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Abstract— This paper studies the full-body motion generation
of a quadruped robot for pace gait. A motion planning algorithm
is designed based on the centroidal dynamics of the robot. The
motion planning algorithm generates both position and force
reference trajectories. These reference trajectories serve as a
guide for the swing motion of feet during the swing phase, while
they also serve as a guide for the ground contact forces during
the stance phase. A hybrid force-motion control framework is
constructed using the operational space formulation (OSF) in
order to track generated reference trajectories. We contribute
further to the OSF of floating-base robots by decoupling the
dynamics of the right and left leg pairs to facilitate pace gait.
The proposed motion generation method for pace gait is validated
using a full-dynamics simulation environment. The results reveal
the competence of the proposed whole-body pace gait control for
a quadruped robot.

I. INTRODUCTION

The field of legged robots has advanced considerably during
the last several decades [1], [2], [3], [4], [5]. Legged robots,
particularly quadrupedal ones, have an edge over alternative
robotic land platforms in rugged terrain. Quadruped robots are
expected to be deployed effectively for tasks such as mine
neutralization, disaster zone operations, and space applications
in the near future.

In nature, quadrupedal animals adapt their gait based on
their locomotion speed and the environment’s structure [6].
It benefits them by allowing them to maintain their balance
while efficiently utilizing their energy. Hence, it is important
to have the ability to perform multiple quadrupedal gaits.
Hence, we concentrated on pace gait, which has received
less attention in the literature than trot gait. Pace gait is a
quadrupedal gait pattern in which the lateral legs move in
unison, unlike the trot, where diagonal legs move in unison.
Pace gait presents several difficulties that must be overcome
before it can be successfully performed. When either the right
or left legs take off, a small support polygon appears on the
ground, which is significantly away from the ground projection
of the robot’s center of mass (CoM). This distance generates
large amounts of angular acceleration around the robot’s CoM,
which can have a detrimental effect on the robot’s balance.
Under these circumstances, developing a well-defined motion
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planning method and designing an effective control algorithm
become critical for producing a pace gait.

Numerous quadrupedal locomotion approaches are described
in the literature. One of the most popular is the Zero Moment
Point (ZMP) criterion. Several researchers have used the ZMP
approach to carry out pace gait on their quadruped robots [7],
[8]. The Central Pattern Generator (CPG) is another frequently
used approach in the literature. This bio-inspired method can
produce stable rhythmic references for robot motion. In this ap-
proach, pace gait is achieved by designing mutual entrainment
(CPG network) between oscillators of robot joints [9], [10].
In addition to these approaches, researchers create a pace gait
using the Spring-Loaded Inverted Pendulum (SLIP) approach
[11], [12].

The aforementioned approaches have been pioneers in the
study of legged robot locomotion for years. However, as
technology advances, more effective methods have begun to
supplant the aforementioned. Model-based control approaches
have been investigated and revealed to be effective on a variety
of quadrupedal robots [13]. Whole-Body Control (WBC) is a
model-based approach that specifies appropriate joint torques
that minimize tracking errors for a variety of desired ac-
celerations while taking the quadruped robot’s entire body
dynamics into account [13], [14]. Another effective approach is
learning-based control, which develops controllers with data-
driven strategy. Multiple recent articles describe techniques
for developing a quadrupedal locomotion strategy via various
trial-and-error tests in a simulation environment and then
implementing the outcomes in the actual world [15], [16]. The
application of this method takes quite an amount of time at the
moment. However, when model-based control approaches are
integrated, it has the potential to be effective.

In this work, we present a motion planning method for
a quadrupedal pace gait based on centroidal dynamics. An
optimization algorithm is developed to determine the most
efficient contact forces. A hybrid force-motion control law
is constructed using the OSF to track generated force and
position references. Lastly, we demonstrate the competence
of the proposed whole-body pace gait control method in a
simulation environment.

