RAMIFICATION IN SOME NON-GALOIS EXTENSIONS OF
FUNCTION FIELDS

by
OZGUR DENIZ POLAT

Submitted to the Graduate School of Engineering and Natural Sciences
in partial fulfillment of
the requirements for the degree of

Master of Science

Sabanci University

Fall 2009



RAMIFICATION IN SOME NONE-GALOIS EXTENSIONS OF FUNCTION
FIELDS

APPROVED BY

Prof. Dr. Henning Stichtenoth ...

(Thesis Supervisor)

Prof. Dr. Alev Topuzoglu oo

Assist. Prof. Dr. Cem GUNETT  coovriineeee e

Assoc. Prof. Dr.Ozgiir GUrbiiz  ...ocoovoveeoeeeeeeeeeeeeeeeeeeee.

Assoc. Prof. Dr.Wilfreid Meidl  ..oooooviieiie e

DATE OF APPROVAL: 05/02/2009



©OZGUR DENIZ POLAT 2009
All Rights Reserved



RAMIFICATION IN SOME NON-GALOIS EXTENSIONS OF FUNCTION FIELDS

Ozgiir Deniz Polat
Mathematics, Master Thesis, 2009

Thesis Supervisor: Prof. Dr. Henning Stichtenoth

Keywords: Function fields, Galois group, ramification index, different exponent.

Abstract

Throughout this thesis, we denote by k an algebraically closed field of characteristic
p >0, and K /k is a function field over k. We consider extensions L = K(r), where r

is a root of one of the following,
flx)=aP —br—d (1)

f(z)=a? —baP ' —d (2)

with b,d € K \{0}. For each polynomial listed above, we will describe ramification
behavior of places P of K in the extension L/K, i.e. we will determine ramification

index and different exponent of the places P’ of L lying above P.



FONKSIYON CISIMLERININ GALOIS OLMAYAN BAZI GENISLEMELERINDE
DALLANMA DAVRANISLARI

Matematik, Yiiksek Lisans Tezi, 2009

Tez Danigmani: Prof. Dr. Henning Stichtenoth

Anahtar Kelimeler: fonksiyon cisimleri, Galois grup, dallanma degeri, fark kuvveti

Ozet

Bu tez boyunca k cebirsel olarak kapali, karakteristigi p > 0 olan bir cisim olarak
kabul edilmigtir ve K, k tizerinde tanimli bir fonksiyon cismidir. L, K cisminin

agagidaki polinomlardan birinin kot tarafindan tiretilmisg bir cisim geniglemesidir

flz)=2aP —bx —d (1)
flz)=aP —bx"" ' —d (2)

ve b, d K’nin sifirdan farkl elemanlaridir
Yukarida yer alan her iki polinom iginde K fonksiyon cismine ait maksimal yerel

halkalarin maksimal 6zleklerinin L/K daki dallanma davramsglariniinceleyecegiz. Bir

diger anlamiyla dallanma degerini ve fark kuvvetini belirleyecegiz.
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Introduction

Throughout this thesis, we denote by k an algebraically closed field of characteristic
p >0, and K /k is a function field over k. We consider extensions L = K (r), where r

is a root of one of the following,
flz)=aP —bxr —d (1)

f(z)=af —baP' —d (2)

with b,d € K \{0}. For each polynomial listed above, we will describe ramification
behavior of places P of K in the extension L/K, i.e. we will determine ramification
index and different exponent of the places P’ of L lying above P. This thesis will be
organized as follows. In chapter 1, we will give some basic definitions and results which

will be frequently used throughout this thesis and recall briefly the case where
flz)=2a2"—c¢ withO#ce Kandpin (3)

fle)=aP —br—c withO#be€kandce K (4)

These cases are well-known. In case (3) the extension L/K is a Kummer extension.
In case (4) it is an Artin-Schreier extension. In chapter 2, we will consider the poly-
nomial (1). Chapter 3 will be devoted to the investigation of ramification behavior of
L/K in case (2).

In case (1) and (2), the extension L/K is in general not Galois. As a first step,we
will describe the Galois group of the splitting field F' of f(z) over K, and then we will
use information about F/K to determine the ramification behavior of places in the
extension L/K.

X



Preliminaries

In this chapter, we will give some definitions and facts from the theory of function
fields which will be used frequently.

