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ABSTRACT

THE GEOMETRIC REPRESENTATIONS OF RANK-METRIC CODES

ALTAN BERDAN KILIC
MATHEMATICS M.A. THESIS, JULY 2021

Thesis Supervisor: Prof. Dr. Michel Lavrauw

Keywords: rank-metric code, MRD code, tensor, tensor rank, complexity, MTR

code, semifield, Segre variety.

In this thesis, geometric representations of rank-metric codes have been
examined as well as their connection with algebraic coding theory and complexity
theory. Given a vector code, we introduced an algorithm using the well-known field
reduction map from projective geometry to get the corresponding rank-metric
code. Following that correspondence, we revisited the codes that satisfy the
analogues of the Singleton bound, called maximum rank distance(MRD) codes,
and show that there is a one-to-one correspondence to finite semifields if they are
additive. Given a semifield, we get a tensor associated to it. Tensor rank of various
objects have been analyzed and its relation with complexity theory is explained in
detail. In 1977, Kruskal proposed a lower bound on tensor rank and the codes that
satisfy this bound are called minimal tensor rank(MTR) codes. We state an open
problem on the existence of MTR codes deducing from the analyzed cases so far. We
have solved the existence problem and proposed an attack on the characterization
of all possible solutions using the algorithm Snakes and Ladders with the help of
the computer algebra system GAP.
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OZET

RANK-METRIK KODLARIN GEOMETRIK GOSTERIMLERI

ALTAN BERDAN KILIC
MATEMATIK YUKSEK LISANS TEZI, TEMMUZ 2021

Tez Danigmani: Prof. Dr. Michel Lavrauw

Anahtar Kelimeler: rank-metrik kod, MRD kod, tensor, tensor rank, karmagiklik,
MTR kod, yar1 cisim, Segre varyete

Bu tezde, rank-metrik kodlarin geometrik gosterimleri, cebirsel kodlama teorisi
ve karmagiklik teorisi ile olan iligkileriyle beraber incelenmigtir. Bir vektor kodu
verildiginde, buna karsilik gelen rank-metrik kodunu bulmak igin izdiigtimsel
geometride iyi bilinen cisim azaltma fonksiyonunu kullanan bir algoritma
sunulmustur. Bu iligkiden yola ¢ikarak, Singleton sinirinin analogunu saglayan
maksimum rank uzakhg(MRD) kodlarimin toplamsal olmalari durumunda yari
cisimler ile aralarinda birebir egleme oldugu gosterilmistir.  Bir yar1 cisim
verildiginde, ona karsilik gelen tensor elde edilir.  Cegitli nesnelerin tensor
ranklar1 analiz edilip, karmagiklik teorisi ile olan iligkileri detayl bir sekilde
incelenmigtir. 1977’de Kruskal tensor rank icin bir alt siir sunmusg ve bu siniri
saglayan kodlara minimal tensér rank(MTR) kodlar denilmigtir. MTR kodlarm
varolusu tizerine gimdiye kadar incelenen durumlar ele alinarak bir acik soru
sunulmugtur. Bu agik sorunun ¢oziimii oldugu gosterilmis ve tiim olasi ¢oziimlerin
siniflandirilmasi i¢in Yilan ve Merdivenler algoritmasini kullanarak, soruya bilgisayar
cebir sistemi GAP yardimiyla hiicum 6nerisinde bulunulmustur.
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1. INTRODUCTION AND PRELIMINARIES

Rank-metric codes have started to gain interest in the recent years due to their use
against error amplification problem in Network Coding. In the first 2 sections, we
give necessary information to understand the thesis and define rank-metric codes
with the reason why they are effective against error amplification. In Section 3,
based on the papers [15] and [23], 3-fold tensor representations of rank-metric codes
are examined and tensor rank is shown as a complexity measure based on the idea
provided in [16]. In Section 4, some constructions of minimal tensor rank(MTR)
codes are visited. In Section 5, we show the role of tensors in complexity theory so
that the correspondence between 3-tensors and rank-metric codes can be understood
better. Additionally, we show the relation between complexity and rank and finish
by explaining the famous matrix multiplication problem and the application of the
tensor rank in that case. In Section 6, we underline the well-known connection
between spreadsets and quasifields to show that semifields correspond to maximum
rank distance(MRD) codes, i.e, the most popular family of rank-metric codes. We
note that given a semifield, we can create a tensor associated to it, and then provide
some results known in that context including the tensor rank of semifields based on
the articles [16],[18], and [19]. We also provide some other geometric representations
of MRD codes in Section 6, and show their relations. In Section 7, we pick up this
geometric approach to attack an open problem that is related to the existence of
MTR codes. By considering the points of the Segre variety as pure tensors, we
deduce some well known geometric relations and try to create some new ones using
algorithms with the help of [1] and [20].



1.1 Rank Inequalities and Properties of Tensor Product

Firstly, we recall some of the basic facts needed to understand this thesis.
Afterwards, we will state and prove some of the rank inequalities that will be used
throughout this thesis. Lastly, we will finish with some basic properties of tensor

products which will come handy later.
Definition 1.1.1. For an integer i > 0, we let [i] :== {1,...,i}.

Definition 1.1.2. Let K be a field. A K-vector space is an abelian group (V,+)
with scalar multiplication operation K x V—V, satisfying the following properties:

o A(v1+v2) = Avp+ v for all A\ € K vy,vp € V.
e A tpv=dv+pv forall \,ueK veV.

o (Ap)v=Apv) forall \,peK veV.

lv=wv forallveV.
The following is known as the Grassmann’s Identity.

Theorem 1.1.3. Let (V,+,) be a K-vector space, and A and B are two finite

dimensional subspaces of V. Then, we have

dim(A+ B) = dim(A) +dim(B) —dim(AN B).

Definition 1.1.4. Given two wvector spaces V. and W, a linear transformation

between them is a map L :V — W satisfying the following:
1.1 L(v1+wv2) = L(v1) + L(va) for all vi,v2 €V, and
1.2 L(av) = aL(v) for all a € K.

Definition 1.1.5. The group of mnonsingular linear transformations of an

n-dimensional vector space over Fy is denoted by GL(n,q).

Given a linear transformation L:V — W and a basis B = {v1,...,v,} for the vector

space V| we can create the matrix A of that linear transformation as follows:

A=[Llp = [L(vr) | L(wa) | ... | L(va)]



Definition 1.1.6. Let K be a field and A be an n x m matriz. The space spanned
by the rows of A is called the row space of A, and it is a subspace of K™. Similarly,
the space spanned by the columns of A is called the column space of A, and it is a
subspace of K™. The dimensions of the row space and the column space are equal,
and is called the rank of A. The null space of A is

null(A) = {x € K™ : Az =0}.

Its dimension is called the nullity of A.

Theorem 1.1.7 (Rank Nullity Theorem). For any n x m matriz A,

rank(A) +nullity(A) = m.

Definition 1.1.8. Let S CK. If S satisfies the field axioms with the same operations
of the field K, then S is called a subfield of K.

Let p be a prime. In a finite field of order p”, there always exists a subfield of order
p™ for every m dividing n. So, we can find smaller fields given a field. The following

definition talks about extending one.

Definition 1.1.9. Let F be a subfield of K. Then, K is called an extension field of
the field IF.

The two famous examples are the complex numbers being an extension field of the

real numbers, and the real numbers being an extension field of the rational numbers.

Definition 1.1.10. Let K be an extension of the field F. The extension degree (or
index) is denoted [K : |, and it is equal to the dimension of K when it is considered

as a vector space over F, i.e., [K:F] = dimgK.

Remark 1.1.11. In general, if F is a field and K is a field extension of F, then K is
a F-vector space and every K-vector space V' is also an F-vector space. In addition,
it holds that:

dimpV =dimg V - dimp K.

For exzample, dimgr C" = dimc C"dimg C =n -2 = 2n.

Definition 1.1.12. A group G acts on a set X means we have a group action
XXxG— X :(x,9)—> x-g such that x-eq =z and z-(g99') = (x-g)-g where
g, € G, v € X and eq denote the identity element of the group G. For x € X,
we can define the orbit of x as G(x) ={x-g | g € G}, and the stabilizer of x as
Gy={9€G |z -g=uz}



Note that, equivalent to Definition 1.1.6, we can also define the rank of a matrix as
the smallest number R such that the matrix can be written as a sum of R rank 1
matrices. This way of defining the rank will be very useful when we consider tensor

rank in the following parts. Now, we will show some rank inequalities.

Theorem 1.1.13. Let A, B matrices of required size. Then, we have
rank(AB) < min{rank(A),rank(B)}.

Proof. Consider the matrix AB. Note that the columns of AB can be written as a
linear combination of columns of A. So, rank(AB) < rank(A). Similarly, rows of
AB can be written as a linear combination of rows of B, so rank(AB) < rank(B).

Combining these two gives us the theorem. O

Theorem 1.1.14 (Sylvester’s Rank Inequality). Let A, B two matrices of size
nxn. Then, rank(A)+rank(B) <rank(AB)+n.

Proof. Note that left or right multiplications by invertable matrices do not change
the rank of a matrix. Consider the matrix A. We can reduce it to echelon form by
multiplying it with elementary matrices. Since elementary matrices are invertable,

the rank of A will not change. Therefore, without loss of generality we may assume

I
that A is in reduced row echelon form, i.e., A = ((; 8) Then,

rank(A)+rank(B) = rank(A)+rank(AB+ (I —A)B)
rank(A)+rank(AB)+rank((I — A)B)
= r+rank(AB)+rank(({ —A)B)

< r+4rank(AB)+ (n—r)=rank(AB)+

IN

where the first inequality follows from the fact that sum of ranks can not be less
than the rank of the sum, and the last inequality follows since first r rows of I — A

is 0, i.e., rank(I — A) is at most n —r. O

Note that we can generalize this for non-square matrices, i.e., for matrices A and
B of dimension k£ x n and n x m, the above inequality still works. The following

corollary is the combination of the above theorems.

Corollary 1.1.15. Let A be k x n matriz and B be n X m matriz. Then,

rank(A)+rank(B) —n < rank(AB) < min{rank(A),rank(B)}.



In matrix theory, we can decompose matrices into full rank matrices. This process
is called the rank factorization of matrices. Although we will define tensors more
formally later, we can think of them as n-dimensional arrays, and see matrices as
2-tensors. In general, decomposition of tensors is a very important problem, and we

will try to explain some parts of this huge problem in this thesis, as well.

Theorem 1.1.16. Fvery finite dimensional matrix has a rank factorization.

Proof Outline. Consider the matrix A. Let M denote its reduced row echelon form.
Remove all zero rows of M and denote it by V. Similarly, remove all non-pivot
columns of A and denote it by U. Then, A= UV where U and V have full rank. [J

For example, consider an invertible matrix A so that A has full rank. Then since
the reduced row echelon form of A is the identity matrix and the matrix A itself

does not have any non-pivot columns, we will have A = Al by rank factorization.

Note 1.1.17. Decomposition is a very important problem. One of the most famous
matriz decompositions is the singular value decomposition(SVD) which has so many
applications. However, extending this idea to higher orders, even for a well known
decomposition, such as SVD, is proven to be very difficult. We will talk about this

later in the thests.

Now, the following inequality is very important and well-known.

Theorem 1.1.18 (Frobenius Inequality). Let A be k xn, B be n xm, and C be
m x p matrices. Then, rank(AB)+rank(BC) < rank(ABC)+rank(B).

Proof. Assume that rank(B) =r. Let B = UV be the full rank factorization by
Theorem 1.1.16 such that U is n x r and V is r x m matrix. Note that AU is k x r,
and VC is r x p. Then, rank(ABC) = rank((AU)(VC)). By applying Theorem
1.1.14 to AU and VC, we have

(1.1) rank(ABC) > rank(AU)+rank(VC)—r
(1.2) = rank(AB)+rank(BC) —rank(B)

where the equality follows from the fact that U and V' are full rank matrices. m



Now, we will define some properties of tensor products.

Definition 1.1.19. Let K be a field, and let U,V be K-vector spaces. The tensor
product U®V of this two vector spaces is itself a K-vector space, equipped with a
K-bilinear map t : U xV — UV satisfying:

UxV
For all K—space W and for all K— bilinear
t ) map ¢: U x V. — W, there exists a unique
map g : U ® V. — W such that g o t = ¢.
UV . W Denote v @ v = t(u,v).

Tensor product of 2 vectors v,w is

viwp 1wy ... UV1Wm
T VW1 Vw2 ... VW

VRQW =vw =
VpWw1 Vw2 ... UnpWm

Let us also list some other well-known properties.

o (W) =@weu)’.

(vH+w)@u=vQ@u+w&u.

u® (v+w) =uRv+uRuw.

AMv@u)=(A)Ru=v& (\u).

aB bB
cB dB

Given a matrix A =

b
¢ d] and B, we have AQ B =
c

Form a new larger vector space K =U ®V ® W. Then, by Definition 1.1.5, consider
the group G = GL(U) x GL(V) x GL(W).

Definition 1.1.20. The action of G on K is given as:

KxG—=K:(uvew),(g1,92,93) — (0 @092 @ w9?).



2. SINGLETON BOUND AND ITS ANALOGOUS VERSION

In this section, focusing on two examples given in [24], we will explain some basic
concepts in coding theory which are needed to understand this work. After that, we
will prove one of the most important bounds in coding theory and its analogue for
our work. Then, we will start introducing rank-metric codes by first giving the
motivation to study them. In the back cover of every book, there is an
ISBN(International Standardized Book Number) code. Depending on the date
of publication, it is either 10 digit or 13 digit. The books before 2007 have
ISBN-10 codes. For example, 0 — 587 — 44213 — 1. The last digit is called the check
digit. First 9 digits contain information about the book. Consider an ISBN code

r1— X2x3%T4 — T5TeT7T8T9 — 19 and the integer
R=x14+2z9+...4929.

If R=10 (mod 11), then we say x19 = X. Otherwise, we say z19 = R (mod 11). In
the example above, R =155. Then, R (mod 11) = 1. Since 1 # 10, we have z19 =1,
as above. If you make a mistake when typing in the check digit, then the system
can catch your error by the use of above formula. So, the ISBN code can detect all
single digit errors. However, it can not correct any of those detected errors. In this
case, since we can simply send the message again by re-entering the correct ISBN
code, it is not so crucial. In general, this will not be the case. We also say that
this code is very efficient. The reason is that, we only need one non-info symbol for
every nine information symbol. Now, let us examine our second example. Suppose
every data is encoded as a five bit string. This time, we duplicate each data 3 times
by repeating it rather than simply transmitting it. Consider 11010. It would be
forwarded as 11010 11010 11010. In the case of a single error, we can correct and
detect it as follows. The error has to be contained in one of the 3 blocks. That
means, the other two blocks are error-free and thus will still be equal to each other.
For example, the receiver can get 11010 10010 11010. In that case, we can see that
the first and the third are equal, whereas the second digit of the middle is 0. Thus,

we detected that error and can simply correct it by writing the second digit of the



first or the third. In general, we need more than half of the blocks agree to correct
the errors. Therefore, if we want to fix m errors, we need to repeat the data 2m+1
times. These codes are called repetition codes, and they are not efficient since we
are transmitting 3 symbols for only 1 information symbol. Now, let us properly

define what a code is.
Definition 2.0.1. A subset C' of A" is called a code over the alphabet A.

For now, consider A to be a finite field. However, note that codes over finite rings
are also possible and very interesting. To construct a code, we need an alphabet
and a desired length. Length of a code is denoted by n where C' C A™. (' is called
a linear code if it is a subspace of the vector space A", and in this case the usual
notation for the dimension is dim(C') = k. Our main work will be about codes that

are subspaces of the ring Fj*"™. We will call them rank-metric codes.

Theorem 2.0.2. Given a linear code C, we have |C| = ¢%™C) where A =T,

Proof. Consider the basis B of C. Let dim(C') = k. So, the basis has k elements.
Let B ={b1,...,bx}. Then, any codeword can be written as c1by + ...+ cxby, where

¢; € IFy. For each ¢; we have ¢ choices, so in total there are ¢" elements. O

Each of these k basis elements are vectors of length n. By writing them as rows, we
construct a k x n matrix. It is called a generator matrix for C'. If G is a generator
matrix for C, then C' = {uG|u € AF} since

uG:(uluk) =ury+... ugTkg.-

Definition 2.0.3. The orthogonal complement C of C is called the dual code of

C. This makes sense since C' is a subspace.

Definition 2.0.4. A generator matriz for the dual code C* is called a (parity)-check
matriz H of the linear code C. It checks whether an element lies in the code or not.
That is, C ={c € Fy | cHT = 0}.

We denote the linear codes of length n and dimension k as [n,k] codes. Note that
if C'is an [n, k| linear code, then a generator matrix is k x n, and the parity-check
matrix for C' must be an (n— k) x n matrix. Rows of G, H are linearly independent.

The following is very useful in computations.
Theorem 2.0.5. HGT =0= GHT where 0 is in appropriate size.

8



Example 2.0.6. Let C =< (120),(011)>C F§. Then we have

G:((l) i (1)) cde:(l 1 2)

See that Theorem 2.0.5 holds. Similarly, for any c= (a b ¢) € C, we have cHT =0
since a+b+2c=0 for all ce C. Thus, H checks whether ¢ € C or not.

Definition 2.0.7. For z,y € A", let d(x,y) be the number of different entries
in the same position, i.e., number of times x; # y; is occuring. The weight of
a codeword is given by wt(x) = d(z,0). The minimum distance of a code C is

d(C) =min{d(z,y) | z,y € C, x #y}. For linear codes, we have

d(C) =min{wt(x) | z € C, x #0}.

If we also know the minimum distance of a code, then we will denote it as [n, k,d]
code. This is of course if the field is clear from the context. We sometimes use
F —[n,k,d] to emphasize the field which the code is defined over.

Now, we will analyze our two examples according to the preceeding definitions.
ISBN code is a code of length 10 over F;; where X stands for 10 € F;. Consider
a1 = 0—587—44213 — 1 and ag = 2 — 469 — 65111 — 5. When we try to compute
a1 + az, we see that in the fifth digit we have X. However, we can not have X in
the first 9 digits by definition. So, the code is not linear. First 9 digits can take 10
different values, and the last digit is computed by the first 9 digits. So, |C| = 10°.
Since it is nonlinear, we can not talk about the dimension.

Repetition code is a linear code of length 5m over Fo where m is the number of
blocks. Since it is linear, we can talk about the basis. Consider the case m = 1.
The basis for the code is {10000,01000,00100,00010,00001}. So, the dimension is 5.
What about the minimum distances?

Consider I} = a1 — asazaq — asagaragag — c1 and Is = by — asazag — asagaragag — co.
Here, we assumed without loss of generality that the first digits are different and
we will argue that this will force the last digits to be different as well so that the
minimum distance can not be equal to 1. Note that if a; = by, then ¢; = ¢2 since the
last digits are determined by the first 9 digits and they are the same in this case.
So, the minimum distance is 2 for ISBN code. For the repetition code, we can have
d =1 for length 5, so the minimum distance is m for a code of length 5m. Now, if

we combine all the knowledge we got so far, we have the following table:



Table 2.1 Repetition Codes vs. ISBN Codes

H Repetition Code ISBN Code H

over [Fo over Fy;
detect errors detect errors
correct errors -
non-efficient efficient
linear, dimension =5  non-linear
length = Hm length = 10
distance = m distance = 2

Suppose C' is a linear [n,k,d] code over A. What that really means is that each
codeword in our code has k information symbols and n — k non-info symbols. The
more information symbols we have, the more efficient our code will be. Therefore,
we want k large with respect to n so that we are not transmitting respectively large
amount of non-info symbols. Besides efficiency, we mainly care about correcting as
many errors as possible. The parameter d determines how many errors our code
can correct. We want to say that our code C' is t-error correcting for some positive
integer t. To establish this, we need to make sure that given any word, there is
only one codeword of distance at most t from it. Let x € A"™. Geometrically, this
can be described by defining the closed ball B;(x) centered at x of radius t, i.e.,
Bi(z) ={y € A" | d(z,y) <t}. In the following theorem we will prove that the code

Cis {d; 1 J -error correcting.

Theorem 2.0.8. Let d(C') =d, and x,y € C such that x #y. Then, we have
Blag) (20 B 45 0) =0

Proof. Assume to the contrary that z lies in the intersection.

2k=d—1 ,if d=2k+1
2k=d—2 ,if d=2k+2
d(x,y) < d, a contradiction. O

Y

Then, d(z,y) < d(x,z) +d(z,y) < 2{%J = {

Since the balls can not intersect, the corrupted word will be inside a unique ball
of radius {%J by the above theorem. Then, we will understand that the correct
message was the center of that particular ball. Thus, we can correct the error since

we now know what was the corrupted word equal to before the noise.

Example 2.0.9. Consider the linear binary code C'=< 001110,110001 > . The code
has 4 elements which are 000000,001110,110001,111111. The minimum distance is
3 by definition. Thus, C' is Fo —[6,2,3] linear code.

10



Then, |45%| = 1. Let x = 001110 and y = 110001. We have
Bi(x) = {001110,101110,011110,000110,001010,001110,001111},

B (y) = {110001,010001,100001,111001,110101,110011,110000}.

See that the intersection is empty. Let say we received a codeword 110101. It is
not an element of our code. However, it lies on the unique ball B;(y) = B1(110001).
Thus, we can understand that it was supposed to be 110001.

In general, we want d large with respect to n so that we will be able to correct
reasonably high amount of errors. In summary, to have "good" codes, we want d, k
large with respect to n. We will see that they can not be both large at the same
time. Now, we move on to the family of error-correcting codes. Error-correcting
codes are developed by Richard W. Hamming and they are used to transfer data
in the most reliable way possible over unreliable communication channels. As the
name suggest, they are transmitted in a way that the message can be recovered given
unintentional errors. In almost all message transmissions, error correcting codes are
being used. The reason we are calling some channels unreliable is that they have
channel noise. In general, these communication channels can be physical such as
wires, or most commonly not physical such as computer networks.

Repetition codes are examples of error-correcting codes. One real life example is
providing clean communication with the astronauts in space using Reed-Solomon
codes. Note that we will use generalized Reed-Solomon codes in Chapter 4 to con-
struct extremal triples and they will play a crucial role for the existence of MTR
codes. In coding theory, block codes are a family of error-correcting codes that
encode data in blocks. When a sender wants to transmit a very long data using a

block code, the sender breaks it into messages of fixed size.

Definition 2.0.10. A block code is an injective function C: A¥ — A™ where A is
our finite and nonempty alphabet. A block code of length n is just a subset of A™.