This paper is structured as follows: Section II describes the
proposed motion planning method. The control framework is
explained in Section III. Section IV presents simulation results.
There is a discussion of the proposed method in Section V.
Finally, the paper is concluded in Section VI.
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II. MOTION PLANNING

Motion planning is a critical component of a legged robot’s
locomotion. Since legged robots have an unactuated body, their
actuated joints must work in harmony to produce stable body
motion. Centroidal momentum dynamics has recently gained
significant attention and success in the motion planning of
legged robots [17], [18]. In this section, we describe how
we utilize centroidal momentum dynamics to develop stable
motion planning algorithm.

A. Centroidal Dynamics

The motion equations of a n-degrees of freedom (DoF)
floating-base robot are

M(q)i+C(q,9)+Glq) =S"t+1(q)"F, (1)

where M(q) € RU*0)x(1+6) is the inertia matrix, C(g,q) €
R("+6) js the Coriolis and centrifugal forces, G(¢q) € R"*+0) is
the gravitational effect, F, € R!? is the vector of contact forces
(The quadruped robot’s feet were regarded as point feet.),
J(q) € RU2X("+6) jg the contact Jacobian, § = [0nx6  Tnxn]
is the selection matrix of the actuated joints, T € R” is the
vector of joint torques. The generalized coordinates of the
robot are denoted by g = [xg q]T]T. It contains position and
orientation of the body (x;, € SE(3)), and joint positions of the
robot (g; € R").

Mansard proposed a mapping into the null space of the
robot’s motion equations with a singular value decomposition.
The concept was to clearly split the robot’s motion and
actuation states. This mapping enables the utilization of the
decoupled ones, which have a lower dimension, rather than
retaining the entire set of generalized coordinates [19]. Using
this concept, we decompose (1) into unactuated body dynamics
(with the subscript b) and actuated joint dynamics (with the
subscript j).

My(q)d+ Cy(q.4) + Gy(q) = Jo(q)" F., (2a)

M;(q)i§+Cj(q.9)+Gj(q) =Tt+Ji(q9)"Fe. ~ (2b)

Here, (2a) is inferred as the system’s Newton—Euler equations
[20], and it quantifies how the robot’s momentum changes in
response to contact forces. Assuming that the robot is capable
of producing sufficient torque at all times, the robot states
and contact forces that meet (2a) also meet (2b) [21]. The
centroidal dynamics expressed at the robot CoM is

= ?‘;; m » ©

where [ and k are linear and angular momentum rates, respec-
tively. m is the mass of the robot, P is the distance between foot
locations and CoM of the body and F is the external contact
forces.

B. Robot Model

The detailed quadruped model employed in simulations
consists of 18 DoF, with 3 DoF on each leg. The remaining
6 DoF are the position and orientation of the floating base.
Euler angles are utilized for describing robot body orientation.
Three successive rotations around the body frame are selected
in the order of roll, pitch, and yaw. Every DoF on the legs
is rotational. Each leg has an adduction/abduction (a/a) joint
on the hip, flexion/extension (f/e) joints on the hip and knee.
There is an illustration of the detailed quadruped model used
in simulations in Figure 1.

C. Reference Generation

A floating base robot’s motion is described as a hybrid
dynamic system [22]. It consists of swing and stance phases
with varying dynamics. Throughout the swing phase, the foot
mostly follows an elliptical trajectory until contact is achieved.
However, during the stance phase, the robot’s dynamics alter
as a consequence of the inclusion of contact forces from the
environment. These dynamics are linked to each other by
instantaneous events such as touchdowns and take-offs. Due to
the hybrid dynamics of a floating-base robot’s locomotion, it is
more effective to generate references for each phase separately.

A quadruped robot’s stability is mostly determined by its
body motion. In the pace gait, the body is subjected to a sig-
nificant amount of linear and angular accelerations. As a result,
the body’s balance may be compromised. Considering reaction
forces are critical for body stability, the vertical contact force
is primarily responsible for balancing the robot’s body against
gravity’s effects. In this study, we aim to generate the desired
roll motion of the robot’s body by planning contact forces. The
desired roll motion is selected as a trigonometric sinusoidal
function that is suitable to pace gait and has periodicity. In
(2a), the body dynamics of the quadruped robot are decoupled.
We define roll selection matrix Sy = [01x3  fix1  O1x14] to
separate roll motion from decoupled body dynamics.

