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Abstract

The Hill-Schrodinger operators, considered with singular complex valued periodic
potentials, and subject to the periodic, anti-periodic or Neumann boundary conditions,
have discrete spectra. For sufficiently large integer n, the disk with radius n and with
center square of n, contains two periodic (if n is even) or anti-periodic (if n is odd)
eigenvalues and one Neumann eigenvalue. We construct two spectral deviations by
taking the difference of two periodic (or anti-periodic) eigenvalues and the difference
of a periodic (or anti-periodic) eigenvalue and the Neumann eigenvalue. We show that
asymptotic decay rates of these spectral deviations determine the smoothness of the
potential of the operator, and there is a basis consisting of periodic (or anti-periodic)
root functions if and only if the supremum of the absolute value of the ratio of these
deviations over even (respectively, odd) n is finite. We also show that, if the potential
is locally square integrable, then in the above results one can replace the Neumann
eigenvalues with the eigenvalues coming from a special class of boundary conditions

more general than the Neumann boundary conditions.



TEKIL VE PERIYODIK POTANSIYELE SAHIP HILL-SCHRODINGER
OPERATORLERINDE POTANSIYELIN TUREVLENEBILIRLIGININ VE DE
RIESZ BAZI OZELLIGININ PERIYODIK, ANTIPERIYODIK VE NEUMANN

SPEKTURUMU CINSINDEN KARAKTERIZASYONU

Ahmet Batal
Matematik, Doktora Tezi, 2014

Tez Danigmani: Prof. Dr. Plamen Djakov

Anahtar Kelimeler: Hill operatorii, Potansiyelin tiirevlenebilirligi, Riesz Baz

(")zet

Tekil ve periyodik potansiyele sahip Hill-Schrodinger operatorlerinin, periyodik, an-
tiperiyodik ya da Neumann sinir kogullar1 altinda ayrik spektrumlar: vardir. Yeterince
biiyiik tamsay1 n’ler i¢in n yaricapli ve n kare merkezli diskler icinde eger n ciftse
periyodik, eger n tekse antiperiyodik sinir kogullarindan gelen iki 6zdeger ve bir tane
de Neumann sinir kogulundan gelen 6zdeger bulunur. Bu iki periyodik (ya da antiperiy-
odik) 6zdegerin farkimi ve de bir periyodik 6zdegerle (ya da antiperiyodik) Neumann
ozdegerinin farkini alarak iki tane spektral sapma olusturulmug ve de potansiyelin
“tiirevlenebilme” derecesinin bu spektral sapmalarin asimtotik azalma hizlariyla karak-
terize edilebilecegi gosterilmistir. Ayrica periyodik ( ya da antiperiyodik) kok fonksiy-
onlarinin bir Riesz baz1 olugturmasinin ancak ve ancak bu sapmalarin oranlarinin mut-
lak degerinin ¢ift (ya da tek) n’ler {izerinden alinan supremumunun sonlu olmasiyla
miimkiin oldugu gosterilmistir. Potansiyelin karesinin lokal integrallenebildigi durum-
larda ise yukarida ifade edilen sonuglarda Neumann 6zdegerlerinin, daha genel bir sinir

kogulu smifindan gelen 6zdegerlerle degistirilebilecegi gosterilmistir.
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CHAPTER 1

Introduction

We consider the Hill operator
Ly =—y"+v(x)y, x€[0n] (1.1)

with the following boundary conditions (bc):

Periodic (be = Per™) : y(0) = y(m), y'(0) =y (n);
Antiperiodic (be = Per~):  y(0) = —y(x), ¥(0) = —y/(x);
Dirichlet (bc = Dir) : y(0) = y(7) = 0;

Neumann (be = New):  4/(0) = ¢/(x) =

For each of the above boundary conditions the spectrum of (1.1) is discrete. Moreover
the spectrum is localized so that, for sufficiently large n € N, there exists a disc
centered around n? consisting of two eigenvalues (counted with multiplicity) A, and
A of periodic (if n is even) or antiperiodic (if n is odd) boundary conditions. It also
consists one eigenvalue p, of Dirichlet and one eigenvalue v,, of Neumann boundary
conditions. There is a close relation between the eigenvalues A, and A and the
spectrum of the same operator (1.1) but considered on the whole real line. (1.1)
considered on R with a real-valued m-periodic potential v € L?([0, 71]), is self-adjoint and
its spectrum has a band-gap structure, i.e., it consists of intervals separated by spectral
gaps (instability zones). The Floquet theory (e.g., see [1]) shows that the endpoints of
these gaps are eigenvalues A\, At of (1.1) with periodic boundary conditions for even
n and antiperiodic boundary conditions for odd n.

Hochstadt [2, 3] discovered that there is a close relation between the rate of decay
of the spectral gap v, = A} — X, and the smoothness of the potential v. He proved that
every finite zone potential is a C"*°-function, and moreover, if v is infinitely differentiable
then v, decays faster than any power of 1/n. Later several authors [4]- [6] studied this
phenomenon and showed that if v, decays faster than any power of 1/n, then v is
infinitely differentiable. Moreover, Trubowitz [7] proved that v is analytic if and only
if vn decays exponentially fast.



If v is a complex-valued function then the operator (1.1) considered on R is not
self-adjoint and we cannot talk about spectral gaps. But A\F are still well defined for
sufficiently large n as eigenvalues of (1.1) considered on the interval [0, 7] with periodic
or antiperiodic boundary conditions, so we set again 7, = A — A~ and call it the n-th
spectral gap. Again the potential smoothness determines the decay rate of ,, but in
general the opposite is not true. The decay rate of v, has no control on the smoothness
of a complex valued potential v by itself as the Gasymov paper [8] shows.

Tkachenko [9]- [11] discovered that the smoothness of complex potentials could
be controlled if one consider, together with the spectral gap v,, the deviation 627 =
AF—p,,. He characterized in these terms the C*°-smoothness and analyticity of complex
valued potentials v. Moreover, Sansuc and Tkachenko [12] showed that v is in the
Sobolev space H?, a € N if and only if ~,, and 6”7 are in the weighted sequence space
2 = 2((1 +n?)2/?).