Since A is injective, k < mn. Note that, we do not know if C' is surjective or not.

Thus, the following definition is required.

Definition 2.0.11. For c € A", if C(m) = ¢ for some m € A* then c is called the

codeword corresponding to the element m.
The procedure given by the block code is the following:
o Encode each message separately into a codeword which is called a block.

o Transmit all the blocks to the receiver.
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Example 2.0.12. Let A ={0,1}. Choose k=2 and n=6. We encode as

00 — 100000
01 — 010000
10 — 001000
11 — 000100
Consider the message m = 011000.  Then, this will go to the receiver as

01 » 10 » 00 where “ w7 represents concatenation.  Then the receiver gets
e1 =010000001000100000. Now, consider k=3 and n ==6. Let us use the following:

000 — 001000 100 — 100000
010 — 000100 001 — 000010
110 — 000001 101 — 110000
011 — 010000 111 — 000111

The same message m will go to the receiver as 011 » 000. Then, the receiver will
get eo =010000001000. See that e; = ex » 100000. Thus, by increasing k we get a

shorter code and we also increased the efficiency.

In this example, it may seem that choosing k =n is the best choice. However, we
will see a bound called the Singleton bound. If k£ =n, that would mean d =1. A code
can detect at most d — 1 errors, and that means our code can not even detect any
errors in the case k =n. As we explained before, we want both k£ and d large with
respect to n, and this is just one of the reasons. As seen in the previous example,
the transmission speed is very important, and we need a way to examine this. The

following definition comes naturally.

k
Definition 2.0.13. The transmission ratio of a block code is TR = —.
n

Since C' is injective, k < n. Therefore, TR < 1. Another way to see this is that, in
practice the data can not be compressed without a loss, and thus the ratio can be

at most 1. Now, we are ready to prove the singleton bound.

Definition 2.0.14. A,(n,d) = Mazimum number of codewords in a block code over

Fy of length n and minimum distance d.

It is easy to see that A4(n,n) = ¢ and Ay(n,1) = ¢". However, there is no general
formula for A,(n,d). Finding that could be one of the biggest achievements in coding

theory and we will state it here as an open problem.

Open Problem 2.0.15. Find a formula for Ay(n,d).
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Theorem 2.0.16 (Singleton Bound).
Aq(n,d) < qn—d—H

Proof. Let C be an arbitrary block code over I, of minimum distance d. The number
of words of length n is ¢". So, if d =1, then we are done. Now, consider the following

matrix:

—— ——

Let the rows of this matrix be alldt_h%e cod%gvt(l);rdls in our code. Suppose that the
codeword c¢; including u is in the a-th row and the codeword ¢y including v is on
the b-th row. Now, if u = v, then d(c1,c2) < d—1 since only the left part can have
different letters, and there are d — 1 columns on the left. This contradicts the fact
that minimum distance is d. Therefore, all the words on the right are pairwise
different. Now, assume that we deleted the first d — 1 letters of each word, i.e., the
left part of the matrix above. The newly obtain codewords have length n —d+ 1.
Since C' is over F,, there are ¢ different options for each coordinate in such a word

n=d+1l of them. However,

of length n —d+ 1. That means, we can have at most ¢
C was arbitrary, so this bound must hold for the largest possible code with these

parameters. That is, |C| < Ag4(n,d) < ¢"~ 4+ o

Corollary 2.0.17. If C is a linear [n,k,d]| code over IFy, then the number of code-
words is equal to ¢*. Theorem 2.0.16 gives ¢* < ¢" %1, Thus, k <n—d+1.

Codes that meet the Singleton bound are called MDS(Maximum Distance
Separable) codes. The name makes sense since when the equality holds, d=n—k+1
is maximum. They are very important as MDS codes have the largest error correc-
tion capacity since the amount of error correction is a non-decreasing function of d.
Separable code means that any codeword can be separated, i.e, the codewords are
of the form "information digits" » "check digits". It can not be the case that they

are mixed. For example, the ISBN code is a separable code.

Note 2.0.18. Linear MDS codes geometrically corresponds to arcs. For more details

and exposition of arcs in projective spaces, see [17].
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2.1 Rank Metric Codes

We are now ready to define our main family of codes, namely the rank-metric codes.
They will be the foundation of this thesis. We will start by explaining the reason for
their recently increased use by following [22]. Rank-metric was found as a solution
in network coding as a tool to handle the error amplification problem. Firstly, the

structure of the network is given in Figure 2.1.

Terminals

/ 7 ©
R, ®\ Some Nodes —~ @

Source \

Note that vy,ve,...,v, are vectors. Terminals wants all the n messages. The goal

Figure 2.1 Network N, Source S, and Terminals T

of the network is to maximize the number of transmitted messages to all terminals

per channel use, i.e., maximize the rate.

Figure 2.2 Butterfly Network

14



To increase the rate, there is a very common idea which is allowing the nodes to
combine received vectors. Here, combining can have different meanings given the
setting. In this case, we mean allowing the nodes to do linear operations. Consider
the classic butterfly example of network coding given in Figure 2.2 when the node
in the middle can add the received vectors. Here, T} does (vi +v2) —v1 = vg, and Th
does (v1 4+ v2) —v2 = v1 so that they both get all the messages. Now, we will try to
calculate the rate of the butterfly network. See that the transmission between the
middle nodes allow us to use the channel only once instead of twice( first sending vy,
and then v2.) So, we are transmitting 2 messages and we are only using the channel

once. So the rate is % = 2.

Definition 2.1.1. For any terminal T, we can associate a transfer matriz M(T)
such that M(T)-V gives us the messages that the terminal T receives where the

source S sends V. Note that the rows of V are the messages S send.

The following theorem summarizes the idea presented in [13]. Note that when we
say node operations, we mean the linear operations that the nodes perform such as

addition, scalar multiplication etc.

Theorem 2.1.2. Suppose N is a linear network, i.e, the nodes can perform linear
operations. Let p(N) =mn denote the minimum of minimum number of edges to be
removed in the network to cut the connection of S and T; for i € [m]. Assume S
sends the messages vy,...,v,. We will denote the transfer matriz by M(T') for a

terminal T'. Then,
(i) rate(N) = u(N).

(i) There exists some node operations so that the transfer matrices of all the

terminals are n x n invertable at the same time.
The following example is very crucial to understand the theorem above.

Example 2.1.3. Consider the Butterfly network given in Figure 2.2. We need to
remove at least 2 edges to cut the connection between S and T1. Since the network
is symmetric, the same is also true for Tao. So, u(N)=min{2,2} =2. The first
part of the theorem holds since 2 < 2. We are left to find the transfer matrices for

10 11
each terminal. It is easy to see that M (11) = (1 1) and M(T3) = (0 1) so that

v v
M(Ty) = ! which says that Ty received vy and vy +wve. Similarly, we
V9 V1 U2

can do the same to show that T received vy and vi + v9.

Given a transfer matrix M, the decoding is very easy by using part (ii) of the
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theorem since we now have

U1 U1

V2 V2
=M )

Un Un

It is time to talk about the amplification problem which we mentioned in the begin-

ning. See Figure 2.3 for a visualization of the error amplification problem.

Figure 2.3 Error Amplification

As can be seen from the figure, one error leads to more errors. In general, suppose
we have one adversary who can corrupt up to ¢ edges. This number ¢ is called the
adversarial strength. The corrupted edges are known as noise in communication
theory. If there is error amplification, then the number of errors in the edges, i.e.,
the amount of noise will be much higher than ¢. Fortunately for us, the rank-metric
is the solution. Suppose the message X is sent. Here, X is a vector whose entries
are the messages v;. Since each message has also fixed length, X is a matrix. If
we have n messages of length m, then X is of size n x m. If there is no error, then
the terminal receives M (T)X as we showed before. However, suppose there is noise
and the terminal 7" received some other matrix (7). It is explained in [14] that the

rank-metric prevents errors from amplifying and reformulated in [22] as follows.

Theorem 2.1.4. If the adversarial strength is t, then rank(E(T)— M (T)X) <t.

Thanks to this theorem, if we use the rank-metric then the edges that are corrupted
by the adversary can not lead to errors in the remaining part of the network. This
theorem is the reason of the renewed interest in rank-metric codes. Now, we will

zoom in on the theory of rank-metric codes to understand them better.
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Definition 2.1.5. Let ngm denote the ring of n X m matrices with entries coming
from Fy. An Fy-linear rank metric code is a subspace C' CFy*™. The rank distance
between XY € Fp*™ is d(X,Y) = rank(X —=Y). If C # {0} then the minimum

distance of C' is the following integer

d(C) :=min{rank(X): X € C, X #0} =min{d(X,Y): X, Y € C, X #Y}.

From this moment on, we will denote a rank-metric code C' of dimension k and

minimum distance d as an F, — [n x m, k,d] code.

Theorem 2.1.6 (Rank Metric Analogue of the Singleton Bound). Let C' be
an Fy—[nxm,k,d] code. Then, k < max{n,m}(min{n,m}—d+1).

Proof. Without loss of generality, let n <m. Let us consider the desired inequality in
base ¢. So, we want to prove ¢#™¢) = |C| < ¢™"=4+1)  Assume to the contrary that

|IC| > qm("_d“). Take any element of the code, i.e., a matrix and consider the last

n—(d—1) rows of the matrix [ — -‘ . See that there are m(n—d+1)
[m(n —d+ l)entriesJ

entries below. Since |C] > g™(*—d+1)

, by the Pigeonhole principle, there exists X,Y
distinct in C' such that they coincide in every entry of the last n —d+1 rows. These

X and Y must exist since there are ¢ choices for each entry but |C] > ¢™("~4+1),
A
So, X —Y = H has rank < d— 1. Thus, we have d(X,Y) <d—1 < d, contradicting

the fact that d(C) = d. Therefore, |C| < g™~ e, dim(C)<m(n—d+1). O

Definition 2.1.7. Codes that meet this bound are called MRD(Maximum Rank
Distance) codes. The reason we are calling them MRD 1is clear since when the

equality occurs, the distance is maximal.

In [5], it is proven that MRD codes exists for all parameters m,n, and d. One famous
example is the Delsarte-Gabidulin codes. It is the same paper that rank-metric codes

were introduced.

Example 2.1.8. Consider an F,—[5 x 3,k,3] code C. Suppose we want to find
a range for k. Rank-metric analogue of the singleton bound without considering
maz/min gives k < 3(b—3+1), that is k < 9. Now, if we consider rank-metric
analogue of the singleton bound properly this time, we will get k <5(3—3+1), that is,
k <5. So, we get a better bound. The reason we are taking the mazimum/minimum

of m,n is to get a better bound. In general 1 —d(C) < 0. As a proof, observe that

m>n = m(—d+1) <n(—d+1) = m(n—d+1) <n(m—d+1).
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3. 3-TENSORS REPRESENTATION OF RANK-METRIC CODES

In this chapter we will follow the footsteps of [23] but we will interpret it in our

terminology and make some additions.

Consider m vector spaces V; over F. Define T =V ®...®V,,. T is called the tensor
space and it is easy to see that it is an F-vector space. Let dim(V;) = d;. Consider

the bases B; for those m vector spaces:

By ={e11,....e14,} = {6111}51121

d
By ={ea,. ... e2d,} = {eair }ij—1

Bm = {em17 te 7emdm} = {emim }g;?:l

Definition 3.0.1. Tensors of the form v1 ® ... vy, are called pure (or simple)
tensors. Consider a pure tensor v1 Q... v, where v; € V;. We can write each of

these vectors as a linear combination of the basis elements.

dq dm
U1®~~~®/Um = (Z U1i161i1>®"'®( Z Umim,emim)
11=1 im=1

Arbitrary elements of T are expressed as sums of pure tensors. Now, let us consider 3
vector spaces. If {uy,...,ux},{v1,..., 00}, and{wn,...,wy} are bases of U,V, and W

respectively, then a basis of U®V @ W is given by
{ui®@vj®@ w:1<i<k 1<j<n, 1<1<m}.

In particular, dimp(U® V @ W) = dimp(U) dimp (V) dimp(W) for a field F. In this
section, we are interested in tensor products of the form F* @ F" @ F™, whose
elements are called 3-tensors, or 3-fold tensors. An element of this space can be
represented by a 3-dimensional array. Similarly, a 2-fold tensor can be represented

by a matrix, just as a 1-fold tensor can be represented by a vector. One can define
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a 3-dimensional array of size k x n x m as a function
X: [kl x[n]x[m]—>TF

which we represent as X = (7,57 :1<i <k, 1<j5<n,1<1<m).

Note 3.0.2. Given a 3-fold tensor X = 2521 Uy @Ur Qwy, we automatically have its
coordinate tensor x;j = 27{%:1 WirVjrWyy, Where wp = (Uip, ..., Uky ), Ur = (V1p, ..., Unr),

and wy = (Wiy, ..., Wy ). Hence, we can represent FF @ Fr @ F™ by Fkxnxm

The natural question is how to do operations with tensors. The following maps

define the multiplication of 3-fold tensors with vectors (s = 1) and matrices (s > 1):

my Xk o phxnxm _ psxnxm . (A,X) — ml(A X) = Z(Aui)®vi®wi
My : FSXN x Fhxnxm _y gphxsxm . (B,X)— meo(B,X) Zuz (Bv;) @ w;
mngSkaFkxnxm%kaxs'(C X) — m3(C, X) Z:m@)vZ (Cw;)

for any X =3, u; @ v; @ w; € FRxnxm,

Definition 3.0.3. Let X € FP1xD2xDs For eqch i € 1,2,3, we define the i —th
contraction space of X to be cs;(X) = (m;(e1,X),...,m;(ep,, X)), where e; € [Flxk

such that i —th entry is 1 and other entries are 0.

Clearly, contraction spaces are [F-vector spaces, so we can talk about their

dimensions. The following definition will be used all around in the thesis.

Definition 3.0.4. We denote the dimension of csi(X) by dim;(X). X is called

i-concise if dimi(X) = D;. X is called concise if it is i-concise for all i.

Let X = Zf”:l Uy @ v @, € FF*m  Now, we will try to calculate mi(ej, X) where
1 <j <k. By the map defined above, mi(ej, X) = Zﬁzl(ejw) ®v, @w,. Note that

(ejur) = wjr, and ujr ® v, = 1 @ ujpv, = ujpv,. Thus, we have the following.
Note 3.0.5. mi(e;, X) = Zle Ujr Uy @ Wy

So, the first contraction space cs1(X) = (X ujpv, @wy 1 1< j < k) is a span of k

matrices of rank at most R.

Example 3.0.6. Let X =e;®(e1®ej+ea®@es+ea®@eq+e3®ea+ezR@es)

+ea®(e1®@eq+ea@ex+ea®@eq+es®er) in F2RF3@FY. Find cs;(X) foric1,2,3.
For X c FEQFM @F™, cs1(X) is the span of k matrices of size n xm, csg(X) is
the span of n matrices of size k x m, and cs3(X) is the span of m matrices of size
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kxmn. Basically, to find cs1(X), we write X =e1 @ (...)+e2®@(...)+...+ex@(...).
Similarly, to find cs3(X), we write X = (...)®e1+ ...+ (...)®enm. The same
reasoning works for csa(X), where we look for ey,... e, as the middle elements
of the pure tensors whose sum is X.

X=e1®(e1®e1+e2®@e3+ea®@es+ez3®@ezt+ez3®e3) +ea® (61 ®@eq+e2® e
+ea®eq+e3®eq). By definition, cs1(X) is the span of two 3 X 4 matrices. Thus,

cs1(X) = <

o O =
— o O
_ = O
o = o
_ o O
oS = O
o O O

S =
~—

where e1 @ (e1 ®e1 +ea®ez+ea®eq+e3Rex+e3Res) corresponds to

1000
A=(0 0 1 1
0110

such that e; @ ej = a;;.

By the same process, we get the following results:
X=(€1®e1®e;+eaRe1®eq)+ (61 Rea®e3+e1Q@ex@eq+ €2 ®ex @ e
+ea®ea®eq)+ (61 Qez@er+e1 Vez3®ez+ea®esz ey ), which implies

< 1 0 00 0011 0110 >

cs2(X) = : : :

0 001 01 01 1 0 00

Also, X = (e1®e1+ea2®e3)®@e;+(e1®@e3+ea®er)®ea+ (61 ®ea+e1 ®ez) Des
+(e1®@ex+ea®e; +e2Rez) ey, which implies that

100\ {001\ (011 (010
683(X>:<<0 0 1)’(0 1 0)’(0 0 0)’(1 1 0)>'

Now, let us define one of the main complexity measures we are going to use
throughout the thesis.

Definition 3.0.7. Let X € FF*"Xm_ The tensor rank of X is the minimum
integer R such that X = Zleur QU @w, for ui,...,up € F¥, wvy,...,op € F?,
and wy,...,wg € F™. We write trk(X) to denote the tensor rank of X.

We will also see that this has very interesting geometric meanings and try to create
codes whose tensor ranks are minimal. In the next subsection, we will state and
prove a lower bound on the tensor rank that will be one of the fundamental theorems
which we are going to use in this thesis.
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3.1 Three-Way Arrays

The following theorem stated in [15] provides a lower bound for the tensor rank.

Theorem 3.1.1. Let X € FF*">™ pe 1-concise. Then,

trk(X) > dimy (X)) +min{trk(my (u, X)) :uw e F¥\ {0}} —1.

In our language, X being 1-concise means dim;(X) = k. Recall that a rank metric
code is a subspace C' CFy*™. If C' # {0}, then the minimum distance of the code
is d(C) := min{rank(M): M € C,M # 0} = min{d(M,N): M,N € C,M # N}, as
stated in Definition 2.1.5. Since ¢s1(X) = (mi(e1,X),...,mi(ex, X)) is the span of
n X m matrices, and the e;’s are nonzero, we have cs1(X) CFp*™, and cs1(X) # {0},
for X #0. Thus, d(cs1(X)) = min{trk(mi(u, X)) : v € F¥\ {0}}. That is, in our
terminology, Kruskal’s Theorem is equivalent to say that trk(X) > k+d(cs1 (X)) —1.

Theorem 3.1.2 (Kruskal’s Theorem). Let X € FF*"*™ pe 1-concise. Then,
trk(X) > k+d(esi(X))—1.

We will prove Kruskal’s Theorem using three-way arrays. Note that, in this
subsection, we will also construct correspondences with the previous parts and show
the analogues versions in three-way arrays language, just as we did above with
rewriting the Kruskal theorem. A three-way array (or 3D matrix) is an array of

numbers w3, for i € [I], j € [J], and k € [K]. We say X is an [ x J x K array, x;jj.

Definition 3.1.3. A v-slice of X is a matrix formed by fixing the v-th index, for
v=1,2,3. We will use X; to indicate the i-th slice of X, which is a J x K matriz.

It is clear that there are I such slices since i runs from 1 to 1. We let dim;(X) to
be the dimension of the space consisting of all linear combinations of X;’s. This is
actually the same as we defined them in Definition 3.0.3 and 3.0.4. Let us show the
correspondence with our original definitions by showing dimq(X) = dim(cs1(X)).
First observation is that, v-slice corresponds to m, map. We will only examine the
case v = 1. The other cases v =2 and v = 3 are similar. We can see this by recalling

the m; map:

my :FSXI X]FIXJXK _}IFSXJXK.

Since we are fixing the first index, we have S =1 in the map. Thus, we have a map

21



FIXT o RIXIXE _ pIXIXK (75 K matrices), that is, m takes I different inputs

that fixes the first index just as there are I many 1-slices. So,
CSI(X) = <m1(€1,X),...,m1<€],X)> = <XZ ’ i = 177[>

Thus, dim1(X) = dim(cs1(X)), as desired. We shall call X to be l-concise if
dimy(X) is the number of slices Xj, i.e., dimj(X) = 1.
The natural continuation is the representation of X in this context. Let A be I x R

matrix of elements (a;y), and similarly B, and C are J x R and K x R matrices.

Definition 3.1.4. The triple product [A, B,C| of three matrices is a three-way array

whose (i,7,k) —th element is x;;, = 25:1 @irbjrChy.

Obviously, a triple product can be taken only when all three matrices have the same
number of columns. At this point, we would like to continue our analogy by realizing
that the definition above is the same as the definition of a coordinate tensor given
in Note 3.0.2. Suppose X = [A, B,C] and the decomposition involves R columns.
This corresponds to X = Zf; A; ® B; ® C;, where

A=(A|...|Ar ),B=(Bi|...|Br ).C=(C1]...|Cr).
Let V be an n-dimensional vector space. Let a®@b®c eV @V @V, where

a=(ay,...,an), b=(b1,...,by), and ¢ = (c1,...,cy). Also, let {eq,...,e,} be a basis
for V. Then, a =3 a;e;, b= 2?21 bjej, ¢ = _;ckex. Therefore, we have

n n
a@b@c = (O aie)® Zb ;)@ (> ckey)
1=1 k=1

I
M:

lasbjck(e; ®@ej @ey)]

.

g5k

n
,M

~.

This connection shows how we defined the 3-tensors in the first place. Again just as
in the beginning of the chapter, it is time to introduce multiplication of an array by
a matrix to continue our analogy. The product in general is an array, as well. We

are only interested in left multiplication, the m; map, which we write as
UX =U[AB,C]=[UA,B,C|

This multiplication is associative just as matrix multiplication.

Definition 3.1.5. Let X = [A,B,C|. We say that X is a representation with R
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columns if the number of columns in each of the matrices A, B, and C' is R. Then,

we say that rank of this array is R.

Note that, if X is 1-concise, then A has full rank. The reason is that, Aisan I x R
matrix by definition and X being 1-concise implies dim;(X) = I. Since we have
dimy(X) < rank(A), we conclude that A has full rank. Here, let us also note the

following inequality which follows from the definition:
rank(X) > dimy(X).

The following lemma shows the importance of being 1-concise.

Lemma 3.1.6. Let X be 1-concise. If u#0, then uX # 0.

Proof. Here u is a vector, so that uX is a matrix formed by taking a linear
combination of the 1-slices of X. However, we are also given that X is 1-concise.
Thus, all 1-slices of X are linearly independent. That means, if u # 0, then
uX # 0. [

Recall that our goal is to prove Kruskal’s Theorem 3.1.2. The following lemma and

theorem are needed to proceed that are stated in [15].

Lemma 3.1.7. Let X = [A,B,C] be a representation with R columns. Then,

rank(X) < R — number of zero columns of A.