Groll = SmlllwgL (JbTFc —Cp— Gb) (4)

Here, MZ =M~'MI (M,M~'M])~! is dynamically consistent
generalized inverse of decoupled body inertia.

The limit cycle behavior of legged robots is one of the
criteria for gait stability documented in the literature [23]. A
periodic motion is sought in every individual gait cycle (the
sum of the stance and swing periods of a single leg) in order
to preserve the pace gait’s limit cycle behavior. If periodicity
is attained, motion remains stable over a timespan of time. In
order to achieve periodicity in all directions of motion, the
integral of centroidal dynamics must be zero for each gait
cycle.
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Fig. 1. The quadruped model utilized in the simulations. The x, y, and z axes
are represented with red, green, and blue arrows, respectively.

Appropriate contact force reference trajectories are estab-
lished through the formulation and solution of an optimization
problem. The objective is to design contact forces that achieve
the desired body roll motion while adhering to the zero
momentum change constraint. We define a matrix D,,; =
[16x3  Opx1 16X2]T to subtract roll momentum from entire
momentum equations. A discrete optimization technique to
plan suitable contact forces is designed as follows,

i

3
HI},in Z |qref,' - QV()II,‘ (Fc)
¢ i=1

it
st. Y DyuH =0, (6)
i=1
‘FCiJrl _Fci‘ <86,
Fr, < uyrFy;,

where i; is the ratio between the gait cycle duration and
sampling time. H is a vector that includes linear and angular
momenta. §.r and g,y are the reference roll acceleration and
actual roll acceleration of the body, respectively. 0 is a positive
small number. For the optimization process, discretization is
applied to all quantities within a single gait cycle duration.
The first constraint implies no momentum change (roll motion
is excluded) during one gait cycle, while the second constraint
prevents large fluctuations in planned contact forces and en-
sures continuity. The final constraint is set to eliminate the
possibility of friction. Additional information related to contact
force planning is provided in [24].

In a hybrid motion, high impact forces between phase
transitions can be problematic. With the assistance of the
smooth transition between swing and stance dynamics, the
control of the hybrid system becomes easier. Therefore, the
swing phase reference trajectory of the foot is constructed by
a polynomial that have zero arriving velocity and acceleration
to the floor. Additional information is supplied in [25].

III. CONTROL FRAMEWORK

Operating a system with hybrid dynamics is a difficult
endeavor. Establishing a robust and stable control law is
crucial. The control framework of a system must be appro-
priate for the task at hand and compatible with the motion
planning algorithm. As a result, the establishment of a control
framework is critical for achieving successful operations. Our
motion planning algorithm takes into account both the position
and force references of the robot’s feet. As a result, we have
chosen to employ the OSF [26] in our control algorithm in
order to track these references.

The right and left leg pairs move antagonistically during
the pace gait. For instance, these pairs do not execute the
stance phase concurrently. Force control is employed during
the stance phase to stabilize the body. During the swing phase,
motion control is utilized to move the robot’s feet forward. As
a result, the swing and stance phases each have their controller.
Furthermore, the right and left leg pairs’ OSFs are decoupled
from the overall robot dynamics, allowing for the execution of
two distinct control laws.

In this section, the proposed control framework is explained
in detail. First, the OSF of the quadruped robot in pace gait
is derived, followed by the explanation of motion and force
control laws. There is an information of swing and stance phase
coordination and the presentation of the final form of the hybrid
force-motion control law.

A. Pace Gait Operational Space Formulation

The OSF of the floating-base systems is examined in [27].
In this study, we contribute further to the OSF of floating-base
robots by decoupling the dynamics of the right and left leg
pairs to facilitate pace gait. In order to avoid the possibility
of singularity within the OSF, the contact Jacobian in (1) is
separated into the right (J;) and left (J;) contact Jacobians.

