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ABSTRACT

PRICE DISCRIMINATION IN GOODS AND PARKING FEES IN SHOPPING
MALLS

ZELIHA BEGUM TUNC
ECONOMICS M.A. THESIS, JULY 2020

Thesis Supervisor: Prof. Eren Inci

Keywords: horizontal product differentiation, monopoly pricing, parking fee, price

discrimination, shopping mall

This thesis analyzes the pricing strategy of a monopolist shopping mall when it can
price discriminate. The mall determines the prices of the goods and parking fees
and it can identify different market segments. Customers can visit the mall only
by car and they may leave the mall without any purchases. We find that when
customers are differentiated with respect to their attitudes towards risk, the mall
provides free parking for the most risk-averse customer and not necessarily for the
other customers. In all other cases, the mall always provides free parking for all and
charges customers more as their likeliness of buying the good decrease.
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OZET

ALISVERIS MERKEZLERINDE URUN VE PARK UCRETLERINDE FIYAT
FARKLILASTIRMASI

ZELIHA BEGUM TUNC
EKONOMI YUKSEK LISANS TEZi, TEMMUZ 2020

Tez Damsmani: Prof. Dr. Eren Inci

Anahtar Kelimeler: yatay tirtin farklilagtirmasi, tekel fiyatlandirmasi, park yeri

icreti, fiyat farkhilagtirmasi, aligveris merkezi

Bu tez, tekel bir aligveris merkezinin fiyat farklilagtirabildiginde olusturdugu
fiyatlandirma stratejisini incelemektedir.  Aligveris merkezi, trtnlerin ve park
yerinin tUcretlerini belirlemektedir ve farkli pazar segmentlerini tanimlayabilmek-
tedir. Tiketiciler, aligverig merkezine yalnizca arabayla gidebilmektedirler ve tiriini
satin almayabilirler. Tiketiciler risk davraniglarina gore ayrildiginda, dengede
aligverig merkezi park yerini riskten en ¢ok kaginan tiiketiciye ticretsiz olarak sagla-
maktadir; ancak diger tiiketicileri iicretlendirebilir. Diger tiim durumlarda, dengede
aligverig merkezi park yerini herkese ticretsiz olarak sunmaktadir ve tiiketicilerin bir
iiriinii satin alma olasiligl azaldikca, aligveris merkezi o tiriiniin fiyatini arttirmak-
tadir.
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1. INTRODUCTION

This thesis is an extension of the base model constructed by Hasker and Inci (2014)
and studies the optimal pricing behavior of a monopolist shopping mall under price
discrimination and horizontal product differentiation. The mall provides a parking
lot to the visitors and decides on the prices of the goods and parking fees. Customers
can buy at most one type of good in one visit and they can visit the mall only by
car. There are different types of customers and the mall can identify the types of
customers to some degree. We examine the equilibrium prices and fees under each
class of differentiation. The main contribution of this thesis is that unless customers
are differentiated with respect to their degree of risk-aversion, there is always a
negative relationship between the price of the good and the probability of buying
the good. That is, as customers become more likely to buy the good, they pay less
for the good. Furthermore, parking is free for all and the cost of the parking is

embedded in the prices of the goods.

The economics of parking studies parking markets from an economic perspective.
Parking is one of the most crucial aspects of urban life since it is one of the most
used intermediate goods which generates a vast amount of land use. Shopping
malls provide a parking lot for its visitors and these parking lots comprise a high
percentage of parking space. To my knowledge, Hasker and Inci (2014) are the first
to construct the shopping mall parking problem. They show that suburban malls
provide free parking in equilibrium and embed the cost of parking in the price of
the good. They demonstrate that it is the social optimum in a second-best sense.
They construct a model in which a risk-neutral monopolist mall sells one good and
customers are strictly risk-averse and they can reach the mall only by car. Customers
decide on buying the good only after visiting the mall and there is a probability that
they may leave the mall without any purchase. Hence, the mall has an incentive to
insure risk-averse customers to some degree by providing free parking. The authors
find that the results are robust to the extension of the base model. In particular,
the results still hold if the mall decides on the parking lot size, provides vouchers, or

prices in a competitive manner. On the other hand, they find that it is optimal for



the mall to set a positive parking fee when there are individuals with the intention

of using the parking lot but not visiting the mall.

This thesis extends the base model of Hasker and Inci (2014) by allowing the mall to
identify different market segments, and hence implement price discrimination and
product differentiation. In this setting, since the mall has the ability to separate
the markets, and hence the parking lots, the following question arises: How does
the mall set the prices of different products and parking fees to different types of
customers? It turns out that a crucial instrument in answering this question is the
probability of finding (or buying) the good, which is introduced by Hasker and Inci
(2014). Moreover, Hasker and Inci (2014) find that their results are independent of
the degree of risk aversion. We find that when the mall can identify different market

segments, these results do not necessarily hold under certain conditions.

The rest of the thesis is organized as follows. Chapter 2 reviews the literature.
Chapter 3 presents Hasker and Inci (2014) model and solves the constrained op-
timization problem. Chapter 4 sets up the model for two types of customers and
derives the equilibrium under price discrimination. Chapter 5 analyzes the model
for two types of goods and derives the equilibrium under horizontal product differ-
entiation. Chapter 6 extends the model of Chapter 4 for more than two types of
customers. Chapter 7 extends the model of Chapter 5 for more than two types of

goods. Chapter 8 concludes.



2. LITERATURE REVIEW

Parking literature mostly focuses on the pricing of parking when there is search
externality or congestion externality. There are also studies on minimum and max-

imum parking requirements, road pricing, and shopping mall parking.

There is a significant amount of work on cruising for parking. Shoup (2006) points
out that cruising causes traffic congestion, fuel waste, and pollution. He examines
how drivers make the decision between cruising for free curb parking and paying
for off-street parking. He finds that cheap curb parking, cheap fuel, and expensive
off-street parking are among the factors that make drivers more likely to cruise. He

also shows that a positive fee for curb parking can sufficiently decrease cruising.

Arnott and Inci (2006) analyze cruising for parking by constructing a downtown
parking model of traffic congestion and saturated on-street parking. They examine
the equilibrium outcomes when cruising for parking leads to traffic congestion. They
find that the on-street parking fee must be set high until the drivers do not cruise and
parking is saturated. They show that this result is robust. Moreover, they find that
when the parking fee is fixed, setting the number of on-street parking spaces high

until the drivers do not cruise and parking is saturated is the second-best optimal.

Research on spatial competition has been extensive. Arnott and Rowse (1999)
present a stochastic model of parking congestion in which congestion is caused by
drivers because they disregard their impact on the mean density of vacant parking
spaces. They analyze stochastic stationary-state equilibria and find that there may
exist multiple equilibria. However, when they examine the social optimum, they

find that the optimal parking fee is equal to the congestion externality.

Anderson and de Palma (2004) develop a model of parking congestion in which
parking is unassigned and drivers need to search for an on-street parking spot. They
indicate that when parking is unpriced, parking spaces that are near to the central
business district (CBD) are overused while the distant parking lots are underused.
They find that in equilibrium, the prices must be set by taking congestion externality
into account and the parking lots near to the CBD must be charged higher. They

3



also point out that drivers do not take into consideration that they increase the
search cost of other drivers while searching for a parking spot near to the CBD. The

authors also show how to decentralize the optimum.

Anderson and de Palma (2007) provide an extension of the model of Anderson and
de Palma (2004) by endogenizing the land use. They find that socially optimum is
reached under a monopolistically competitive market, which supports the results of

Anderson and de Palma (2004).

Inci and Lindsey (2015) construct a spatial parking model. In their model, there are
long-term and short-term parkers and drivers can park either in garages or on the
curbside. Curbside parking is scarce and subject to traffic congestion, hence there
is a search cost for drivers. Garages compete with each other and with the public
curbside parking lot. Since parkers differ in their duration of parking, the parking
lots can exercise price discrimination. They characterize the market equilibrium and
the social optimum. They find that since privately operated garages exercise market

power, the equilibrium is not efficient.

In the literature, the shopping mall parking is a relatively new subject which is
introduced by Hasker and Inci (2014). Ersoy, Hasker, and Inci (2016) extend the
base model of Hasker and Inci (2014) by analyzing the pricing scheme of a shopping
mall when customers make modal choices. Customers choose either car or public
transportation to get to the mall. In their model, first, the city decides on the bus
fare, then the mall decides on the parking fee and the price of the good. Finally,
customers decide to go to the mall or not, and the mode of transportation if they go.
They find that in equilibrium, the mall sets the parking fee less than the marginal
cost of parking. They extend their analysis by investigating other cases. They find
that when the mall provides shuttle service for free or sells multiple goods, parking

is still a loss leader.

Inci, Lindsey, and Oz (2018) extend the base model of Hasker and Inci (2014) by
investigating the pricing scheme of a retailer when customers choose between valet
parking and self-parking. The retail sets the prices of both types of parking as well
as the price of the good. As in the model of Hasker and Inci (2014), customers are
risk-averse and there is a probability that customers who visit the mall may not
find the good they want and leave the store empty-handed. Inci, Lindsey, and Oz
(2018) characterize the market equilibrium as well as the social optimum and find
that the retailer provides self-parking for free and embeds the cost of self-parking in
the price of the good in both the market equilibrium and the social optimum. On
the other hand, they find that the price of valet parking may be above or below its

cost in equilibrium.



Inan, Inci, and Lindsey (2019) analyze spillover parking generated by a retailer.
They indicate that drivers who go to popular areas may prefer parking in the neigh-
borhood to avoid expensive parking fees while causing negative externalities in the
region since they generate more traffic. In their model, the retailer decides on the
parking lot capacity and sets the parking fee. Some customers walk and others
drive. Drivers can use either the parking lot of the retailer or the street to park.
The authors investigate different policies in addressing spillover parking and find
that the effectiveness of policies depends on congestion, the number of shoppers,

and the market power of the retailer.

Guven, Inci, and Russo (Forthcoming) study competition among retailers. They set
up a model in which customers are informed about the exact prices and features
of the goods only if they go to the mall, and this is costly to the customer. They
indicate that since there is a search cost for customers, it is more beneficial for
retailers to concentrate under a mall. They point out that the mall can affect
the prices of the goods, and hence it can diminish competition between retailers.
They show that the concentration of retailers under a mall leads to higher prices.

Moreover, they find that the mall uses parking as a loss leader.

Price discrimination has been extensively studied in the literature of industrial or-
ganization while it has not been a focal point in parking literature. Even so, there
are some crucial studies on price discrimination in parking models. Lindsey and
West (1997) study the use of parking coupons by downtown retailers. They analyze
the effects of spatial price discrimination in monopolistically competitive markets.
In their model, customers are either from downtown or suburban. Suburban cus-
tomers have more price elastic demand since the travel cost is higher for them and
they are closer to suburban shopping centers. Lindsey and West (1997) indicate that
discrimination may be exercised in favor of suburban consumers and against down-
town consumers. In order to apply price discrimination, parking discount coupons
are used since in general, suburban consumers are coupon users while downtown
customers are not. They find that if the stores participate in the downtown parking
coupon program collectively, the program is beneficial. Otherwise, the stores are

better off if they do not participate.

In the parking literature, there are several empirical papers on price discrimination.
De Nijs (2012) examines the impact of a large horizontal merger on the price menus
of the parking garages. He finds that the presentation of a large horizontal merger
causes more discounts on a long duration and more price discrimination. Lin and
Wang (2015) examine competition and price discrimination in parking garages. They

find that competition limits firms from implementing price discrimination.



3. HASKER-INCI MODEL: ONE TYPE OF GOOD AND

CUSTOMER

In the base model of Hasker and Inci (2014), there is a risk-neutral monopolist
shopping mall which sells one good at a price P > 0 that has no marginal cost,
Cgood = 0. The mall provides a parking lot to its customers, at a fee ¢ which has a

marginal cost ¢, > 0.

Customers can go to the mall only by car and they can only park at the mall’s
parking lot. They are strictly risk-averse, have the same utility function u(.), the
same initial wealth w > 0, and the same reservation value r > 0. Each customer have
a valuation v € [0,0] for the good which has the cumulative distribution function
F(v) and density f(v). It is assumed that F'(v) has the standard monotone hazard
rate property. Hence the mall’s objective function is concave. Moreover, there is a
probability p € (0,1) that the customer may find the good. This probability can also
be considered as the probability that the customer likes the good enough to buy,
that is, v > P.

A customer decides to go to the mall if and only if the expected utility of going to
the mall is greater or equal to the expected utility of not going to the mall. That

is, a customer goes to the mall if and only if
pu(w+v—P—1t)+(1—plu(w—1t) > u(w+r). (3.1)

The customer who is indifferent between going to the mall or not has the valuation

o(Pt),

w+r)—(1—=plu(w—t)
p

mezu1<M )—w+P+t (3.2)

Therefore,!

ip =1, (3.3)

15, stands for 00/0z and ug stands for du/0x.



and

(1=p)  wlw—t) _1
=1 > —. 3.4
o= p u(w+o—P—t) ~ p (3.4)
There are 1 — F(v) customers and the mall’s profit is II(P,t),
H(Pt) = (1= F(0))(pP +1 = Cior)- (3:5)

Hasker and Inci (2014) first solve the unconstrained optimization problem and find
that in equilibrium, it must be that t* = —r. That is, the mall gives subsidy to the
customers for coming to the mall since they take the risk of not finding the good.

Since this is not applicable, the authors solve the constrained optimization problem:

The mall maximizes its profit with respect to P and ¢, subject to the rationality
constraint pP 4t — ¢y > 0, and non-negativity constraints P, > 0.2 The Lagrangian

function is
L(Pt)=(1—F(@))(pP+t—ciot) + M (pP+1t—cior) + X2 P+ Ast, (3.6)

where A1, A2, and A3 are Lagrangian multipliers.

