9.40
presents experimental limits for couple stability of SDEA and SEA. We can see that
experimental limit of virtual spring stiffness of SDEA s, is higher than SDEA and
SEA as in the theoretical results.
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Chapter 10
Model Reference Force Control

In this chapter, we propose the use of MRFC for SEA as an alternative to VSIC and
provide passivity analysis of this control scheme, under model mismatch. sufficient
conditions for one-port passivity of SEA under MRFC during null impedance ren-
dering is presented. validations of our theoretical results through a set of systematic
simulations and physical experiment is provided. Also, null impedance rendering

performance of MRFC is experimentally demonstrated.

10.1 System Description

Tm ] ) T ‘ Tsea

sSm

E(’Om ( ) E ‘Vms ( | (Dend

Figure 10.1 2-port impedance-admittance block diagram of uncontrolled system

Figure 10.1 depicts the model-reference force control of SEA. The figure includes

elements of the 2-port hybrid immittance matrix for open loop plant as
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Wm Vms Ymm Tm
with Zg(s) = %, Tom(s) = m=

Vins(8) = G 0 Youn() = 5

If a control law is applied:
T = =G Gy GyWena — Gy Wi, — G5 Gy Teea (10.2)
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Model-Reference Torque Motion
Controller Controller Controller End
Effector

User

1 Oend = Op

Figure 10.2 Block diagram of S(DEA) under MRFC

The terms G4 and G, are torque controller and motion controller, respectively. From
Eqn. (10.1) and Eqn. (10.2) model reference controller G can be computed as:
(Gv Ymm + 1) (Zdes — Zss) Vms — Gs Zdes

Cr= GGy Tun e (103)

where Z4.s equals to Zss + Z4. Derivation of Eqn. (10.3) is similar to [7] which is
used 2-port admittance without SEA.

Figure 10.2 which consists of the plant, an inner velocity loop, an outer torque
loop, and the model-reference controller. It is clearly seen that if desired impedance
(Z4) is put instead of Gy, Figure 10.2 will have same structure with VSIC. If Gy is
computed according to Eqn. (10.3), Zyupu €quals to Zy+ Zss in Figure 10.2 assuming
all parameters are known. Note that Z,,u.: is relation between conjugate terms
which equals to #d“((j)) The minus sign comes from compression. Figure 10.2 can
be arranged as Figure 10.3 which depicts the model-reference force control diagram
of S(D)EA. The model of the plant consists of the same elements, where ~ notation
is used to differentiate the model parameters from those of the plant. The symbol

GG, depicts the motion controller, while G, is the force controller. The desired

1
Tsm
desired end-effector torques to appropriate actuator torques. If all of the system

impedance is denoted by Z;. In the block diagram, Z; is multiplied by to map

parameters are known exactly, then Z,,; = Zss + Zg.
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10.2 Passivity Analysis

Under model uncertainty, Z,,; for Figure 10.3 becomes

Z . N Y Z
Tsm <T d 4Gy (Vms*Vms‘FGs (Zd+zss)+%d>)
sm sm
G’U Ymm+1 ZSS+ G’U Ymm+1

Zout(s) = G Yorm s Gy Tom 1 (10.4)

Passivity analysis is performed for Eqn. (10.4). In particular, we study the case for
null impedance rendering, when Z;=0. Null impedance rendering is a crucial mode
for pHRI applications as it provides active backdrivability to SEA by compensating
for parasitic forces acting on the system. If there exists no model uncertainty, Z,,;

becomes

 InKs+ By K
 Jns2+Bps+ K

Znull(s) (105)
Note that Eqn. (10.5) does not include control parameters due to the perfect can-
cellation of terms and this allows for selection of very high gains for aggressive
and robust interaction control performance with ensured passivity. The frequency

domain disturbance response can be calculated as
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Ymm

Wend=0 B Gy (Ymm + G Tsm) +1

_F7f

Yi(s) (10.6)

indicating that disturbance rejection performance of MRFC can be improved by

selection of high gains for G, and G, without sacrificing passivity.

Under model uncertainty, a more realistic model of Z,,; becomes Z,,u(s) =

where

N(s) = JmJm K s® + Kvys?
(Bi B K + B Go K + Jn KK + G, Gy J K K) s
B, KK+ B,,G,G, KK
D(s) = Jom Jm st 478>
+ BB+ By Gy +Jn K+ Jp K+ GGy Jiy K) 82
+ (BnK+ByK+G,K+B,G,G,K)s
+ KK+G,G,KK

A

with v = B Jym + By Jm + Go I

The passivity of Z,.;(s) is checked according to Theorem 1. Theorem 16 presents
sufficient conditions for one-port passivity of SEA under MRFC while rendering null

impedance, when G4 and G, consist of proportional gains.