Proof. Suppose A has p zero columns. Without loss of generality, call them A4, ..., A,
and represent A as A = ( Aq ‘ ‘ Ap ‘ ... | AR ) Then, we have
Tijk = 25:1 A BjrClyp = Z§:p+1 AiyBjrChy. So, rank(X) < R—p, as desired. [

Theorem 3.1.8. Suppose X is 1-concise, and T = {u|u # 0}, where u is a vector.
Then, rank(X) > mingey rank(uX) +dimq (X) — 1.

We claim that this theorem is equivalent with Kruskal’s Theorem. Observe that,
in both cases u # 0. In both statements, I —1 are the same since X being
1-concise in Theorem 3.1.8 implies that dim(X) = I. Note that tensor rank equals
to rank when we have 2-tensors. Multiplication is given by the m; map in tensors.
So, we are multiplying v and X and taking the minimum of the rank in both cases.
Thus, min{trk(m1(u, X)) :u € F*¥\ {0}} and min,ey rank(uX) where T = {u|u # 0}
are equivalent. In addition to that, X is 1-concise in both cases, so we have two
equivalent statements. We will prove this theorem, and that will mean proving
Kruskal’s Theorem 3.1.2. Here is the proof of Theorem 3.1.8.
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Proof. Since X is 1-concise, by Lemma 3.1.6, u # 0 implies uX # 0. So,
ming, ey rank(uX) > 0. Observe that we can have rank(uX) =1 by choosing u equals
to 1 in a single entry and 0 elsewhere. So, minyey rank(uX) = 1. Then, we are left to
prove that rank(X) > 14+ dimi(X)—1=dim;(X). Of course, rank(X) > dim;(X)

as we noted before. So, we are done. O

Kruskal proves it in a different setting by first proving the following theorem.

Theorem 3.1.9. [Theorem 2 in [15]] If X =[A, B,C| is any representation, then
we have R > minpey rank(TX) 4+ maxges (number of zero columns in SA), where T

is any set of matrices and 6 C Y.

Proof. Let R be the number of columns in A, B,C. For any S € §, we have
minpey rank(TX) < rank(SX) since 6 C Y. We know that X = [A,B,C], so
SX =[SA,B,C] and rank(SX) =rank([SA, B,C)).

7rpei%mnk(TX) < rank(SX)=rank([SA,B,C])

< R —number of zero columns in SA

where the second inequlity follows from Lemma 3.1.7. Since this is true for any S,

we can take the maximum over all S € §. Thus, we have
minpeyrank(TX) < R—mazrges(number of zero columns in SA).
]

Kruskal considered Theorem 3.1.8 as a corollary of this theorem and proves it

differently but in an elegant manner. We give the proof here, as well.

Proof. Let X =[A,B,C] and R be the number of columns in X, i.e., by definition
rank(X) = R. Define § = {uluA # 0}. X being l-concise with the Lemma 3.1.6
implies T = {u|u # 0} = {u|uX # 0}. We claim that T =4J. We will show both
inclusions. uX = [uA, B,C] # 0 means uA # 0, so T C §. However, if uA # 0, then
u#0,80 0 C{ulu#0}=7. Thus, we have T =J. Now, consider

maz,es(number of zero columns in uA)

= mazyes(number of columns of A which are orthogonal to u) > rank(A)—1=1-1.

First of all, since X is 1-concise, rank(A) = I. Last inequality follows from picking

I independent columns of A, and select u orthogonal to I —1 of them so that we
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have u # 0 and uA # 0. Thus, we get
maxyes(number of zero columns in uA) > 7 —1.
Now, we will use Theorem 3.1.9 which states that if 6 C T, then we have
R > minrank(uX)+maz,cs(number of zero columns in uA).

ueY

Here, 6 =T, so we can use the theorem.

R > mi¥rank(uX ) +mazx,es(number of zero columns in uA)
uc
> minrank(uX)+dimi(X)—1
ueY
Since rank(X) = R and rank(A) = dim1(X), we are done. O

Now, we have a lower bound on the tensor rank. We noted in Definition 3.0.7 that
the rank of a tensor equals to the minimal number of pure tensors whose sum give us
the tensor back. This minimal decomposition of a given tensor into its pure tensor
components is a very important problem and has many applications from machine
learning to quantum information as well as algebraic geometry. In the last chapter,
we will pick up the algebraic geometric approach and see that the points of the
Segre variety corresponds to pure tensors. Afterwards, we will argue that we can
construct some minimal tensor rank codes by this method. To explain the difficulty
of this problem, it is important to note that there are no known algorithms like

Gauss-Jordan elimination for computing the tensor rank.
Open Problem 3.1.10. Given a tensor, find an algorithm to compute its rank.

We will start examining the tensor rank in the next subsection and finally define

what we mean by the tensor rank of a code.
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3.2 Tensor Rank

For a given F, — [n x m, k| code C, encoding is done via an F,-monomorphism(i.e.,

an injective homomorphism)
.k nxm
E:F,—=F, "™

Here Flg is called the information space and ngm is called an ambient space.
Roughly speaking, ambient space is a space surrounding an object along with the
object itself. The space of all such encoding maps is a subset of set of all F,-module
homomorphisms Homp, (IF],; ™) =H.

Theorem 3.2.1. If R is a commutative ring and A, B are two R-modules, then
Hompg(A, B) is an R-module.

By the above theorem, we have H is also an Fj,-module since F, is commutative.
We also know that [Fy is a field, so H is a [Fg-vector space of dimension £ x n x m.

Therefore, Homp, (IFS,IF;‘XT") &~ Flgxnxm. The isomorphism is the following:

©: ngnxm —H
X r—)EX

IF]; — Fy ™™ g—> ma(g,X)

Remark 3.2.2. One might argue that my(g,X) was defined to be an element of
F}IX”X’”, and so it should not lie in Fy*™. Here we are seeing m1(g, X) € Fy™™ by

considering the isomorphism Féxnxm = ngm since the first component is a scalar.

So, we can see 3-tensors as encoders. Thus, as an analogy of the generator matrix

of a linear code, we define a generator tensor of a rank-metric code.

Definition 3.2.3. A generator tensor for an Fq—[nxm,k| code C is an element
X € FFXmXm sych that cs1(X) = C.

Lemma 3.2.4. If X € FFX"m s o generator tensor of the code C, then any
codeword in C' is of the form mi(a, X) where a € F¥.

Proof. By definition, C'=¢s1(X) = (m1(e1,X),...,mi(ex, X)). Thus, any codeword
is of the desired form. O

Now, recall that X is 1-concise if dim(cs1(X)) = k. This means, if X is a generator

tensor of ', then X is 1-concise. This is very useful but we need a clever way to
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make use of this definition. The important question is how to realize a code C as a
contraction space of a tensor X. It depends on the tensor rank! We want to somehow
realize a code as a contraction space of a tensor X. We want to express the generating
tensors as minimal sums of pure tensors. However, given a tensor, finding a tensor
rank is NP-complete as proven in [9]. Here, the importance of generator tensors will

appear via help of the following theorem.

Theorem 3.2.5. [Theorem 14.45 in [2]] Consider T € F**"*™ and R > 0. Let
X1, oo, X, 1, oo, Yo, 2y, ..., Zpy be indeterminates over F. TFAE:

(1) trk(T) < R.
(2) A1,...,Ap € F™™ of rank 1 matrices such that c¢s1(T) C span{Ay,...,AR}.

(8) 3Dy,...,D;, € FRXE and P e F**E Q € F™*E such that
cs1(T) = P(D)QT = P(Dy,...,Di)Q" = (PD1Q",..., PD,QT).

(4) There exists linear forms fs € X, gs €Y, and hs € Z for s € [R] such that

R
D tigXiYiZy =" fs(X)gs(Y)hs(Z).
il s=1

Proof. We will denote u, = (ujr : 1 < j < k) € F¥ and ¢; € F1*¥,

“l = 2" Let trk(T) < R. Then, T = Zf“:l Uy @ vy @ w, for some u, € FF v, € F"
and w, € . Recall that my(e;,T) = 2521 wjrvr @ wy by Note 3.0.5. Thus,

cs1(T) = (myi(e1,T),...,mi(ex,T))
= <§:ujrvr®wr 1<y < k>

r=1

C(v,@wy:1<r<R)=span{Ai,...,Agr}.

“2 = 1”7 Assume the hypothesis ¢s1(7T") C span{Ay,...,Ar}. Let A, = v, @ w, be
rank 1 matrices. Then, for all 1 < j <k, there exists u; € F by Note 3.0.2 such that

R R
mi(e;,T) = Z wjr Ay = Z Wjr Uy @ Wy
r=1 r=1

Thus, T =2 | u, ® v, @w, and trk(T) < R.
“1 <= 4” Apply Note 3.0.2 to Definition 3.0.7, and then set
k

n m
fs(X) = ZuiTXiu gs<X) = Zvjryja hs(X> = Zwlrzl-
i—1 j=1 =1
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“l = 3”7 Let D; be R x R matrix such that the diagonal elements of D; are u;y
for 1 <r < R. Now, construct two matrices P = (vj : 1 <j <n,1 <r <R) and

Uj1 0 | | - w; - R

PDjQT:P QT: v1ug1 ... UVRUGR :Zujrvr(@wr.

| r=1

0 UjR | — WR —

“3 = 1” Construct T'= Zfi:l Uy ® U @ w, such that v, is the r-th column of P,
wy is the r-th column of @ and w;j, is the r-th element of the main diagonal of D,

for each j. Then, by construction the tensor rank is at most R, as desired. [

We will write an example to understand what is going on.

Example 3.2.6. Let X =e1® (61 Qeq+ea®ea+e3R@ex+e3®eyq)+
ea®(e1®@e3—e3®es) in FZRF3@F4. Firstly, we will find the first contraction
space just as in the Example 3.0.6. We know that cs1(X) is the span of two 3 x 4

matrices. Thus,

cs1(X) = <

o o o
— = O
o o o

Now, the critical part here is to write X as sums of rank 1 tensors. As mentioned
before, this is a very hard problem in general. In this case, considering the small
dimension of the example, we were able to find the following pure tensors

X1 =e2®(e1 —e3)®@(e2+e3+eq), Xo= (e1—e2)®(e1+e3)® (e2 + eq),
X3=2e2®e3® (e2+eyq), and Xy =e1 ® (—e1 +e2) @ea. Observe that

X:X1+X2—|—X3—|—X4.

Now, we choose P, Q) and Dj ezactly in the proof of 3.2.5 in the part “1 = 3.7
So,

{1 1 00 0O 0000 1 0 00
1 111 01 00 0 -1 0 0
P= 0 0 1 ) = 7D1_ 7D2:
11 0 1 000 00 0O 0 2 0
1 110 0 001 0 0 0

since up = eg,ug = (e1 —e2),u3 = 2e9,uq = e1,v1 = (€1 —e3),v2 = (€1 +e3),v3 = e3,
vy = (—e1+e2), w1 = (e2 +e3+eq), w2 = (e2+es), w3 = (e2+e4),ws = e3.
Now, also see that we get the desired A= PD1QT, B= PDyQ".
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Remark 3.2.7. Note that in Example 3.2.6, X was written as a sum of 6 pure
tensors in the beginning. That means, trk(X) < 6. However, we found 4 rank 1

tensors whose sum is X. Thus, we actually showed that trk(X) < 4.
Theorem 3.2.5 also has a very useful corollary which will be used a lot.

Corollary 3.2.8. Let C' be an Fy—[nxm,k,d| code. If X1 and Xy are different

generator tensors for C, then
t?”k‘(Xl) = tTk‘(XQ).

Proof. By Theorem 3.2.5 and the fact that c¢s;(X;) = C for a generator tensor X
of the code C, we have trk(X;) = min{R : C C span{Ai,...,Ar}}. Similarly, by
definition cs1(X32) = C. We know from basic linear algebra that the number of basis
vectors is unique although the choice of basis vectors for a given vector space is not

unique. Therefore, we have the desired result

trk(X1) =min{R: C C span{Ai,...,Ar}} = trk(X2).

As a conclusion, we have the following definition.
Definition 3.2.9. trk(C) = trk(any generating tensor of C).
Now, naturally we wonder how small or how large can tensor rank be.

Theorem 3.2.10. trk(C) > k+d—1.

Proof. Let X be a generating tensor for C. Then, trk(C) = trk(X) as we observed
above. Since any generating tensor is 1-concise, i.e., dim;(X) = k, we can apply the
Kruskal’s Theorem 3.1.2. Thus,

trk(C) =trk(X)
>k+4+d(es1(X))—1=k+d(C)—1=k+d—1.

]

The natural question comes to mind is that whether the tensor rank is invariant
under code equivalence or not. To determine this, we first define what does it mean

for codes to be equivalent.
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Definition 3.2.11. A bijective map f : ngm — g™ is called an isometry if it

preserves rank distance, i.e,
d(M,N)=d(f(M), f(N))

for all M,N € F*™. Two codes C1,Cy CFy*™ are equivalent if and only if there
exist an Fy-linear isometry f such that f(Cy) = Ca.

The following theorem is very important because it shows that tensor rank is
invariant under code equivalence. Note that, there are other types of equivalences

but there we restrict ourselves to Definition 3.2.11.

Theorem 3.2.12. Let C'1 and Co be two equivalent codes, then

t?”k(Cl) = tT’k(Cg).

Definition 3.2.13. Let C' be an Fy—[n x m,k| code with trk(C) = R. A set
A={Ay1,...,Ag} CEFZ*™ of rank 1 matrices such that C'C (A) is called an R-basis
for the code C.

Note that if C1 and Co are a pair of codes satisfying Co = f(C) for an isometry f,
then any R-basis A for C] gives an R-basis f(A) for Cy. Since f is a bijection, we
have dim({A)) = dim({f(A))). Tensor rank of a code equals to the tensor rank of
any of its generator tensors. Then, by Corollary 3.2.8, we get Theorem 3.2.12; as

desired.

Definition 3.2.14. A code C is called MTR(Minimal Tensor Rank) if the equality
holds in Theorem 3.2.10, i.e, trk(C) =k+d—1.

In algebraic complexity theory, it is known that existence of MTR codes implies the
existence of MDS codes. We can think of it as follows. Suppose trk(C) = R. We
will see in Theorem 4.1.2 that there can be constructed a [R, k,d'] code where d’ > d.
Since, C is MTR, we have R =k+d — 1. Thus, by the Singleton bound, d’' = d. So,
we get a [k+d—1,k,d| code, i.e, an MDS code. What about the converse?

Open Problem 3.2.15. Given an MDS code, find an MTR code.

Note 3.2.16. Euzistence of MTR codes for any given wvariable is still an open
question, as well. The problem is adressed in [23] and they constructed some classes

of MTR codes which we will explain later in the thesis.

In coding theory, finding efficient ways to realize equivalence or inequivalence of

codes is a big problem. We are going to define generalized tensor ranks of a code
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C' that can be used for that manner. Equivalent codes have the same generalized
tensor ranks. However, note that generalized tensor ranks fail in terms of duality,
i.e., there exists two codes with same generalized tensor rank but their duals have

different generalized tensor ranks. For examples of these, see [23].

Definition 3.2.17. Let S be the set of all subspaces of Fy™™ which are generated
by rank 1 matrices. Let r € Z such that 1 <r <k where k is the dimension of an
F,—[nxm,k,d] code C. The r-th generalized tensor rank of C' is

d,(C) =min{dim(S) | S €S, dim(CNS)>r}.

Let us explain this definition. We are looking for subspaces of rank 1 matrices in
ngm such that the intersection of those with the code is at least a space of dimension
r. Then, among those subspaces, we take the one that has the minimum dimension.
Basically, we are constructing an inclusion type of relation with subspaces of rank

1 matrices and the code C', that is, we are trying to find the tensor rank!

Note 3.2.18. Observe that r-th generalized tensor rank is invariant under the group

of the Segre variety that we will see in Chapter 7.

Given a code C as in the above definition, we have the following theorem which
shows the relation between the k-th generalized tensor rank and the tensor rank,

and that is the reason we are looking at generalized tensor ranks in this thesis.
Theorem 3.2.19. Let 1 <r <k. Then, we have

(1) d=di(C).

(2) trk(C) = d(C).

(3) If 1 <r<mn-—1, then d.(C)+1<dr4+1(C).

(4) trk(C)—k+r>d.(C)>d+r—1.
Proof. (1) We are given that d(C') = d. Thus, consider a matrix A € C' such that
rank(A) = d. That means, we can represent A as a sum of rank 1 matrices A; such

that
A:Al—l—...—l—Ad.

Clearly, the subspace S = (A1,...,Ay) gives us the desired subspace to calculate
dy(C). Since dim(S) = d, we have d;(C) = d, as desired.

(2)
trk(C) =min{R : C C span{Ay,...,Ar}}.
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Let A= span{Ai,...,Ar}. Note that A € S. Since C C A, we have CNA=C. By
definition, A is the smallest dimensional set in S such that it contains C. Thus,
dp(C) =dim(A) = R=trk(C), as desired.

(3) Note that if r > mn, then d,11(C) = 0. Let dy41(C) = dim(S). Then, we have
dim(C'NS) > r+1. Now, consider an hyperplane H of S. By definition, H C S
and dim(H) = dim(S) — 1. To finish, we will show that d,(C) < dim(H). Since
dim(H) = d,4+1(C) — 1, that would imply that d,(C)+1 < d,4+1(C), as desired.
However, d,(C) < dim(H) is obvious since every hyperplane H of S meet C in
dimension at least r due to the assumption dim(C'NS) > r+1.

(4) Note that dy41(C) > d,(C)+1>dr—1(C)+2> ... > di(C)+1r = d+r where
the first inequlity follows from (3) and the last inequality follows from (1). Thus,
d,(C) > d+r—1. For the other part, we will use (2), i.e., trk(C) = di(C). Since
1 <r <k, we have trk(C) =di(C) > dj—1(C)+1> ... > d(C)+ k —r. O

We will close this section by noting that the theorem above provides another proof

for Theorem 3.2.10. Here is the proof:

trk(C)=di(C) > d.(C)+k—r
>dr1(C)+k—r+1>...
>di(C)+k—r+(r—1)=d+k—1.

We will close this subsection by showing one of the reasons why evaluating the tensor

rank is very difficult. That is, it depends on field we are working on.

Example 3.2.20. Let X € F?@F?2®F? such that

X=e1RQe1Qe1—e1RQea®er—eaRea®e; +ea@e; ea.

We will show that it has different ranks over R and C.
X=(—e1—e)Rea®ea+(e]1—e2)Re1®e;+ea® (e1+e2) R (e +e2).

So, its rank is 3 over R.

1 1 . . 1 1 ) .
X = (561 + 27,62) ® (e1+ie2) ® (€1 +ie2) + (561 — %62) ® (e1 —iez) ® (e1 —ieg).

So, its rank is 2 over C.
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3.3 Vector Codes

In this subsection we will provide some projective geometry background and show

some constructions of rank-metric codes from the vector codes.

Definition 3.3.1. Given a vector space V' over a field K, the projective space PG(V)
is the geometry obtained from the nontrivial subspaces of V', i.e., it is the set of
equivalence classes of V'\ {0} with the equivalence relation ~ given by x ~ 1y if they

are scalar multiple of each other.

Let V =K"*!. Then, the subspaces of V of dimension 1, 2, 3, 4, and n are called
points, lines, planes, solids, and hyperplanes of PG(V) = PG(n, K).

Their projective dimensions are 0, 1, 2, 3, and n — 1 respectively. Note that if K=,
then we denote PG(n,K) = PG(n,q).

Definition 3.3.2. A vector code is an Fgm-subspace C' C Fym.

We have two main questions in this subsection.

Question 3.3.3. How do we obtain rank-metric codes from vector codes?
Question 3.3.4. How do we define the tensor rank of any vector code?

We will start with the first question and then it will provide us a clue about the
second one. Consider a basis B = {by,...,by} of Fgm over F. Let v € Fym. Define the
matrix B(v) € F/*™ whose (4, j)-th entry is the j-th coordinate of v; with respect

to B. Then, we define the corresponding rank-metric code as
B(C)={B((v):veC}.

In addition to that, we have dimy, (B(C)) =m- dimp, (C) and the minimum
distance of the vector code is the minimum distance of the code B(C') for any
basis B. Note that, when m > n the code C' is MRD if and only if B(C) is MRD if
and only if dimp,(B(C)) = m(n—d+1) if and only if m-dimg,,, (C) =m(n—d+1)
if and only if dimg,,(C) =n—d+1. Thus, we have the following theorem.

Theorem 3.3.5. Let m >n. A vector code C' C Fim is MRD if and only if

d(C) = n—diqum(C) +1.
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The following example explains the concepts defined above.

Example 3.3.6. Consider C =< (1,a) >CF3. Let Fg =Fs[a]/(a®+a+1). Consider
the standard basis B = {1,a ,a?}. Note that

1-(1,0) = (1,a), a-(1,a) = (a,a?), o®(1,a) = (a*,a+1).

So, we have the matrices

1 00 010 0 01
B(1,a) = ,B(a,a?) = ,B(a?,a+1)= :
010 0 01 1 10

Thus, the corresponding rank-metric code is

100\ (010) (001
B<C>:<(0 1 0)’(0 0 1)’(1 1 o)>:<Bl’BQ’BS>'

Now, consider the normal basis N = {a,a? o+ a+1}. Note that
(@®+a+1)-(1,a)=(®+a+1,0®+1), a-(1,a) = (a,a?), o*(1,a) = (o, a+1).

So, we have the matrices

1 11 010 0 01
N(a’+a+1,a2+1)= N(a,a?) = N(a? a+1)= :
1 01 0 01 1 10

Thus, the corresponding rank-metric code is

1 11 010 0 0 1
N(C) = , , = (N1, No, N3).
R R i R
See that By = No and Bs = N3. We also have the relations N1 = B1+ Bo+ B3 and
By = N1+ No+ N3. So, N(C) :B(C).

Thus, we answered Question 3.3.3. This example also motivates the following remark

and that will help us answering Question 3.3.4.

Remark 3.3.7. Let C C Fim a vector code, and B,N be bases of Fym /Fy. Then,
the rank-metric codes B(C') and N(C) are equivalent.

The following corollary answers Question 3.3.4.

Corollary 3.3.8. Let C CFyn a vector code, and B,N be bases of Fym /Fy. Then,

trk(B(C)) = trk(N(C)).
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Proof. By Remark 3.3.7, B(C') and N(C') are equivalent rank-metric codes. Then,
by Theorem 3.2.12, we get the desired result. O]

So, tensor rank of a vector code C' is the tensor rank of any of its rank-metric
representation. Of course, we already answered the Question 3.3.3 but there is a
beautiful geometric answer to it, as well. Now, we will provide that here.