MG+C+G=S"t+J F, +JLF,. (7)

The generalized coordinates are updated in accordance with
the selection of the right and left legs’ joints.

q0r1) = S(r1)4- (8)

Here S is the joint selection matrix. r and [ subscripts stand
for right and left leg pairs, respectively. By applying these
selection matrices, the generalized dynamics can be mapped
to both right and left joint dynamics.

qur+cr+Gr:Tr+JrTFcr7 (90)

Mg +Ci+ G =t +J] Fy. (9b)
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The relation among motion equations and leg joint dynamics
is,

~1
_ ~1¢T
M) = (5< nM Sm)) ;

S( >*M 5(
(< )
0= (84 (8

](rl) J(CrCl)S(rl)

M) is the inertia matrix, C,; is the Coriolis and centrifugal
effects, G,y is the gravity effect, J,;) are the Jacobian of the
leg joint space. Szr,l) is the generalized inverse of the leg joint
selection matrix. 7, is the joint torques of the right and left
leg pairs.

Since the dynamic equations are mapped to the actuated joint
space, end-effector dynamics for a floating-base robot can be
obtained by multiplying (92) and (9b) with the generalized
inverse of Jacobian transpose ((eryl))T):

DT (MyG, +Cr+ Gy =1, +J] For) (11a)
NT (Mt +Cr+ Gy = u+J] Fu) (11b)

after derivations these equations are become,
Ar(qr)ker + 1r(qr.Gr) + Pr(@r) — For = Fer, (12a)
Ai(qr)ker + 1i(qr,41) + pi(q1) — Fo = Fe, (12b)

whgre J(Tﬁ n= M(; 7})J<Tr ,I)A(VJ)_ i§ the dynamica%ly consist.er?t gen-
eralized inverse of actuated joint space Jacobian that minimizes
the instantaneous kinetic energy of the robot [26].

—1 T -1
Aty = VoM i)
Bty = U0 Cloy = ATy (13)
T T
Pety = i) G-

Here A, u, and p are the operational space inertia, Coriolis and
centrifugal effects, and gravity term, respectively. F, = J7 T is
the end effector force, and x, is the position of the end effector
in the task space.

B. Control Algorithm

The hybrid dynamic system’s motion and force control
are decoupled using resolved-acceleration control. During the
swing phase, the inverse dynamics control law based on
acceleration is used to control motion in the operation space.

F,, = Axed +i+p,
t
by = (Kanen + K0, [ en()d-+Kp, ).
T

Here x,, is the desired swing trajectory of the foot and Kp,,,
Kp,,, and Kj, are positive-definite motion control matrix gains.

(14)

en = X, — X, is the error between the desired and the actual
position of the foot in the operational space. F,, is the motion
control force in the operational space.

The objective of the stance phase is to keep track of planned
contact force references. (15) presents a direct force control law
for tracking predetermined trajectories in (6).

FeAf:/A\xe_Fﬂ_'_pA_FC_de
t
F;= (Kpfef—i—l([f/ ef(T)dT+KDféf>.
J1Ip

Here Kpf, Klf, and Kp , are are positive-definite force control
matrix gains. ey = F, — F¢ is the error between planned contact
forces and actual contact forces. F; is the additional force to
track desired contact forces and F, ; is force control force in
the operational space.

It is advantageous to define the transition law between the
force and motion control algorithms in order to cope with the
hybrid dynamics of the system. When the foot touches the
ground, the gait phase transitions from swing to stance. After
contact is detected, the force control system is activated, and
the stance phase begins. When the time reaches the duration of
the stance phase, the transition to the swing phase occurs. After
entering the swing phase, the motion control is activated. The
gait phase transition ensures coordination between motion and
force control. A transition parameter is defined for the phase

transition.
t, = I,
P~ o,

Both control laws are concatenated into a single control law
after defining the gait phase transition parameter.