Taking the first-order conditions with respect to P and ¢,3

Lp=p(1=F®))— f(0)op(pP+t—ciot) +A1p+ Ao. (3.7)

Ly=1—=F(0)— f(0)0(pP +t—clot) + A1 + A3 (3.8)
Equating the first-order condition in (3.7) to zero, and using (3.3),
p(1=F(0))+ A p+ A2 = f(D)(pP +t—cio)- (3.9)

Notice that the expression pP 4+t — ¢,y cannot be zero, since p(1— F(0)) is greater

than zero. Therefore, by complementary slackness, A\; = 0. Then, (3.9) becomes

J@)(pP+1t—ciop) — )\2‘

1 F(3) = ;

(3.10)

Notice that if oy = 1/p, then by (3.4), © = P. But then, from the equation (3.2),

2Note that taking the individual rationality (IR) constraint into account is not necessary at this point since
customers with valuation ¥ or higher are already considered to be going to the mall. However, throughout
this thesis, we include IR conditions in the Lagrangian function for the sake of comprehensiveness.

3L, stands for oL/0x.



it must be that in equilibrium, t* = —r. Since this is not feasible, it must be that
0y > 1/p. Hence,

@) (pP +t—cior) — A2

1— F() = ;

< f(@)0(pP 4+t — co0) — Tp M. (3.11)

Since U; A9 > 0,
1—F(®) < f(0)0o(pP 4+t —cpot)- (3.12)

Equating the first-order condition in (3.8) to zero and using A\; =0,
1= F(#) = f(0)o1(pP+1t — Clot) — A3 (3.13)

Hence, by (3.12), it must be that Az > 0. But then, by complementary slackness,
in equilibrium, t* = 0. Then, since pP +t — ;o > 0 and ¢;,; > 0, P cannot be zero.
Then, by complementary slackness, Ay = 0. Therefore, by (3.10), in equilibrium,

_ 1-F (f}) Clot

P*_WJFT. (3.14)

Notice that the first term on the right-hand side is the monopoly markup, which is
the inverse of the hazard rate. Therefore, by assumption, it decreases as P increases.
Hence, the equilibrium price is unique. This solution also shows that the price
is determined based on the ratio of the marginal cost of the parking lot to the
probability of buying the good. As the probability of buying the good increases, the
price decreases. Moreover, in equilibrium, parking is free for every customer and its

cost is embedded in the price.

Hasker and Inci (2014) briefly mention the cases where there are different types of
customers and each type is interested in only one type of good. In this thesis, we

also examine these cases in detail.

In the rest of this thesis, all assumptions in the base model of Hasker and Inci (2014)

are retained, except otherwise noted.



4. PRICE DISCRIMINATION MODELS WITH TWO TYPES OF

CUSTOMERS

In this chapter, we analyze the pricing strategy of a monopolist mall when it can
price discriminate. We assume that the necessary conditions for price discrimination
are satisfied. That is, there are different market segments that the mall can identify

and the resale of the goods is not allowed.

There are two types of customers, Type 1 and Type 2. Customers are identical
within each type. Type 1 customer has a valuation v; € [0,71] and pays P; > 0 for
the good and ¢; for the parking lot. Type 2 customer has a valuation vy € [0, ]
and pays P, > 0 for the good and t5 for the parking lot.

4.1 First-Degree Price Discrimination

In first-degree price discrimination, the monopoly knows the maximum price each
customer is willing to pay and charges them accordingly. Even though first-degree
price discrimination is relatively difficult to implement in real life, there are com-
panies that collect data about customers’ personal information such as gender, age,
district, and past purchases to predict customers’ maximum willingness to pay for
the good. In this setting, the mall can implement this type of price discrimination
by providing an app for its customers that would collect personal data, and then

the mall can set a specific price for the good for each customer.

In this section, we analyze the pricing strategy of a monopolist mall when it imple-
ments first-degree price discrimination. We assume that there is one type of good.!

Suppose that the mall can perfectly differentiate the customers and their willingness

I The case of two types of goods and two types of customers is examined in Section 4.2.

9



to pay for the good. Therefore, the mall can set different parking fees and prices for

the good for each type of customer.

Type 1 customer goes to the mall if and only if her expected utility of going to the
mall is greater or equal to her expected utility of not going to the mall. That is, she

goes to the mall if and only if
pu(w—+uvy — Py —t1)+ (1 —p)u(w —t1) > u(w+r). (4.1)

Type 1 is indifferent between going to the mall and staying at home if she has the

valuation 01 (P, t1),

- g {ulw+r)—(1—plu(w—t
01 (Pr,t1) = u 1< ( )= ( . pul 1)> —w+ Py +t. (4.2)
Therefore,?
61’P1 = 17 (43)
and ) . |
by =14 =) wnbozf) 1 (4.4)
p o uy(wror—Pr—t1) " p

Notice that if 014 =1/p, then 0y = P;. But then, from the equation (4.2), it must
be that in equilibrium, ¢] = —r. Since this is not feasible, it must be that v, > 1/p.

Similarly, Type 2 goes to the mall if and only if his expected utility of going to the
mall is greater or equal to his expected utility of not going to the mall. That is, he

goes to the mall if and only if
pu(w—+wvy — Py —t2) + (1 — p)u(w —to) > u(w+r). (4.5)

Type 2 is indifferent between going to the mall and staying at home if he has the

valuation 0y(Pa,t2),

- 1 fu(w+r)—(1—-plu(w—t
Uo(Po,t2) = u 1( ( )= ( 5 p)ul 2)> —w+ Py+to. (4.6)
Therefore,
Ug,py = 1, (4.7)
and . . X
Tngy =1+ (U=p)  uplw=ts) 1 (4.8)
p o up(wt+ia—Py—t2) T p

217964, stands for 07, /9y.
10



Notice that if 024, = 1/p, then 0o = P>. But then, from the equation (4.6), it must
be that in equilibrium, t5 = —r. Since this is not feasible, it must be that v, > 1/p.

Therefore, there are 1 — F/(01) customers of Type 1 and 1 — F(92) customers of Type
2. The mall’s profit is II(Py, P, t1,t2), which is the summation of the profits it

receives from each type of customer,

[P, Py, t1,t2) = [1— F(01)][p(P1 — ¢good) +t1 — Clot]

(4.9)
+[1— F(02)][p(P2 — Cgood) +t2 — Ciot-

The mall maximizes its profit with respect to P;, P»,t1, and to, subject to individual

rationality constraints of each type of customer,

(IRy): pu(w+vi—Pr—t1)+ (1 —pu(w—1t1) > u(w+r), (4.10)

(IR2): pu(w+vy—Po—to)+ (1 —plu(w—t2) > u(w+r), (4.11)
and the non-negativity constraints,
p(Pl_Cgood)+t1_ClotZO7 p(PQ_Cgood)+t2_cl0t207 Py, Py ty,t9 > 0. (412)

The Lagrangian function is

L(Pr, Py, t1,t2) = [1 = F(01)][p(P1 = ¢good) +t1 = Clot]
+[1 = F(92)][p(P2 — cgood) +t2 = Ciot]
+ Mpu(w+vy — P —t1)+ (1 —p)u(w —t1) —u(w+r)]
+ Xefpu(w +v2 — Po = t2) + (1 = p)u(w — t2) — u(w+r)]
+A3[0(P1L — Cgood) 11— Clot] + Aa[p(P2 — Cgood) + 12 — Ciof]
+ A5 Pp + g Po + A7t + Asta

(4.13)

where A1, A2, A3, A1, A5, A6, A7, and \g are Lagrangian multipliers.
Taking the first-order conditions with respect to Pj, P»,t1, and t2,

Lp, = p[l = F(01)] = f(01)01,p, [p(P1 = Cgood) +1t1 = Clot]

-~ (4.14)
+)\IPUP1 (w—I—vl - P —tl)(val — 1) +A3p+ 5.

Lp, = p[l = F(02)] = f(02)02,p,[p(P2 — Cgo0d) +t2 = Clot]

(4.15)
+)\2puP2 (w—H)g - P —tz)(f}zpz — 1) + Ap+ g

11



Ly =1—=F(01) = f(01)01,4, [p(P1 = Cgood) + 1 — Clot]
+ Atlpug, (w+vr = Pr— 1) (01,4, — 1) = (1= p)ug, (w —11)]
+ A3+ A7

Liy = 1= F(02) = f(02)02,6,[p(P2 = Cgood) + b2 = Clot]
+ Xa[put, (w+ve — Py —t2) (D24, — 1) — (1 — p)ug, (w — t2)]
+ A+ As.

(4.16)

(4.17)

To find the equilibrium parking fee and price of the good for Type 1, first we equate

the first-order condition in (4.14) to zero and use 71 p, = 1,

p[1— F(01)]+A3p+ A5 = f(01)[p(P1 — Cgood) +t1 — Clot]-

(4.18)

Notice that the expression p(P1 — ¢go0d) +11 — Clor cannot be zero, since p[1 — F(21)]

is greater than zero. Then, it must be that A3 =0, since by complementary slackness

condition, A3[p(P1 — cgood) +t1 — ciot) = 0. Therefore, by (4.18),

J(01)[p(P1 — cgooa) +1t1 — Clot) — A5 .
p

1— F(iy) =

Since 014, > 1/p,

f@l)[P(H — Cgood) +1i1— Clot] - >\5
p
< f(ﬁl)@Lh [p<P1 — Cgood) +1i1— Clot] - @1,151 A5.

1—F() =

Since 1,4, A5 > 0,

1= F(01) < f(01)01,6, [p(P1 = Cgood) + t1 — Ciot]-
Equating the first-order condition in (4.16) to zero,

1- F<Z~]1> = f(ﬁl)f)l,tl [p<P1 - Cgood) +t1— Clot]

— At[pug, (w+v1 = Pr—t1) (01,4, — 1) = (1= p)ug, (w —t1)] = Ar.

Then, by (4.4), (4.22) becomes

1- F<1~}1) = f(f}l)@l,tl [p<P1 — Cgood) +t1— Clot] — A7

12

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)



Then, by (4.21), A7 > 0. Hence, by complementary slackness condition, t; = 0.
Then, it must be that Py > 0, since the expression p(P — c4pod) +11 — Cjor cannot be
negative. Therefore, by complementary slackness condition, A5 = 0 and by (4.19),
in equilibrium,

1—1 (ﬁl) Clot
Pl =—— 4+ " 4 cioq, and ti=0. 4.24
1 f(Ul) P good 1 ( )

To find the equilibrium parking fee and price of the good for Type 2, similar steps

are followed:

Equating the first-order condition in (4.15) to zero and using 73 p, = 1,
p[1— F(02)] + Ap+ X6 = f(02)[p( P2 — cgo0d) +12 — Clot]- (4.25)

Notice that the expression p(P — ¢go0d) +t2 — ot cannot be zero, since p[1 — F(22)]
is greater than zero. Then, it must be that Ay =0, since by complementary slackness
condition, Ag[p(P2 — Cgood) + 12 — ciot) = 0. Therefore, by (4.25),

1— F(f}g) _ f(ﬁQ)[p<P2 - Cgood) +it2— Clot] - >‘6. (426)

P

Since U9, > 1/p,

J(02)[p(P2 — cgood) +1t2 = Clot) — A6
p (4.27)
< f<7~}2)1~}27t2 [p<P2 - Cgood) +t2— Clot] - 62,2&2 A6-

1— F(ds) =

Since 09 ¢, Ag > 0,
1= F(B2) < £(52)7,0(Ps — Cgoo) + 2 — it] (4.28)
Equating the first-order condition in (4.17) to zero,

1 — F(t2) = f(02)02,6,[p(P2 — Cgood) +t2 — Clot]

(4.29)
= Aa[puty (W +v2 = Po —12) (V2,1 =1) = (1 = pJu, (w —t2)] = As.
Then, by (4.8), (4.29) becomes
1— F<1~}2> = f(f}?)ﬁlb [:0<P2 - Cgood) +i2— Clot] — As. (43())

Then, by (2.28), Ag > 0. Hence, by complementary slackness condition, t5 = 0.
Then, it must be that P, > 0, since the expression p(P — ¢good) +t2 — Cjor cannot be

13



negative. Therefore by complementary slackness condition, A\¢ = 0 and by (4.26), in

equilibrium,
1—F(02)  cot
P} = —_—+ —+cC s
S YR

and 5 =0. (4.31)
Under first-degree price discrimination where the mall can perfectly differentiate
between Type 1 and Type 2 customers, the mall can set two prices, Pj" and Py, for
the same good. We find that in equilibrium, these prices are unique. Also, parking
is free for both Type 1 and Type 2 customers. Moreover, the cost of the parking lot
is embedded in the prices of the good.

The prices of the good depend positively on the ratio of the marginal cost of the
parking lot to the probability of finding the good and depend negatively on the
probability of finding the good. For a fixed marginal cost of the good and the
parking lot, as the probability of finding the good decreases, the equilibrium prices
of the good increase. Hence, as the good becomes more difficult to find, customers

pay more for the good.

Since p can be thought of as the probability of buying the good, these equilibrium
prices also mean that as customers become less likely to buy the good, they pay
more for the good. Hence, the mall charges the customers more as their likeliness of
buying the good decreases and charges them less as they get more likely to buy the
good. This could be interpreted as the following: the mall aims to attract customers
with a higher probability of buying the good by offering them a lower price while
making customers with a lower probability of buying the good pay more for the

good.
Therefore, the following proposition is established:

Proposition 1. Under first-degree price discrimination where the mall can perfectly
differentiate between Type 1 and Type 2, the prices are unique and cover the cost of
the parking lot. Moreover, as customers become less (more) likely to buy the good,

they pay more (less) for the good.

4.2 Second-Degree Price Discrimination

In second-degree price discrimination, the mall knows that there are different types

of customers but does not know which customer is which type. Hence, the mall offers

14



the goods in different quality or quantity. For instance, there may be higher-income
and lower-income customers and the mall may sell luxury and regular watches or ser-
vice the customers in two restaurants such that one has a nice view and comfortable

seats while the other one does not.