Theorem 16. Consider null impedance rendering for SEA under MRFC' as in Fig-
ure 10.3, where Gy and G, consist of proportional gains. Let all parameters be
positive and define B,, = aB,,. Then, the following expressions constitute sufficient

conditions for passivity of Znu(s).

(i) K < (ﬁ—i—l)[(, and

R P pavppare

Go (o K R4 G K (G T K—Gr i K) ) 4B (200 K4G G K)

N

2.

—
7 N

- =+
Bim G (Bm—i—Gv—Gs I K)

B (Bm+Gy) (K+Gs Gy K=Gs Gy K)

Gs Jm (K—K) N
Go K (Bm+Gy—Gs Jm K)

B, < a
with B,, + Gy > G.J, K .

Proof. 1) Zn.u(s) has no poles in the right half plane. Invoking Lemma 2, one can

show that this condition can be expressed as

147



K1+ kKo >0 (10.7)

where

By (B + Gy) (B2, GGy Jin K + B2 Jn K

K1 =
+ BuBnmGsGyJm K + By By Jy K + By By J K
+ BpGyGu?Jn K + B Gy Jm K + By Gy Jin K
+ BplJnK+2BnGyJn K + G2 Jn K + G2 Jy K)
ke = B (Bm+Gy) (JmK(GGy+1) — JK)?

Here, k; is always positive, while k5 is non-negative, Hence, Condition (1) of Theo-

rem 1 is always satisfied.

2) Re[Z(jw)] > 0 for all w. Invoking Lemma 1, the sign of Re[Z,.(s)] can be
checked by the sign of H(jw) = dyw* + dyw? + dy, where

dy = K*(Gy J% + By J2, (G5 Gy +1) + G G2 J2)

— KK(GsG,2J% + Gy Jp Jm 4 B G5 Gy J2) (10.8)
dy = (B K? (14 G5 Gy) + K K (By, + Gy)) (B B

+ K(By Gy + Jom + G5 Gy Jn)) — K (B + B G5 Gy)

(J KK + By K (B + Gy) + Ji K (K + G4 G, K))

— K2 K (G5 Gy 4 1) (B + B Jy + Gy Jin) (10.9)
do = K> K*(1+ G5 Gy) (B + By G5 G) (10.10)

From Lemma 3, it is necessary that dy > 0. Since all of the parameters are positive,
dy is always positive. From Lemma 3, it is also necessary that d, > 0. To check for

this condition, Eqn. (10.8) can be rearranged as

0< [K(Gy K+ BpnK(GsGy+1)+Gs G2 K (10.11)
~GsG 2K — By Gy Gy K)]J2 — (Gy J K K) Jp '
In this equation, if the coefficient of j,i is not positive, then dy is negative, due to
the negative coefficient of T Therefore, to ensure a positive coefficient for jﬁb, the

following condition should hold:

K < ( L4 1) K (10.12)

Given Eqn. (10.12) and positiveness of parameter .J,,, Condition (ii) ensures a nec-
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essary condition that d is positive.

While Lemma 3 provides the necessary and sufficient conditions for positiveness of
H(jw) an analytical solution for the third expression in Lemma 3 is cumbersome.

A sufficient condition for Re[Z(jw)] > 0 can be ensured by setting ds > 0 as follows

KK (B Jn K + K2 B Jon + Go J + G G2 J
2B GGy Jm)) — K K2 (Jo + G5 Gy Jim)

(Bm + Go) < (B Gy K K (By, + Gy — Gy Jp K))a
+(Bn? K (B + Gy) (K + GGy K — GGy K))a? (10.13)

In this expression, the left hand side of Eqn. (10.13) and the coefficient of o? are
always positive when Conditions (i) and (i) hold. If B,, + G, > G.J,,K, then
Eqn. (10.13) can be written as Condition (iii), expressing that « has a positive

lower bound.

3) Any poles of Z(s) on the imaginary axis are simple with positive and real

residues. This condition is always satisfied since the inequality in Lemma 2

is strictly greater than zero, as shown for Eqn. (10.7). O ]

Remark (1). Conditions (i) and (ii) of Theorem 16 are also necessary conditions

for passivity that define an upper bound for K and a lower bound for T respectively.

Remark (2). Condition (iii) of Theorem 16 is a sufficient conditions for passivity
and defines a lower bound for B,,. This condition can be replaced by the third
condition expressed in Lemma 3 to derive the necessary and sufficient conditions for
passivity null impedance rendering under MRFC. However, the resulting equation is

cumbersome to express in closed form!.

