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ABSTRACT

SYNTHETIC APERTURE RADAR IMAGING WITH DEEP NEURAL
NETWORKS

MUHAMMED BURAK ALVER

ELECTRONICS ENGINEERING Ph.D DISSERTATION, December 2020

Dissertation Supervisor: Prof. Müjdat Çetin

Dissertation Co-Supervisor: Prof. Selim Balcısoy

Keywords: Synthetic aperture radar, inverse problems, computational imaging,
deep learning, convolutional neural networks, plug-and-play priors, automatic

target recognition.

Synthetic aperture radar (SAR) is a remote sensing imaging modality that has
been in use since the 1960s. Conventional image formation in SAR is based on
2D inverse Fourier transform of the reflectivity field of the scene to be imaged.
This conventional image formation technique is developed for a clean and complete
data collection scenario. However, in reality, the collected data are only a reduced
representation of the underlying scene due to hardware limitations and uncertainties
in the data collection geometry, and hence suffer from reduction and phase errors.
Therefore, many SAR image formation frameworks using regularization have been
proposed over the years, in order to account for these limitations.

In this dissertation, we have focused on the SAR imaging problem, particularly im-
age formation, phase error correction, and automatic target recognition (ATR), and
developed three frameworks. The first framework tackles the SAR image formation
problem. In this framework, SAR image formation is formulated as a regularized
optimization problem, and using the plug-and-play (PnP) priors framework, we have
incorporated deep learning-based priors into our formulation. Our second framework
is an extension of the first one, which aims at joint image formation and phase error
correction. Experimental results show the effectiveness of these two frameworks and
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our proposed methods exceed the state-of-the-art image formation and phase error
correction performances in the majority of the scenarios considered. The third pro-
posed framework focuses on the ATR problem, and within this framework two ATR
approaches are presented which perform the ATR task in the data domain rather
than image domain. We have experimentally shown that the ATR task can be suc-
cessfully performed in the data domain, and with further development, it might be
possible to reach state-of-the-art performance.

Overall, we have shown that the performance in various SAR imaging tasks can be
improved significantly using deep learning tools.
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ÖZET

DERİN SİNİR AĞLARI İLE SENTETİK AÇIKLIKLI RADAR GÖRÜNTÜLEME

MUHAMMED BURAK ALVER

ELEKTRONİK MÜHENDİSLİĞİ DOKTORA TEZİ, Aralık 2020

Tez Danışmanı: Prof. Dr. Müjdat Çetin

Tez Eş Danışmanı: Prof. Dr. Selim Balcısoy

Anahtar Kelimeler: Sentetik açıklıklı radar, ters problemler, hesaplamalı
görüntüleme, derin öğrenme, evrişimsel sinir ağları, tak-çalıştır önseller, özdevimli

hedef tanılama.

Sentetik açıklıklı radar (SAR), 1960’lardan beri kullanımda olan bir uzaktan görün-
tüleme yaklaşımıdır. Geleneksel SAR görüntü oluşturma yöntemi, görüntülenecek
sahnenin yansıtma alanının 2B Fourier dönüşümü tabanlıdır. Bu geleneksel görüntü
oluşturma yöntemi, temiz ve tam veri toplama senaryosu için geliştirilmiştir. Ancak,
gerçekte toplanan veri, donanım kısıtları ve veri toplama geometrisindeki belirsiz-
liklerden ötürü, altta yatan sahnenin ancak indirgenmiş bir temsilidir ve bunlar
veri azaltımı ve faz hatalarına sebep olmaktadır. Bundan dolayı, bu kısıtları den-
kleştirme adına yıllar içinde düzenlileştirme kullanan birçok SAR görüntü oluşturma
çerçeveleri önerilmiştir.

Bu tezde, SAR görüntüleme problemine odaklanılmıştır ve görüntü oluşturma, faz
hatası düzeltimi ve özdevimli hedef tanılama (ATR) için üç çerçeve geliştirilmiştir.
İlk çerçeve, SAR görüntüleme problemi odaklıdır. Bu çerçevede SAR görüntüleme,
düzenlileştirmeli bir eniyileme problemi olarak kurgulanmıştır ve tak-çalıştır (PnP)
önseller çerçevesi kullanılarak, derin öğrenme tabanlı önseller kurgulamaya dahil
edilmiştir. İkinci çerçeve, önerilen ilk çerçevenin görüntü oluşturmanın yanında
faz hatalarını da gidermeyi amaçlayan bir uzantısıdır. Deneysel sonuçlar, öner-
ilen iki çerçevenin görüntü oluşturma ve faz hatası gidermede, düşünülen betik-
lerin çoğunluğunda en iyi başarımları elde ettiğini göstermektedir. Önerilen üçüncü

v



çerçeve ATR problemine odaklanmaktadır ve bu çerçevede ATR görevini görüntü
uzayı yerine veri uzayında gerçekleştiren iki ATR yaklaşımı sunulmuştur. Deneysel
sonuçlarla, ATR görevinin veri uzayında da başarılı bir şekilde gerçekleştirilebileceği
gösterilmiş ve bu çerçevenin daha fazla geliştirilmesiyle, en iyi başarımlara ulaşıla-
bilmesinin mümkün olduğu vurgulanmıştır.

Sonuç olarak bu tezdeki çalışmalar, farklı SAR görüntüleme görevlerinde, derin
öğrenme teknikleri kullanılarak sonuçların önemli ölçüde iyileştirilebileceğini göster-
mektedir.
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Chapter 1

Introduction

This dissertation presents new approaches to the problems of synthetic aperture

radar (SAR) image reconstruction, phase error correction, and automatic target

recognition (ATR). The purpose of this chapter is to: 1) introduce the problems

addressed in this dissertation; 2) summarize the current state of SAR technology;

3) provide a concise description of the approach taken in this work by pointing out

the main contributions; 4) present the outline of the dissertation.

1.1 Synthetic Aperture Radar (SAR) Imaging

Synthetic aperture radar (SAR) imaging is a remote sensing imaging modality that

has been widely used in a variety of applications since 1960s. Its advantages over

other remote sensing modalities, such as optical imaging, include; day and night

capability, all-weather operation, ability of discriminating among di�erent materials,

penetrating through di�erent covers and vegetation layers. Speci�cally, SAR is an

active sensor which has its own illumination, i.e., it transmits a chirp signal and

collects the returned signal from the area of interest, and hence can work at day

or night, whereas optical imaging modalities require an external illumination, e.g.,

sunlight, which limits the operational time. Moreover, SAR works in the microwave

regime, which allows its transmitted signals to penetrate through cloud or rain,

as well as light foliage, hence it can work in any weather conditions and detect

underground structures if they are buried shallowly in dry environments [4].

SAR sensors are carried on a platform (aircraft or satellite) which travels along a

path transmitting microwave pulses towards the ground. Figure 1.1 shows an illus-

tration of SAR data collection using an airborne platform. Some of the transmitted

microwave energy is re�ected from the ground back to the SAR sensor and received
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Figure 1.1 Simple illustration of SAR data collection. (Image obtained from the web
site of Sandia National Laboratories.)

as a signal. This process is repeated for many aperture positions as the platform

moves. The data used for imaging are obtained after a preprocessing of the received

signal, involving mixing and �ltering steps [5]. The SAR image formation problem

is the problem of reconstruction of a spatial re�ectivity �eld of the area of interest

from the preprocessed SAR signals.

1.2 Current State of SAR Technology

The use of radar as an imaging sensor dates back as early as the 1940s. However,

these early imaging radars, which are nowadays usually referred to asreal aper-

ture radars, had an important limitation: the poor resolution achievable with the

operating wavelength, as the resolution is inversely proportional to the antenna or

aperture size of the sensor. To overcome this limitation, the idea of synthesizing a

very long antenna by moving a small one along a convenient path, which is gener-

ally attributed to Carl Wiley of Goodyear Aircraft Corporation, is developed in the

1950s [6]. Subsequently, a group of researchers at the University of Illinois carried out

the experimental validation of the SAR concept [7]. The �rst operational airborne

SAR system is considered to be the one developed at the University of Michigan,

in 1957, which operated at the X-band. Over the following decades, many more

SAR systems were built. JPL developed an L-band SAR sensor for NASA, which is

2



Figure 1.2 A TerraSAR-X image.

installed on a rocket in 1962, and on an airplane in 1966. NASA also upgraded the

system developed at the University of Michigan, by adding L-band channel in 1973.

SAR sensors have continued to be used in many more NASA missions, including the

Apollo 17 lunar mission, SEASAT satellite, spaceborne imaging radar (SIR), and

Magellan mission to image the planet Venus [8]. SEASAT is considered to be the

�rst civilian application of SAR, which was oriented to oceanographic investigations.

Although its operational lifetime was only a few months due to a short circuit in its

power system, obtained results clearly demonstrated how impactful SAR systems

were going to be for the area of remote sensing [6]. 1990s and onwards, many satel-

lites with SAR sensors have been built: ALMAZ-1 (1991) from the Soviet Union (and

later Russia); ERS-1 (1991), ERS-2 (1995), ENVISAT (2002), Sentinel-1A (2014)

and Sentinel-1B (2016) from the European Space Agency (ESA); JERS-1 (1992),

ALOS-1 (2006) and ALOS-2 (2014) from the Japan Aerospace Exploration Agency

(JAXA); RADARSAT-1 (1995) and RADARSAT-2 (2007) from the Canadian Space

Agency (CSA); TerraSAR-X (2007) and TanDEM-X (2010) from the German Space

Agency (DLR). Figure 1.2 shows an image from the TerraSAR-X satellite.

Early developments in SAR research were mostly targeting the hardware-related

issues and limitations, and considerable improvements were achieved. Back then,

this research �eld was dominated by those working in physics, electromagnetics,

and radar engineering. Only in the 1980s, a signal processing view of SAR has

emerged [9�11]. Over the years, studies are geared towards imperfections of the

collected data, e.g., noisy and/or incomplete data due to the limited observation

time, or the environment not being very structured and cooperating. As a result,
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the collected data would be a reduced representation of the underlying scene [12].

For many years (and still today, to a large extent), the standard approach for SAR

image formation has been through a Fourier transform-based algorithm. This tech-

nique, however, is not designed with the limitations such as noisy or incomplete

data in mind, and hence cannot overcome such limitations. Furthermore, within

this approach, the knowledge about the underlying scene cannot be exploited, and

the imaging cannot be reoriented to address the �nal objective better. The overall

output quality is limited by the quality of the collected data.

Improvements in SAR imaging systems draw attention from many di�erent research

�elds and SAR has started to �nd use in many applications including reconnais-

sance [13�15], change detection [16�18], oceanography [19�22], glaciology [23, 24],

forestry [25, 26], earthquake monitoring [27�29] and ground moving target indica-

tion (GMTI) [15, 30�32]. Most of these applications, if not all, can bene�t from

automated processing techniques in extracting information from a SAR image for

an accurate and e�cient interpretation of the scene. Therefore, new processing tech-

niques which are geared towards the �nal objectives of the mission, and which are

robust to reduced data domains are required for the SAR systems [12].

