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ABSTRACT 

 

The use of abrasive tools in grinding and similar manufacturing processes continues to 

increase in the production of high surface quality or difficult to process materials used 

in especially aviation, automotive and biomedical industry. The complicated geometric 

structures of the abrasives used in these processes show significant differences with the 

tools in other machining processes. Instability in material removal operations has been 

one of the critical obstacles in manufacturing, hindering productivity as well as 

resulting in unfavorable workpiece quality. Abrasive processes are often associated 

with finishing operations, aimed to give workpiece a final geometry and surface 

condition which makes chatter even more critical in grinding. For these reasons, it is 

quite time-consuming, costly, and in some cases impossible to achieve the desired 

quality and performance with conventional trial and error methods in abrasive 

processes. Process models based on analytical and experimental methods constitute the 

aim and goal of this thesis as they can be used effectively in the analysis of these 

processes and in selecting the most appropriate process conditions to increase the 

performance of abrasive processes. In this study, a new simulation method named 

geometric-kinematic model has been developed for grinding. The geometric-kinematic 

model provides the prediction of grinding forces and surface roughness of the 

workpiece by simulating the micro-interactions of the abrasive particles and the 

workpiece surface. Using the milling analogy and the normal distribution of the 

individual grits on the wheel surface, determination of active grits hence the chip 

thickness calculation per grit is also possible. A time-domain simulation is constructed 

employing the regenerative effect by utilizing the dynamic chip thickness calculation. 

The stability regions are determined through time domain simulations and analytical 

model predictions. The simulation results are compared and verified by experimental 

data. 
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ÖZET 

 

Taşlama ve benzeri üretim süreçlerinde aşındırıcı malzemelerin kullanımı, özellikle 

havacılık, otomotiv ve biyomedikal endüstrisinde gerekli olan yüksek yüzey kalitesi 

veya işlenmesi zor malzemeler üretiminde artmaya devam etmektedir. Bu süreçlerde 

kullanılan aşındırıcı takımların karmaşık geometrik yapıları, diğer üretim yöntemlerine 

göre büyük farklılık göstermektedirler. Talaş kaldırma operasyonlarındaki kararsızlık, 

üretim hacmine etki eden kritik engellerden birisidir ve elverişsiz iş parçası kalitesine 

neden olur. Taşlama işlemleri genelde son yüzey oluşturma işlemleriyle ilişkilendirilir 

ve son yüzey oluşturma oluşturma işleminde iş parçası üzerinde gerçekleşicek takım 

tırmalası kötü bir yüzey pürüzlülüğüne neden olucaktır. Bu nedenlerden ötürü, taşlama 

operasyonlarında geleneksel deneme yanılma yöntemleriyle istenilen kalite ve 

performans elde edilmesi oldukça zaman alıcı, masraflıdır hatta bazı durumlarda 

mümkün değildir. Bu tezin amacı ve hedefi, analitik ve deneysel yöntemlere dayanan 

süreç modelleri oluşturup, bu süreçlerin analizinde etkili bir şekilde kullanılabilmek ve 

aşındırıcı operasyonların performansını artırmak için en uygun süreç parametrelerinin 

seçilip kullanılmasıdır. Bu çalışmada taşlama için geometrik-kinematik model adlı yeni 

bir simülasyon yöntemi geliştirilmiştir. Geometrik kinematik model, taşlama taşı 

üzerindeki aşındırıcı parçacıklarının ve iş parçası yüzeyinin mikro etkileşimlerini 

simüle ederek taşlama kuvvetlerinin ve iş parçasının yüzey pürüzlülüğünün tahminini 

sağlar. Freze analojisi ve taşlama taşı yüzeyinde tek tek aşındırıcı parçacıkların normal 

dağılımı kullanarak aktif parçaların belirlenmesi, dolayısıyla aşındırıcı başına talaş 

kalınlığı hesaplanması da mümkündür. Dinamik talaş kalınlığı hesaplaması ve 

rejeneratif etki kullanılarak bir zaman kümesi simülasyonu oluşturulmuştur. Kararlılık 

bölgeleri, zaman kümesi simülasyonları ve analitik model tahminleri aracılığıyla 

belirlenir. Simülasyon sonuçları deney veriler ile karşılaştırılarak doğrulanır. 

 

Anahtar Kelimeler: Satıh taşlama, kinematik kuvvet modeli, kararlılık modeli 
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1 INTRODUCTION 

 

Grinding is one of the many manufacturing methods and it can be considered as the 

oldest one. The first grinding operations in the world was done in the early ages of the 

society [1]. After mankind started to make tools they realized they needed to sharpen 

their tools to assure the durability and continue the usage without failure. First attempts 

were sharpening the tools by rubbing them with stones. Since then grinding is used 

widely around the world.  

Grinding is included in abrasive processes under machining operations. Like other 

machining operations it includes material removal. This material removal cannot be 

considered as cutting and regarded as abrasive operations. Abrasive operations 

basically mean in the medium of contact of two materials, the harder material removes 

particles from the surface of the softer material. In the world, 20-25% of all expenses 

regarding the machining operations are coming from grinding [2]. The material 

removal is done with abrasive particles. These abrasive particles are bonded in various 

ways to the grinding wheel [3]. Grinding wheels come in different types and shapes. 

The type of abrasives is a key factor which includes aluminum oxide, SiC, CBN and 

diamond grits [4]. 

Abrasive technology is generally used in finishing operations. The aim is to give the 

workpiece the final geometry and surface profile. Mostly after all production steps are 

completed, the materials are ground and then sent to inspection. There are some other 

cases in which the grinding is used. If the workpiece material is comparably soft and 

easy to machine, a production engineer will most likely choose the turning or milling 

operations as roughing and primary shaping step but if the workpiece is a hard to 

machine material such as Ti, Ni or Cr alloys [5], which are mostly used in aerospace 

industry, the engineer would choose grinding as roughing operation. Abrasive 

operations are known for their increased performance on hard to machine materials [6]. 

First, a direct cutting method is not used in grinding and usually the depths of cut are 

low. This enables the abrasive wheel to form particles of the workpiece to remove 

them. Moreover, in grinding the cutting speeds are generally high and the heat can be 

absorbed by the wheel more comparing to standard cutting operations especially when 
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CBN wheels are used [7]. Furthermore, the grinding wheel can be more durable and the 

tool life is increased [8]. 

 

1.1 Literature Survey on the Mechanics of Grinding 

 

As for other cutting operations, empirical and analytic models have been used in 

modeling of grinding. Until 1980s the models mostly relied on linear regressions and 

empirical-physical approaches [9]. Empirical models rely on equations which consist of 

many grinding parameters such as depth of cut, feed rate, spindle speed, workpiece 

velocity etc. The important parameters are identified or calibrated after doing many 

tests on specific conditions. These equations are used to predict process forces,  surface 

roughness, temperature, wear and vibrations [10]. The advantage of empirical models is 

that they are easy to implement, can be considered shop floor friendly and sometimes 

practical if the production engineer will consider only a few operations for a 

considerable amount of time. Although these models are mostly very accurate, 

generation of them is very time consuming and their modularity is very low. In case of 

any changes such as. change of tool, workpiece or any process parameter, the model 

will most probably be useless new sets of experiments will have to be conducted. 

Grinding process is very hard to model analytically due to its stochastic nature [11]. 

The grits on the wheel come in random shapes and sizes which means that the cutting 

edge is not defined. In reality, everything is in a constant state of change in grinding as 

during the operation the wear may become so rapid that the process parameters may 

change even in the first passes of grinding [12]. However, through some simplifications 

and assumptions one can model the grinding process analytically as can be found in the 

keynote paper by Tönshoff et al. [13]. 

The analytical modelling initially requires a definition of geometric properties on the 

contact surfaces of the grinding wheel and the workpiece. The identification process of 

cutting geometry relies on the measurements done on the grinding wheel before the 

grinding process. These measurements are crucial as unlike turning or milling, the 

abrasive grits on the grinding wheel don’t have well defined cutting edges. The 

geometric properties of the wheel can be categorized into two, namely the macro and 

micro properties [14]. The macro properties mostly related to the unbalance and run-
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out, clamping errors or excessive wear. The micro properties of the wheel on the other 

hand can be listed as density, distribution, shape etc. of the grits.   

The measurements of the wheel regarding its macro properties can be done 

straightforwardly with tactile methods. In [15], a tungsten carbide tip coupled with a 

oscillating pin is applied on the grinding wheel surface. Any defects made on the 

surface can be successfully observed with this method if small forces and oscillations 

are applied. Buchholz [16] used pneumatic sensors to measure the macro features. The 

concept is the same as the method described in [15]. The pneumatic sensor is coupled 

with a pressure plate where constant air pressure is applied on the plate and motions are 

observed. Moreover, it is also possible to measure the macro structure with AE sensors 

[17]. These sensors provide a non-contact method with an increased sample rate. Again, 

the sensors need to be coupled with a single-point dresser tool. 

The measurements on the wheel surface regarding the micro sense first tried with 

inductive wheel loading sensors [18]. This is a thermoelectrical method and requires 

very complex test setup. A winding, core and a stray field are used with a magnetic 

head. Magnetic head records the electrical activity on the surface of the wheel. 

Furthermore, the other way of identifying micro structure of the wheel is using light 

sensors. The first attempt was done by Piegert [19]. This is a scattered light-sensor and 

works with a signal processing module. Nowadays with the advancement of 

measurement technologies, the reflection and laser sensors are used to determine the 

grit properties on the wheel surface [14]. 

After the observations and identifications of basic grit properties, the next step is to 

create a wheel topography model to use it in the analytical process models.  

Generally, the individual grits are carefully analyzed, and the geometric properties of 

the grits are identified. The results are to be used in the computer simulations of the 

grinding process [20,21]. The surface of the grinding wheel is scanned, and the 

geometric properties are determined for grit density, height, width, rake angle, oblique 

angle, edge radius and distance between grits. A straightforward way is to model the 

grits is to assume that they are in a simple geometrical shape such as a sphere, a cone or 

sometimes more complex shapes such as cuboids or tetrahedrals [22,24]. The other 

way, which is computationally more expensive, is to model each single grit in the 

simulation so that each geometric property stored in arrays of the data rather than 
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applying one general shape. The identification of all grits on the wheel surface is a 

tiresome challenge, but one can simply model the grits using random distribution that is 

obtained from the measurements of smaller set of grits. The selection of random 

distribution is discussed and applied in the literature [25,28].  

After the wheel topography is modeled, observing the kinematics of the grinding 

process is one of the most effective methods of modelling the chip removal mechanism. 

In the literature there are many works about the grinding kinematics. McDonald et al. 

[29] developed a computationally cheap method which involves determining peak 

surface values of the grits. The data is gathered through 3D measurements of the wheel 

surface. The active grits are also calculated through the kinematic simulations of the 

grits with the interaction on the workpiece surface. Barrenetxea et al. [30] developed a 

model to predict the tribo-thermo-mechanical behavior of the grinding process. The 

idea was to apply the controlled kinematic chip removal through a time domain 

simulation method. The method of creating a standardization of geometrical shapes of 

the grits is applied in [31]. Some elemental grit shapes are chosen as cuboids, triangle 

prisms, triangular pyramid variants and dodecahedrons, and cutting edges are generated 

by slicing with planes on the predefined elemental grit shapes to represent variety of 

grits on the wheel surface. Orthogonal cross section of the trajectories of the grits on 

the workpiece is created to calculate the chip thickness in the process. Uhlmann et al. 

[32] proposed a variety of methods to model the grinding kinematics for different types 

of abrasive operations such as conventional surface grinding, oscillation surface 

grinding and tilt surface grinding. 

Surface roughness is another key factor in grinding as it is generally used in finishing 

operations. The final geometry and dimensions are crucial factors in abrasive processes. 

In [33] a simplified predictive surface roughness model is developed in which the 

stochastic nature of the grinding is considered. The prediction is verified by using the 

found relationship between the roughness and chip thickness. In [34], the effect of 

process parameters on surface roughness is analyzed. The influence of grinding wheel 

parameters such as grain density, grain size or process parameters such as rotational 

speed, feed rate and depth of cut are analyzed on the grinding force. An optimization of 

input parameters is proposed for the increased workpiece surface roughness. Single-grit 

wheel experiments are conducted by Ma et al. [35] and showed that the grit-wise effect 
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on surface roughness is based on the two angles described in the paper as inclining and 

deflecting angles. 

Grinding force is a key factor to determine the strategy for the process. Force can 

predict if the operation can be done under the machine capabilities. It can lead to 

prediction of surface roughness, temperature, vibrations, wear etc. Empirical force 

models are applied on the literature [36,37]. These early empirical models consist of 

mathematical relations between input and output parameters. This means that the 

grinding force is expressed with respect to the cutting conditions such as grinding 

depth, spindle speed, feed rate with calibrations constants. Even though these empirical 

models can predict grinding forces accurately, they rely on high number of time 

consuming tests. Malkin [38] proposed a model consisting of specific energy constant 

which depends on chip formation, ploughing and sliding forces. Single grit models are 

proposed to closely study the grit formation and material properties of the workpiece. 

This way the force can be modeled with respect to strain and strain rate hardening of 

the workpiece material [39]. An analytical model was presented in [40] to predict the 

surface roughness and force by using Johnson-Cook material and dual zone contact 

models.  

 

1.2 Literature Survey on the Dynamics of Grinding 

 

Instability in material removal operations has been one of the critical obstacles in 

manufacturing, hindering productivity as well as resulting in unfavorable workpiece 

quality. Abrasive processes are often associated with finishing operations, aimed to 

give workpiece a final geometry and surface condition which makes chatter even more 

critical in grinding. 

As a process related self- excitations are one of the significant problems in grinding 

operations because the geometrical accuracy and the surface finish are the crucial 

anticipations of the process [41], several models have been developed to cope with this 

problem. 

 

The vibration phenomenon of the grinding has been carefully investigated and 

distinguished into three categories; self-excited vibrations due to workpiece surface 
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regeneration, wheel surface regeneration and forced vibrations. Even though the 

contribution of the wheel regeneration can be considerable on conventional wheels, 

majority  of the vibration originate from the workpiece surface regeneration since the 

wear is relatively negligible on CBN wheels [42].  

 

A time-domain model for the surface grinding is presented in [43] whereas dynamic 

simulation is constructed to see the workpiece-wheel interaction in an enhanced way. 

The workpiece is discretized into elements by using the z-buffer approach. This 

approach provides more advanced way to observe the volume engaged by the wheel 

and thus modelling the equivalent chip thickness removed from the workpiece. By 

pairing this dynamic material engagement mechanism with a specific-energy based 

force model, the time-domain simulations are constructed with a Simulink model. 

 

Additional time-domain dynamic model is introduced in [44]. The work focuses on the 

simulation of the cylindrical plunge grinding governed by common grinding 

parameters. A predictive model for chatter boundaries is developed together with the 

calculation of the growth rates. Some crucial effects are considered, mostly non-linear 

attributes such as distributed forces along the contact length, tool and workpiece 

vibration and the delay between the consecutive time discretization. The simulation 

program is able to model the dynamic forces, vibrations, stability regions and the 

surface profiles of the workpiece. 

 

The effect of the stochastic nature of the grinding on the dynamic response of the 

process is discussed in [45] where excitation is calculated by distributed individual 

grits. The emphasis is put on the grinding contact especially the distribution of grits and 

the unbalance of the wheel. It is presented that the time domain simulations are 

essential for modelling the nonlinearities in grinding as the operation itself is 

considered highly complicated  

 

The employment of milling analogy while modeling grinding operations is used 

carefully in [40] where a surface roughness and thermo-mechanical force models are 

developed. Instead of a cutter with defined geometry, numerous grits are created with 

randomly distributed shapes. Each grit is treated separately, all the information is stored 

in an array and the theory and formulations are repeated for each grit.  Applying the 
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Johnson-Cook Material model and dual zone contact model presented in [46] the 

grinding forces can be predicted with low discrepancies relative to the experimental 

outputs. 

 

It is denoted in [42], that the types of vibrations in the grinding process can be 

categorized into two: forced vibration and self-excited vibration. The main cause for the 

forced vibrations is the unbalance of the grinding wheels. In such cases the source can 

be hydraulic devices or any other external source as well. In this type of vibrations, the 

source can easily be located through frequency measurement. It is useful to mention 

that the gyroscopically induced self-excited vibrations are also studied in the literature 

[47]. However, the self-excited vibrations are mainly due to the regenerative chatter in. 