In this section, we analyze the pricing strategy of the mall when it implements
second-degree price discrimination. We assume that there are two types of cus-
tomers, Type 1 and Type 2, and two goods, Good 1 and Good 2. Good 1 has a
marginal cost Cgooq, > 0 and the probability of finding it is p; € (0,1) while Good
2 has a marginal cost cyp04, > 0 and the probability of finding it is p2 € (0,1). The
marginal costs of the parking lots for Good 1 and Good 2 buyers are ¢;p;; > 0 and
Cloty > 0, respectively.? Customers who are interested in Good 1 pay t; while cus-
tomers who are interested in Good 2 pay t2 for the parking lot. The mall can provide

parking vouchers to implement this.

In this section, we assume that the mall cannot distinguish the type of customers.
Therefore, while solving for the optimal prices, the mall also imposes incentive com-
patibility conditions in order to make customers reveal their true types. Following
Stiglitz (1977), we examine this case for two situations: (i) Two types are differ-
ing only in the probability of finding (or buying) the good, and (i7) two types are

differing in their attitudes towards risk.

4.2.1 Types are differing in probability of buying the good

In this model, customers differ only in their probabilities of finding (or buying) the
good. For instance, there can be fastidious and easily pleased customers who differ
in probability of buying the good. The mall knows that customers have different

types but cannot identify the type of a given customer.

Type 1 customer goes to the mall if
pru(w—+uvy — P —t1)+ (1 —pp)u(w—t1) > u(w+r). (4.32)

Type 1 customer who is indifferent between going to the mall or not has a valuation

3For instance, the parking lot of a certain type of good’s buyers may need a larger space, hence it may have
a higher marginal cost.
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v1(Pr,t1),

. ¢
o1 (Prt) =u! (u(w—i—r) ( . p)u(w 1)> —w+ P +1. (4.33)
1
Therefore,*

B = 1 (4.3)

and . . X
g, =1+ U=p) wnlw=t) 1 (4.35)

p1 uy(w+o—Pr—t1) — p

Notice that if 914 = 1/p1, then ¥y = P;. But then, from the equation (4.33), it

must be that in equilibrium, ¢ = —r. Since this is not feasible, it must be that

ULy > 1/p1

Similarly, Type 2 customer goes to the mall if
pau(w+ve — Py —t2) + (1 — p2)u(w —t2) > u(w+r). (4.36)

Type 2 customer who is indifferent between going to the mall or not has a valuation
U2(P2,t2),

—(1- —t
Go(Pots) = u~! <U(w+r) ( : p2)u(w 2)> W Pyt (4.37)
2
Therefore,?
U9 p, = 1, (4.38)
and . . .
Vo ty = Uz un(w=ty) > . (4.39)

p2 U (WD —Po—t2) ~ po

Notice that if ¥4, = 1/p2, then o = P». But then, from the equation (4.37), it
must be that in equilibrium, ¢5 = —r. Since this is not feasible, it must be that

1727152 > 1/p2.

The mall’s profit is II( Py, P»,t1,t2), which is the summation of the profits it receives

from each type of customer,

(P, Pa,ty,t2) = [1 — F (1)] [;01 (P1 — Cgoodl) +t1 — Clotl}

4.40
+[1— F (09)] [02 (Pz - Cgoon) +12— Cth} - (440

4Note that ¥1,p, =0 and 91,4, = 0.

5Note that v, p, =0 and v2¢, =0.
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The mall maximizes its profit with respect to P;, P»,t1, and to, subject to individual

rationality constraints of each type,

(IR1): pru(w+vy—P—t1)+(1—pp)u(w—t1) >u(w+r),

(IR2): pou(w—+vy— Py—ta)+ (1—po)u(w—ta) > u(w+r),
and incentive compatibility constraints of each type,

(]Cl) : plu(w+v1 - P —t1) + (1 —pl)u(w —tl)
> pau(w +vz — Py —t2) 4 (1 — p2)u(w —t2),

(IC9): pau(w+ve — Py —t2) + (1 — p2)u(w — t2)
= pru(w +vr — P —t1) 4+ (1= p1)u(w —t1),

and the non-negativity constraints,

pl(Pl _Cgoodl) +1t — Cloty > 07 pQ(PQ _cgoodg) +t2 — Cloty > 07
P17P2at1at220-

The Lagrangian function is

E(P17P27t17t2> - [1 _F<61>][p1(P1 _Cg00d1)+t1 _Clotl]

+ [1 F( 2)] [pQ(PQ - Cgoodg) +t2— Clotg]
+M[pru(w+v —Pr—t1) + (1 —pr)u(w —t1) —u(w+r)
+ Aa[pau(w 4+ vy — Py —ta) + (1 — po)u(w — ta) — u(w +1)]

+ Aslpru(w+vr — P —t1) + (1= pr)u(w —t1)
— pau(w +v2 — Py —t) — (1 — pp)u(w —t2)]

+ M[pou(w 4 vy — Po —t2) + (1 — p2)u(w — t2)
—pru(w+vy — Py —t1) — (1 — p1)u(w —t1)]

+ A5[p1(P1L — Cgood; ) + 11— Clot,]

+ A6[02(P2 — Cgoody) +12 — Clot,]

+ A7 P1 + A8 Po 4+ Agt1 + A1ot2

where A1, A2, A3, A1, A5, A6, A7, Ag, Ao, and Ajg are Lagrangian multipliers.
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Taking the first-order conditions with respect to Pi, P»,t1, and to,

Lp, = p1[1 = F(01)] = f(01)01,p, [p1(P1 = Cgo0d; ) + 11— Clot, ]

(4.47)
+ (M 4+ A3 = M)prup (wHvr —Pr—t1)(01,p, — 1) + Asp1 + A7.

Lp, = p2[l = F(02)] — f(02)02,p,[p2(P2 — Cgoody) +12 = Clot,]

(4.48)
+ (A2 4+ X — A3)paup, (w+va — Py —t2) (02, p, — 1) + Agp2 + Ag.

Ly, =1—F(t1) = f(01)01,4,[p1(P1 = Cgood; ) + 11— Clot,]
+ (A1 423 = M) [prug, (w+v1 — P —t1) (914, — 1) — (1 — p1)ug, (w—1t1)]  (4.49)
+ A5+ Aog.

L, =1—F(2) — f(02)02,1,[p2(P2 — Cgoods) + 2 — Clots]
+ ()\2 + Ay — )\3)[/)2%52 (w +vg— Py — tz)(@gh — 1) — (1 — pg)th (w — tg)] (4.50)
+ A6 + A10-

To find the equilibrium parking fee and price of the good for Type 1, first we equate

Lp, to zero and use 01 p, = 1,

J(01)[p1(P1 — Cgood; ) +11 = Clot;] — Asp1 — A7

1 F(3)) = p

(4.51)

Notice that the expression p1(P1 — Cgood,) +t1 — Ciot, cannot be zero. Thus, by
complementary slackness, A5 = 0. Therefore, (4.51) becomes
J(@01)[p1(PL = cgoody ) + 11— Clot, | — A7

1— F(5y) = ! . (4.52)

Since 1717“ > 1/p1,

f<61)[p1<P1 - Cgood1> +it1— Clotl] — A7
P1 (4.53)
< f(01)01,4, [p1(P1 = Cgoody ) + 11 — Clot, | — AM01,¢, -

1— F(0y) =

Since /\7171’151 Z 0,

1= F(01) < f(01)01,4, [p1(P1 — Cgoody ) + 1 — Cloty)- (4.54)
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Equating £, to zero and using (4.35),

1—F(t1) = f(01)01,4, [p1(P1 — Cgood; ) +11 — Clot,] — Ao (4.55)

Then, by (4.54), Ag cannot be zero. Then, by complementary slackness, ¢ = 0.
Then, P; cannot be zero since the expression p1(P; — Cgoodl) +11 — cjot, cannot be
negative. Hence, by complementary slackness, A7 = 0. Then, by (4.52), in equilib-
rium,

1—F(
pr— (01)

Clot %
) + ;11 +Cgoody s and ] =0. (4.56)
To find the equilibrium parking fee and price of the good for Type 2, similar steps

are followed:

Equating Lp, to zero and using v p, = 1,

f(ﬁz)[pQ(PZ - Cgoodz) +to— Clotg] - )‘6p2 - )\8

1 — F(dy) = >

(4.57)

Notice that the expression pa(P> — Cgoody) + t2 — Clot, cannot be zero. Thus, by
complementary slackness, A\g = 0. Therefore, (4.57) becomes
[ (02)[p2(P2 — Cgoody) +12 = Clot,] — A8

1— F(3y) = - . (4.58)

Since 1727752 > 1/p2,

f(ﬁz)[pQ(PZ - Cgoodg) +1to— Clotg] — A8
P2 (4.59)
< f(@2)7~}2,t2 [p2<P2 - Cgoodg) +it2— Clotg] - )\862,:‘,2-

1—F(t2) =

Since Agla ¢, > 0,
1= F(02) < f(02)02,t,[p2(P2 — Cgoods) +12 = Cloty]- (4.60)
Equating Ly, to zero and using (4.39),
1 —F(02) = f(02)02,1,[p2(P2 = Cgoody) 2 — Clots) — A10- (4.61)

Then, by (4.60), A\jp cannot be zero. Then, by complementary slackness, 5 = 0.
Then, P, cannot be zero since the expression pa(P2 — Cgoody) +1t2 — Ciot, cannot be

negative. Hence, by complementary slackness, Ag = 0. Then, by (4.58), in equilib-
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rium,

. 1— F(@Q) i Clot2

Py = — +c , and t5=0. 4.62
2 f(?)g) 2 goods 2 ( )

Therefore, under second-degree price discrimination where the types of customers
have the same utility functions but different probabilities of finding (or buying) the
goods, parking is free for both Type 1 and Type 2, and the cost of the parking lot
is embedded in the prices of Good 1 and Good 2.

Moreover, the prices of Good 1 and Good 2 are unique. For each good, the price
of the good depends negatively on the probability of finding the good. For a fixed
marginal cost of good and parking lot, as the probability of finding (or buying) the
good decreases, the equilibrium price of that good increases. Hence, as customers
become less likely to buy the good, they pay more for that good. Thus, the mall
aims to attract customers with a higher probability of buying the good by offering
them a lower price while making customers with a lower probability of buying the

good pay more for the good.
Therefore, the following proposition is established:

Proposition 2. Under second-degree price discrimination where customers differ in
their probabilities of finding the good, the prices of Good 1 and Good 2 are unique
and cover the costs of the parking lots. Moreover, as customers become less (more)

likely to buy the good, they pay more (less) for the good.

In this model, the types are not observable to the mall. However, the mall can set
the prices such that every customer reveals their own types. The equilibrium prices
of the goods are not affected by the probability of finding the other good. This
makes sense since the marginal customer’s valuation of a good does not depend
on the price of the other good. In addition, in this section we allow the costs of
the goods and parking lots to be different for each type. Even though this does
not change the analysis, we show that in equilibrium, the price of a good does not
depend on the cost of the other good or the cost of the parking lot reserved for the

other type of customer.

4.2.2 Types are differing in their attitudes towards risk

In this section, we study the pricing strategy of the mall when customers have

different utility functions and degree of risk-aversion. Factors such as gender, age,
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marital status, and health condition may affect a person’s degree of risk-aversion.
For instance, parents can be more risk-averse than other people. In this model, the
mall knows that customers have different attitudes towards risk but cannot identify

the type of a given customer.

In our model, Type 1 and Type 2 customers have utility functions u; and us, re-
spectively. Without loss of generality, we let Type 1 customer be more risk-averse

than Type 2 customer. Thus, u; = howus, for some concave function h.

Type 1 goes to the mall if
plul(w +v1— P — tl) + (1 — pl)ul(w — tl) > ul(w —i—?"). (4.63)

The marginal customer of Type 1 who is indifferent between going to the mall or

not has a valuation 01 (Py, 1),

—(1— —t
o(Prt) = upt (“1(“]”) ( p prun(w 1)) —w+ P+, (4.64)
1
Therefore,57
o1, p =1, (4.65)
and . . .
by —14 0z wma(wzt) 1 (4.66)

p1 ury(w+on—Pi—t1) — p

Notice that if 914 = 1/p1, then ©; = P;. But then, from the equation (4.64), it

must be that in equilibrium, ¢t7 = —r. Since this is not feasible, it must be that

Similarly, Type 2 goes to the mall if
pauz(w+ve — Py —t2) + (1 — p2)ug(w —t2) > ua(w+r). (4.67)

The marginal customer of Type 2 who is indifferent between going to the mall or

not has a valuation 09(Ps,t2),

UQ<w+7’) — (1 —pQ)U,Q(U) —tg)
P2

772(P2>t2)EU2_1 ( ) —w+ Py +1ts. (4.68)

Suz,y stands for dug /dy

"Note that ¥1,p, =0 and 01,4, = 0.
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Therefore,?
Uo.p, =1, (4.69)

and . . .
Gy =14 P2 uaplwzt) 1 (4.70)
p2 uzp(wtva—FPo—12) T po

Notice that if ¥4, = 1/p2, then 09 = P». But then, from the equation (4.68), it

must be that in equilibrium, t5 = —r. Since this is not feasible, it must be that

The mall’s profit is I1( Py, P, t1,t2), which is the summation of the profits it receives

from each type of customer,

H(P17P27t17t2) = [1 _F(ﬁl)] [pl (Pl _Cgoodl) +t1 _Clotl}

4.71
+ [1 —F (62)] {02 (PQ - Cgoodg) +1to— Clotg} . ( )

The mall maximizes its profit with respect to P;, P»,t1, and to, subject to individual

rationality constraints of each type,

([Rl) : plul(w—i—vl—P1—t1)+(1—p1)u1(w—t1) zul(w—i—r), (4.72)

(IR2): paus(w+ve—Po—ta)+ (1 —p2)us(w—t2) > ug(w+r), (4.73)

and incentive compatibility constraints of each type,

(IC’l) : plul(uH—vl - P —tl) + (1 —Pl)ul<w —tl)

(4.74)
> poug (w+ve — Py —t2) 4+ (1 — po)ui (w —t2),
(IOQ) : p2u2(w+1}2—Pg—t2)+(1—p2)u2(w—t2) (4 75)
> prug(w+v1 — Pr—t1) 4+ (1 — p1)ug(w —t1),
and the non-negativity constraints,
pl(Pl - Cgoodl) +11 — Clot, > 07 /02<P2 - Cgoodg) +1t9 — Clotg > 07 (4 76)

Py, P, t1,t9 > 0.