Let L be an algebraic extension of a function field K. Let Op denote the local ring of
K corresponding to the place P of K. A place P'of L is said to lie over P, if Op C Opr,
and in this case we write P’ | P. We denote by Pg the set of all places of K.

Definition 1.1. Let L be an extension of K and P’ be a place of L that lies over P.
Then there is a positive integer e( P’ | P) = e such that vp/(z) = e( P’ | P).vp(x)
for all x € K. Such e is called ramification index of P’ over P. Given a place P of a
function field K we denote by Kp the field Op/P. If P' | P in the extension L/K, then
the degree [Lp: : Kp]| is denoted f(P' | P).

Theorem 1.2. Let L be a finite separable extension of K .
a) Any place P of K has at least one but only finitely many extensions in L.

Furthermore iof Py, ..., Py are all extensions of P in L, then

k

L:K] =S e(P| P).f(P:| P) (1.1)

i=1
Proof. See [5, p.64] O

Now we will give some properties of different exponent and ramification index in a

tower of function fields. For the proof see [5, p.62, p.8§]

Theorem 1.3. Let F O L D K be a tower of finite separable extensions. If P”
(respectively P’, P) are places of F' (resp. L, K ) with P" O P’ O P, then the following
hold:

a) e(P" | P)=e(P" | P')-e(P'| P)

b) d(P" | P)=e(P"|P)-d(P"| P)+d(P"| P



Kummer and Artin-Schreier extensions

In this part, we will consider the cases where the polynomial f(x) has the form (3)
or (4). In these cases the extension L = K(r) with f(r) = 0) is Galois. The following
results are well known. See [5, p.110]

Theorem 1.4 (Kummer extensions). Let L = K (r) where r is a root of the polynomial
flz)=2°—c with 0 #ce€ K and p{ s

Letn:min{l >1|rte K}. Then we have

a) The polynomial ®(T) = T"™ — r™ is the minimal polynomial of r over K. The
extension L/ K is Galois of degree n and n divides s; its Galois group is cyclic, and all
automorphism of L/ K are given by o(r) = (.r where { is an n-th root of unity.

b) Let P € Pg and P' € Py, be an extension of P. Then
e(P'| P)=— andd(P'| P)= — —1
rp rp

where rp=ged(n, vp(r™)) > 0.

Theorem 1.5 (Artin-Schreier extensions). Let L = K (r) with f(r) = 0 where
flz)=2aP —bx —c with0#bek and 0# c€ K
Assume that ¢ # wP — bw for allw € K. We define an integer mp by

m  if there is an element z € F' satisfying
mp = vp(u— (2P — 2)) = —m < 0 and m # 0 mod p,

—1 ifvp(u— (2P = 2)) >0 for some z € F.

Then we have:

a) L/K is a cyclic Galois extension of degree p.

b) mp is a well defined integer and P is unramified in L/K iff mp = —1

c) P is totally ramified in L/ K iff mp > 0. Denote P' the unique place of L lying
over P. Then the different exponent d(P' | P) is given by

d(P'| P)=(p—1)-(mp+1)



On the polynomial f(z) =2 — bxr —d

In this chapter we assume that the polynomial f(z) has this form
flz)=2aP —bxr —d

with b,d € K\ {0}. As usual L = K(r) with f(r) = 0. Let K D L be an algebraic
closure of K and choose b; € K with

Wl-b=0

The extension K (by)/K is a cyclic extension of degree n with n |( p — 1), by Theorem
1.4. Let F' = K(by,r). Then we have:

Theorem 2.1. With notation as above;

a) F = K(by,r) is the splitting field of f(z) over K, hence F/K is Galois.

b) Let n = [K(by) : K]. Thenn=min{l >1|b € K}.

Furthermore n divides p — 1, and g(z) = 2" — b} € K[x] is the minimal polynomial
of by over K.

c¢) f(z) is reducible over K iff d = wP — bw for some w € K. If this holds, then

Gal(F/K) ~ C,

where C,, is the cyclic group of n — th roots of unity in F,
d) Assume that f(x) is irreducible over K. Then

Gal(F/K) ~C, x F,
and the group structure of C,, X F,, is defined by
(C1,€1)(Ca,82) = (€12, €21 +€1)
Proof. a) Assume that 7 ...,7, € K are the roots of f(x). Then for 1 <i,j <p

™’ —br;—d=0 (2.1)



ri —brj—d=0 (2.2)

Hence subtracting (2.2) from (2.1) we obtain that
(ri—r))Pt=1b (2.3)

Let r; = r be fixed. Let b; be a root of ®(T) = TP~! — b. We know that the roots
of ®(T) are 0by, ....., 6P "1b; where § is a primitive (p — 1) — th root of unity. Hence by
(2.3) we conclude that 7,7+ dby, ..., 7+ 6P~ by are roots of f(x). Therefore, if we denote
by F the splitting field of f(x), then I C K(r,by). Conversely since F' is the splitting
field of f(x), then r,7; € F hence (r —r;) = dby € F. So F' D K(r,b;) and we conclude
that F' = K(r,by).

b) This is clear by Theorem 1.4.