Remark (3). According to the necessary and sufficient conditions, it is possible to

B 0T — I K .
set By, =0 iff J,, = K(G. Gl -F (G0 C) Note that such an ezxact assignment
is not practically feasible, since the plant parameters cannot be determined exactly.
For all other cases, it can be shown that B,, assumes a positive lower bound to ensure

Passivity.

Remark (4). If the assignment for J,, is determined, the Conditions (i) and (ii) of

LA Matlab file that includes these conditions is available for download at https://hmi.sabanciuniv.edu/
Passivity__of MRFC.m
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Theorem 16 can be merged to determine the upper bound for K as follows:

< A (eNes +1)( B+ Gy)
Gy (T + G Jn (B + Gu))

K (10.14)

Remark (5). Since the compliant element of a series elastic actuator acts as the
sensor, in general, the stiffness K is well characterized. If we evaluate conditions
of Theorem 16 for K = K, then results are simplified. In particular, Condition (i)

is always satisfied, while Condition (ii) reduces to

Godm
—_ 10.1
B e S (10.15)

Eqn. (10.15) is equivalent to the condition presented in [33] for a rigid manipulator.

Finally, Condition (iii) becomes

K (2B JintGo =G Jm+ B Gs Go Jm) - _ B (Bm+Gy) 42

< o+
B Go (Bm+Go—Gs Jm K) Go (Bm+Go—Gs Jm K)
(10.16)
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10.3 Numerical Evaluations

In this section, the theoretical results are verified through Bode plots of numerical

simulations.
Table 10.1 Parameters for SEA under MRFC
Parameter Value Parameter Value
I 0.002 kgm? I 0.0022 kgm?
B, 1.22 Nms/rad B, 0.0122 Nms/rad
K 360 Nm/rad K 324 Nm/rad

Table 10.1 presents the parameters of the plant and the model used for MRFC. For
model uncertainty, J,, is overestimated and K is underestimated by 10%, respec-
tively. The proportional controller gains are set as G, = 20 Nms/rad and Gy =
5 rad/sNm.
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Figure 10.4 Bode plots for null rendering for various K&
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Figure 10.4 shows that the closed loop system is passive when K is underestimated
10% and passivity is lost when K is overestimated by 10%, as predicted by Con-
dition (i) of Theorem 16. Figure 10.5 shows that the closed loop system is passive
when J,, is overestimated or underestimated by 10%, as predicted by Condition (ii)
of Theorem 16. One can also observe that the closed loop system is not passive

when the lower limit on .J,, imposed by Condition (ii) is violated.
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Figure 10.6 Bode plots for null rendering for various B,,

Figure 10.6 shows that the closed loop system is passive when B,, = 0.01B,,. The
lower bound on B,, is computed as 0.54 Nms/rad according to the sufficient con-
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dition in Condition (ii) of Theorem 16, while the necessary and sufficient condition

imposes a significantly more relaxed lower bound of 0.00097 Nms/rad.

10.4 Experimental Validations

Figure 9.1 presents a solid model of the experimental setup, but there will be damper
which is parallel to series elastic element. In this experiment, we removed magnets,

magnet holder, and aluminium plate. Also, stiffer compliant element is used.

® 0
d G ' 1 m }
v J s+B
m m
Velocity
Controller

Figure 10.7 Closed loop motion controlled system

From Figure 10.7, the transfer function with wy as input and w,, as output can be
derived as
Wy, Gy

Zmo_ 10.17
wy Ims + B + Gy, ( )

10.4.1 System Identification

The closed-loop system identification is used to experimentally determine system
parameters. In particular, the system is identified with the inner velocity control
loop with G, = 0.032 Nms/rad. Furthermore, 7, is taken as zero since no exogenous
input is applied to the system during the system identification. Stiffness of the cross
flexure joint is determined separately, by applying known forces to the SEA brake

pedal and measuring the resulting deflection.

Table 10.2 presents the experimentally characterized parameters for the SEA brake
pedal system. The estimated transfer function has a fit of R? = 89.5% with the data
collected. R? was measured in frequency domain.

Table 10.2 Experimentally characterized system parameters for the SEA brake pedal

Parameter Value
I 6.794 10~ kgm?
B, 0.0122 Nms/rad
K 360 Nm/rad

10.4.2 Experimental Validation of Passivity Limits

Considering the parameters in Table 10.2, the model parameters for MRFC are
selected as jm = 1.1J,,, K = 09K and Em = 0.05B,,. The motion controller gain
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G, is set to 0.032 Nms/rad, as used during the system identification.