8Note that v, p, =0 and v2¢, =0.
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The Lagrangian function is

L(P1, Py,t1,t2) = [1 = F(01)][p1(P1 — ¢good; ) + 11 — Cloty ]
.y

+ [1 62)] [pZ(PQ - Cgoodg) +1to — Clotg]

+)\1[p1u1(w—|—v1 - P —tl) + (1 —pl)ul(w—tl) —ul(w—l—r)

+ Xo[paug(w + v — Py —t2) 4+ (1 — p2)ua(w —to) —ua(w+r)
+ Ms[prur(w+vy — P —t1) 4+ (1 — p1)ur(w—ty)

— paut(w—+ve — Py —t3) — (1 — p2)uy(w —t2)]

+ M[poug(w+v9 — Py —to) 4+ (1 — p2)ug(w —ta)

—prug(w+vy — Py —t1) — (1 — p1)ug(w —t1)]
+ As5[p1(P1 = Cgood; ) + 11 — Clot, ]

+ X6[p2(P2 — Cgoody) 12 = Cloty)

+ A7 P+ A Po+ Aoty + Aote

where A1, A2, A3, A1, A5, A6, A7, Ag, Ag, and A1 are Lagrangian multipliers.

Taking the first-order conditions with respect to Py, P»,t1, and to,

Lp, = p1[1=F(01)] = f(01)01,p, [p1(P1 = Cgood; ) + 11— Clot,]
+ (A1+A3) pLUL Py (w+vy— P — tl)@l,Pl —1)
— Maprug,p, (w+vr — P —t1)(01,p, — 1) + Asp1 + A7

Lp, = p2[1 = F(02)] — f(02)02,p,[p2(P2 = Cgoody) + 12 — Clot,]
+ (A2 +A\q) P2U2 Py (w+vy— Py — t2)<1727p2 —1)
— A3pauy p,(w+va — Py —t2) (U2 p, — 1) + Aep2 + As.

Ly =1—=F(01) = f(01)01,4,[p1(P1L = good, ) + 11 = Clot,]
+ (M +A3) [prur g, (wHvy — P — 1) (014, — 1) — (L= p1)ur g, (w—11)]
— Mlprug, (w+v1 — Pr—t1) (014 — 1) — (1 = p1)ugs, (w—11)]
+ A5+ Ao.

Lty =1—F(02) — f(02)02,,[p2 (Pz - Cgoodg) +t2 — Clot,)
+ (A2 + M) [paug o (W + vy — Po —t2)(V2,4, — 1) — (1 — p2)ug 4, (w —t2)]
— A3[paut ty (W +v2 — Po —t2) (T, — 1) — (1 — p2)us 1, (w —t2)]
+ X6+ A1o-
23
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First, we find the equilibrium parking fee and price of the good for Type 1. Equating

Lp, to zero and using 01 p, = 1,

f(@l)[pl (Pl - Cgood1) +t1— cl0t1] — Asp1— A7

1— F(0y) = .

(4.82)
Notice that the expression p1(P — cgood, ) +11 — Ciot, cannot be zero since 1 — F(7y)
is strictly positive. Thus, by complementary slackness, A5 is zero. Then, (4.82)

becomes ~
f(vl) [p1<P1 - Cgood1) +t1— Clotl] - )\7

P1

1— F(oy) = (4.83)

Since 014, > 1/p1,

J(01)[p1(P1 = cgood, ) +t1 = Clot,] — A7
p1 (4.84)
< f(01)01,4, [p1(P1 = Cgood; ) + 11 — Clot, | — AM701,¢, -

1- F(3)) =

Since A7014, > 0,

1= F(91) < f(01)01,4, [p1(P1 — Cgoody ) + 11 — Cloty - (4.85)
Equating £, to zero and using (4.66),

1- F<1~)1) = f(f)l)f}lﬂfl [Pl (Pl - Cgoodl) +t1— Clotl}
+ M\ [pluul (w +v1— P — tl)(ﬁl,tl — 1) — (1 — ,01)U27t1 (w — tl)] (4.86)
—Xg.

Again by (4.66),

pruz e (w+vy — P —t1) (01 — 1) — (1= p1)ugs, (w0 —11)

u17t1 (w - tl)
Uty (w +v1— P — tl)

Z(l—pl) Ug’tl(w‘i"Ul—Pl—tl) —UQ’tl(’UJ—tl) . (4.87)

We will show that the right-hand side of (4.87) is strictly positive. That is, uj ¢, (w—
tl)/uLtl (w +01— P — tl) > U2y (w — tl)/“ltl (w +01— P — tl).g

INotice that w1, (w—1t1)/u1t, (w+ 01 — Py —t1) is the marginal rate of substitution of Type 1 customer
while ug ¢, (w—t1)/u2,¢, (w01 — Py —t1) is the marginal rate of substitution of Type 2 customer.
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Since u1 = hous for some concave function b,

uiy(w—t) hty (uz(w — t1) )ug., (w —t1)
Uyt (w +01— P — tl) ht1 (UQ(U) +01— P — tl))UQ’tl (w +01— P — tl) '

(4.88)

Since ug is an increasing function and o7 > Pi, ug(w+ 01 — Py —t1) > ug(w — 7).
Also, since h is a concave function, its derivative is a decreasing function. Therefore,
he, (ua2(w —1t1)) > he, (ug(w+ 01 — Py —t1)). Since the derivative of the function ug is

positive,

hay (ug(w —t1))ugy, (w—t1) - g,y (w—t1)
htl (UQ(w +01— P — tl))UQ,tl (w +01— P — tl) u2 ¢y (w +01— P — tl) '

(4.89)

Therefore, (4.87) is strictly positive.

Hence, by (4.85), \g is strictly positive. By complementary slackness, ¢] = 0. Then,
since the expression p1(P) — cgood; ) +11 — Clor; cannot be negative, Py > 0. Hence,

by complementary slackness, A7 = 0. Then, by (4.83), in equilibrium,

_ 1-— F(ﬁl) i Clotl

=) T

+Cgood, and t7 =0. (4.90)

We now find the equilibrium price of the good and the parking fee for Type 2

customer. Equating L£p, to zero and using U2 p, = 1,

f(ﬁQ)[p2(P2 - Cgoodz) +to— Clotg] - )\6p2 — A8
P2

1— F(@o) = (4.91)

Notice that the expression pa(P2 — Cgood,) +12 — Ciot, cannot be zero since 1 — F(7z)
is strictly positive. Thus, by complementary slackness, Ag is zero. Then, (4.91)
becomes

1— F(f]g) _ f(f}?)[p2<P2 - Cgoodg) +it2— Clotg] - )‘8. (4'92)

P2

Since v, > 1/p2,

f({)Z) [p2(P2 - Cgoodg) +1i9— Clotg] - )\8
p2 (4.93)
< f(62)62,t2 [p2<P2 - Cgoodg) +it2— Clotg] - )\862,152-

1 — F(i) =

Since Agt2 ¢, > 0,

1- F<7~12> < f(772)772,t2 [p2(P2 - Cgoodg) +1l2 — Clotz]' (494)

10p,. stands for Oh/ox.
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Equating Ly, to zero and using (4.70),

1- F(@Q) = f(1~)2)752,t2 [:02 (PQ - CgOOd2> +t9 — Clotg]
+ A3[p2ut, (w4 v2 — Py —t2) (T4, — 1) — (1 — p2)ur gy (w —t2)]  (4.95)
— A0-

Again by (4.70),

paul ty (W +vy — Po —t2) (T2, — 1) — (1 — p2)ui g, (w —t2)

Uz t, (W —t2)
U2ty (W2 — Py —t2)

:(1—p2) ul,tg(’w—i-’UQ—Pg—tz) —Ul,tQ(’w—tz) . (4.96)

We will show that the right-hand side of (4.96) is strictly negative. That is, uj ¢, (w—
tg)/u17t2 (w403 — Py—t3) > U2ty (w— tg)/u27t2 (w03 — Pa—t2).

Since u; = hous for some concave function h,

uip(w—ta) hiy (ua(w — ta))ug,ty (w — t2)
U1 to (w + 09 — Py — tz) th <UQ<w + 09— Py — tz))Uz’tQ (w + 09 — Py — tz) ’

(4.97)

Since wg is an increasing function and 0y > Py, ug(w + 02 — Py — t2) > ug(w — t2).
Since h is a concave function, its derivative is a decreasing function. Therefore,
hey (uz(w —t2)) > he, (ug(w+ 03 — Py —t2)). Since the derivative of the function ug is

positive,

hay (ug(w —ta2))ug s, (w —t2) - g,y (W —12)
htz (UQ(’LU + 09— Py — tg))th (w + 09— Py — tQ) U2 ¢y (w + 09 — Py — tz) '

(4.98)

Hence, (4.96) is strictly negative. Then, combining (4.94) and (4.95), Az and Ajg
cannot be both zero at the same time. Therefore, there are infinitely many optimal
solutions of the parking fee to and the price of Good 2. These solutions include the
cases where the mall charges a strictly positive parking fee as well as the case where

it charges zero parking fee.

If the mall wants to implement the solution where it charges the less risk-averse
customer with a strictly positive parking fee, then I'C} must hold with equality.
That is, the mall must make Type 1 customers -more risk-averse customers- indif-
ferent between buying Good 1 and Good 2. In that case, Py = (1 — F(02))/f(02) +
A8/ (p2f(D2)) 4 (=t5 + cioty )/ P2 + Cgood,- Then, the price of Good 2 may be zero or
strictly positive. If the mall wants to sell Good 2 for free, then it must charge the
parking lot 3 > ¢jot, + p2Cgood,- Then, the upper limit for ¢5 will be set by ICy. If
it sets Py > 0, then it must set t5 < po ([1 — F(2)]/f(v2) +cgood2> + Clot,-
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On the other hand, if the mall implements a solution where ¢5 =0, then Py =
(1= F(02))/ f(D2) + A/ (p2f(V2)) + (Cioty/ P2) + Cgoody- And since Py > 0, and hence
Ag =0, it must be that Py = [1— F(02)]/f(02) + (Cioto/P2) + Cgoodsy- In that case, P3

is unique.

Under second-degree price discrimination where customers have different attitudes
towards risk and probabilities of finding (or buying) the goods, parking is free for
Type 1, who is more risk-averse than Type 2. Thus, the mall has an incentive to
insure the more risk-averse customer for the risk of not finding the good. The cost
of the parking lot of Type 1 is embedded in the prices of Good 1. Moreover, the
price of Good 1 is unique and depends negatively on the probability of finding the
good. As Type 1 customers become less likely to buy the good, they pay more for
that good.

Even though the mall can provide free parking for Type 2 as well, it is not the only
optimal solution for the mall. Hence, the mall is flexible in embedding the cost of

parking lot reserved for Type 2 customers into the price of Good 2.

If the mall chooses to provide parking for free for Type 2 as well, then the optimal
price it can set is unique. In that case, the price of Good 2 depends negatively on
the probability of finding the good. As Type 2 customers become less likely to buy
the good, they pay more for that good.

On the other hand, if the mall chooses to charge the parking lot of Type 2 with
a positive fee, then there are infinitely many optimal prices for Good 2 it can set,
including selling Good 2 for free. In that case, the mall must set the prices such that
Type 1 customers are indifferent between revealing their true types and behaving
as if they are Type 2. The negative relationship between the price of the good and
the probability of buying the good still holds except when the price is zero.

Therefore, the following proposition is established:

Proposition 3. Under second-degree price discrimination where customers differ in
their degree of risk-aversion, the price of the good that the more risk-averse customer
buys is unique and covers the costs of the parking lots. Moreover, as the more risk-
averse customer becomes less (more) likely to buy the good, she pays more (less)
for the good. On the other hand, these results may not hold for the less risk-averse

customer.

The results also show that the equilibrium prices of the goods are not affected by
the probability of finding the other good, the cost of the other good, and the cost

of the parking lot reserved for the other type of customer.
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4.3 Third-Degree Price Discrimination

In third-degree price discrimination, the mall can separate the customers into groups
and charge each group differently. For instance, the mall can offer children or student
discounts. In this type of price discrimination, the mall can verify the groups of the

customers, for instance by asking for an identity card.

In this section, we analyze the pricing strategy of a monopolist mall when it im-
plements third-degree price discrimination. In this model, there are two groups of
customers, Type 1 and Type 2, who are interested in the same certain good but have
different utility functions. Type 1 and Type 2 customers decide to buy the good with
p1 € (0,1) and p2 € (0,1) probabilities, respectively. Since the mall can distinguish
the types of the customers, it can charge different prices and parking fees. Also, we
assume that the marginal cost of the good is the same for both groups since there
is one good. However, we assume that the marginal cost of the parking lot may be
different from each other. We let ¢;o;, and ¢, be the marginal costs of the parking

lots of Type 1 and Type 2 customers, respectively.

Type 1 goes to the mall if
prur(w+vr — P —t1)+ (1 —prur(w—t1) > up(w+r). (4.99)

The marginal customer of Type 1 who is indifferent between going to the mall or

not has a valuation o1 (P, 1),

—(1— —t
5(Prt) = up! (ul(wﬂ) ( ; prur(w 1)> —w+ P+, (4.100)
1
Therefore, !
p =1, (4.101)
and . . .
by =14 dP) male=t) 1 (4.102)

p1 ury(w+o—Pr—t1) — p

Notice that if 914, = 1/p1, then ©; = P;. But then, from the equation (4.100), it

must be that in equilibrium, ¢t7 = —r. Since this is not feasible, it must be that

1717751 > 1/p1.