A point v of PG(n—1,¢™) is a one dimensional subspace of Fym and consists of the
set Sy = {Av |A € Fyn}. To generalize this, consider a (k —1)-dimensional subspace
IT of PG(n—1,¢). In the above, k = 1. Note that k= 0 corresponds to the empty
set. Let Il = PG(U) where U = (uy,...,ug). Similarly, we get

Sy = {alul,...,akuklai S ]qu}.

Define the km-dimensional subspace F'(II) as the set spanned by the elements of

Syr. Now, the big idea is to use the field reduction map which we define next.

Fom,q: PGn—1,4") —PG(nm—1,q)
1T+ F(II)

Consider Example 3.3.6 again. Here, ¢ =2, m =3, and n = 2.

6
F2 ¥z 3 — dimensional
Fy subspace
(1,&) [ ]
Fo30
1 P 2
PG(1,23) G5,2)
v ((1,a))

PG(2,2)

Figure 3.1 Field Reduction

Now consider U = ((1,a)) and Fg = {0,1,a,a +1,a%, a® +1,0® + a,0® + o + 1}.
Then, we have Sy = {(0,0),(1,a),(a,a?),(a?,a+1),(a + 1,a% + a),(a? + 1,1),
(@®+a,0®+a+1),(a?+a+1,a2+1)}. Let I = PG(U). Then, F32(11) = F(II)
is actually the image of Sy in PG(5,2) since g = 2. Thus, we have
FI) = {(1,0,0,0,1,0),(0,1,0,0,0,1),(0,0,1,1,1,0),(1,1,0,0,1,1),(1,0,1,1,0,0),
(0,1,1,1,1,1),(1,1,1,1,0,1)} = {p1,p2,p3,p4,P5,P6,p7}. Note that we removed
(0,0,0,0,0,0) since it is not a point of the projective space by definition. Write
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these points as rows of a matrix, then reduce it into echelon form and remove the

zero rows to get the generator matrix G of the code. So, we get

100010

110011

101100 100010
111101|=f{010001|=¢
001110 001110
011111

010001

However, our code must be consisting of matrices of size 2 x 3. So, transform each

row of G into 2 x 3 matrices. Then we get the desired code

C,_<1oo 010 001>
Mo 10/\oo 1)\1 10)"

See that we get the same result as in Example 3.3.6.

Remark 3.3.9. Note that the coordinates for the 7 points we just gave are consistent
with the homogeneous coordinates of the points of PG(2,2),i.e., the Fano Plane which
s drawed in the Figure 3.1. Fano plane is the smallest projective plane since it is a
projective plane of order 2. By definition, a projective plane of order 2 has 7 points
and 7 lines(The circle in the figure is a line). Also, each line consist of 3 points,
and there are 3 lines passing from each point. See that p1+ p2 = ps, p1+ p3 = ps,

p1+p6 =p7, P2+Dp3 = D6, P2+ D5 =p7, P3+pa=Dp7, and ps+ps = ps. Thus, our 7
lines are L1 ={1,2,4},..., L7 ={3,4,7}. So, we can put the points as follows:

p1(1,0,0,0,1,0) p1(1,0,0)

p4(1,1,0,0,1,1)

p2(0,1,0,0,0,1) D6 p3(07071717170)
(0,1,1,1,1,1)

Figure 3.2 Fano Plane

Observe that if we send the first 3 coordinates of the points to points in PG(2,2),
then we get one of the coordinatization of the Fano plane. So, it is consistent in that

aspect, as well. That would still work if we do the same for the last 3 coordinates.
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In summary, the geometric way of creating a rank-metric code from a given vector

code is as follows:

» We are given a code C' in Fym of dimension k. We will transform it into a code

in ngm of dimension km.

« Consider it in PG(n—1,¢") as Il = PG(C') where C = (cy,...,ck) is of

dimension k.

« Construct S¢ = {aic1+...+agcx|a; € Fyn} and the set spanned by the vectors
in Sc as F(II). Note that F'(II) corresponds to the image of II under the field

reduction map Fi, pq-

o Write all the elements of F(II) as rows of a matrix A. Then, take the nonzero

rows of rref(A) to form the generator matrix G.

o Transform rows of G into n x m matrices and take their span as our newly

produced rank-metric code.

Lastly, let us analyze if the rank-metric code

C,_<100 010 001>
o1 o/ \oo 1)\1 10

corresponding to the vector code C = ((1,a)) C FZ is MRD or not. We will use the
criteria Theorem 3.3.5 provides. See that m =3, n =2 and dimg,,, (C) =1. So, we
will check whether d(C') =2 or not. We know that d(C) = d(C"). After writing all
the 8 elements of ¢’ and checking that all the nonzero matrices have rank 2, we
conclude d(C") = d(C) = 2, and thus the vector code C' is MRD.

Remark 3.3.10. In general, when we talk about codes, we also talk about their
duals. Dual of a vector code H is defined as

Ht .= {r €Fym | (z,y) =0 forally € C}.

Naturally, we can ask the same question about the dual of a rank-metric code C.

Definition 3.3.11. The dual of F;—[n xm, k| code C is

Ct={X eF™[(X,Y)=0forallY € C}.

Note that C* is an F, — [n x m,nm — k] code. Of course, we need to define this

product given in the definition.
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Definition 3.3.12. Trace Product of X,Y € Fp*™ is (X,Y) :=Tr(XY7T).

We note that the map (X,Y) — Tr(XYT) defines a symmetric bilinear form on
Fy™™. In general, a dual code of C' is the annihilator of C' with respect to the

bilinear form. Observe that

(aX+Y,Z) = Tr(Z¥(aX+Y))
= Tr(aZ'X+27Y)=aTr(Z* X)+Tr(Z7Y)
= a(Z,X)+(2,Y)

The other part can also be shown similarly. Let us do an example on finding the

dual of a given rank-metric code.

Example 3.3.13. Find the dual of the rank-metric code

C_<100 010 001>CF2X3
Mo 10/ Voo 1)\110) 72

Consider M = (a b C) € C*. Then,
x oy z
1 oo\ [" "
a x
Tr b =Tr =a+y=0.
((0 ) 0) y|) ((b y)) y
c z
010 by
Tr =Tr =b+2=0
<(0 : 1) )| <(C Z)>
c z

a T

0 0 1 c z

Tr b =Tr =xz+y+c=0. After solving the three
<(1 1 O) 2L (<a—|—b :c—l—y)> Y f g

c Zz

a b ¢
equations together, we get that M = E So, we can write all possible
a—c —a —

8 elements of the dual code. We know that it is of dimension nm—k, i.e., 3. So, by

inspection we can find 3 matrices which will form the basis. After doing so, we get

cl—<100 110 001>
M\t 1 o/7\1 1 1)\ 0 0)"

Another occasion where the trace product being used is the double-dot product.
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Definition 3.3.14. Let p,k,n,m be natural numbers and define 3-tensors

A= Zui@vi@wi c Fanxm7 B = Zu; ®U§, ®w3 € FPXnxm
‘ j

The double-dot product A : B is a 2-tensor lying in F**P with the formula

A:B=> (v v;)(wlw;)uz ®u;-.
]

If we consider their 3-way array representations as in [15] and as mentioned in the
beginning of this section, we get A = a;j; and B = byj. Then, we define the double
product as

(A:B)is = Zaiﬂbsﬂ where 1 <1<k, 1<s<p.
gl

As a remark, note that we can apply this definition to 2-tensors. It is even okay if
only one of them is a 2-tensor, as well. The trick is to see F"*™ ag FIXnxm  For

two matrices X,Y € F™*™ we have
XY =Tr(XyT).

The following theorem is handy in computations.

Theorem 3.3.15. Let X € Fs*F | Y € FS¥P, A ¢ FF*n*™  qnd B € FP*X"X™_ Then,
m1(X,A): B=X(A:B), A:my(Y,B)=(A:B)YT.

Proof. In the first chapter, we noted the tensor product of two vectors as a®b = ab’ .
By using this definition, we have

(Xug) @uf = (Xugu" = X (u;T) = X (u; @ uf),

u; @ (Yu;) = ui(Yu;-)T = ui(u;TYT) = (uiu;-T)YT = (uy ®u;-)YT.

We have m(X,A) = 3;(Xu;) ®v; @w;, by definition. Thus,

my (X, A): B =3 (vi-v}) (wi-wh)(Xug) @uf = 355 5 (vi - v)) (wi - w)) X (us @uj) = X(A: B).
This proves the first equality. Proving the second one is again in a similar fashion.

We have my (Y, B) = 32;(Yu}) ® v @ wj, by definition. Thus,

Amy (Y, B) = 32 (v - v) (w; - w)) (wi) @ (Yuh) = 325 5(vi - vj) (w; - w)) (wi ®u;~)YT =(A:B)YT,
O
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Now, using the double-dot product, as an analogy to parity-check matrix of a vector

code, we define a parity-check tensor for a rank-metric code.

Definition 3.3.16. Let C be an Fy—[nxm, k| code, and let Y € Egmn_k)xnxm. The
tensor'Y is called a parity-check tensor for C if C ={M € F™*™ | Y : M =0}.

Choose a matrix M € F"*"™. We can represent it as a vector code of length nm by
M — (Myy...Mip|...[Mp1... Mpm).
Then we can construct the generator matrix G € FF*"m by
Git = x5, where t = (j—1)m+1lfor 1<j<n,1<1<m.

Let X € FFXnXm bhe a generator tensor for C' and Y be a parity check tensor for
C. Form the generator matrix G € FF*" ag above. Let H € Fvm—k)xnm 1,6 o
parity-check matrix for the vector code. So, Hgs; =Y where 1 < s <nm — k. Recall
that GHT =0 by Theorem 2.0.5. Then we get

nm
0= (GHT)is = ZGiths = ZXiﬂYSjl = (X : Y)is.
t=1 5,

Therefore, we get the desired analogy which says
X:Y=0<+ GH =0.

Thus, given a generator tensor X of a rank-metric code C, we say Y is a parity-check

tensor for C' if and only if X : Y = 0. The following proposition is only natural.

Proposition 3.3.17. Let Y € Fm=k)xnxm gnq et C' be an F — [n x m, k] code.
Then, Y is a generator tensor for C+ if and only if Y is a parity check tensor for

C.

Proof. Y is a parity check tensor for C' if and only if Y : M =0 € Fm—k)x1 for a]]
M e C. Let Ae F>(m=k) Then, A(Y : M)=0 for all M € C. By Theorem 3.3.15,
this is equivalent of saying 0 =m;(A,Y) : M. This is true for all A € F1*("m=k) anq

for all M € C. However, that means we have
Ct = {mi1(A,Y)|A e FPF,

So, by Lemma 3.2.4, Y is a generator tensor for C, as desired. O

40



4. TENSOR RANK EXTREMAL CODES

In this section, our main goal is to explain tensor rank extremal and MTR codes.

4.1 Two Useful Maps

We will introduce two maps which will be very useful for the upcoming parts of the

thesis.

Definition 4.1.1. Let k,d be positive integers.

Ny(k,d) = min{N € N| There ezists an Fq— [N, k,d] code}.

It is clear from the definition that Ny(k,d") > Ny(k,d) where d' > d.

Consider the linearly independent set of rank 1 matrices A ={A;,...,Ag} C g™

Then, we have an Fy-linear isomorphism between two vector spaces:

R R
WA <A>—>IFqR : ZMA@' r—>z,uiei.
=1 i=1

There is a connection with linear block codes. Consider an R-basis A for the code

C'. Define the linear block code as the image of C' under the map 4, that is,

By Lemma 3.2.4, we know that any element M of the code C' is of the form
M =mj(a,X) = Zfil(a-u,«)(v,«@@w,«) for a € ]Ff;. Let A, =v,Quw, for 1 <r <R.
Then, Y4(M) = (a-u, : 1 <r < R). This means, C4 is an F, — [R, k] code with the
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generator matrix |wu; ... wp |. The following theorem explains more about this.

Theorem 4.1.2 (Theorem 4.11 in [23]). Let C' be an Fy—[n x m,k,d| code with
tensor rank R. Let A be an R-basis for C. Then,

(1) For all M € C, we have rank(M) < wt(¢4(M)).

(2) Cx is an Fy—[R,k,>d] code.

(3) trk(C) = Ny(h,d).
Proof. Let r = rank(M). That is, M = Zf;l piA; for some p; € F, with at least
r of its coordinates are nonzero. Thus, 1)4(M) has at least r nonzero entries, i.e,
r <wt(y4(M)) as desired. This proves the first one. For the second one, we only

need to prove that the linear block code C'4 has distance > d since we already showed
above that Cy is an F, — [R, k] code.

d(C)=d=min{rank(M): M € C} and d(C4) = min{wt(4(M)): M € C}.

By the first part, result follows. Lastly, Suppose Cy is F, — R, k,d'] code with d’' > d.
Then, R > Ny(k,d'). We are done since Ny(k,d') > Ny(k,d), as explained before. [

Definition 4.1.3. Let C be an Fy—[n x m,k,d] code. C' is called tensor rank
extremal if trk(C) = Ny(k,d).

The following remark gives us our second useful map ¢y, that provides a new way

to represent the multiplication map using Note 3.0.5.
Remark 4.1.4. Consider two full-rank matrices V € ]FQXR and W € ]FZ”R. Define
the Iy linear map

dvw IF(I;“ — T e Vdiag(z)W7T.

Let v, and w, denote the r-th columns of the matrices V- and W. Let A, = v, @ w,
as before. Let U € IFZ’XR and a € IF];. Then we have aU € F(If. Let u, represent the

r-th column of U. Then, we have

alul] + ... Fapugy a-uy
aU = : =

AQQUIR+ ... T ALULR a-uUpR
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Note that diag(aU) is an R x R matriz whose diagonal entries are coming from aU

and all the other entries are zero. Let X = Zﬁ:l Uy @ v Qw,. Then, we have

vit(a-uy) wvig(a-ug) ... vigla-ug)\ (w11 ... wmi
Vdiag(aU)WT =
vpi(a-uy) wvpala-uz) ... wveg(a-ug)) \wir ... Wnmg
| N[~ w -
= |(a-up)vy ... (a-uR)vg
| )\ e -

= (a-u))viw! +...+(a-ur)vpwh
R

= > (a u)v,Quy

r=1
= mi(a,X).
To proceed, we need the concept of nondegenerate codes.

Definition 4.1.5. Let C' be a rank-metric code. The column support and the row

support of C' are Fg-subspaces of Fy and Fy* respectively, given by

csupp(C) = (colsp(M)) yrecs Tsupp(C) = (rowsp(M)) yrec-

The code C' is called nondegenerate if csupp(C) =Ty, and rsupp(C) = Fy".

Let X € }F’gxmxn be any generator tensor for the rank-metric code C'. Then, we have
o dimy(X) =k,
o dima(X) = dim(csupp(C)),
o dim3(X) = dim(rsupp(C)).

Thus, by only knowing the generator tensor, we can say if the code is nondegenerate
or not. We will see why that is useful in the following lemma. Note that, what we
mean by C' = V(D)W is explained in part (3) of Theorem 3.2.5.

Lemma 4.1.6. Let C be nondegenerate Fy— [n x m, k| code. Suppose C =V (D)YWT
for D ={D,...,Dy} a set of Rx R diagonal matrices and V € FZXR, W e IFQWR
are full rank matrices(rank n and rank m). Define A= {A, :1 <r < R} where
A, =0, @wy. Then, ¢y (a(C)) =C.

Proof. Consider Vdiag(p)W?T, an arbitrary element in C. Then, we have
Vdiag(p)W7T = Zf;lprvr Ry = Zf;lprAr € (A). So, C' C (A). This means 14(C)

43



makes sense. Let M € (A) such that M =% i, A,. Then, Y4(M)=p e IFf;”.

Now, observe that
R R
¢V7W(U) = Vdiag(#)WT = Z HrUr @ Wy = Z pr Ay = M.
r=1 r=1

Thus, we have ¢y (Ya(M)) =M for all M € (A) and C C (A). Result follows
directly. O]

One might ask if the converse is true or not. The answer is no. We will give a

counterexample here.

1 1
11
Example 4.1.7. Let V=1 0| and W = (1 0).
0 1

Observe that V. and W are full-rank matrices in Fo. We can compute A1 and As

directly from the tensor product of their columns.

A=

O ==
S ==

1
and Ao =10
1

o O O

00 0 1
code. We can compute (D) to find the 4 codewords of C. We get

10 10
Also, let D ={ ( ) : ( ) }. Then, the code C =V (D)W is an Fy —[3 x 2,2

0 0 11 01 1 0
C:{ 0 0 y 11 5 11 y 0 0 }:{61,62,03,04}.
0 0 0 0 10 10

We have ¢1 =0, cg = Ay, c3 = A1+ Az, and cg = Aa. This means, ¥4(c1) = (0,0),
Ya(ea) = (1,0), Ya(es) = (1,1), and a(cq) = (0,1). It can easily be checked that
ovw (¥a(C)) = C. Now, we will show that C is not nondegenerate to finish up the

0 1 1 0
example. Although rsupp(C) = Fg, we have csupp(C) = {0 , 0, 1, 1} =+ ]Fg.
0 1 0 1

Now, we are ready to state the big corollary of this section. Note the following.
Note 4.1.8.
¢‘_/:%/V(C) ={z e ]Ff - Vdiag(z)WT e C}.

We simply rewrite Theorem 4.1.2 and get our crucial result.
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Corollary 4.1.9 (Corollary 4.14 in [23]). Let C' be an Fy—[n xm,k,d] code with
trk(C) = R. Let D ={Dq,...,Dy} be a set of Rx R diagonal matrices such that
C =V(DYWT where V and W are full rank matrices of rank n and m, respectively.
Then,

(i) For all M € C, we have rank(M) < wt(¢‘_,71W(M)),
(17) ¢‘_/1W(C) is an Fq—[R,k,> d] code,

(iii) If C' is a tensor rank extremal code, then qb‘_/lW(C’) is an Fy—[R,k,d] code of
length Ny(k,d). In particular, if C is MTR, then gzﬁ‘_/lW(C) is an MDS code.

Proof. (i) By Lemma 4.1.6, ¢33, (M) = 4(M). By Theorem 4.1.2,

rank(M) < wt(d4(M)) = wt(6y (M),

(ii) By Lemma 4.1.6, we have qb‘_/lw(C') =1 4(C). By Theorem 4.1.2, 4(C) is an
Fy—[R,k,>d] code. Thus, ¢1,y,,(C) is an Fy — R, k,> d] code.

(iii) Let C be a tensor rank extremal code. That means, trk(C) = N4(k,d). Since C
is of the form V(D)YWT and d(C) = d, there exists xg such that

rank(Vdiag(zo)W7T) = d.

Since V is a full rank matrix, d = rank(Vdiag(zo)W7') = rank(diag(zo)W?T).
Similarly, since W is a full rank matrix, d = rank(diag(zo)W?') = rank(diag(xo)).
Thus, we get wt(xg) = d. Therefore, we have d(¢‘_/1W(C)) =d. Since R = Ny(k,d), we
have qb‘_/’lW(C) is an F, — [R = Ny(k,d), k,d] code. Now, in particular we consider the
case R=k+d—1. Then, [R= Ny(k,d),k,d] = [k+d—1,k,d]. That is, it becomes
MDS, as desired. O

This gives us the third proof of Theorem 3.2.10. We know that ¢rk(C) = R. By
Corollary 4.1.9, we know that ¢j:1;-(C) is an [R, k,d'] code where d’ > d. Just using
the Singleton bound 2.0.16. we get

trk(C)=R>k+d —1>k+d—1.

This is not the only use of Corollary 4.1.9 as we will constantly go back to this in

the following parts of the thesis.
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4.2 Extremal Triples

In this section we start by proposing the two main questions in the paper [23].

Question 4.2.1. Let R = Ny(k,d). Decide for which values of n and m, we can find
an Fg—[nxm, k,d] tensor rank extremal code ¢y (C),i.e., with trk(¢vw(C)) =R
such that V € F2*E W e FI"™ R and C is an Fy— R, k,d] code.

Definition 4.2.2. The triple (C,V,W) is called an extremal triple if it is a solution
to Question 4.2.1. Note that this happens if and only if

rank(Vdiag(x)W7T) > d for all z € C—{0}.

We will use this characterization when we try to show that some triple is extremal.
They also propose a special case of Question 4.2.1 as follows:

Question 4.2.3. Let R=k+d—1. Decide for which values of n and m, we can
find an Fg—[nxm,k,d] MTR code ¢y (C) such that V € FZXR, W e IF;”XR and
C is an Fy—[R,k,d) MDS code.

Note that we are trying to work with full rank matrices V' and W. However, in the
statements of both of the questions we are not given that. Now, we will prove a
lemma which will provide us to assume without loss of generality that V' and W are
full-rank matrices. So, this is a pretty big lemma for the analysis of Question 4.2.1.

Before we state the lemma, we need the following definition.

Definition 4.2.4. For an arbitrary matrizc M € FSXR and a vector x € FqR, define

Cyr = rowsp(M) and Cyy, = rowsp(Mdiag(x)).

Lemma 4.2.5. Let C be anFy—[R= Ny(k,d),k,d] code. Let matricesV & IFZ}XR and
W e IFQ”XR such that (C,V,W) is an extremal triple. Then, for all integers n' > n,
m' >m and for all matrices V' € ]FQ/XR, wW'e FZ@/XR with rowsp(V') C rowsp(V’)
and rowsp(W) C rowsp(W'), we have (C,V',W') is an extremal triple.

This lemma means, we can increase n and m until we get full rank matrices V' and

W, as desired. We will prove it here.
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Proof. Let (C,V,W) be an extremal triple. Also let V' € FZIXR, and W' ¢ IF;”/XR
such that rowsp(V) C rowsp(V') and rowsp(W) C rowsp(W’). Then, there exists
matrices A € ]Fglxnl and B € Fénlxml such that

AV = Y and BW' = Ii/ )
1% W

Now, let # € C —{0}. Let D = diag(x) € FE*. To show that (C,V',W’) is an
extremal triple, we need to show that rank(V'D(W')T) > d. Multiplying a matrix
from left or right can not increase its rank. Thus, we have
rank(V'DWHT) > rank(AV' D(W")T BT)
Vv —
= rank(| ~ | D(WT W7
(y) o0 wr)
VD .
_ T T
= rank( T~/D> (W |44 ))
vDwT vDWT ))

rank(

vowT vpwT
rank(VDWT)
> d.

v

The last inequality follows from the fact that (C,V,W) is an extremal triple by the

criteria given in Definition 4.2.2. O

In general showing that (C,V,W) is an extremal triple is a difficult job. To handle
that problem, we will state some equivalent forms of it. To prove that theorem, we

will need the following lemma.