1.3 Contributions of this Dissertation

The �rst contribution of this dissertation is the formulation of a SAR image recon-

struction algorithm using the Plug-and-Play (PnP) priors framework [33], namely,

PnP-CNN-SAR. This is the �rst SAR image formation approach that combines a

physics-based forward model with a learning-based prior in a principled and com-

putationally feasible way within the PnP framework. In this framework, the image

formation problem is solved through minimization of a regularization-based objec-

tive function. In particular, the minimization problem is divided into sub-problems

using the Alternating Direction Method of Multipliers (ADMM) algorithm [34],

resulting in separating the data-�delity term and the regularization term of the ob-

jective function, to solve sub-problems iteratively. PnP priors framework [33] has

shown that, after this separation, optimization of the regularization term, i.e., the

prior term, is equivalent to a simple denoising of an intermediate solution under

white Gaussian noise. Hence, the regularizer can be replaced with an o�-the-shelf

denoiser. In our framework, we have replaced the regularizer with a convolutional

neural network (CNN) denoiser. We have demonstrated the e�ectiveness of our

framework, i.e., PnP-CNN-SAR, in a variety of scenarios, i.e., for di�erent levels of

data limitations and noise for both synthetic and real SAR scenes.
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The second contribution of this dissertation is the extension of our �rst contribution

to jointly address phase errors along with image reconstruction, namely, PnP-CNN-

SAR-AF. This framework also utilizes the PnP priors using the ADMM algorithm

and deep priors, however there are two additional steps in each ADMM iteration,

namely, phase error estimation and phase error correction. We have demonstrated

the e�ectiveness of PnP-CNN-SAR-AF in a variety of scenarios, i.e., for di�erent

phase error levels for real SAR scenes, improving upon the performance of existing

methods.

The third contribution of this dissertation is a new SAR ATR framework that

works in the phase history domain. Within this framework, we have introduced

two methodologies, namely, phase history domain classi�cation (PHDC) and image-

phase removed phase history classi�cation (IPRPHC). PHDC purely works in the

phase history domain, i.e., the classi�cation task is performed without image re-

construction. IPRPHC, on the other hand, involves certain steps, particularly, im-

age reconstruction, image-phase removal, and phase history generation from the

phase-removed image, before the classi�cation task is performed. Two well-known

CNNs, i.e., AlexNet [35] and VGG16 [36], are used for the classi�cation task for

both methodologies. IPRPHC has reached a performance level similar to that of

state-of-the-art SAR ATR methods while the performance of the PHDC was not

competitive enough. Nevertheless, our results suggests that SAR ATR in the phase

history domain can be an important research direction.

Overall, this dissertation proposes several ways to utilize deep neural networks

(DNNs), particularly CNNs, in order to improve the performance of SAR image

reconstruction and automatic target recognition. The ideas proposed here can be

extended to build fully-automated end-to-end SAR image reconstruction and ATR

frameworks utilizing CNNs.

1.4 Organization

This dissertation is organized as follows. Chapter 2 includes the review of the back-

ground knowledge that the ideas proposed here are built upon, i.e., Section 2.1

presents a review of SAR imaging and describes the problems to be addressed in

detail, the deep learning background is provided in Section 2.2 along with a brief

survey of its utilization in the SAR imaging literature, and Section 2.3 is dedicated

to the PnP priors framework. PnP-CNN-SAR is introduced in Chapter 3 and exper-

imental results on both synthetic and real SAR scenes are provided. In Chapter 4,

the framework for joint image reconstruction and phase error correction, i.e., PnP-

CNN-SAR-AF, is described and its experimental results for real SAR scenes are
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presented. Two methodologies proposed for SAR ATR in the phase history domain

and their experimental results are presented in Chapter 5. Chapter 6 includes the

summary of the contributions and obtained results, as well as potential future work

suggestions.
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Chapter 2

Preliminaries

In this chapter, we provide background information on three topics, namely, SAR

imaging, deep learning, and PnP priors. The discussion on SAR imaging includes the

basic principles, mathematical formulation of the data collection and preprocessing

in SAR, the autofocus problem and phase errors in SAR imaging, and a review of

SAR ATR. The deep learning discussion gives the required background knowledge,

and then the use of DNNs for the various SAR tasks is presented. The �nal part of

this chapter is dedicated to the PnP priors framework, which is utilized in our �rst

two contributions.

2.1 SAR Background

Radars use a basic principle known as echo ranging. Echo ranging is the concept that

is used to measure the distance of an object by transmitting an echo signal to the

object and listening the re�ection of the echo signal. As the echo signal's re�ection

will travel twice the distance of the object, one can easily estimate the distance if

the propagation speed of the echo signal is known. The distance then will be half

of the round trip �ight time of the echo signal multiplied by its propagation speed.

This principle is implemented in radar systems by transmitting high-bandwidth

pulses and using pulse compression techniques [5,37]. Hence, radars can distinguish

objects that are at di�erent distances. Imaging radars, however, have to be able to

distinguish objects that are at the same distance but at di�erent directions as well, in

order to produce a 2D visualization of the scene, i.e., having resolving power only in

the range direction is not su�cient. In theory, this can be achieved by transmitting

a narrow beam to illuminate a narrow strip of the ground. However, this is not as

easy as it sounds, since how narrow the transmitted beam can be, or analogously

how small the cross-range resolution can be depends on the antenna aperture size
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through the following equation:

� =
� wR

w
(2.1)

where � w is the wavelength of the illuminating source,R is the target range, and

w is the width of the antenna aperture. Consider the case where the wavelength of

the source and the distance of the target are 0.03 m and 50 km, respectively. This

is a typical wavelength for an X-band radar. Suppose that we want to reconstruct a

radar image for which the resolution is 1 meter. In order to achieve this resolution

level, we would need a physical antenna with the width of 1500 m, which is of course

impractical to carry on an aircraft or a satellite.

SAR solves this problem by sending multiple pulses from a number of observation

points, and then focusing the received information coherently to obtain a high-

resolution 2-D description of the scene. Hence it synthesizes the e�ect of a large

antenna, using multiple observations from a small antenna [12].

SAR imaging systems can operate in two modes, namely, stripmap-mode SAR, and

spotlight-mode SAR. In stripmap-mode SAR, the antenna remains �xed with respect

to the radar platform so that the antenna beam sweeps out a strip on the ground.

In spotlight-mode, the antenna is steered to continuously illuminate a single spot

of terrain. This study focuses on the spotlight-mode SAR. Spotlight-mode SAR is

able to provide higher resolution at the expense of spatial coverage, as by steering

the antenna, the same terrain portion can be observed through a wider range of

angles while other areas within a given accessibility swath of the SAR cannot be

illuminated. Figure 2.1 shows the geometry for data collection in a spotlight-mode

SAR.

2.1.1 Spotlight-Mode SAR Observation Model

This section provides the preprocessing of the received signals in the spotlight-mode

SAR, based on the tomographic derivation in [10], and very closely follows the

development in [12]. Letf (x;y) be the complex re�ectivity density of the ground

patch, and assume that it is constant over the range of frequencies and the range of

viewing angles� employed by the radar. Note that this is an approximation, and

there are cases where the dependence of the re�ectivity on frequency or aspect angle

is important and must be taken into account [38].

In most SAR applications, the transmitted signal is a linear FM chirp signal, which
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Figure 2.1 Spotlight-mode SAR imaging geometry [1].

has the following form:

s(t) =

8
><

>:

ej (! 0t+ �t 2) ; jt j � Tp
2

0; otherwise
(2.2)

where! 0 is the carrier frequency and2� is the chirp rate. Assume the radar trans-

mits the real part of such a signal,<f s(t)g. The return signal � (�;x 0;y0)(t) from a

di�erential area centered on the point(x0;y0) at a distanceR0 will be:

� (�;x 0;y0)(t) = jf (x0;y0)jcos

 

! 0

�

t �
2R0

c

�

+ �
�

t �
2R0

c

� 2

+ \ f (x0;y0)

!

dx dy

(2.3)

where c is the speed of the light, and2R0=c accounts for the two-way travel time

from radar to target. Here, the e�ect of propagation attenuation is neglected, as it

can be compensated for later. The complex-valued nature off (x;y) captures both

amplitude scaling and phase shifting of the transmitted waveform by the scatterers.

The amplitude scaling is due to that only a fraction of the radiated energy is re�ected

back to the receiver. The phase shift of the re�ected signal, however, could be

the result of various factors, the most prominent being the shift at the air/target

interface due to the di�erence between the dielectric constants of air and the target

material. The phase shift is also due to the tendency of the RF radiation to creep

around target surfaces and its ability to penetrate soft objects and be re�ected from

within [10]. For most SAR scenes the phase of the re�ectivity at a certain location
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can be modeled to be random, with a uniform probability density, and uncorrelated

with the phase at other locations [11].

The return signal can be more simply written as

� (�;x 0;y0)(t) = <
�

f (x0;y0)s
�

t �
2R0

c

��

dx dy: (2.4)

Now let us consider the return from a continuum of scatterers which are at the same

distance to the radar. The return from such scatterers will be received by the radar

at the same time. LetR be the distance from the radar to the center of the scene,

and L be the radius of the ground region of interest, as shown in Figure 2.1. Points

in the ground patch equidistant from the radar lie on an arc, but for a typical system

R � L, so that this arc is nearly a straight line. This inequality is related to two

conditions that must be satis�ed, so that we can assume points at the same range

lie on a line (i.e. so that curvature of the wavefront can be neglected). First, the

range error due to this assumption for any point in the ground patch must be less

than a resolution cell:
L2

2R
<

c
2B

= � x ; (2.5)

where � x is the range resolution, andB is the bandwidth of the transmitted wave-

form. Second, the range error due to this assumption at a particular point must not

vary much through the aperture:

L2sin(2� max )
R

�
c

2! 0
; (2.6)

where� max is the maximum look angle. The derivations of these conditions can be

found in [10]. We will assume that the combined return from such an �equidistant�

set of scatterers is the sum of the returns that would be received from each individual

scatterer. This is a common and reasonable assumption, as discussed in [39]. Let us

take q� (u) to be such a sum of re�ectivities (i.e. a line integral) at distanceR + u to

the radar, from observation angle� . Then, we can write the relationship between

the projection q� (u) and f (x;y) as [40]:

q� (u) =
ZZ

x2+ y2� L 2

� (u � x cos� � ysin� )f (x;y)dx dy (2.7)

This is the standard Radon transform. With this de�nition, the return signal from

a di�erential line of scatterers normal to theu axis at u = u0 is given by

� �;u 0(t) = <

(

q� (u0)s

 

t �
2(R + u0)

c

!)

du: (2.8)
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This is the contribution to the received signal of all scatterers at rangeR + u0. Then

the return from the entire ground patch (which is what the sensor actually receives)

at observation angle� is given by the integral of� �;u 0 over u

� � (t) = <

( Z L

� L
q� (u)s

 

t �
2(R + u0)

c

!

du

)

: (2.9)

Taking into account that s(�) is a chirp pulse, we have

� � (t) = <

8
<

:

Z L

� L
q� (u)exp

8
<

:
j

2

4 ! 0

 

t �
2(R + u)

c

!

+ �

 

t �
2(R + u)

c

! 2
3

5

9
=

;
du

9
=

;
(2.10)

on the interval

�
Tp

2
+

2(R + L)
c

� t �
Tp

2
+

2(R � L)
c

: (2.11)

Letting � 0 = 2R=c be the round-trip delay to the center of the ground patch and

mixing with � � (t) with the reference chirp

exp[� j (! 0(t � � 0) + � (t � � 0)2)] (2.12)

and then low-pass �ltering yields the complex signal1

�r � (t) =
Z L

� L
q� (u)exp

(

j
4�u 2

c2

)

� exp
�

� j
2
c
(! 0 +2� (t � � 0))u

�

du: (2.13)

So�r � (t) is the demodulated observation signal at platform position� , as a function of

time. In practice, the mixing operation described above is carried out by multiplying

� � (t) with the in phase and quadrature components of the reference chirp signal, i.e.,

sI (t) =cos(! (t � � 0) + � (t � � 0)2) (2.14)

sQ(t) = � sin(! (t � � 0) + � (t � � 0)2); (2.15)

separately. Also note, we assume here that� 0 is known. In practice it is only known

imperfectly and this makes it necessary to have a post-processing technique in SARs

known as autofocus or automatic phase-error correction [5]. The autofocus problem

will be discussed in Section 2.1.4.