¢) First we will show that if d = w? — bw for some w € K, then f(x) is reducible.
To see this look at f(z) Since d = wP — bw, then

f(z) =aP —bx — (WP — bw)
= (v +w)? — b(x +w)
= (z+w)((x +w)P' =)

Hence f(z) is reducible.
Next we will show that if f(z) is reducible, then there is w € K such that w? —bw =
d. Consider the factorization of f(x) in K[by].

x x d
=2 —br—d=VW[(=)P—-(—)— = 2.
o) = b= d =Bl P - ()~ ] 25
Let g(z) be the following polynomial
d
o) =" =2 =
Hence ;- is a root of g(x). On the other hand K (b1, -) = K (b1, 7) = F. It is clear that

g(x) irreducible over K[b] iff f(x) is irreducible over K[b]. Since by assumption f(x)
is reducible over K(by), then g(z) is also reducible over K(b;). But we know that if
g(x) is reducible, then g(z) has a root in K (b;), hence all roots of g(x) are in K (b).
Therefore K (r,b;) = K(by). Now we have two cases: Either K (r) is contained properly
in K(by), or K(by) = K(r)

Consider the first case. To obtain a contradiction assume that f(z) has no root in
K. So [K(r): K] > 2. Since K(r) is contained in K (b;) which is a cyclic extension of
K, K(r)/K is a normal extension. So by (a) r + wb; must be contained in K(r) for
some w € F;. Hence by must be contained in K (r) which contradict the assumption
that K (r) is contained in K (b;) properly.

Now assume that K'(b;) = K(r). First we claim that for any w € F} either K(r +
wby) = K(r) or K(r + wb;) = K. To see this recall that r + wb; are roots of f(z) and
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K (by) is the splitting field of f(z). Hence K (r+wb,) C K(by) = K(r). If K(r+wby) #
K then the degree of the minimal polynomial h(x) of r 4+ wb; is greater than 1, and
since K (by)/K is cyclic, K(r 4+ wb;)/K is a normal extension. Therefore r 4 6b; must
be also in K (r + wb;) for some § € F}, so b; must be in K(r + wb;). Now we obtain
that if K(r+wb;) # K, then K(r+wby) = K(r). It follows that if t(x) € K[z]| divides
f(z), then the degree of t(z) is either n or 1. Since by assumption f(x) is reducible
with degree p, we conclude that there exist a root of f(z) in K.

We know by Theorem 1.4 that K[b]/K is a Kummer extension and its Galois group
is isomorphic to C),.

d) Now we will show that if f(z) is irreducible then Gal(F/K) is isomorphic to
C,xF,

Let G be the Galois group Gal(F/K) and H be the subgroup of G that fixes K (b;).
So H = Gal(F/K (by)). Since K(by)/K is a normal extension and [F' : K(by)] = p, by
fundamental theorem of Galois theory H is a normal subgroup of G with order p. Note
that |H| and |G/H| are prime to each other, hence by Hall theorem [1, p.113 | H has a
complement in G i.e. there is a subgroup N of G such that NN H =1and G = NH.
Furthermore N ~ G/H. But we know by the fundamental theorem of Galois theory
G/H ~ Gal(K(b)/K). Hence we obtain that

G ~ Gal(K(b)/K) x Gal(F/K (b))

Now N N H = 1 implies that every element ¢ € G can be considered as a pair
g = (0:,%;) where 0, € Gal(K(b1)/K) and ¢; € Gal(F/K(b1)). By theorem 1.5 we
know that o;(b) = (b where ( is n—th root of unity and by Theorem 1.5 @D](ﬁ) = 5+
for some ¢, € F,,. But since ¢; € Gal(F/K (b)), it fixes by

