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Abstract

In this thesis we investigate the existence of traveling waves solutions for non-
local wave equations determined by a kernel function. In a series of publications
Stefanov and Kevrekidis used the bell-shapedness property of the triangular ker-
nel to study the existence and nature of a traveling wave solution in generalized
lattices. In this thesis, we studied their work, and generalized the idea to a certain

class of kernels that satisfy some conditions.



YEREL OLMAYAN BAZI DALGA DENKLEMLERINDE GEZEN DALGA
COZUMLERININ VARLIGI

Abba Ibrahim Ramadan
Matematik, Masters Tezi, 2016
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Anahtar Kelimeler: gezen dalgalar, can sekilli fonksyonlar, yerel olmayan dalga

denklemleri, Fuler-Lagrange denklemi, varyasyonlar hesabi.

f)zet

Bu tezde bir ¢ekirdek fonksiyonu tarafindan belirlenen yerel olmayan baz dalga
denklemlerinde gezen dalga ¢oziimlerinin varligi arastirildi. Stefanov ve Kevrekidis,
bir dizi caligmada ti¢cgensel ¢ekirdegin ¢an sekilli olmasini kullanarak, genellegtirilmis
lattislerde gezen dalga c¢oziimlerini elde ettiler. Bu tezde adi gegen ¢aligmalar: in-

celedik ve sonuglar1 bazi uygun kosullar1 saglayan bir ¢ekirdek siifina genelledik.
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CHAPTER 1

Introduction

A traveling waves solution of a partial differential equation is solutions of the form
u(z,t) = ¢(x — ct), where ¢ is some constant. Clearly all solutions wu(z,t) of the
transport equation

Uy + cuy, =0

are traveling waves; whereas for the equation uy — c*u,, = 0, all solutions are
of the form u(x,t) = ¢(x — ct) + (x + ct), namely a linear combination of two
waves traveling in opposite directions. For nonlinear equations traveling waves
represent a balance between the nonlinear and dispersion effects; namely high order
derivatives. A prominent example of nonlinear wave equations is the Korteweg de
Vries equation (KdV equation for short). The history of KdV equation started in
1834 with an experiment conducted by John Scott Russel, a Scottish naval engineer.
In his work to determine the most efficient design for canal boats, he discovered
a phenomenon called the wave of translation. This was followed by theoretical
investigations by Lord Rayleigh and Joseph Boussineq around 1870, then after
more than two decades by Korteweg and de Vries in 1895. For about a century
the KdV equation was not studied much until Zabusky and Kruskal in 1965. They
discovered numerically that the solution of the KdV seemed to decompose over
long periods into collection of ”solitons” which behave like particles or solutions of
linear systems. In other words, these solutions are well separated solitary waves.
Moreover, they seem to be almost unaffected in shape by passing through each
other |1]. The KdV is a nonlinear, dispersive PDE for a function u of two variables,

t denoting time and x space,

Uy + Uy + Ugyr = 0.



Again, by considering the solution u(z,t) = ¢(z — ct) = ¢(§) and substituting in

the KdV equation, we have the ordinary differential equation

_C¢/ + (%d}Z)/ 4 (b”/ = 0.

Assuming ¢ and its derivative vanish at 400, and integrating once, the above
ODE results in )
—cp+ 50"+ 0" =0.

The solution of the ODE yields the following hyperbolic function

C

6= gsech2<§£>
and thus for any value of ¢ # 0,
u(z,t) = Esech2(£0(:v —ct))
2 2
represent traveling waves of the KdV equation.

The above method is usually referred to as the direct computation method.
That is, the reduction of the PDE to ODE and solving it to obtain an explicit
solution of the initial PDE. When this fails one needs an abstract method for
showing existence of traveling waves. One approach is the variational method via
the Euler-Lagrange equation. The variational method is one of the solid basis
for the existence theory of PDE and other applied problems. The method is an
extension of the method of finding extreme values and critical points in calculus.

For instance, consider the abstract form
Lluj=0 in Q, Aul=0 on 0 (1.1)

where L[u] denotes a given PDE and A[u] is a given boundary value condition. To
study this problem using the calculus of variations, L[u] can be formulated as a
first variation of an energy functional J(u) on a subset Y of a Banach space X (2)

incorporating the boundary condition, that is L£[u] = J'(u), so the equation (1.1)



can be weakly formulated as
(J'(u),v) =0,Yv €Y.

Solving (1.1) is equivalent to finding the critical point of J on X. A number of

steps are taken when solving a PDE problem with variational method.

First show that J(u) is bounded from above(or below) so that sup,cy J(u) (or
inf,ey J(u)) exists. Then take a maximizing (minimizing) sequence (u") C Y so
that lim,, . J(u") = sup,cy J(u) (or lim, o J(u") = inf,ey J(u)). In an infinite
dimensional Banach space, bounded sets are not compact, so passing to a conver-
gence subsequence of the (u") is not trivial. For a bounded domain 2, compactness
is usually obtained through a combination of derivative estimates and the Arzela-
Ascoli theorem or compactness of Sobolev embeddings. On the contrary, when
Q) is not compact, say 2 = R, the Sobolev embedding W*?(R) C LP(R) is not
compact. One can apply the Banach-Alaoglu theorem to get weak compactness,
but this does not necessarily imply the existence of a maximizer. One approach is
to work on a bounded interval [ %] and then control the "tails” that is to take

€’

the limit as e — 0.

In general when 2 = R, and L is a constant coefficient operator another problem
is that if ¢(z) is a solution then ¢(x — x) is also a solution to the optimization
problem, that is the minimizing problem does not change under shift. The reason
why this is a problem is because the minimizing v"’s may be scattered. So we want
to first shift u™’s to u™(z) = u™(x — 2") so that the u™ may converge. But this is
not always clear in general. One will need to use the concentration compactness
principle [2], or a similar approach.