The regenerative effect in abrasive processes is similar to other cutting processes: 

During the cut, as a result of the phase between the vibration waves in the successive 

passes the chip thickness will be varying. The phase shift between these waves will 

determine the stability of the process based on the chip thickness variation. 

However, in grinding processes the source of regeneration mechanism is based on two 

effects. The regeneration may be effective on either the wheel or the workpiece surface 

[42]. This part makes the stability analysis of the grinding more complex compared to 

cutting processes. The regenerative effect on the workpiece surface is related to the 

surface quality and the effect on the wheel is related to the wear resistance. The wheel 

regeneration propagates slower than the workpiece regeneration. The tool regeneration 

can be seen even in the dressing process. These two regenerations can be modeled with 

double delay systems. 

Altintas and Weck [48] mentions Inasaki’s model [42] by applying “n” intersection 

areas on the surface of the workpiece rather than just one. The paper investigates the 

limiting phase criterion which is derived from the Nyquist stability criterion. It is stated 

that when the phase of the transfer function goes below the limiting phase curve the 

system will have the means to start a regenerative chatter. If the phase curve cuts the 

limit curve in the first section, there is the risk of workpiece induced chatter. If the 

intersection occurs in the second section of the limit curve only, the chatter is caused by 

the side of the wheel.  
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Double-delay systems are developed to investigate the wear on the wheel and the 

workpiece further [49]. The dynamic model includes the two inherent delayed force 

fluctuations caused by the both surfaces due to regeneration mechanism of the both 

surfaces. The inspection of the double regenerative grinding process is done by 

handling the differential equations written for both the undulations due to the wheel 

surface and the workpiece surface. After the development of the model, a sensitivity 

analysis is proposed to detect the chatter of the doubly inherent structure. With this 

sensitivity analysis the change of parameters in an optimal way is proposed to cope 

with the instability in grinding operations. 

In transverse grinding, the wheel moves along a slender workpiece introducing unique 

grinding dynamics. The work presented in  [50] offers a new dynamic modelling for 

this unique interaction in grinding. The plunge grinding operations are relatively less 

complex as they contain one region of contact. On the other hand, the transverse 

dynamics must be analyzed in two different contact regions. 

 

1.3 Objective & Scope 

 

In this work, the main aim of the research is to increase the performance of grinding 

operations by use of mathematical models, develop measurement and monitoring 

methods and select the best strategy for grinding, concerning the surface roughness, 

maximum MRR and product quality. 

The scope of this thesis is to develop measurement methods for grinding tools, models 

to mimic the grinding operation down to particle level, model the process forces both 

for the static and dynamic case and speculate chatter free grinding conditions all which 

can be achieved by implementing analytical models. 

Abrasive machining has mostly been used for finishing operations, but since the 

aviation industry brought the requirement of using difficult to cut materials, grinding 

came to use for roughing operations due to its increased performance on these types of 

materials. The complicated geometric structures of the abrasives used in these 

processes show significant differences from the other machining processes. For these 

reasons, it is quite time-consuming and expensive to sustain a decent result and 
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performance with empirical modelling methods in grinding processes. Process models 

based on analytical and experimental methods constitute the aim and goal of this 

project as they can be used effectively in the analysis of these processes and in selecting 

the most appropriate process conditions. Within the scope of the thesis, abrasive grit 

geometry, grinding kinematics, forces and vibrations were studied in detail by 

experimental and analytical methods and process models were developed. With this 

approach, the required number of experiments can be reduced to the lowest and highly 

accurate estimations can be made. In addition, developed and experimentally validated 

process models were used to determine the process conditions required to achieve the 

desired quality at the lowest possible time and cost, and applications on industrial 

components were demonstrated. 

In order to achieve the described aims of the thesis, a measurement method and 

procedure for the abrasive grits has been developed. Using the measurements, the 

abrasive wheel topography has been modeled. Applying milling analogy and the 

geometrical random distribution of the grits on the grinding wheel, the simulation can 

predict the dynamic forces and vibrations. A geometric-kinematic model is developed 

in order to predict the grit trajectories during the grinding process. The active grits are 

calculated and the chip thickness per active grit is computed with the trajectory 

simulation of the wheel. The dynamic model is created with the inclusion of the 

regenerative effect of the workpiece surface. The aim of this model is to model the 

dynamic behavior of the surface grinding and predict the region of grinding parameters 

which cause instability in the closed loop time domain system. Applying milling cutter 

analogy in grinding allows the use of the dynamic milling equations presented in 

[51,52]. These models will be used to plan and schedule the best available performance 

of grinding operations based on the required process conditions. 

 

1.4 Lab equipment 

 

In this subtitle, the lab equipment that is used during this thesis is presented. 
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1.4.1 Grinding CNC Machine 

 

The grinding CNC machine used in the experiments is Chevalier Smart B818 CNC 

Profile & Forming Grinding CNC machine. %5 oil based coolants are used in the 

experiments. The machine is shown in Figure 1. 

 

Figure 1: Grinding CNC Machine 

The machine is a 3 axis CNC capable of moving in x, y and z axes. It is sufficient for 

academic use and tests where mass production is not the main concern. The 

dynamometer couple is placed on the magnetic bed for force measurements during 

grinding tests. A couple of fixtures are produced in order to enable the use of different 

shaped of workpieces to be clamped on the dynamometer. There are 2 spindles on the 

machine with low and high-speed capabilities. The high-speed spindle can reach 40000 

rpm. Where the low speed one has the maximum speed of 8000 rpm. The bearings 

inside the spindle will lose their efficiency and there is a chance to break when the 

spindle is used below the minimum speed. Furthermore, the spindle will lose its torque 

and power efficiency as the speed gets slower. It is advised that the speed should be 

chosen between the 70% of its max speed to 100% of its maximum speed as the torque 

and power curves gets low in the lower speeds. Since it is high speed spindle, 

accordingly smaller grinding wheels should be used.  For conventional wheels at full 

rpm it is recommended to use maximum 20mm diameter wheels and for CBN wheels 
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the wheel diameter can go up to maximum of 30mm diameter to satisfy the required 

grinding speed. For larger tools it is recommended to decrease the spindle speed rather 

than 40k to maintain a cutting speed of around 35m/s. 

The machine has a dresser unit installed next to the magnetic table and it is ready to be 

used if a dresser wheel is purchased. It is noticed during the experiments that the 

dresser unit creates unpredictable noise signals even when it is not running. These 

noises were observed on the thermocouple measurements as thermocouples are highly 

sensitive to magnetic current and the temperature measurement was not very 

successful. Due to these problems, the dresser unit was unplugged from the PLC board 

of the machine during this study and thus not used in the experiments. 

 

1.4.2 𝝁surf Explorer Nanofocus 

 

Nanofocus is a light sourced microscope which is used in measuring of the grinding 

wheels. There are a number of lenses available for the measurement of individual grits 

or multiple of them. The wheel measurement is the fundamental part of modelling 

abrasive operations as the grinding mechanism is quite complex compared to other 

machining operations. The measurements in nanofocus is done by light fringes. The 

discretization is done along z axis layer by layer such as the way the rapid prototyping 

works. The light reflections may be problematic on conventional grinding tools as 

generally the aluminum and SiC abrasive grits may shine too much and introduce noise 

to the measurement. A coating procedure may be applied to increase the measurement 

quality in that case. On the other hand, measurements done on CBN tools can be 

conducted easily. The Nanofocus comes with a software which enables 3D scanning of 

the grits. The device is shown in Figure 2. 
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Figure 2: Nanofocus 

It is recommended to use 2 types of lenses on grinding wheels, namely 20x and 50x 

lenses. The 20x lens can cover an area of approximately 0.64mm2 which will probably 

include around 30 abrasive grits. where a sample picture is shown in Figure 3. This lens 

is used to count the grits and determine the grit density; one of the key elements in 

process modeling. Red regions indicate the light scan. 

 

Figure 3: 20x measurement on Nanofocus 
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The 50x lens, on the other hand, provides just one grit per one scan most of the time. 

However, this enables a closer look to the abrasive grit offering identification of cutting 

edge of the grits and some certain process inputs such as oblique angle, rake angle, 

edge radius etc. A sample of the 50x lens scan is shown in Figure 4. 

 

Figure 4: 50x lens capture 

 

1.4.3 Kistler Dynamometer 

 

A 3-axis Kistler 9129AA table type dynamometer is used in the experiments. The focus 

is given on the forces of z and x axes. Although the forces in the y-direction exist, they 

are mostly neglected in grinding operations as they are negligibly low.  

 

1.4.4 Talysurf Surface Profilometer 

 

For surface roughness measurements on the workpiece, a Talysurf surface profilometer 

was used. The device has a diamond probe 2𝜇 and provides a sufficient measuring 

sensitivity for grinding operations. Although the accuracy is quite high with this device, 
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it lacks mobility and when a surface roughness measurement is needed, the workpiece 

is dismounted and carried to the measurement room and mounted again. 

 

1.5 Layout of the Thesis 

 

The organization of the thesis is given as follows: 

Chapter 2 is about Measurement and Modelling of Abrasive Tools. The steps are given: 

- “C” number calculation, where the grit number per mm2 is calculated 

- Individual grit observation, where the geometric properties of the grits are 

identified. 

- Axial discretization of the wheel & Wheel creation, where the wheel is modeled 

with normal distribution. 

Chapter 3 is about the Kinematic Model of Abrasive Processes. The steps are given: 

- Calculation and printing of the kinematic trajectories of the grits. 

- Identification of active grits using the intersections of the grits. 

- Surface roughness in perpendicular to cutting direction and force prediction is 

completed using the geometric and kinematic model 

Chapter 4 is about Dynamic Force Model of Abrasive Processes. The steps are given:  

- Calculation of dynamic chip thickness and dynamic forces using the geometric and 

kinematic model. 

- Vibration and surface roughness in cutting direction prediction using the dynamic 

model. 

- Time domain simulations. 

Chapter 5 is about Stability of Abrasive Processes. The steps are given: 

- Stability prediction using time domain simulations and analytic methods. 

- Verification of the proposed models with the experiments 

- Stability conditions under varying wheel parameters. 

Chapter 6 is about Discussion, Conclusion and Suggestions for Future Research 
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2 MEASUREMENT AND MODELLING OF ABRASIVE TOOLS 

 

The most fundamental difference between grinding and other cutting operations 

regarding the material removal is the uncertainty and random nature of abrasive process 

chip formation. In grinding, the cutting edges are undefined whereas the geometrical 

properties of turning and milling tools can easily be obtained.  

This chapter is about determining the geometric properties of abrasive particles to be 

used in simulations and experiments. Determination of these geometric features before 

applying the analytic models is one of the most important stages of grinding process 

modeling. The geometric values assigned to these measurements will be used for 

representing each particle. Information on the geometric properties of the tools in the 

industrial cutting operations is provided by the toolmakers, but this is not possible in 

grinding wheels and subsequent measurements are necessary. 

Due to the manufacturing method of the grinding wheels the topography on the wheel 

surface will have random structure [41]. In measurements it is seen that the abrasive 

grits are randomly distributed over the surface of the wheel. This is a result of the way 

that the wheels are produced. First the abrasive particles are produced and gathered 

together. They are passed through a sieve to assure that the grits on the wheel have a 

certain dimensional range. The B number on the wheel represents the grit size which 

corresponds the size of the sieve that was used. After the sifting process, the abrasive 

grits are assembled on the grinding wheel. There two types of grinding wheels with 

respect to the type of assembly of the grits on the wheel; bonded and plated. The 

bonded types are the wheels that have multiple layers of abrasive grits on the surface of 

the tool on top of each other. The bond material provides the adhesion force between 

the layers of abrasive grits. Multiple layers of the abrasive grits provide dressing option 

for the grinding wheels when they are worn. The plated wheels are covered with single 

layer of abrasive grits and cheaper to produce comparing to the bonded ones as less 

overall material is needed. They are used without dressing due to existence of only 

single layer of abrasive grits. Thus, when the plated wheel is worn it is replaced. 
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Figure 5: Grinding wheels for different applications 

 

It is also convenient to categorize the grinding wheels into two with respect to their 

abrasive grit materials. Grinding wheels which have Aluminum oxide or SiC abrasive 

grits are called conventional wheels whereas the wheels that have CBN or diamond 

particles are called super abrasive wheels. Super abrasive wheels are usually preferred 

for processing high alloy materials, such as nickel alloys, as they provide increased 

performance as a result of elevated hardness, thermal condition and abrasion resistance. 

Conventional wheels are cheaper and generally selected in low cost operations. Within 

the scope of this thesis, the overall focus is on CBN wheels whereas some applications 

of the conventional wheels are also presented.  

To represent the surface of the grinding wheel and the randomness of the abrasive grits, 

electron microscope measurements were done on a CBN grinding wheel as shown in 

Figure 6 and Figure 7. As it can be seen, the distribution of the abrasive grits on the 

surface of the wheel is random and this results in a material removal with undefined 

cutting edges. Hence, proposing a modeling method for abrasive tools is crucial for 

process model development. 
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Figure 6: SEM picture of a CBN wheel surface I 

 

Figure 7: SEM picture of a CBN wheel surface II 
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Wheel no 1 2 3 4 5 6 

Type Mounted 

point 

Mounted point Mounted 

point 

Mounted 

point 

Mounted 

point 

Mounted 

point 

Grit 

Material 

CBN CBN CBN CBN CBN Al2O3 

Diameter 

(mm) 

10 5 30 10 10 20 

Grit size B126 B64 B151 B126 B126 B120 

Bond 

Type 

Electroplated Electroplated Electroplated Electroplated Electroplated Vitrified 

Table 1: Grinding wheel specifications 

 

As a result of the stochastic nature of the grinding wheels it is convenient to model the 

wheel using Gaussian distribution created from a sub set of data which are obtained 

through the measurements from the surface of the wheel. The fundamental information 

for process modelling is as follows: 

- Number of abrasive grits per mm2 (Analogous to teeth number in milling) 

- Grit dimensions (height, width, width of cut) 

- Process related geometric properties such as oblique angle, rake angle and 

edge radius …etc. 

In this chapter, a wheel model is proposed by using the fundamental information 

obtained from optical measurements. The grit data then processed and fit into a 

gaussian distribution thus creating the virtual wheel. The measurements are done on 6 

different wheels and the specifications are given in Table 1. First 5 of the wheels are 

CBN and preferably have different number of grits sizes. 6th wheel is selected as a 

mounted point conventional wheel (Aluminum oxide). The wheels are shown in Figure 

8, from the left to right the wheels numbers are 1,2,3,4,5 and 6 respectively. The 

measurement and modeling of the before mentioned wheels will be presented in the 

following sections to provide a database for future process modeling applications. 
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Figure 8: Measured grinding wheels. From left to right 1) 10mm B126 CBN 2) 5mm 

B64 CBN 3)30mm B150 CBN 4) 10mm B126 CBN dressed 5) 10mm B126 CBN worn 

6) 20mm B120 Al2O3 

 

2.1 C Number Identification 

 

C number is defined as the number of grits that reside on an area of 1mm2 on the 

surface of the grinding wheel which is analogous to number of cutting teeth in milling. 

C number should be the initial parameter to be identified. C number of the wheel can be 

found by using the 20x lens on the 𝜇surf Nanofocus confocal microscope. 

Measurements were made at different points of the tool by scanning in the X and Y 

axes and determining the abrasive grits. In this method, the particles lying above a 

certain height of the Z axis are counted by using the microscope and confocal approach 

systems. When the confocal option is used, the highest points of the abrasive particles 

can be identified marked with red dots. Areas marked with red marks are perceived by 

the device as areas where the light reflects more, that is closer to the lens. Abrasive 

grits have been determined with this system, which is made at various points of the 

tool. The points are colored as blue. 

2 3 4 
6 5 

1 
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Figure 9: C number identification a) tool #1 b) tool #3 

A sample measurement is given in Figure 9. As seen, the grits can be counted with 

nanofocus. The area of the measurement corresponds to 0.64mm2 for the 20x lens. The 

numbers are found and then a multiplied with a ratio to match the 1 mm2 area. The C 

number is used to identify the total number of grits on the whole surface of the grinding 

wheel. 

 

2.2 Individual Grit Measurement 

 

Individual grit measurements are necessary for the identification of process modeling 

related parameters such as oblique angle, rake angle and edge radius [1,11,12]. For this 

identification 50x lens in the Nanofocus is used to capture the 3D and 2D scanning of 

the individual grits. The software provided with this measurement device namely 𝜇surf 

analysis, provides an on-screen measurement tool on the scanning obtained from the 

microscope. The identification of the geometrical properties of all the grits on the 

grinding wheel is a very tiresome approach thus a normal distribution method [40] for 

creating the virtual wheel is used based on the mean and standard deviation of all 

measured geometric properties of the individual grits. The sample space for generation 

of Gaussian distribution is selected to be 50 measurements a little bit more than the 

magical number 30.. A 3D and 2D measurement sample of an individual grit is 

presented in Figure 10. 