. Yi(r)  (r) 4 bies
wy(ly = L _ Bl

by” ;(by) b1 b
Therefore ¢ (r) = r + bie,. Clearly g(b1) = o;(b1), and g(r) = ¢;(r). Let o and o
be generators of the cyclic groups, Gal(K (b)/K) and Gal(F/K (b)) respectively. If
o(by) = ¢by and ¢¥(r) = r +¢eby, e € F, then o'(by) = ¢'by for 0 < ¢ < n and
I(r) =r+j-eby, for 1 <j <p. Consider for a fixed i, the map:

ol Gal(F/K (b)) — Gal(F/K (b))

o (W) (r) =1+ jec' (b)

We want to show that this is an automorphism of Gal(F/K(b,)). First note that

this is a group homomorphism. Because

o, (W) (r) = oL (W) () = v+ (G + k) eo' (bh)

=r+j-eo'(b)+k-eot(b)



Note that ¢7 ¢* fix ec?(by) € K(by). So
oL () (r) = ol(¥?) - oL (@F)(r).

Also o (Id)(r) = r+0-0'(by) = Id(r). Since Gal(F/K (b)) has order p, o are auto-
morphisms of Gal(F/K(by)) for 1 < i < n. Using this we can compute multiplication
of two elements of G.

(o', 97) (0", ") (br) = (0", ¢7)o" (1) = oo™ (by)

and
(o', ) (oF ) (r) = (o7, L))t (r) = (6%, 47 (r + Law.by) = I (r) + o' (Lw.by)
=r+j-wb +1-w-o'(b) = W(ai(d}l))(r)
Therefore we obtain that (o, 17)(a", ¢!) = (ao®, I (ol (Y1)). O

Definition 2.2. A transitive permutation group in which only the identity fixes more

than one letter, but the subgroup fixing one element is nontrivial, is called Frobenius

group.

Remark 2.3. Assume that f(z) is irreducible. Let X be the set of the roots of f(x).
Note that Gal(F/K) acts on X transitively. Note also that the subgroup Gal(F/K (b))
of Gal(F/K) acts on X transitively. On the other hand Gal(F/K(r)) fixes r by
Theorem 2.1. Hence we can conclude that Gal(F/K) has a nontrivial subgroup that
fixes one letter. Now we claim that only identity fixes more then one letter. Let
o € Gal(F/K) be an element that fixes more than one root of f(z). For simplicity
assume that r and r + wb is fixed by o, i.e. o(r) = r and o(r + wby) = r + why. Now

we obtain the following:
r 4+ wby = o(r + wby) = o(r) + wo(by)
By the above equality we conclude that o fixes also b;. Therefore o must be the identity.

Theorem 2.4. Let G be Frobenius group and let H be a subgroup of G that fizes one
letter. Then the following hold:

a) The subset of G consisting of the identity together with those elements which fix
no letters forms a normal subgroup K of G of order | G : H | .

b) G=HK and HNK = 1.

c) HNgHg ' =1Id for g ¢ H and Ng(H) = H.

d) |H| divides |K| —1

Proof. See [2, p. 3§] O



Definition 2.5. Let 7 be a set of primes. A group G is called m—group, if the order
of GG is divisible only by primes in 7. A subgroup H of G is called an S,- subgroup of
G provided that H is a m—group and the index G : H is divisible by no primes in 7.

Theorem 2.6. Let G be a solvable group. Then
a) G possesses an Sy~ subgroup for any set of primes
b) Any two S,- subgroups of G are conjugate

c) Any m—subgroup of G is contained in an S;- subgroup.
Proof. See [2, p. 231] O
Theorem 2.7. Let H be a normal subgroup of a group G. If both H and G/H are

solvable, then G is solvable.
Proof. See (2, p.23] O
Remark 2.8. Note that G = Gal(F/K) is solvable. To see this recall that Gal(F'/K (b))

is normal in G with cyclic group of order p, hence it is solvable. On the other hand
G/Gal(F/K (b)) is a cyclic group of order n. We know that abelian groups are solvable.
Therefore by Theorem 2.5 we conclude that G is solvable.

Proposition 2.9. Let f(x) be as above and assume that f(x) is irreducible. Let P be
a ramified place of K in L/K. Then P is totally ramified in L.