HNote that ¥1,p, =0 and 01,4, = 0.
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Type 2 goes to the mall if
pauz(w+ve — Py —to) 4+ (1 — p2)ug(w —ta) > ug(w+r). (4.103)

The marginal customer of Type 2 who is indifferent between going to the mall or

not has a valuation 09(Ps,t2),

~ 1 fug(w+7r)—(1—p2)us(w—1
UQ(PQ,tQ) = Uy 1 < 2( ) ( P /)2) 2< 2)> —w+ Py +19. (4104)
2
Therefore, 2
U9 py = 1, (4.105)
and . ; .
By =14 0P ten(wzt) 1 (4.106)

p2 U, (W0 —Py—t2) T po

Notice that if ¥4, = 1/p2, then 09 = P». But then, from the equation (4.104), it

must be that in equilibrium, ¢5 = —r. Since this is not feasible, it must be that

oty > 1/ p2-

The mall’s profit is II( Py, P, t1,t2), which is the summation of the profits it receives

from each type of customer,

(P, Pa,ty,t2) = [1 = F(1)] {/)1 (P1 _Cgood) +1t _Clotl}

4.107
+[1—F (9)] [02 (P2 - Cgood) +1g— Clotg} : ( )

The mall maximizes its profit with respect to Pj, P»,t1, and t3, subject to individual

rationality constraints of each type,

(IR1): prur(w+vi—Pr—t1)+(1—p1)ur(w—t1) >u(w+r), (4.108)

(IR2): pous(w+vy — Py —ta) + (1 — p2) ug(w —ta) > ug(w+r), (4.109)
and the non-negativity constraints,

P1(P1 — Cgood) 11— Clot; =0,  p2(P2— Cgood) +1t2 — Clot, > 0,

(4.110)
P17P27t17t2 2 0.

12Note that o p, =0 and ¥ ¢, = 0.
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The Lagrangian function is

‘C(P1>P27t17t2) = [1 _F('ﬁl)][pl(Pl _Cgood) +11 _Clotl]
+ [1 = F(22)][p2(P2 — ¢good) + t2 — Clot,)

+)\1[p1u1(w +v1—P; —tl) + (1 —pl)ul(w —tl) — ul(w+r)]
+ A9 [,OQUQ(U) +v9— Py — tg) + (1 — pz)UQ(w — tz) — UQ(U) —I—T)]
+ A3[p1(P1 = Cgood) + 11 — Clot, ] + Aa[p2(Po — Cood) + t2 — Clot,]

+ A5 Py + Xg P+ A7t + Agta

where A1, A2, A3, A1, A5, A6, A7, and \g are Lagrangian multipliers.

Taking the first-order conditions with respect to Pi, P»,t1, and to,

Lp, = p1[1 = F(01)] = f(01)01,p, [p1(P1 = Cgood) + 11 — Clot, ]
+A1p1ug,p (w+vr — Pr—t1)(01,p, — 1) + A3p1 + As.

Lp, = p2[l — F(02)] — f(02)02,p, [p2(P2 — Cgood) + 2 — Clot,]
+ Xopaug p,(w+v2 — Py —t2) (U2, p, — 1) + Aap2 + 6.

Ly, =1=F(01) = f(01)014 [p1 (P1 — Cgooa) + 11— Clot, ]
+At[prur g (wHvr — Pr—t1) (01 — 1) — (1= p1)ur g, (w—1t1)]
+ A3+ A7.

Ly, =1=F(02) — f(02)02,, [p2(P2 — good) +12 = Clots)
+ A2[p2uz (Wt v2 — Py —t2) (D24, — 1) — (1 — p2)ug,sy (w —t2)]
+ Mg+ As.

(4.111)

(4.112)

(4.113)

(4.114)

(4.115)

We first find the equilibrium price of the good and the parking fee for Type 1

customer. Equating the first-order condition in (4.112) to zero and using o, p, =1,

f(f)l)[Pl (Pl - cgood) +t1— Clotl] —A3p1— A5

1— F(5)) = -

(4.116)

Notice that the expression p;(P; — cgood) +11 —¢jor, cannot be zero since otherwise

1 — F(97) is negative. Thus, by complementary slackness, A3 = 0. Then, (4.116)
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becomes

1= Py = J(01)[p1(P1 — cgood) +t1 — Clot, | —)\5‘ (4.117)

p1

Since 1717t1 > 1/p1,

f(ﬁl)[pl(Pl — Cgood) +t1— Clotl] — A5
p1 (4.118)
< f(01)01,4, [p1(P1L — Cgood) + 1 — Clot, ] — A5D1¢, -

1—F(t1) =

Since A\501,4, > 0,
1 —F(01) < f(01)01,4, [p1(P1 = Cgood) +11 = Clot, |- (4.119)
Equating the first-order condition in (4.114) to zero and using (4.102),
1—F(1) = f(01)01,4; [p1(P1 — Cgood) + 11 = Clot,] — A7 (4.120)

Then, by (4.119), it must be that A7 > 0. Thus, by complementary slackness, ¢} = 0.
Then, it cannot be that Py = 0 since the expression p1(P1 — Cgood) +t1 — Clot; cannot
be negative. Therefore, by complementary slackness, A5 = 0. Then, by (4.117), in

equilibrium,

1—-F(v
_ (01) | Cloty +Cgood, and 5 =0. (4.121)

") T

Similarly, for Type 2 customers, equating the first-order condition in (4.113) to zero

and using 09 p, = 1,

f(02)[p2(P2 — cgood) +12 — Cloty] — Aap2 — A6

1— F(y) = S

(4.122)
Notice that the expression pa(P2 — cgood) +t2 — Clot, cannot be zero since otherwise
1 — F(92) is negative. Thus, by complementary slackness, Ay = 0. Then, (4.122)
becomes

| F(iy) = [ (02)[p2(P2 — cgood) +t2 — Cloty] — >\6‘ (4.123)

P2

Since v, > 1/p2,

f(@Q)[pQ(PQ — Cgood) +it2— Clotg] — X6
p2 (4.124)
< f(02)02,1,[p2( P2 — Cgood) +12 — Cloty] — A6V2,t,-

1 — F(f) =

Since AgU2,t, > 0,

1= F(53) < F(52)02,1502(P2 — Cgood) 2 — Clots]. (4.125)
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Equating the first-order condition in (4.115) to zero and using (4.106),
1-— F(@Q) = f(@g)@zh [pQ(PQ — Cgood) +t9 — Clotg] — As. (4.126)

Then, by (4.125), it must be that Ag > 0. Thus, by complementary slackness, t5 = 0.
Then, it cannot be that P = 0 since the expression pa(P2 — ¢good) +12 — Clor, cannot
be negative. Therefore, by complementary slackness, A\¢ = 0. Then, by (4.123), in

equilibrium,
_ 1— F(f)z) ClotQ

2= T

+ Cgood, and t3=0. (4.127)

Therefore, under third-degree price discrimination where the types of customers
have the different utility functions and probabilities of buying the good, parking is
free for both Type 1 and Type 2, and the costs of the parking lots are embedded in
the prices of the good.

We find that the equilibrium prices, Pj" and P5, are unique. P;* depends negatively
on Type 1’s probability of buying the good while Py depends negatively on Type
2’s probability of buying the good. As customers become less likely to buy the
good, they pay more for the good. Hence, the mall aims to attract customers with
a higher probability of buying the good by offering them a lower price while making

customers with a lower probability of buying the good pay more for the good.
Therefore, the following proposition is established:

Proposition 4. Under third-degree price discrimination where the types are ob-
servable to the mall, the prices are unique and cover the costs of the parking lots.
Moreover, as customers become less (more) likely to buy the good, they pay more
(less) for the good.

Also, since there is one good, one may consider p to be the same regardless of the

type of the customer. In that case, the analysis would not change.

Moreover, notice that the essential difference between this type of price discrimina-
tion and the first type is that in this model, the types of the customer differentiate
with respect to their utility functions. However, as the results show, assigning dif-
ferent utility functions for the two different groups of customers does not change the

equilibrium outcomes.
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5. HORIZONTAL PRODUCT DIFFERENTIATION MODEL

WITH TWO TYPES OF GOODS

In horizontal product differentiation, the goods are not superior to each other and
customers decide to buy the goods based on their subjective preferences such as
color and taste rather than the quality of the goods. For instance, the mall may sell
two types of coffee beans: Arabica and Robusta, and customers purchase a product

based on their preferences on sweeter or stronger taste.

In this chapter, we analyze the pricing strategy of a monopolist mall when there is
horizontal product differentiation. We assume that there are two types of customers,
Type 1 and Type 2, who are only interested in Good 1 and Good 2, respectively.
Since customers make their purchases based on their preferences, they have an in-
centive to reveal their true types. That is why the maximization problem does not

need to include the incentive compatibility constraints.

Since customers self-select their types, the mall can perfectly distinguish the types
and it can separate the parking lot for each type. It is also assumed that the goods
and the parking lots are costly. The mall decides on the prices of each good and the

parking fee for each type of customer.

Type 1 goes to the mall if
pru(w—+uvy — P —t1)+ (1 —pp)u(w—t1) > u(w+r). (5.1)

Type 1 is indifferent between going to the mall and staying at home if she has the

valuation o1 (Py,t1),

w+7r) = (1= py)u(w —t)
P1

ﬁl(Pl,tl)Euil (u( ) —w+ P +1t. (5.2)

Therefore,
U1,p, = 1, (5.3)
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and
(1—p1) ug, (w—t1) .

v =1+ = > —.
bh p1 uy(w+v1—Pr—t1) — p1

(5.4)

Notice that if 914 = 1/p1, then 91 = P;. But then, from the equation (5.2), it

must be that in equilibrium, ] = —r. Since this is not feasible, it must be that

1717751 > 1/p1.

Similarly, Type 2 goes to the mall if
pau(w +ve — Po —ta2) + (1 — p2)u(w —t2) > u(w+7). (5.5)

Type 2 is indifferent between going to the mall and staying at home if he has the

valuation 0y(Pa,t2),

—(1- —t
U (Pa,to) = u! <u(w+r) ( . p2)uw 2)> —w+ Py +t. (5.6)
2
Therefore,
Ug.p, =1, (5.7)
and 1 t 1
By =14 0P unlwzf2) 1 (5.8)

p2 up (w2 —Po—ta) — po

Notice that if U4, = 1/p2, then vy = P>. But then, from the equation (5.6), it
must be that in equilibrium, t5 = —r. Since this is not feasible, it must be that

Vot > 1/p2.

The mall’s profit is II( Py, P»,t1,t2), which is the summation of the profits it receives

from each type of customer:

H<P17P27t17t2) == [1 - F(ﬁl)] [pl(Pl - CgOOdl) +t1 _Clotl]

(5.9)
+[1 = F(92)][p2(P2 = Cgoods) +t2 = Clot,)-

The mall maximizes its profit with respect to Pj, P»,t1, and t3, subject to individual
rationality constraints of each type,

(IRy): pru(w+v—Pr—t1)+(1—p1)u(w—1t1) > u(w+r), (5.10)

(IR2): pau(w—+vy—Po—ta)+ (1 —po)u(w—t2) > u(w+r), (5.11)
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and the non-negativity constraints,

P1(P1 = Cgoody) + 11— Clot; =0, p2( P2 — Cgoody) 12 — Cloty > 0,
P17P27t17t2 2 0.

(5.12)

The Lagrangian function is

L(Pr, Pa,t1,t2) = [1 = F(01)][p1 (P — cgoody ) +t1 = Cloty]
+[1 = F(92)][p2( P2 — Cgoods ) +t2 = Clot,]
+ M pru(w+vr —Pr—t1) + (1= pr)u(w —t1) — u(w+r)]
+ Aa[pou(w +ve — Py —ta) + (1 — po)u(w — ta) — u(w +r)]
+A3[p1(P1L = Cgood; ) + 11 = Cloty ] + Aa[p2( P2 — Cgoods, ) + 12 = Clot]

+ A5 P1 + AgPo + A7tq + Agto
(5.13)
where A1, A2, A3, A1, A5, Ag, A7, and A\g are Lagrangian multipliers.
Taking the first-order conditions with respect to Py, P»,t1, and to,
Lp, = p1[1 = F(01)] = f(01)01,p, [p1(P1 — Cgood; ) +11 — Clot, ]
} (5.14)
+A1p1up (w+v1 — P —t1) (01, — 1) + A3p1 + Xs.
Lp, = p2[l — F(02)] — f(2)02,p,[p2(FP2 = Cgood,) + 2 — Ciot,] (5.15)
+ Xapaup, (W +v2 — Py —1t2) (V2 p, — 1) + Asp2 + Xe.
Ly =1—F(01) = f(01)01,4, [p1(P1 = Cgo0d;) + 11— Clot,] (5.16)
+ /\1[p1ut1 (w+vy — P — tl)(f}l,tl —1)—(1—p1)ug, (w—t1)]+ A3+ A7
Etz =1- F(@Q) — f<@2)172,t2 [PQ(PZ - Cgoodg) +t2 - Cl0t2] (5 17)
+ /\Q[pQUtQ (w +v9— Py — t2)(1727t2 — 1) — (1 — pg)utz (w — tz)] + Mg+ As.
Equating the first-order condition in (5.14) to zero and using 1 p, = 1,
pi[l = F(01)]+ As3p1 + A5 = f(01)[p1(P1 — Cgoody ) + 11— Clot, ]- (5.18)

Notice that the expression pi(P1— Cgood;) +t1 — Clor, cannot be zero, since p1[1 —

F(01)] is greater than zero. Then, it must be that A3 = 0, since by complementary
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slackness condition, A3[p1(P1 — Cgood, ) +11 — Clot;] = 0. Therefore, from (5.18),

| F(iy) = J(01)[p1(P1 — cgood, ) +t1 = Clot,] — >\5. (5.19)

p1

Since 1,4, > 1/p1,

f({)l)[p1<Pl - Cgood1) +11 — Clotl] - )\5
P1 (5.20)
< f(01)01,4, [p1(P1 = Cgood; ) +11 = Clot, ] — 1,1 A5.

1— F(oy) =

Since 01,4, A5 > 0,

1— F(@l) < f(@l)@Ltl [pl (P1 — Cgoodl) +t1 — Clotl]- (5.21)
Equating the first-order condition in (5.16) to zero,

1- F(ﬁl) = f(ﬂl)é}l,tl [pl(Pl - Cgoodl) +t1— Clotl]
—Mlpru (w+v —Pr—t1) (01, — 1) = (L= pr)ug, (w—t1)]  (5.22)
— 7.