 

 

b a 
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Figure 10: Individual grit measurement with 50x lens a) 2D b) 3D 

 

The Nanofocus software can scan the profiles in x and y directions in the captured scan. 

The software can project the scans into top and side views.  With this feature, the width, 

height and rake angle of the captured image are measured as follows. In Figure 11a, h1 

represents the height, a2 represents the rake angle, and w0 represents the width of the 

particle. In Figure 11b, the profile of the rounding radius is set by a curve and its radius 

is measured. In Figure 11b, the radius of the curve is 5 μm. The oblique angle 

measurement is done by using the same tool that is provided and is shown in Figure 12. 

 

Figure 11: Identification of geometrical properties of individual grits from 2D side view 

a) dimensions b) edge radius 

a b 

a b 
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Figure 12: Identification of oblique angle of abrasive grit from 2D top view 

However a circular fit does not provide an accurate measurement so later the edge 

radius scanning are done with SEM. 

 

2.3 Virtual Construction of Wheel Surface 

 

Regarding the stochastic nature of the grinding process and the difficulty in modeling 

the abrasive mechanism it’s crucial that some assumptions must be considered. 

Essentially, the random values of geometrical properties of the grits are assumed to be 

Gaussian. It is may be recognized as a solid assumption considering the production 

steps of the grinding wheels. Another vital assumption would be to presume the 

distance between all the adjacent grits along the perimeter of the grinding wheel surface 

are the same. This assumption is believed to be required to apply the milling analogy to 

the grinding technology. The adjacent distance is identified as an average term of the 

data obtained from measurements. Furthermore, it is also assumed that the grinding 

wheel is discretized into elements along the radial direction. Each element is identical, 

concentric and resembles a ring surrounding the circumference of the wheel. The width 

of each element is set to have an average value of grit width. Each element is 

considered to contain one grit and the whole part of it along the wheel width (or axial) 

direction whereas there may be many along the periphery. One may not find a grit that 

is divided and shared between two or more elements. The only geometric property of 

the grits that are randomly chosen will be the height and this will be the crucial factor in 
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this work. These assumptions are helpful during the modeling in terms of milling 

analogy. The illustration of the proposed wheel model is presented in Figure 13. 

 

 

Figure 13: Axial discretization of the wheel 

 

In this figure the grits that are marked with black do not represent all of the grits, 

instead they refer to the active grits which participate in grinding process. The 

determination of active grits will be discussed later in the thesis. The C number which 

refers to the number of grits per 1mm2 area does not apply for active grits in the 

proposed model. It refers to the static number of grits. With the calculation of the mean 

and standard deviation values from the wheel inspections, a sample space created 

whose dimension matches the total number of grits along one element. The height 

amount of an individual grit is selected randomly from this sample space. The total 

dimension of this sample space is the distributed equivalent of c number over the area 

of single element. An imaginary wheel surface is created in this sense in which the 

model knows how many grits are distributed along the axial elements on the wheel and 

the geometric properties of them. 
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2.4 Measurement Results 

 

The measurements of 6 different grinding wheels is conducted with the described 

method. The grit number per 1mm2 area of grinding wheel is counted and then a 

number of individual grits on the measured. The geometric properties of the measured 

grits are identified with the beforementioned equipment and software. The results of the 

wheel measurements are presented in Table 2. Here the same naming convention that is 

in Table 1 is used. 

Wheel no 1 2 3 4 5 6 

Type Mounted 

point 

Mounted 

point 

Mounted 

point 

Mounted point Mounted 

point 

Mount

ed 

point 

Grit Material CBN CBN CBN CBN CBN Al2O3 

Diameter (mm) 10 5 30 10 10 20 

Grit size B126 B64 B151 B126 dressed B126 worn B120 

Bond Type Electoplated Electoplated Electoplated Electoplated Electoplated Vitrifie

d 

C number 33 97 23 33 31 34 

Grit width (µm) 65 41 73 67 39 63 

Edge radius (µm) 1.15 1 1.07 1 1.37 5 

Mean and std. 

dev. Of grit 

height (µm)  

46 & 18 30 & 11 88 & 17 37 & 8 25 & 0.2  63 & 

14 

Mean and std. 

dev. Of width of 

cut (µm) 

18 & 6 9 & 4 23 & 11 17 & 7 16 & 7 20 & 6 

Average rake 

angle (degrees) 

-52 -51 -54 -53 -57 -45 

Average oblique 

angle (degrees) 

24 21 25 31 30 32 

Table 2: List of wheel measurement results 
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2.5 Summary 

 

In this chapter, a method for grinding wheel measurement and modeling is proposed. 

As a result of the stochastic nature of grinding tools, it is essential to develop a 

measurement method and to introduce wheel modeling based on the geometric data that 

is obtained through measurements. The measurements are used to identify the number 

of abrasive grits per unit area and the process related geometric dimensions. They are 

conducted by using a confocal light microscope. The number of abrasive grits are 

obtained by counting the peak points that are closer to the light source which are 

highlighted by red color with the instrument. The geometric properties of the individual 

grits are identified using the related software provided with the measurement device. 

The x and y profiles are measured from the 2D scans of the grits and the process related 

parameters are found. Moreover, the wheel model is presented by adding the individual 

grit data. The grinding wheel surface is discretized into elements along the axial 

direction. The elements resemble concentric rings of membrane around the periphery of 

the wheel. With respect to the number of abrasive grits per unit area, the grits are 

distributed along the discretized elements with each grit having the array of data of the 

geometric properties.  

A set of measurements including 6 different grinding wheels is presented including 5 

CBN wheels having different grit sizes and conditions and 1 conventional aluminum 

oxide wheel. A quick observation states that 

- If the grit size is increases, C number decreases.  

- The grid width is proportional to B number. 

- Edge radii of CBN wheels is smaller than that of the conventional wheels 

- The mean and standard deviation of height is getting lower if dressing is 

applied or the wheel is worn. 

- C number may decrease due to wear because of the pull-out mechanism 

[12]. 
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3 KINEMATIC MODEL OF ABRASIVE PROCESSES 

 

Some models presented in the literature are insufficient to truly represent the mechanics 

of abrasive processes accurately. One crucial subject on this inadequacy is the 

determination of the active grits that participate in grinding. As a result of the stochastic 

nature of the grinding wheel structures, not all the abrasive grits are active during the 

process [38]. Throughout the experimental work for this thesis, it has been observed 

that the identification of the active grits around the grinding surface plays a significant 

role in the development of prediction of grinding force and workpiece surface 

roughness. This is significant especially when mounted point grinding wheels are used. 

In some of the works in the literature the active grit number is treated as a constant 

number [53] which is identified beforehand from tool measurements. During the studies 

[54], it was discovered that the percentage of active grits is not a static number, instead 

it highly depends on the grinding process conditions.  In this work, a method to identify 

the active grit numbers is presented. 

In Figure 14, a cross section of the grinding tool is depicted where grit number 1 is 

active and grit number 2 is passive. As it can be seen the abrasive grits on the surface of 

the wheel have different height profiles based on the mean and standard deviation of 

the values obtained from the measurements. This results in a situation where the taller 

grits compared to the others will indent more into the workpiece surface and the shorter 

grits will not even contact any material on their trajectory since the path is cleared my 

more dominant grits in the previous revolutions.  
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Figure 14: Depiction of active grits (a) virtual wheel (b) real wheel surface 

 

When the algorithm for finding active grits completes the task, the active grits are 

determined and separated from the rest. For the static model, the virtual wheel is 

recreated by the active grits and the passive grits are disregarded. The details will be 

given in the following subsection. 

Active 

Passive 

2 

1 

a 

b 
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3.1 The Geometric-Kinematic Model 

 

Because of the stochastic nature of the grinding process, all grits on the wheel surface 

have a varying height profile. The identification of active grits is done through the 

comparison of grits in terms of their height profile. 

 

Figure 15: Height distribution of grit measurements 

 

The effect of the workpiece velocity (feed) plays a crucial role on the number of active 

grits. For instance, imagine a hypothetical grinding operation carried out using a high 

enough feed velocity and very slow wheel rotational speed. For such a case regardless 

of the height distribution the number of active grits would be very high. Furthermore, 

the eccentricity of the grinding wheel will also affect the number of the active grits as it 

will change the height distribution. This thesis presents a model in which most of the 

grinding parameters are included in identifying the number of active grits. [55] 

 

3.1.1 Electroplated CBN wheel properties 

 

Electroplated CBN tools are wheels that have a single layer of grits which are 

electroplated through a metallic bond. With these bonds and abrasive CBN grits, these 

wheels exhibit an enhanced quality of mechanical properties [41]. These abrasive grits 
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have increased toughness and hardness with a high thermal conductivity. These 

properties permit the use of electroplated CBN wheels in grinding of difficult-to-cut 

materials [3]. It is crucial to determine the mechanics of abrasive processes using CBN 

plated wheels which show significantly different characteristics compared to the 

conventional cutting processes.  

The identification of the grit properties is essential for the geometric kinematic model. 

The geometry of the grits, the distance between them, the number of grits in a mm2 will 

be the important inputs to the model. The image of the CBN wheel that is used in the 

tests for force modelling is presented in Figure 16.  

 

Figure 16: 20mm diameter B126 (gritsize) ElectroPlated CBN wheel 

 

The grinding CNC machine used on this work has a high-speed spindle and the 

experiments were carried out in the speed range of 36000-40000 rpm using smaller 

wheels. The results of the wheel measurements are given in Table 3. This wheel is 

different than the conventional wheels as the abrasive grits are CBN material the 

diameter is significantly low as the use of aluminum oxide wheels with diameters of 

200-300 mm is more common. 

Properties Description 

Diameter of the wheel 20 mm 

Width of the wheel 10 mm 

Arbor diameter 6 mm 

Grit size 120 µ 

Table 3: Specifications for the presented wheel in Figure 16. 
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Some of the data about the wheel properties can be obtained from the manufacturer, but 

some properties that are specific to individual wheels cannot be found in the catalogs 

due to the stochastic nature of the abrasive tools [12]. Those are the individual grit 

properties such as height, grinding width, oblique and rake angles will influence the 

grinding mechanics. The grit measurements of the tool shown in Figure 16 are given in 

Figure 17. The chart illustrates the means and the standard deviations of the 

measurements together with the variation of the data. These measurements were done 

on the confocal microscope Nanofocus. 

The Nanofocus device has its limits. As it works on a light scan procedure, some 

reflection errors on the wheel surface may cause deviations in the 3d model creation. If 

the measurement is aimed at a small viewpoint the values may reside within the noises. 

The edge radii of the grits will be quite small on grinding tools thus the measurements 

for edge radii on Nanofocus will not produce accurate results. Therefore, the edge 

radius measurement has been carried out on an electron microscope. In Figure 18, the 

images from the SEM machine are provided. 

 

 

Figure 17: Measurement results of the presented wheel 
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Figure 18: SEM captures of a single grit 

It is believed that the measurements obtained from the SEM are more accurate than 

those of the Nanofocus. It is observed that the nose radius of some of the grits reside on 

nanoscale. Small edge (1 micrometer or lower) radii is a strong advantage of the CBN 

tools compared to the conventional wheels as low edge radius lead to less rubbing 

effect on the grinding zone [56]. This results in a grinding mechanism where while the 

chip removal is increased the rubbing effect is reduced yielding a more favorable 

situation regarding the decrease of process forces and temperatures.  

 

3.1.2 Determination of Active grits 

 

The principle for determining if one grit is active or not relies on the movement of the 

grits. The virtual wheel is moved and turned along the surface while the trajectories of 

the respectful grits are printed, and the intersections of these trajectories are carefully 

investigated.  

The trajectory generation for each grit relies on its radial position. Due to their random 

heights, the grits will have different radii along the wheel. The model also considers the 

run-out amount of the wheel and adds it to the respective grit. The coordinates along 

the trajectory of the grit can be calculated as follows (1-3). 

𝑥𝑛 = [𝑅𝑛 + 𝑅𝑜. cos(𝜃)  ] sin(𝜃) +  𝑓. 𝑡  (1) 

𝑦𝑛 = [𝑅𝑛 +𝑅𝑜. cos(𝜃)](1 − cos(𝜃))  (2) 

𝑅𝑛 = 𝑟 + 𝐻𝑛 + 𝑅𝑜. cos  ((𝑛 − 1) . 2𝜋/𝑁)  (3) 
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where Rn is the radius of the respective grit and Ro is the runout amount of the grinding 

wheel. Hn is the random grit height value, f is the feed, 𝜃 is the immersion angle, t is the 

time and N is the number of grits on the element. The kinematic trajectories are 

calculated according to the formulae given above and they are printed in x, y and z 

domain as shown in Figure 19. 

When the measurements on the tool are completed and the virtual wheel is created with 

normal distribution, the simulation starts as the virtual wheel is turned on the surface of 

the workpiece. This is a real-time simulation and the trajectories for the active grits are 

created simultaneously step by step. The steps are discretized in terms of small angle 

increments and each grit has its respective start and end angles. The grits start to create 

print their trajectories as the corresponding approach angle is reached during the 

simulation. As the simulation starts, the first two grit trajectories are printed on the x-z 

plane as shown in Figure 20. There are 3 cases for the interaction:  

 

i)  There is no interaction and the second grit is shorter than the first one 

ii)  There is no interaction and the second grit is taller than the first one 

iii)  There is interaction 

 

Figure 19: Kinematic trajectories of the grits (all units are in mm) 
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Figure 20: Trajectories on x-z plane 

 

The first case implies that the first grit is dominant to the consecutive one. When the 

first grit has larger height than the second one it will remove some part of the 

workpiece material. When the second grit starts its trajectory movement it will not meet 

with the last surface of the workpiece that is defined by the previous grit. When this 

case is received in the algorithm it means that the first grit is flagged as active grit and 

the second grit is flagged as a passive grit. 

The second case indicates that the second grit is dominant to the consecutive one. When 

the first grit starts its trajectory, it will meet with some of the workpiece material and 

will cut the workpiece. This doesn’t guarantee that it is flagged as active because the 

algorithm waits for the second grit’s response. The second grits will also meet with 

undeformed material on the surface. When the wheel completes its revolution, and 

comes to the same rotational orientation this time if the second grit isn’t reflagged as 

passive, only then both of the grits are flagged as active. If the second grit is reflagged 

as passive in the previous program loops, then both grits are reflagged as passive. The 

trajectories for the depiction of first two cases are given in Figure 21. 
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Figure 21: Depiction of case 1 or 2 

 

 

The third case implies that the consecutive grits have similar heights. When there is a 

path interaction in the trajectory map. The second grit is flagged as active regardless of 

the situation of the first grit only if the second grit’s trajectory creates a chip thickness 

that is larger than the minimum uncut chip thickness of the grit. The trajectories for the 

depiction of the third case is given in Figure 22. The critical chip thickness is defined 

as: 

ℎ𝑐𝑟 = 𝑟𝑡. [1 − cos(𝛼)]                 (3) 

where 𝛼 is stagnation angle which is taken as 55 degrees [57] and 𝑟𝑡 is edge radius of 

the grit. Equation 9 has been used in this study as a criterion to update the path 

generated by active grits. If maximum chip thickness created by a particular grit is less 

than the critical chip thickness the path is not updated even though the grit is considered 

as an active one.   
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Figure 22: Depiction of case iii 

 

Figure 23: Flowchart of Active grit algorithm 

When the trajectories of all the grits of the first element is completed and the active 

grits of the corresponding element is identified, the algorithm continues with the next 

element and with the same procedure until the elements are finished. When the 

elements are finished, the virtual wheel is recreated by omitting the passive grits. A 

demonstration of the virtual wheel is given in Figure 24. 
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Figure 24: Recreated wheel with active grits only 

 

3.2 Surface Roughness in perpendicular to cutting direction 

 

Surface roughness prediction is one of the fundamental aims in process modelling of 

the abrasive operations since the general use of grinding operations is to give the final 

geometry and surface quality to the workpiece. The surface roughness of the workpiece 

perpendicular to cutting direction can be obtained utilizing the geometric-kinematic 

model developed for this thesis. The model inherently accumulates the data that is 

required for the surface roughness calculation and it can be calculated instantaneously 

as the simulation is being performed. Please recall that the geometric-kinematic model 

is able to print the kinematic trajectories of the abrasive grits as the wheel is being 

turned and fed to the workpiece from Figure 20. While the trajectories are created for 

the selected element, the intersection point is investigated again to find the last surface 

created on the workpiece surface. The trajectories for the half of the revolution of the 

wheel is presented in Figure 25. 
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Figure 25: Trajectories for the surface roughness calculation 

 

After the trajectories are printed the trajectories that belong to the passive grits are 

omitted. The trajectories of the active grits are investigated. The intersections of the 

consecutive active grits and the intersections between the workpiece surface is 

identified. The conjugate trajectory is found which has the contact over the workpiece. 