Proof. Assume that P is not totally ramified in L. Let P’ be an extension of P in L
such that e(P’ | P) > 1. By assumption P is ramified in L so there exist such P’. Let
Q1, .., Qs be the places of F that lie over P'. Since F'/L is Galois with extension degree
n, then e(Q; | P’) divides n. Note that e(Q; | P') = e(Q; | P’) for 1 <14, 5 < s. Clearly
Q1, .., Qs lies over P in F)/K with ramification index

e(Qi | P) =e(Qi | P')-e(P"| P)
On the other hand, since F/K is Galois, e(Q; | P) must divide [F : K|=n - p. By

assumption P is not totally ramified in L. Hence e(Q; | P) must divides n. Let
G7(Q; | P) denote the inertia group of @; over P. It can be shown that

e(Qi | P) = |Gr(Q; | P)|

see details [5, p.119].
Recall that k is algebraically closed. So f; = [Fg, : Fp] =1 for 1 <i < s. By
Theorem I11.8.2 in [5, p.119],

fi =1Gz(Qi | P)|/|Gr(Qi | P)| (2.3)

Hence the decomposition group of ); over P is the inertia group of @); over P. Now
we fix one of them, say @Q);. Let T" be the fixed field of Gz(Q; | P). We claim that T’

contains L. To prove this claim, we need to show that

Gz(Q1 | P) € Gal(F/L) (2.4)

7



Since the fixed field of Gal(F/L) is L and (2.4) implies that 7" O L. It can be shown
that e(Q1 | P) = e(Q1 | Q1) where Qr is the restriction of Q)1 to T. For details see
[5, p.119]. Since Qr lies over P, e(Qr | P) must be 1 by Theorem 1.3. In particular
e(P"| P) =1, contradicting the assumption that e(P’ | P) > 1.

To show (2.4), we use the fact that G = Gal(F/K) is a Frobenius group. By
Remark 2.6, GG is a solvable group. So any subgroup of G with order prime to p should
be a subgroup of a conjugate of Gal(F/L) by Theorem 2.4. Recall that

G2(Q) | P') C Gal(F/L) (2.5)

and

G2(Qi | P') € G2(Q1| P) (2.6)

Assume that Gz(Q1 | P') # 1. Since |Gz(Q | P)| is prime to p, Gz(Q1 | P) is
contained in a conjugate of Gal(F/L). But (2.5) and (2.6) imply that

G2(Q. | P)NGal(F/L) # 1

So we conclude that Gz(Q1 | P) C Gal(F/L), and the result follows.
Now we assume that Gz(Q | P') = 1. In this case Gal(F/L) does not fix Q1, ..., Qs
ie. Gz(Q; | P)NGal(F/L) =1 for 1 <i <s. We also conclude that

Gz(Q1 | P)NGal(F/L) =1

Hence Gz(Qy | P) is contained in a conjugate of Gal(F/L)jie. Gz(Q, | P) C
o0Gal(F/L)o~! for some o € H. Let 0'(Q;) |rdenote the restriction of ¢*(Q;) to the
field L. Now we claim that ¢'(Q1) |1# 0?(Q1) |1 unless i = j.

First we will show that o(Q1) |# P’. Since Gz(Q1 | P) C 0 'Gal(F/L)c there is
an element ¢ # 1 in Gal(F/L) such that o7 1po(Q,) = Q1. So

p(0(Q1)) = o(Q1)

If 0(Q1) |L= P’, then (@) = Q) for some h € {1,..,s}, hence ¢ fixes @5, which
contradicts the fact that Gal(F/L) N Gz(Qn | P') = 1. Therefore o(Q1) |1# P'. On
the other hand if 0*(Q1) |z= 07/(Q1) |, and i > j then 07 € Gz(07(Q1)/07(Q1) |1)
But 0 € H. So ¢/ is also a generator of H with order p i.e. H C Gz(0?(Q1) |
07(Q1) |1). This contradicts the fact that |Gz (07(Q1)/0?(Q1) |1)| is prime to p. Thus
we obtain that o'(Q1) |1# 07(Q1) |, so there are p distinct places of L that lie over
P. This contradicts the fact that P is ramified in L. O

Remark 2.10. Assume that there exists a place P of K such that vp(d) is prime to
pand (p—1)-vp(d) < p-vp(b). Then f(z) is irreducible. To establish this claim, let
r be a root of this polynomial and consider the field K(r). Let P’ be an extension of
P in K(r). Since f(r) =0 and

rP —br =d,

8



then by triangle inequality
min {p.?}P/(T), ’Up/(?“) + Up/(b)} S Up/(?"p + b?") = Up/(d). (27)