We will assume that the e�ect of the quadratic phase termexpf j 4�u 2=c2g in (2.13)

can be neglected. This is a reasonable approximation for most situations, since

usually it is true that 4�u 2 � c2. A more detailed analysis of this approximation

1Note that a constant factor of 1=2 is neglected here.
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can be found in [5]. After this approximation, the observed signal is given by:

r � (t) =
Z L

� L
q� (u)exp

�

� j
2
c
(! 0 +2� (t � � 0))u

�

du

=
Z L

� L
expf� j 
( t)ugdu: (2.16)

This signal can be identi�ed as the Fourier transform of the projectionq� (u) where

the spatial frequency variable is
( t) = 2
c(! 0 +2� (t � � 0)) . Note 
( t) is limited to a

�nite spatial frequency interval, because the observation durationt is limited, and

the chirp rate � is �nite (equivalently s(t) is narrow-band). Also
( t) is o�set from

the origin of the spatial frequency plane due to! 0. In summary, at least within

the time interval considered, the processed return signalr � (t) carries band-pass

information related to a particular line integral of the re�ectivity �eld.

To derive the relationship between the �eldf (x;y) and the demodulated observed

signal r � (t), let us substitute (2.7) in the observation relationship (2.16), to obtain

r � (t) =
Z

juj� L

ZZ

x2+ y2� L 2

� (u � x cos� � ysin� )f (x;y)expf� j 
( t)gdx dy du

=
ZZ

x2+ y2� L 2

f (x;y)expf� j 
( t)(x cos� + ysin� )gdx dy (2.17)

Hence, r � (t) is a �nite (i.e. band-limited) slice at angle � from the 2D Fourier

transform of the �led f (x;y). Here 
( t) serves as the radial spatial frequency. So,

there are two interpretations of r � (t): a 1D Fourier transform of the projections

(based on (2.16)), and a slice through the 2D Fourier transform of the �eld (based

on (2.17)). This equivalence is essentially a band-limited version of the projection

slice theorem [40] from computed tomography (CT). The datar � (t) from all obser-

vation angles are usually called the phase histories and lie on a polar grid in the 2D

frequency domain as shown in Figure 2.2.

Now let us derive the discrete observation model. (2.17) can be compactly written

asr � (t) = ( H � f (x;y))( t), whereH � is the continuous observation kernel. In practice,

the observations at thei -th observation angle� i are samplesr � i (t j ) of the continuous

received signalr � i (t) at sampling timest j . This sampling in the time domain results

in sampling of the spectrum of the underlying re�ectivity �eld. Sampling places a

limit on the maximum allowable scene size that can be imaged without aliasing (in

the spatial domain) [12].

Let r � i be the vector of these observed samples,H � i be a discretized approximation to

the continuous observation kernelH � i and f be a complex-valued vector representing
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Figure 2.2 Graphical representation of an annulus segment containing known sam-
ples of the Fourier transform of the re�ectivity density.

the unknown sampled re�ectivity image. Then, overall, we can write:

2

6
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...

r � M
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r

=

2

6
6
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6
4

H � 1
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...

H � M

3

7
7
7
7
7
7
5

| {z }
H

f (2.18)

where M is the total number of angular observation points. The datar 2 CKM � 1

are the column-stacked sampled phase histories whereK is the number of range

positions. If we consider the presence of measurement noise, the observation model

becomes

y = Hf + n (2.19)

wheren stands for measurement noise andy is the noisy observations.

2.1.2 Range and Azimuth Resolution

Now, let us try to �nd the relationship between the achievable resolution of the

SAR image and the dimensions of the annular region shown in Figure 2.2, which

is speci�ed by system parameters. We can motivate a de�nition of resolution in

the image domain with the assumption that this annulus can be approximated by

a rectangle of width�
 x and height �
 y. Let us consider a point re�ector in the

scene. If we compute the Fourier transform of the scene limited to this rectangular

region, and then compute an inverse Fourier transform, we would obtain a two
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dimensional sinc function. The resolution of the formed image gets better as the

mainlobe of this sinc gets narrower, which can be achieved by a wider the support

of the rectangular region. More precisely, the �rst zero crossings of the sinc occur

at 2�= �
 x and 2�= �
 y. Hence, the resolution of two point re�ectors having equal

re�ectivity requires that the re�ectors be separated by more than� x = 2�= �
 x

in the x (range) dimension and� y = 2�= �
 y in the y (cross-range or azimuth)

dimension.

Let us �rst consider the range resolution. Assume that the width of the rectangle

2�= �
 x is equal to the radial width of the annular region, which is essentially the

spatial frequency bandwidth of each return. We can determine the lower and upper

limits of the radial extent by substituting the limits for the observation time t from

(2.11) into the de�nition of 
( t) to �nd the lowest and highest spatial frequencies:


 x l =
2
c

�

! 0 � �T p +
4�L

c

�


 xh =
2
c

�

! 0 + �T p �
4�L

c

�

: (2.20)

For a typical SAR, we can assumeTp � 4L=c. Hence, we can conclude that

�
 x = 
 xh � 
 x l �
4�T p

c
=

4�B
c

(2.21)

where we have used the fact that the bandwidth of the transmitted pulse (in Hz) is

given by B = �T p=� .

Now let us consider the cross-range (azimuth) resolution, which will be determined

by �
 y. From Figure 2.2:

sin

 
� �
2

!

�
�
 y=2


 0
(2.22)

where, in our case
 0 = 2! 0=c. Hence, for� � � 1 we have

�
 y �
2! 0� �

c
: (2.23)

Lastly, since the wavelength of the transmitted pulse is given by� = 2�c=! 0, we can

deduce the following range and cross-range resolution relationships for the system:

� x �
c

2B
(2.24)

� y �
�c

! 0� �
=

�
2� �

: (2.25)
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In conclusion, the range resolution� x depends on the bandwidth of the transmitted

pulse, while the cross-range resolution is determined by angular diversity of the

observations and carrier frequency (and therefore equivalently wavelength) of the

transmitted chirp signal.

2.1.3 SAR Image Reconstruction Methods

The problem of SAR image reconstruction is to obtain an estimate of the re�ectivity

density f (x;y) based on the observed, pre-processed SAR data. Since the phase his-

tory data constitute a band-limited two dimensional spatial Fourier transform of the

re�ectivity density, the standard approach to tackle the SAR image reconstruction

problem has been based on two-dimensional fast Fourier transform (FFT). These 2D

FFT based methods are therefore termed asconventional methods. However, these

2D FFT-based reconstruction methods are ideal only when perfect data are available

throughout the spatial frequency domain, which is not the case in a practical mea-

surement scenario, primarily due to �nite bandwidth of the transmitted signal and

the �nite range of look angles. Therefore, the problem in (2.19) is ill-posed [41], and

can be considered as ill-conditioned to a certain extent depending on the speci�cs

of the observation scenario. Consequently, (2.19) can only be solved satisfactorily

by incorporating some sort of regularization into the inversion process. In this sec-

tion, we will describe two well-known conventional methods, namely, polar format

algorithm (PFA) and �ltered backprojection (FBP), as well as regularization-based

image reconstruction methods.

2.1.3.1 Conventional Reconstruction Methods

Conventional methods are based on the inverse operator for the case when perfect

data are available throughout the spatial frequency domain. These methods have

no explicit mechanism to counter any imperfection in the data. Although there are

algorithmic di�erences between the two methods, the reconstructions they produce

are similar.

Polar Format Algorithm In polar format algorithm (PFA), the known data

samples are �rst interpolated to a Cartesian grid, assuming unknown samples to

be zero. Then, an inverse 2-D FFT is employed and the magnitude of the recon-

structed complex image is displayed for viewing. To reduce sidelobe levels, the data

can be windowed before FFT processing. This is the most common SAR image

reconstruction algorithm.
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Filtered Backprojection Filtered backprojection algorithm (FBP) [10,40,42] is

suggested by the tomographic formulation of SAR [10]. The derivation of FBP is

through the 2D inverse Fourier transform in polar coordinates. The radial slices

in the frequency domain are then recognized as 1-D Fourier transforms of the pro-

jections of the �eld at the corresponding angle, by virtue of the projection slice

theorem [40]. This way the double Fourier integral is reduced to two sequential

operations: �rst the data at each observation angle are �ltered by a ramp �lter, and

then the results are backprojected to obtain a reconstruction. FBP is the algorithm

that is currently used in commercial CT scanners.

2.1.3.2 Regularization-Based Reconstruction Methods

In image reconstruction and restoration problems, the goal is to �nd an estimate

of a 2D �eld from its indirect observations. Hence, we can view image reconstruc-

tion and restoration problems as general observation problems which we meet in

most situations of engineering interest. We will concentrate on problems where the

mathematical relationship between the measurements and the �eld is governed by

a linear integral equation, i.e., as in (2.19). This simple observation model that we

derived for SAR imaging is analogous to those of many other engineering problems.

At �rst look, it might seem easy to �nd an estimate f̂ of f with a simple matrix

inversion, however that certainly is not possible in general, e.g., the matrix may not

even be square. There are four main issues that this approach can not handle [43]:

1. Due to the observation noise, there may not exist anyf which solves this

equation exactly.

2. There may be more than onef which satisfy these equations, hence the solution

may not be unique.

3. The estimate f̂ is desired to remain stable despite the perturbations in the

observations.

4. It is desirable to include anya priori information about f in the inversion

process, however this approach is only data-driven.

Least-squares solution can overcome the �rst problem mentioned above. The solu-

tion is the best �t to the observed data in the least-squares sense:

f̂LS = argmin
f

ky � Hf k2
2 (2.26)

wherek�k2 denotes the`2 norm. If H has full column rank, the estimate is unique
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and is obtained as

(H H H )f̂LS = H H y: (2.27)

However, when the null-space ofH is not empty, the least-squares solution is not

unique. A common approach to address this problem is to choose the �eld with

minimum norm, among the set of least-squares solutions, as the estimate of the true

�eld f:

f̂
+

= argmin
fLS






 f̂LS








2
(2.28)

which is called as the generalized solution. Although generalized solution provides,

a simple, reasonable way to deal with the �rst two issues mentioned in the list above,

it does not directly address the third and fourth issues. Particularly, if the model

matrix H is ill-conditioned, i.e., the ratio of the largest eigenvalue to the smallest is

very large, small changes in the data lead to large changes in the solution.

These issues, which cannot be resolved by the generalized solution, can be addressed

using regularization. Regularization allows us to include any prior information to

stabilize the solution in the presence of noisy data, and allow reasonable estimates.

Tikhonov Regularization One of the most common regularization methods is

Tikhonov regularization [44,45]. In this method, the prior information on the �eld

is incorporated by including an additional term to the least-squares cost function:

f̂Tik = argmin
f

ky � Hf k2
2 + � 2kPf k2

2 (2.29)

whereP is a matrix, and � is a scalar. The �rst term in (2.29) is a data-�delity term.

The second term, through which the prior information aboutf is incorporated, is

called the regularizer. The parameter� determines the weight of the prior knowledge

in the estimation process.

The choice of the matrixP is determined by which information about the �eld we

want to incorporate and the simplest choice would be an identity matrix. In this

case, large values in the reconstruction would be penalized by the regularizer. If

P is chosen as 2D derivative (gradient) operator, then its e�ect will be to penalize

roughness on the solution, which essentially enforces the �nal reconstruction to be

smooth.

By taking the gradient of (2.29) with respect tof and equate it to zero, we reach

the following set of linear equations as the solution for the Tikhonov regularization:

(H H H + � 2PH P)f̂Tik = H H y (2.30)
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When the null spaces ofH and P are distinct, there exists a unique, closed-form

solution to (2.30).