The above results have been obtained by using Inverse Spectral Theory. Kappeler
and Mityagin [13] suggested another approach based on Fourier Analysis. To formulate
their results, let us recall that the smoothness of functions could be characterized by

weights Q = (2(k))kez, and the corresponding weighted spaces are defined by

H(Q) = {o(x) = > o™, > |un*(Qk))* < oo},
kEZ keZ
A weight Q is called sub-multiplicative, if Q(—k) = Q(k) and Q(k +m) < Q(k)Q(m)
for k,m > 0. In these terms the main result in [13] says that if € is a sub-multiplicative
weight, then
(A) ve HE) = (B) (), (55”) € *(Q). (1.2)

Djakov and Mityagin [14-16] proved the inverse implication (B) = (A) under some
additional mild restrictions on the weight (2. Similar results were obtained for 1D Dirac
operators (see [16,18,19]).

The analysis in [13-16] is carried out under the assumption v € L*([0, 7). Using
the quasi-derivative approach of Savchuk-Shkalikov [17], Djakov and Mityagin [20] de-
veloped a Fourier method for studying the spectra of L with periodic, antiperiodic,
and Dirichlet boundary conditions in the case of periodic singular potentials and ex-
tended the above results. They proved that if v € H,(R) and Q is a weight of
the form Q(m) = w(m)/|m| for m # 0, with w being a sub-multiplicative weight,
then (A) = (B), and conversely, if in addition (logw(n))/n decreases to zero, then
(B) = (A) (see Theorem 37 in [21]).

A crucial step in proving the implications (A) = (B) and (B) = (A) is the following

statement (which comes from Lyapunov-Schmidt projection method, e.g., see Lemma

an(z) B (2)

21 in [16]): For large enough n, there exists a matriz such that a
B (2) an(2)

number A = n? + z with |z| < n/4 is a periodic or antiperiodic eigenvalue if and only if
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2 is an eigenvalue of this matriz. The entrees a,(2) = a,(z;v) and B (2) = BE(2;v)
are given by explicit expressions in terms of the Fourier coefficients of the potential v
and depend analytically on z and v.

The functionals S give lower and upper bounds for the gaps and deviations (e.g.,
see Theorem 29 in [21]): If v € HL(R) then, for sufficiently large n,

per
1 .
=B GO+ 182 D < bl + 1671 < 38087 () + 18 (=), (1.3)

where z; = $(A\} + A;) — n?. Thus, the implications (A) = (B) and (B) = (A) are

equivalent, respectively, to

(A): veHQ) = (B): (I67E)+18,(=)]) € (), (1.4)

and (B) = (A). In this way the problem of analyzing the relationship between potential
smoothness and decay rate of the sequence (|v,| + [62]) is reduced to analysis of the
functionals 5£(z).

The asymptotic behavior of 3X(z) (or 7, and 62 plays also a crucial role in
studying the Riesz basis property of the system of root functions of the operator L
with periodic or antiperiodic boundary conditions. In [16, Section 5.2], it is shown (for
potentials v € L?([0,7])) that if the ratio 8 (27)/8, (2}) is not separated from 0 or oo
then the system of periodic (or antiperiodic) root functions does not contain a Riesz
basis (see Theorem 71 and its proof therein). Theorem 1 in [23] (or Theorem 2 in [22])
gives, for wide classes of L2-potentials, a criterion for Riesz basis property in the same
terms. In its most general form, for singular potentials, this criterion reads as follows
(see Theorem 19 in [24]):

Criterion 1. Suppose v € H L(R); then the set of root functions of Lpe+(v) con-

per

tains Riesz bases if and only if

0< inf 15 /15 )] sup 167 (20116 (25)] < oo, (1)

Yn#0

where n is even (respectively odd) in the case of periodic (antiperiodic) boundary con-
ditions.

In [25] Gesztesy and Tkachenko obtained the following result.

Criterion 2. Ifv € L*([0,7]), then there is a Riesz basis consisting of root functions

of the operator Lpe.+(v) if and only if

sup |8, |/l < o0, (1.6)

n#0

where n is even (respectively odd) in the case of periodic (antiperiodic) boundary con-
ditions.

They also noted that a similar criterion holds if (1.6) is replaced by

sup |8, "]/ |a| < 0o, (1.7)
n#0



where §¥¢* = At — v, (recall that v, is the n-th Neumann eigenvalue).

Djakov and Mityagin [24, Theorem 24| proved, for singular potentials v € Hp*; (R),
that the conditions (1.5) and (1.6) are equivalent, so (1.6) gives necessary and sufficient
conditions for Riesz basis property for singular potentials as well.

On the other hand, the author has shown (see Theorems 1 and 2 in [26]), for
potentials v € LP([0,x]), p > 1, that the Neumann version of Criterion 2 holds and the
potential smoothness could be characterized by the rate of decay of |v,| + [62"|. In
this thesis we extend these results for singular periodic potentials v € H, . (R). More

precisely, the following theorems hold.

Theorem 1.1. Suppose v € HL(R) and Q is a weight of the form Q(m) = w(m)/m

per

for m # 0, where w is a sub-multiplicative weight. Then
v € H(Q) = (|nml), (165°"]) € £2(); (1.8)
conversely, if in addition (logw(n))/n eventually decreases to zero monotonically, then
(lral), (I677]) € €2(2) = v € H(Q). (1.9)
If limw > 0, (i.e. w is of exponential type), then
(), BNy € 2(Q) = Fe>0: ve H(eM). (1.10)

Theorem 1.2. Ifv € H,.(R), then there is a Riesz basis consisting of root functions

of the operator Lpe.+(v) if and only if

sup |62 /|| < oo, (1.11)

n#0

where n is respectively even (odd) for periodic (antiperiodic) boundary conditions.

We do not prove Theorem 1.1 and Theorem 1.2 directly, but show that they are valid
by reducing their proofs to Theorem 37 in [21] and Theorem 19 in [24], respectively.

For this end we prove the following theorem which generalizes Theorem 3 in [26].