Now first assume that

pap(r) = vpr(b) + vpr (1) 2.8
Hence
(p—1)-vp(r) = vp (D) (2.9)
and by (2.7)
p-vp(r) < vp(d) (2.10)

Combining (2.9) with our assumption that (p — 1) - vp(d) < p - vp(b), we obtain the

following:
(p—1)-vp(d) <p-vp(b) = (p—1)-vp(d) <p-(p—1)-vp(r)

So we conclude that
p-vp(r) > vp(d)

Hence by (2.10), we obtain the equality p-vp/(r) = vp/(d) = e-vp(d). Since ged(vp(d),
p) = 1, we conclude that e = p. On the other hand e < [K(r) : K| < p, so [K(r) :
K] =pand f(z) is irreducible.

For the second case, assume that (2.8) does not hold. By strict triangle inequality,
vpr(d) = min{p.vp/(r),vp/(r) +vp(b)} . We claim that if P satisfies the condition that
(p—1)-vp(d) < p-vp(b), then

min{p - vp/(r),vp(r) + vp/(b)} = p-vp(r)

Assume the contrary, i.e.
Up/(?”) + Up/(b) = Up/(d). (211)

Then p - vp/(r) < vp/(r) + vp(b), hence,
(p— Dvp(r) < vp(b) (2.12)
Multiplying (2.11) with p — 1, we obtain that
(p=1)-vp(r)+(p—1) - vp(b) = (p = 1) - vp(d)
But since e is positive, by using (2.12), we conclude that
p-op(b) <(p—1)-vp(d),

which contradicts our assumption. Therefore p - vp:(r) = vpi(d) and the result follows

from the previous case.



Theorem 2.11. Let notation be as above and P be a place of K. Then the following
hold:

a) Assume that (p — 1) -vp(d) > p-vp(b). Then P is unramified in L] K.

b) Assume that (p—1)-vp(d) < p-vp(b) and p{vp(d). Then P is ramified in L/ K
and

d(P'/P) = (p-vp(b) — (p—1)-vp(d)) + (p—1)

Proof. a) We have shown in Theorem 2.1 (a) that the splitting field of f(x) over K (b;)
is F' = K(by,r1) where 71 is a root of the irreducible polynomial g(x).
&
o) ="~ =
So F'is an Artin—Schreier extension of K(by). Let P be a place of K and @ be an
extension of P in F. Let ); be the restriction of ) to the field K(b;). Let mg, be
defined as in Theorem 1.5. We will show that if mg, = —1, then P is unramified in L.
By Theorem 1.5, @ is unramified in F' iff mq, = —1. Note that if vg, (% ) > 0, then
mg, = —1. Now assume that mg, = —1. Then e(Q | Q1) = 1. Using Theorem 1.5, we
can write :
e(Q|P)=e(Q| P)e(P| P)=e(Q|Q1).e(Q1|P)
Hence, we obtain that
Q| P)=e(Q| P)e(P' | P) (2.13)
But since @ is a place of K (by) lying over P, and K (b;) is a Galois extension, e(Q; | P)
must divide [K(b;) : K] = n. By (2.13) we conclude that e(P’ | P) must divide n. But
we have shown in Proposition 2.7 that if P is a ramified place of K in L/K, then P
must be totally ramified with ramification index p. Since p is prime to n, e(P' | P)
must be 1. Hence if mg, = —1, then P is unramified.
Clearly if vg, (% ) > 0 then mg, = —1. Finally, we will show that if (p — 1) - vp(d)
> p-vp(b), then UQI( ) > 0. Let eg denote e(Q1]|P). Now we will compute le(%)

d
UQl(b_p> :UQ1<d) _p'le(b1>‘ (214)
1
On the other hand since
then

(P = 1) - v, (b1) = v, (b) = eq - vp(b)

implies that

e
v, (b1) = =52 () (2.15)
Hence, combining (2.14) and (2.15), we obtain that
(L) = =2 ((p—1) - vp(d) — p- vp(d)) (2.16)
UQl b‘Il) = p— 1 P Up p-vp .
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Therefore by (2.16) we conclude that, if (p—1)-vp(d) —p-vp(b) > 0 then vg, (%) > 0.b)
1
Let P be a place of K that satisfies the condition

(p — 1)vp(d) < pvp(b) < 0.