Non-Quadratic Regularization The cost function of Tikhonov regularization

(2.29) is a quadratic function off. Hence, (2.30) leads to a linear function off,

which in turn corresponds to a linear processing of the datay for image restoration

or reconstruction. Although it is desirable to have such a linear processing as it

ensures computational e�ciency, it fails to obtain more powerful results that are only

possible if nonlinear methods are allowed [43], e.g., in many imaging applications the

data are expected to be sparse as themselves, or in a transform domain, and sparsity

cannot be e�ectively enforced within a linear framework. Thus, let us consider more

general problems of the following form:

f̂NQ = argmin
f

ky � Hf k2
2 + � 2

MX

i =1
 ((Pf )i ) (2.31)

where M is the length of the vectorPf , and (Pf )i denotes itsi -th element. Note

that when  (x) = x2, (2.31) reduces to the Tikhonov cost function in (2.29), however

 (x) is in general non-quadratic. Many well-known regularization approaches fall

into the category of non-quadratic regularization, e.g., maximum entropy [46], and

the total variation [47,48] methods. Note that unlike Tikhonov regularization, (2.31)

does not lead to a closed-form solution in general, hence numerical methods must

be used to �nd f̂NQ. Half quadratic splitting (HQS) [49,50] is one such method that

can be used to solve (2.31).

The sparsity-promoting formulation for the case that the �eld f is expected to be

sparse would be in the form

f̂Sparse= argmin
f

ky � Hf k2
2 + � 2kfkp

p (2.32)

with p � 1 being a common choice. See Figure 2.3 for an illustration for the case

of a scalar, real-valued version ofkfkp
p, i.e., jf jp for various choices ofp. When

we view these plots as penalty functions, we deduce that as the value ofp gets

smaller, the relative penalty on large values off reduces. In the SAR imaging

problem, this e�ect helps the preservation and enhancement of strong scatterers in

the scene, while still suppressing artifacts. On the other hand, smallp values are

more punishing for the smaller values off , hence enforcing sparsity. However, for

the values ofp < 1, the penalty functions become concave, thus minimization of

objective functions containing such terms can be challenging. Therefore the choice

of p = 1 has become quite popular as it can enforce sparsity while also generating a
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Figure 2.3 Behavior of the functionjf jp for various choices ofp.

convex penalty function.

The formulation for the total variation regularization is given as:

f̂TV = argmin
f

ky � Hf k2
2 + � 2kr fk1 (2.33)

wherer is the discrete gradient operator. The regularizer in (2.33) preserves strong

edges and produces improved reconstruction quality in piece-wise smooth regions.

Feature-Enhanced SAR Imaging A feature-enhanced SAR image reconstruc-

tion approach based on non-quadratic regularization was proposed in [1, 12]. The

overall SAR image formation in this case is modeled by the following optimization

problem:

f̂FE = argmin
f

ky � Hf k2
2 + � 1kfkp

p + � 2krj fjkp
p (2.34)

wherer is the 2D discrete gradient operator.jfj denotes the vector of magnitudes

of the complex-valued vectorf. The scalar parameters� 1 and � 2 determine the

weights of the corresponding terms in the estimation process. The �rst term in

(2.34) is the data-�delity term that ensures the estimatêfFE is consistent with the

data. The second and third terms in (2.34) incorporate prior information regarding
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both the behavior of the �eld f, and the nature of the features of interest in the

resulting reconstructions. These terms are aimed at enhancing point-based and

region-based features respectively. The relative magnitudes of the parameters� 1

and � 2 determine the relative emphasis on these two types of features. Note for the

region-based feature enhancement that the smoothness is imposed on the magnitude

of the re�ectivity �eld, as the correlation in a homogeneous region off in SAR is due

to the similarity of backscatter power, which is better represented in the magnitude

of f than its real and imaginary parts [12].

2.1.4 SAR Autofocus Problem & Phase Errors

In SAR systems, the demodulation time� 0 at every aperture position2, which is the

time required for the signal transmitted by the SAR sensor to propagate from the

SAR platform to the �eld and return, is required to be known precisely, in order to

obtain the data used for imaging from the returned signals. The inexact knowledge

of the demodulation time causes phase errors in the SAR data which result in

defocusing of the reconstructed images [5]. The inexact measurement of the distance

between the SAR platform and the scene due to SAR platform position uncertainties,

or random delays in the signal due to propagation in atmospheric turbulence are

among the most common causes of demodulation time errors. As these errors cause

defocusing in the reconstructed image, this problem is known as SAR autofocus

problem, and phase error correction methods are also called autofocus methods. In

addition to the uncertainties related to the SAR platform, moving targets on the

ground can also cause phase errors. However, this kind of phase errors would a�ect

the reconstructed image locally, i.e., only around the moving target, hence these

phase errors cause space-variant defocusing.

In current SAR systems, inertial measurement units (IMUs) are used to measure

the distance R between the SAR platform and the patch center. However, even

with high quality IMUs, the measurement ofR might not be within the maximum

tolerated error margin. Inexact measurements ofR cause demodulation time errors,

which in turn results in phase errors in the SAR data obtained after the prepro-

cessing of the returned signal. Conventional approaches to tackle this problem have

been to increase the accuracy of IMUs and postprocessing the reconstructed SAR

image to remove phase errors. These postprocessing methods are generally termed

as autofocusing techniques, and they have advantages over improving IMUs' accu-

racy. Improving accuracy of the IMU systems can only help reducing the e�ects

of demodulation time errors caused by platform position uncertainties, however it

2Recall that in Section 2.1.1, the demodulation time was de�ned as � 0 = 2 R=c where R is the distance from
the SAR platform to the patch center.
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would be of no help against phase errors caused by atmospheric turbulence. Autofo-

cusing techniques can remove the e�ects of demodulation errors independent of the

error source, while also eliminating the signi�cant hardware costs associated with

ultra-high-accuracy navigation systems [5].

In Section 2.1.1, we have derived the SAR observation model without considering

demodulation time errors, i.e., with the assumption that the demodulation time at

each aperture position is known exactly. Demodulation time errors can be mod-

eled as constant phase errors on each range compressed pulse. Hence, if we let�

denote the demodulation time error, during preprocessing, the received signals are

multiplied with

sI (t) =cos(! (t � � 0 + � )+ � (t � � 0 + � )2) (2.35)

sQ(t) = � sin(! (t � � 0 + � )+ � (t � � 0 + � )2); (2.36)

instead of the expressions in (2.14) and (2.15)3. Then, the output of the preprocess-

ing step becomes

Z � (
( t)) = r � � (t) = exp f (� j� 2� )( j
�c
2


( t))g
Z

juj� L

q� (u)expf� j 
( t)ugdu: (2.37)

Thus, the corrupted and error-free phase history expressions are related as

Z � (
( t)) = exp f (� j� 2� )( j
�c
2


( t))gZ (
( t)) : (2.38)

� 2� � 1, and hence we can assumeexpf� j� 2� g � 1. Then (2.38) becomes

Z � (
( t)) = exp f j
�c
2


( t)gZ (
( t)) : (2.39)

Hence, Z � (
( t)) is simply Z (
( t)) altered by a linear phase term. Substituting


( t) = 2
c(! 0 +2� (t � � 0)) into (2.39), we get

Z � (
( t)) = exp f (j�! 0)( j� (2� (t � � 0))) gZ (
( t)) : (2.40)

The value of the term2� (t � � 0) is in general much smaller compared to the value

of ! 0, and hence can be neglected. Thus we would obtain

Z � (
( t)) = exp f j� gZ (
( t)) (2.41)

where� = �! 0 is the phase error. Note that� is di�erent at every aperture position,

3Note that the development in this section closely follows the one in [51].
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therefore its e�ect on the reconstructed image is along the cross-range. The impli-

cation of such an error in the image domain is the convolution of each range line of

the image with a 1D blurring kernel in the cross-range direction. Hence, such phase

errors cause defocusing of the image in the cross-range direction [52].

Although most phase errors encountered are 1D cross-range varying functions, it

is also possible to encounter both range and cross-range varying 2D phase errors.

For example, low frequency UWB SAR systems may su�er from severe propaga-

tion e�ects that can appear through the ionosphere, including Faraday rotation,

dispersion, and scintillation. Dispersion imposes an unknown phase error on the

transmitted chirp. On a single pulse basis, dispersion would cause the ideal impulse

response function to defocus in the range direction. Furthermore, pulse-to-pulse

variations in the dispersion and propagation delay lead to defocus in the cross-range

direction. Because these unknown phase errors change over the synthetic aperture,

the 2D phase history becomes corrupted by a fully coupled 2D phase error [53]. In

principle, 2D phase errors can be handled in two sub-categories, namely, separable

and non-separable errors, nevertheless 2D separable phase errors are not common

in practice.

2.1.4.1 2D Non-separable Phase Errors

In the presence of 2D non-separable phase errors, all sample points of the phase

history data are perturbed with di�erent and potentially independent phase errors.

Let R 2 CK � M denote the sampled phase history data4, and � 2D � ns be a 2D non-

separable phase error function. The relationship between the phase-corrupted and

error-free phase histories are as follows:

R � (k;m) = ej � 2D � ns (k;m)R(k;m) (2.42)

where R � denotes the phase-corrupted phase history data, andk 2 1;2; : : : ;K and

m 2 1;2; : : : ;M denote range and cross-range sample positions, respectively. To

express this relationship in terms of the observation model, �rst we de�ne the vector

� 2D � ns as

� 2D � ns = [ � 2D � ns(1); � 2D � ns(2); : : : ; � 2D � ns(KM )]T (2.43)

which is created by concatenating the columns of the phase error matrix� 2D � ns

under each other. Using the corresponding vector forms, the relationship in (2.42)

4Recall that the column-stacked vector version of sampled phase histories were denoted byr 2 CKM � 1, in
Section 2.1.1.
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becomes

r � = D 2D � nsr (2.44)

whereD 2D � ns 2 CKM � KM is a diagonal matrix in the form:

D 2D � ns = diagf e� 2D � ns g (2.45)

In terms of observation model matrices, the relationship in (2.44) is as follows:

H (� 2D � ns)f = D 2D � nsHf (2.46)

where H is the initially assumed model matrix by the imaging system, and

H (� 2D � ns) is the model matrix that takes the phase errors into account.

2.1.4.2 2D Separable Phase Errors

A 2D separable phase error function is composed of range varying and cross-range

varying 1D phase error functions as follows:

� 2D � s(k;m) = � (k)+ 
 (m): (2.47)

Here, � 2 CK � 1 represents the range varying phase error, and
 2 CM � 1 represents

the cross-range varying phase error. The vector� 2D � s 2 CKM � 1 for 2D separable

phase errors is obtained by concatenating the columns of� 2D � s as follows:

� 2D � s =

2

6
6
4 � (1)+ 
 (1)

| {z }
� 2D � s(1)

; : : : ; � (K )+ 
 (1)
| {z }

� 2D � s(K )

; � (2)+ 
 (1)
| {z }
� 2D � s(K +1)

; : : : ;

� (1)+ 
 (M )
| {z }

� 2D � s((M � 1)K +1)

; : : : ; � (K )+ 
 (M )
| {z }

� 2D � s(KM )

3

7
7
5

T

(2.48)

A 2D separable phase error function a�ects the observation model matrix in the as

follows:

H (� 2D � s)f = D 2D � sHf (2.49)

whereD 2D � s is given as

� 2D � s = [ � 2D � s(1); � 2D � s(2); : : : ; � 2D � s(KM )]T : (2.50)
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2.1.4.3 1D Phase Errors

In the case of 1D phase errors, for a particular cross-range position the phase error

is the same at all range positions. Let� 1D 2 CM be a vector whose elements are

cross-range varying phase errors for every aperture positionm = 1;2; : : : ;M :

� 1D = [ � 1D (1); � 1D (2); : : : ; � 1D (M )]T : (2.51)

Then, the relationship between the error-free and the phase-corrupted data can be

expressed as:

H (� 1D )f = D 1D Hf (2.52)

whereD 1D is given as

D 1D = diag

8
><

>:

2

6
4ej � 1D (1) ; : : : ;ej � 1D (1)

| {z }
K

;ej � 1D (2) ; : : : ;ej � 1D (2)
| {z }

K

; : : : ;

ej � 1D (M ) ; : : : ;ej � 1D (M )
| {z }

K

3

7
5

9
>=

>;
: (2.53)

Note that, in the case of 1D phase errors, there areM unknowns, while in 2D

separable and non-separable phase error cases, there areM + K and MK unknowns,

respectively. Hence, 2D non-separable phase error correction is a more challenging

task compared to the others.