This trajectory indicated the last surface that is imprinted on the workpiece surface 

which is illustrated in Figure 26. 

 

Figure 26: Last surface 

 

The last surface on the workpiece has the information for the surface roughness in the 

cutting direction inherently and can be easily found the average values of the coordinate 

points on the trajectory. However, this information is a high underestimate of the 
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surface roughness as it only represents the feed marks on the surface due to difference 

in consecutive active grit heights. The effect of vibration is included which has the 

dominant effect on the surface roughness in cutting direction which will be covered in 

next chapter. 

The surface roughness in the perpendicular to cutting direction can be found when last 

surfaces of the grits reside on the rest of the elements are printed such as in Figure 27. 

 

Figure 27: Last surfaces of all the elements 

When all the last surfaces are created respective to each element, a basic 3Dprojection 

is applied to simulate the surface topography of the workpiece which is accurate in 

perpendicular to cutting direction. The surface is illustrated on Figure 28. 

 

Figure 28: 3D projection of last surfaces 
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The Ra value therefore can be calculated as the average height values of the last surface 

coordinates along the axial direction divided by the element number. 

 

3.3 Grinding Force 

 

Since the milling analogy is used to simulate the wheel topography, the grinding force 

can be calculated after the resultant chip thickness is identified. The chip thickness in 

grinding is generally very low (in the magnitude of microns, sometimes lower) and 

there are a number of ways to predict it [1]. Apart from the empirical ways to calculate 

the chip thickness, the geometric-kinematic model can also be used to determine the 

resultant chip thickness during the grinding operation.  

 

3.3.1 Undeformed Chip Thickness 

 

Just like the surface roughness the trajectories of the consecutive active grits and the 

intersections have the inherent data for the chip thickness calculation. If the milling 

analogy is applied again, having active grits which have different height distribution 

means the model is now analogous to milling cutter with run-out problem. The milling 

cutter with runout can be treated as it has different height values for each cutting flute. 

The milling cutter with run-out is simulated in Figure 29. 

 

Figure 29: Milling cutter with run-out 
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The instantaneous chip thickness can be calculated as the geometric-kinematic 

simulation is being carried out. The chip thickness is the difference between the radial 

differences of the consecutive active grits in addition to the feed per active grit. The 

formula for the calculation is given in equations (4-5): 

ℎ𝑖,𝑗 = 𝑅𝑛 − 𝑅𝑚 + (𝑛 − 𝑚). 𝑓𝑡 sin(𝜃𝑖,𝑗)       0 < 𝜃𝑖,𝑗 < 𝜃𝑒𝑥𝑖𝑡,𝑖,𝑗        (4) 

ℎ𝑚𝑎𝑥 = 𝑅𝑛 − 𝑅𝑚 + (𝑛 − 𝑚). 𝑓𝑡 sin(𝜃𝑒𝑥𝑖𝑡,𝑖,𝑗)          (5) 

where h is the undeformed chip thickness per grit, with the indices i and j represent the 

i'th active grit on the j’th element. Indices n and m represent the consecutive positions 

of the active grits along with the circumference of the wheel. Angle θ represents the 

immersion angle of the current grit. Finally, ft indicates the feed rate. The calculation of 

the grinding force is a straightforward multiplication of the calculated undeformed chip 

area with the cutting force coefficients. 

 

3.3.2 Mechanistic Force Model 

 

Since the milling analogy is employed, the methods to predict the force can be 

categorized in two ways. The force can be computed using mechanistic or analytical 

approaches. The mechanistic force model requires applications of a number of tests in 

order to calibrate the force coefficients. 

Assuming grinding wheel acts similar to a milling tool where each grain removes 

material from the workpiece, the milling analogy can be applied for grinding process. 

Axial force can be neglected here because the random distribution of the oblique angles 

(can change between positive and negative values) results in a very small force on the 

dynamometer [12]. Force components can be projected in x (cutting direction) and y 

(normal direction) directions as given in eq.1 where 𝐹𝑡 and 𝐹𝑛 are tangential and normal 

forces and φ is instantaneous immersion angles:(Minus/plus signs are for up/down 

grinding, respectively): 

𝐹𝑥 = −𝐹𝑡 cos(𝜑) ∓ 𝐹𝑛 sin(𝜑)             (6) 

𝐹𝑦 = 𝐹𝑡 s 𝑖𝑛(𝜑) ∓ 𝐹𝑛 cos(𝜑)             (7) 
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Analytically derived average cutting forces can be obtained as it can be seen in 

formulae (8-9) (detailed calculation can be found in [58]): 

𝐹�̅� = {
𝑁𝑓𝑎

8𝜋
[𝐾𝑡𝑐 cos(2𝜑) − 𝐾𝑛𝑐(2𝜑 − sin(2𝜑))] } 𝜑𝑠𝑡

𝜑𝑒𝑥         (8) 

𝐹�̅� = {
𝑁𝑓𝑎

8𝜋
[𝐾𝑡𝑐(2𝜑 − sin(2𝜑)) + 𝐾𝑛𝑐 cos(2𝜑)]} 𝜑𝑠𝑡

𝜑𝑒𝑥         (9) 

𝐾𝑡𝑐 and 𝐾𝑛𝑐 are the cutting force coefficients in tangential and normal directions, 

respectively, a is axial depth of cut, N is number of active grits which are defined 

around any line on the wheel periphery which participate in chip formation process 

which are the output of the geometric-kinematic model. f is feed per revolution per 

active grit. 

In mechanistic approach in order to obtain force coefficients, instead of calculation of 

cutting variables such as shear angle, shear stress etc., a set of grinding tests are 

conducted at same wheel speed, axial and radial depth of cut but different feed rates. 

Results are used to identify force coefficients from Eq. 2. So, the coefficients are 

obtained experimentally [58]. Once the force coefficients are known, it is possible to 

predict grinding forces at any arbitrary condition in the range of experimental data. 

 

3.3.3 Thermomechanical Force Model 

 

In addition to mechanistic approach, force coefficients can  be calculated analytically 

using  mechanics of oblique cutting [58]. Analytical expressions for force coefficients 

are given below (10-11). 

𝐾𝑡𝑐 =
𝜏𝑠

sin 𝜑𝑛

cos(𝛽𝑛−𝛼𝑛)+tan 𝑖 tan 𝜂 sin 𝛽𝑛

√𝑐𝑜𝑠2(𝜑𝑛+𝛽𝑛−𝛼𝑛)+𝑡𝑎𝑛2𝜂 𝑠𝑖𝑛2𝛽𝑛
          (10) 

𝐾𝑛𝑐 =
𝜏𝑠

sin 𝜑𝑛 cos 𝑖

sin(𝛽𝑛−𝛼𝑛)

√𝑐𝑜𝑠2(𝜑𝑛+𝛽𝑛−𝛼𝑛)+𝑡𝑎𝑛2𝜂 𝑠𝑖𝑛2𝛽𝑛
         (11) 

where 𝜏𝑠 is shear stress, 𝜑𝑛  is shear angle, 𝛽𝑛 is friction angle, 𝛼𝑛 is rake angle, 𝜂 is 

chip flow angle and 𝑖 is oblique angle. In order to obtain force coefficients, three 

important variables i.e. shear stress (𝜏𝑠), shear angle (𝜑𝑛) and friction angle (𝛽𝑛) should 

be known. Chip flow angle (𝜂) can be taken as equal to oblique angle (𝑖) based on 

Stabler’s empirical rule. Oblique and rake angles are obtained by investigation of grit 



42 

 

properties which will be described in the next section.  In this study, shear stress was 

obtained by using Johnson-Cook model [40]: 

𝜏 =
1

√3
[𝐴 + 𝐵 (

𝛾

√3
)

𝑛

] [1 + 𝐶. ln (
�̇�

𝛾0̇
)] [1 − (

𝑇−𝑇𝑟

𝑇𝑚−𝑇𝑟
)𝑚]     (12) 

The Johnson-Cook equation constants is given in [59]. 

 

A (Mpa) B C m n 

1485  904 0.015 1.689 0.77 

 

Table 4: Constants of Johnson-Cook equation for Inconel 718. 

The shear strain and the strain rate are given [58]: 

𝛾 =
cos (𝛼𝑛)

sin(𝜑𝑛)cos (𝜑𝑛−𝛼𝑛)
         (13) 

�̇� =
𝑉 cos(𝛼𝑛)

d cos (𝜑𝑛−𝛼𝑛)
        (14) 

where V is cutting speed and d is the shear zone thickness which can be approximated 

to 0.15 of shear plane length (l) where [58] 

l =
ℎ

sin (𝜑𝑛)
         (15) 

where h is the uncut chip thickness that is calculated through the geometric-kinematic 

model. d was approximated as 1 micron in this study. During the analysis, it has been 

observed that thickness of shear plane did not affect the shear stress significantly. This 

fact was also reported in [46]. 

Friction angle and the shear angle (using the minimum energy principle) can be 

approximated as [58] 

𝛽𝑛 = tan−1 𝐹𝑦

𝐹𝑥
+ 𝛼𝑛         (16) 

𝜑𝑛 =
𝜋

4
−

(𝛽𝑛−𝛼𝑛)

2
         (17) 

A few grinding tests were done at different feed rates to identify the friction angle using 

equation (13) after subtracting the ploughing forces. It varied from 32.5 to 35.3 degree 

an average value of 33.9 degree was used here. Details can be found in [40]. 
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The temperature in the shear zone can be calculated iteratively as the force is 

calculated. The detailed calculation can be found in [1]. 

A straightforward approach to identify the shear stress, friction and shear angles is 

using orthogonal database in which those values are defined experimentally for each 

pair of workpiece-tool at corresponding rake angle. Due to varying and high negative 

rake angle of the grain and very small undeformed chip thickness in grinding process, it 

is difficult and time consuming to conduct orthogonal cutting tests. Accordingly, in this 

work equations (12) to (17) was used instead. The total average force is obtained by 

summing up the force for all active grits. 

Even though the mechanistic model can predict the grinding force accurately, it 

requires a set of experiments to be conducted for identification of the grinding force 

coefficients and calibrations are needed for various feed, speed, depth and grit 

parameters. The thermomechanical model on the other hand, can predict the grinding 

force with slightly poorer discrepancy while being applicable to wider range as no 

calibration is needed for varying process and wheel parameters. Direct analytical 

relationships can be developed between the inputs and outputs of the grinding process. 

The flowchart for grinding force calculation is presented in Figure 30. As it can be 

seen, the first step for predicting the grinding force is optical measurements done on the 

grinding tools. Where the geometric properties of the abrasive grits can be identified for 

a substantial number of samples. Then the normal distribution is applied to the 

geometric properties to create a broader sample space in order to mimic the wheel 

topography. After the wheel is modeled, the kinematic trajectories of the grits are 

printed using the geometric-kinematic model. The geometric-kinematic model allows 

the prediction of; 

i) The number of active grits 

ii) Surface roughness in perpendicular to cutting direction 

iii) Instantaneous uncut chip thickness 

By using the newly found uncut chip thickness the simulation can predict the force 

either directly by mechanistically identified grinding force coefficients or through the 

material model using the thermo-mechanical force calculation.  
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Figure 30: Flowchart for force calculation 

 

3.4 Results 

 

In this section of the chapter, the results obtained for the active grits, surface roughness 

and grinding force are presented. For calculation of active grits, the experimental 

verification can be a challenging task which will be covered later, however the 

experimental verification for the workpiece surface roughness and grinding force is 

compared with the outputs from the simulations and the models are verified. 

 

3.4.1 Active grits 

 

First of all, large number of simulations are done in order to have a database of active 

grit numbers for different cutting conditions. This is the most crucial as it will be the 

key parameter for assigning the tooth number (milling analogy) and determining an 

average value for feed per tooth. 

The algorithm for determining the number of active grits is a randomized problem. In 

the beginning of the simulation/computation a large amount of sample space is created 

from a smaller amount determined by the optical measurements. In this method, 

Gaussian distribution model is used (mean, std. Deviation values determine the larger 

sample space). [1,11,12] 
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This means that when the simulation is run, a new larger sample space is created from 

scratch based on the smaller sample space input. Although this will result in a different 

grinding wheel model in each run, the idea in this model is that if one includes 

sufficient number of elements for the wheel input, all program outputs such as grinding 

force, active grit number …etc. will converge around an average value [1], [11], [12]. 

(The reason being in the Gaussian distribution, the values closer to the average will 

have higher probabilities). Having enough amount of sample space is generally possible 

since in the scope of this thesis, axial depth of cuts between 7-10mm are used. The 

simulation results are given for 40k rpm in Figure 31. 

 

 

Figure 31: Active grit number table 

 

The active grit simulation results shown in Figure 31 belong to the wheel presented in 

Figure 16. 

It is observed that the active grit number increase with the table speed is linear, and it 

increases with the radial depth as well. However, through a larger set of simulations it 

is realized that the number of active grits directly depend on feed per revolution and the 

effect of radial depth of cut is small compared to the effect of the feed per revolution. A 

number of simulations were also carried out for the wheels given in Table 5. A first 

glance shows that the radial depth of cut increase in the process does not increase the 

active grits very much, not much as the effect of the feed per revolution at least. This 

situation is shown in Figure 32 for the depth of cuts between 35𝜇m and 200𝜇m (this 

region stands in the experiments range for the scope of this thesis). It can be seen that 
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Wheel 1’s number of active grits doesn’t have a major change when the radial depth of 

cut is increased. It is worth to mention that the numbers of active grits are not integer as 

average values are calculated from larger simulations. 

 

Wheel no 1 2 3 4 5 

Type Mounted 

point 

Mounted 

point 

Mounted 

point 

Mounted point Mounted 

point 

Grit Material CBN CBN CBN CBN CBN 

Diameter (mm) 10 5 30 10 10 

Grit size B126 B64 B151 B126  B126  

Bond Type Electoplated Electoplated Electoplated Electoplated Electoplated 

Condition Fresh Fresh Fresh Dressed Worn 

C number 33 97 23 33 31 

Grit width (µm) 65 41 73 67 39 

Edge radius (µm) 1.15 1 1.07 1 1.37 

Mean and std. 

dev. Of grit 

height (µm)  

46 & 18 30 & 11 88 & 17 37 & 8 25 & 0.2  

Mean and std. 

dev. Of width of 

cut (µm) 

18 & 6 9 & 4 23 & 11 17 & 7 16 & 7 

Average rake 

angle (degrees) 

-52 -51 -54 -53 -57 

Average oblique 

angle (degrees) 

24 21 25 31 30 

Table 5: Wheel specifications for the active grit calculations 
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Figure 32: Active grit number for wheel 1 for varying depth of cut 

 

 

Figure 33: Active grit number for varying feed rate and 5 wheels 
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The active grit simulations for all of the 5 wheels are given in Figure 33. As it can be 

seen, the effects of wheel condition, diameter and grit size is presented. In terms of 

wheel condition, the Wheels 1,4 and 5 are fresh, dressed and worn wheels in a 

consecutive order. The active grit number is increased as the wheel is dressed or worn 

because of the decrease in the standard deviation of the height values of the grits. The 

active grits on Wheel 2 is larger than the ones on Wheel 1 because the grit size is lower 

on Wheel 2 as the grit size is B64. When the overall grit size is decreased, the number 

of active and passive grits in 1mm2 is increased as more grits may now fit in the unit 

square. Furthermore, Wheel 3 has a diameter of 30mm and even though the grits size is 

big and the grit per 1 mm2 is low, the surface area of the wheel much higher which 

results in a higher number of active grits for Wheel 3 comparing to Wheel 1. The most 

active grits then will be on dressed and worn wheels as their standard deviation is 

significantly low comparing to other wheels. 

 

3.4.2 Grinding Force and surface roughness 

 

The verification experiments of force and surface roughness were done with the 20mm 

Electroplated CBN tool grit size: B126 which was shown in Figure 16, together with a 

conventional wheel of the same grit size and diameter. The experiments were done for 

the following process parameters: 

Feed rates (𝜇m/rev): 2.5, 5, 7.5, 10. 