Let @ denote an extension of P in F. Again we denote ); (respectively P’) the
restriction of @ to the field K (b) (respectively to L ). Let e, be as in a). We know by
Theorem 1.5 that e(Q | Q1) = p iff mg, > 0. Again by Theorem 1.5

d(@Q | Q1) = (p—1)(mg, +1) (2.18)
Using Proposition 1.2, we can compute d(P’ | P) using the two equations below.
dQ|P)=e@|P)-d(P'| P)+dQ]F) (2.19)
d@Q | P)=e(@Q|Q1)-d(@Q | P)+d(Q [ Q1)

So
co - d(P'|P)+ e —1=p-(eo—1)+(mg, +1)-(p—1)
eop-d(P'|P)=(p—1)-(eo— 1)+ (mg, +1)- (p—1)
Since
o, =~ (0 op() = (0= 1) - ve(d))

cod(P'|P)=(p—1)- (e = 1) + eo((p-vp(b) = (p—1)-vp(d)) +p— 1L

So we obtain that

d(P'|P) = (p—1)+p-vp(b) = (p—1)-vp(d)

11



On the polynomial f(z) = 2" —ba?"! —d

In this chapter we assume that the polynomial has this form
f(x)=aP —ba" ' —d

where b,d € K\{0}. As usual L = K(r) with f(r) = 0. Let K O L be the algebraic

closure of K and choose ¢ € K with
Pt =0

The extension K (c)/K is a cyclic extension of degree n where n = minl|c! € K}. Let
F=K(cr).

Lemma 3.1. Assume that f(x) is irreducible . Then the irreducible polynomial of r=*

18

P e
flry=ar— 2o
Proof. Let r is a root of f(x). Then
P —brP™t —d = 0. (3.1)

Multiplying (3.1) with Tip, we obtain that

Again multiplying (3.2) with é, we obtain that

Gy -5() -2 =0

Since K (r) = K(r~1) and by assumption [K(r) : K] = p, we conclude that f is the

irreducible polynomial of 1. O]

Corollary 3.2. Let notation be as above, and assume that f(x) is irreducible. Then

the splitting field of f(x) is F. The Galois group Gal(F/K) is isomorphic to C,, x F,

12



Proof. Clearly K(r~',c) = K(r,c). By theorem 2.1, the splitting field of f(z) is
K(r~',c). Since the splitting field of f(z) and f(z) are the same, we conclude that
F' is the splitting field of f(x). Again by Theorem 2.1 Gal(F/K) is isomorphic to

C, xF, O

Remark 3.3. Assume that there is a place P of K such that vp(d) is prime to p and
vp(d) < pup(b). Then f(z) is irreducible. To see this, first note that f(z) is irreducible

if and only if f(x) is irreducible. Subtracting pvp(d) from both sides of the above

inequality, we obtain:

vp(d) — pvp(d) < pvp(b) — pvp(d) (3.3)

(1~ pup(d) < poe(5)

Hence P satisfies also the inequality below:

b

(0~ Der(3) < pop(2) (3.4

By Remark 2.3 we know that if there is a place P of K such that (p—1)vp(3) < pup(2),

then f(x) is irreducible. Therefore f(z) is irreducible.

Corollary 3.4. Let notation be as above and P be a place of K. Then the following
hold:

a) Assume that vp(d) > pvp(b), then P is unramified in L/ K.

b) Assume that p { vp(d)and vp(d) < pvp(b). Then P is ramified and if P’ is the

unique place of L that lies over P,

d(P'|P)=p—14p-vp(b) —vp(d)

Proof. We know by Theorem 1.9, if r~!is a root of f(z) = 2P — (%x - Cll, then for any
place P of K that satisfies the condition :

b

(0= 1)or(5) > pur(3)

is unramified in K(r~')/K. Since K(r) = K(r~') we conclude that if (p — 1)vp(3) >
pup(%) ,then P is unramified in L/K. But

0= 1op(5) > pop(s) = (1= pJup(d) > pup(t) — pop(d)

= Up(d) > pUp(b)

So the result follows.
b) By Remark 3.3, we know that vp(d) < p-vp(b) implies that

(p—1)vp (é) <p-vp (g) (3.4)
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By Theorem 1.1, if vp(%) is prime to p and P satisfies (3.4), then P is totally ramified
in K[r~']/K with the different exponent

d(P'|P) = (p—1)+p-vp (%) —(p—1)vp (é)
= (p—1)+p-vp(b) — vp(d).
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