2.1.5 Existing Autofocus Methods

SAR autofocus has been an active area of research over the years [52, 54�104]. In

early studies, researchers have focused on 1D phase errors, and tackling 2D separable

and non-separable phase errors is a relatively recent research area [52,75�77,79,96].

Most of the existing autofocusing algorithms perform postprocessing, i.e., they try

to eliminate the e�ects of phase errors from conventionally reconstructed images.

Recently, algorithms for joint image reconstruction and phase error correction have

also been proposed [52,75,76,79,81].

2.1.5.1 Conventional Methods

Two methods, namely, inverse �ltering and subaperture-based methods, are con-

sidered as conventional methods, as they are the earliest attempts to tackle phase

errors, and have simple formulations with easy implementations.
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Inverse Filtering In inverse �ltering, the amount of defocus on a single point

target is used to estimate phase errors. As mentioned before, the e�ect of 1D phase

errors in the image domain can be viewed as convolution of each range line of the

image with a 1D blurring kernel in the cross-range direction. This e�ect can be

expressed as
~F(a;b) = ~h(b) ~ F(a;b) (2.54)

where
~h(b) = F� 1

m ej � (m) : (2.55)

Here, ~F denotes the defocused version of the imageF5, F� 1 denotes inverse Fourier

transform, a and b are range and cross-range image domain indices, respectively,

~ denotes circular convolution operation and,m is the cross-range index in the

frequency domain. In inverse �ltering approach, it is assumed that a single point

target can be isolated in the defocused image. This technique estimates phase errors

by �nding such an isolated strong point target in the defocused image and then using

the defocus information on that point target.

Subaperture-based Methods In these methods, the data from subapertures are

used to estimate phase errors. The main assumption of these methods is that the

phase error function is a polynomial function of the aperture position. For example,

in case of quadratic phase error, the aperture is divided into two subapertures, then

in each subaperture, the phase error is approximated by a linear function. Since a

linear phase error function only shifts the image proportional to its slope, the two

low-resolution defocused images reconstructed from the two subaperture data are

shifted versions of the original image in reverse directions [51].

2.1.5.2 Phase Gradient Autofocus (PGA)

In phase gradient autofocus (PGA) [57, 61], the phase error function is estimated

by averaging across many range lines, as every target in the image is corrupted

by the same blur function. This averaging operation is performed using maximum

likelihood estimation formulation. Unlike subaperture-based methods, PGA is a

non-parametric algorithm. The algorithm aims to isolate a number of single targets

in the image to estimate phase error from those targets. Single targets are isolated

via center shifting and windowing operations. PGA selects the strongest target on

each range line and circularly shifts it to the scene center, as using the targets with

strong re�ectivities provides a much better phase error estimation than using the

targets with weak re�ectivities. This shifting operation produces a new image. In

5F is the matrix version of f, i.e., another interpretation is that f is a column-stacked vector generated from
F.
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this new image, all of the targets which will be used in the estimation process, lie

in the center of the cross-range dimension. In the next step, a windowing operation

is performed to preserve the information contained in the blur footprints of the

center-shifted targets and reject information from all other surrounding targets with

weak re�ectivities. After center-shifting, the necessary information, contained in

the support of the blur footprint, is extracted through windowing. In this stage,

determining the window width is crucial, as choosing a width smaller than the blur

footstep would prohibit capturing all of the necessary information, while choosing

the width larger than the blur footprint would increase noise levels.

2.1.5.3 Multi-Channel Autofocus (MCA)

Multi-channel autofocus MCA [74] employs a non-iterative algorithm which �nds the

focused image using a basis formed from the defocused image, relying on a condition

on the image support to obtain a unique solution. In particular, MCA estimates 1D

phase error functions by directly solving a set of linear equations obtained through

an assumption that there are zero-re�ectivity regions in the scene to be imaged.

When this is not precisely satis�ed, presence of a low-return region is exploited,

and the phase error is estimated by minimizing the energy of the low-return region.

When the desired conditions are satis�ed, MCA performs very well. However, in

scenarios involving low-quality data, e.g., due to low SNR, the performance of MCA

degrades. A number of modi�cations to MCA have been proposed, including the

incorporation of sharpness metric optimization into the framework [74], and the use

of a semi-de�nite relaxation based optimization procedure [83] for better phase error

estimation performance [51].

2.1.5.4 Sparsity-driven Autofocus (SDA)

In sparsity-driven autofocus (SDA) [52], phase error correction is performed jointly

with image reconstruction, rather than as a postprocessing step. The overall process

is formulated as a regularized optimization with the cost function

J (f; � ) = ky � H (� )fk2
2 + � kfk1 (2.56)

where � is the regularization parameter, which determines the emphasis on the

sparsity-promoting `1-norm prior, and � is the correct phase of the phase history

data. Note that, unlike (2.19), in SDA the model matrix H depends on� , rather

than being constant. This optimization problem is solved through a coordinate

descent based numerical iterative algorithm. This algorithm jointly minimizes the

cost function with respect tof and � . Particularly in each iteration, there are im-

age formation, phase error estimation, and phase error correction steps. In image
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formation step, � is kept constant andf is estimated, then in the phase error esti-

mation step, � is updated using the new estimate off, and �nally in the phase error

correction step, the model matrixH is updated according to the updated� . These

three steps are performed iteratively until convergence, or stopping criteria are sat-

is�ed. Algorithm 1 summarizes the SDA process. The success of SDA is partially

attributed to the use of non-quadratic regularization, as it helps overall algorithm

to exhibit robustness to small perturbations on the observation model matrix [105].

In SDA, separate algorithms have been proposed for the cases of 1D phase errors,

2D separable phase errors, and 2D non-separable phase errors.

Algorithm 1: Sparsity-driven autofocus algorithm.

Require: H (� (0) ), � , N.
f(0)  H (� (0) )H y

while kf (n +1) � f (n ) k
kf (n ) k

� � and n � N do

f̂
(n+1)

= argmin f J (f; � (n))

�̂
(n+1)

= argmin � J (f(n+1) ; � )

Update H (� (n+1) ) using � (n+1) and H (� (n)).
n  n +1

end while

2.1.6 SAR ATR

Automatic target recognition (ATR) is an important application of SAR imaging.

In ATR, the task is to automatically identify the regions-of-interest (ROIs) that

contain targets and then to determine which classes targets belong to. ATR tasks

are considered as highly challenging, as SAR images are extremely sensitive to target

orientation. Figure 2.4 shows the conventionally reconstructed images of T72 tank

in the MSTAR dataset [2] for di�erent orientations relative to the imaging platform.

SAR ATR has been an active and popular research area for decades [106�126]. The

process of SAR ATR generally includes four steps; detection, discrimination, feature

extraction, and classi�cation [119]. In the detection step, potential ROIs are located,

and then falsely detected ROIs are discarded in the discrimination step. In the fea-

ture extraction step, distinctive features are extracted from the detected ROIs, and

then �nally classi�cation task is performed using these extracted features in the last

step. In SAR ATR literature, the emphasis is mostly on last two steps with the

assumption that the ROIs including targets are already detected and discriminated.

In early works, the classi�cation task was done without feature extraction, i.e., by

directly using reconstructed images, with pre-de�ned classi�ers. Later studies �rst

introduced feature extraction with hand-picked features, and then learned classi-
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Figure 2.4 SAR images of T72 tank in the MSTAR dataset [2] for di�erent orien-
tations relative to the radar platform. From top left to bottom right, each image
corresponds to an orientation angle from0° to 355°, with 5° increments.

�ers, e.g., using dictionary learning, rather than pre-de�ned ones. Recent studies

combined these two steps using convolutional neural networks (CNNs). The main

advantage of using a CNN to learn features rather than using hand-picked features

is that the CNN can learn more useful patterns whose existences are not necessarily

apparent in the image.

2.2 Deep Learning Background

This section provides background information on deep learning and presents a brief

review on the use of deep learning tools within SAR imaging and SAR ATR frame-

works.
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2.2.1 Brief History of Deep Learning

Deep learning can be considered as one of the solutions to a variety of arti�cial

intelligence (AI) problems. Although it has become extremely popular only in the

last decade, deep learning has a long history that dates back to 1940s. However, it

has been called with di�erent names at di�erent time windows, i.e., cybernetics in

1940s-1960s, connectionism in the 1980s to early 1990s, arti�cial neural networks in

the 1990s-200s, and only recently, the name `deep learning' has become widespread

[127].

The idea of building a machine that can think is at least over two millennia old

and is usually attributed to ancient Greeks [127]. The earliest primitive attempts

to build such machines dates around the medieval times, e.g., polymaths such as

al-Jazari [128] and Leonardo da Vinci [129] designed machines that are regarded as

the ancestors of modern robots.

Although the ideas that evolved into deep learning has emerged around the time that

�rst computers were built, these ideas did not draw much attention until recently due

to two main reasons: 1) Computers did not have enough computational resources

that would satisfy the needs to train deep neural networks; and 2) deep neural

networks need large amounts of data to train, which has only been available after

the recent digitization of the society [127].

2.2.2 Deep Neural Network Layout Types

In this section, we will describe four common deep neural network layouts, namely,

multilayer perceptron (MLP), autoencoder (AE), convolutional neural network

(CNN), and recurrent neural network (RNN).

2.2.2.1 Multilayer Perceptron (MLP)

The perceptron, which was capable of binary classi�cation, was introduced in 1958

[130]. MLPs are extensions of perceptrons which are designed for more complicated

tasks. An MLP consists of an input layer, one or more hidden layers, and an output

layer. The nodes in the layers of MLPs, apart from the input layer, are made of

perceptrons with nonlinear activation functions, and are often called as neurons.

Figure 2.5 shows an MLP with an input layer with dimension of 3, an output layer

with dimension of 2, and two hidden layers with 4 and 3 neurons, respectively. MLPs

are also called as feedforward neural networks, as information only �ows from input

layer to output layer, i.e., there are no feedback connections in which the output

is fed back into the network. MLPs are considered to be main or `vanilla' neural
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Figure 2.5 An illustration of a multilayer perceptron with two hidden layers.

network as other layouts are derived from MLPs.

2.2.2.2 Autoencoder (AE)

Autoencoders (AE)s are neural networks that try to mimic their input at their

output. AEs can be considered as consisting of two parts, i.e., encoder and decoder.

The encoder aims to learn a mapping from the input to a transform domain, which

typically has a lower dimensionality than the input, and the task of the decoder is

to reconstruct the input at the output from the transformed version of the input.

However, AEs are not generally used to copy the input at the output, rather they

are designed to be unable to learn to copy perfectly. They are usually restricted in

ways to ensure that they will only copy approximately, and only copy those inputs

which resembles the training data [127]. These restrictions usually lead AEs to learn

useful properties of the data. Figure 2.6 shows an illustration of an AE with one

hidden layer. AEs can be used in many tasks, e.g., dimensionality reduction, feature

learning, manifold learning, information retrieval, and denoising.