Lemma 4.2.6. Let A€ Fp*® and B € F)"®. Then,
rank(ABT) = rk(A) — dim(C4NCE) = rank(B) — dim(CpNCF).

Proof. We will consider this in two cases where the matrices are full rank and not
full rank. First, suppose rank(A) =n and rank(B) = m. Note that rank of AB” is

the rank of the bilinear map

o Fy xF' —Fy: (z,y) —> zABTyT.
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By definition and using the rank-nullity theorem 1.1.7, we have
(%) rank(p) =n— dimkerp () =m — dimkerg(p).

Since A and B are full rank matrices, C4 = Fy and Cp = Fg". Now, by calculating

left and right kernel, we will show the desired result.

kerp(p) = {x¢€ IF;L|:UABTyT =0VyelF;'}
{veCylvBT =0}
= OANC.

I

Similarly,

{y eFJzABTy" =0 vz € F}'}
{w S OB|AIUT = 0}
= CpnCy.

kerg(p)

12

By the Equation (x), result follows. Now suppose rank(A) =s <n and rank(B) <m
excluding the case we analyzed above. By Theorem 1.1.16, we can use full-rank
factorization. That is, there exists matrices M € IFZX” and N € ]Féxm such that
MAeF™ and NB € Féxm are full-rank matrices with

(**) CA:OMA and CBZCNB.

Since we can not increase the rank by multiplying with other matrices, we have
rank(ABT) > rank(MABT NT). We will show that rank(MABT NT) > rank(ABT)
so that they are equal. By the Frobenius rank inequality 1.1.18, we have

rank(MA) +rank(ABTNT) < rank(MABTNT) 4 rank(A).

This implies rank(ABTNT) < rank(M ABTNT) since rank(A) = rank(XA) by

Equation (¥*). Again, Frobenius rank inequality implies
rank(ABT) +rank(BTNT) < rank(ABTNT) +rank(BT).

This means rank(ABT) < rank(ABTNT since rank(BTNT) = rank(BT) by

Equation (¥*). Thus, we have

rank(ABT) < rank(ABTNT <rank(MABTNT) = rank(ABT) <rank(MABTNT).
Therefore, rank(ABT) = rank(MABT NT) = rank((M A)(BTNT)) where M A and
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N B are full rank matrices. Then, we have by the first part
rank(ABT) = rank(MA) — dim(Cypr 4N Cy ).
By Equation (%) result follows. ]

One might wonder about how to guarantee the equation (xx). We provide an

example here to make it absolutely clear.

1 2 3 4 201
Example 4.2.7. A= ( ), and B=1-1 1 3 -2
2 4 6 8
1 1 4 -1

See thatn=2, m=3, R=4, s=1, t=2 and we have
Ca={((1 2 3 4)andCp=((2 0 1 1),(-1 1 3 -2)).

So, M should be a 1 x2, and N should be a 2 x 3 matriz. In general, if M is pxk

matriz, then choose its rows as e,s where i —th row of A contributes to the rank.

1 00
That is, M = (1 O) and N = Lo so that M A and Y B are full rank matrices

0
such that Cq4 = Cya and Cg = Cyp as desired.

Now, we have the resources to prove an important theorem which gives 9 equivalent

statements of being an extremal triple.

Theorem 4.2.8. Let C be an Fy—[R = Ny(k,d),k,d] code. Let n,m € N such that
d<n,m< R andV € IE‘ZLXR, W e IF;”XR. The followings are equivalent:

1. (C,V,W) is an extremal triple.

2. Ve e C—{0}, dim(Cy NCp,) < rank(V) —d.

3. Ve e C—{0}, dim(Cw NCy;) < rank(W) —d.

4. Vee C—{0}, dim(Cy,NCyy) < dim(Cy,) —d.

5. Ye € C—{0}, dim(Cw, NCi) < dim(Cyy,) —d.

6. Yee C—{0}, dim(Cyw, +Ci) > R—rank(V) +d.
7. Ve e C—{0}, dim(Cy, + Cyy) > R—rank(W)+d.
8. Ve e C—{0}, dim(Cy + Cyy.) > R — dim(Cyy,) +d.

9. Ve e C—{0}, dim(Cw + Cy;) = R—dim(Cy,) +d.
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Proof. We will use Definition 4.2.2, Lemma 4.2.6 and Grassmann’s Identity 1.1.3.
“1 g 3 277

mnk(Vdiag(c)WT) = mnk(V(Wdiag(c))T)
= rank(V)—dim(Cy ﬂCVlVC) > d.

So, we get rank(V) —d > dim(Cy N C’VLVC).
“l <= 37

rank(Vdiag(c)W?T) = rank(Wdiag(c)'VT) = rank(W (Vdiag(c))T)
= rank(W)—dim(CwnN C#C) > d.

So, we get rank(W)—d > dim(Cw N C’&C)
“l <= 47

rank(Vdiag(c)W?T) = rank(Vdiag(c)) — dim(Cy, N Cit)
= dim(Cy,) —dim(Cy, NCyr) > d.

So, we get dim(Cy,) —d > dim(Cy, NCfy).
“l <= 57

rank(Vdiag(c)W?T) = rank(Wdiag(c)V'7T)
= rank(Wdiag(c)) — dim(Cy, N CiF)
= dim(Cy.) — dim(Cy, NCF) > d.

So, we get dim(Cy,) —d > dim(Cy, N Ci).
“b <= 6"

dim(Cy, + Cif) dim(Cy,) + dim(CiF) — dim(Cyy. N Ci)
dim(Cyy,) + dim(Cir) — dim(Cyw,) +d
dim(Ci) +d

R—dim(Cy)+d=R—rank(V)+d.

v

“d = T

dim(Cy, + City)

AVAR

S
E
_l’_

&
H
=

|

Sy
El
Q
=

_|_

QL

||
S
3
%

R—dim(Cw)+d= R—rank(W)+d.
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442 é i 877

dim(Cy +Cy) = dim(Cy)+dim(Cyy,) — dim(Cy N Ciy,)
> dim(Cy) +dim(Cyy.) —rank(V) +d
= dim(Cy)+dim(Cyy,) — dim(Cy) +d
= dim(Cyy,) +d

R—dim(Cy,) +d.
“3 <=9

dim(Cw +Cyz) = dim(Cw)+dim(Cy;,) — dim(Cy N Cy;)
> dim(Cyw) +dim(Cy;,) — rank(W) +d
= dim(Cw) +dim(Cy,) — dim(Cyy) +d

= dim(Cy;)+d
R—dim(Cy,) +d.

]

Next, we are going to examine how we can get (C,V,W) extremal triple in the case
of Cy and Cy being MDS codes. Given that V' € IFZLXR, the code C'y is generated
by the rows of V| so V' is a generator matrix of Cy. Thus, Cy is an [R,n,d| code.
Since it is MDS, d=R—n+1. So, Cy is an F,—[R,n, R —n+1] code.

Lemma 4.2.9. G is a generator matriz of an MDS code C' of length n and dimension

k if and only if any subset of k columns of G are linearly independent.

Proof. Suppose every subset of k columns of G are linearly independent. Then any
k x k submatrix of G are full rank. Recall that C'={uG|u € IF’;} So, any codeword
of C' is of the form uG. Since any k x k submatrix are full rank, that means any
codeword ¢ =uG € C has at most k— 1 zero coordinates. That is, d >n —(k—1),
i.e, d >n—k+1. By Singleton Bound, d =n—k+1, i.e, C is MDS. Conversely,
suppose C' is MDS. Then, d > n—k+1 so that with the Singleton bound, we have
an MDS code C. The fact d > n— (k—1) means, there can not be any codeword
with at least k zeros. Since any codeword is of the form uG, any k x k submatrix is

full rank, and thus any k£ columns of GG are linearly independent, as desired. O

Remark 4.2.10. This is a very powerful lemma since it removes the necessity to
mention the code. In addition to that, this lemma is basis-free, i.e, it works for any

basis which is super nice.
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Also, note that Lemma 4.2.9 is the correspondence between linear MDS codes and
arcs given in Note 2.0.18. By Lemma 4.2.9, any n columns of V' are linearly
independent since Cy is an MDS code of dimension n. We have the following

proposition.

Proposition 4.2.11. Let C be an Fy—[R = Ny(k,d),k,d] code. Let n,m € N such
that d<n,m < R and V € IFZLXR, W e IFQ”XR are matrices such that Cy and Cyy

are MDS codes of dimension n and m. Then, we have

n+m>R+d = (C,V,W) is an extremal triple.

Before the proof, observe that Cy and Cyy being MDS codes of dimension n and m
implies that V' and W are full-rank matrices since we have dim(Cy ) =rank(V)=n
and dim(Cyy) = rank(W) =m by the fact n,m < R in the hypothesis. It is good
to note that, if we do not have the hypothesis n,m < R, then we do not necessarily

have full rank matrices V and W. In that case, Lemma 4.2.5 will be used again.

Proof. Let ¢ € C —{0} such that wt(c) = d' > d. Note that since C has length
R, we have R > d'. Suppose rank(Vdiag(c)WT) =r. We want to show that
r > d. Note that, rank(Vdiag(c)) < min{n,d'}. Since Cy is MDS, we have
rank(Vdiag(c)) = min{n,d'} by Lemma 4.2.9. Similarly, since Cy is MDS, we
have rank(diag(c)W?') = min{d’,m}. By Frobenius inequality 1.1.18, we get

rank(Vdiag(c)W?T) > rank(Vdiag(c)) +rank(diag(c)WT) —rank(diag(c))
= min{n,d'} + min{m,d’'} —d".
So, we have 4 cases to check.
e r>n+m—d >R+d—d =(R—d)+d>d.
e r>n+d —d =n>d by definition.
e 7>d +m—d =m>d by definition.
e r>d+d—d=d>d.

See that r > d in all of the cases. Thus, we are done. O
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4.3 Construction of Extremal Triples using GRS Codes

In this subsection, construction of extremal triples using Generalized Reed Solomon
codes will be explained. We will also present a GAP code which can give extremal
triples for suitable parameters. Another nice thing is that it will actually be an
MTR code, as well.

Definition 4.3.1. For each k € N, let Fy[z,y|;—1 denote the set of homogeneous
polynomials of degree k — 1.

For any homogenous polynomial f(z,y) = Zf:ol fizly* =171 € Fy[x,y])_1, define the
map f as
f(pa]-) lf pe]FQa

FqU{%}HFq:p'_)f(p):{ £(1,0) if p=occ.

Let N € N. For P= (p1,...,py) € (F,U{oc})?, define the evaluation map

evp : Fylz,ylp—1 —>IF(]]V

f(x,y) '_)(f(p1)77f(pN))

Let 1<k<N-—1land B=(by,...,by) € Fév. Also, we suppose p1,...,pN are pairwise
distinct in Fy U {oo}. We can now define what a generalized Reed-Solomon(GRS)

code is.

Definition 4.3.2. The Generalized Reed-Solomon code GRS(P,k,B) is the set

GRS(P,k,B) ={(b1f(p1),..-.bnf(pn)) : fEFglw,ylp—1}

By using the evaluation map we define above, we can also represent the GRS code

by using componentwise multiplication, which we denote by .

GRS(P,k, B) = {Bevp(f) : | €Fylw.yler).

Theorem 4.3.3. Let 0 < d < k < R positive integers such that R=k+d—1. Let the
vector P = (p1,...,pr) € (FqU {oo})® such that p}s are pairwise distinct. Let g(x,y)
be an irreducible polynomial in Fy[z,y]y . Define C = GRS(P,k,1). Let V € ]FSXR
be a parity-check matriz of GRS(P,R—k,evp(g)) and let W € ]FgXR be a generator
matriz of GRS(P,d,1). Then, (C,V,W) is an extremal triple.

Here we stated the big theorem of this subsection. However, we will prove it at the
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end after giving a detailed example to see how it works. Now, we will give a detailed

analysis of the example provided in [23].

Example 4.3.4. Let q=8, R=7, k=5 andd=R—k+1=3. Let p be the generator
of Fy and let P = (1,p,...,p%). Consider g(x) = 2° +2?+1 an irreducible polynomial
in Fglx]. By Theorem 4.3.3, the code C is the Fy—[7,5,3] code GRS(P,5,1). After
considering Fg =Fa[p]/(p> + p+1), we can find the evaluation as

evp(g) = (1,p,0%,p", 0" ", D).
Note that R—k = 2. Then, we have

GRS(P.2,evp(9)) = {(f(1),pf(p).0* f(P*). 0" f(0°), 0" F(0*). 07 F(0°),2f (1)) = f € Fylz.yhr}.
Since [ is of degree 1, f is either x or y. So, consider

fi=x and fo=y.

For fi1, we get the vector (1,p2,p4,1,p,1,1). For f5, using the definition we have
f2(P) = fo(P,1) = 1. So, we get (1,p,p?,p*,p*,p?,p). Then, the generator matriz for
the code is the following

L op p* p* pt PP op
1 p2pr 1 p 1 1)
Note that, to apply the theorem, we need to find the parity check matriz of this code.

To do so, we will transform the generator matrix into the standard form (I | M)
Then, the parity check matriz V' equals to (—MT | I). We have

1 p p* pt pt p?rop 10 p*pp*p p
— .
1 p?pt 1 p 11 01 ptp p° p* pb

Then, V' becomes

p> p= 1 0 0 0 0
p p 01000
V=1p> p 00100
P p> 00010
p> p5 00 0 0 1
Now, we need to find the generator matriz W of GRS(P,3,1). Note that

GRS(P,3,1) = {(f(1), f(p), S (*). f(0) F(0"), F ). F(0%)) = f € Fyla o}
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Since f is of degree 2, we could have fi =22, fo=xy and f3=y>. First of all, for
f3 we have (1,1,1,1,1,1,1). For fo we have (1,p,p?,p>,p*,p°,p%). Similarly, for fi
we get (1,p%,p*,p5 p,p>,p°). Thus, the generator matriz is

11 1 1 1 1 1
W=11 p p* p* pt p°> p°
1 p? pt p° p pP P

Thus, by the Theorem 4.3.3, we conclude that (C,V,W) is an extremal triple.

So, we get an extremal triple. That means, ¢y (C) is a tensor rank extremal code
with trk(¢yw(C)) =T7. Let us find a basis for this code. Note that

C'=GRS(P.5,1) ={(f():f (). f(*): F (), f(B"). F(0°), f(1°)) : [ € Byl yla}.

Thus, we need to consider
fi=at, fa=2%, =2 fu=wy’, f5=y"

We  get  the (L,p4 0%, 0% 0%, %), (1,905, 0%, 0°,p,0%),
4 .6

(1,p%, 0% p,0%,0°), (1,p,0%, 0% p%,p°,p%), and (1,1,1,1,1,1,1). Let us denote

codewords

them by c1, co2, c3, ¢4, c5 respectively. Recall that we would like to find the basis
elements of the Fg — [5 x 3,5,3] code ¢y (C) with tensor rank of it equals to 7. If
the basis is B = {b1,b2,b3,b4,b5}, then we can find those basis elements by

bi = Vdiag(c; )W for 1 <i <5.

After the computations, we get

5

5

5

p*p* p°\ (P> P p*\ (0 P° PP\ [0 0 p°\ (p* 0 O
p p® P |0 p | [P O p| [P P O 1 p% p?
B = p3 p6 p4 p4 p3 p6 ’ 0 p4 p3 0 0 p4 p6 0 0
PP 0 1| |p p Offp p 2|0 p p| |0 P p
p* 1 opt) \1 P 1) \pt 1 P\ pt 1) \p P P

We know that tensor rank equals to 7. Thus, for a generator tensor X of the code,

we can represent it as
7

X = Zu,«®vr®wr
r=1

where v, and w, are the r —th columns of the matrices V' and W. Remember that,
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we can define A, = v, ® w, such that the set
A={Ay, Az, A3, Ay, A5, Ag, A7}

is an R-basis for the code ¢y (C). Now, we will find that R-basis as well. Since in

this case we know the exact tensor rank, we can say that
es1(X) = (4)

by the equivalence given Theorem 3.2.5. Applying A, = v, @ w,, we get

o
wo
w
'

2 4

P® PP op Pt p 1 p2 p 00 0y (0 0 0\ (00 0\ (OO0 O
p p p p p?2 PPl oo o) |1 p* p°f |0 0 o] [0 0 O 00 0
<A>{p3P3p3,p5p617000,00071p4p7000,000}.
2 0 | e PPt oo ol oo of]o o o] |1 pPPlfoo 0
p?opdpt) \p® 1 p) oo o) \oo of\oo o Voo o \1pf p°

Remark 4.3.5. Let us summarize here the importance of the above example. We
found that (C,V,W) is an extremal triple. That means ¢y (C) is an tensor rank
extremal code. So, we get a solution to Question 4.2.1. Note that ¢y w(C) is an
Fs —[5 x 3,5,3] code with tensor rank equals to 7. Observe that 7=15+3—1.
That means, ¢vw(C) is an MTR code, as well. By Corollary 4.1.9, we have
¢\_/,1W(¢V7W(C)) = C is an MDS code. Therefore, we get an answer for Question
4.2.8, too. Additionally, this is another way to see that the GRS codes are MDS when
they are of the form GRS(P,k,1). In general, GRS(P,k,B) is MDS if B € (]FZ)N.

We present an GAP algorithm to find MTR codes given the condition that
0<d< k<R such that R =k+d—1. The reason we are not given the pseudo
code is that it is basically given in the statement of Theorem 4.3.3. The
algorithm will take R and k£ as inputs. Then by using R=k+d—1, we
will know d. Similarly, we will also take ¢ as an input to clarify the field we
are working on. Lastly, an irreducible polynomial on GF(q) will be taken as
an input. Note that it is beneficial to add an irreducibility check function
inside the code just to be sure. We will consider x as our indeterminate over
the field. We used the GUAVA package [3] to write the following algorithm.
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Algorithm 1: MTR(R,q,k,g)
Result: This algorithm will create an F, — [k x d,k,d] MTR code.
K := GF(q), z := Z(q), F := PolynomialRing(K,"x");
P := List([0..(R-1)],i — 2%);
eval := List(P,i — Value(g,7));
B := List([1..R], i — 1);
C := GeneralizedReedSolomonCode(P k,F B);
V := CheckMat(GeneralizedReedSolomonCode(P,R-k,F,eval));
W := GeneratorMat(GeneralizedReedSolomonCode(P,R-k+1,F,B));
Phi := [ ];
for c in C' do
‘ Add(Phi, V*DiagonalMat(c)*TransposedMat(W));

end

return Phi

It is of very good use to create a record and return it instead of returning the
elements of the code since we would like to see the the general characteristics of the
code. However, we leave it like this so that it can be called inside other functions.

We will get Example 4.3.4 if we use

MTR(7,8,5,2° + 2% +1).

Remark 4.3.6. Note that in GAP, Z(q) returns a generator of Fgy. The parameters

P, eval, B are exactly the same as they defined in this subsection.

Last but not least, we are going to prove Theorem 4.3.3 to end this section.
Proof of Theorem 4.3.3. We will use Theorem 4.2.8 and show that
Vee C—{0}, dim(Cy,NCy) < dim(Cyy,) —d.
W is a generator matrix of GRS(P,d,1). So, we have
Cw = GRS(P,d,1) and Cy, = GRS(P,d,c).

Thus, dim(Cy,) = d. So, we reduced our goal to showing dim(Cyy, N Cir) = 0.

That means, we want to show that

Cyw.NCi = {0}.
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Recall that C' = GRS(P,k,1) = {1xevp(g) | g€ Fylx,ylx—1}. Thus, any nonzero
codeword c is of the form ¢ = evp(g) for some nonzero g(x,y) € Fy[x,y|x—1. Thus,
we have Cyy, = GRS(P,d,evp(g)). Now, let b € Oy N Cyy,. We want to show that
b=0. Since V is a parity check matrix of GRS(P, R — k,evp(f)), this means

CiF = GRS(P,R—k,evp(f)).
Note that we have
Cw,. = {evp(g) xevp(h) | heFy[z,ylq1},

Cyr = {evp(f)xevp(s) | s €Fylz,ylp_k-1}-
Since b lies on both of them, we get the equation
b=-cvp(f)*evp(s)=evp(g)*evp(h).

This means, b; = f(p;)s(p;) = g(pi)h(p;) for ¢ € [R]. Keep in mind that deg(f) =k,
deg(g) =k —1, deg(h) =d—1, and deg(s) = R—k—1. Then,

deg(fs) = R—1< R and deg(gh) = R—2 < R.

So, we have two polynomials of degree strictly less than R and they agree on R
inputs. In one variable polynomails this means they are equal. However, here we

have polynomials in Fy[z,y]. Remember our way of evaluation

FqU{OO}—>qu'—>f(p):{f<1’0) if P = 00.

So, we are actually computing in one variable, and thus fs = gh. Since Fy[z,y] is a

unique factorization domain, f is being irreducible implies that f is prime. That is,

flg or flh.

Note that deg(g) =k —1 < k =deg(f) and deg(h) = d < k = deg(f) because of the
assumption d < k. That means, h = 0 since g is nonzero by assumption. Then, we
get b =0, as desired. O
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5. CONNECTION TO COMPLEXITY THEORY

In this section, we will mention some complexity results and look into the theory of

tensors more closely. Throughout this chapter, we will follow the book [2].

5.1 Basics of Complexity Theory

Definition 5.1.1. Algebraic complexity theory is the study of understanding the
required computational power to solve algorithmic problems using algebraic tools and

models.

The aim is to find the best possible model and to prove its optimality. Let us give

a simple example to understand this concept.

Example 5.1.2. Suppose we are only allowed to do multiplication. Consider a ring

R, a positive natural number n. We want to compute r" given any r € R.

The input r can be modeled by an indeterminate X since it is not known. We
transform the question into computing X" given X. Some notation is required here.
We say that X is the Oth intermediate result, X? is the 1st intermediate result, and
so on. We understand the computation is over when X" is one of the intermediate
results. The model we are going to use for this example is “Multiplication Chain of
Length r for n”. Consider a sequence (ap = X,...,a, = X™) such that a; = a; X a;
for some 0 <1i,7 < k. Define

u(n) = minimum number of multiplications needed to compute X".