Radial depths of cut (𝜇m): 20, 40, 60. 

Axial depth of cut: 9mm 

Grinding speed: 40m/s. 

Wheels: CBN B126 20mm and Conventional B120 20mm. 

The comparison of the model outputs and the experiments are given in the following 

figures (Figure 34 and Figure 35). As it can be seen, the forces tend to increase linearly 

while the feed rate is increased. The prediction accuracy of the mechanistic force model 

is better compared to that of the analytical model but since it requires more time and 
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energy, the thermo-mechanical force model is more favorable with the fact that it is 

also sufficient for force prediction.  

 

Figure 34: Verification of force model: Depth of cut: 20𝜇m. a) CBN wheel b) 

conventional wheel 

 

  

Figure 35: Verification of the force model. Depth of cut: a)40 𝜇m b) 60 𝜇m. (CBN 

wheel) 

 

Another point is that the forces with the conventional wheel is high comparing to the 

CBN wheel. This is the reason that the conventional wheels are dressed before use 

making the height distribution with smaller deviation which increases the number of 

active grits. The increased number of active grits means more contact and increased 

edge forces. The ploughing forces are also increased with the conventional wheel due 

to the fact that the edge radii of the grits of the conventional wheel are approximately 5 

times higher than that of the CBN wheel, thus creating more contact. 

The phenomena of increased force with the number of active grits is also verified in 

Figure 36. As it can be seen, when the grit number per mm2 increases in a wheel which 

has lower standard height deviation, the forces tend to increase. The reason is that with 

a b 

a b 
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low standard height deviation the active number of grits will increase and will result in 

more contact with the workpiece. The wheel with higher standard height deviation of 

grits will not experience this effect since with the increased   static number of grits the 

active grit number will not change significantly. 

 

 

Figure 36: The effect of grit number on the forces 

 

3.5 Summary 

 

As one of the most complicated subtractive processes in the industry in terms of 

modelling and prediction, grinding process has stochastic nature and the first step of 

modelling grinding starts from coping with the effect of randomness of the process. The 

initial approach is to determine the wheel parameters such as the geometric data and the 

distribution of the grits on the surface of the grinding wheel. In this thesis a method for 

virtual wheel generation is developed by utilizing optical measurement methods to 

identify the geometric properties of the individual grits [1] and then applying random 

distribution to create a sample space of grits for the whole wheel [11]. The grinding 

wheel then is assumed to be discretized along the axial direction into thin disks which 

are named as the elements. Recognizing that some of the abrasive grits do not 

participate in the chip formation action, the active grits are identified with the 

geometric-kinematic model by analyzing the trajectories of the individual grits as the 

grinding wheel is turned over the workpiece virtually. The geometric-kinematic model 
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allows calculation of the active number of grits, instantaneous chip thickness and the 

surface roughness of the workpiece. The chip thickness calculation allows the 

prediction of the grinding force and two methods namely mechanistic and thermo-

mechanical force model are applied in order to verify the models and to compare the 

performance of both. The thermo-mechanical force model’s performance surpasses the 

other model by being applicable to wider range and not relying calibration methods for 

different grinding conditions. The results for the number of the active grits conclude 

that the number depends on the specifications of the wheel and the process parameters 

such as the radial depth of cut and the feed rate. The surface roughness of the 

workpiece surface along the perpendicular to cutting direction is observed that it is not 

affected by the process parameters as the wheel prints the topography and of its surface 

onto the surface of the workpiece. 
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4 DYNAMIC FORCE MODEL FOR ABRASIVE PROCESSES 

 

The dynamics of grinding operations have always been an obstacle for abrasive 

operations since the main goal of the abrasive processes is to finalize the workpiece 

geometry and the surface roughness given the fact that the instability will hinder the 

part quality in a considerable way. One of the first stability models for grinding was 

developed by Inasaki [60] where the problem was defined as a one-degree-of-freedom 

model and the whole grinding geometry was constructed as a single point 

representation. This representation resembles a turning operation as the dynamics are 

constructed as one-degree-of-freedom and the varying chip thickness is calculated 

along the radial depth of cut of the system. One may say that considering this 

representation turns grinding chatter into macro level phenomenon. As described in the 

literature survey of this thesis, the following literature consists of either the analytical 

solutions to the problem for the mentioned simplifications, or numerical solutions such 

as time domain simulations where the problem is enhanced in terms of complexity. On 

the other hand, by utilizing the advantages of the geometric-kinematic model, the 

micro-level representation of the grinding process is possible. In this thesis, a dynamic 

model for surface grinding is developed. Applying the milling analogy and the 

geometrical random distribution of the grits on the grinding wheel, the simulation can 

predict the dynamic forces and vibrations. A geometric-kinematic model is developed 

in order to predict the grit trajectories during the grinding process. The active grits are 

calculated and the chip thickness per active grit is computed with the trajectory 

simulation of the wheel. The dynamic model is created with the inclusion of the 

regenerative effect of the workpiece surface. The aim of this model is to model the 

dynamic behavior of the surface grinding and predict the region of grinding parameters 

which cause instability in the closed loop time domain system. 

 

4.1 Dynamic Chip thickness and Dynamic Forces 

 

As a reminder, the geometric and kinematic simulation, the model inherently obtains 

the undeformed chip thickness by the trajectories of the grits and their intersections. 

Once the active grit number is calculated the passive grits are disregarded and the 
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problem transforms into a milling cutter analogy around the discretized element of the 

wheel surface. The active grits have different heights which make them have different 

radial distance from the center of the wheel. This similar to a milling cutter with runout. 

Thus, the chip thickness is calculated as the chip thickness in a milling cutter with a 

runout with some modifications [61]. The equation is given: 

ℎ𝑖,𝑗 = 𝑅𝑛 − 𝑅𝑚 + (𝑛 − 𝑚). 𝑓𝑡 sin(𝜃𝑖,𝑗)       0 < 𝜃𝑖,𝑗 < 𝜃𝑒𝑥𝑖𝑡,𝑖,𝑗                                  (18) 

where h is the undeformed chip thickness per grit, with the indices i and j mean the i'th 

active grit on the j’th element. Indices n and m represent the consecutive positions of 

the active grits along with the circumference of the wheel. Angle θ represents 

immersion angle of the current grit. Also, ft indicates the feedrate. In the dynamic 

model, the calculation of the grinding force is a straightforward multiplication of the 

calculated undeformed chip area with the cutting force coefficients. 

𝐹𝑛𝑖,𝑗 = 𝐾𝑛𝑐. 𝑤. ℎ𝑖,𝑗                                                                                                       (19) 

𝐹𝑡𝑖,𝑗 = 𝐾𝑡𝑐. 𝑤. ℎ𝑖,𝑗                                                                                               (20) 

where Fn and Ft represent the forces in normal and tangential directions respectively. 

Knc and Ktc are the experimentally defined cutting force coefficients in the respective 

directions. The edge forces are also experimentally identified with linear regression 

method and added to the overall force values after the cutting forces are calculated. w is 

the average width for a grit. The forces are then projected into the machine coordinates. 

The summation of individual grit and the elemental forces yield to the total forces: 

[
𝐹𝑥
𝐹𝑦

] = ∑ ( [
−𝑐𝑜𝑠𝜃𝑖,𝑗 −𝑠𝑖𝑛𝜃𝑖,𝑗

𝑠𝑖𝑛𝜃𝑖,𝑗 −𝑐𝑜𝑠𝜃𝑖,𝑗
] × [

𝐹𝑡𝑖,𝑗

𝐹𝑛𝑖,𝑗
] )𝑖,𝑗                                               (21) 

Calculating the dynamic undeformed chip thickness is the crucial part when simulating 

the grinding dynamics in the time domain. Applying milling cutter analogy in grinding 

allows the use of the dynamic milling equations presented in [3,4]. After the calculation 

of active grit number per one element of the wheel, the active grits can be assumed to 

be distributed with their respective pitch angles along the circumference of the wheel. 

This way the wheel is discretized into thin disk-shaped n number of milling tools each 

having different number of teeth. The problem here is that the constructed structure 

does not have any predefined from. The grit distributions are totally random, and this 

will create random delays within the elements. For this reason, the regeneration of the 
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chip thickness is studied element by element as all the elements are treated as a separate 

disk shape milling tool. The axial discretization is also formulated in [58]; however in 

the case of a standard milling tool the number of cutting edges and the pitch angle are 

fixed. The introduction of helix angle can also be coped with analytical relations 

between the discretized elements along the axis of the tool.  But in the case of grinding, 

the pitch angle will not be a constant number as the cutting edges are placed on any 

arbitrary positions on the circumference of the wheel. The pitch angles and the number 

of grits will be different for each element. 

In turning operations, the chip thickness is a constant value over the surface. In milling 

analogy, the chip thickness is an immersion angle dependent value under the circular 

tooth path assumption. If the tool is subjected to the vibrations in x and y coordinates as 

a result of the grinding forces, the equation of chip thickness should be modified.  

The initial step of these equations to transform the vibrations into machine coordinates 

to the surface normal (associated with the i’th number of grit in the j’th number of the 

element) of the current grits according to the instantaneous immersion angle. 

𝑛𝑖,𝑗 =  −𝑥𝑠𝑖𝑛(𝜃𝑖,𝑗) − 𝑦𝑐𝑜𝑠(𝜃𝑖,𝑗)                                                                                 (22) 

where x and y are the global vibrations of the wheel in the respective directions which 

affect each element. The instantaneous chip thickness H for tooth i in element j 

becomes: 

𝐻𝑖,𝑗 = (ℎ𝑖,𝑗 + 𝑛𝑖−1,𝑗 − 𝑛𝑖,𝑗) × 𝑔(𝜃𝑖,𝑗)                                                                          (23) 

where n_(i-1,j) indicates the vibration of the previous active grit on the same element. 

The change in the surface normal creates a dynamic chip thickness, thus creating a 

dynamic force in normal and tangential directions. The projected dynamic forces create 

the vibrations due to the frequency response functions in which the modal parameters 

are obtained by hammer tests. The switching function 𝑔(𝜃𝑖,𝑗) is equal to 1 if the current 

active grit in the current element is in between its respective start and exit angles: 

𝑔(𝜃𝑖,𝑗) = {
1,        𝑤ℎ𝑒𝑛      𝜃𝑠𝑖,𝑗 ≤ 𝜃𝑖,𝑗 ≤ 𝜃𝑒𝑖,𝑗  

   0,   𝑤ℎ𝑒𝑛      𝜃𝑖,𝑗 < 𝜃𝑠𝑖,𝑗 ,  𝜃𝑖,𝑗 > 𝜃𝑒𝑖,𝑗
  (24) 

where  𝜃𝑠𝑖,𝑗 and 𝜃𝑒𝑖,𝑗 are the start and exit angles of the current active grit of the current 

element, respectively. The vibration on the surface normal is included in the chip 
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thickness formula. The chip thickness formula in terms of x and y directions can be 

calculated as shown in equation (25). The static chip thickness may be removed if the 

equation is going to be used for calculating the stability only. For the calculation of the 

dynamic forces and the real values of the vibration amplitudes, the static chip thickness 

should also be added: 

𝐻𝑖,𝑗 = [ 𝑅𝑛 − 𝑅𝑚 + (𝑛 − 𝑚). 𝑓𝑡 sin(𝜃𝑖,𝑗) − 𝑥𝑗−1𝑠𝑖𝑛(𝜃𝑖,𝑗) − 𝑦𝑗−1𝑐𝑜𝑠(𝜃𝑖,𝑗) −

(𝑥𝑗𝑠𝑖𝑛(𝜃𝑖,𝑗) − 𝑦𝑗𝑐𝑜𝑠(𝜃𝑖,𝑗))] × 𝑔(𝜃𝑖,𝑗)          (25) 

Introducing the conventions; 

𝑥𝑗 − 𝑥𝑗−1 = 𝑑𝑥       &       𝑦𝑗 − 𝑦𝑗−1 = 𝑑𝑦   (26) 

Equation (25) can be rewritten as: 

𝐻𝑖,𝑗 = [ 𝑅𝑛 − 𝑅𝑚 + (𝑛 − 𝑚). 𝑓𝑡 sin(𝜃𝑖,𝑗) + 𝑑𝑥𝑠𝑖𝑛(𝜃𝑖,𝑗) + 𝑑𝑦𝑐𝑜𝑠(𝜃𝑖,𝑗)] × 𝑔(𝜃𝑖,𝑗)    

(27) 

And if the stability will be investigated in equation (27) the static chip thickness can be 

removed: 

𝐻𝑖,𝑗 = [𝑑𝑥𝑠𝑖𝑛(𝜃𝑖,𝑗) + 𝑑𝑦𝑐𝑜𝑠(𝜃𝑖,𝑗)] × 𝑔(𝜃𝑖,𝑗)  (28) 

By using the equations (19) and (20) the dynamic forces in the x and y directions can be 

written as shown in equation (29). 

[
𝐹𝑥
𝐹𝑦

] = ∑ ( [
−𝑐𝑜𝑠𝜃𝑖,𝑗 −𝑠𝑖𝑛𝜃𝑖,𝑗

𝑠𝑖𝑛𝜃𝑖,𝑗 −𝑐𝑜𝑠𝜃𝑖,𝑗
] ×𝑖,𝑗

[
𝐾𝑡𝑐. 𝑤. [𝑑𝑥𝑠𝑖𝑛(𝜃𝑖,𝑗) + 𝑑𝑦𝑐𝑜𝑠(𝜃𝑖,𝑗)] × 𝑔(𝜃𝑖,𝑗)

𝐾𝑛𝑐. 𝑤. [𝑑𝑥𝑠𝑖𝑛(𝜃𝑖,𝑗) + 𝑑𝑦𝑐𝑜𝑠(𝜃𝑖,𝑗)] × 𝑔(𝜃𝑖,𝑗)
] ) (29) 

The total force acting on the wheel disturbs the system though the equations of motions 

in 2 directions. 

[
𝐹𝑥
𝐹𝑦

] = [
𝑚𝑥�̈� + 𝑐𝑥�̇� + 𝑘𝑥𝑥
𝑚𝑦�̈� + 𝑐𝑦�̇� + 𝑘𝑦𝑦

]     (30) 

where mx and my are the modal mass, cx and cy are the modal damping and kx and ky are 

the modal stiffness of the grinding system in the respective directions of x and y. 
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4.2 Vibration and surface roughness in the cutting direction   

 

The surface roughness of the workpiece holds quite an importance in grinding. The 

surface roughness in perpendicular to the cutting direction was shown in the previous 

chapter to be the imprint of the topography of the grinding wheel onto the workpiece. 

The surface roughness in perpendicular to the cutting direction can be calculated and 

predicted with a sufficient accuracy by using the geometric-kinematic model. However, 

the geometric-kinematic model is unsatisfactory for predicting the surface roughness in 

the cutting direction as the model predict only the feed marks of the active grits on the 

workpiece surface. The real surface roughness in the cutting direction is shown to be 

larger and it is the result of the dynamic behavior of the process. The roughness that is 

created by the vibrations of the grinding wheel is more dominant compared to the other 

process effects. 

In the dynamic model that is proposed in this thesis the vibrations of the grinding wheel 

in both directions, namely x and y, are considered. The calculated vibrations are stored 

in an array and then the grit path profiles are printed with the geometric kinematic 

model, such as shown in Figure 37. The path profiles are updated in each step. 

 

 

Figure 37: Y path profile 

 

The surface roughness of the workpiece is calculated using the stored position values in 

the model. The average roughness value Ra is calculated as shown in equation (31) 

𝑅𝑎 =
1

𝑛
∑ |𝑦𝑖|

𝑛
𝑖=1              (31) 

where n is the number of samples and y is the displacement values of the tool from the 

surface of the workpiece. 
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4.3 Time domain Simulation 

 

In the time domain simulation of the grinding process, the time is discretized into a 

small number of steps determined with the consideration of the interested frequencies. 

The time step should yield enough frequency contend for the natural frequency of the 

tool. Each step number k represents an angular step dθ and a time step dt. The angular 

position of the wheel can be found as follows, 

𝜃𝑤 = 𝑘 ×  𝑑𝜃                                                                                                              (32) 

The instantaneous angular immersion angles of the active grits per each element can be 

found by angular incrementation of each grit considering the angular position of the 

wheel and the pitch angle corresponding to the current element. The algorithm consists 

of three loops in sequence k, j and i namely the loops for angular increment, elemental 

increment, and the grit number increment respectively. 