2.2.2.3 Convolutional Neural Network (CNN)

Convolutional neural networks (CNNs) are a special kind of MLPs which are suitable

for data that has grid-like topology, e.g., images. The earliest CNN-like design was

Neocognitron [131] which was built for shift-invariant pattern recognition in 1980s.

CNNs are neural networks in which at least in one layer, the matrix multiplication

is replaced with the convolution operation. Unlike MLPs, in CNNs, nodes in a layer

are only connected to a subset of nodes from the previous and the next layers, hence

CNNs have sparse connectivity. Also, within convolutional layers, same parameters

are used for each node. Sparse interactions and parameter sharing help with both

e�cient memory use and translational and shift-invariance. Figure 2.7 shows a CNN
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Figure 2.6 An illustration of an autoencoder with a single hidden layer.

with the convolutional kernel size of 3 at every layer. Note that each node is only

connected to 3 nodes from the previous layer and 3 nodes from the next layer (except

those at the edges) rather than all nodes.

2.2.2.4 Recurrent Neural Network (RNN)

Recurrent neural networks (RNNs) [132] are neural networks that are designed for

processing sequential data, e.g., speech signals, videos, stock market values, texts,

DNA sequences etc. Unlike previous layouts, RNNs have feedback connections from

one or more layers to other (same or previous) layer(s). Figure 2.8 shows an illus-

tration of an RNN in which the value of the hidden node is fed back to itself. RNNs

can have �nite impulse response (FIR) or in�nite impulse response (IIR). FIR RNNs

are in the form of directed acyclic graph while IIR RNNs are in the form of directed

cyclic graphs. Finite impulse RNNs can be unrolled and replaced with a feedforward

neural network [133]. Long short-term memory (LSTM) networks [134] and gated

recurrent units (GRUs) [135] are two common layouts of RNNs, both of which can

be FIR or IIR.

2.2.3 Deep Learning in SAR Literature

After the resurgence of deep learning in 2006 [136], and especially since the suc-

cess of AlexNet [35] in ILSVRC 2012, DNNs have enjoyed a growing amount of

attention coming from many di�erent research areas, most notably, computer vision

and signal processing. DNNs have been used for many image processing tasks in

the last decade, including classi�cation, reconstruction, restoration, denoising, de-

blurring, and super-resolution. Naturally, SAR imaging has also received its share
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Figure 2.7 An illustration of a CNN with the convolutional kernel size of 3. All the
nodes whose values are used to determine the value of the red node in the second
hidden layer are shown in green, while all the nodes whose values are determined
using the value of the red node are shown in blue.

Figure 2.8 An illustration of an RNN with a single input, a single hidden unit and
a single output.
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from this ever-growing interest. Much like early6 deep learning works were mostly

concentrated on image classi�cation tasks, initial works on SAR imaging using deep

learning tools were on ATR [117,121�123,125,126,137�140] and other classi�cation

or detection applications [141�145]. However, only a few works focused on image

formation [146�149].

2.3 Plug-and-Play (PnP) Priors

As we have discussed before, the discrete observation model given in (2.19), like

many inverse problems in imaging, is ill-posed, and can only be solved satisfactorily

by incorporating regularization into the inversion process. Regularized cost func-

tions typically involve two terms: a data �delity term to ensure the �nal image is

consistent with the measured data, and a regularizer (prior) term that promotes so-

lutions with desirable properties [150,151]. Regularization-based image reconstruc-

tion methods can alleviate problems caused by incomplete data or sparse apertures.

Also, they produce images with increased resolution, reduced sidelobes, and reduced

speckle by incorporating prior information about the scene. In the past, many

regularization-based image reconstruction methods have been proposed including

non-quadratic regularization (NQR) based [1,75], sparsity-driven [87,152�154] and

dictionary learning (DL) based [3] SAR imaging.

It is not an easy task to minimize a regularized cost function, as the two terms are

usually quite di�erent, and it is unlikely to �nd a single optimization approach that

will be appropriate for both. Using a proximal algorithm [155] such as iterative

shrinkage thresholding algorithm (ISTA) [156] and alternative direction method of

multipliers (ADMM) [34,157] is the natural choice to tackle this issue, as they convert

the original optimization problem into a series of smaller optimization problems,

hence each term can be minimized separately using an appropriate minimization

method. Proximal methods have also found use in SAR imaging tasks [89, 158�

160]. The key ingredient in these methods is the proximal operator which involves

an optimization problem that is shown to be equivalent to a simple denoising of

intermediate solutions under Gaussian white noise [33,151].

Recently, a new framework, called plug-and-play (PnP) priors has been intro-

duced [33] which replaces the proximal operator by a suitable denoising method.

This framework has gained great attention from the computational imaging commu-

nity [151,161�185] since its emergence. Di�erent denoisers have been adopted within

the PnP framework, such as BM3D [186] (as in [33,151,162�164,167,168,170,179]),

6Early within this last resurgence.
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non-local means (NLM, as in [162, 164, 173, 176, 182]), NCSR [187] (as in [161]),

Gaussian mixture models (GMM, as in [165, 169, 172]), and deep learning based

ones [166,174,175,178,181,183,185]. Along with ADMM, and ISTA, various other

proximal algorithms, including approximate message passing (AMP) [188], half

quadratic splitting (HQS) [49, 50], primal-dual splitting [189], and consensus equi-

librium [171] have been used within PnP. This framework has been applied to many

imaging problems including reconstruction [33, 151, 164, 174, 175, 179, 180, 183, 185],

denoising [166,176], restoration [162,165,167,170,172,173], deblurring [165,166,181],

super-resolution [161,162,173,181,182], phase retrieval [163,185], and hyperspectral

sharpening [169].

PnP priors with a variable splitting algorithm such as ADMM enables the integration

of data �delity based on a physical observation model with any explicit or implicit

regularizing prior. Next, we will �rst describe the ADMM algorithm, and then

formulate the PnP framework using ADMM.

2.3.1 Alternating Direction Method of Multipliers

(ADMM)

Consider the unconstrained optimization problem

x̂ = argmin
x

f (x)+ �g (x) (2.57)

The idea of ADMM is to convert (2.57) into the following constrained problem by

variable splitting:

f x̂ ; v̂g = argmin
x ;v

f (x)+ �g (v) subject tox = v (2.58)

Next, consider the augmented Lagrangian function corresponding to (2.58):

L (x;v;u) = f (x)+ �g (v)+ uT (x � v)+
�
2

kx � vk2
2 (2.59)

where� is the penalty parameter of the ADMM.

The minimizer of (2.58) is the saddle point ofL , which can be found by solving

a sequence of sub-problems, i.e., the ADMM iterations, which, inscaled form, are
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given by [34]:

x (k+1) = argmin
x2Rn

f (x)+
�
2






 x � ~x (k)








2

2
(2.60)

v (k+1) = argmin
v2Rn

�g (v)+
�
2






 v � ~v (k)








2

2
(2.61)

�u(k+1) = �u(k) + ( x (k+1) � v (k+1) ) (2.62)

where�u(k) , (1=� )u(k) is the scaled Lagrange multiplier,~x (k) , v (k) � �u(k) and ~v (k) ,

x (k+1) + �u(k) . Under mild conditions, e.g., when bothf and g are closed, proper

and convex, and if a saddle point ofL exists, it can be shown that the iterates

(2.60)-(2.62) converge to the solution of (2.58).

2.3.2 PnP ADMM

Note that ADMM iterations (2.60)-(2.62) have a modular structure. (2.60) can be

regarded as an inversion step as it involves the forward imaging modelf (x) whereas

(2.61) can be considered as a denoising step as it is an image domain operation

involving the prior g(v). To show that, let us de�ne � ,
q

�=� , then (2.61) becomes

v (k+1) = argmin
v2Rn

g(v)+
1

2� 2






 v � ~v (k)








2

2
(2.63)

Treating ~v (k) as the noisy image, (2.63) minimizes the residue between~v (k) and

clean imagev using the prior g(v). For example, if g(v) = kvkTV , i.e., the total

variation norm, then (2.63) is the standard total variation denoising problem.

Venkatakrishnanet al. [33] proposed a variant of the ADMM algorithm by suggesting

that one does not need to specifyg before running the ADMM. Instead, they replaced

(2.61) by an o�-the-shelf image denoising algorithm, denoted byD� , to yield

v (k+1) = D� (~v (k)) (2.64)

which they called Plug-and-Play (PnP) ADMM. The convergence guarantee of the

ADMM does not necessarily hold in general, for the PnP-ADMM. Accordingly,

convergence is a topic of ongoing research [162,177,178,184].
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Chapter 3

PnP-CNN-SAR for Image Recon-

struction

Previously, we have discussed that the discrete observation model given in (2.19) is

ill-posed [41], and can be considered as ill-conditioned to a certain extent depending

on the speci�cs of the observation scenario. Hence, we have concluded that it can

only be solved satisfactorily using regularization. In this chapter, we introduce the

PnP-CNN-SAR framework for SAR image reconstruction. In this framework, the

problem of SAR image reconstruction is formulated as a regularized optimization

problem, then using the PnP priors framework with ADMM, the objective function

is divided into subproblems and the proximal operator is replaced with a CNN-based

prior. The �nal portion of this chapter contains experimental results, demonstrating

the e�ectiveness of the proposed PnP-CNN-SAR framework. This is a joint work

with Ammar Saleem, another Ph.D. student in our group.

3.1 Objective Function

Consider the discrete observation model introduced in (2.19):

y = Hf + n (3.1)

where y 2 CM � 1 is the complex valued column-stacked observation vector from

which we desire to estimate the underlying column-stacked SAR imagef 2 CN � 1

whereM � N 1, and H 2 CM � N is the Fourier transform-based forward model. Let

1Note that, in Chapter 2, we have used K and M to denote numbers of sampled observation points in range
and cross-range directions, respectively. However, in this chapter, we only use column-stacked vectors for
both phase histories and underlying SAR image, i.e., y and f, throughout the formulation of the proposed
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R denote the regularization function we impose on the re�ectivity �eld. Then the

regularized objective function becomes

f̂ = argmin
f

ky � Hf k2
2 + � R(jfj) (3.2)

Note that regularization is performed on the magnitude of the re�ectivity �eld f.

For most SAR scenes, re�ectivity phase at a certain location can be modeled as a

uniformly distributed random variable uncorrelated with the phase at other locations

[11]. Nevertheless, we need to estimate the complex-valued �eldf in the process of

ensuring good data �delity. We can write f = � fm where � is a diagonal matrix

containing the phases off at each pixel in exponentiated form, i.e.,� = diag(ej' (f))

where ' (�) denotes the phase, andfm denotes the magnitude off. Then, replacing

f with � fm in (3.2), we get:

f f̂m ; �̂ g = argmin
fm ;�

jj y � H � fm jj2
2 + � R(fm) (3.3)

It is pertinent to mention that, up to this point, the explicit de�nition of a regularizer

has not been formulated. The regularization will be explained in Section 3.2 after

we formulate ADMM iterations for (3.3) and decouple the data-�delity term and

the regularization term. By doing so, we will be able to plug-in any regularizer into

the objective function without a�ecting the data-�delity.