Notice that by (5.4), (5.22) becomes

1—F(01) = f(01)01,4, [p1(P1 — Cgoody ) + 11 — Clot, ] — A7- (5.23)

Then, by (5.21), A7 > 0. Hence, by complementary slackness condition, ¢t =0. Then,
it must be that Py > 0, since the expression p1(P1 — ¢good, ) +11 — Clor; cannot be neg-

ative. Therefore, by complementary slackness condition, A5 =0 and in equilibrium,

1—F(®
_ (1) 4 Glota +Cgood;, and t}=0. (5.24)

"ETE) T

To find the equilibrium price of the good and the parking fee for Type 2, similar

steps are followed:

Equating the first-order condition in (5.15) to zero and using o2 p, = 1,

p2[1 — F(02)] + Aap2+ A6 = f(02)[p2(P2 — Cgoods) +12 = Cloty]- (5.25)

Notice that the expression p2(P2 — Cgoody) +t2 — Clot, cannot be zero, since pa[1 —

F(v9)] is greater than zero. Then, it must be that Ay = 0, since by complementary
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slackness condition, A4[p2(P2 — Cgoody) +12 — Clot,] = 0. Therefore, from (5.25),

| F(iy) = [ (02)[p2(P2 — Cgoods) +12 = Clot,) — >\6. (5.26)

P2

Since g4, > 1/p2,

f({)Q) [p2<P2 - Cgoodg) +12 — Clotg] - )\6
P2 (5.27)
< f(02)02,t, [p2(P2 — Cgoody) 12 = Cloty] — 12,1, A6-

1— F(f) =

Since v2t,Ag > 0,

1— F<62> < f(772)772,t2 [pQ(P2 - Cgoodg) +it2— Clotz]’ (528)
Equating the first-order condition in (5.17) to zero,

1- F(ﬁQ) = f(ﬂQ)é}?,tQ [p2(P2 - Cgoodz) +t2— Clotg]
— Xo[pousy (w+v2 — Py —t2) (D24, — 1) — (1= p2)ug, (w— )] (5.29)
— )g.

Notice that by (5.8), (5.29) becomes
1= F(02) = f(02)02,t,[02(P2 = Cgoody) +12 = Cloty] — As. (5.30)

Then, by (5.28), Ag > 0. Hence, by complementary slackness condition, t5 =0. Then,
it must be that P> > 0, since the expression p2(P2 — Cgo0dy) +12 — Clot, cannot be neg-

ative. Therefore, by complementary slackness condition, \¢ = 0 and in equilibrium,

1—F(v
— (02) + Cloty + Cgoody, and t5=0. (5.31)

=56 T

Therefore, under horizontal product differentiation where the types of customers
have different preferences, parking is free for both Type 1 and Type 2 and the cost
of the parking lot is embedded in the prices of Good 1 and Good 2. In this model,
the types are observable to the mall since customers reveal their true preferences.
The equilibrium prices of the goods are not affected by the probability of finding
the other good.

The prices of Good 1 and Good 2 are unique. For each good, the price of the good
depends negatively on the probability of finding the good. As customers become
less likely to buy the good, they pay more for that good. Hence, the mall aims to
attract the customers with a higher probability of buying the good by offering them
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a lower price while making the customers with a lower probability of buying the

good pay more for the good.
Therefore, the following proposition is established:

Proposition 5. Under horizontal product differentiation where the types of cus-
tomers have different preferences, the prices of Good 1 and Good 2 are unique and
cover the costs of the parking lots. Moreover, as customers become less (more) likely

to buy the good, they pay more (less) for the good.
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6. PRICE DISCRIMINATION MODELS WITH N TYPES OF

CUSTOMERS

This chapter studies the generalization of the models constructed in Chapter 4 for
more than two types of customers. We assume that there are n types of customers:
Type 1, Type 2,..., and Type N. Type i has a valuation v; € [0,7;] for the good.
The mall sells the good at a price P; and provides parking lot to Type ¢ customers

at a fee t;.

6.1 First-Degree Price Discrimination

In this model, there is one type of good. Suppose that the mall can perfectly
differentiate the customers and their willingness to pay for the good. Therefore, the
mall can set different prices for the good and the parking fee for each different type

of customer.
Type i goes to the mall if
pu(w—+v; — Py —t;) 4+ (1 — p)u(w —t;) > u(w+r). (6.1)

The marginal customer of Type ¢ who is indifferent between going to the mall or

not has a valuation v;(F;,t;),

wr) = (1= p)ulw—

5i(Pt) =u! (U(

Therefore, for allt=1,..., N,
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and
(1-p)  uy(w—t)

Tis =1+ :
bl P uti(w+vi —F; —ti)

(6.4)

1
> -
)
Notice that if ©; 4, = 1/p, then 9; = P;. But then, from the equation (6.2), it must be

that in equilibrium, ¢; = —r. Since this is not feasible, it must be that ;;, > 1/p.

The mall’s profit is II(Py, Py, ..., Pn,t1,t2,...,tx), which is the summation of the

profits it receives from each type of customer,

N

II(Py, Py, ..., Py, t1,ta, . tn) = D> (1= F () [p(P; — ¢gooa) + ti — Crot)- (6.5)
i=1

The mall maximizes its profit subject to individual rationality constraints of each

Type i,
(IR;): pu(w+vi—PFP—t)+(1—plu(w—1t;) >u(w+r), Vi=1,..,N, (6.6)
and the non-negativity constraints,
p(P; — Cgood) +ti —Clot >0, and P;,t; >0, Vi=1,... N. (6.7)

The Lagrangian function is

=2

£<P17"‘7PN)t1)"‘7tN) = []' _F(ﬁl)][p(-PZ _cg00d>+ti _Clot]
=1

~
I

Ve

+ 2 Ailpu(w+vi = Py —ti) 4+ (1= p)u(w — ;) —u(w +7)]
=1
N N N

+ > wilp(Pi = good) +ti — Crot] + > 6P+ > it
=1 =1 =1

(6.8)
where \;, ¢15,0;, and ~;, for all © =1,..., N are Lagrangian multipliers.

Taking the first-order conditions with respect to Pi, P>..., Py, and tq,to,...,tN,

Lp, = p[l = F(0;)] = f(0:)0i,p,[p(P; — cgood) +ti = Clot]

(6.9)
—i—)\ip’LLpZ.(w—FUZ‘ —F; —ti)(f}i,pi — 1) +uip+6;, Vi=1,...N.

Ly, = 1= F(0;) — f(0:)0i4,[p(P; — cgood) +ti — Clot]
+ Nilpug, (w+v; — Py — ;) (05, — 1) — (1 — p)uy, (w — t;)] (6.10)
+pi+vi, Vi=1,.. N.
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Equating (6.9) to zero for all i =1,..., N and using 0; p, = 1,

~i ]Di_ 00 1 — Clot] — M) — 04 .
1= F(ey) = LR = Cgood) Hlim ol =i =00 (g

p

Notice that the expression p(P; — cgooa) +ti — Clor cannot be zero, since 1 — F(¥;) is
strictly greater than zero. Then, by complementary slackness condition, it must be
that p; =0, for all i = 1,..., N. Therefore, (6.11) becomes

1= (o) = 1O = Cgoot) Flim ol =05 (6.12)

p

Since 0;4, > 1/p,

f(lal)[p(PZ - Cgood) +1t; — Clot] - 5@
p (6.13)
< f(/&l)ﬁl,tq [p(PZ - CgOOd) +ti— Clot] - 6iﬁi,tia Vi= 17 7N

1= F(t;) =

Since 0;0; ¢; > 0,
1= F(0;) < f(93)0it;[p(Pi — cgood) +ti — Clot),  Vi=1,...,N. (6.14)
Equating the first-order condition in (6.10) to zero and using (6.4),
1—F(0;) = f(0:)0it;[p(P; — Cgood) +ti — Clot) —vi, Vi=1,...,N. (6.15)

Then, by (6.14), it must be that v; >0, for all i =1,..., N. Then, by complementary
slackness condition, ¢; =0, for all ¢ =1,...,N. Then, it must be that F; > 0, since
the expression p(P; — cgood) +ti — it cannot be negative. Then, by complementary

slackness condition, §; =0, for all i =1,..., N and in equilibrium,

. 1=F(0) o ; :
i f(f}z) P Cgood; Al i ) ? PEREY ( )

Therefore, we have the following proposition:

Proposition 6. Proposition 1 holds when there are n types of customers.
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6.2 Second-Degree Price Discrimination

In this section, there are n types of goods: Good 1, Good 2,..., Good N. Good 7
has a marginal cost cgoeq, > 0 and the probability of finding it is p; € (0,1). The
marginal cost of the parking lot for Good ¢ buyers is ¢;;; > 0. The mall knows
that there are different types of customers but cannot identify the type of a given

customer.

6.2.1 Types are differing in probability of buying the good

Type i customer goes to the mall if and only if
piv(w+v; — Py —t;) + (1 — pj)u(w —t;) > u(w+r), Vi=1,..,N. (6.17)

Type @ customer who is indifferent between going to the mall or not has a valuation
i (P, t:),

u(w—+1r)— (1= pj)u(w—t;)
Pi

@i(Pi,ti)Eu_1< )—w+Pi+ti, Vi=1,...,N. (618)

Therefore, for alli=1,...,N,!
v p =1, (6.19)

and

1—p; (w—t; 1
Big; =1+ U=p)  wnlwzt) 1 (6.20)
pi  uy (w40 —P—t;) ~ p;

Notice that if ©;;, = 1/p;, then o; = P;. But then, from the equation (6.18), it must

be that in equilibrium, ¢{ = —r. Since this is not feasible, it must be that ; ;; > 1/p;.

The mall’s profit is II( Py, ..., Py, t1,...,tx), which is the summation of the profits it
receives from each type of customer,
N

II(P1, Py, ..., Pn,t1,ta, .. tv) = > (1= F(0:))[pi(P; — Cgood;) +ti — Clor;)-  (6.21)
i=1

The mall maximizes its profit, subject to individual rationality constraints of each

Note that ©; p_, =0 and 5;; , =0,¥i € {1,... N},Y =i € {1,...,i—1,i+1,...,N}.
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type 1,
(IR;): piu(w+v,—Pi—t;)+(1—pu(w—1t;) >u(w+r), Vi=1,..,N, (6.22)
and the incentive compatibility constraints of each type,

(I1Cy) = piu(w—+v;— Pi—t;) + (1 — pi)u(w —t;)
> poiu(w+v—j — Py —t_;) + (1 — p—i)u(w —t—;), (6.23)
Vie{l,.,.N}, V—ie{l,..,i—1,i+1,...,N},

and the non-negativity constraints,
pi(P; — Cgoodi) +ti—clr; 20, Pp,t; >0, Vi=1,...,N. (6.24)

The Lagrangian function is

N

L(Py,....Px,t1, .., tn) =D (1= F(0:))]pi(P; — ¢good;) +ti — Clot;]
=1

+i_§:1)\i [piv(w+v; — Py —t;) + (1 — pi)u(w —t;) —u(w+71)]
+ %Mu[muw +u— Py —t1) 4+ (1= py)u(w —t1)

- ;iU(w +vi— B —ti) = (1= piJu(w — ;)]

+ g;,ugi [p2u(w +ve — Po—t2) + (1 — p2)u(w —t2)

- ;iu(w +vi— P —ti) = (1= pi)u(w — ;)]

N-1
+ Y unilpyvu(w+ vy — Py —ty) + (1= pn)u(w —ty)
i—1

—piv(w+v; — Py —t;) — (1 — py)u(w —t;)]

N N N
+ > 7ilpi (P = Cgood;) +ti — Clot,) + > 6P+ Y 7iti
-1 i=1 i=1

(6.25)

where A, tt14, .-, LN, Ti, 05, and ;, for all ¢ =1,..., N are Lagrangian multipliers.
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Taking the first-order conditions with respect to Py, ..., Py, and tq,...,tx,

Lp, = p1[l = F(01)] = f(01)01,p, [p1(P1 = Cgo0d;) + 11— Clot,]

N N

+ (M +> - Z/m) prup, (w—+vy — Py —t1)(0y,p, — 1) (6.26)
i£1 i£1

+T1p1 + 01

Lpy =pn[1—=F(0n)] = f(ON)ON, Py [PN (PN = Cgoody ) N — Cloty ]
N-1 N—-1
+ | ANy + Z UNG — Z WiN PNUPN(w+UN_PN_tN)(1~)N,PN —1) (6.27)
=1 =1

+7TNPN +ON.

Ly =1=F(01) = f(01)01,1 [p1(FP1 = Cgood; ) +11 = Clot, ]

N N
+ (M +> pii— ZMM) [prug, (w+v1 — Pr—t1) (01,6, — 1) = (1= p1)ug, (w —t1)]
i1 i1
+714+7.
(6.28)

Liy =1=F(0n)— f(ON)ONty PN (PN = Cgoody) TN = Clot ]
N-1 N-1
AN+ D0 avi— D pin | [pvuy (wtvy — Py —tn)(Oney — 1) (6.29)
i—1 i—1
-1 _pN)UtN (w—tN)]+78N+N-

Equating Lp, to zero and 9; p, = 1,

0;)|pi(Pi — Cgo0d;) +ti — Clot;) — Tipi — i .
1= P(5;) = LR = Cgoots) TlimClon) =T =0y (650

Pi

Then, it must be that p;(P; — cgood;) +ti — Ciot; > 0. Then, by complementary slack-
ness, 7; =0, for all i = 1,..., N. Then, (6.30) becomes
J(0:)[pi(Pi = ¢go0d;) +ti = Clot;] — i

1 - F(3;) = ! , Wi=1,..,N. (6.31)
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Since ¥4, > 1/p;, for alli=1,...,N.,

f(ﬁz) [pl(PZ - Cgoodi) +1t; — Cloti} —0;
Pi (6.32)
< f(0:) Vi1, [pi (P — Cgood;) + i — Clot;] — 0iVit;-

1- F(3;) =

Since 0;0; ¢, > 0,

L —F(9;) < f(0:) 03t [pi(P; — Cgood;) +Li — Clot;)- (6.33)

Equating £, to zero and using (6.20),

L —F(0;) = f(0:)0i;[pi(P; — Cgood;) +ti — Clot;) — Yi- (6.34)

By (6.33), v; > 0, for all i =1,...,N. By complementary slackness, ¢; =0, for all
i=1,...,N. Then, since p;(P; — cgood;) +ti — Clot; > 0, for all ¢ = 1,..., N, it must be
that P; >0, foralli=1,..., N. By complementary slackness, §; =0, foralli=1,...,N.
Therefore, by (6.31), in equilibrium,

1—=F(0;)  clot
P = —— + —— + Cgood; »
' f () pi

and =0, Vi=1,..N. (6.35)

(3

Therefore, we have the following proposition:

Proposition 7. Proposition 2 holds when there are n types of customers and n

types of goods.