Stefanov and Kevrekidis in [3,4] provide a reformulation and illustration of

existence of bell-shaped traveling waves in generalized Hertzian lattice,
Uit = [tn1]” = 2[un]” + [up—1]?
and the related traveling wave equation
u(x) =uP(x+1) — 2uP(z) +uP(x —1). z€R

In the two papers they used a simpler method by introducing the bell-shaped



functions which fixes the shift of the solutions and for the tail they used the %

approach. In this sense, the main aim of this thesis is to understand the approach
of the Stefanov and Kevrekidis [3] and generalize it to a certain bell-shaped kernels
that satisfy some reasonable conditions. Precisely, we study the existence of bell-

shaped traveling wave solutions in the problem

Uy = (B*UP)e = OF Uy — Ugy = (B % UP) 1 (1.2)

where the kernel 3 is a bell-shaped integrable function. Well posedness and other
properties of a particular 5 kernel problems have been studied in [4]. The traveling
waves of (1.2) will then satisfy c*u=*u or (¢ —1)u=f*u.

If B is taken to be a triangular kernel, that is for

1—|z| for |z|<1
plr) = (1.3)
0 for |z|>1

~ i 20&
Since 6(5) = 4S2—2(2)7 S0,

(B(x) % v)pe = v(x — 1) — 2v(x) + v(xz + 1) (1.4)
which is the case similar to the problem studied by Stefanov and Kevrekidis in [3].

The rest o the thesis is organized as follows: In Chapter 2 we introduce some
preliminary concepts such as the Kolmogrov-Riesz theorem that are useful in un-
derstanding in compactness of LP(R). In Chapter 3 we study the papers of Stefanov
and Kevrekidis. In Chapter 4, we adopt approach in Chapter 3 and generalize the
result to bell-shaped kernels.



CHAPTER 2

Preliminaries

In this chapter we provide important definition such as tail and bell-shapedness of
a function. We also state and give proofs of some key theorems. More details can
be found in L.C Evans [5] and H.Brezis [6].

2.1 L? Space and Some Important Theorems

Definition 2.1.1. Given a measure space (X, M, pn), if 1 < p < oo, the space

LP(X, p) consists of all complex valued measurable functions on X that satisfy

/X @) Pdu(z) < .

To simplify the notation, we write LP(X), when the underlying measure space has
been specified. Then, if f € LP(X, n) we define the LP norm of f by

1l = ( /| f(x)‘pdu(x));

when the measure space is clear from the context we abbreviate this as || f|| L

When p = 1 the space L'(X, p) consists of all integrable functions on X.

Definition 2.1.2. L>(Q) is the set of f : Q0 = R, f is measurable and there exists
C such that |f(x)| < C @ a.e on Q with

1l = inf{C: 1f(@)| <C u ae on

Definition 2.1.3. If the two exponents p and p* satisfy 1 < p,p* < 0o, and the



relation
1 I ]

p P
holds, we say that p and p* are conjugate or dual exponents.
Theorem 2.1.4. (Lebesgue Dominated Convergence Theorem,). Let (f,)

be a sequence of functions in L'(Q2) that satisfy
(@) fu(z) = f(z) a.e. on
(b) there is a function g € L*(Q) such that for all n, |f.(z)| < g(z) a.e. on Q.
Then
ferll Q) and |fn— fllu@ —0

Theorem 2.1.5. (Hélder Inequality) Suppose 1 < p < oo and 1 < p* < 0o are
conjugate exponents. If f € LP and g € LP", then fg € L' and

gl < ([ f1lzollgll oo (2.1)

Theorem 2.1.6. (Minkowski Inequality) If 1 < p < co and f,g € L, then
f+gel? and
1f +glle < [ fllze + llgllze-

From this point forward X = R and A the Lebesgue measure unless stated
otherwise. We will also use L? = LP(R).

Definition 2.1.7. Let f and g be two continuous functions, we define the convo-

lution of f(z) and g(z), denoted f g, as

(f * 9)(x) = / £ — v)g)dy.

Theorem 2.1.8. (Young’s Inequality) Suppose f € LP, g € L? and 2—1)4—% =141

T

where 1 < p,q,r < oo then,

I1F* gl = Wl fllpllgllq



2.2 Weak and Strong Convergence in L”

Recall that for a sequence {f,} in L? if there exists f € LP such that

lim || f, = fllz» =0,
n—00

then f,, converges to f in L? and we denote this by f, — f € LP.

Definition 2.2.1. (Dual) The vector space of all continuous linear functional on
X equipped with a norm ||.||x is called the dual space of X and is denoted by X*.
For 1 < p < oo the dual of LP* = LP" where q is the conjugate of p.

Definition 2.2.2. For a sequence {u, }>>, C L? we say that u,, converges tou € LP

weakly, denoted as u, — u if for each u* € L1, we have
<U*, un> — <U'*7 U)

that is

/Ru*(x)un(w)dx—) /Ru*(x)u(x)dx

Proposition 2.2.3. Strong convergence implies weak convergence, that is if
Up — U

then,

Uy — U

Theorem 2.2.4. For f, € L?, if f, — f € LP the

| fllee < liminf || f] e
n—oo

Theorem 2.2.5. (Banach Alaoglu Theorem) Let 1 < p < oo, for a given

norm space (L, |.]|,) define
B o= {fel” |flm <1}

as the closed unit ball in L9, then B* is a compact space in the weak topology. Here

1 < p,p* < oo and p* is the conjugate of p.



Remark: In general the compactness of Banach Alaoglu theorem is in the
weak” topology but for 1 < p < oo, >+ -5 = 1, (L?(R))* = L” (R) and (L”" (R))* =
LP(R) that is (LP(R))** = LP(R) thus L? is reflexive, thus the weak* is the same

as weak topology.

Corollary 2.2.6. Let 1 < p < oo and (f,) be bounded sequence in LP(R); then

(fn) has a weakly convergent subsequence in LP(R).

2.3 Fourier Transform

Definition 2.3.1. Let f € L', the Fourier transform of f is defined as
fe) = [ fwye e
R

Theorem 2.3.2. (Inversion Theorem) For a given Fourier transform f € L' the

Inverse Fourier transform is given by
fla) =5z [ Fope
)= — es”.
2T R

If f and f' are in L', then it follows that f' = i&f(¢). More generally if
£ f . f) € L' we have

FBE) = ()*f(€).

Theorem 2.3.3. (Plancherel’s Theorem) The Fourier transform can be ex-

tented to a map on L* satisfying for all f € L?

1f 1z = 1L/l 2-

Remark: The Plancherel’s theorem makes several Hilbert space operations

easily.

Theorem 2.3.4. For f,g € L',

)



2.4 Sobolev and Some Compactness Theorems

Definition 2.4.1. (Weak derivatives) Suppose f,qg are locally integrable func-
tions on U, and « is a multiindex, then g is the a'®-weak partial derivative of f,

written as
D*f =g,

if for all test functions ¢ € C(U) we have

/UfDa¢d$=(—1)|a/Ug¢dx.