Theorem 1.3. Ifv € H;;(R), then, for sufficiently large n,

%(I@T(ZZ)I + 18, (Z)]) < Il + 167 < 1918, ()] + 18, (27)))- (1.12)

Next we show that Theorem 1.3 implies Theorem 1.1 and Theorem 1.2. By Theo-
rem 29 in [21] and Theorem 1.3, (1.3) and (1.12) hold simultaneously, so the sequences
(|7n] + [02%]) and (|7, | + |0¥%]) are asymptotically equivalent. Therefore, every claim
in Theorem 1.1 follows from the corresponding assertion in [21, Theorem 37].

On the other hand the asymptotic equivalence of |y, |+]62"| and |, |+]d2*| implies
that sup,, o027 |/|7m| < oo if and only if sup, o [0,|/|7a| < oo, so (1.6) and (1.11)
hold simultaneously if v € H_L(R). By Theorem 24 in [24], (1.6) gives necessary and

per
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sufficient conditions for the Riesz basis property if v € H;;(R). Hence, Theorem 1.2 is
proved.

Theorem 1.3 is proved in Section 4, following the method developed in [15] in the
case of Dirichlet boundary conditions.

Moreover in Section 5 we consider a special class of boundary conditions (3.1).
These boundary conditions are first introduced by Kappeler and Mityagin in [13] and
they noted that in (1.2) one can replace the Dirichlet deviations 62" by the deviations
8, coming from these boundary conditions , i.e. ; v € H(Q) = (7,), (6,) € 2(Q).
In the last section (Theorem 3.4) we show that if v € L?([0,7]), then the sequences
1B (z5)| + 18, (25)] and |y,] + |0,] are asymptotically equivalent as well. Hence under

the assumption v € L?([0, 7]) Theorem 1.3 and therefore Theorem 1.1 and 1.2 are still

valid if we replace 62 by d,,.



CHAPTER 2

Neumann Boundary Conditions

2.1 Preliminary Results

Let D be the space of test functions on R, i.e., it consists of all infinitely differentiable
functions with compact support. For each 7' > 0 let Dy be the space of test functions

¢ with suppp C [-T,T]. We define H, l;cl (R) as the space of distributions v satisfying
VT >0 3ACr: |(v,9)| < Crllellr Ve € Dr (2.1)

where

el = [ (e@F + ¢/ @P) de

Since for each ¢ € Dy, (x) = [*,¢(t)dt, one can casily see that

/ " ()P < (2T / " @) e

=T =T

Hence condition (2.1) can be rewritten as
VT >0 3Cr:  |(v,9)] < Crll¢'|l2(-rayy Ve € Dr. (2.2)
A distribution v is called w-periodic if
(v,0(2)) = (v, p(x — 7)) VpeD.

Further we denote the space of m-periodic distributions satisfying (2.1) by HL(R). It

per

is known (see [28], Remark 2.3) that the following proposition holds.

Proposition 2.1. If v € H L(R) then it has the form
v=C+ Q) (2.3)

where C is a constant and Q is a m7—periodic L} (R) function which is uniquely deter-

mined up to a constant.



Proof. We follow the proof of Proposition 1 in [20]. Let D' = {¢' : ¢ € D} and
={¢ : ¢ €D} Ifve HY(R), by (2.2) we see that for each T > 0 the

loc

functional ¢ acting as
4(¢) = —(v,p) ¢ el
is a continuous linear functional in the space D} C L*([T,T]). Hence by the Riesz

Representation Theorem there exists a function Qr(x) € L*([T,T)) satisfying

/ QT d(lf VQO € D,
Since this is true for all T > 0 one can see that there is a function Q(x) € L? (R) such
that

/ Q(z)¢'(x)dr Vo e D (2.4)

The function ) is determined up to an additive constant since only constants are
orthogonal to D% in L?([T,T]). Therefore we obtain

(v,0) = —q(¢) = —(Q,¢") = (Q', ¥),

ie.,
v=CQ". (2.5)

If v is w-periodic and Q(x) € L? (R) satisfies v = Q' then by (2.4) we have

loc

/Q + ) da:—/ Qlx x—wdx—/ Ol

/_OO (Q(z+7) —Qx)) ¢'(x)dx =0 Vo € D.

(e 9]

ie.,

Thus, there exists a constant ¢ such that

Qx4+ 7)) —Qx)=c a.e. (2.6)
Now if we define the function Q(z) = Q(x) — £z, by (2.5) and (2.6) we see that Q(x)
is m-periodic and v = é’ — £, O]

™

Consider the Hill-Schrédinger operator on the interval [0, 7| generated by the dif-

ferential expression
Uy)=—y" +v-y, (2.7)
where v € H,.L(R). By Proposition 2.1, v has the form (2.3). Therefore for ¢ € D we

per

have
(=y" +vy,0) =, ¢") +(Qy, ) + (Cy, p).
The term (Q'y, ) = (Q', yp) can be written as
(Qyp) = —(Q, (yp)) = —(Q, ¥ ¢ +y¢) = —(QY, ) — (Qy, ¥).

7



Hence we get

(=" +vy,0) =W —Qu,¢") + (—QyY' + Cy,¢) = —((v — Qy) + Qy' — Cy, p).

On the other hand, from now on we assume, without loss of generality, that C' = 0
since a constant shift of the operator results in a shift of the spectra but the objects
we analyze i.e., root functions, spectral gaps and deviations, do not change. Therefore

the differential expression (2.7) can be written as

Uy)=—-( - Qy) — QY. (2.8)

The expression 3y’ — Qy is called quasi-derivative of y. We define the appropriate
boundary conditions and corresponding domains of the operator following the approach
suggested and developed by A. Savchuk and A. Shkalikov [17,27] and R. Hryniv and Ya.
Mykytyuk [28]. The classical periodic, antiperiodic, Dirichlet and Neumann boundary

conditions (bc) are replaced by the following:

Periodic (bc = Pert) : y(0) =y(m), (¥ —Qy)(0) = (¥ — Qu)(7);
Antiperiodic (be = Per™) 1 y(0) = —y(7), (¥ —Qy)(0) = —(y — Qy)(7);
Dirichlet (be = Dir) : y(0) = y(m) = 0

Neumann (bc = Neu) : (v = Qy)(0) = (¥ — Qy)(r) = 0;

Remark 2.2. Note that, for a given potential v, the function () is determined up to
a constant shift, i.e., () can be replaced by ) + t for any constant ¢. This freedom
of choice of () has no effect on how the operator acts, neither on the periodic, anti-
periodic or Dirichlet bc’s but it does change the Neumann bc we consider. So the above
definition of Neumann bc describes a family of boundary conditions which depends on
the choice of Q. In particular, if v € L*([0, 7]), then @ is absolutely continuous and
the Neumann bc we defined above can be rewritten as y'(0) = ty(0) and ¢/(7) = ty(n),
where the parameter ¢t = Q(0) = Q(m) can be any complex number since we are free to
shift (). Hence any result we obtain about the Neumann bc as defined above applies to
all members of this family of boundary conditions in the case of v € L'([0, 7]) including

the classical Neumann bc where ¢ = 0.

