connecting R and O. Then, P & () is the point such that L’ intersects £ at R, O
and P ® Q.

Proposition 2.4 Let E be an elliptic curve with the base point O = [0, 1,0]. Then,
E is an abelian group under the operation &, where the identity element of this
group is O.

Proof: [5, Chapter III, Section 2]

Group Law Formula

Let E be an elliptic curve given by

E yz + a1y + azy = 3+ apx? + agx + Qe.

(a) Let Py = (z0,%0) € E. Denote by ©F, the additive inverse of Py = (xo, %0)-
It is given by @PO = (230, —Yo — A1Tg — CL3).

Let P, ® P = Py with P = (xi,yi) c k.

b)Ifry=2,and ys +y» + a122 +a—3 =0then P, & P = O.

Otherwise, let

A=y = Weon f gy o,

N\ — 3x3+2 apx1+as—aiys —x3+asx1+2 ag—asy1 if o
diraxitas 0 0T 2y1+aix1+as 1L Ty = T2
(Then, y = Az + v is the line through P;, P, or tangent to E if P, = P)
(c)Pg—Pl@lesglvenbyxg,—/\2+a1)\—a2—x1—xz
Yz = —()\ + (11)1’3 — UV — as.

Definition 2.5 For projective curves E, E', a morphism ¢ : E — FE' is defined by
a polynomial mapping

G (XY 2] [0o(X,Y,Z): 01(X,Y, Z) : 62(X,Y, Z)]

where ¢; are homogeneous polynomials of equal degree such that [¢o(X,Y,Z) :
01(X, Y, Z) : 02(X,Y, Z)] satisfies the equation which defines E’' for any [X : Y :
Z) € E.

To every morphism of curves we can associate an integer called its degree.

Definition 2.6 The degree of ¢ : E — L' is the degree of the function field exten-
sion K(E')/K(F) induced by ¢.

A homomorphism of elliptic curves is a morphism of elliptic curves that
respects the group structure of the curves.

An isomorphism of elliptic curves is a morphism of degree 1.

Later on, we will see that there is a relation between "lattices" over C and
elliptic curves defined over C. This relation is given by "Weierstall p—function".

Definition 2.7 A discrete subgroup of C which contains an R-basis for Cis called
a lattice. And, the number of basis is called the rank of the lattice.

Definition 2.8 Let Ay, A, be two lattices. We say A1 and A, are homothetic if there
isa c € C* with cA1 = A,.