Definition 2.4.2. (Sobolev Space) For U C R, p < p < oo the sobolev space
WkhP(U) consists of all locally summable functions f : U — R such that for each
a with |a| < k, D*f € LP(U) exists in the weak sense.

Definition 2.4.3. If f € W*P(U), the norm associated with the Sobolev space is
defined for 1 < p < oo

I fllwes@) = <Ea|gk/ |Daf|pdf€> = Yjaj<k|| D" f]| v
U

and for p = oo
Fla|<k€SS SUD 1D f| = Eja<il D f| Loe-

Theorem 2.4.4. (Morrey’s Inequality)Assume n < p < co. Then there exists

a constant C, depending only on p and n such that
[ullcon@ny < Cllullwren)
for all uw € ¢'(R™), where y:=1-2.
In our case of study we want n =1, y =1 — 117, thus
ullcor@®) < Cllullwirm).

Observe that C% is a Holder space equipped with the norm

u(z) — u(y)|

ul| oo, = sup |u(x)| + su
[ul| o) RP| ()] x,f z — y|



We observe C} C C,, C C% C L™ here and that Cp,, is the Lipschitz space.

Another key observation is that by Morrey inequality we have ||ul| o~ < C||ul|y1e
this implies that WP(R) C L>(R), while recalling that WP C LP(R), yields the
following result.

Lemma 2.4.5. Let all the assumptions in Morrey’s inequality hold, then for any
p <r < oo wehave W' C L”

Proof.
fully: = [ fu@)de = [ Ju(o)Pluto)r—da
< (el 2 [ullZy
lellor < lull =l
1-2 P
< Cllullyrp el p
ullr < Cllullwre
so, WP C L™ for p < p < o0. O

The Arzela-Ascoli theorem will play an important role in Kolmogrov-Riesz

theorem, which is useful in understanding the compactness in R.

Theorem 2.4.6. (Arzela-Ascoli Theorem) Let K be a compact subset of R,
then F C C(K) is totally bounded if
(1) F is bounded

(2) F is equicontinuous.

Note that: The above theorem is not true on R.

Definition 2.4.7. Let X and Y be Banach space, X C Y. We say that X 1is
compactly embedded in 'Y, denoted as

X CcCy,
provided

(i) [ Xy <Clz|lx (ze€X) for some constant C, and

(7i) each bounded sequence in X is precompact in Y.

10



Remark: Let U be bounded set, by Morrey inequality we have W?(u) C
C%7(U) and by the Arzela-Ascoli theorem we have C%7(u) cC C(U). This implies
that

WP(U) cc O(U) c L=(U) C LP(U)

Thus, for p < ¢ we have
WP(U) cc LY(U)

this also implies total boundedness in C, C L.

Theorem 2.4.8. A bounded set in WYP(I) is totally bounded in Cy, L™, LP.
In particular, W? ccC LI(I) if p < q.

As mentioned above the Arzela-Ascoli theorem doest not work on R and sim-
ilarly, the compact embedding W'?(K) CcC LY(K) only works on a bounded set.

The remedy to this problem is when the set has small tails.

Definition 2.4.9. A subset F C LP(R) is said to have small tails if given ¢ > 0
there exists R > 0 such that

/ )Pz < e,
|z|>R

forall f € F.

Theorem 2.4.10. Kolmogrov-Riesz Theorem A subset N C LP(R") is totally
bounded in LP if and only if

(1) NV is bounded

(2) N has small tails and

(3) limy o [gu |f(z +y) — f(2)|Pdz = O uniformly for y e R, f € N.

Theorem 2.4.11. Suppose for 1 < p < oo, F C LP(R) and
(1) F has small tails,

(2) F is bounded in WIP(R),

then F is totally bounded in LP(R).

Proof. We prove this theorem using Kolmogrov-Riesz theorem, we start by the

11



identity

waty) =)= [ us)is
lu(z +y) — u(x |p<|/ (s)ds|?

+
SHolder (/ Y 1p*d8>

P Tty
e +) ~u@l <y [ s

”3* ‘,,3

( / o |u’(s)|pds>

where 1% + % =1, so, we have

» [e’¢) Tty
/ lu(z +y) — u(x)[Pde < y»~ / / u'(s)[Pdsdz.
R —oo Jx

When the order of the double integral is changed, this results in —oco < s <

00,8 —y < x < s and so,

/ (4 y) — ula) Pde <y / / ! (s) P dds
R —00 J5—y
_ / o (s) Pds
R

<y [l
now we have

lu(e +y) = w(@) | <y M

where M > 0 and thus as y — 0 ||u(z + y) — u(x)||zr — 0 uniformly on F Since
the first condition of the theorem coincides with that of the Kolmogrove-Riesz
theorem. This implies that W'?(R) cC L*(R). O

Corollary 2.4.12. For 1 <p <2, F C L*(R) and
(1) F has small tails that is given € > 0 there exists R > 0 such that

/ o)Pdr < &
|z|>R

forall f € F, and

12



(2) F is bounded in W1P(R),
then F is totally bounded in L*(R).

Proof. We prove the theorem in two ways
Direct proof: Take € > 0, choose R so that [, |f(z)]’dz < §. Let Ir = [-R, R].
Now restrict F to Ig, that is Fr = F|[_g,g). This implies that Fp is totally bounded
in WP(Iz). By Theorem 2.4.8, Fg is totally bounded in L?*(Ix), so given ¢ > 0,
we can cover JFr by finitely many $-balls. This implies 3g1,g2...9n € L?(IR) so
that for f% € F, we have || f" — g;||r2®) < § for some j. g;, % € L*(IR).
Now let define

3 g; for |z| <1

9i =
0 for |z]>1
Clearly g; € L*(R).
Take f € F and define
R._ f for |z| <R
0 for |z|>R

then f# € F implies that there exists g; such that
£ = gill 2wy < 5

So,

5=l = [ 15@) - G)Pds

— 00

- [ W@ -g@Pa+ [ e
lz|<R |z|>R
R _ ;124 24
g [P

|z|>R

<€+€_
273" ¢

this implies that F is compact in L? and thus ending the proof.