For each of the above bc, we consider the closed operator Ly, acting as L.y = ¢(y)

in the domain
Dom(Luc) = {y € W5 ([0,7]) : y' — Qy € Wi ([0, 7)),
{(y) € L*([0,7]), and y satisfies bc}.
For each be, Dom(Ly.) is dense in L*([0, 7]) and Ly. = Ly.(v) satisfies

(Lpe(v))* = Lpo(D) for bec = Per®, Dir, Neu, (2.9)

8



where (Ly.(v))* is the adjoint operator and 7 is the conjugate of v, i.e., (U, h) = W for
all test functions h. In the classical case where v € L2([0, 7)), (2.9) is a well known fact.
In the case where v € HpeT(R) it is explicitly stated and proved for bc = Per®, Dir
in [20], see Theorem 6 and Theorem 13 there. Following the same argument as in [20]
one can easily see that it holds for bc = Neu as well.

If v = 0 we write L), (or simply L°). The spectra and eigenfunctions of L), are as
follows:

(a) Sp(LY,,+) = {n? n = 0,2,4,...}; its eigenspaces are £} = Span{e*"} for
n>0and £ =C, dim&? =2 for n > 0, and dim & = 1.

(b) Sp(LY,,-) = {n? n =1,3,5,...}; its eigenspaces are &2 = Span{e*"*}, and
dim &2 = 2.

(c) Sp(LY,,) = {n?® n € N}; each eigenvalue n? is simple; its eigenspaces are
8% = Span{s,(x)}, where s, (z) is the corresponding normalized eigenfunction s, (z) =
V2 sinna.

(d) Sp(L%.,) = {n? n € {0} UN}; each eigenvalue n? is simple; its eigenspaces
are C0 = Span{c,(z)}, where ¢,(z) is the corresponding normalized eigenfunction
co(z) = 1, ¢p(x) = V2 cosnx for n > 0.

The sets of indices 27Z, 27 + 1, N, and {0} UN will be denoted by I'pe,+, I'per—,
['pir and I'ye,, respectively. For each be, we consider the corresponding canonical
orthonormal basis consisting of eigenfunctions of LY , namely Bp.+ = {€"*},cr
Bpe,— = {ezm}nerl,”_, Bpir = {5n(%) }nerps» Breuw = {6n(T) }neryen-

In [20], Djakov and Mityagin developed a Fourier method for studying the operators
Ly for be = Per®, Dir in the case of H !
let us denote by f2° the Fourier coefficients of a function f € L'([0, 7]) with respect to
the basis By, i.e.,

Pert’?

(R) potentials. To summarize their results

ﬂ’c = —/7r f(z)ule(z)dz, kel ul(z)e By (2.10)
0
Set also
Vi(k) =ikQF", V(0)=0, V(k)=kQP". (2.11)

Let (1(Ty) = {a = (ar)rer,, © Doper, (1 + #?)]ax* < co}. Consider the unbounded
operators Ly. acting in £*(Ty.) as Ly.a = b = (bg)rer,,, Where

by = k*ay + Z Vi(k —m)a,, for bc = Per*, (2.12)
mely.
b = k2ay —|— Z ( (|k—=m|) — V(k+ m)) ay, for be = Dir, (2.13)
mEFD”«

respectively in the domains

Dom(Ly.) = {a € 3(Ty.) : Lyea € *(Tye)}. (2.14)



Then for be = Per*, Dir we have (Theorem 11 and 16 in [20] )

Dom(Ly.) = ]-"b_l

C

(Dom(Ly.)) and Ly = Fy,' 0 Lye 0 Fpe, (2.15)

where Fy. : L2([0,7]) — 2(Ty) is defined by Foo(f) = (f2)ier,,. Similar facts hold
in the case of Neumann boundary conditions as well. Indeed let us construct the

unbounded operator Ly, acting as Lye, a = b, where
be = K2ap + V(k)ao + — Z ( (|k —ml|) + V(k + m)> i, (2.16)
in the domain Dom(Lye,) given by (2.14) for bc = Neu. The following proposition

implies that (2.15) holds in the case of Neumann bc as well.

Proposition 2.3. In the above notations,
y € Dom(Lyey) and Lyeyy =h (2.17)

if and only if

g=@"

u)kerNeu e Dom(ﬁNeu) and LNBU@\: /l-\L; (218)
where h = (ﬁfcve“)keplveu,

Proof. The proof is similar to the proof of Proposition 15 in [20]. If (2.17) holds then
2=y — Qy e W([0,7]) and 2(0) = z(7) = 0. Hence by Lemma 14 in [20] we have

Z’éveu =0 and z ffe“ = kzP" for k € N (2.19)
and
ZDr — et — (Qy)R (2.20)

On the other hand since h = Lyeuy, by (2.8) we have
h=—2—Qy, (2.21)
which together with (2.19) and (2.20) implies
Y = PG+ R QP — (Qu)Y (2:22)

Using trigonometric identities one can easily show that
N i 1 - ~Neu 17‘/\ eu
@ = 75 37 (@0, + sonll = m)QRT,. ) I + QPR (2.23)
m=1

and

@) = — Z( 0P8, = sgn(k = m)QR",, ) mie (2:24)

m:

10



Combining (2.22), (2.23), (2.24) we get
T Neu 2’\Neu ADir ANeu 1 - ADir ADir ANeu
e = KGN + kQf 7 > ((k+m)QP0, + [k —m|QR7,. ) G, (2.25)
m=1

Comparing (2.25) with the definition of V (k) and the definition (2.16) of Lye, we see
that (2.18) holds.