In the grit loop, the kinematic-geometric model is applied. All grits along the current 

element’s circumference are spanned. With the trajectory and the intersection 

calculation, the active grit number is identified, and thus the pitch angles are found. The 

forces are calculated with the beforementioned formulae (considering the undeformed 

chip thickness and the dynamic chip thickness) at that angular position of the wheel if 

the corresponding grit is between the corresponding contact angles with the workpiece. 

The forces are accumulated at the end of this loop. The element loop provides that the 

calculations are done for each element of the wheel. At the end of the elemental loop, 

the accumulated forces are summed and transformed into the x and y direction 

vibrations for the specific angular position of the wheel. The outermost loop provides 

every calculation is repeated for each angular position of the loop. 

It is worth to mention that this work’s difference from the milling cutter problem is that 

each element acts as a disk-shaped milling tool with a different number of teeth as a 

result of the stochastic nature of the grinding process. The elements are lumped and the 

relative vibration between them is neglected. The total forces from each grit from each 

element are accumulated and then the vibrations are created, affecting each element of 

the wheel. This allows a continuous and simultaneous calculation of the dynamic 

grinding. 
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The overall flowchart for the operation is shown in Figure 38. 

 

Figure 38: The dynamic grinding flowchart 

 

The governing delayed differential equation of the system is given in block diagram in 

Figure 39 where x and x(t-𝜏) are the dynamic and delayed displacements of the tool tip 

in the x direction respectively. Similarly, y and y(t-𝜏) are the dynamic and delayed 

displacements of the tool tip in the z direction respectively. h and delay amount are the 

instantaneous chip thickness and delay term respectively that is calculated from the 

kinematic model. Kt and Kn are the cutting force coefficients in the tangential and 

normal directions, respectively. In “thickness to force” block equations 10, 11 and 12 

are applied where the forces in x and z are obtained. The dynamic model can be used to 

calculate the stability of the system and it is also used to predict the accurate dynamic 

force and displacement values in order to predict the surface roughness in the cutting 

direction. The delayed differential equation is solved through Runge – Kutta method 

ODE solver provided by Simulink application. The delayed feedback system is 

developed after the calculated force values are transferred to displacements in x and z 
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directions and the delayed displacements are fed back to the block where the force 

calculations are done. 

 

 

Figure 39: The block diagram 

 

It is necessary to note that within this model two algorithms are running 

simultaneously. This is a requirement of the stochastic nature of the grinding process as 

it contains a number of non-linearities that are not in common sense when studying 

milling and turning problems. The main problem in grinding is that if the geometric-

kinematic model is applied and the grinding wheel is discretized into elements, all 

active grits will be placed on the periphery of the elements in a random fashion. There 

will be no pre-defined rules to create the wheel after the grits have been measured. This 

results in random delays for the delayed-differential system.  

The way that the random delays are handled is a straightforward method. Remember 

that initially the wheel element is created with all grits (active or passive) before the 

active grit calculation as shown in Figure 40. Let us assume that there are n number of 

grits on the periphery of this element and they all have index values. These elements 
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will be created with equal spacing and thus will produce a fixed amount of delay if all 

of the grits are active.   

 

 

Figure 40: The discretized wheel element 

 

Of course, this is not the case, thus some of the grits will be active as shown in Figure 

41. The active grits are shown as bold particles. 

 

Figure 41: The active grits and delays 

 

The active grits will have their respective index values. For example, let’s say that out 

of n number of grits on the elements, the 1st, 50th and the 100th grits are active. Than the 

Active 

grit Delay 

Amount 
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delay between the consecutive active grits will have the delay amount calculated for 

every passive grit, times the number of passive grits that are missed until the next active 

grit. In our example, the delay between the first and the second active grit will be 49 

times the delay amount per all passive grits. 

The other non-linearity that is covered in the model is the change of the number of the 

active grits during the vibration of the grinding tool. In grinding operations, the depths 

of cut are selected in the range of microns and some cutting edges can easily go out of 

the cut due the tool vibrations. This phenomenon is handled through a modification in 

the model. In the dynamics part of the model after a single step is executed, the 

geometric-kinematic model is run through a shadow (or a copy) of the element. In the 

shadow element a full rotation is simulated, and the active grits are calculated. This 

means a full rotation of a shadow element is always executed after each step is 

calculated. This is shown in Figure 42. 

 

Figure 42: The shadow-element method visualization  
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4.4 Experimental Procedure 

 

For the proposed dynamic model, the modal parameters of the grinding tools are 

measured by the hammer tests. The hammer used in the tests is PCB model number 

086C01 and the accelerometer is Kistler model number 8728A500. The data is 

collected through National Instruments USB Carrier model number NI USB-9162. The 

FRF of the tool and the modal parameters are calculated with the software CutPro. The 

measurement setup is given in Figure 43. This is Wheel 1 from Figure 16 which is a 

10mm EP CBN B126 fresh wheel as shown in Figure 44. 

 

 

Figure 43: The hammer test setup 

 

The modal parameters for the x and y directions obtained from the program analyzing 

the information transmitted to the data acquisition board by the accelerometer are given 

in Table 6. 

Direction Frequency (Hz) Damping Ratio 

(%) 

Modal Stiffness 

(N/mm) 

X 2100 3,9 3124287 

Y 2023 2,3 1326700 

Table 6: Modal parameters of the wheel 
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The main aim of this work is the dynamic force investigation of the CBN wheels on 

hardened alloys. In this manner, experiments are carried out on the Chevalier Smart 

H/B 818III CNC surface grinding machine with the combination of Pferd BZY-N 

20x10/6 B126 CBN wheel and 7mmx90mm 50HRC hardened AISI1050 carbon steel. 

Force measurements are gathered via Kistler 9129AA table type 3-axis dynamometer 

with 5kHz external signal amplifier due to the magnetic chuck limitations. Keyence 

LK-G5000 series laser displacement sensor has been installed which has 50kHz 

sampling rate onto the wheel shaft to detect vibration of the tool. A simple microphone 

is used to measure sound data to detect if there is instability during the grinding 

process. All devices are connected to Labview program via NI USB-6251 BNC with 

50kHz sampling rate for each channel. The experimental setup is illustrated in Figure 

44 with the described devices. 

In the test matrix, workpiece velocity is scanned from 100mm/min to 20m/min with the 

consecutive radial depth of cut from 10 to 50µm for constant spindle speed of 40000 

rpm. The axial depth is selected as 7mm. In each data set, spark-out operations have 

been performed to supply a consistency of actual depth of cut. Stability is investigated 

through different feed rate and depth of cut since higher spindle speed resulted in 

higher vibration amplitude of the wheel. The grinding wheel is selected as a 20mm 

diameter electroplated CBN with concentration B126. 

 

Figure 44: The experiment setup 
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Figure 45: The measured forces of 40µm radial depth for varying feed rate 

 

The measurement of dynamic forces is not feasible with this setup. The dynamic forces 

detection using the dynamometer may be insufficient as the force measurements will 

lack the sufficient frequency. The dynamometer used in this research has the natural 

frequency of 2.3kHz; however, when workpiece is clamped on it due to its mass its 

bandwidth reduces. The wheel natural frequency is measured to be 2.1kHz.  

Another significant note here is that the laser sensor was initially intended to measure 

the vibrations of the grinding wheel. The laser sensor (Keyence) act as a photoreceptor 

and measures the distance as of the reflected light from the target. The reflected light’s 

brightness determines the distance to the sensor. For this setup, the orientation of the 

laser sensor was a significant problem as the wheel arbor is thin and cylindrical which 

will cause reflection errors to the sensor. Another problem is about the fixture of the 

laser sensor. A fixture was designed and manufactured for this laser sensor to measure 

the wheel while the machine is in operation. The operation conditions would easily 

disturb the sensor orientation just enough to lose the reflection orientation. Hence, the 

sensor was used only for the detection of the true rpm of the machine. 
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Figure 46: The laser sensor mounting 

 

As these measurement methods could not be utilized, an indirect method to verify the 

dynamic force model is established. 

The measured force in the test is given in Figure 45. The increase in the force in the 

normal direction along with the increasing feed rate almost follows a linear pattern. It is 

observed that trend is broken at the feed rates of 5000 and 15000mm/min. The 

measurements were repeated several times and the same profile is measured. This force 

profile is a result of the stochastic nature of the grinding process. It is known from the 

geometric-kinematic model that, as the feed rate increases so does the number of active 

grits. The increased number of active grits together with the decrease of the cutting 

force coefficients may have an effect on the dynamics of the system. This phenomenon 

is further investigated in the results section of this chapter. 

 

4.5 Dynamic Force Results 

 

It is assumed that there are no wheel vibrations in the geometric-kinematic model 

mentioned in the previous chapter. This is not very accurate because, unlike other 

cutting operations, low radial depths are used for surface grinding and the effect of the 

vibrations on the process variables will be significant. For example, a 10-micron 

deflection in a conventional milling operation may not significantly affect the process 
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result, but in an abrasive process it can make the wheel come out of the contact with the 

workpiece. 

As described in the previous chapters, the dynamic grinding formulation was developed 

using the milling analogy. The dynamic chip thickness is calculated by using particle 

orientations, and thus the dynamic forces are obtained. The modal parameters found for 

the small CBN wheel (B126 20mm) are used in the time domain simulations. 

An output of the dynamic model is presented in Figure 47. 

In the dynamic force model, the mechanistic force model is used, and the force 

coefficients are identified using the maximum force output obtained from the 

dynamometers. 

 

 

Figure 47: Dynamic forces and vibrations, 40000rpm, 0.125 mm/rev, 40μm radial depth 

(a) forces (b) vibration (c) vibration frequency 

 

The process parameters given in Figure 47 are: 

Rpm: 40000 / min 

Feed: 0.125 mm / rev 
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Radial depth: 40 μm 

Axial depth: 7mm 

In the figure, dynamic cutting forces in the y direction and Fourier transformation 

spectrum of the y direction vibration are given, respectively. 

The forces are obtained after the cutting coefficients are determined. When the active 

grit detection algorithm is used, the number of particles falling on an element is 8, 

depending on the process parameters given in Figure 47. Therefore, the feed per tooth 

is approximately 0.015 mm. Please consider that the tooth number 8 is   only for one 

element. Considering the diameter of the tool (20mm) and the axial depth of cut (7mm) 

the element number is nearly 150. So, on the contact surface, the number of active grits 

are nearly 1200. A closer look to the force predictions are given in Figure 48. 

 

Figure 48: Comparison of the experimental force data. Wheel speed 40m/s, radial depth 

of cut 40µm, table speed: 5000mm/min 
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The maximum and minimum values of both simulated and measured forces are in a 

good order. There is no significant change in the average values of the simulated force. 

So, the max., min. and the average force values can be predicted. The differences at the 

peak points is due to the insufficiency of the dynamometer for catching the high 

frequency output. 

The observation about the discrepancy of the linear increasing trend during the 

experiments was studied with the dynamic model. The comparisons of the measured 

and predicted force values for both models (geometric-kinematic and dynamic) are 

given in Figure 49 and Figure 50. The geometric kinematic model behaves as predicted 

such as in the previous chapter but has lower performance predicting the force at 

feedrates of 5000 and 15000 mm/min. The model cannot predict the unusual increase in 

the force at those feedrates. However, the dynamic model is able to predict the forces at 

feedrates of 5000 and 15000 mm/min with higher accuracy as can be seen in  Figure 49 

and Figure 50. 

 

Figure 49: Comparison of measured and predicted force (Geometric-kinematic model) 

data for varying feed rate, wheel speed 40m/s, radial depth of cut 40µm 
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Figure 50: Comparison of measured and predicted force (Dynamic model) data for 

varying feed rate, wheel speed 40m/s, radial depth of cut 40µm 

 

Three different test cases, simulated above, are considered. The active particle counts 

are as follows. 

Test 1: Feed 3000 mm / min, number of active particles: 6, Kn: 5.4 GPa 

Test 2: Feed 5000 mm / min, number of active particles: 8, Kn: 3.5 GPa 

Test 3: Feed 7000mm / min, number of active particles: 9, Kn: 3.1 GPa 

where Kn is the force coefficient in the normal direction which was determined 

experimentally. 

The frequency of the process forces coming into the system depends on the number of 

active grits. In grinding, the increase in feed rate affects the number of active grits and 

the cutting force coefficient itself. I will be seen clearly in the next chapter from the 

stability charts that the condition of Test 2 is much closer to the stability limit than Test 

1 and Test 3. This is the reason for the unusual increased forces at the feed rates of 

5000mm/min and 15000mm/min. The dynamic forces are closely investigated at the 

feed rates of 5000 mm/min and 7000 mm/min and shown in Figure 51 and Figure 52. It 

is shown that in the case of 5000 mm/min feed rate, the vibration amplitudes are higher 

and the system is less stable. When the feed rate is increased to 7000mm/min the forces 

0

20

40

60

80

100

120

140

0 2 0 0 0 4 0 0 0 6 0 0 0 8 0 0 0 1 0 0 0 0 1 2 0 0 0 1 4 0 0 0 1 6 0 0 0 1 8 0 0 0

N
O

R
M

A
L 

FO
R

C
E 

[N
]

TABLE SPEED [MM/MIN]

Measured dynamic



70 

 

become more stable. The detailed discussion with stability will be given in the next 

chapter. 

 

 

Figure 51: Dynamic forces when feedrate is 5000mm/min 

 

Figure 52: Dynamic forces when feedrate is 7000mm/min 
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4.6 Surface Roughness Results 

 

 A series of experiments were conducted to verify the surface roughness prediction with 

the dynamic model. Thin-walled Inconel 718 (2 mm thick) test piece was selected to 

minimize the force and wheel vibration. The experiments were planned to eliminate the 

elastic deflection of the wheel to assure that certain radial depth of cut is removed. 

Hence, the wheels were mounted with a minimum over-hang to minimize the static 

deflection. The experimental setup is shown in Figure 53. The surface roughness of the 

workpiece is measured with the Talysurf surface tracer as well as the 3D 𝜇surf 

Nanofocus microscope. Two wheels were tested: Wheel 1 and Wheel 2 as presented in 

Figure 8, which are the 10mm EP CBN B126 and B64, respectively. Experiments were 

carried out at different feed rates: 0.01 mm/rev, 0.03 mm/rev, 0.05 mm/rev and 0.1 

mm/rev. The radial depth of cut was 40 μm and the wheel speed was 40m/s. The 

surface roughness results are shown in Figure 54 Figure 54 and  Figure 55. 

 

 

Figure 53: The experimental setup 
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Figure 54: Model and experimental results of the surface roughness for wheel 1 at 

different feed rates. 

 

 

Figure 55: Model and experimental results of the surface roughness for wheel 2 at 

different feed rates. 

 

0

50

100

150

200

250

0 0,02 0,04 0,06 0,08 0,1 0,12

R
o

u
gh

n
es

s 
(n

m
)

Feed (mm/rev)

Kinematic Model Dynamic Model Measured



73 

 

As it can be seen from the figures the performance of the geometric – kinematic model 

on predicting the surface roughness in cutting direction is lower than the proposed 

dynamic model. The reason for this is the fact that the geometric- kinematic model does 

not account for the dynamics of the grinding process and represents only the feed marks 

on the surface of the workpiece whereas the dynamic model is able to predict the 

vibrations of the grinding wheel and their imprints on the surface. The surface 

roughness of the workpiece along the feed direction is higher when ground with Wheel 

2. There are two reasons for that. The first one is the active grit number on Wheel 2. As 

shown in Figure 33, the active number of grits is higher on Wheel 2 which will 

experience higher grinding forces due to ploughing. The resultant dynamic forces may 

result in higher amount of vibrations which will produce lower surface quality. The 

other reason is that the modal stiffness of Wheel 2 is lower as compared to Wheel 1. 

The lower modal stiffness also leads to higher amplitude of vibrations of the grinding 

wheel. 

 

4.7 Summary 

 

In this chapter a dynamic force model is developed for surface grinding operations. The 

dynamic model was needed in order to predict the grinding forces in some cases also to 

predict the surface roughness in the cutting direction. The geometric-kinematic model 

had shortcomings to describe the process in terms of the grinding force and the surface 

roughness in the cutting direction.  

Applying the milling analogy and the geometrical random distribution of the grits on 

the grinding wheel, the simulation can predict the dynamic forces and vibrations. In 

order to simulate the geometry of the grinding process, the geometric-kinematic model 

is used and integrated with the dynamic model. The active grits are calculated and the 

chip thickness per active grit is computed with the trajectory simulation of the wheel. 