Alternatively: This proof is based upon theorem 2.4.9; we just need to show

13



that for 1 < p < 2,

[ 1+ 9) = w@lde = [ fute+9) = ule)Plute + ) — ula) s
< 2l | futa+y) — u(o)ds
< 2y1+‘%HUHi;p(R)HUHWLP(R)
and since when y — 0 we have |lu(z +y) — u(m)H%Q(R) — 0. Thus F is totally
bounded in L*(R), completing the proof. O

Corollary 2.4.13. Let 1 < p < 2, Suppose u™ € L*(R) and
(1) u™ has small tails in L*
(2) [u™lwrr@y < C for some constant C > 0

then u" has a convergent subsequence in L*(R)
Remark: The proof can be extented to L?, where q > 2.

Corollary 2.4.14. Let 1 <p < 2, q¢ > 2, suppose u™ € L1{(R) and
(1) u™ has small tails in L1

(2) [[u|lwremy < C for some constant C' > 0

then u™ has a convergent subsequence in LI(R)

2.5 Rearrangement, and Bell-shaped Functions

This section provides information useful in understanding rearrangement and bell-
shapedness of functions. We refer to the book of Analysis by Elliott H.Lieb and
Micheal Loss [7].

Definition 2.5.1. For a measurable function f : R — R, the distribution of f

1s define as

di(s) = A({z e R : |f(z)| > s})
here X stands for the Lebesque Measure.

Lemma 2.5.2. For every ¢ € CY(R) we have the equality

/R oA((f(2)))d = / " P(a)ds(o)da

14



Definition 2.5.3. Let f : R — R be measurable function. Then we define f* :
[0,00) — [0,00), as
f7(t) =1inf{s > 0: ds(s) < t},

and f* is called the non-increasing rearrangement of f

Some obvious properties of f*

(1) f* is non-negative

(2) f*(z) is a measurable function

(3) f*(z) is decreasing

(4) Suppose 0 < f(z) < g(z) Vz € R", and varnish at infinity, then f*(z) <
g*(x) VzeR™

Lemma 2.5.4. Suppose ¢ = ¢1 — ¢, where ¢1, ¢o are monotone functions. If
either one of [o. &1(|f(2)])dz or [o. d2(]f(x)])dx is finite, then

[ sdst@de = [ ol
In particular for f € LP(R™) we have

LAl = 111l

forall1 <p < 0.

Theorem 2.5.5. Let f,g > 0 € R", vanish at infinity, then
f(x)g(x)de < | f*(x)g"(v)dx
R™ R7

Lemma 2.5.6. (Riesz’s rearrangement inequality) Let f,g and h be non

negative functions on a real line,vanishing at infinity, then

[ [ 1@t = phwisdy < [ [ 5@ - i wdsdy

RJR RJR

Definition 2.5.7. A function f is said to be bell-shaped if Vx €¢ R f(z) >0,
f(z) = f(=x), and f is non-increasing in [0,00) and non-decreasing in (—oo,0].

For us to easily characterize bell-shapedness of a function, consider the defini-

tion below

15



Definition 2.5.8. Let f be a measurable function. We define f#(t) = f*(2|t]).

Corollary 2.5.9. (Characterization of bell-shapedness) A function f is bell-
shaped if and only if f7 = f.

Corollary 2.5.10. Let f, g and h be non negative functions on a real line,vanishing
at infinity, then

f@)g(z — y)h(y)dady < f#(@)g7 (& — y)h ™ (y)dady
L L

More information on this concepts explained in this chapter can be found in
references |5,/6,8H12].
Remark: |f|* = f*, and |f|* = f#.

16



CHAPTER 3

Stefanov and Kevrekidis’s Result

In this chapter we provide alternative approaches to the work performed by Ste-
fanov and Kevrekidis [3,4]. The issue of compactness in L? is of great importance
for the attainability of the maximizer of our optimization problem. [3,4] uses the
approach of considering the problem within a specific interval (_Tl, %) and later
taking the limit as € approaches infinity. We get our compactness result via Corol-
lary 2.4.11 controlling the tails. Our proof via the Kolmogrov compactness theorem
simplifies the approach in [3]. We also give an alternative proof using the Lebesgue

Dominated Convergence theorem as is suggested in [4].

3.1 Setting of the Problem

Atanas Stefanov and Panayotis Kevrekidis provide a reformulation and illustration
of the existence of bell-shaded traveling waves in generalized lattices [3]. Their work
is based on iterative schemes that have been previously presented in [13,/14] for the

computation of the traveling waves in such chains of the form
B = [0t — 0al?, = o0 — vusa]. (3.1)

where v,, is the displacement of the n-th bead from its equilibrium position. The
spacial case of Hertzian contacts is for p = 3/2. The construction of the traveling

waves and the derivation of their monotonicity properties will be based on the
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strain variant of the equation for u, = v,,_1 — v,,u > 0 such that:
L . . » . p .
U= Uy —Up, Up=ub—uy, y, Upo1=u, —ub, U,=1u

ﬂn = [50 + Un+1]p — 2[50 + Un]p + [50 + Un_l]p. (32)

where J is a given positive number. When § = 0, in continuous form, this becomes
Ut = Adisc(”) (33)

where

Adisef(x) = fla+1) = 2f(x) + f(z + 1). (3.4)

Using the definition of Ay f(x), we have that the above equation becomes
A’ = Agiselu?). (3.5)
Observe that we can also write

Agisef (x) = /Oo f(f)(eis +e T = 2)etde.

Since cos & = % and using half angles identities we have
Buuef ) = =1 [ s (§) fle)eag

that is the Fourier transform of the operator Ay;. is

§

Rainc (6) = ~4sin® ()1 (€)

After taking the Fourier transform of both sides in (3.5) we have,

o 4sin?(§) .
we) = —g v
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4sin2(§)

Setting A() = the problem becomes

52 ’
Au(z) = A xuP(z) = / Az — y)uP(y)dy =: M[uP](x). (3.6)
7 sin2(&
It is clear that after taking the inverse Fourier transform of A(§) = . ;(2) the
result becomes
1—|z| for |z|] <1
Az) =
0 for |z|>1
Note that we have the following formula for the convolution A * f
z+1
Mf=Asf@)= [ Ao = ui W .)
z—1
c*u = M(uP). (3.8)

3.2 Solution of the Problem

We will also consider the following multiplier

sin(g) .