Then, we have u(n) = shortest length of an multiplication chain for n. An obvious

upper bound is u(n) <n—1 since we can just consider the sequence (X, X2 XM,
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However, it can be done much faster. Consider

XP=X-(((X-X%)?%)7).

Definition 5.1.3. wa(n) is the Hamming weight of the binary expansion of n.

Suppose n is odd. Then, n =2m+ 1 for some integer m. To compute X" we first
compute X"~ and then multiply it with X. So, u(2m+1) < wu(2m)+ 1. Similarly,
if n is even, then n = 2m. We first compute X" and then take its square. So,
uw(2m) <wu(m)+1.

Lemma 5.1.4. wa(2m+1) = wa(2m)+1 and wa(2m) = wa(m).

Proof. Let m = (— — —A— ——)a2. Then, we have 2m = (— — —A— — —0)2, and
2m+1=(———A———1)3 where ()2 represents the binary number system. It can
be easily seen that the result follows. O

Example 5.1.5. 10 = (1010)3, 20 = (10100)2 and 21 = (10101)a.

Theorem 5.1.6. u(n) < |log(n)|+wa(n) — 1.

Proof. We will induct on n. Let n=2. u(2)=1<1+1—-1=|log(2)]| +w2(2) —1.
Assume u(2m) < |log(2m)]| +w2(2m) — 1. Then, u(2m)+1 < [log(2m) | +wa(2m).
We want to show that

u(2m+1) < [log2m+1)|+we(2m+1) — 1= [log(2m+1) | +w2(2m),

where the last equality follows from the above lemma. As we explained above

u(2m+1) <wu(2m)+ 1. Using this, we conclude the proof as
u(2m+1) <u(2m)+1 < [log(2m) ] +w2(2m) < |log(2m+1) | +wo(2m).
[

Example 5.1.7. Let n=100. Then, 100 = (1100100)2 and thus wy(100) = 3. Also,
note that |log(100)] = 6. So, u(100) < 8. The trivial upper bound we mentioned
before gives u(100) < 100 —1=99. Thus, this is much better.

Now, let us try to put a lower bound. Observe that the Oth intermediate result
have degree 1. Maximum of the degrees obtained can be at most doubled in each

step. That is, h-th intermediate step can have degree at most 2. So, if we want
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to compute X" from X, then n is at most 2. So, [log(n)] < u(n). We combine our

bounds in the following theorem.
Theorem 5.1.8. [log(n)] <u(n) < [log(n)] +wsa(n) —1.

Putting nontrivial bounds is one of the main study areas of algebraic complexity
theory. The example above shows such a process. Now, suppose allowing division
as well as multiplication between intermediate results. Let [(n) denotes minimum

number of operations. Clearly I(n) <wu(n). Note that, we also have [log(n)] <I(n).
Example 5.1.9. Show that [(31) =6 <7 =wu(31).

We will start with u(31). Recall that we are only allowed to do multiplication using
intermediate results. X — X2 — X4 - X8 5 x16  x24 _, x28 4 x30 , x31
This process takes 8 steps. We need a better approach. Consider the following
two steps first : X — X2 and X - X2 — X3. So, we are left with 5 more steps.
Consider X3 — X6 — X12 5 X245 X30 » X3! as desired. So, u(31) < 7. Note
that [log(n)] <wu(n), I(n). So, 5<I(31) and 5 <wu(31) <7. Let us try to calculate
[(31). Consider X — X2 5 X4 = X8 5 X165 X32 5 X3! where in the last step
we use division as it is allowed for I(n). Thus, 5 <[(n) < 6. If we show that [(31) #5
then it will imply that u(31) # 5. Thus, we are left to show

o I(31)#5
o u(31)#6

X — X2 is a forced move. Then, even we square in every step, in the fifth move we
will arrive at X32. So, 1(31) # 5. Since we can not divide when calculating u(n), the
move X2 — X3! is not possible. Using X? requires 7 step as we explained above.

Therefore, u(31) = 6 is not possible, as desired.

Remark 5.1.10. In the previous example, we see that computing X" from
X only makes sense when the algebraic operations admitted for an algorithmic
solution and the cost of each operation have been agreed. The complezity of a problem

depends on these agreements and in particular on the selected cost function.
The following is known as the Scholz-Brauer conjecture.

Open Problem 5.1.11. Prove or disprove that given a positive integer n, we have
u(2"—1) <n—1+u(n).

Now, we need to explain a little bit about the straight-line programming to build
up our argument. We will do this by an example. Let A € F. We denote \° as the
operation of taking the constant A\. Denote the entity of all these operations by [F€.
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Here, ¢ denotes the cost function
c:0—N

where 0 = FUFU({:,/,+,—}. Note that ¢(\°) =0, i.e., we can use constants freely.

Example 5.1.12. Suppose we want to compute ))((9__11. We first compute X2 as
follows. Let Xo:=X. Then, define X1 := Xo-Xo, Xo:=X1-X1, X3:=X9-Xo, and
X4 = Xo-X3. Now, we need to substract 1. This can be done by using two steps.
Let X5:=1. Then, we can define Xg:= X4 — X5 and X7 := Xo— X5. Now, we can
divide and get Xg:= % We can create a straight-line programming S = (S1,...,S5s)
such that each S; gives us an instruction as follows: Sy = (+;0,0), Sz = (-;1,1),
Sz = (+2,2), Sa= (+;0,3), S5 = (1°), Se = (—;4,5), S7=(—;0,5) and Ss = (/;6,7).

Any straight-line programming can be represented by a directed acyclic multigraph.

For this example, we have

The length of the longest directed path in this graph is called the depth Dg of the

straight-line program S. In this example, we have Dg = 6.

Definition 5.1.13. Let o; denote the operation symbol used in S;. Then, define the
c-length of the program S as

d(S)=> (o).

i

Now, we can precisely define what does complexity mean with the help of the follow-
ing definition of an algebra. We will also talk about algebras in Section 6, specifically

semifields, and show a very beautiful connection with MRD codes.

Definition 5.1.14. An algebra is a vector space U over a field F with an additional
binary operation - called multiplication such that given x,y,z € U and a,b € F, the

following holds
(r+y)-z=z-2+y-2z, z-(x+y)=z2+z-y, (ax) (by)=(ab)(z-y)
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Note 5.1.15. The 3 properties in the above definition can also be seen as the
existence of an F—bilinear map f:U x U — U which satisfies f(ax,by) = (ab) f(z,y),

flaty,2) = f(z,2)+ f(y,2), and f(z,x+y) = f(z,2)+ f(2,9).

Definition 5.1.16. Let A be an F-algebra. The complexity LG (G|I) € NU{oco} of
the finite subset G C A with respect to the input set I C A is the minimal c-length
of a straight line programming which computes G. If what we mean by LG(G|I) is

clear from the context, then we just denote it as L(G), or even simpler L(G).

Remark 5.1.17. In the above example, A is F[X]|, G = ))((9:11 and I = {X}.
Assuming that all the operations have cost 1, we get L(G) =T since ¢(1¢) = 0.

We will finish with a very useful theorem.

Theorem 5.1.18. Let |F| >n+1. Then the product of two polynomials a and b in
an F-algebra A[X] with n = deg(ab) can be computed with n+1 nonscalar operations.
This is true if |F| = n provided that deg(ab) = deg(a)+ deg(b).

Proof. Let a and b have degree o and (. Since |F| > n+1, take n+ 1 distinct

elements pog,...,p, in F. Assuming ¢ = ab, for all 0 <r <n, we have
n 3 e B '
Z CkDr = (Zazplr)(z bip) = Uy vy = gr
k=0 i=0 =0

where u, is the evaluation of polynomial a at the point p,, and v, is the evaluation of
b at the point p,.. As both u, and v, are linear combinations of the input coefficients,
the computation of u, and v, are free of charge in the nonscalar model, i.e., in a
model such that addition, substraction and scalar multiplication has no cost. Thus,
each g, can be computed with cost 1, which is coming from the multiplication u, - v,.

Hence, go,...,gn can be computed with n+ 1 operations. Now, note that

(90---9)" = (%) (co..cn)"

Since p,’s are pairwise distinct, the Vandermonde matrix (p) of size (n+1) x (n+1)
is invertable. Hence, each of ¢ is a linear combination of g, ..., g,, and thus can

be computed with no additional nonscalar cost. O
Lastly, note that we can also represent Theorem 5.1.18 by
Lp(Cf(ab) | Cf(a)UCF(b) =n+1

where C'f(a) is the set of coefficients of the polynomial a.
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5.2 Encoding Complexity of Rank-Metric Codes

Now, we have the necessary background to talk about the encoding complexity of
rank-metric codes. Consider an Fy —[n xm, k,d] code C. Let X = 2521 Up @ Uy @ Wy

be its generating tensor. Given a vector a € IF];, we encode it as

R
mi(a, X) =Y _(a-ur)v, @wy.

r=1
In Remark 4.1.4, it is shown that m1(a, X) = Vdiag(aU)W7T. Recall that a matrix
M is said to be in standard form if M = [I|M'] for some other matrix M’ of suitable

size. Similarly, we can define the concept of standard form for generator tensors.

Definition 5.2.1. Consider X as in Definition 3.0.7. We say that X is in standard
form if the matrices U, V', and W are all in standard form where u,,v, and w, are
columns of U € FFXE vV e ¥R and W e F™ R respectively.

Thus, X has storage complexity kR+nR+mR = R(k+n+m) for the general
case and n(R—n)+m(R—m)+k(R—k) = R(k+n+m)— (n®>+m?+k?) if it is
in standard form. We noted before that any element of the code is of the form
mi(a,X) for some vector a € IF';. So, to represent a codeword, we just need to
compute aU since we already know V and W. See that computing alU requires
k multiplication for each column and (k —1) addition per column, and thus in
total of kKR multiplications and (k—1)R additions. So, the encoding complexity
becomes 2kR — R. If U is in standard form, then the encoding complexity becomes
E(R—Fk)+(k—1)(R—Fk) =2kR— R— (k> — k). Secondly, we can use generator
matrix to handle the encoding. Since elements of C' are matrices of size n x m, we
first see them as vectors of length nm as we did before. Then, the generator matrix
G is of size k x nm and we encode as a — aG. Clearly, the storage complexity is
knm for the general case and k(nm — k) if GG is in standard form. Now, consider
evaluating the multiplication aG. We need to do k£ multiplication for each column
and (k—1) additions per column to decide on the final entry. So, the encoding
complexity is knm + (k — 1)nm = 2knm —nm. If G is in standard form, then the
encoding complexity becomes k(nm —k)+ (k—1)(nm —k) = 2knm —nm — (2k% — k).
We summarize what we wrote above in the following table. In the following table,
GM is short for generator matrix and GMS is short for generator matrix in standard
form. Similarly, GT and GTS is used. Since R < nm, it might seem that using
generator tensors will always give lower complexity. Although this is true most of

the time, it is not always true as we will show in the next example.
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Table 5.1 Complexity

\ \ GM \ GMS \ GT \ GTS \
STORAGE | knm k(nm —k) R(k+n+m) | R(k+n+m)— (n?+m?+k?)
ENCODING | 2knm —nm | 2knm —nm — (2k* —k) | 2kR— R 2kR— R— (K*—k)

Example 5.2.2. X =¢1 Qe ®ej+e1Rea®@er+ea®ez®e; +ea@es®es+e3®
e1Re3+e3ReaRes+esRes3Res+esRes ey € Fr@ FAQ FY. In Theorem 5.4.5,
we will prove that trk(X) ="17. Thus, we have R="T and k =n =m = 4. Assuming
X as the generator tensor, the first contraction space is the code C by definition.

Thus, we can also form the generator matriz as explained above.

o O O =
o O o O
S = O O
o O o O
o O O O
o O O =
o O O O
S = O O
o O = O
o O o O
_ o O O
o O O O
o O o O
o O = O
o O O O
_ o O O

Using the proof of Theorem 5.4.5, we can form the matrices U, V and W.

10101 -1 0 11 -1 010 1 0 01 -1 01
1 1 1 1
U 0 000 0 V= 00 0 0 W= 0 00 0 00O .
00001 0 1 00 010 0 0 11 00
11010 0 -1 10 —1 1 01 1 -110 0 10

Calculations explained before give us lower complexity when encoding via G.

Remark 5.2.3. In practice, we need to find a way to choose between these two
approaches. Suppose that X and G are in standard form. Just a small calculation

2 2
shows that using generator tensors is preferable if and only if R < % This

inequality comes from comparing the storage complexities found in the Table 5.1
as R(k+n+m)—(n?+m?+k?) < k(nm—k). If we apply the same idea for the

2knm—nm—k>
2k—1

Thus, we can gquarantee that complexity of the generator tensor in standard

. . . 2 2 — —_— 2 . . . .
form is lower if R < mln{k"?fgl+;m ,2]“”"%ka k +. Similar calculation gives a

encoding complexities, it can be seen that we need R <

formula when they are not in standard form as R < min{ kuTm,%%’:l"m}. By

combining these 2 formulas, checking the following will guarantee lower complexity

if the generator tensor approach is used:

knm 2knm —nm — k2

R<mm{k—|—n—|—m’ 2k —1 b

See that in the above example 7 is not less than min{%, %}, comfirming the result.
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5.3 Tensorial Notation for Complexity

In this subsection, we will give a tensorial approach to complexity theory and see
some more correspondences with our main topic. In Definition 3.0.1, we defined pure
tensors and noted that a general element T" in our tensor space 7 can be written as

sums of pure tensors. Thus, T is of the form

T= > ti.in(e1iy®...Qemi,)-

11,eensbm

Example 5.3.1. Consider m =2. Then, T € UV for vector spaces U and V. Let
{w;} and {v;} be bases for U and V' respectively. Then, a general element of U®V
is of the form T =32, ;t;;(u; ®@v;). Consider the following tensor:

T =2u1 ®vo — us @1 + ug QU2 + 3usz @ v3.

Then, t129 =2, to; = —1, tao =1, and tgz3 =3. We can see this as a matriz of size
3% 3 as
0 20
Ar=1-1 1 0
0 0 3

Naturally, we can consider a linear map L7 : U — V' such that
LT(U) = LT(ZJL'Z'UZ') = inLT(Ui) = Zl‘l Ztijvj.
In our example, we have

Lp(u)=Lr(abc)=(abc)Ar=(=b 2a+b 3c).

The following note is clear from the previous example.
Note 5.3.2. Linear maps corresponds to 2-fold tensors.

We will provide an alternative way to define the linear map corresponding to the

tensor T. We will use the dual vector space.

Definition 5.3.3. The dual of the vector space U is the set of all linear functionals
on U. That is,
UP = {uP .U > F}.
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Choose a basis {u?}. Then we have

1, if i=j
D )
K (uj):{o if i

Now define Ly : UP — V such that LT(uf) = > trjvj. Using the definition above,
we have t; =, tiju,?(ui). Thus, we get

Lr(uy) = 3 _tijup, (ui)v;.
v

The following theorem also shows the correspondence between 2-fold tensors and
homomorphisms from UP to V. In the following theorem, choose A = UP and
B =V. Then, we have U®V = Hom(UP,V), as desired.

Theorem 5.3.4. Given two vector spaces A and B, we have AP ® B~ Hom(A, B).
Proof. Let uP € UP and a € U. Define f : UP ®V — Hom(U,V) with the rule
f(wP ®v)(a) =uP(a)v. Suppose {e;} is a basis of U and {eP} is a basis for UP.
Define
g:Hom(U,V) —UP eV : H—Y eP @ He)
i

where H : U — V. We claim that f and g are inverses. Consider
Flg(H))(a) =3 e (a)H(er) = H( e (a)ei) = H(a).
(3 7
Similarly,

g(fuP V) =3 el ® f(uP @v)e;=3 e @ul(ei)v =3 ul(e)e] v =u"®0.

The linearity of f and g can be easily checked. So, we have two linear maps that

are inverses of each other. That means, we have the desired isomorphism. O]
Let us apply this new approach to the same example.
T =2u1 ®ug—uo @1 +us @2+ 3ug Qus.

Suppose f:U®V — Hom(UP ,V') is the isomorphism. We denote the image of
T cU®V under f by T7. So, we have
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T'wf) = (uev) (wl)— (o) (W) + us@v)! (W) + (Bus @ v3) (uf)
= (u)(2u1)va — (uf’)(uz)v1 + (uf’) (uz)vz + (ui’) (Bus)vs

= 21)2 = Ztljvj'
J

T/(ug) = (2ui®@v) (uh) = (ue@v1)! (uh) + (ug @v2)! (ud) + (Bus @ v3)7 (uf)
= (uy)(2u1)va — (ud) (uz)vr + (u)) (uz)ve + (uf) (3us)vs

= —v1+t+vy= Ztgjvj.
J
So, ta1 = —1 and tog = 1.

TIWd) = Quiev) (W) — (i) W)+ (u2@v2)! (uf) + (Bus @)/ (ud)
= (u§)(2u1)va — (ud) (uz)vr + (uf) (ug)ve + (uf) (3uz)vs

= 3ug= Ztgjvj.
J

Lastly, we have t33 = 3, as we found before.

Remark 5.3.5. We started by showing the relation between 2-fold tensors and
matrices.  Using that, we found an alternative way to represent the space of
2-fold tensors by Hom(UP.V). Now, we will extend it to create a relation for
3-fold tensors.

UV = Hom(UP,V)
J extend
UVeW = Bil(UP xVvP w).
Then, we will have (uv® v ® w)! (u?,vP) = uP(w)v? (v)w supposing that the
isomorphism is given by f. So, a pure tensor T'=u® v ®w defines a bilinear map

T:UPxvP s w: (uP,oP) — uP (w)oP (v)w.

Thus, we get a new correspondence, that is, bilinear maps corresponds to 3-fold
tensors. Observing that (vy,...,vm,) — V1 ®...® vy, is multilinear, we can conclude

that multilinear maps corrensponds to m-fold tensors.
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Example 5.3.6. Consider an algebra A. Given our Definition 5.1.14, A is a vector
space U with a multiplication ¢ : U x U — U. A corresponds to a 3-fold tensor Ty in
UP@UP®U such that T f = ¢. Let us give a precise correspondence to understand
what is going on here. IfTA S uP @vP @, then ¢(u,v) = X7 uP (w)vP (v)w;.

What is so special about T4 is that the tensor rank of the algebra A corresponds to
the rank of T'4. Recall that tensor rank of 7" € T is the minimum positive integer R
such that there exists a decomposition of T into R pure tensors. Similarly, rank of a
subspace U of T is the minimal number of pure tensors needed to span a subspace
containing U. Thus, tensor rank of an algebra gives a measure of complexity of
multiplication. We can also see this by following a very similar approach as follows.
We call a map ¢: V — W quadratic if there exists bases {v;}i<n and {w;};<p of V
and W respectively, and quadratic forms g1,...,g, € Flx1,...,2,] such that

P
vaz :Z b)w; for all b= (by,...,b,) € F".

Definition 5.3.7. The quadratic forms g1,...,gp are called coordinate functions of

¢ with respect to bases {v;} and {w;}.

Let u?,...,u?,vf,...,v,p e VP and wy,...,w, € W such that for all v € V' we have
- D D
= uy (v)v; (v)w.
i=1
Then, (ul ,v{j L, W1 uf) ,v,p ,wy) is called a quadratic computation algorithm for ¢

of length r.

Definition 5.3.8. We have L(¢) = Ly|x,, . x,({91,---,9p}). This is called the
multiplicative complexity of ¢. It is equivalent to the shortest quadratic

computation algorithm for ¢.

Similarly, we can define the bilinear complexity by making the quadratic map into
a bilinear map. That is, we have ¢ : U x V — W such that

_ éu?w)v?(v)wz

where u” € UP, vP € VP and w; € W.

Definition 5.3.9. (uf,vP, w1;. uD v?,wr) is called a bilinear computation for ¢

of length r. The length of a shortest bilinear computation for ¢ is called the bilinear
complexity, or the most common name for it, the rank of ¢. It is denoted by Rk(¢).
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So, we finally arrived at the concept of rank. The big theorem combining the relation

between multiplicative complexity and the rank is the following.
Theorem 5.3.10. L(¢) < Rk(¢) <2L(¢).
Proof. By definition, L(¢) < Rk(¢). To see the other inequality, consider the bilinear

map ¢ : U x V — W. Denote L(¢) = L. Let a;,b; € (U x V)P and w; € W. So, given
(u,v) € U x V, using the definition of bilinearity, we have the following

L
P(u,v) =Y ai(u,v)bi(u,v)w;

~
[y

M=

(ai(u,0)4+a;(0,v))(bi(u,0) +b;(0,v))w;

i=1
L L
= ai(u,0)b;(0,v)w; + > bi(u,0)a;(0,v))w;.
i=1 =1

where in the last equality we used the fact that S5 a;(u,0)b;(u,0)w; = 0 and
SF L a;(0,0)b;(0,v))w; = 0. So, we get the upper bound 2L, as desired.

]

The following example shows one of the advantages of using rank instead of the

multiplicative complexity.

Example 5.3.11 (Remark 14.22 in [2]). Consider a permutation m € Ss. It induces

an isomorphism
U1 @U@ Us = Up—1(1) @ Up—1(9) @ Ur—1(3)
that send tensor T to nT. Rk(T)= Rk(rT), however L(m) # L(nT).
Given bilinear maps ¢ : U xV — W and ¢ : U' x V' — W', consider
0@ (UdU)x(VaV)=>WaeW and ¢ @ ¢ - (UU ) x (VaV')-WeW

that send (u®u',v B V") to P(u,v) B P(v',v") and ¢(u,v) @ p(u',v").
Theorem 5.3.12 (Prop 14.23 in [2]). Let ¢1 and ¢2 be two bilinear maps.
o Rk(d1 @ ¢2) < Rk(¢1)+ RE(¢2).

o Rk(¢p1® ¢2) < RE(¢1)RE(d2).
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One of the other advantages of rank comparing to the complexity is that, we do not
know if L(¢1 ® ¢2) < L(¢1)L(¢p2) or not. Additivity conjecture states the rank of
the direct sum is equal to the sum of the ranks. However, common belief is that the

conjecture is wrong. So, the following open problem is natural.
Open Problem 5.3.13. Find an example with Rk(¢1 & ¢2) < Rk(d1) + Rk(¢p2).

We can do some comments on the rank of the polynomial multiplication which will

give us a great theory on tensor rank. Let k be a field. Consider the bilinear map

¢Zl,n : k[X]<m X k[X]<n — k{X]<m+n71.

Theorem 5.3.14. R(¢,"") > m+n—1. We have equality if |k| > m+n—2.