Conversely, if (2.18) holds, then we can go from (2.25) back to (2.22) and see that
z =1y — Qy € Ly([0,7]) has the property that kzZ”" are the cosine coefficients of an
Ly([0, 7]) function. Therefore, by Lemma 14 in [20], z is absolutely continuous, z(0) =
z(m) = 0, and those numbers are the cosine coefficients of its derivative z’. Hence,
z=1y —Qy e WL0,n]) and £(y) = h, i.e., y € Dom(Lyey) and Lyey(y) = h. O

In the sequel, for bc = Per®, Dir, Neu, we identify the operator L;. acting on
the function space L*([0, 7]) with L. which acts on the corresponding sequence space
(*(T'y) and use one and the same notation Ly, for both of them. Moreover, the matrix
elements of an operator A acting on the sequence space (?(T'y.) will be denoted by
Abe where n,m € T'y.. The norm of a function f € L([0, n]) and an operator A from
L*([0,7]) to L*([0, x]) for a, b € [1, oo] will be denoted by || f[|, and [|A]| _ , respectively.
We may also write || f|| and [|Al| instead of |||, and ||A[], _, respectively.

By (2.12), (2.13), and (2.16) we see that L. has the form Ly, = L + V, where we
define the operators L° and V, acting on the corresponding sequence space ((I'y.), by

their matrix representations

LY, = K*0km for all be, (2.26)

Vim = Vi(k—m) for bc = Per®, (2.27)
1 .

Viem = 7 ( (|k —m|) = V(k+ m)) for be = Dir, (2.28)

Vim = Cim (‘7(|k —m|)+ V(k+ m)) for bc = Neu, (2.29)

where ¢y, = 1/+/2 if km # 0 and cem = 1/2 if km = 0. Note that in the notations of
LY and V the dependence on the boundary conditions is suppressed.

Let Ry = (A — Lye) ™ and R} = (A — LY)7'. Since A — Ly = A — L), =V =
(1-VRY)(A—LY.) we have Ry = RY(1—V R3)~!. On the other hand (1-VR})™' =1+
>0 [(VRY)® if the series on the right converges. Hence, assuming the series converge,
we obtain .

Ry= R+ > RI(VRY)". (2.30)
s=1
Moreover if there exists a square root K, of R}, i.e., K3 = RY, then (2.30) can be
rewritten as

Ry =R+ K\(FK\VEK,) K. (2.31)

s=1
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Note that if
[ KOV Ky [la—2 < 1, (2.32)

then series in (2.31) converges, hence R exists.

By (2.26) we see that the matrix representation of RS is

. 1
(R = N2 0me Kym € T (2.33)

We define a square root K = K, of R by choosing its matrix representation as

(K)o = (/\_—;Q)l/?fskm, k,m € [y, (2.34)
where 2/2 = |2|'/2¢"/2 for z = |z|e?, 6 € [0, 27).
Let

HY ={\eC:Re X< N?+ N}, (2.35)
Ry={A€C:—N<ReA< N>+ N, |Im)\ <N}, (2.36)
H,={\A€C:(n—1><Re)<(n+1)%}, (2.37)
G,={ eC:n*>—n< ReX<n’+n}, (2.38)
D,={\€C:|\—n? <r,}. (2.39)

Assuming only v € HL(R), Djakov and Mityagin showed (see [20], Lemmas 19 and

per

20) that there exists N > 0, N € ['y. such that (2.32) holds for A € HY\ Ry and also
for all n > N, n € Ty (2.32) holds for A € H,\D,, if bc = Per® and for A € G,,\D,, if

bc = Dir with r, = n. Therefore, the following localization of the spectra holds:

Sp(Ly.) C Ry U U D,, bc= Per®, Dir. (2.40)

n>Nn€el'y.

Moreover, using the method of continuous parametrization of the potential v, they

showed that the spectrum is discrete for be = Per®, Dir and
ﬁ(Sp(Lper-&-) N RN) = 2N + 1, ﬂ(Sp(Lper-&-) N Dn) = 2, n > N, n e Fper+,
ti(Sp(LPer—) N RN) - 2N7 ﬂ(Sp(LPer—> N Dn) = 27 n > N,n € FPer_v
8(Sp(Lpir) N Ry) =N, (Sp(Lpir) N D) =1, n> N,n € 'p;.

Remark 2.4. Although in [20] Djakov and Mityagin formulated these lemmas for the
discs D,, with r, = n they also pointed out (see the remark after Theorem 21) that
the disks D,, can be chosen as r,, = né,, where &, — 0. Hence the localization of the

spectra can be sharpen for all bc’s we consider.
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For Neumann bc the situation is similar. The Neumann eigenfunctions ¢ (x) of the
free operator are uniformly bounded and form an orthonormal basis, so using the same
argument as in [20] one can similarly localize the spectrum Sp(Lye,) after showing
that (2.32) holds for A & Ry U {U
the Hilbert-Schmidt norm

> Nel non Dn} . To be more specific first note that

[Alls = <Z|Akm|2)l/2 (2.41)

k,m
of an operator A majorizes its L? norm || A||. In [20] (inequality (5.22)) it is shown that

K\VK Dir |2 <
3V ) s < Y

kmeZ

(2.42)

(Aé)" is defined to be zero for convenience). Then, using this estimate, it was shown
that Lemma 19 and 20 in [20] hold for Dirichlet be. In the case of Neumann be, by

(2.29), (2.34) and by definition of V| the matrix representation of (K\V K,)Ne¥ is

|k —m|QR",, + (k+m)QPL,
(A — 22X — m2)1/2

(K\VE ) = Cem < (2.43)

In view of (2.41) and (2.43), following the same argument as in [20], it is easy to see
that inequality (2.42) still holds when we replace (K,V K,)P" by (K, V K,)V¢. Hence
the proofs of Lemma 19, Lemma 20, and Theorem 21 in [20] apply to the case of

Neumann bc as well. Therefore we have the following Propositions:

Proposition 2.5. If v € H,L(R), there are sequences e, = €,(v) and &, = &,(v)

decreasing to zero and N > 0, N € I'y. such that
|K\VEy| <en/2<1 for A€ HY\Ry, (2.44)
and forn > N, n € I'y., with r,, = né,,
KAV EL < 20/2 (2.45)
for X € H,\D,, if bc = Per*, and for A € G,\D,, if bc = Dir, Neu.