QF(€) = e 1.

It easily follows that since @ (&) = %, we have also the representation

x+%
af = [ " way (39
Based on the definition of the operator M, we have M = Q2.
Theorem 3.2.1. The equation (3.1.3) has a bell-shaped solution u.

To prove theorem 3.2.1, we take the following steps.

Considering a different representation of (3.6) by introducing a positive function
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W wr = u, (3.6) reduces to

1

cwr = A *w, (3.10)

then we need to find a solution w to solve (3.10), as is stated in theorem 3.2.1.

Let g=1+ %, and multiply 3.8 by w and integrate over R to get

c2/wqd:v:/ (A * w)wdx

= (Q*w,w) = (Qu, Qu) = [|Qu|7

this leads to the following constraint optimization problem.

Jmaz = sup{J[v] = ||Qu(2)||3 : |[v(@)|lze =1, v even} (3.11)

We show that the above energy functional in (3.11) of the problem (3.4) is bounded
from above. This will guarantee the existence( existence of the supremum). Next
we then choose a maximizing sequence v™ that satisfy the constraint in (3.11).
According to the Alaoglu theorem, we have that v — v for some v € L9 in L%.the
next step is showing that this maximizer is attained. we do this by considering
two different approaches ; the Lebesgue dominated convergence theorem and the
compactness theorem2.4.11. Finally, we derive the Euler-Lagrange equation of

(3.11) shows that the maximizer solves the original problem (proving theorem

3.2.1).

3.3 Constructing a Maximizer

We first we show that J(v) is bounded from above .

Lemma 3.3.1. If v satisfies the constraint of (3.11) then J(v) is bounded from

above .
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Proof. using Young’s inequality we have

J(0) = 1Qul3e = lx_3 3y * v(@) 13

< b gyllzellvllze,

S0, since for r = 2;’%32 we have

1 1 1
1+-=-+-,
p rr q
by Young’s inequality,
T < Iyl e ol

since, ||v||ze = 1, let us look at

1

2
mwwww:/mjwﬁ%w:/lmzx

20217, R _

p+3 272 1
2
Thus,
J(v) < 1.
O

This boundedness of .J(v) from above guarantees the existence of the supremum
of (3.11). However since bounded sets in L4(R) are not compact, we do not have
the assurance that this supremum, say J"% of (3.11), is actually attained. To

achieve this, we consider another maximization problem

J# =sup{J(w): ||w|lpe =1, w bell — shaped}

Proposition 3.3.2.

maxr ~
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Proof. Clearly, we need to show that v# is a solution to (3.11) and that the other
properties hold for any non-increasing rearrangement. We first show that it satisfies
the constraint. i.e

[0#]| Loy = 1
however, we know that rearrangement preserves LP-norms, thus
1= vl = [v¥]l o) = 1,
hence v#satisfies the constraint. It is also clear that

Jmaw > J#

— mazx*

Conversely, we need to show that

[1Quwpis < [ oot @)par

To this end, for any test function v, using both the Riesz Convolution-reaarangement

inequality Corollary 2.5.10 and Lemma 2.5.4, we have

1Qu(a)[12: = / / Az — y)o(z)o(y)dzdy
< / / Az — y)|o(@)|[u(y) dzdy
< [ [ A= plol* @)l () dody

< 1Qv[*|lz2

thus, J(v) < J(|v|#). O

Now by proposition [3.3.2] we can reduce the set of allowable v to the set of
bell-shaped functions. Let F be the set of all v bell-shaped functions that satisfies

the given constraint i.e ||v||z« = 1. We first recall some properties of F.
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Lemma 3.3.3. Let v € F then for all xy # 0 we have

1
U(|$o|) < ‘ionl/q'
Proof.
1= / |v(x)|dz > / lv(x)|?dz > 2x0v?(x0)
R [z[<zo
S0,
W) < 5
2|0
hence,
1 1 _1
v(lzol) < o lzol ™7 < fwo| 77,
thus, we have for all z 20 v(|z]) < \x!ﬁ O

Lemma 3.3.4. let v € F then for |z| > 1 we have

1

vir) L ——,
= e

and for |x| < 1 we have

Qu(x) < 1.

Proof. Since for v € F by Lemma 3.3.3 for all x > 0 we have,
v < T

and for all |z| > 1 and for any |z| —1/2 <y < |z| + 1/2 using the decreasing

property of v we have
v < o(la] = 1/2) < (| = 1/2)77

S0,
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and for all |z| < 1, we have

x+§ 1 b
Qu(z) < </ v e (y)dy) 7T < vl =1

]

Since we have shown in Proposition 3.2.2 that J,,.. = J7,., there exists a

max?
bell-shaped maximizing sequence {v"}, that is ||v"||z« = 1 and lim J(v") = Jpas
Lemma 3.3.5. For given mazimizing sequence v" there exist a subsequence v™*

such that J(v™) — J(v) and ||v||pe =1

Proof. Since ||v||ps = 1, then by Alaoglu’s theorem we have v™ — v, for some

v € L4. Clearly for all x, we have

Q@) = [ Xyl )y = (g

hence Q(v™) converge pointwise to Q(v). For strong convergence of J(v™) we
have two different proofs.
Proof 1: For a given v" we have lim J(v") = J,4.. We need to show that for some
ve L9,

lim J(v"™) = J(v)

N —00

NI

e [o|Qu™|*de — [, Qu(z)dx. Recall Qu(z) = [72 v(x)dz, then we have

Tr—

D=

z+i
lim [|Qu™ |72 = lim / |/ S @)y
n n—oo Jp a:—%
and using the bound for Qv™(x) from Lemma 3.3.4 we have
Qu" ()" < ©*(x)

where
1 for |z] <1

1 for |z| >1

(lz|-1)a
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and clearly, ®(z) € L', s0 the problem J(v™) — J(v) is a limit-integral interchange

problem. By the Lebesgue dominated convergence theorem we have

lim/]Qv"k(:U)Pdac:/| lim Qv"k\Qd:U:/@v\zdx.

Thus,
lim J(v"™) = J(v) = Jnax-

N —>00
Which ends the proof.

Proof 2: Alternatively we can also prove J(v"™) — J(v). by the following approach.