6.2.2 Types are differing in their attitudes towards risk

Suppose that customers have different utility functions and degree of risk-aversion.
Let Type ¢ customers have a utility function u;. Further, without loss of generality,
suppose that from Type 1 to Type N, the degree of risk-aversion is decreasing. That
is, Type 1 is the most risk-averse type, Type 2 is less risk-averse than Type 1 but
more risk-averse than Type 3 and so on. Type N is the least risk-averse type. Let
ha,hs,...hn be increasing concave functions such that uy = hoousg, us = hzowus, and

so on. Therefore, u; = hgohszohyo...ohyouy.2

2Note that the composition of increasing concave functions is also concave.
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Type i goes to the mall if
piti(w~+v; — Py —t;) + (1 — pj)ui(w —t;) > ui(w—+r). (6.36)

The marginal customer who is indifferent between going to the mall or not has a

valuation 0;(P;,t;),

Gi(Pot) = u! (uz(er?") (1= pi)ui(w z)) Cwi Pt (6.37)
Pi
Therefore, for all i =1,..., N3
v p, = 1, (6.38)
and . . .
by =14 02) walwot) 1 (639

pi Uiy, (W0 —Py—t;) T pi
Notice that if ©;;;, = 1/p;, then 9; = P;. But then, from the equation (6.37), it must

be that in equilibrium, ¢{ = —r. Since this is not feasible, it must be that @; ;; > 1/p;.

Then, the mall maximizes its profit, II( Py, Pa, ..., Py, t1,t2,...,t 5 ),which is the sum-

mation of the profits it receives from each type of customer,

N

H(Pl,PQ, ...,PN,tl,tQ, ...,tN) = Z(l — F(’f)z))[pz(PZ — Cgoodi) +t; — Cloti]a (640)
=1

subject to individual rationality constraints of each type 1,
(IR;): piuj(w+v;—Py—t;)+(1—pj)ui(w—1t;) > ui(w+r), Vi=1,...,N, (6.41)
and the incentive compatibility constraints of each type,

(]Cz) piui(w—f—vi—Pi—ti)—l—(l—pi)ui(w—ti)
> p—iti(w+v— — P — ) + (1 = p—i Jui(w — t—;), (6.42)
ViG{l,...,N}, V—iE{l,...,i—l,i+1,...,N},

and the non-negativity constraints,

pi(Pi_Cgoodi)+ti_Cloti ZO, Piatizoa Vi:L...,N. (643)

3Note that #; p_, =0 and ¥4 , =0,Yi=1,..,N,V—i € {1,...,i—1,i+1,..,N}.
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The Lagrangian function is

WE

L(Pr,.... Pn,t1,.oty) = D (1= F(0:))[pi(Pi — cgood;) +ti — Clot;]

1

.
I

Ve

+ D Ailpiui(w+vi — P —t) + (1= pi)Jui(w — t;) — ui(w+7)]
=1
N
+Ypmilprur(w+vr — Pr—t1) + (1= pr)ur (w —t1)
i1
—piur(w+v; — P —t;) — (1= pi)ur (w —t;)]
N
+ Z,LLQi[,OQUQ(w +v9— Py —tg) + (1 —pz)Ug(U) —tg)
i#2

— piUQ('lU +v;— P — ti) — (1 — pi)U,2<w — tl)]

N-1

+ > unilpvun (w+oy — Py —tn) + (1= pn)un(w —ty)
i=1

— piuN(w+vi - b —ti) — (1 — pi)uN(w —ti)]
N N N

+ > 7ilpi( P — Cgood;) +ti — Clot;) + > 6iPi+ > it
i=1 i=1 i=1

(6.44)
where A, ft14, .-, LN, Ti» 05, and ;, for all ¢ =1,..., N are Lagrangian multipliers.

Taking the first-order conditions with respect to Py, ..., Py, and tq,...,tx,

Lp = p1(1—F(01)) — f(91)01,p, (P1(P1 = Cgood; ) + 11— Clot;)
+Aiprur,p (w+v1 — P —t1)(91,p, — 1)

N
+ (Z Mlz‘) pruq,p (w4vi — Pr —t1)(01,p, — 1) (6.45)
i1

N
— (Zuﬂui,pl(wjtvl — P —tl)) pl(f}l’pl — 1)+T1p1 +01.
i1
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Lpy =pn(1=F(0n)) = f(ON)ON,Py (PN (PN = Cgoody) +EN = Cloty)
+)\NPNUN,PN(w+UN — Py —tN)(QNJNypN —1)

N—1
+ ( > MNz') pNUN, Py (W+vN — Py —tn)(On,py — 1) (6.46)
i=1

N—1
- ( > pinug py(w+vy — Py — tN)) pN(ON, Py — 1) +TNpN + 60N
i—1

Ly, =1=F(01) — f(01)014, (01(P1 — Cgoody ) + 1 — Clot,)
+ A1 [prur e (w+vr — P —11) (01,4, — 1) — (1 — p1)ut g, (w —t1)]

N
+ (Z uu) [prutg, (w+v1 = Pr—t1) (01, — 1) = (1= pr)urg, (w—t1)]
i#1

N
= war[prui gy (w+vr — Py —t1)(01, — 1) = (1= pr)ui gy (w —t1)]

i#1
+71+7.

(6.47)

Liy =1=F(n)— f(ON)ONx (PN (PN = Cgoody ) + N — Cloty)

+An[pNunty (W +oN — Py —tn)(Onty — 1) = (1= pnv)un iy (w — )]

N-1
+ ( > Mm) [pNun ity (Wt oN — Pn—tn)(Ony —1) = (1= pnv)un ity (w — )]
=1

N-1

— > pinlpnuiiy (wH+ony — Py —tn) (Oney — 1) — (1= p )iy (w0 — 1ty )]
1=1

+7nv +IN-
(6.48)

Equating Lp, to zero and 9; p, = 1,
pi(1—F(v;)) = [(0:)(pi(P — cgood;) +ti — Clot;) —Tipi — 03, Vi=1,..,N. (6.49)

Then, it must be that p;(P; — cgooa;) +ti — ior; > 0. Then, by complementary slack-
ness, ; =0, for all  =1,..., N. Then, (6.49) becomes

0i)(pi(Pi — Cgo0d;) +ti — Clot;) — i .
1= p(sy) = LR = Cqoots) Hti=Clot) =01y (6.50)

Pi
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Since ¥; 4, > 1/p;, for alli=1,...,N,

S (i) [pi(Pi = cgo0d;) +ti — Clot;] — 0i
pi (6.51)
< f(0:) Vi1, [pi (P — Cgood;) +ti — Clot;) — 0¥ty  Vi=1,...,N.

1 F(5;) =

Since 0;0; ¢, > 0,
1 —F(0;) < f(0:)0i;[pi(P; — cgood;) +ti — Clot;),  Vi=1,...,N. (6.52)

We examine the cases for Type 1 and Type N separately. First, we find the equi-

librium price for the most risk-averse type, Type 1:

Equating L, to zero and using (6.39),

1- F(ﬁl) = f(ﬁl)f)l,tl (Pl (Pl - Cgoodl) +t1— Clotl)
N
+ 2 malpruig (w+vr = Py —t1)(014 — 1) = (1= pr)uig, (w—11)] (6.53)
i#1

- M-
Note that by (6.39), for all i =2,..., N,

prpy (W+v1 — Pr—t1) (014 — 1) = (1= p1)ug ey (w—t1)

u g (w+01—Pr—t)

:(1—p1) ui7t1(w—|—211—P1—t1) —ui,tl(w—tl) . (6.54)

Since u; = howu,; for some increasing concave function h,

iy (w—t) hay (ui(w — 1) )i (w —t1)
Uty (’LU +01— P — tl) ht1 (uz(w +01— P — tl))u¢7t1 (U) +01— P — tl) )

(6.55)

Since w; is an increasing function and 01 > Py, ui(w+ 01 — Py —t1) > ui(w —ty).
Since h is a concave function, its derivative is a decreasing function. Therefore,

he, (wi(w —11)) > hyy (ui(w+01 — Py —t1)). Since the derivative of the function wu; is

positive,
hay (ui(w —t1) Jui g, (w —t1) ity (W —t1) (6.56)
htl(ui(w‘f'f/l_Pl_tl))ui,tl(w+7~}1_P1_t1) uiﬂgl(w—i-f)l—Pl—tl)' '
Therefore, (6.54) is strictly positive. Hence,
N
> matlpruig, (w+vr—Pr—t1) (014 — 1) = (L= p1)ugy, (w—11)] >0, (6.57)
i1
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with equality if and only if p;; =0, for all i =2,...,N. Hence, by (6.52), 71 is strictly
positive. By complementary slackness, ¢] = 0. Then, since the expression p;(P; —
Cgood,) +11 — Clot, cannot be negative, Py > 0. Hence, by complementary slackness
91 =0. Then, by (6.50), in equilibrium,

11— F()

P = + 990 4 ody, and £} =0, (6.58)

f(o1) 1

Now, we find the equilibrium price of the good and the parking fee for the other
types of customers except Type 1 and Type N: Fixing any i =2,..., N — 1, equating
Ly, to zero and using (6.39),

11— F('{]Z) = f({}l)ﬁl,tz (pZ(PZ - Cgoodi) +ti— Cloti)
N
+ D pgilpiwge (w+vi— Py —t) (034, — 1) — (1= pi)ug, (w —t;)]
j:jlié.l.,]\f
— Vi
(6.59)

Note that by (6.39), Vj # i,

pitjt, (W +vi = By — 1) (00, — 1) = (1 = pi)ujg; (w — t;)
i, (w—t)
Ui, (w+0; — P —t;

=(1—pi) |ujg,(w+v;i— P —1t;) ) —uj(w—1t;)| (6.60)
which is strictly positive for j’s who are less risk-averse than ¢ while strictly negative
for j’s who are more risk-averse than i. Hence, except for the most risk-averse (Type
1) and the least risk-averse (Type N) types, (6.60) could be (strictly) positive or

negative. Then,

N
> wjilpiuge,(wHvi — Pi—t) (050, — 1) — (1= pi)uge, (w — 1)) (6.61)
jzjl?.é.z.,N

is zero if and only if pj; = 0,Vj # 1.

For any case where the expression in (6.60) is zero or positive, it must be that
~i is strictly positive due to (6.52) and (6.59). Then, by complementary slackness,
t; = 0. Then, since the expression p;(P; — Cgo0d;) +ti — Clot; cannot be negative, P; > 0.
Hence, by complementary slackness, §; = 0. Then, by (6.50), in equilibrium,

_ 1-F (%) Clot

P = s , d tf!=0, Vi=2,...,N-—1. 6.62
7 f('ﬁy,) + p; +Cgoodla an 7 s ¢ PEXE) ( )
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Note that (6.60) is zero if and only if p1;; = 0,Vj # 7, and one of the cases where it

is positive is when pj; =0, for all j’s that are more risk-averse than i.

For any case where (6.60) is strictly negative, v; could be zero or strictly positive.
Hence, there are infinitely many optimal solutions of parking fee and the price of
the good. These solutions include the cases where the mall charges zero parking fee
as well as the cases where it charges a strictly positive parking fee. The equilibrium

prices in (6.62) are also in this infinite set.

For Type N, equating L, to zero and using (6.39),

1—F(0n) = f(ON)ONt5 (0N (PN = Cgoody ) TN — Cloty )
N-1

+ > pinlpnuisy (w+oy — Py —tn) (Ony — 1) — (1= )i ey (w0 — )]
=1

—IN-
(6.63)

Note that by (6.39), for alli=1,..., N —1,

PNty (W VN — PN —tN)(Onty —1) — (1= pv) iy (W —tn)
uN,y (W+0y — Py —ty)

= (1= pn)[uity (w+vn — Py —ty) — Uity (w—1tN)].

(6.64)
Since u; = gouy, for some increasing concave function g,*
Uity (W —tN) _ gin (un (w—tN))un 1y (w—1ty)
Uity (w +uny — Py — tN) Jtn (UN(U) +uvny — Py — tN))uN,tN (w +uny — Py — tN)
(6.65)

Since vy > Py and uy is increasing, uy(w+vy — Py —tn) > uny(w —ty). Since

gty is decreasing, gy (uy(w+vn — Py —tN)) < giy (un(w —ty)). Hence,

uNﬂgN(w—tN) ui,tN(w—tN)
= < .
UN7,5N(’LU—|—’UN—PN—tN) ui7tN(w+vN—PN—tN)

(6.66)

Therefore, (6.64) is strictly negative, and so

N-1

pin [Ny (WA vn — Py —tn) (0N, —1) = (L= p)ui ey (w —tn)] <0, (6.67)
=1

49, stands for dg/dz.
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with equality if and only if yu;y =0, foralli =1,.... N = 1. If y;n5 =0, for all i =
1,...,N —1, then (6.67) holds with equality and ~y is strictly positive due to
(6.52) and (6.63). By complementary slackness, ¢ty = 0. Then, since the expression
pN(Py — CgoodN) +1tN — Cloty cannot be negative, Py > 0. Hence, by complementary
slackness, 6y = 0. Then, by (6.50), in equilibrium,

ClOtN *
+ +c , and ty=0. 6.68
f <6N) ON good N ( )
However, if for any i = 1,..., N — 1, u;y > 0, then (6.64) is strictly negative. Then, ~;
could be zero or strictly positive. Hence, there are infinitely many optimal solutions
of parking fee and the price of the good. These solutions include the cases where the
mall charges zero parking fee as well as the cases where it charges a strictly positive

parking fee. The equilibrium prices in (6.68) are also in this infinite set.