See that the equality is just the special case of Theorem 5.1.18 by putting the degrees
m—1 and n—1. Since bilinear maps corresponds to 3-tensor, the bilinear map gbzl’n

can be denoted by a tensor T}, ,, 1 € IFZ’LX"X’“. Thus, we get the following theorem.
Theorem 5.3.15. trk(T,, ) > m+n—1. We have equality if ¢ > m+n—2.

Let us denote ¢," by ¢y when k =1IF,. From the above theorem, R(¢p™) > 2n—1.

We will give some known results and open problems here.
Theorem 5.3.16 ([10]). R(¢y) > max{Ny(r,2n—r) | n <r < 2n}.

Theorem 5.3.17 ([2]). Let r = ¢y. Then, for any 1 <z <n, there erists and

[r—n+x,z,n], code.
Open Problem 5.3.18. Determine R(Fyn) for any given q and n.
Open Problem 5.3.19. Determine R(¢,"") for all m,n and finite field k.

Open Problem 5.3.20. Determine for which values of q and n, the rank RE(IFj*")
s mainimal.

Consider a bilinear map ¢ : U x V — W. The following definition is the
correspondence of Definition 3.0.3.

Definition 5.3.21. ¢ is I-concise if {u e U | ¢(u,V) =0} ={0}.

As we noted, ¢ gives us a 3-tensor 1. If T = Zf;r U QU RQuw, EURV QW and T
is 1-concise, then we have < uy,...,ugr >=U. Thus, Rk(T) > dim(U). This is very

crucial since it help us characterize n-dimensional F-algebras of rank n.

Theorem 5.3.22 (Proposition 14.39 in [2]). Let A be an n-dimensional F-algebra.
Then Rk(A) =n if and only if A=T".
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Example 5.3.23. Consider the R-algebra C. Note that C is 2-dimensional over
R with the basis {1,i}. We need to define a bilinear map. We multiply two
complex numbers as (x+yi)(c+di) = (xc—dy) +i(xd+yc). By Definition 5.1.1/
and Theorem 5.3.22, we have the multiplication map

¢:RExR2 5 R?: ((a,b),(d',b) — (ad’ —bb ,a'b+ab).

InR?, we have 1 = (1,0) and i = (0,1). Let e; and ez be standard basis for R?. Then,

2
#((1,0),(1,0)) = (1,0) = > Tiiper = Thnrer +Tizees = T =1, Thi2 =0.
k=1

2
¢((1,0),(0,1)) = (0,1) = > Thorer = Ti21e1 + Tizzez = Ti21 =0, Tiz2 = 1.
k=1

2
$((0,1),(1,0)) = (0,1) = > Thrger = Torrer + Toroes = To11 =0, Thio =1
k=1

2
$((0,1),(0,1)) = (—=1,0) = Y Tooper = Trore1+ Tozzes = Thor = —1, Thop = 0.
k=1

Thus, we have T'=e1®e1Re;+e1Rea®ea+eaRe; Reg —eaRea®ey. Fquivalently,
T=e1®(e1®e1+ea®e2)+ea® (61 Rea —ea®eq). So, we have

10 0 1
csl(T)—<<O 1),(_1 0>>—<T1,T2).

See that T is 1-concise since the dimension of the first contraction space is 2.

Similarly, this can also be seen by checking Definition 5.3.21.

Recall that in Chapter 3, we noted that X € FFX"*™m is ]_concise if and only if all
1-slices of X are linearly independent. For example, see Lemma 3.1.6. We end this
subsection by rewriting it in the following theorem that explains this concept in

bilinear maps language.

Theorem 5.3.24. Let ¢ : F¥ x F* — F™ be a bilinear map such that the first

contraction space of the corresponding tensor is the span of T,...,Ty. Then,

¢ is 1-concise <= {T1,...,T}} is linearly independent.
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5.4 Matrix Multiplication

One of the leading problems in algebraic complexity theory is matrix multiplication.

Multiplying two n x n matrices C' and D using
(cij)(djk) = >_cijdir
j

uses a number of operations which is proportional to n3. We can see this by
considering the first entry cj;. It will be multiplied with n entries of D. So, in
total we will need n® multiplications since C' has n? entries. There will be (n —1)
additions for each entry. This will give us n?(n —1) =n? —n? additions. So, we will

have 2n3 —n? operations in total.

Example 5.4.1. Consider multiplication of 2 X 2 matrices. Let F be a field.
Consider 2 different bases A = {Ag, A1, A2, A3} and B ={By, B1, B2, B3} where

10 10 0 0 0 1
Ap= A= , Ay = , Az = ,
10 0 0 1 -1 10
By = . By = , By = , By = .

Note that this is a very smart choice since for all 0 <1i,5 <3, we have the property
that A;Bj € {A;, Bj,0%*2}. This is checked in Table 5.2.

Table 5.2 2 x 2 Matrix Multiplication

| [Bo|Bi[B]Bs]
Ao | Ao | By | Bo | B3
Ay | Ay | B1 | A3 | O

A3 | A3 | A3 | O Bs

Consider n=2m. Then, X,Y € (F"") = (F™*™)2%2_ [ Section 1.2, we mentioned
that given C € K"™*" and D € K***, we have

ci11D c19D
C®D= Cle 622D E(FSXS)TXT.
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Now, let us write X by using the basis A and Y by using the basis B. We have

X = Z A; @z andY = Z B; ®yj,

0<i<3 0<j<3

where z;, y; € F™*™ are uniquely determined since A and B are bases. Then,

XYy = (Y Aex)( Y. Bjoy)

0<i<3 0<j<3
= Y (AiBj) ® (ziy;)
i

Ao @ (zoyo) + A1 @ (21(yo +¥3)) + A2 ® (2(y0 +¥2)) + A3 ® (z3(y0 +y1))
+ B1®((wo+x2)y1) + B2 ® ((wo +1)y2) + B3 ® ((xo +23)y3)
A0®P1 —|—A1®P2—|—A2®P3+A3®P4+Bl®P5—|—BQ®P6—|—B3®P7.

where the second last equality follows from Table 5.2. Note that the m x m matrices
Py’s contains 1 addition of the form xo+x; or yo+y; and 1 multiplication. So,
we have 7 multiplications to compute all Py’s. In [2], it is proven that the x;’s and
yj’s can be evaluated using 10 additions. Also, it is shown that the 1 addition inside
Py’s can be evaluated using those 10 additions. Let M = XY be the desired product.

Now, observe that
My=P+P+F+Pr, Mi2=Py—Ps,

Moy = —P3+P7 , My =P+ P3+ Py+ Ps.

Thus, we have 8 more additions. So, in total of 7 multiplications and 18 additions
are required to multiply two n X n matrices where n = 2m for some integer m. This

algorithm explained above is known as Strassen’s algorithm.

Definition 5.4.2. T'(n) is the minimum number of arithmetic operations required

to compute the product of two n x n matrices.

18 additions of m x m matrices gives us in total of 18m? additions. Similarly, 7

multiplication of m x m matrices are required. So, we have the upper bound
T(n) < 7T(g) + 18(%)2.

Solving this with 7'(1) = 1, give us T'(n) < 7' —6n?. Note that log7 < 2.81 < 3,
i.e., this is a huge improvement since we now can say that it is O(n'97) instead of

O(n3).
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Definition 5.4.3. w = inf{h € R |multiplication in F*™*" has cost O(n")}.

This is a very active research area and so far it is known that w < 2.38. We finish

this discussion and state the open problem.
Open Problem 5.4.4. Determine the exponent w of matriz multiplication.

We write < e, h,l > for the matrix multiplication F¢*" x F"*l — Fexl Thus,

<e,h,l >= Z Ujj @ Vjm @ Wi € Fexh @ Pl @ Fixe

Z?]’m

Clearly, < e,e,e >=TF*¢ and <e,h,l>® < N, I' >=<ec hl/,ll' > . We showed
that Rk(< 2,2,2 >) < 7. We will give another approach which help us to see the

a 0 b 0) [z
. (a b) (:U y) ) 0 a 0 by
tensor rank. Consider . This can be seen as . We
c d] \z t c 0 ¢ 0]z
0 d 0 d)\t
have the basis
10 00 0010 0000 0000
B—{ 0100 7 0 001 | 0000 7 0000 L
0000 0000 10 0 0 0010
0000 0000 0100 0 0 01

This can be split into 8 rank one matrices. Thus, trk(M?*?(F)) < 8. However, we
showed above that it is at most 7. We can actually create a tensor to represent this
and show that its rank is at most 7. See the first basis element. The entry in the first
row and first column is 1. So, we have e; ® 1 ® eq as the first pure tensor. The first
component represent which basis element it corresponds to, second one represents
in which column it lies and the last one represents the row it lies on. Using this
approach, we get

T=e1®e1®ete1R@ea®ertea®ez®e;+ea®eqg e+
e3Re;®est+e3®ea®eq+e1Qez3Res+es4®eqXey.

Theorem 5.4.5. trk(T) <7.

Proof. T = (e1 + e4) ® (e1 + e4) @ (e1 + e4) + (e2 + €4) ® €1 ® (e2 — e4)
+e1®(ez3—eq)R(ez+es)+ea®(—er+e2)@(e1+e3)+ (e1+e3) Dea® (—ep +e3)
—i—(—el+€2)®(61+63)®64+(63—64)®(€2+64)®61. Il

In [26], it is proven that trk(T) =17.
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6. FINITE GEOMETRIC APPROACH

So far, the only geometric object which is related to rank-metric codes was tensors.
In this chapter, we will talk about the relation between rank-metric codes and some

other geometric objects.

6.1 Semifields

Definition 6.1.1. A finite semifield (S,+,0) is a structure satisfying
C 18122,
o (S,+) is an abelian group,
e (a+b)oc=aoc+boc,
e ao(b+c)=aob+aoc,
e zoy=0=—= x=00ry=0,
o d1 €S such that aocl=10a=a for all a,b,c € S.

Note that, semifields are division algebras which are not necessarily associative or
commutative. So, we define the center of a semifield as a measure of its closeness to
being a field.

Definition 6.1.2. Z(S)={z € S| © commutes and associates with all elements of S}.
We have the following theorem by [6].
Theorem 6.1.3. If [S: Z(S)] =2, then S is a field.

Given a semifield we can define its left, right and middle nucleus.
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Definition 6.1.4. Given a semifield S, we have
Ny(S)={z eS| zo(yoz)=(zoy)oz, Vy,z €S}

Ny (S)={ye S| xo(yoz)=(roy)oz, Va,z€ S}

Np(S)={z€ S| zo(yoz) = (zoy)oz, Vu,y € S}.
Similarly, the middle and right nucleus of a rank-metric code C' are defined as follows
in [21].

Definition 6.1.5. Given a rank-metric code C C ]ngm, we have
Nn(C)={Ae IFZX”] AM e C VM € C}.
N (C)={BeF,”*™| MBeC VM cC}.

In Definition 3.2.11, we defined the equivalence of two rank-metric codes C' and C’
with respect to an isometry on Fy*™. The following well-known theorem gives us

another equivalence criteria.

Theorem 6.1.6. If [ is an isometry of Fy™™ with n,m > 2, then there exists ma-
trices X € GL(n,q) and Y € GL(m,q) and Z € F*™ such that f(A) = XAYY + 7
for all A€ Fy*™ where a € Aut(Fy). In particular, Z =0 if f is additive.

Using the theorem, the equivalence of rank-metric codes can be defined as the fol-
lowing. Two rank metric codes C1 and Cy are equivalent if there are X € GL(n,q),
Y € GL(m,q), Z € F*™ and a € Aut(F,) such that

Co={XAY+Z:AecCh}.

Clearly, if C'1 and C5 are linear, then we can assume Z = 0. In the next theorem, we

will start to see the connection between rank-metric codes and semifields.

Theorem 6.1.7. If C1 and Co are equivalent linear rank-metric codes, then their

middle(similarly right) nucleus are also equivalent.

Proof. A€ Np(C) <= AM € Cy , VM €y < X(AM)*Y € Cy , VM € (4
= XAM®Y €Cy , VM € O <= (XA*X 1) (XMY) e Cy, VM € Cy. Thus,

A€ N,(C]) <= XA*X e N, (C)

since by Theorem 6.1.6, we have XM®Y € Co, i.e, XA*X ! € N,,(C3) due to the
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assumption that the codes C; and C are equivalent. Again, by Theorem 6.1.6, we
have the desired result. O

Now, we will define what does it mean to have an isotopism between semifields.

Note that given a map F and z € S, 2" denotes the image of  under the map F.

Definition 6.1.8. Consider two finite semifields (S,+,0) and (S',+,x). The 3-tuple
(F,G,H) where all three components are nonsingular linear maps from S to S’ is

called an isotopism between S and S’ if

aFwy® = (woy)¥ Va,ye s,

Semifield theory is mainly studied by looking at the isotopism classes of semifields.
Note that if a linear code C' defines a semifield, then the middle and right nucleus
are invariant under isotopy. However, if the code in non-linear, then they are not

invariant.

By relaxing some of the properties in the definition of a semifield, we can get some

other geometric objects.

Definition 6.1.9. If we remove the left distributivity law in the definition of a
semifield, then it is called a finite (right) quasifield (Q,+,0).

We will state a very important classification theorem using quasifields in the follow-

ing parts. It will come in handy to define the kernel of a quasifield now.

Definition 6.1.10.

KerQ={seQ:so(a+b)=soa+sob,so(aob)=(soa)ob for all a,b e Q}.

Definition 6.1.11. Without the multiplicative identity element, (S,+,0) is called a
pre-semifield.

The reason we like working with pre-semifields instead of semifields is that sometimes
it is very difficult to find a reasonable formula for the multiplication. However, we
need to find a way to get semifields starting from pre-semifields so that it makes
sense to work with pre-semifields. There is way introduced by Kaplansky in [11].

This is also known as Kaplansky’s trick.

Theorem 6.1.12. Given a pre-semifield (S,+,0) and a,b,x € S, we have (S,+,*)
as a semifield by defining

(aoxz)*(xob)=aob.
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Proof. See that xox is the multiplicative identity, and thus we are done. O]

Similarly, using Kaplansky’s trick, one can show that any pre-semifield is isotopic
to a semifield under the isotopism (R, L,id) where R, L : (S,+,0) — (S,+,*) denotes
the right and left multiplication by z, respectively.

We mentioned that semifields are algebras which are not necessarily associative or

commutative. We precisely defined what an algebra is in Definition 5.1.14. Let A

be an n-dimensional algebra over F and {ej,...,e,} be a F—basis for S. Then, we
can define . . .
zoy= Y wiyjleioe;) = > wiy;(D_ aijer).
ij=1 ij=1 k=1

Here, x = >1" | xie; and y = Y1 yie; with z;,y; € F and some constant a;jr € IF.
These constants a;j;, € F are called structure constants. In [12], it was observed that
the action of the symmetric group S3 over the indices of the structure constants give
us 5 more semifields. In total, we get 6 semifields, not necessarily different. The set
of those 6 semifields is given by {S,5(12),5(13),5(23),5(123),5’(132)} and it is called
the Ss-orbit of S. That give us the set of isotopism classes of semifield S. The set

is known as the Knuth orbit and defined as follows:

Definition 6.1.13. Knuth orbit of a semifield S is

{[S], [S1)],[s13)], [s3)], [s123)] [s132))y

To understand the behaviour, we will consider S'2.

Theorem 6.1.14. S12) fixes the middle nucleus and interchanges the left and right

nucleus.

Proof. Nj:zo(yoz)=(xoy)ozVy,z€ S — (zoy)ox==zo(yox) Vy,z€S : N,.
Ny :ixo(yoz)=(roy)ozVa,z€ S — (zoy)ox =zo(yox) Vr,z€ S : Np,.
Ny:xo(yoz)=(roy)ozVr,ye S — (zoy)ox=zo0(yox)Vr,ye S : N,. O

Question 6.1.15. What happens if we apply this action to rank-metric codes? Can

we derive a similar theory just like for the semifields to the rank-metric codes?

Given a semifield S, we can construct a spread S of PG(2n —1,q) as follows:
S={Sy| a € SU{o0}} where S, = {(z,a0z):x € S} and Soc = {(0,2) : z € S}. We
can also define a spread of PG(2n —1,¢q) using a spreadset C' in F g " First, let us

define what is a spreadset.

Definition 6.1.16. A spreadset C' < IFZX” is a set of ¢" nonsingular matrices such

79



that the difference of any two of them is nonsingular. In other words, we have 0 € C,
|C| =q", and det(A— B) #0 for all A,B € C.

Given a semifield S, we can create the spreadset C' defined above.

Definition 6.1.17. If the spreadset C' is closed under addition, then it is called a

semifield spread set.

Now, the spread S becomes
S={S(A) | Ac C}U{S(c0)}.

Here, S(A) = {(z,zA) : z € Fy} and S(c0) = {(0,y) : y € Fy}. Again, clearly S is
an (n—1)-spread of PG(2n—1,q) since it is a partition of the points of the space

by subspaces of projective dimension n — 1.

Remark 6.1.18. Let S be a semifield and C' be its corresponding spreadset. Since

Fy™" = Endp,(Fy) = E, we can see the elements of C' as Fy-linear maps on Fy.

Note that two spreadsets are equivalent if their corresponding spreads are isomor-
phic. Similar to the equivalence of rank-metric codes, we can define the equivalence

of semifield spreadsets. The following theorem is taken from [18] and proven there.

Theorem 6.1.19. Semifield spreadsets C,C" C E are equivalent if and only if there
exists invertable elements X,Y € E and o € Aut(F,) such that

O' = {XAY : AeC).

Note 6.1.20. This is actually the same definition as the equivalence of rank-metric
codes. We do not have the “+Z7 term here since as stated in Theorem 6.1.6, Z =0
if we have additivity. This is the case since semifield spreadsets are closed under
addition by Definition 6.1.17.

Consider C' a semifield spreadset. Thus, by definition, C' is an additive subgroup of
E. Then, we can assume that it is an F,-subspace for some subfield F,, of F, where

q=p'. By Remark 1.1.11, we have
dimp, C' = (dimg, C)(dimg, Fy) =n-t = nt.

Therefore, we have the following theorem which we will prove in a moment.

Theorem 6.1.21. The semifield S whose corresponding spreadset is C, defines an
Fp-linear set L in PG(n?—1,q) of rank nt.
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We will use the field reduction map that was introduced in Chapter 3.

Frip: PG(r— 1,pt) —PG(rt—1,p)

all points ——D,. 1

Here, D, , represents the Desarguesian spread. We will come back to it later. Let
U be a subspace of D, i.e. U < D, such that By ={z € D| xNU # 0} C D. Then,

we take its pre-image and call it the linear set L(U).

Definition 6.1.22. If U has dimension d in PG(rt —1,p), then the linear set L(U)
is said to be of rank d+ 1.

Remark 6.1.23. Note that L(U) is scattered if and only if U intersect x in at most
a point for all x € D. A scattered linear set has rank at most %t If that bound is
met, then it is called mazimum scattered set, and they have some very interesting

relations with MRD codes. For more on this subject, see [4].

Proof of Theorem 6.1.21. Note that PG(n?—1,q) = PG(n?—1,p!). By the field re-
duction F,2 4, it is mapped to PG (n?t—1,p). Recall that dimp, C'=nt. Thus, C has
dimension nt —1 in PG(n?t —1,p). Then, B¢ = {x € D| zNC = (}. Its pre-image
is the set L = {F,iu| u € C—{0}} which has rank (nt —1)+1 = nt, as desired. [

Note 6.1.24. We talked about how to use field reduction map to get rank-metric
codes from the vector codes before. See Figure 3.1 and how we applied it to the
Example 3.3.6.

Consider the tensor space T defined in Section 3. Now, we will define a contraction
of an element in 7 just like we defined the contraction spaces of 3-tensors to get

information about rank-metric codes.

Definition 6.1.25. We call any nonzero vector of V; nonsingular. Let T € T. We
call viD(T) eEVI®..QVi1®Vii1®...0V,, the contraction of T €T by "UZ-D € ViD.

We call a tensor T nonsingular if the contraction v (T) is nonsingular for alli € [m].

Now, we can define the contraction spaces just as we did in Definition 3.0.3. It is

basically the subspace spanned by all the contractions of 7T'.

Example 6.1.26. Let us find the 1 —th contraction space of a nonsingular tensor
T eT. It is equal to
cs1(T) =< vP(T) | vP e VP > .

Consider any nonzero element T' of cs1(T). Then, T' can be written as a linear

combination of contractions of T. Hence, T' is a contraction itself. Since T is
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nonsingular, T' is nonsingular as well. Thus, any element of the contraction space

s also a monsingular tensor.

Hence, given any nonsingular tensor 7', we have a set of nonsingular tensors in
tensor product where the i —th factor is left out. Then, the dimension of the i —th
contraction space of T is equal to dimension of V;, i.e., the factor that is left out.

So, we have the following corollary.

Corollary 6.1.27. Given a nonsingular tensor T, we have cs;(T) = dim(V;) = d;.

Thus, T is concise.
We can combine Definition 3.2.3 and 3.2.9 to make the following observation.
Note 6.1.28. rank(T) = rank(cs1(T)) for all i € [m)].

Given a semifield, we can define a tensor associated to it. We did it in Example

5.3.6. Now, we will state a theorem using Definition 1.1.20.

Theorem 6.1.29 (Theorem 4.2 and Theorem 4.3 in [16]). Consider a semifield S
and two presemifields S1 and Ss.

(1) S1 and Sy are isotopic if and only if Tgl = Tg;. This is given by the relation

(A,B,K):S; — Sy <= (AP BP K™1):Tg, = Ts,.

(2) Ts e UV @W is nonsingular.
(3) Given a nonsingular tensor T, there exists a presemifield S’ such that T = Tg:.
The important takeaway from this theorem is the following remark.

Remark 6.1.30. There exists a correspondence between set of isotopism classes of

semifields and the G-orbits of nonsingular tensors in U Q@ V @ W. In other words,

(8] «— TE.

Note 6.1.31. Observe that Remark 6.1.30 also means that if we have two tensors
Ty,T5 € T that are in the same G-orbit, then it is equivalent to say that i —th

contraction spaces csi(T1) and cs;(T2) are also in the same G-orbit.

Consider a semifield S and its associated nonsingular tensor Tg € U ®V @ W. Then

the following definition is natural.
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Definition 6.1.32. A point corresponding to the semifield S is

Ps = PG((Ts)) € PGU @V @ W).

Lemma 6.1.33. If Pg, = Ps,, then the semifields S1 and S are isotopic.