We will start with the following claim

Claim 3.3.6. The sequence {Qu™} is precompact in L*

Proof. To prove this we need to show that the sequence Qu™ satisfies the conditions
in Corollary 2.4.13. For the first condition we have a bound for Qv™ from Lemma

3.3.4. So, for a given € > 0 and R > 1

| erepes [ <o [t S P
|z[>R |z|>R ({L‘— 5)1) [ R (g;_ i)p 1 (R_ §)p+l (p_|_1)

1+p I4p \E5 1
e = ———— namely, R= =1 4 =
(R—%)§+} (p+1) Y (62(p71)> 2

and thus we obtain a small tail. Finally,

Qv lwra = |QU" ()] e + [|0:Qu" ()| Lo
Using the definition of @) in (3.9) and also using the Leibniz integral rule we have
10:Qu" I, = l[v"(z +1/2) = v"(z = 1/2)|[za < 2[[0" |10 =2

and

00 x+1/2 a
1Qv" (@)|I% < / / Sy | dr < Jollt, = 1

—o0 —-1/2
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which implies that

HQUTLHWLq S 3
thus, by Corollary 2.4.13 we have Qu™ is precompact in L?. ]
From Lemma 3.3.5 there exists a subsequence Qu™ — wy in L? and by the
uniqueness of the weak limit we have that wy = Quv, so

lim J(v™) = lim ||Qu"* ||* = |Qu||* = J(v) = Jmaa-

The final step is to show that v satisfies the constrain. To that end, we know

that by lower semi-continuity of norms we have
HUHLQ S 1.

Since J(v) = J™* > 0 we have v # 0.We will show that in fact ||v|« = 1,
Assume the opposite 0 < p = ||v||r« < 1 and consider the function v/p : ||[v/p||L« =

L. Observe that J(2) = J(v)p™ = J™**p~2 > Jme. Thus, [|v||rs = 1 (otherwise,

we get a contradiction with the constrained maximization problem). This implies

that J(v) = J™*, otherwise, we get a contradiction with definition of J™%*. Thus,

we have shown that the limit v is indeed a maximizer for our problem. O

After showing that the energy functional has a maximizer and that such a
maximizer can be attained, what is left to derive the Euler-Lagrange equation of

(3.11).
Lemma 3.3.7. (3.11) has a bell shaped mazimizer.

Proof. If v is not bell shaped then consider |v|*
Jmax = J(U) < J<|U‘#) < Jmam

which says that |v|# is a bell shaped maximizer O

26



3.4 Euler-Lagrange Equation

We have already shown that problem (3.11) has a maximizer v , next is to derive the
Euler-Lagrange equation. Consider perturbations of v of the form v+ Az, where z a

is fixed even C§°(R) function. Clearly, for each z, there exists \g = A\g(2) such that

forall 0 < A < A, ”Uif\;\ﬁ) satisfies all the constraints. The binomial expansion of

(v(z) + Az)? up to order 2 provides,

o0 [ee)

|+ Az||Le = /OO (v(z) + Az)ldx = / vi(x)dx + )\q/ v~ @) z(x)dr + O(N\?)

o —00 —o00

= ||v||za + Aq /00 v H2)z(z)dx + O(\?)

[e.o]

=1+ Aq /00 v~ H(x)z(2)dz + O(N?).

o0

In addition, by the definition of J(v) ,the self-adjointness of @ on L*(R) and
the properties of dot the product, we have

Jw+Az) = ( Qv+ A2), Qv + A2)) 2(r R)
( Qu,Qu) + ( Qu, AQz) + ( AQz, Qu) + ( A\Qz, AQ2)
= { Qu,Qu) +2X\{ Q*v, 2) + O(\?)

= J() +2XM Q%*v,2) + O(N\?).

then

( vz | Jo+Az) Jm“+2>\< Muv, z) + O(N\?)
fo hellze” ~ o+ Azl — (14 Ag [, o (@)z(a)de + O(N%))2e

again expanding the denominator to O()\?) order again, we have

B JmT + 20 M, z) + O()\?)
C 1+ 20 [T vt (2)2(x)dr + O(N2)
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1-2xq [ v?™ Y (z)z(z)dz
2(

we now multiply the whole expression by — T @)@ this gives

Jmer + 2N Mw, z) + O(\?) 1—2Xg [7 v (z)z(2)dx
Tl +2Xq [72 vt N (z)z(x)dxr + O(N2) 1 — 2Xq [T 09~V (z)z(z)dx

_ Jmax _'_2)\< M, Z> o Jmaszq/ le*l("]j)Z(Qf)dl’—FO()@)

—00

= J™% L 2N M, z) — J™ (097 2)) + O(\?).

Since J( ||U1-|}-—i>_\i\ﬁm) < Jm then for all z € C§°(R) we have

{ Mv — Jm* 0™t 2) < 0.

and also since there are no restrictions on z (other that even with compact sup-

port), it follows that { Mv — J™p?~1 2) = 0 and thus,
Muv — Jm ™t = (. (3.12)

This is our Euler-Lagrange equation.

3.4.1 Conclusion

We obtained a bell-shaped traveling wave u = vr with @ = Jmaz = 2 > 0.
But what about the other values of ¢? To answer the this question we consider

uy = Aug and plug it into the initial problem
Au = M(uP)

so we have,

M(uy) = MOPuD)

= A" M(ug)
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and since we know that cZug = M(ub) then we have
= N\Pclug

= \P1cuy.

If we set ¢ = \P~! this gives

[

APl =

Sl @

and thus for any ¢ > 0
2

()
Co

and u = A\.v is a traveling wave solution with velocity c.
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CHAPTER 4

Generalization to Bell Shaped

Kernels

In [15], the authors considered a non local model for one dimensional elasticity

leading to the equation

uy = (B * f(u)) s, (4.1)

where u = wu(x,t), f is a non linear function of u, and [ is an even integrable
function. They proved local well posedness of the related Cauchy problem under

the assumption that the Fourier transform satisfies
0<B(E) <C(L+&)

here » > 2, and other properties. The triangular kernel, the exponential kernel and
the Gaussian kernel are examples of the most commonly used kernels functions.

Note that from (4.1) if we replace f(u) with u? we get

U = (6 * up>xz

which gives the Stefanov-Kevrekidis’s problem that was studied in Chapter 3 for
the given kernel § = A. In [12], using the concentration compactness principle
it was shown that these equations have traveling wave solutions. In this chapter

adopting the approach in [3,/4], we will generalize the result in Chapter 3 to bell
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shaped kernels.