(15)

stance phase,

swing, phase. (16)

Fo=A(tyiic+ (I —ty)ie,) +A+p—t,(F+Fy).  (17)

Here F, is the hybrid force-motion control force in the
operational space. Finally, the proposed hybrid force-motion
controller in (17) is applied on each right and left pair of legs.
Fr = /A\r (tpxer + (I_ tp)xerd) +.ar +[3r - tp (Fcr +Frd) )
=N (tpxel + (Iftp)xeld) +I:ll + D —1p (Fcl +Fld) .
The following equation calculates the controller torques ap-
plied to the leg joints:

(18)

T
T =J, I,

19
T]ZJITFI. (19)

The control framework’s overall structure is depicted in Figure
2.

IV. SIMULATION RESULTS

A simulation environment is utilized to validate the proposed
method for full-motion generation of a quadruped robot per-
forming a pace gait. In simulations, the robot body measures
1 m in length and weighs 40 kg; each leg link measures 0.4 m
in length and weighs 2.5 kg. The simulation environment is
built in MATLAB & Simulink. Detailed explanations of the
simulation environment can be found in [28].
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Fig. 2. Control framework of the hybrid force-motion controller.

Figure 3 illustrates the simulation results for a hybrid force-
motion controller in a single gait cycle. The shared result
belongs to the left front foot of the robot. Since our constraint-
based contact model does not require ground penetration, it
performed better than our previous spring-damper-based con-
tact model [25]. Due to scaling in Figure 3, the force reference
trajectory appears to be constant, however, it actually follows
an elliptical orbit. Although the force controller exhibits some
chattering as a result of the impact force during touchdown, it
performs admirably. The pre-design of a reference trajectory
with zero ground-reaching velocity and acceleration has a
considerable contribution to the performance of the force
controller. The body roll motion during the five-step simulation
is depicted in Figure 4. Although the reference trajectory is
slightly exceeded by the effect of the impulse force, the result
is quite successful considering that the robot body is under-
actuated. Besides this, we are more concerned with achieving
stability and periodicity than with precise reference tracking for
the body’s roll motion. In addition to the simulation results, the
animation screenshots of the simulation environment are shared
in Figure 5. The simulations are animated using MATLAB &
Simscape.

V. DISCUSSION

It is critical not to disturb the balance of the trunk in
order to ensure stable locomotion in legged robots. Since
legged robot systems are underactuated, the balance of the
trunk is achieved through the coordinated motion of the leg
joints. These coordination rules are defined by the motion
planning algorithm. Due to the natural instability of the pace
gait (the robot falls if the motion does not proceed), it is
advantageous to incorporate force references into the motion

Contact force
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Fig. 3. Simulation results of the hybrid force-motion controller in one gait

cycle ((a) Force control (b) Position control in vertical direction).

Body roll motion
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Fig. 4. Body roll motion in five-step simulation.

planning algorithm. Thus, the trunk balance is accomplished
more effectively while the robot is in the stance phase.
Motion planning alone is insufficient for quadruped robots
to produce a stable pace gait. Additionally, a stable and robust
control algorithm must be constructed to track the desired
reference trajectories generated by the motion planning algo-
rithm. Since our motion planning algorithm incorporates both
force and position references, which are defined on the robot’s
feet, our controller employs the OSF. A hybrid force-motion
controller is operating in the task space in order to perform
successful locomotion. Although implementing active force
control is a challenging task, the outcomes convince us that
force control should be integrated into quadruped locomotion.

VI. CONCLUSION AND FUTURE WORK

In this paper, we propose a full locomotion generation
technique for a quadruped robot in pace gait. Firstly, a motion
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Fig. 5.

planning algorithm based on the centroidal dynamics of the
quadruped robot is developed. The motion planning algorithm
generates both force and position references. The desired ref-
erence trajectories are then tracked using an inverse dynamics
control algorithm. Since reference trajectories are defined at the
robot’s feet, the OSF is applied to ensure a mapping between
the configuration space and the task space. A hybrid force-
motion controller is designed in the task space and mapped
to configuration space using the OSF in order to obtain joint
torques. Finally, the simulation results demonstrated that the
proposed whole-body pace gait control is capable of perform-
ing stable quadruped locomotion. In terms of future directions,
we aim at implementing our method using an actual quadruped
robot and integrating learning algorithms into certain aspects
of the method.
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