Proposition 2.6. For any potential v € H 1(R), the spectrum of the operator Ly e, (v)

per

1s discrete. Moreover there exists an integer N such that

Sp(LNeu) C Ry U U D,, (246)

n>Nn€El ey

and

ﬁ(Sp(LNeu) N RN) =N+1, ﬁ(Sp(LNeu) N Dn) =1, n>N,née€lyeu.
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2.2 Main Inequalities

For bc = Per®, Dir or Neu, we consider the Cauchy-Riesz projections

1 1
P, =— Ryd\, P°=_— RYdA. (2.47)
271 Jop, T Jap,

Proposition 2.7. Let D = =L and let P, and P be defined by (2.47). Ifv € H,L(R)

then we have, for large enough n,
1P = PRl < en (2.48)

and

|D(P, — PO)|| < ne,. (2.49)

Proof. In order to estimate || D(P, — P?)||, first we note that

1
D(P,— P =— [ D(Ry— R})dA\. (2.50)

27 Jop,

Indeed, using integration by parts twice one can easily see that

<D/8Dn(RA — Rg)fdA,g> = < . D(R)y — R‘;)fdA,g> (2.51)

for all f € L?([0,7]) and g € C5°([0, 7]). Since C§°([0,7]) is dense in L*([0,7]), (2.51)
implies (2.50). Hence

1
ID(P, — P))|| < 5 / ID(R) — RY)||dIA] <7 sup |[D(Ry—RY)|.  (2.52)
T JoD, AedD,,

By (2.31) we can write D(Ry — RY) = > oo | DK,\(K\VK,)*K). It is easy to see that
IDK,|| = supger,, k/|X = E*[V? = n/|Ix — n?|Y? = n/\/r, for A € 0D,, and sim-
ilarly, [|K\|| = supger,, 1/|A = K*[V? = 1/|]X = n?|V? = 1//r, for A € 9D,. Note
also that, since A € 9D, ||[K)VK,| < &,/2 < 1/2 for sufficiently large n’s by
Proposition 2.5. Hence we obtain |[D(Ry — RY)|| < o2, | DKL KAV EL|F| Ky <
2| DEG KNV K)|||| KAll < nep/rn. This together with (2.52) completes the proof of
(2.49).

Following the same argument, we see that || P, — P?|| < r,, supyegp, |[Rr — R3] and
IRy — R|| < 2| EA|2| KAV K| < €n/rs which imply (2.48). 0

Let L = Lpe,= and L = LY, ., and let P, and P_ be the corresponding projections
defined by (2.47). Then &, = Ran P, and £ = Ran P are invariant subspaces of L
and LY respectively. By Lemma 30 in [21], &, has an orthonormal basis {f,, .}
satisfying

14



We denote the quasi-derivatives of f,, and ¢, by w, and w,, respectively. Then, in

view of (2.8)and by definition of the quasi-derivative, we have

Wy = fr, = Qfn, W), ==\ fo—Qf, (2.55)
Un = 90;1 - Q@n, uln - _/\:L_QOn - ngln + VnPn — fnfn (256)

Lemma 2.8. In the above notations, for large enough n,

%(Iﬁi(%’i)l 18, (Z)1) < &l + [l <9187 (20)] + 18, (22)]) (2.57)

Proof. Indeed, combining (7.13) and (7.18) and (7.31) in [21] one can easily see that
1€ < 3(18F(z5)| + 185 (25)]) + 4|vnl|- This inequality, together with Lemma 20 in [21],
implies that |&,| + |va| < (|8, (225) + |5, (2%)]) for sufficiently large n’s. On the other
hand by (7.31), (7.18), and (7.14) in [21] one gets |37 (2})| + |37 (25)] < 5(1&a| + |n])

for sufficiently large n’s. O]

Proposition 2.9. Under the assumption v € HL(R), there exists a sequence ki,

converging to zero such that for large enough n
|G(0) — G°(0)] <k, |IG|l,  for G€E,, (2.58)
(G = QG)(0) — (G*)(0)] <nrallGIl, for G €&, (2.59)
where G° = P°G.

Proof. Since each G € &, is a linear combination of orthonormal functions f,, and ¢,
it is enough to show (2.58) and (2.59) for f, and ¢, only. We provide a proof only
for G = ¢, because the same argument proves the claim for G = f,. First we prove
(2.59). Consider the function @,(x) = cosma u,(z) where m is an integer chosen so

that m — n is odd. Then @, (z) satisfies @, (7) = —1,(0), and therefore,
21,(0) = 1, (0) — Uy (1) = — /7T a,dx = /7T (msinmz u, — cosmz ul,) dz.
0 0
Using (2.56) and integrating by parts foﬂ msinmx ¢, dx, we obtain
2u,(0) = —m /Tr sinmz Qp,dx (2.60)
0

+ / cosmx (ng;1 + (N =m® —y)en + §nfn) dx
0

Since p? = PYp, is an eigenfunction of the free operator with eigenvalue n? we also

have _
2 (0) = (n? — m?) / cosmz dz. (2.61)
0
Subtracting (2.61) from (2.60) we get
1
un(0) = () (0) = 5 (i + L+ Iy + i+ 1), (2.62)
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where
I = (n* —m? /7r cosmz (¢, — ¢5) dv, Iy =-m /7r sinmz Qp,dz,
0 0
I3 = /Tr cosmz Q. dr, I = (NI —n?) /7T cos mx pde,
0 0
I; = /7r cos Mz (—Ynon + Enfrn) de.
0