Under second-degree price discrimination where the types of customers have different
attitudes towards risk and probabilities of finding (or buying) the goods, parking
is free for the type of customer who is the most risk-averse among all types of
customers. Thus, the mall has an incentive to insure the most risk-averse customer
for the risk of not finding the good. The cost of the parking lot of this type is
embedded in the prices of the good they buy. Moreover, the price is unique and
depends negatively on the probability of finding the good. As they become less
likely to buy the good, they pay more for the good.

For every other type, while free parking is an optimal solution, it is not the unique
solution. That is, the mall can set parking fee to be strictly positive or free. Hence,
the mall is flexible in embedding the cost of parking lot reserved for other types of
customers into the price of the goods. If the mall chooses to provide parking for
free for the other types, then the optimal price it can set is unique. In that case,
the price of the good depends negatively on the probability of finding the good. As
the customer becomes less likely to buy the good, she pays more for that good. To
make free parking optimal, one of the things the mall can do is to set the prices such

that every type strictly prefers revealing their true types.
Therefore, the following proposition is established:

Proposition 8. Under second-degree price discrimination where customers differ in
their degree of risk-aversion, the price of the good that the most risk-averse customer
buys is unique and covers the costs of the parking lots. Moreover, as the most risk-
averse customer becomes less (more) likely to buy the good, she pays more (less)
for the good. On the other hand, these results may not hold for other types of

customers.
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6.3 Third-Degree Price Discrimination

In this model, every customer is interested in the same good. The mall can separate
the customers into groups and charge each group differently. There are n types of
customers. Type i customer has a probability p; € (0,1) of buying the good. The

marginal cost of the parking lot of Type ¢ customer is oy, .

Type i goes to the mall if
piti(w+v; — Py —t;) 4+ (1 — pi)ui(w — ;) > ui(w +7). (6.69)

The marginal customer who is indifferent between going to the mall or not has a

valuation 0;(P;,t;),

ui(w+71) = (1= pi)ui(w—1;)
Pi

Ui(Pi,ti)Eui_1< >—w+PZ~+ti, Vi=1,..,N. (6.70)

Therefore,’
bip =1, (6.71)

and

1 p; o (w— 1 1
f}ivti — 14+ ( pz) Uj t; (;w z) > (6.72)
pi Uiy, (WH+T—Pi—t;) T pi

Notice that if ©;;;, = 1/p;, then 9; = P;. But then, from the equation (6.70), it must

be that in equilibrium, ¢{ = —r. Since this is not feasible, it must be that @; ;; > 1/p;.

Then, the mall maximizes its profit, II( Py, P, ..., Py, t1,t2,...,tN), which is the sum-

mation of the profits it receives from each type of customer,

N

IL(P1, P, ... Pn,ti,to, o tn) = Y (1= F(5:)[0i(Ps — Cgood) +ti — Clot; ), (6.73)
i=1

subject to individual rationality constraints of each type 1,
([RZ') : piui(w+'ui —F; —ti) + (1 —pi)ui(w —ti) > ui(w—l—r), Vi=1,...,N, (6.74)
and the non-negativity constraints,

pi(P; — Cgood) +ti —Clot; >0, and P;,t; >0, Vi=1,..,N. (6.75)

SNote that ©; p_, =0 and 9, , =0,Yi=1,.., N,V —i € {1,...,i—1,i+1,..,N}.
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The Lagrangian function is

L(P1,...,PN,t1,....tN) F(93)][pi(P; = cgood) +ti — Clot,]

s
I
—

+ ]
M= M=
T

@
I
—

Ailpivi(w+v; — Py —t;) + (1 — pi)ui(w —t;) — ui(w+7)]

+
=

@
Il
—

1i[pi (Pi = Cgood) +ti — Clot;) + g:l 6P+ g:l%ti

Z Z (6.76)
where A;, 15,0;, and ~;, for all ¢ =1,..., N are Lagrangian multipliers.
Taking the first-order conditions with respect to Pi, Ps..., Py, and ty,to,...,tN,

Lp, = pi[l = F(0;)] = f(0:)0; p,[pi (P — Cgood) +ti — Clot,]

| (6.77)
+ Nipiw, p,(w+v; — Py — ;) (05, p, — 1) + pipi +6;, Vi=1,...,N.

Li, =1—=F(0;) = f(0:)0i1,[pi(P; — Cgood) + i — Clot;)
+ Nilpivsi g (w+vi — P — 1) (V5,0; — 1) — (1 = pi)ug g, (w — ;)] (6.78)
Vit Vi=1,.. N

Equating (6.77) to zero for all i =1,..., N and using 0; p, = 1,

1— F(#) = f () [pi( P Cgood) +1; Cloti] Hipi z) Vi=1,.. N. (6.79)
Pi

Notice that p;(P; — cgood) +ti — Clot; cannot be zero, since 1 — F'(7;) is strictly greater

than zero. Therefore, by complementary slackness, u; =0, for all e =1,..., N. There-

fore, (6.79) becomes

1 F(#;) = @i P = Cgoot) Hti = Clors) =00y (6.80)

Pi

Since 0; ¢, > 1/ pi,

f(ﬁl) [pZ(PZ - Cgood) +ti — Cloti] —0;
pi (6.81)
< f(@z)ﬁz,tl [IOZ(PZ - Cgood) +ti— Cloti] - 5i6i,ti7 Vi= 17 EE) N.

1= F(5;) =

Since 6;0;4;, > 0,

1= F(v;) < f(0:)0i;[pi(Pi — cgood) +ti — Clot;], Vi=1,...,N. (6.82)
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Equating the first-order condition in (6.78) to zero and using (6.72),

L —F(9;) = f(0:)0i;[pi( P — Cgood) +ti — Clot;] —vi» Vi=1,...,N.

(6.83)

But then, by (6.82), it must be that ~; > 0, for all ¢ =1,..., N. By complementary

slackness, t7 =0, foralli =1,..., N. Then, it must be that P; > 0, since the expression

pi(P; — Cgood) +ti — Cot; cannot be negative. Therefore, by complementary slackness,

0; =0, for all t =1,..., N and in equilibrium,

1_F(ﬁi) Clot; .
P’ = = +—+4+Coood;, and t7=0, Vi=1,...,N.
! f(®) pi 9 '

Therefore, we have the following proposition:

Proposition 9. Proposition 4 holds when there are n types of customers.

95
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7. HORIZONTAL PRODUCT DIFFERENTIATION MODEL

WITH N TYPES OF GOODS

This chapter studies the generalization of the model constructed in Chapter 5 for

more than two types of goods.

Suppose that there are n types of customers: Type 1, Type 2,..., Type N, and n
types of goods: Good 1, Good 2,..., Good N in the mall. Further, suppose that
each type of customer is interested in exactly one of the goods and they decide to
buy a good based on their subjective preferences such as color and taste. Let Type
¢ customers be interested in Good ¢. The mall decides on the price and the fee of

the parking lot for each type separately.

Type @ goes to the mall if
piv(w+v; — Py —t;) + (1 — p)u(w —t;) > u(w+r). (7.1)

The marginal customer of Type ¢ who is indifferent between going to the mall or

not has a valuation v;(P;,t;),

(w—+r)—(1—p)u(w—1t;)
Pi

ﬁi(Pi,ti)Euil (u )—w—i—PZ-—i—ti, Vi=1,..,N. (7.2)
Therefore, for all i = 1,..., N1

v p =1, (7.3)
and
(I—pi)  uy(w—1t;) 1

ﬁ"tizl—k — > —.
! pi  u, (w40 —P—t;) ~ p;

(7.4)

Notice that if 9; ¢, = 1/p;, then 0; = P;. But then, from the equation (7.2), it must be

that in equilibrium, ¢ = —r. Since this is not feasible, it must be that ;¢ > 1/p;.

Then, the mall maximizes its profit, II( Py, P, ..., Py, t1,t2,...,tN), which is the sum-

Note that ©; p_, =0 and 54 , =0,¥i=1,..., N,V —i € {1,...,i—1,i+1,..,N}.
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mation of the profits it receives from each type of customer,

N

H(P17P27"'7PN7t17t27"'7tN) = Z(l - F(ﬁl))[pl(PZ _CgOOdi) +t2 - ClOti]? (75)
=1

subject to individual rationality constraints of each type 1,
(IR;): piu(w+vi—Pi—t;)+(1—pj)u(w—t;) >u(w+r), Vi=1,..,N, (7.6)
and the non-negativity constraints,
pi(Pi — Cgood;) +ti —Clot; >0, and  P;,t; >0, Vi=1,., N. (7.7)

The Lagrangian function is

b

N
Il
—_

L(Pi,...,Pn,t1,....tN) [1 = F(0:)][pi(P; — ¢go0d;) +ti — Clot,]

+

@
Il
-

Ailpiw(w+v; — P —t;) + (1 — pi)u(w —t;) — u(w+1)]

+

N
I
—

1i i (P — Cgood;) +ti — Ciot;] + %1 0; P + i%’ti
o (7.8)

where A, 1;,0;, and ~;, for all i =1,..., N are Lagrangian multipliers.

Taking the first-order conditions with respect to Pi, Ps..., Py, and tq,to,...,tN,

Lp, = pi[1 = F(;)] = f(0;)0;,p,[pi(Pi — ¢go0d;) +ti — Clot,]

| (7.9
+Nipiup, (w+v; — Py —t;)(0; p, — 1) + pipi + 05, Vi=1,...,N.

£t¢ =1- F(ZN}Z) - f(ﬁi)ﬁi,ti [p’L(P’L - Cgoodi) +ti— Cloti]
+ )\i [p,-uti (w +v; — PZ' - ti)(@i7ti — 1) — (1 — pi)uti (w — tz)] (7.10)
+ui+vi, Vi=1,.. N.

Equating (7.9) to zero for all i =1,..., N and using ¥; p, = 1,

| F(5) = J(0:)[pi(Pi = cgood;) +ti — Clot,] — pipi —51" Viel..N.  (7.11)

Pi

Notice that the expression p;(F; — cgood;) +ti — Ciot; cannot be zero, since 1 — F(;) is

strictly greater than zero. Therefore, by complementary slackness condition, u; =0,
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for all i =1,...,N. Then, (7.11) becomes

~i iPi_ ood; ti_ ot; _52' .
1—F(@,-)=f(”)[p( Cooodi) ¥t = Clon] =0 (7.12)

Pi

Since 0; ¢, > 1/ pi,

f(ﬁl) [:02<P2 - Cgoodi) +ti— Cloti] - 5@
pi (7.13)
< f(ﬁl)ﬁz,tl [Pz(Pz - Cgoodi) +ti— Cloti] - 5ilﬁi,ti7 Vi= 17 SE) N.

1—F(;) =

Since 0;0; ¢; > 0,
1= F(;) < f(0:)0it;[0i (P — Cgood;) +ti — Clot;], Vi=1,...,N. (7.14)
Equating the first-order condition in (7.10) to zero and using (7.4),
1—F(0;) = f(03)0it;[pi(P; — Cgood;) +ti — Clot;) —vi»  Vi=1,...,N. (7.15)

Then, by (7.14), it must be that ; > 0, for all ¢ = 1,...,N. Therefore, by com-
plementary slackness condition, ¢7 =0, for all ¢ =1,...,N. Since the expression
pi(P; = Cgood;) + i — Clot, cannot be negative, it must be that P; > 0. Then, by
complementary slackness condition, §; =0, for all i =1,..., N and in equilibrium,
C1=F(®) | o

P = i , d tf=0 Vi=1,.. N. 7.16
! (@) " pi T Cgoody AN T =0, VI L (7.16)

Therefore, the following proposition is established:

Proposition 10. Proposition 5 holds when there are n types of customers and n

types of goods.
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8. CONCLUSION

In this thesis, we construct a model to analyze how a monopolist shopping mall
determines the prices of the goods and parking fees when it has some degree of
ability to identify the types of customers. Customers have valuations over the goods
and when they visit the mall and examine the goods, they may decide to leave the

mall empty-handed. Hence, they take a risk by going to the mall.

Under first and third-degree price discrimination and horizontal product differen-
tiation, the mall is able to distinguish the types of the customers, either because
customers reveal their true types themselves or the mall can make them. Then, the
mall provides free parking for all and embeds the cost of parking into the prices of
the goods. Hence, the mall uses parking as a loss leader. Moreover, there is always
a negative relationship between the price of the good and the probability of buying
the good. Hence, as customers become less likely to buy the good, they pay more

for the good.

Under second-degree price discrimination, we analyze two cases: In the first one
customers have different probabilities of buying the good and in the second one,
they have different attitudes towards risk. In the initial case, the results are similar
to the other types of price discrimination. However, in the latter one, the results are
more complex in the sense that while the mall still provides free parking to the most
risk-averse customer, it may charge a positive fee for other types of customers. Thus,
while the mall has an incentive to insure the most risk-averse customer for the risk of
not finding or buying the good, it does not necessarily have such an incentive for the
others. Hence, the degree of risk-aversion is essential in this setup. In addition, even
though the negative relationship between the price and the probability of buying
the good still holds for the most risk-averse customer, it is not necessarily true for

the other types of customers.

One future research topic is to analyze the pricing strategy of the shopping mall
when there are many goods and customers decide how many and which goods to

buy. Then, the mall may prefer mixed bundling. Another topic is to study our

29



model when the shopping mall is not a monopoly. In that case, customers decide
whether to stay at home or go to a mall, and if they decide to go, they choose a

mall to visit.
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