3.2 Variable Splitting and ADMM

Rewriting (3.3) in a suitable form by introducing an auxiliary variable with a con-

straint, we have

f f̂m ; �̂ ; ĥg =argmin
fm ;� ;h

jj y � H � fm jj2
2 + � R(h)

s.t. fm � h = 0 (3.4)

The augmented Lagrangian for (3.4) is given by

L
�
f̂m ; �̂ ; ĥ; û

�
= jjy � H � fm jj2

2 + � R(h)+
�
2

jj fm � h + ujj2
2 +

�
2

jjujj2
2 (3.5)

Let ~f
(k)

= h(k) � u(k) and ~h
(k)

= f(k+1)
m + u(k) . Also, let us introduce a vector� 2

CN � 1 that contains the diagonal elements of the phase matrix� , and the matrix

B whose diagonal elements are the re�ectivity magnitudesfm . Finally, let us invoke

method. Hence, for notational simplicity, we use M and N to denote sizes ofy and f, respectively.
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the constraint that the magnitudes of the elements of� denoted asj� i j should be

1, simply because they contain phases off at each pixel in exponentiated vector

form ej' (f) . Then, each iteration of the ADMM algorithm will perform the following

steps:

� (k+1) = argmin
�

jj y � HB (k) � jj2
2 + � �

NX

i =1
(j� i j � 1)2 (3.6)

f(k+1)
m = argmin

fm

jj y � H � (k) fm jj2
2 +

�
2

jj fm � ~f
(k)

jj2
2 (3.7)

h(k+1) = argmin
h

� R (h)+
�
2

jj ~h
(k)

� hjj2
2 (3.8)

u(k+1) = u(k) + f(k+1)
m � h(k+1) (3.9)

where� � and � are hyper-parameters.

The �rst two steps only depend on the choice of the forward model while the third

step only depends on the choice of the regularizer. Therefore, using this plug-and-

play framework, we can now write the minimization as two independent modules.

Thus, this framework can be used to mix and match di�erent prior models with

forward models.

Sub-problem (3.6) is solved through a �xed point algorithm, which can also be shown

to be equivalent to a particular quasi-Newton iterative minimization algorithm:

G� (n+1) = ( HB )H y + � � ej' (� (n ) ) (3.10)

where

G = ( HB )H (HB )+ � � I (3.11)

Each iteration in (3.10) involves solving a set of linear equations. This is an in-

dication that the approach here solves the non-quadratic optimization problem in

(3.6) by turning it into a series of quadratic problems. This linear set of equations

can e�ciently be solved by the conjugate gradient algorithm with the convergence

criterion






 � (n +1) � � (n )













 � (n )








< 10� 14. For this sub-problem, it is possible that one can

come up with a more e�cient algorithm than ours.

Sub-problem (3.7) has a closed form solution, i.e., taking the derivative with respect

to fm and equating it to zero results in the following:

(
�
2

I + � H H H H � )f̂m = � H H H y +
�
2
~f (3.12)
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We solve this complex-valued linear system using the conjugate gradient algorithm.

This produces a complex solution. Therefore, we address it by considering its real

part only and equating any negative value to zero, as in practice the imaginary part

of this solution has values close to zero which can easily be ignored, and the real

part usually has only a small number of negative values at most (which are also very

close to zero). Note that within each iteration of ADMM, sub-problems (3.6) and

(3.7) are solved iteratively until the convergence criterion is satis�ed, before moving

to the sub-problem (3.8). This process is called the model update.

Sub-problem (3.8) can be rewritten as

h(k+1) = argmin
h

1

2(
q

�=� )2
jj ~h

(k)
� hjj2

2 + R(h) (3.13)

which is equivalent to denoising the image~h
(k)

with a Gaussian denoiser with a noise

level
q

�=� [190]. Hence, any Gaussian denoiser can act as a modular component

of the overall algorithm to solve (3.8). In the work we present here, denoising is

achieved through a trained CNN. Note that the parameter� is not explicitly de�ned

as it depends on� and the network settings. The details about the architecture and

training will be discussed in Section 3.3.1.

Note that (3.9) is not an optimization problem, rather it is a direct update on the

Lagrange multiplier u. Algorithm 2 shows the summary of the PnP-CNN-SAR.

Note that f [t ]
m stands for the outputs of the inner loop, i.e., the model update, while

f(k)
m stands for the outputs of the outer loop, i.e., the overall ADMM algorithm.

Typical values for K and T are 20 and 100, respectively.

3.3 Experimental Results

In this section, we demonstrate the e�ectiveness of PnP-CNN-SAR on synthetic and

real SAR scenes. We also tabulate results for various scenarios and compare them

with FFT-based, NQR-based [1], and DL-based [3] SAR image reconstructions as

well as a PnP framework with BM3D [186] regularizer. Finally, we give an analysis

on the e�ect of training di�erent networks for di�erent scenarios, in case of synthetic

scene experiments.

3.3.1 Setup

The experiments are conducted with variation in two major aspects, �rst is the type

of observation SAR scene, second is the parameters of SAR observation phenomenon.

The observation SAR scenes are further bifurcated to synthetic and real scenes. The
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Algorithm 2: PnP-CNN-SAR for image reconstruction.
Require: y , H , � , D� (x), K , T.

f(0)  H H y {Conventional reconstruction}
B (0)  diagf f(0)

m g
� (0)  \ f(0)

h(0)  f(0)
m

u(0)  0
k  0
n  0

while






 u (k+1) � u (k )








ku (k )k � � and k � K do

~f
(k)

 h(k) � u(k)

f [0]
m  f(k)

m

while






 f [t +1]

m � f [t ]
m













 f [t ]

m








� 10� 4 and t � T do

Calculate � (t) using (3.6) {Phase alignment}
Solve forf(t)

m using (3.7) {Magnitude update}
t  t +1

end while
f(k+1)
m  f [t ]

m
~h

(k)
 f(k+1)

m + u(k)

h(k+1)  D � (~h
(k)

) {Prior update}
u(k+1)  u(k) + f(k+1)

m � h(k+1)

k  k +1
end while
return f (k+1)

m

details of the real scenes are given in Section 3.3.3. It is pertinent to mention that,

SAR scenes are complex valued but the synthetic scenes are real-valued and we only

have access to the re�ectivity magnitudes of the real scenes. Therefore, we add

uniform random phase distributed over[� �; � ] to these real-valued (synthetic and

real) SAR scenes to generate/simulate complex valued SAR re�ectivities of a SAR

scene.

The secondary segregation of the experiments brings SAR observation phenomenon

into account. It is based on parameters of forward modelH and noisen. The forward

modelH consists of band-limited 2D Fourier transform where the band-limitation is

denoted in terms of data availability percentageL. In particular L = Na=Nd where

Na is the number of available phase history samples andNd is the number of phase

history samples in full band-width data. In case of real SAR scene, full band-width

data is not available, therefore, the existing bandwidth of the reference SAR scene

is assumed to be full or100%. The phase histories are acquired from the complex
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Figure 3.1 Network architecture for synthetic scene experiments. ACBR stands for
Alternating Convolutional-Batch normalization-ReLU layers.

Figure 3.2 Network architecture for real scene experiments.

valued SAR re�ectivities using the approach described in [12, 191]. For the imple-

mentation of di�erent data availability levels, we crop the appropriate amount of

phase history data with equal band-limitation in the range and azimuth directions.

In the Fourier perspective, its a low-pass square box �lter where the box is located

in the center of the 2D Fourier spectrum, essentially eliminating high frequency

complex-valued frequency components. The area of the box is calculated from the

data availability level L. The box �ltering e�ect is essentially limiting the transmit-

ted signal bandwidth and the range of look angles, leading to reductions in nominal

range and cross-range resolution, respectively. Note that in spotlight-mode SAR,

phase history data (after pre-processing steps) consist of samples of the band-limited

spatial Fourier transform of the re�ectivity �eld on a polar grid (see Eq. (2.16) and

Refs. [12,191]). Conventional polar format imaging interpolates the data to a rect-

angular grid and then performs a 2D FFT. We use a slightly simpli�ed forward

model and generate band-limited data on a rectangular, rather than polar, grid. In

practice, this would correspond to adding one more data preprocessing step, namely

polar to rectangular interpolation, and then posing the image formation problem

based on such interpolated data on the rectangular grid. The other parameter in-

volved in SAR observation process is noisen, which is assumed to be i.i.d. in each

pixel and circularly-symmetric complex Gaussian, whose real and imaginary parts

are normally distributed with zero mean and� n standard deviation.

In both synthetic and real scene experiments, we have considered various scenarios,

i.e., two di�erent noise levels (� n 2 f 0:1;1g � � y , where� y is the standard deviation

of the magnitude of the phase history data) and 6 di�erent data availability levels

in the phase history domain (100%, 90%, 80%, 70%, 50%, and 30%), hence, in total

12 types of experiments are conducted.

Our experimental procedure is composed of two phases, namely, network training

and image reconstruction using the PnP-ADMM algorithm. The network training
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is performed on two di�erent architectures, one each for synthetic and real scene

experiments. The network architecture for the synthetic scene experiments is shown

in Figure 3.1. The architecture used for real scene experiments is inspired from U-Net

[192] and is shown in Figure 3.22. It is worth noting that the network architectures

we used for the synthetic and real scene experiments are di�erent. These selections

were made based on empirical exploration of several architectures for each scenario.

These choices were driven by the types of features and the sizes of the scenes. While

the architectures used here provide good results, we do not claim to have found

the best ones. It would also be of interest to �nd architectures that perform well

over all scenarios. The architecture we have proposed for our real scene experiments

should be appropriate for generic real SAR imaging tasks. For the synthetic scene

experiments, we have trained12 di�erent networks of the same architecture, i.e.,

one for each type of experiments considered, while for the real scene experiments,

a single network is trained, which corresponds to the case of 100% data availability

and � n = � y .

In training, we perform conventional reconstruction from the noisy phase histories to

get noisy images. We then extract overlapping patches using the magnitudes of the

conventionally reconstructed images, (16� 16 for the synthetic scene experiments,

and 32� 32 for the real scene experiments), and �nally augment the patches by ro-

tation, with angles [90°; 180°; 270°]. We train CNNs to learn a mapping from these

noisy patches to their clean counterparts in the case of synthetic scene experiments,

and we perform residual learning for the real scene experiments. Note that as we

do not have ground truth for the real scene experiments, we start our experiments

with high-resolution TerraSAR-X reconstructions, which we call reference images.

In the context of our experiments, these reference images can be viewed as conven-

tionally reconstructed images from `full-bandwidth' noiseless data, i.e., without any

bandwidth reduction we impose, and without any noise we add on the phase history

data. Based on these reference images, we then generate simulated data for various

scenarios by appropriate Fourier transformation, band limitation, and noise addi-

tion operations. The training of the networks for the synthetic scene experiments

took around 3 hours each, while the network for the real scene experiments is trained

roughly in 3 days, on MATLAB R2019b, using NVIDIA TITAN Xp GPU. Networks

used in the synthetic scene experiments are trained with RMSProp [193] solver,10� 3

learning rate,0:9 learning rate drop factor with the period of one epoch, mini-batch

size of 1500 for 100 epochs, while the network used in the real scene experiments is

trained with RMSProp [193], 10� 4 learning rate, 0:9 learning rate drop factor with

2We acknowledge that the architecture we propose is inspired from the U-Net architecture, however it is
not precisely U-Net.
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the period of one epoch, mini-batch size of 500 for 20 epochs.

In image reconstruction, we follow the steps mentioned in Algorithm 2. We initialize

the solution with the conventional FFT-based reconstruction. Then we solve equa-

tions (3.6) and (3.7) iteratively (within each iteration of ADMM), as mentioned in

Section 3.2. Then we solve (3.8) by a denoising procedure using our trained CNN.

The procedure include, �rst extracting overlapping patches from the input image

(16� 16 patches for the synthetic, and32� 32 patches for the real scene cases),

and feeding the patches to the CNN to get denoised patches. Then we combine the

overlapping patches to obtain the overall denoised image. These steps are repeated

iteratively until the stopping criteria is satis�ed. The stopping criterion is chosen as
ku (k+1) � u (k ) k

N < � . Since the data availability and noise levels have a great impact on

the performance, various� values are employed for di�erent experiments. We ob-

served that as the data availability reduces or the noise increases, i.e., as the problem

at hand gets more challenging, a higher value of� yields better results, while for the

less challenging cases, a smaller� is preferred. For synthetic experiments, we used�

values ranging from5� 10� 5 to 5� 10� 3, while for the real case, the range was from

1� 10� 3 to 1� 10� 1. The value of� is chosen as 12 throughout the experiments and

the value of � � is calculated from the data availability level, i.e.,� � = 2
L 2 whereL

is the data availability level.