Next we estimate these integrals by choosing m appropriately. By Proposition 2.7,
there is a positive sequence ¢, which dominates || P, — P?|| and converges to zero. We

choose m = m(n) so that k, = m — n is the largest odd number which is less than

both n and 1/,/¢,. Then

3™

Jn

11| < whn (20 + K llon — nll, <

lon — @nll - (2.63)
Since
lon — @0, = 11(Pa = Bl)enll < [(Pa— Pl < én (2.64)

(by Proposition 2.7), it follows that
|| < 3mny/ep. (2.65)

In order to estimate I, we first write it as Iy = I5, + I5, where

Iy, — —m/ sinmaz Q (sﬁn _ 902) dz, Iy, = —m/ sin mx ngzdx.
0 0

Noting that m = n+k, < 2n, Cauchy-Schwartz inequality together with (2.64) implies
that

| Lza| < 270||QI|, [ln — @nll, < 270 Q)l, En. (2.66)
For the second term Iy, note that Y is spanned by orthonormal functions V2 cosnx

and v/2sin nx, so
gp?l =2 (ay, cosnx + b, sinnx) , (2.67)

where [an|* 4 [ba]* = [[@n ] = [[Pyenll* < [l@nll* = 1. Therefore, it follows that

n+k,

V2

Iy, = — <an/ (sin(2n + ky)x + sin k‘nx) Qdx +
0

by, / (cos knx — cos(2n + k‘n)x) de)
0

n+kn Dir SDir ANeu ANeu
_ ) (00, 0P 4 (@R - 02,

Recalling k,, < n and |a,|, |b,| < 1 we obtain

|| < 7@l (2.68)
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where we define [Ql, as O], = 057, | + QL] + QY] + Qe |- Note that k,
converges to infinity by the construction and @) is square integrable. Hence |@ |, tends
to zero as n goes to infinity.

For I3, we write it as I3 = I3, + I35, where

I3, = / cosmz () (gpn — gp?l)/dx, I3, = / cosmx Qgpg/d:p.
0 0
Applying the Cauchy-Schwartz inequality to I3, we get

/
| Isal < 7NQN, 1 (00 — ¢0) Il, < 7lQIl,nen (2.69)

since by Proposition 2.7
I (en = &0) 1|, <ID(Pu = P)gull, < ID(Py — P)|| < nep. (2.70)
I3, can be treated similarly as Iy,. Inserting the derivative of (2.67) into I3, we obtain
n ™
Iy = — (an/ —sin(2n + k,)z + sin k,x) Qdz +
v, | )

bn/ (cos knx + cos(2n + kn)x) Qdm)
0

= 5 (an( = QB +QR") +0u(QX + Q1))
Hence, as for Iy, we obtain
I < 521Gl (271)
For I, we have
L] < A7 = n?lllenll, <IN = 0] (2.72)

since [|¢n||, < [l¢nll, < 1. Recalling that each A lies in the disc D,, = {X : [A—n?| <
rn} where r, = né, we get
14| < né,. (2.73)

Finally for I5, in the view of Lemma 2.8, we have
Is] < [alllenll + [alll fall < Tl + 1€l < 18(184 (21)] + 18, (23)])-

Note that |z;| = [3(A\ — A,;) — n?| is in the disc D, hence it is less that n/2 for
sufficiently large n’s. So by Proposition 15 in [21] there is a sequence £,, converging to
zero such that |3F () — Vi (£2n)| < né,. Recall that V, (k) = ik@,f”Jr. Hence

15| < 18 (nén + [Vi(2n)| + [Vi(=2n)])
< 36n (20 + 1057 | +1Q75,1) (2.74)

Noting that @igzj converges to zero, combining (2.62), (2.65), (2.66), (2.68), (2.69),
(2.71), (2.73) and (2.74) we complete the proof of (2.59) for G = ¢,.
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In order to prove (2.58) for G = ¢,, now we consider the function u,(z) =

sinmx wu, (), where m — n is again odd. Then

0 = Gy (7) — 0, (0) = / a,dr = / (m cosmz u, + sinmaz u;,) dz.
0 0

Using (2.56) and integrating by parts foﬂ m cos mx ), dr we obtain

2mp,,(0) = — m/ cosmx Qp.,dx
0
_ / sinma (Q, + (\f = m? = 1) + Enfr) da.
0

On the other hand

2mp? (0) = —(n? — m2)/ sinmz 0 dz.
0

(2.75)

(2.76)

Comparing (2.75) and (2.76) with (2.60) and (2.61) we see that following the same

argument as in the proof of (2.59) one can prove (2.58). Note that now the multiplier

n disappears since @, (0) and ¢2(0) in (2.75) and (2.76) are also multiplied by m which

is greater than n by our choice.

Corollary 2.10. If v € L'([0,7]) then

[G'(0) = (G")'(0)] < |G

O

(2.77)

Proof. If v € L'([0,7]) then @ is absolutely continuous and can be chosen such that

Q(0) = Q(7) = 0 (see Remark 2.2). Hence (2.59) implies (2.77).
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2.3 Proof of Theorem 1.3

In this section, we give a proof of Theorem 1.3, i.e., we show that the sequences
(|vn] + [6Nu|) and (|8, (2:)] + |87 (2%)|) are asymptotically equivalent. The proof is
based on the methods developed in [13,15,16], but the technical details are different.

In the following, for simplicity, we suppress the dependence on n in all symbols
containing n. From now on, P (PY) denotes the Cauchy-Riesz projection associated
with Lpe.+ (L%,,.) only. We denote the projections associated with Ly, and L%,
by Pye, and PY

subspace of Lye, = Lyey(v) corresponding to Pyey.

respectively, and C = C(v) denotes the one dimensional invariant

eu’

Lemma 2.11. Let f,p be an orthonormal basis in € such that (2.53) and (2.54) hold.
Then there is a unit vector G = af + by in &€ satisfying

(G"=QG)(0) = (G = QG)(w) =0, (2.78)
and there is a unit vector g € C satisfying

(G,3)0™" = blp, g)y — b{f, 9)¢ (2.79)

such that (G, g) € R and
(G,g) > 71/72 (2.80)

or sufficiently large n.
for suffi y larg
(Remark. (2.78) means that G is in the domain of Lye,.)