The dynamic model is created with the inclusion of the regenerative effect of the 

workpiece surface. An algorithm is developed to simultaneously use the dynamic and 

the geometric-kinematic model in order to represent some of the non-linearities of the 

grinding process such as the change of active grit number during the wheel vibration 

and the random delays of the active grits. The dynamic model is used with the time 
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domain simulations in order to predict forces and the surface roughness is cutting 

direction. The model and the experiment results show a good correlation and the 

dynamic model has better performance than that of the geometric-kinematic model. 
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5 CHATTER STABILITY OF ABRASIVE PROCESSES 

 

Generating the final surface and geometry is often critical in grinding operations, as 

they are after other machining operations. If conventional material removal methods are 

used, hard to machine materials may cause a higher cost. The low speed cutting will 

decrease the producibility while the high-speed milling will decrease the tool life 

dramatically when machining hard-to-cut materials. The super abrasives however, can 

be used in high-speed machining applications that will result in increased productivity. 

When high material removal rate is set as a goal, the cutting depths must be increased 

for high productivity. Elevated cutting depths will play an important role on the 

stability of the machining process. The stability is very important issue as the surface 

roughness of the workpiece is crucial on the finishing operations and the vibrations 

caused by chatter would diminish the surface. When the aim is to increase the 

productivity, the stability regions must be taken into account.  

In literature, the stability of the abrasive processes has mostly been investigated for 

cylindrical grinding which most likely to face chatter. In cylindrical grinding, the 

workpiece is usually slender and long and susceptible to vibrations as the rigidity is 

low. Surface grinding has not been much of focus in the grinding chatter literature as in 

the surface grinding conditions the workpiece and the tool is usually rigid and high 

depth of cuts are not required. The most usual abrasive process conditions for the 

surface grinding is to have low depths of cut, relatively high feed rate and high 

diameter grinding tools (around 200 mm and higher). However, in the scope of this 

thesis, the grinding the stability model is developed for small tools (around 10-20 mm) 

as the measurement of the smaller tools are more useful with the microscope. When 

mounted on the grinding machine the small tools can be used in high-speed grinding 

conditions as a sufficient grinding speed is required in abrasive operations.  

The time domain dynamic model proposed in the previous chapter is used to determine 

the stability regions of the abrasive processes which will also be studied with the 

frequency domain solution as well. 
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5.1 Frequency domain solution 

 

During the studies [1,11,40], the grinding operation was modeled analogous to a micro-

milling operation. According to this assumption, each grit on the grinding wheel 

behaves almost like a micro milling tooth. In this case, to model the dynamic of the 

grinding wheel, the force coefficients representing the relationship between the forces 

and the dynamic chip thickness must be determined. The first step is to calculate the 

dynamic chip thickness and cutting forces. Then an eigenvalue problem of 

multidimensional dynamic equations will be solved, and the stability limits will be 

calculated. 

The frequency domain solution of the grinding operation is based on the model of multi 

– teeth milling problem  presented in [51,52]. The grinding wheel is modeled as a 

milling tool with many teeth. In the analytical solution, the wheel is treated as a milling 

tool with an average active grit number that is distributed over the grinding wheel with 

average pitch angles. The averaging method is shown to be feasible in [11] as the 

normal distribution method leads to larger number of values around the mean value. 

The average pitch angles would also mean that an average delay is performed. The 

zero-order application may not provide very accurate results as the low radial depth of 

cut creates impulse-like force which will excite a larger spectrum of frequency and 

higher frequencies may be included to the solution. 

The grinding wheel vibrates under dynamic forces leaves vibration marks on the 

surface. The abrasive grit that follows it also travels on the wavy surface left by 

previous grit. If, in any way, the process is evolving to self-oscillating waves, that is, if 

the amplitude of a current grit’s vibration is more than or equal to the amplitude of the 

previous grit, then this process becomes unstable and chatter occurs This process is 

called regeneration. In the developed model [11], the workpiece is assumed to be a 

rigid and the dynamic characteristics are not considered. By using the zero-order 

approach, relationship between the spindle speed and the limiting depth of cut for the 

instability can be calculated using the analytical equations below [51,52]. 

𝑎𝑙𝑖𝑚 =
2𝜋×𝛬𝑅

𝑁×𝐾𝑡
(1 + 𝜅2)   (33) 

𝜅 =
𝛬𝐼𝑚

𝛬𝑅𝑒
=

𝑇×𝑠𝑖𝑛𝜔𝑐

1−𝑇×𝑐𝑜𝑠𝜔𝑐
  (34) 
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𝑇 =
𝜖+2𝑘𝜋

𝜔𝑐
   (35) 

𝑛 =
60

𝑁×𝑇
  (36) 

𝜖 = 𝜋 − 2𝜓  (37) 

𝜓 = 𝑡𝑎𝑛−1 𝜅  (38) 

 

In these equations (33-38) T is the tooth passing period. κ is the ratio of the imaginary 

and real parts of the dynamic transfer function of the wheel end point. N is the number 

of grits, Kt is the predetermined cutting force coefficient, and k is the stability lobe 

number. n is the spindle speed.  

The algorithm that is used for the zero-order application is as follows [51,52]: 

- The dominant mode of the system is determined. 

- The algorithm starts around a chatter frequency that is close to the dominant 

mode. 

- The limiting depth of cut and the corresponding spindle speed is calculated. 

This procedure is continued for the consecutive lobe numbers (k=1, 2, 3…) 

- The frequency range of 1.01 times to 1.5 times of the natural frequency of the 

wheel is spanned and the stability lobes are created. 

The frequency response model is adopted and presented along with the time domain 

solution. The algorithm is provided with this thesis but the theory and the detailed 

calculation of the zero-order application and the Fourier series approach to the 

frequency domain solution to the chatter problem is provided in [51,52]. 

 

5.2 Time domain solution 

 

For the stability limit calculation, the time domain solution that is provided in the 

previous chapter is used. The chatter can be predicted by the observation of the growing 

vibrations of the tool from the vibration outputs and the frequency spectrum of those 

vibrations. If the vibrations are in a growing manner and the frequency of the vibrations 

are at the chatter frequency (slightly higher than the natural frequency), the process is 
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identified as chatter. This may be a tiresome approach, but the dynamic model proposed 

in this thesis can handle some nonlinearities that will enhance the prediction. The 

dynamic model is run for different cases and the stability regions are determined. The 

method is described with sample outputs. 

Figure 56 shows an example of an output. 

The modal parameters identified for the small CBN wheel (B126 20mm) are used in the 

algorithm (given in Table 6). 

 

Figure 56: A sample dynamic grinding output (a) force (b) tool tip vibration (c) 

vibration spectrum 

The process parameters given in Figure 56 are: 

Rpm: 40000 / min 

Feed: 0.125 mm / rev 

Radial depth: 40 μm 

Axial depth: 7mm 

a 

c 

b 



79 

 

In Figure 56, dynamic cutting forces in the y direction and Fourier transformation 

spectrum of the y direction vibration and tool tip vibration are given, R max shows the 

maximum roughness in order to indicate the vibration amplitude. 

In time domain simulations, the axial depth is scanned in a range of 0 to 20 mm with 

0.1 mm steps. Then for all spindle speeds between 30000 and 40000rpm, (with an 

increasing step of a thousand rpm) the different axial depths are scanned. When the 

chatter is observed the current values are captured and noted. 

Figure 57 shows example of time simulation output for 40000 cycles of stable grinding 

at a speed of 5000 mm / min. 

 

Figure 57: 40000 rpm, 5 mm depth, 5000 mm feed (a) force (b) tool tip vibration (c) 

vibration spectrum 

 

Figure 57 shows a stable grinding example. For these conditions 5mm depth is stable. 

Vibrations and dynamic forces continue to diminish whereas there is no distinct 

vibration frequency in the spectrum. 

a 

c 

b 
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No instability was seen when the depth was increased to 7 mm (Figure 58). When the 

vibrations were somewhat in the initial stage, they damped off later and settled on a 

stable profile. The frequency of the vibration is 2600 Hz. It is a harmonic of the spindle 

speed. (spindle speed 40000 rpm = 666 Hz). 

 

Figure 58: 40000 rpm, 7 mm depth, 5000 mm feed (a) force (b) tool tip vibration (c) 

vibration frequency 

 

A marginally stable process is illustrated in Figure 59. The axial depth is increased to 

7.7 mm. The frequency graph shows a small peak at 2300 Hz showing the sign of 

chatter. It is related to the natural frequency of the system (the measurements show 

there is one mode). The vibrations are settled a little bit later comparing to the previous 

case. 

Figure 60 shows a time domain simulation of an unstable process where the axial depth 

is at 10mm. As can be seen, the dynamic forces and vibrations are in a state of great 

oscillation. The difference between the peak and the average forces and tool tip 

a 

c 

b 
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vibrations increased dramatically. The frequency of the vibration was found to be 2300 

Hz, that is, the frequency of the chatter. 

This procedure is repeated for the remaining spindle speeds and the stability limit 

corresponding to each spindle speed is found. By combining these limits, a stability 

diagram is obtained. 

 

 

 

Figure 59: 40000 rpm, 7.7 mm depth, 5000 mm feed (a) force (b) tool tip vibration (c) 

vibration spectrum. 

a 

c 

b 
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Figure 60: 40000 rpm, 10 mm depth, 5000 mm feed (a) force (b) tool tip vibration (c) 

vibration spectrum.  

 

There are a few things to be careful about when determining if the process is unstable. 

To understand that a process is stable or unstable, the simulations should be taken at 

specific depths and the vibrations should be visually inspected. The distinction between 

stable and unstable vibrations must be detected with naked eye. The implications of the 

chatter reside in the repetition of the vibration “pulses” in the state of unstable case 

where the frequency spectrum also provides the clue. In this point an algorithm can be 

developed to detect the chatter automatically as the chatter occurs at most times in 

shapes of pulses but the pattern of the pulses may change from case to case. Therefore, 

a more “brute force” method is applied here. The simulations presented above cover the 

time including 50 rotational cycles of the grinding wheel. To be examined more 

closely, the following figures can be obtained in 5-cycle simulations. Figure 61 shows a 

stable grinding simulation at 40 000 rpm and axial depth of 5mm. 

a 

b 

c 
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Figure 61: 40000 rpm, 5 mm depth, 5000 mm feed (a) tool tip vibration (b) vibration 

spectrum 

 

Since the radial depths of cut for the grinding operations are comparably lower than 

other machining operations (40 microns in the example), two things come into 

importance. The first is the contact and the contact length of the workpiece is minimal. 

Therefore, the contact of the abrasive particles with the workpiece won’t be a long 

lasting one, resulting in discrete forces rather than continuous ones. The dynamic forces 

are shown in Figure 62. The natural frequency of the wheel is also excited as the forces 

are in the form of impulses. Thus, when the grinding process is started, in the first few 

cycles, the wheel vibrates at higher amplitude, but then these vibrations are damped and 

remain under forced vibrations in a stable fashion. The frequency of the forced 

vibrations is the spindle speed frequency, which corresponds to 5333 Hz (666Hz 

spindle speed x 8 active grits). 

a 

b 
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Figure 62: Stable dynamic forces, depth: 5mm, speed: 40000 rpm 

 

The second problem caused by the low radial depth of cut in grinding is that the uncut 

chip thickness is very low (this can be observed by the forces that are shown in Figure 

62). The process is sensitive to vibrations precisely because the difference between start 

angle of the grit and the exit angle of the grit is very small (can be approximated around 

5 degrees). The slightest vibration can interrupt the contact of the grit with the 

workpiece due to the low depth, and momentarily the force is reduced to zero. Such 

non-linear properties are reflected in the solution of the system.  

An unstable process vibration is given below (Figure 63 and Figure 64). If the spindle 

speed is set to 35000 rpm in the given condition, the system becomes unstable (Where 

the depth is 5mm and spindle speed is 35000rpm). First, a great increase in vibration 

amplitude is observed. This increase is much more than the average amplitude of the 

forces comparing to the stable case. The pulse-like pattern can be seen. The frequency 

of these oscillations coincides with the frequency of chatter (2333 Hz) which should 

locate around the natural frequency. 
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Figure 63: Unstable grinding. Depth: 5mm, Spindle speed: 35000rpm (a) tool tip 

vibration (b) vibration spectrum 

 

Figure 64: Unstable grinding forces. Depth: 5mm. Spindle Speed: 35000 rpm. 
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5.3 Stability diagrams 

 

The stability charts are obtained from the time domain model simulations. A series of 

simulations are conducted in order to identify the limits of chatter. A sample stability 

chart is given in Figure 65. 

 

 

Figure 65: Stability diagram for 5000mm/min feed rate 

 

In Figure 65, the given stability graph is for the small CBN wheel (B126 20mm), radial 

depth of 40 μm and feed rate of 5000 mm/min. The average active grit number residing 

in one element is 8 in this example.  The area above the curve is the unstable region and 

the area under the curve is stable region. The stability graph resembles the ones for 

milling operations. The range for spindle speed is selected to be between 30000 and 

40000 rpm as this range is the reasonable speed for grinding for this machine and tools 

setup in this research. 

The stability diagrams do not usually change with feed rate for turning and milling 

operations. But in grinding operations, the stability diagrams alter because with a 

change in the feed rate, the active number of grits per element changes which affects 

cutting coefficients as well. The diagrams for different feed rates is given in Figure 66. 
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Figure 66: Stability diagrams for different feedrates  

 

As seen from Figure 66, the stability diagrams with the CBN 20mm wheel and for the 

radial depth of 40 μm, could have a different profile for feed rates of 3000, 5000 and 

7000 mm/ min. The respective cutting coefficients per grit and the active grit number 

per single element are given in Table 7. The feed rate has an indirect effect on the 

process stability as it can inherently change the cutting force coefficients and the 

number of active grits. The table shows that the increase in feed rate has an effect on 

increase in the active grit number. The force coefficients have respective decreases. 

 

Feed rate (mm/min) Cutting Coefficient (GPa) Active grit number per 

element 

3000 5.4 6 

5000 3.5 8 

7000 3.1 9 

Table 7: Process parameters for different feed rate conditions 
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The feed rates are chosen because of the non-linear increase in the force observed 

during some experiments explained in the previous chapter (Section 4.4 and Figure 45). 

The measured force at feed 5000 mm/min has a larger value than that of the feed rates 

of 3000 mm/min and 7000 mm/min. Further in the chapter, the dynamic forces of feed 

rates of 5000mm/min and 7000 mm/min are also compared, and it is shown that the 

cutting condition at the feed 5000 mm/min has a marginally stable profile( Figure 51). 

The results obtained in the previous chapter are compatible with the stability diagrams 

in Figure 66. The experiments are done with the same tool and the same radial depth, at 

40000 rpm. The instability is easier to see with 5000 mm/min feed case comparing to 

the other feed rates at the spindle speed of 40000rpm. The limits of stability are around 

7, 11 and 15 millimeters for the feed rates of 5000, 7000 and 3000 mm/min 

respectively. This is explained by why different force profiles are seen in these feed 

rates. The case with 5000mm/min in section 4.4 was marginally stable with 7mm depth 

of cut both for dynamic force simulations and experiments and this is also predicted 

with the stability graph given in Figure 66. Further investigation will be presented in 

the experimental results. 

The effect of C numbers on different tools have also great impact on process 

parameters as they change the active grit number and cutting force coefficients. Two 

wheels are compared in terms of C numbers and different feed rates for stability 

diagrams.  The results are given in Figure 67, with respect to the radial depth of cut 

limit. 
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Figure 67: Stability charts with respect to radial depth of cut for different tools and 

feeds. 

 

Wheel type Feed rate (mm/min) Cutting Coefficient 

(GPa) 

Active grit number 

per element 

B126 
3000 5.4 6 

5000 3.5 8 

B64 
3000 5 12 

5000 3.2 15 

Table 8: Process parameters for different feed rate and wheel conditions 

 

In Figure 66, the blue curves represent the B126 Electroplated CBN wheel named 

Wheel 1 in Figure 8 and Table 2. The axial depth of cut is fixed at 7mm. The red curve 

represents the B64 Electroplated CBN wheel named Wheel 2 in the same figure and the 

table. As it can be observed, the stability curves differ greatly just like the process 

parameters could change with the varying grit density (number of abrasive particles and 

the grinding force coefficients). The feeds of 5000mm/min offer worse stability 

condition as the limit is lower with the similar case of axial depth of cut limits given in 

Figure 66. The curves may be advantageous or disadvantageous over each other 

depending on the selection of the spindle speed. Its seems like if the second tool is 

selected with 3000 mm/min feed and 40000 rpm, the radial depth of cut limit can reach 
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up to 120 μm which has the highest limit in the graph. Whereas if the spindle speed is 

chosen around 31000rpm, now it seems more advantageous to use the first wheel with 

feed rate of 3000mm/min in which the stability limit can reach up to 100 μm in terms of 

radial depth of cut. 