4.1 Setting of the Problem

Traveling wave solution u = u(x — ct) of (4.1) will satisfy
W = (B % up)//.

Assuming that w,«’ vanishes at infinity, this gives

u= B *ub. (4.2)

Note that the problem studied in Chapter 3 could be expressed as
Au(z) = A *uP (),

where A is the triangular kernel. This is the motivation to generalise the results of

Chapter 3.

Throughout this section, we assume that an integrable bell-shaped kernel [
satisfies:

|z|'/13 € LT, where ¢ = 1 + %, ¢* is the dual exponent.
Theorem 4.1.1. The equation (4.2) has a bell shaped solution wu.

The theorem can be proven with the following steps.
We first consider a different representation of (4.1) by introducing a positive func-

tion w : w#. This reduces the equation to Gwr = B *w. Thus, (4.2) becomes

Cwb = Bew = / " Ble - yuly)dy. (4.3)

To find a solution for (4.3) as stated in theorem 4.1.1 | let ¢ = 1 + % and ¢* be

its dual exponent. As in Chapter 3 multiplying (4.3) by w and integrating over R
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yields the constraint optimization problem
Jmaz = sup{J(v) = (B *xv,v) : ||v|]|pe = 1,v even} (4.4)

where the bracket shows L4, L?* duality. We will fellow the same steps in Chapter3.

4.2 Constructing a Maximizer

Lemma 4.2.1. If v satisfies the constraint in (4.5), then J(v) is bounded from

above.

Proof. Using the Hoélder inequality and Young’s inequality (Theorem 2.1.8), we

have

J(v) = (8 v, 0)| = / B % v(z)o(x)da

< 1B vl o

< Bl ex2 Il1Za < MBIz Bl 21 vliZe < C.

V|| La

Note that 3 being bell shaped implies that it is bounded. Then § € L' N L™, so

B e L" for any 1 < r < oo. Thus the supremum of above J,,,, exists. O]
To attain the supremum of the maximization problem (4.5), consider another
optimization problem

J#

max

= sup{J(w) : ||w|lp« = 1,w bell — shaped}

Proposition 4.2.2. J#

max ~

Jma;c

Proof. We clearly need to show that v# is a solution to (4.5), the other properties
hold for any non-increasing rearrangement. Firstly, we check whether it satisfies
the constraint. i.e

107 | 2oy = 1

32



we also know that rearrangement preserves LP-norms, thus

1= |v]lew) = [v¥]l o) = 1,
hence v#satisfies the constraint. It is also clear that

Jmax - ‘]#

max-*

For the converse, we need to show that J(v) < J(|v|#).

|//6af— Joly dydx\<//ﬁx— ol (@)[vf* (y)dyda.

To this end, using the Riesz convolution-rearrangement inequality Lemma 2.5.6,

provides

[ [ el@sta = wieldsdy < [ [ pi#)8% @ - el sy

Clearly f(z —y) = B#(x — y). Therefore, the last expression is equivalent to
(8 % [of# , |of#) and thus, J(v) < J(u]*). a

Based on proposition [4.2.2, we can finally reduce the set of allowable v to the

set of bell-shaped functions.

Lemma 4.2.3. Suppose that f € L' and |a:|%ﬁ € LY. Then there is some C > 0
so that for all bell-shaped v with ||v||L. = 1,

Bru(r) < Clz| - 1)7

for|z| > 2, and B *xv(x) < C for |z| < 2.
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Proof. B xwv(x) is even because

B*v(x)z/RB(x— dy—/ff — eo(—y)dy = B+ v(~2)

here we use that fact that both § and v are bell-shaped. So it suffices to consider
x> 2. By Lemma 2.3.3 v(z) < ‘:L"_% for  # 0. Then v(z) < \x|_71

B *v(x / Blx —y)v(y)dy + Blx —y)v(y)dy =1+ I1.

|z|>1

= / " Bl — yoly)dy < v - 1) / " Bla—y)dy < 1Bl (@ - 1)F

11 = / eyl =B - )y

<@-1)7 / e~ i B — y)oly)dy

00
1

<=7 ([ (- viota-n)" dy)ql* ([ vwan)” = llelislae o - 7

Adding up I and 11 gives
Brv(@) < Cflal = 1)

And for |z| <2 we have

Bxv(x) = / Bz — y)(y)dy

1

< (foe-n7)" ol

1
< BN} [vlle < C.
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We then pick a bell shaped maximizing sequence {v"}, that is lim J(v") = Jae

and |[v"| e = 1.

Corollary 4.2.4. For given maximizing sequence v™,

C for |z| <2

pxo"(r) < O(x) = .
Cllzl =1« for |z| =2

Lemma 4.2.5. For given maximizing sequence v™ there exists a subsequence v™*

such that J(v™) — J(v) and ||v||Le =1

Proof. Since ||v||p« = 1, then by Alaoglu’s theorem we have v™ — v, for some

v € LY. Then for each x € R, we have

Bx 0™ (x) = / Bz — )™ (y)dy = (Bz — ),u™) = (B(z — ),0) = B *v(z)

so, B % v™(x) converges pointwise to [ x v(zx).

The next is to show that J(v™) converges to J(v). We provide two different
proofs for this convergence.

Proof 1: From Corollary 4.2.4 we have,
g *v"(z) < O(x).

Passing to the pointwise limit this gives

Then

But for |z| > 2
(O()” < C(lz| — 1)+

And since % > 1, (6(z))? € L' then the problem J(v") — J(v) is a limit-integral
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interchange problem. Then by Lebesgue Dominated Convergence Theorem we have

limy,, o0 |8 % 0™ — B % v||Le+ = 0, so that

Bxv™ — Bxv in LI

Then we have

J(U™) = (B x 0™ ™) = ( fxu™ — Bxv,0™) 4+ (xv,0").

since we have

(Bxv,0"™) = ( Bxv,v)

and by Holder Inequality we have

[( B v™ = Bxv, ™) |G 0™ — B o[
Since ||[v™| =1 and || * v™ — B *xv|| — 0 we then have
J(V™) = (B x 0™ 0™y — ( Bxov,v) = J(v)
Thus,

J(0™) = J(v).