We compare our proposed framework with FFT-based, NQR-based [1], DL-based [3]

reconstructions, and a PnP framework with BM3D [186] regularizer (PnP-BM3D)

in terms of signal-to-noise ratio (SNR) and structural similarity (SSIM) index [194]

values of the reconstructed images. The formula of SSIM is given as:

SSIM (x;y) =
(2� x � y + c1)(2� xy + c2)

(� 2
x + � 2

y + c1)( � 2
x + � 2

y + c2)
(3.14)

where� x , � y , � x , � y , and � xy are the local means, standard deviations, and cross-

covariance for imagesx and y. c1 = ( k1l )2 and c2 = ( k2l )2 are constants to maintain

formula validity, avoiding the denominator being zero. l represents the dynamic

range of the pixel value.k1 = 0:01 and k2 = 0:03 are default values. A larger SSIM

value indicates a better similarity of the two images.

The problem formulation for the NQR-based [1] reconstruction is given as:

f̂ = argmin
f

ky � Hf k2
2 + � 1kfkp

p + � 2kDf mkp
p (3.15)

whereD is a discrete approximation to the 2D derivative operator (gradient). Here,

the �rst term is the data-�delity term while second and third terms are aimed at

enhancing point-based and region-based features respectively. The parameters� 1

43



and � 2 are optimized to obtain the highest SNR for each image in each scenario

while p = 0:9 is used for all the considered scenarios.

The problem formulation for the DL-based [3] reconstruction is given as:

fj f̂ j; �̂ ; D̂ ; ^� i g = argmin
fm ;� ;D ;� i

� ky � H � fmk2
2

+
X

i
kE i jfj � D � i k

2
2 +

X

i
� i k� i k0

s.t. j� jj j = 1 8j (3.16)

whereD and � i are the dictionary and the sparse coe�cients to be learned, respec-

tively, and E i are the patch extraction operators. See [3] for details.

For PnP-BM3D experiments, the steps in the Algorithm 2 are followed, and in the

prior update step, the BM3D prior is used instead of the CNN-based prior. The

MATLAB implementation of BM3D is downloaded from the authors' website3.

3.3.2 Synthetic Scene Experiments

The training and the test images for the synthetic scene experiments are shown in

Figures 3.3a and 3.3b, respectively. Note that training is not performed using the

training images themselves, rather16� 16 overlapping patches that are extracted

from the training images. Consequently, in every ADMM iteration, during the prior

update step, overlapping patches are extracted, each patch is passed through the

network, and then patches are combined to get the reconstructed image.

Although we have trained a network for each scenario, we have compared the per-

formances of all networks in each scenario. Table 3.1 shows the average SNR and

SSIM values for di�erent experiments using di�erent networks, respectively. Note

that, the network that gives the best result for a particular scenario is not always

the one that is trained for that scenario.

The best results from Table 3.1 are also presented in Table 3.2 for comparison with

other methods. Table 3.2 shows that our framework outperforms other methods in

terms of both SNR and SSIM in 11 out of 12 scenarios. Figure 3.4 shows the e�ects

of the noise level and data availability on the SNR and SSIM values.

Figures 3.5 and 3.6 show reconstruction results forImage 7 with noise � n = 0:1� y ,

and Image 2 with noise � n = � y , respectively, for qualitative analysis. It appears

that our proposed framework is better at preserving the details and more robust to

3http://www.cs.tut.�/~foi/GCF-BM3D/index.html#ref_software
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Table 3.2 Average SNR and SSIM values for di�erent noise and data availability
levels for the synthetic scene experiments. Best results are shown in bold, second
best results are shown in red.

SNR (dB) SSIM
Available Data Method

0:1� y � y 0:1� y � y

FFT-based 25.55 5.84 0.906 0.449
NQR-based [1] 27.31 12.36 0.985 0.631
DL-based [3] 26.31 6.13 0.877 0.343
PnP-BM3D 25.95 5.98 0.869 0.351

100%

PnP-CNN-SAR 37.92 13.99 0.996 0.687

FFT-based 11.29 5.62 0.539 0.366
NQR-based [1] 17.84 11.03 0.845 0.549
DL-based [3] 24.76 4.81 0.869 0.269
PnP-BM3D 17.77 5.88 0.737 0.289

90%

PnP-CNN-SAR 25.33 12.18 0.954 0.591

FFT-based 9.65 5.64 0.474 0.336
NQR-based [1] 15.55 10.02 0.809 0.486
DL-based [3] 22.20 5.42 0.852 0.272
PnP-BM3D 12.14 5.89 0.544 0.254

80%

PnP-CNN-SAR 22.30 11.03 0.921 0.488

FFT-based 7.94 5.47 0.390 0.294
NQR-based [1] 10.83 8.97 0.596 0.431
DL-based [3] 12.22 6.02 0.566 0.254
PnP-BM3D 8.68 5.84 0.409 0.229

70%

PnP-CNN-SAR 17.17 10.37 0.831 0.433

FFT-based 6.00 5.26 0.289 0.227
NQR-based [1] 8.97 8.02 0.432 0.316
DL-based [3] 7.44 6.55 0.344 0.209
PnP-BM3D 7.09 5.44 0.293 0.186

50%

PnP-CNN-SAR 11.23 8.41 0.596 0.335

FFT-based 4.41 4.52 0.191 0.158
NQR-based [1] 7.70 7.32 0.296 0.263
DL-based [3] 5.71 6.31 0.216 0.156
PnP-BM3D 5.36 5.15 0.188 0.131

30%

PnP-CNN-SAR 7.79 6.78 0.390 0.216
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(a) (b)

Figure 3.3 Synthetic SAR scenes used for (a) training the CNN and learning the
dictionary, and (b) performance evaluation.

data limitations, and gives the best visual quality in the majority of scenarios.

3.3.3 Real Scene Experiments

For the real scene experiments, TerraSAR-X [195] images are used and we designed

two types of experimental settings in which we considered the following scenarios: 1)

When the training and testing are performed on non-overlapping windows extracted

from the same scene that are randomly split into training and test data sets, and 2)

when the training is done using non-overlapping windows extracted from one scene,

and testing is performed on non-overlapping windows extracted from a di�erent

scene. These two experimental settings will be called same scene experiments, and

di�erent scene experiments, respectively. For these experiments, two TerraSAR-X

images are used to form the data set. The �rst image, shown in Figure 3.7, contains

the view of the city of Wonsan in Democratic People's Republic of Korea and,

the second image, shown in Figure 3.8, contains the view of the Kap�kule Border

Crossing near the Turkey-Bulgaria-Greece border tripoint. These images will be

referred as Wonsan and Kap�kule, respectively. The data collected for the Wonsan

image has the incidence angle of42:88° while the incidence angle for Kap�kule is

44:77°. After post-processing, both images have the pixel resolution of1:60 m �

1:60 m.

158non-overlapping170� 170windows are extracted from the Wonsan image, and
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(a) (b)

(c) (d)

Figure 3.4 Average SNR values for synthetic scene experiments for (a)� n = 0:1� y ,
and (b) � n = � y . Average SSIM values for synthetic scene experiments for (c)
� n = 0:1� y , and (d) � n = � y .
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(a) SNR: 25.38
SSIM: 0.963.

(b) SNR: 24.58
SSIM: 0.989.

(c) SNR: 26.22
SSIM: 0.954.

(d) SNR: 25.87
SSIM: 0.950.

(e) SNR: 38.30
SSIM: 0.999.

(f) SNR: 11.41
SSIM: 0.668.

(g) SNR: 18.58
SSIM: 0.949.

(h) SNR: 24.56
SSIM: 0.950.

(i) SNR: 15.01
SSIM: 0.798.

(j) SNR: 26.14
SSIM: 0.976.

(k) SNR: 9.82
SSIM: 0.608.

(l) SNR: 13.11
SSIM: 0.769.

(m) SNR: 20.6
SSIM: 0.917.

(n) SNR: 10.75
SSIM: 0.647.

(o) SNR: 24.28
SSIM: 0.968.

(p) SNR: 7.96
SSIM: 0.500.

(q) SNR: 10.74
SSIM: 0.642.

(r) SNR: 11.56
SSIM: 0.697.

(s) SNR: 8.20
SSIM: 0.500.

(t) SNR: 18.75
SSIM: 0.921.

(u) SNR: 6.01
SSIM: 0.371.

(v) SNR: 7.74
SSIM: 0.363.

(w) SNR: 7.38
SSIM: 0.433.

(x) SNR: 6.63
SSIM: 0.339.

(y) SNR: 11.03
SSIM: 0.659.

(z) SNR: 4.40
SSIM: 0.241.

(aa) SNR: 6.56
SSIM: 0.211.

(ab) SNR: 5.52
SSIM: 0.237.

(ac) SNR: 5.20
SSIM: 0.196.

(ad) SNR: 7.63
SSIM: 0.410.

(ae)

Figure 3.5 Reconstruction results forImage 7 of the synthetic scenes with noise
� n = 0:1� y . First row, full data, second row, 90% data, third row, 80% data, fourth
row, 70% data, �fth row, 50% data, sixth row, 30% data. First column, FFT-based
reconstruction, second column, NQR-based reconstruction, third column, DL-based
reconstruction, fourth column, PnP-BM3D based reconstruction, �fth column, PnP-
CNN-SAR based reconstruction. (ae) Ground truth.
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(a) SNR: 3.93
SSIM: 0.313.

(b) SNR: 14.45
SSIM: 0.907.

(c) SNR: 4.02
SSIM: 0.275.

(d) SNR: 4.02
SSIM: 0.277.

(e) SNR: 14.34
SSIM: 0.735.

(f) SNR: 3.21
SSIM: 0.285.

(g) SNR: 13.58
SSIM: 0.912.

(h) SNR: 3.10
SSIM: 0.260.

(i) SNR: 3.30
SSIM: 0.253.

(j) SNR: 12.84
SSIM: 0.566.

(k) SNR: 3.38
SSIM: 0.271.

(l) SNR: 9.11
SSIM: 0.846.

(m) SNR: 3.55
SSIM: 0.254.

(n) SNR: 3.18
SSIM: 0.235.

(o) SNR: 11.93
SSIM: 0.420.

(p) SNR: 2.98
SSIM: 0.249.

(q) SNR: 6.54
SSIM: 0.807.

(r) SNR: 3.53
SSIM: 0.239.

(s) SNR: 2.91
SSIM: 0.208.

(t) SNR: 11.17
SSIM: 0.427.

(u) SNR: 2.43
SSIM: 0.209.

(v) SNR: 4.41
SSIM: 0.638.

(w) SNR: 3.07
SSIM: 0.202.

(x) SNR: 2.28
SSIM: 0.169.

(y) SNR: 8.20
SSIM: 0.412.

(z) SNR: 2.16
SSIM: 0.127.

(aa) SNR: 4.10
SSIM: 0.681.

(ab) SNR: 2.08
SSIM: 0.119.

(ac) SNR: 1.77
SSIM: 0.210.

(ad) SNR: 3.83
SSIM: 0.060.

(ae)

Figure 3.6 Reconstruction results forImage 2 of the synthetic scenes with noise
� n = � y . First row, full data, second row, 90% data, third row, 80% data, fourth
row, 70% data, �fth row, 50% data, sixth row, 30% data. First column, FFT-based
reconstruction, second column, NQR-based reconstruction, third column, DL-based
reconstruction, fourth column, PnP-BM3D based reconstruction, �fth column, PnP-
CNN-SAR based reconstruction. (ae) Ground truth.
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