The process parameters for the two wheels and two feed rates are given in Table 8. The 

cutting force coefficient in the normal direction is reduced when the feed rate is 

increased for both wheels. The change in cutting force coefficient and the number of 

active grits is the key factor to determine the stability limits. 

 

5.4 Experimental results 

 

A series of experiments were conducted to detect chatter in the tests. The same test 

setup in Figure 44 was used for the detection of chatter. The stability investigation was 

decided to be necessary because of the following reason. A large number of 

experiments were conducted with a variety of different process parameters and wheels 

in order to investigate abrasive processes. The occurrence of chatter was noted when 

using conventional wheels at regular speeds occasionally, but in the case of high speed 

grinding with small CBN tools, the occurrence of chatter was seen in a few cases. To 

identify the regions of instability, the following process parameters were spanned with 

the maximum spindle speed of 40m/s (with 20mm diameter wheel). As in the literature 

it is generally describe that one of the main observations on chatter was the increase in 

workpiece velocity [42,44,48] (workpiece velocity in cylindrical grinding corresponds 

to feed rate in surface grinding) the feed rates of 100 to 20000 mm/min is spanned with 

the radial depth of cut is varied between 10 μm to 50 μm. The workpiece width is 

selected to be 7mm which is the axial depth of cut. The force measurements of the tests 

are given in Figure 68.  



91 

 

 

Figure 68: Force measurements of chatter investigation test 

As seen from Figure 68 as the feed rate increases at some tests the force values are 

shown with bold figures (for example the last 3 tests of 30 μm depth of cut). These bold 

figures are marked because of their likelihood of being unstable. Those tests resulted in 

increasing force values in the dynamometer as well as a decrease in spindle speed 

during the grinding. The cases shown with bold figures are studied also because some 

frequencies other than the rotational frequency (between 1000-1500 Hz) of the spindle 

in the sound data were observed. This led to an idea that these cases of instability may 

be a sign of chatter. The force measurements of a stable and supposedly unstable cases 

are given in Figure 69. The shown forces are in Newton and in the normal direction. In 

Figure 69b, the force measurements have an increasing profile throughout the grinding 

process. The sound measurements of the stable and supposedly unstable cases are also 

shown in Figure 70. 
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Figure 69: Comparison of the force measurement of the stable (a) and unstable (b) case 

 

  

Figure 70: Comparison of the sound measurement of the stable (a) and unstable (b) case 

 

The surface of the workpiece is shown for both cases in Figure 71. There are some 

marks seen on the surface and the quality has decreased dramatically in the cutting 

direction. 

 

a b 

a 

a 

b 
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Figure 71: Comparison of surface of the workpiece of the stable (a) and unstable (b) 

case 

The sound measurements on the unstable case show a frequency around 1500 Hz. 

Recall from Table 6 that the wheel used in these experiments has a natural frequency of 

1900 Hz. It is known that the chatter occurs with a higher frequency than the natural 

frequency of the system. The output of 1500 Hz is a natural harmonic of the spindle 

speed frequency. Yet, a drop in the spindle speed can be easily observed in Figure 70b 

during the process which is a indication of insufficient power of the spindle. 

To be sure, a surface roughness measurement was done on the surface of the workpiece 

as shown in Figure 72. The device MarSurf M400 Mobile Surface Measuring 

Instrument was used for the measurements. The comparison of the surfaces of the 

supposedly unstable and stable grinding cases is given in Figure 73. 

 

Figure 72: Surface roughness measurement of the workpiece 

 

b 
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Figure 73: Comparison of surface profile of the workpiece of the stable (a) and unstable 

(b) case 

 

In Figure 73, the difference between both cases can easily be observed. There are marks 

on the ground surface of the second case and the marks on the surface of the first case 

are not that visible. The surface roughness of first case is 0.356 μm and the second case 

is 2.353 μm (Average roughness Ra). 

These signs were carefully studied in order to detect chatter during the experiments, but 

it is concluded that the supposedly unstable cases are not the case of chatter.  A quick 

calculation of the wave length and the frequency of the marks in Figure 73b, show that 

they are just feed marks left on the surface. The amplitude of the vibrations may have 

increased significantly but it doesn’t necessarily mean that this is a case of chatter. 

Therefore, it is decided that these cases are not chatter but an overloading case of the 

spindle.  

The high-speed spindle installed on this grinding machine has the power limit of 2.5 

kW at full speed. At full speed (40000rpm) with a 20mm wheel (corresponds to 40m/s), 

the power limit suggests that maximum power loading can be around 60 N force in the 

tangential direction which corresponds to around 150 N force or more in the normal 

direction (depends on the process parameters and the workpiece material). So, this 

a 

b 
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amount of process forces will lead to a disturbance in the spindle that will change the 

spindle speed during grinding. In some cases, spindle nearly stopped especially at the 

last stages of the 50 μm depth of cut test set. At the feed rate of 7000mm/min the 

spindle came to a full stop and the tool was damaged. Bunks of grit pull-out was 

observed on the tool after the last operation, please see Figure 74. 

 

 

Figure 74: Condition of the wheel after the last operation  

 

In the light of the experimental procedure described above, it is concluded that the 

chatter could not be observed under the general grinding conditions that can be selected 

from the literature (high feed rate, low depth of cut) in this setup. The torque and power 

requirements of the process could not be sufficed by the high-speed spindle at full 

speed. The power curve of the spindle drops even more when the spindle speed is 

decreased. The advice of the company that provided the spindle was not to reduce the 

spindle speed lower than 30000 rpm. Therefore, the lower spindle speed tests also led 

to spindle stoppage. A possible solution to this situation is to change the spindle of the 

grinding machine to its regular spindle which has a normal speed and higher power 

capability.  

Moreover, one may think that in order to see chatter, the stiffness and the damping ratio 

of the system can be lowered. This is possible by increasing the overhang length of the 

grinding wheel. For the above experimental sets, the overhang length of the wheel was 

selected as 5mm as it was the suggested value from the wheel manufacturer. If the 

overhang length is increased, apart from the amplified effect of the eccentricity of the 
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wheel, the spark-out phenomenon emerges. The need for spark-out is observed when 

the grinding wheel could not remove the intended (nominal) radial depth of cut. The 

elastic deformation of the wheel towards the normal direction changes the real depth of 

cut during the process. Therefore, many spark-out passes may be necessary after the 

first grinding pass. The spark-out increases as the overhang increases. as well as with 

increased feed rate as shown experimentally in [12]. An increased spark-out would 

hinder the predictive modeling in grinding because the radial depths of cut in abrasive 

operations are already low compared to milling operations and the difference between 

the nominal and real depth of cut would be significant in terms of percentage. 

Hence, feed rate should be kept low in order to cope with the spark-out effect 

introduced by the increased overhang length and to compensate the power requirement 

that will be increased by higher depth of cut. A case of chatter is observed when the 

spindle speed is reduced from 40000 to 35000 rpm with a feed rate of 300 mm/min, 

radial depth of cut of 100 μm, axial depth of cut of 9mm and overhang distance of 

21mm. The modal parameters of the new mounting of the wheel are given in Table 9. 

 

Frequency (Hz) Damping Ratio 

(%) 

Modal Stiffness 

(N/m) 

Mass (kg) 

1129 0.534 1.62× 106 0.032 

Table 9: Modal parameters of the 21mm overhang tool 

 

The chatter was observed in accordance with the model predictions, both time domain 

and frequency domain. The comparison of the model and experiment results is given in 

Figure 75. The curves represent the stability limits calculated with both methods. The 

circles represent the experiments. 
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Figure 75: Model and experiment comparison 

 

 

Figure 76: The chatter marks on the workpiece 
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Figure 77: Detection of chatter sound 

 

In Figure 76, the surface of the workpiece is shown. The chatter occurs at some parts of 

the workpiece along the cutting direction. During the experiments it was visually 

observed that the tool starts its unstable vibrations and then stops and become stable 

again. Later along the workpiece this phenomenon occurs one more time. This may be 

due to the process related damping factors that occur in the grinding operation. The 

process damping itself may have little effect, even though the spindle speed is high. 

Furthermore, it can be due to the fact that the active grit number constantly changes 

during the vibrations and where chatter occurs indicating so called active grit damping 

affect during the onset of chatter. In Figure 77, the sound measurement of the test is 

shown. The chatter vibration creates the sound frequency of 1197 Hz, which is slightly 

above the natural frequency of the wheel. The force measurements are shown in Figure 

78. The forces are increased at the point of the chatter marks that are shown on 

workpiece. 

 

Figure 78: The force measurements of chatter case  
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5.5 Summary 

 

Chatter phenomena in grinding operations are investigated with the proposed dynamic-

kinematic model. Two chatter methods are used, the frequency and the time domain 

solution models. The frequency domain solution model is an adaptation of the model 

that is proposed in [11] to the mounted point electroplated CBN wheels which is an 

adaptation of milling stability model to abrasive operations. The time domain model 

offers a closer perspective to grinding. Taking the stochastic nature of the process into 

account, the model is capable of predicting the active grit number which is dependent 

on the process parameters and the random delays that is produced by the random 

distribution of the grits on the wheel surface. The stability diagrams are obtained by 

calculating a series of time domain solutions. The unstable cases are detected by taking 

the Fast Fourier Transform of the vibrations of the tool and checking if the vibrations 

have the frequency of the chatter frequency that is generally slightly higher than the 

natural frequency of the tool. The simulations state an interesting point. In milling 

operations, the stability diagrams would not change if the feed rate is varied but it is not 

the case in grinding. It is shown that the diagrams would shift if the feed rate is changed 

in grinding operations as the active grit number and the cutting force coefficients are 

affected significantly. It was observed that the effect of feed rate can create differences 

in the stability conditions of the process. A series of experiments are conducted in order 

to scan the conventional process parameters for the grinding operations to see where the 

chatter would happen. But using electroplated mounted point (small) wheels and 

applying it to the high-speed surface grinding operation it was seen that chatter could 

not be observed due to the spindle power of high speed spindle and the spark-out effect 

within the conventional process parameter range. Instead, a creep feed grinding (CFG) 

process condition is observed in separate set of experiments and chatter could be 

observed with an increased overhang distance of the wheel (CFG conditions are 

generally low feed high depth of cut parameters). The chatter case could be predicted 

by the models. 
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6 SUGGESTIONS FOR THE FUTURE RESEARCH 

 

A set of suggestions for the future studies are proposed below in the light of this 

research: 

- The wheel modelling in grinding is crucial. If the wheel is modelled in an 

enhanced way, the process modelling will be more accurate. The wheel 

modelling is done my optical measurements however measurement of all the 

grits is not possible. Thus, a 3D scan measurement method can be developed 

to truly represent the wheel topography 

- The high negative rake angle results in a dead zone during chip forming 

which leads to material to material contact. This has been observed during the 

SEM measurements of the wheel. The kinematics of the grinding operation 

can be enhanced by modelling the third deformation zones during grinding. 

- The active grit calculation is validated through indirect methods in this thesis 

(with force and surface roughness prediction). A direct method to validate the 

active grit number can be developed. 

- The time domain solution to the grinding stability problem is a versatile 

algorithm and involves several non-linearities that are existent in abrasive 

operations such as random delay and active grit number change during 

vibrations. The solution can be enhanced if the wear mechanisms can be 

integrated. 

- The frequency domain solution to chatter problem is developed by using an 

averaging method in which the wheel is treated as a complete milling tool. 

The frequency domain solution can be enhanced by offering a random delay 

solution. 

- The developed models can be implemented on cylindrical grinding operations 

where the chatter is studied more often in the literature.  
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7 DISCUSSIONS AND CONCLUSIONS 

 

In this thesis, analytical methods including kinematic and dynamic models which 

represent the mechanical, kinematic and the dynamic behavior of the abrasive processes 

are presented. The developed models and algorithms are tested with experimental data. 

The identification of the wheel and grinding parameters such as the geometric 

properties of the abrasive grits, the grinding force coefficients and the modal 

parameters of the wheel are presented by proposing measurement and calibration 

methods. The wheel modelling is done by the grit-wise optical measurements, 

identifying the process related parameters of the grits and applying them to the 

geometric-kinematic model which makes the normal distribution of the grits on the 

wheel surface possible. The models are shown to be accurate to simulate the grinding 

operations. Specific contributions that are presented in this thesis are listed as: 

 

- A method for grinding wheel measurement and modelling is presented. A 

necessity of modelling grinding wheel is crucial as a result of the stochastic 

nature of the grinding processes. The basic process parameters of the grinding 

wheel are not provided by the manufacturers and this makes modelling 

difficult or prone to over simplified methods. Instead, the abrasive operations 

are modeled with milling analogy and the abrasive grits are virtually put on 

the periphery of the wheel under certain assumptions. 

 

- After the milling analogy is applied, the analogous process parameters such as 

number of cutting teeth (grit concentration), grit dimensions and process 

related angles are found by optic measurements using a light scatter 

microscope. 2D and 3D measurements enable identification of key parameters 

that will be used in the process modelling. For more accurate edge radius 

measurements of the CBN wheels, electron microscopy (SEM) is used. 

 

- For the representation of the whole wheel individual grit measurements 

cannot be repeated for all of the grits on the wheel surface as there are tens of 

thousands of grits on the wheel. Instead, a normal distribution method is 
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applied on a smaller set of samples to create a virtual wheel to mimic the real 

wheel. This way, the properties of all of the grits can be stored in an array for 

modelling purposes. 

 

- It is known in the literature that not all of the grits on the wheel surface  

participate in grinding process. Because of the stochastic nature of the 

process, some of the grits are active and some or not because during the chip 

removal process the active grits became dominant over the passive grits. This 

is mainly due to the height difference that exists among the abrasive grains. In 

this thesis, a simulation method for determining the number of active grits is 

developed namely the geometric-kinematic model. 

 

- The geometric-kinematic model works after the individual grits are put on the 

periphery of the wheel. The virtual wheel is turned over the workpiece and the 

interactions of the workpiece and the individual grits are analyzed. The 

kinematic trajectories of the individual grits are printed over the trajectories of 

each other. The intersections of the trajectories are well studied in order to 

determine which grits are active or not. The grits that produce a chip thickness 

that is larger than the minimum chip thickness are flagged as active. The 

virtual wheel is then recreated with the passive grits are omitted. 

 

- The prediction of the surface roughness of the workpiece is a highly valuable 

prediction as the abrasive processes are usually applied for finishing 

operations. The surface roughness prediction can inherently be done with the 

developed geometric-kinematic model as the trajectories have the last surface 

data intersected with the workpiece. The last surfaces obtained from the 

trajectories will be printed for each element. Each last surface of each element 

along the axial direction of the wheel is 3D projected over each other. The 

result of the projection is the surface roughness of the workpiece surface 

along perpendicular to the cutting direction. 
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- The force prediction using the geometric-kinematic model is based on the 

chip thickness calculation. Using the analogy to the milling tool run-out 

mechanism, radial differences between the trajectories of consecutive active 

grits will provide the chip thickness. This way, the chip thickness will be 

identified by analytic measures instead of empirical models. 

 

- In this thesis, two methods for predicting the grinding force is presented. 

Once the chip thickness can be identified through the geometric-kinematic 

model either mechanistic or analytic force model can be applied on the chip 

thickness to calculate the grinding force. Mechanistic model need calibration 

methods with a series of experiments whereas the analytic models are more 

applicable to wider range as the analytical relations between the process 

inputs and outputs can be established. 

 

- The geometric-kinematic model is enhanced by a dynamic model to build the 

time-domain solution to the dynamics of the grinding processes. The milling 

analogy is also deployed for this model. The time domain solution is able 

tackle with the some linearities of the grinding process such as the random 

delay caused by the random placements of the grits over the wheel and the 

change in the number of active grits due to the vibrations. 

 

- The stability diagrams are proposed by using the time-domain kinematic 

solution to the grinding problem and it is compared with both analytical 

averaging solutions and the experiments.  

 

- The case of chatter was reported within the prediction boundaries. The chatter 

for surface grinding with mounted point wheels observed to happen different 

from the cases in milling or turning. The chatter may occur in cycles where it 

may start and stop several times. This is the reason of the stochastic nature of 

the process. A process damping effect is applied on the vibratory tool as the 

number of engaged grits will change if the chatter is propagated. This way, 

the chatter may be damped and then start again. 
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