To verify the passivity limits, we tested the coupled stability of the controllers
with three different GG gains, by coupling the controlled system to a range of most
destabilizing environments and inducing fast movements and impacts to the end-
effector of the SEA brake pedal. A loss of coupled stability was decided, when

chatter was observed.

Figure 10.8 presents the K /K vs Gy plot of the SEA brake pedal for all the tested
parameters. The passivity bound for K according to Eqn. (10.14) is depicted as
the dashed line in Figure 10.8, while the passivity bound on K according to the
necessary and sufficient condition of Lemma 3 is the presented as the magenta line.
The coupled stability was tested at three G4 values for various K selections. When
K was underestimated by 10%, the coupled stability was ensured for all tested G,
gains. When K was selected higher than the limit imposed by the passivity bound,

chatter was observed at the end-effector, so the coupled stability is violated.

1.67 ---. Passivity boundary (necessary conditions)
—— Passivity boundary (necessary and sufficient conditions)
1.5¢ 3% Coupled stability is observed
O Coupled stability is violated
1.4+ o
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<Q 1.2
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10 12 14 16 18 20 22

Gy [rad/Nms] R
Figure 10.8 Experimental verification of the K bound
Figure 10.9 presents the J, /Jm vs G plot of the SEA brake pedal for all the tested
parameters. The passivity bound for J,, according to Condition (i) of Theorem 16
is depicted as the dashed line in Figure 10.9, while the passivity bound on T
according to the necessary and sufficient condition of Lemma 3 is the presented as
the magenta line. The coupled stability was tested at three G values for various Jin
selections. When J,,, was overestimated by 10%, the coupled stability was ensured
for all tested G5 gains. When J,. was selected lower than the limit imposed by the
passivity bound, chatter was observed at the end-effector, so the coupled stability

is violated.
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10.4.3 Experimental Evaluation of Performance of MRFC

To demonstrate null impedance rendering performance of the SEA brake pedal under
MRFC, the controller parameters were selected as T = 1.1, K = 09K , B, =
0.05B,,, G, = 0.032 Nms/rad, and G5 = 23 rad/Nms, respectively. An active
backdrivability experiment was conducted where the end-effector of the brake pedal
was pushed with a potato chip. The maximum force experienced on the chip was
measured as 1.2 N (0.24 Nm in torque), indicating excellent active backdrivability

for a SEA capable of 40 Nm continuous torque output. Figure 10.10 presents chip
test of MRFC.
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Figure 10.10 Chip test of MRFC
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Chapter 11

Conclusion and Future Work

We have presented frequency domain passivity analysis of S(D)EA under VSIC for
null impedance rendering, spring rendering, and Voigt model, and provided the nec-
essary and sufficient conditions for passivity of these systems. These result extend
earlier results on S(D)EA passivity in the literature [41, 45, 46], as the controller
gains are allowed to take negative values. In addition to the passivity analysis,
we have derived passive physical equivalents for these systems which provide novel
insights and intuition into the closed-loop system dynamics. In particular, the pas-
sive physical equivalents make the parasitic dynamics of the system explicit and
enable to rigorous study of effects of system parameters and controller gains on
the rendering performance, as presented in Section 8. The limitations of render-
ing performance can also be understood thanks to the passive physical equivalents,
which also give concrete examples of the closed-loop system’s uncontrollable dy-
namics (for example, the physical filter’'s dynamics are uncontrollable during null
impedance rendering under VSIC) (for instance, the stiffness of the physical stiff-
ness provides an upper bound on virtual spring rendering under VSIC). Note that
these results extend the interaction stability analysis in [17] to S(D)EA and provide

easy-to-understand insights into the passivity bounds established.

We have extended this results analysis of SDEAf ,, the most common implemen-
tations of SEA, where the inherent damping effects on the serial elastic element is
ignored in closed-loop force control. We have established the necessary and sufficient
conditions for frequency domain passivity of SDEAg,, under VSIC and introduced
passive physical equivalents for SDEAg,, under closed-loop control while rendering
Voigt model, ideal spring, and null impedance. The passive physical equivalents not
only provide a concrete understanding of uncontrollable dynamics of the closed-loop
system, but also enable a fair comparisons of different plants (for instance, SDEA

vs SDEAg,,) on haptic rendering performance. Furthermore, we have studied a re-
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duce order model SDEA

by a low-pass filter, and established necessary and sufficient passivity conditions

s> Where the robust inner motion control loop is replaced
and physical equivalents for this model. We have rigorously compared the results
derived with SDEAg, , with the full order models SDEAg,, and SDEA. We have
shown that this simplifying assumption on analysis have simpler results for passivity
conditions. We have rigorously shown that if w, < % and w, < l%a, necessary
and sufficient condition of SDEAF, , provides sufficient condition of SDEA,,. Also,
we have shown that SDEAf,, and SDEAg, , performance is nearly same for Voigt

model, ideal spring, and null impedance rendering through Bode plots.