This proves that J(v) = Jaz-

Proof 2: Alternatively, we can also prove J(v"™) — J(v). We do this by showing
that B*v™ is totally bounded in L¢" then using that compactness to get convergent

subsequence and that prove the lemma. We start with a claim

Claim 4.2.6. Suppose 3, € L' then the sequence B x v" is precompact in LT

Proof. To prove this we need to show that the sequence Sxv™ satisfies the conditions

in Theorem 2.4.11. For the first condition we have a bound for % v™ from Lemma
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4.2.3. So, for a given € > 0

/ |Bxv™ ()| da §/ da 5 S %/ d o = 1“ )
|z[>R >R C?(|z| — 1)»+1 % Jr (x — 1)pt (R—1)prH(p+1)

€7 = ——t—— so, R=(

_1
— (R—l)p+1(p+1) )P+1 + 1

1
e?” (p+1)

and thus we have a small tail. We then use the fact that ¢ < ¢* to show that

18 % v lwrar = 18 % 0™ (@)l ax + [1Be % 0" (@) | < (WBller + [ Bellc) 0" |- = C

which implies that

18 % v [y < C.
Thus, by Theorem 2.4.11 we have 3 * v™ is precompact in L7 . O]

From the above there exists a subsequence [ % v — wg = [ * v. And again

since v™ — v, we have
J(™) = (Bxv™ ™) = ( Bxv™ — Bxv, ") + (B xv,0"F)

since v™ — v we have

(Bxv,0"™) = ( Bxv,v)

and by Holder Inequality we obtain
[( B v™ = Bxv, ™) |G 0™ — B o[
Since ||[v™| =1 and || *x v™ — B *xv|| — 0 we then have
J(0™) = (B x 0™, 0™y — ( Bxov,v) = J(v)

so by the uniqueness of the weak limit we have that J(v) = Jaz-

And we have same proof as in Chapter 3 for ||v|| .+ = 1. O

Note: How can it be certain that v is infact bell shaped?
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Lemma 4.2.7. There is a bell shaped maximizer v.

Proof. If v is not bell shaped then consider |v|#,
Jmaa} - J(U) S J(|U‘#) S Jma:c

which says that |v|# is a bell shaped maximizer. O

4.3 Euler-Lagrange Equation

We have shown that (4.5) has a maximizer v , next is to derive the Euler-Lagrange
equation. Consider perturbations of v in the form v 4+ Az, where z a is fixed even

C°(R) function. Clearly, for each such z, there exists A\g = \g(z) such that for all

0< A< N\, Hlﬁ:;ﬁ - satisfy all the constraints. Thus after the binomial expansion

of (v(x) + Az)? up to order 2 we have,,

v+ Az||La = /_OO (v(x) + A2)idx = /00 vi(z)dr + \g /OO v (@) 2(x)dr + O(N\?)

[e.9] —00 —00

= ||v||e + \q /_oo v 2)z(z)dx + O(\?)

[e.9]

=1+ g /_oo v (@)z(z)da + O(NY),

[e.9]

and also by the definition of J(v) ,the self-adjointness of § and the properties of

dot product we have,

J(+Az) =( Bx(v+ Az2), (v+ Az))
=(fxv,v)+( Bxv,A2) + ( fxAz,v) + ( B* Az, \2)
= J(W) + 2\ B*v,z) + O(\).

then

1 v+ Az - Jv+Az) Jmer L N B x v, z) + O(N\?)
o+ Azllee” o+ Azl3e  (L+Ag [0 vt t(2)2(x)d + O(X2))?/d
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expanding the denominator to O(A?) order we have

o Jmer 42N Bxv,2) + O(N?)
142\ f_oooo vi-1(x)z(x)dx + O(N\2)’

1-2Xq [ v (2)2(z)dx
z(z)d

and now multiply the whole expression by — TS v () ()

, we then have

Jmer L 20 B x v, z) + O(N\?) 1—2Aq [7 v (2)z(x)dx
1+ 2X0q [72 v Y (z)z(z)de + O(N?) 1 —2Xq [T vi ! (x)z(x)dx

= JMT 4+ 2N Bxuv,z) — Jmax2>\q/ v (x)2(x)dr + O(\?)

o0

= J" LN B v, z) — T 0T 2)) + O(N?).

Since J(”vff\i‘ﬁm) < Jm@ then for all z € C§°(R) we have

( Bxv— Jm i1 2) <0,

and again since there are no restrictions on z (other that compact support), it

follows that { 8% v — J™@y9~1 2) = 0 and thus,
Bxuv— Jyi=t = (. (4.5)

Equation (4.6) is now the Euler-Lagrange equation.

Similar to Conclusion 3.4.1 if we consider uy = Ay and set ¢ = \P~! we observe
2

that for any ¢ # 0, A\, = (é) " and uy = (8 % uh)

4.4 Examples

Example 1: Consider f(x) = %e*m, B is clearly even Additionally, S(x) is non
increasing in [0, 00), and for all  [(z) >,0 thus 5(z) is bell-shaped.

> 1
/ —elldy =1,
oo 2
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thus B € L', and also

ot Leowr 1o

And finally g'(z) = 3 e Il e L.
This shows that (z) = Le ~I#l satisfy all the assumptions on f3.
Example 2: For f(z) = e~*", obviously £ is bell-shaped, integrable, |x|é B e LT,
and since f'(x) = —2ze~*" € L' all conditions are satisfied.
Example 3: Consider the triangular kernel
Alr) = 1—|z| for |z] <1
0 for |z|>1
B € L', bell-shaped and 3'(z) = oL
f_ll |(x)|dx = 2, this means that §'(x) € L.
Example 4: () = 70 (z) is bell-shaped and also

/OO dv
_ool—l—x?_ﬂ

1\ 71
and hence 3(z) € L' and also [ ( 2] ) dx = p+1. This shows that 2| € L.

and the derivatives is zero outside (—1,1). So

1422

B'(z) = %= and [, |B|'(x)dz = ||8]|1:. This also implies that §'(z) € L'. Show-

(1+z2)2

ing that all the conditions are satisfied.

Example 5:
1—2a? for |2]<1

plx) =

0 for |z|>1

In this case also, 3(z) is bell-shaped and clearly [, f(x)dzr = %, this gives
B € L' and |£L‘|%ﬁ € L. We also have that

, —2z for |z| <1
px) =
0 for |z|>1

This clearly shows that 8'(x) € L'. In conclusion this kernel also satisfies all the

conditions.
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