Proof. Pg, = Ps, means there exists a nonzero scalar ¢ € F such that T, = cT,.

1

By Theorem 6.1.29, consider (id,id,z — ¢~ x) so that (id,id,z — cx) gives two

semifield in the same isotopism class. O]

We need the following concepts from projective geometry to continue. Recall that
just as in Definition 1.1.5, we can define I'L(V) as the group of nonsingular semilinear
transformations of V. So, I'L(V) is just the semidirect product of GL(V) and
Aut(F). That means, any f € I'L(V) is of the form (A,0) where A € GL(V) and
o € Aut(F). The following definition is well-known.

Definition 6.1.34. Any f € I'L(V) induces a collineation(bijective morphism) «
of PG(V). If a is induced by f = (A,id), then « is called a projectivity and the
group of all projectivities is denoted by PGL(V'). Similarly, if f = (A,# id), then
a e PTL(V).

In Definition 1.1.20, we defined G = GL(U) x GL(V) x GL(W). Thus, G is a
subgroup of GL(U®V @ W). Now, consider a subgroup M of PGL(U®V @ W)
such that any element of M is induced by (A,id) where A € G.

Theorem 6.1.35 (Theorem 4.7 in [16]). S1 = Sy < Pé\f = Pé‘g.

Proof. By Theorem 6.1.29, 51 = Sy <— TSCJ; = TSGZ. By how we constructed M and
Lemma 6.1.33, we have S1 = Sy <— Tgl = ng <— Pé\;[ = Pé\g. ]

Last but not least, we define the tensor rank of a semifield.

Definition 6.1.36. Tensor rank of a semifield S is the rank of the corresponding

tensor Tyg.

The big idea that help us understand and develop the correspondence between
rank-metric codes, tensors and algebras was this definition and the theory behind it.
This is examined in [16] where tensor rank also turns out to be an invariant under

semifield isotopy.

Theorem 6.1.37. Tensor rank of semifields is an invariant under isotopism of

semifields.
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Proof. Let S = Sy given by (A, B,K). By Theorem 6.1.29, (AP, BP? K=1) maps
Ts, toTg,. Since A, B, K are nonsingular, ranks are also the same. Thus, the ranks

of the corresponding tensors are also the same, as desired. O

Now, let us talk about how to compute the tensor rank of semifields, so that we can
apply this theory to MRD codes, i.e, to a family of rank-metric codes. Here we refer
to the paper [19]. In that paper, the first examples of semifields of the same order
with different tensor ranks have been given. Similarly, they prove that there are
semifields of order 81 whose tensor rank is less than the tensor rank of a finite field
of size 81. In terms of complexity, this is huge result since one can use semifields
instead of finite fields in some occasions to provide faster algorithms. This is the first
such known example in the literature. In the same paper, they considered T' € T

such that we have its decomposition into R pure tensors. That is,

R
T = ZUT1®’UT2®...®’U7~m.

r=1

Then, one can define m linear codes with the generator matrices

The following theorems summarizes this relation and proofs can be found therein.
Theorem 6.1.38 ([19]). Let C; be the codes that are generated by G;.

(1) Cj is a code of length R.

(2) dim(C;) < d;.

(8) d(C;) > min{max{dim(vP(cs;(T))) :i # j} P € V;P}.

(4) trk(T) > Ny[dim(C;),t;] where t; is the minimal tensor rank belonging to the

elements of the i —th contraction space.
Lastly, we propose two open questions using the theorem above.
Open Problem 6.1.39. Find the exact equalities in Theorem 6.1.38.

Open Problem 6.1.40. In Theorem 6.1.38, the codes are defined by a
decomposition of a tensor, not by a tensor. What would the parameters be in that
case and what can be said about the uniqueness keeping in mind that decomposition

of tensors are not unique.
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6.2 Gabidulin Codes and the Case m=n=d

Let us start by recalling the isomorphism ™ = Fiim. Given (v1,...,0n) € Fym, we

denote the k x n Moore matrix by

U1 v2 Un
q q
vy Uy vl
Mk(vla 7Un> =
k—1 k—1 k—1
vf vd vl
Definition 6.2.1. Let uq,...,u, € Fgm be linearly independent vectors over Fy and

form the Moore matriz G = My (u,...,u,). We define the Gabidulin code C C Fym
as the linear code whose generator matrixz is G. Clearly, it has dimension k. The
code C' can be seen as a rank-metric code in ngm by the fact that ngm =Fgm. It
has been proven in [7] that a Gabidulin code C' C Fym of dimension k over Fym has

mintmum distance n—k+1, i.e, it is an MRD code.

Since the relation between the Gabidulin codes and the linearized polynomials are
well-known, we will define and use linearized polynomials here and show how they
are related to MRD codes.

Definition 6.2.2. Let t € N. A linearized polynomial(g-polynomial) in Fyn[X] is of
the form

. t .
aOX—i—aqu—i—...—l—ain +...= Zain
1=0
Let Ly, ¢[X] be the set of all linearized polynomials in Fgn[X]. Then we have

Ln [ X] / (X" - X) = Endg, (Fgn).

Fyn is the splitting field of the polynomials 29" — z. The elements of Fyn are precisely

n .
the roots of 29 — x. Now consider

zt:aini G]Fq"[X]/(Xq" ~X).
i=0

The Gabidulin codes are defined as follows.
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Definition 6.2.3. Given n and d, we let k=n—d-+1 and m =n. Then,

1

k_
G={apX+uX"+.. . +a,_1X? :ap,...,a5_1 €EFp}.

k—1

Now, observe that for each f € GG, f has at most ¢ roots. There are k coefficients

where each can take ¢" values. Thus, we have

|G| _ <qn)k' _ an _ qn(m—d—kl)‘
So, the Gabidulin codes are Fyn-linear MRD codes. Now, let us define the middle
and right nucleus of a Gabidulin code. Again if the code defines a semifields, then

they will correspond to the middle and right nucleus of a semifield.

Definition 6.2.4.
N (C)={g:gofeC forall fecC}=Fp
N (C)={g: fogeC forall feC}=Fyn.

It is good to know that your nucleus is isomorphic to Fy» when you are dealing
with some classification problems, or any kind of problem in general. We state the

following remark before going further to the special case m =n = d.

Remark 6.2.5. The existence of linear MRD codes for all q,m,n are known. It
is also shown in [25] that there are some MRD codes which are different from the

Gabidulin codes.

For the rest of this section, consider m=n=d, i.e., k=1. Then C' = {agX : ap € F¢n }.
That is, |C| = ¢". Since m =n =d, we get an MRD code C in F*" of minimum
distance n. Hence, C is a set of matrices such that det(A— B) # 0 for all A# B in
C. Let B € C. Now, consider the set

C-B={A-B:AeC}.

So, if we replace C' with C'— B, then we can have the zero matrix as an element
of C since we can choose A = B. Thus, all nonzero matrices in C' are invertable.
Similarly, if we replace C' with B~1C' for some B # 0, then we can have the identity
matrix an element of C'. All this transformations are isometries, so the rank distance
is preserved. So far, we have |C| = ¢" and det(A) # 0 for all nonzero A € C. That
means, we get a spreadset in F’;X”. Conversely, a spreadset in FZLX" defines an MRD

code C. To see this, we will show that we get a quasifield and prove a theorem
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afterwards. Observe that C'— {0} acts transitively without the fixed points. That
is, the pointwise stabilizer is trivial. So, suppose we fix a nonzero vector vy € Fyn.
Then, for all v € Fyn, there exists A(v) € C such that vgA(v) = v. Without loss of
generality, let vg = e; = (1,0,...,0). Thus, the first row of A(v) is equal to v itself.
In particular, we write C'= {A(v) : v € Fgn} where A(0) =0. In summary, given any
two distinct nonzero elements v,w in Fyn, there is an unique matrix A such that
Av =w. Consider the standard vector addition Fy» and define the multiplication o
by
vow =vA(w).

This multiplication gives us a quasifield. If @) is a finite quasifield, then ker@ is
a finite field. We can see () as a finite dimensional left vector space over ker().

Therefore, we have the following correspondence.

Theorem 6.2.6. MRD codes in F™ ™ with minimum distance n corresponds to
finite quasifields (Q with dimp@Q =n. In particular, additive MRD codes corresponds
to finite semifields S with dimypS = n.

Proof. Observe that Definition 6.1.16 is the same as the definition of an M RD code
since det(A— B) # 0 means that the matrices are full rank, and thus the minimum
distance is n. Above we showed how to get a quasifield from a spreadset. Thus,
we are done with the first part. Now, let @) be a quasifield and C' = {A(u) : v € Q}
be additively closed. Thus, for each u,v € (), since C' is additive, there is a unique
w € @ such that A(u)+ A(v) = A(w). Then, we have

w=egow=egA(w) =egA(u) +eqA(v) =egoutegov =u+v.

Now, see that zou+zov =zA(u)+2A(v) =2A(w) =xo(u+wv). Thus, Q is left

distributive and hence @) is a semifield. m

Remark 6.2.7. Note that we have some inequivalent quasifields and semifields as
shown in [18].

Quasifields are strongly related to translation planes. Translation planes are
precisely the affine planes which can be coordinatized by quasifields. Given a quasi-
field Q, we define a map T': Q@ x Q@ x Q — Q by T'(a,b,c) = ab+ c for all a,b,c € Q.
(Q,T) satisfies the axioms of a planar ternary ring(PTR). Associated to (Q,7) is

its projective plane. The details were shown in [8].

Remark 6.2.8. A projective plane is a translation plane with respect to a line at

infinity if and only if any (or all) of its associated PTR’s are right quasifields.
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Following remark shows the connection of translation planes with spreads.

Remark 6.2.9. Consider a spread S in PG(3,q). S is a set of ¢*> + 1 lines with
no two intersecting. Andre-Bruck-Bose(ABB) construction produces a translation
plane P(S) of order ¢* as follows:

Firstly, we embed PG(3,q) as a hyperplane of PG(4,q). Then, define the incidence
structure A(S) = (Points, Lines,I) where

» Points = points of PG(4,q) not on PG(3,q).
o Lines = planes of PG(4,q) meeting PG(3,q) in a line.
o [ = symmetric containment.

Then P(S) is just the projective completion of A(S). In general, ABB construction
shows that the study of translation planes correspond with the study of (n—1)-spreads

of PG(2n—1,q).
We summarize what we showed so far in the following note.

Note 6.2.10. We have a close relation between quasifields and translation planes
and this relation can be used to determine if a given projective plane is a
translation plane or not. In addition to that, translation planes corresponds with
the (n—1)-spreads of PG(2n — 1) which can also be constructed using a spreadset.
Thus, all of them are connected. Lastly, in Theorem 6.2.6 it has been shown that

quasifield are related to MRD codes, not to mention their relation with semifields.
The following corollary is obvious now.
Corollary 6.2.11. MRD codes C' (m=n=d) and the following objects are equivalent:

o quasifields @)
When C' is Fy-linear, then Q) is a semifield.

o Spreadsets
We propose an open problem, and an interesting question.

Open Problem 6.2.12. For m =n = 2,3 and d = 2, classification of Fy-linear
codes in ]F’JX” s solved. However if ¢ = p® for a prime p and integer e > 1, the

classification is open for all n.

Question 6.2.13. Note 6.2.10 shows that there are obvious similarities between
Semifield Theory and Rank-metric codes. Given the best of our knowledge, it seems
as a missing piece in the literature. Try to find as many correspondence as possible

to develop and itmprove this corresponce.
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7. EXISTENCE OF MTR CODES

In this section, we will go back to Note 3.2.16 and summarize what has been proven
so far. Then, we will state the open problem and provide some ideas on attacking

that problem. The following has been said but not explicitly stated in [23].

Theorem 7.0.1. Given d > k, there exists an Fy—[nxm,k,d] MTR code for every
m,n > d.

Depending on that, they move on to the case d < k. We analyzed the known results

in Section 4 and summarize them in the following remark.

Remark 7.0.2. Suppose we have d < k.
o Proposition 4.2.11 = existence of MTR codes for n+m > R+d.
o Lemma 4.2.5 = existence of MTR codes where m >k and n > d.
o Lemma 4.2.5 = existence of MTR codes where m > d and n > k.

o Theorem 2.1.6 = there can not exist MTR codes for

k> min{n(m—d+1),m(n—d+1)}.

e Theorem 4.3.3 = existence of MTR codes that are also MRD, 1i.e, satisfying
the analogue of the Singleton bound, Theorem 2.1.6.

Thus, the only remaining case to check is the following.

Open Problem 7.0.3. Given k >n,m >d and R+d >n+m, decide whether there

are Fg—[nxm,k,d] MTR codes with tensor rank R. If yes, characterize them.

In this section, we will try to attack on this problem 7.0.3. On the way, we will find
correspondences with the previous parts as we did throughout the thesis. Let us

start with the existence problem. We will choose the following parameters and try
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to create an MTR code with those parameters.

n=5 m=3, k=6,d=2, R=7, ¢g=23.
So, we are looking for an F3 —[5 x 3,6,2] MTR code. We are going to follow the
geometric approach using Segre embedding.

Definition 7.0.4. Segre embedding is given by the following map

gd

ndy - PG(d1,q) % ... x PG(dy,q) — PG(m,q)

1

that maps the k-tuple of points ((v1),...,(vk)) to the point (v1 ®... R vg) where
m = (dy+1)...(dp+1)—1. Its image is called the Segre variety Sq, . 4, -

Clearly from the definition, we can see the points of the Segre variety as rank 1

matrices. Thus, to achieve an F3— [5 x 3,6,2] code, we need to consider
042 PG(4,3) x PG(2,3) — PG(14,3).

Since, we want the dimension to be 6, we will look for subspaces of projective
dimension 5 in PG(14,3) such that it has no intersection with the Segre variety Sy o
so that minimum distance of the code is at least 2. Let us talk about our strategy

to find such a code.

(1) Look at all spaces spanned by 7 points of Sy so that trk(C) = 7. It is
important to note that Theorem 3.2.5 gives trk(C') < 7. However, since 7 is
the minimal possibility given the Theorem 3.2.10, we will have trk(C) =7.

(2) From the spaces created in (1), select the ones which have dimension 6 so that

we have the dimension k = 6.

(3) Inside each of those selected spaces, try to find 5 dimensional spaces disjoint

from the Segre variety S 2. These are the codes we are looking for.

The following algorithm can be used without any restrictions on the parameters to

create MTR codes. We apply the 3 steps.
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Algorithm 2: Creation of MTR codes with tensor rank R
Result: This algorithm will create an Fy, — [n x m, k,d] MTR code.

We first create the finite field we are working on, K := Fy;

Define the Segre Variety S), m;

Create the points of the Segre Variety and write them as a list, call it P ;
Now, we need to look all the subspaces spanned by R points of P;

From each of those R points, we will check if their span is a k-space;
Denote the list of those k-spaces as L;

For each k-space in L, we will look for £ —1 dimensional subspaces disjoint

from the Segre variety Sy,

A big problem in the above algorithm occurs when we are creating all the subspaces
spanned by R points of P. Even for the small parameters for which we are trying to
find an example, the size of P is 1573. Since, we need to choose R =7 points from
those 1573, we get a memory error. The reason is that (15773) is too large. We write

this in the following remark.

Remark 7.0.5. We used [20] for the above algorithm. However, GAP has a memory
limit and even for the very small cases, the computer memory is not enough to
run the above algorithm. Although it should be theoretically examined, the storage

complexity seems to be very high.
We propose the following open problem.

Open Problem 7.0.6. Implement the algorithm in programming language C' or
Java since they are much more developed and faster to see if the above algorithm

gies an output or not.

In the thesis, we revisited various constructions of MTR codes and stated the
remaining case in the beginning of this section. If somehow we solve the
memory problem in a clever way and run the algorithm, then we will get a list
of all possible MTR codes with given tensor rank. Analyzing that codes might give
us a pattern so that a classification can be done. Firstly, we need to make sure there
exists a solution to Problem 7.0.3. Thus, we go back to the paramaters choosen in

the beginning and apply this algorithm by hand in the following example.

Example 7.0.7. Since we get a problem while computing (15773), we will just choose

7 random points from the set P until we get the span of those 7 points as a 6
dimensional space. Using “repeat-until”, we got such a space very easily in GAP.
Call that space A. In [20], there is a function ShadowO f Element(IG, E, D) which
returns the collection of elements of type D incident with E, where IG is the ambient

incidence structure. Note that 1,2,...are types of points,lines and so on. Since we
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are looking for a 5-space that is disjoint from the Segre variety Sy and Si2 lies on
PG(14,3), we should first create those 5-spaces by

shadow := ShadowO f Element(PG(14,3), A, 6)

and then choose a random element in shadow, say C := Random(shadow) and try
until POC = () so that the minimum distance is at least 2. If the minimum distance
is exactly 2, then we get the desired code. After applying this algorithm, we have
found that

1 00 010 0 01 0 00 0 00 000
010 0 20 010 100 0 01 0 0O
C:<001,010,011,002,012,100>
0 00 2 0 2 2 00 1 01 0 2 2 200
2 2 2 2 2 2 210 11 2 000 2 11

See that the second codeword in the basis has rank 2. Thus, d(C) = 2. So, we have
found an Fs—[5x 3,6,2] MTR code, as desired.

Of course, we need a better way to find all such codes. Now, we will develop a

theory to construct a better approach.

Definition 7.0.8. A frame of PG(n,K) is an ordered tuple of n+2 points, no n+1
of them are contained in a hyperplane of PG(n,K).

Theorem 7.0.9. If B = {e1,...,e,} is a standard basis for K"T!  then
(PO, ---,PnsPnt1) 18 a frame of PG(n,K) where ept1 =e1+ ...+ e, and p; = (€;)
for 0 <i<n+1. This frame is called the standard frame. Moreover, for each frame,

we can find a suitable basis with respect to which the frame becomes a standard frame.

Basically, a frame manages the role of a basis for projective spaces. This will play a

crucial role. Consider the homomorphism
Y GL(n,q) x GL(m,q) — PGL(nm,q).

For a generator g = (g1,92) of G = GL(n,q) x GL(m,q), we will compute the image
of a standard frame F of PG(nm —1,q). Let p € F. Now, p is of length nm. So, we
can create its n x m matrix representation, say M,. Now, consider the image of M,
under g:

M = g1Myga = M.

Next, transform M, back to a vector of length nm, call it r. Do this pro-
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cess for all points p € F. Thus, we get F9. Do this for each generator of
G. Put all of them in a list L. Again, we are going to get help from [20].
There is a function VectorSpaceToElement(IG,X) that return to element of IG
represented by the subspace spanned by X. Since Sy, lies on PG(nm —1,q), we
will apply this function to see each element [ € L as a point in PG(nm —1,q).
Evaluate VectorSpaceToElement(PG(nm —1,q),l) for each | € L and put them in

a new list L. Elements of L are points in PG (nm —1,q).

Note 7.0.10. Observe that number of generators of G will divide the list L into
blocks.  For example, in our simple case, both GL(5,3) and GL(3,3) have 2
generators. Note that a frame in PG(14,3) has 16 points. So, L consists of
16 x 2 x 2 points of PG(14,3) and we can see them as divided into 4 blocks of size
16 each of which represents an image of a frame under one generator of the group
G = GL(5,3) x GL(3,3). In general, if you have k generators of G, then the list L
looks like
L=[F0 | Fo| ... | F%

where each of the blocks F9% contains nm+1 points of PG(nm —1,q).

The whole reason we followed this approach is to use a function in [20]. This
function is Projectivity ByImageO f StandardFrameNC(IG, List). After applying
this function to each blocks of L, we get the set of projectivities, call it Proj.
After using H := Group(Proj) in [20], we get the projective collineation group in
PGL(nm,q) as desired. What we have achieved is stated in the following theorem.

Theorem 7.0.11. H = (G) is the subgroup of the setwise stabiliser of the points
on the Segre Variety Sy m.

We end this subsection with the following remark that will motivate the algorithm

we are going to propose in the next part.

Remark 7.0.12. Geometrically, we can view rank-metric codes in Fy*™ as
subspaces in PG(nm—1,q) and Fyn vector codes as subspaces in PG(n—1,q™).
The set of rank 1 matrices corresponds to Segre wvariety in the first case, and a
subgeometry in the second case. Then, the equivalence of rank-metric codes
corresponds to equivalence under the setwise stabiliser of the Segre Variety
inside the collineation group. In Chapter 6, we mentioned that Desargquesian
spread of PG(nm —1,q) can be formed by the field reduction map on the points
of PG(n—1,q™). So, the set of 1-dimensional Fgm-subspaces corresponds to a

Desarguesian spread D and Segre variety is partitioned by them.

This remark emphasizes the importance of the field reduction map once more.
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7.1 The Algorithm Snakes and Ladders

Consider Theorem 7.0.11. Now, the idea is to use this group H to reduce the total
number of candidate subspaces in the original algorithm by taking one subspace
from each orbit, i.e., a representative. That way, instead of having to check the
required property for each subspace, we only need to verify the property for the
representatives.

We have arranged our setup in a way that is suitable to use the Algorithm Snakes
and Ladders presented in [1]. The algorithm constructs the orbit representatives

level by level, and thus deserves the name given to it. Let us give some definitions.

Definition 7.1.1. G//X s the set of all G-orbits on X where G is a group such
that G acts on the set X.

We will try to compute the orbits of H on subsets of X.
k
Definition 7.1.2. P,(X)={SC X : |S| =k} and P<;x(X) = U Pi(X).
o =0

The following example is crucial to understand how the algorithm can be applied to

our case.

Example 7.1.3 (Example 9.5.12 in [1]). Construct and classify all Fo —[8,4,> 3]
codes. Note that we are skipping the details since they are not related to the task at
hand. In [1], they are looking for sets of 8 points in PG(3,2), and say that in order
to construct the codes, the orbits of PGL(4,2) on P<g(PG(3,2)) should be computed.

We already have the projectivity group H constructed in Theorem 7.0.11. Suppose
we want the tensor rank to be R. Let N be the set of points of the Segre variety
Spm in PG((n+1)(m+1)—1,q) = PG(nm+n+m,q). Thus, in order to construct
the codes with tensor rank R, we need to compute the orbits of H on P<p(N).
We end this thesis with the following question that will hopefully characterize the

remaining class of MTR codes and answer the open problem 7.0.3.

Question 7.1.4. Apply the algorithm Snakes and Ladders with the given parameters
above. Once you have H//P<r(N), try to find a relation so that a classification

result can be obtained.

This question can also be regarded as a future work since if answered positively, it
will finish the classification of MTR codes.
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