We have demonstrated that passive physical equivalents enable fair comparisons of
different plants (for instance, SEA vs SDEA) and different controllers (for instance,
P-P vs P-PI) on rendering performance. Unlike the case in numerical comparisons,
comparisons of closed-loop system dynamics through passive physical equivalents
are informative in that these conclusions can be generalized. These comparisons
highlight the impact of different plant and controller terms on the closed-loop ren-
dering performance. Also, through passive physical equivalents, we have rigorously
compared the effects of measuring and omitting the damping force on the series elas-
tic element on the closed-loop rendering performance of the system. We have shown
that if the force acting on By is used in feedback control (SDEA), this additional
information has a beneficial effects on haptic rendering performance and enabling
passive Voigt model renderings. On the other hand, if force acting on By is not used
in feedback control (SDEAk ), then By has a parasitic effect on haptic performance
and desired Voigt models cannot be passively rendered. We have compared SDEA
and SDEA,, in terms of their effective impedance and shown that parasitic damp-
ing effect is higher for SDEAg . Furthermore, SDEA,, can passively render stiffer
virtual spring, but always with the parasitic damping of By. In addition to them, we
have shown that Voigt model cannot be rendered accurately with SDEAg . Also,
the maximum virtual stiffness limit is the physical stiffness for ideal spring ren-
dering which is shown theoretically and experimentally before [39, 41, 46| for SEA
and SDEA. However, if there is a damping effect on the physical filter which is not
measured, SDEAf,, can exceed the physical spring stiffness which can be seen from
passivity analysis of SDEAf , and Chapter 8 through Bode plots for different phys-
ical system. Furthermore, there exists continuity among realizations; for instance,
one can recover the realization of null impedance rendering with SEA under P-P
controller from the realization of spring rendering with SDEA under P-PI controller
or SDEAk,, P-P controller, by setting By, I, and Ky to zero. Along these lines,
the effect of each additional controller or plant dynamics can be rigorously studied.

Moreover, these comparisons are symbolic in nature and do not require performance
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optimization of each closed-loop system to ensure fairness, as emphasized in [30].

We have also emphasized that passive physical equivalents provide a physical re-
alization of the effective impedance, establishing an intuitive understanding of the
effective impedance analysis. For instance, realizations show how a frequency de-
pendent damping effect in the effective impedance analysis can be realized with a
serial connection of an inerter with a damper, as in [25]. We have presented passive
physical realizations for S(D)EAs under VSIC while null impedance or rendering
ideal springs or Voigt model in Table 8.1. It is important to note that, in general,
passive physical realizations for a given impedance transfer function are not unique.
The necessary conditions may not be easily established through such analysis, as it

requires studying feasibility of all passive physical realizations.

We have experimentally validated our theoretical results with real life S(D)EA de-
vice. We have verified our theoretical results and we compared passivity bounds and
haptic rendering performance for different type of S(D)EAs such as SEA, SDEA,
SDEAK,,, and reduce models of S(D)EAs.

We have also studied model reference for control for SEA during null impedance
when controllers are P-P. Controlling SEA with MRFC promises to improve inter-
action control performance compared to other commonly used controllers, as the
knowledge of the model enables feed-forward action to react to inputs more quickly.
Furthermore, passivity of MRFC is relatively easy to achieve, simply by overestimat-
ing the inertial effects, underestimating the compliance, and keeping the damping
compensation bounded. In this study, the controllers of MRFC are considered as
P-controllers to keep the closed form analytical solutions easy to follow. The derived
frequency domain passivity conditions are informative, as they provide insight on

how system parameters affect stability robustness of MRFC.

Our ongoing work include extension of the passivity analysis and passive realiza-
tion results to S(D)EA under different controllers, such as MRFC and disturbance

observer based control proposed in [73].

As part of our future work, we plan to extend passive realizations to less intuitive
fractional order systems [27, 28|, as physical equivalents are well-defined for frac-
tional order terms and interpretation of these controllers can highly benefit from
such physical intuition. Also, our ongoing works include extension of the passivity
analysis of SDEA under MRFC to other elementary virtual environments, including

linear virtual springs.
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