Proof. If w(0) = 0 then w(w) = 0 since f is either a periodic or antiperiodic eigenfunc-
tion (recall that we denote by w and u, the quasi-derivatives of f and ¢, respectively).
Hence we can set G = f. Otherwise we set G(z) = u(0)f(z) — w(0)p(x). Then
G = G/||G|| satisfies (2.78) because the functions f and ¢ are simultaneously periodic
or antiperiodic.

By (2.78), G € Dom(L) N Dom(Lyey), so we have Ly.,G = LG. Hence it follows

LyeuG = aLf +bLp =a)\Tf+b\To —v ¢ +&f) (2.81)

= X (af +bp) +b(Ef —vp) = NG+ b(ES —79).

Fix a unit vector g € C so that

(G,9) = (G, g)|. (2.82)

In view of (2.8), we have —(¢' — Qg) — Q¢ = vg. Passing to conjugates in the latter

equation and in the Neumann boundary conditions for g, one can see that
LNeu(l_J)g = Dg' (283)
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Taking inner product of both sides of (2.81) with g we get

(LneuG, ) = NG, g) +b(E(f, 9) — 79, 7)) (2.84)

On the other hand, by (2.9) and (2.83), we have
(Lyneu(v)G,g) = (G, (Lneu(v))") = (G, Lneu(V)g) = (G, g)- (2.85)

Now (2.84) and (2.85) imply (2.79).

Let G = P°G and g° = PY.,g; then |G, [Ig°]] < 1 since P and Py, are
orthogonal projections and G' and g are unit vectors. We have (G, g) = (G, g°) +
(G° g — g% + (G — G g). So by the triangle and Cauchy inequalities it follows that
(G, 9)| > {G° )| — |lg — 3°Il — ||G — G°||. By Proposition 2.7 we have

IG =GOl = [|(P = PG| < ||P - P°|| < e, (2.86)
and similarly
17 = 3°Il = [(PNeu(?) = Pren)3ll < [[Prea(®) = Pl < en. (2.87)
Hence, it follows that
(G, 9)] = (G", )| — 2¢. (2.88)

Next we estimate [(G°, g°)| from below in order to get a lower bound for [(G, g)|. Since

C" is spanned by c¢,(z) = v/2cosnz, g° is of the form

. 1 . 1 .
-0 6] =0 —inx inx
4+ 2.89

for some 6 € [0,27). Now let GY and GY be the coefficients of G° in the basis
{eme =M} e,

G(z) = Gle™™ + Goe™™. (2.90)
Clearly (G°)'(0) = in(GY — G?). Since (G’ — QG)(0) = 0, by Proposition 2.9 we also
have

[(G%)(0)] = [(G" = QG)(0) — (G°)(0)| < nsiy,. (2.91)
Hence we obtain
|GV — GY| < Ky (2.92)
and
GY <GV + |G — G| < |GY| + Fin. (2.93)

From (2.86) it follows that

VIGIP 1G> = 1G] Z Gl = |G = Gl > 1 =&,

so by (2.93) we get

1GY| > % — V2K + €0). (2.94)
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On the other hand (2.89) and (2.90) imply

1 1
G0’70 — _— 170 GO+GO >
(60" = =g NIGE + 68l = =

Combining (2.92), (2.94), (2.95) and taking into account that

1°]1 (2G| — |GY — GI)). (2.95)

13°1 = llgll = 1lg — 3°1 = 1 — en

due to (2.87), we obtain
|<G0,§O>| Z - 45n - 2“71, (296)

which, together with (2.88) and (2.82), implies
(G,g) > 1—6e, — 2kK,. (2.97)
Hence, for a sufficiently large n, (G, g) > 71/72. ]

Corollary 2.12. For sufficiently large n, we have

[l + 18] < 19(187 (zn)| + 185 (20)1). (2.98)

Proof. Using (2.79), (2.80) and noting also that the absolute values of b and all inner
products in the right-hand side of (2.79) do not exceed 1 we get [0V < 72/71(|¢|+|7]).
This inequality, together with Lemma 2.8, implies (2.98). ]

Corollary 2.12 proves the second inequality in (1.12). In order to complete the proof
of Theorem 1.3 it remains to prove the first inequality in (1.12).
By Proposition 34 in [21], if

Case 1: Z187 ()| <1570 < 457(7)] (2.99)

then we have
1687 (2) + 187 (") < 2]y. (2.100)

Next we consider the complementary cases
Case 2(a) 487N < |87 (z1)], (2.101)

or

Case 2(b) : 418- (=N < |81 (1) (2.102)

Lemma 2.13. If Case 2(a) or Case 2(b) holds, then we have, for sufficiently large n,

< < 4. (2.103)
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Proof. We consider only Case 2(a), since the proof in Case 2(b) is similar. Let f° =
POf, % = P% and let fO = fle @ 4 fle® and ©° = Qe " + ©9e™® In Case
2(a), if v € L*([0, 7]) it was shown in the proof of Lemma 64 in [16] that the following
inequalities hold (inequalities (4.51), (4.52), (4.54), and (4.55) in [16]):

2 1 1 2

where p,, is a sequence converging to zero. These inequalities were derived using Lemma
21 and Proposition 11 in [16] which still hold in the case where v € H~'([0,7]), (see
Lemma 6 and Proposition 44 in [21]) *. Hence we can safely use them.

Note that (f°)'(0) = in(fY — f). Using (2.104) we get

2O 2 0122~ 1380 2 (2 =20, ) = 2 (2.105)
for sufficiently large n. On the other hand we have
(YO < n(f1+ 15D < av2] ] < V2n (2.106)
Following the same argument for (¢%)’(0), we have both
n/V6 < [(f) () < v2n and n/V6 <|(¢°)(0)] < V2n. (2.107)
On the other hand by Proposition 2.9 we have
[w(0) = (f°)(0)] < nky and  [u(0) — (¢°)'(0)] < nsip. (2.108)

Hence, for sufficiently large n’s, we get

w(O) _ /7O +nm, _ 0(V2+ i)

< 7 < <4 2.109
[w(0)] ~ (2" (0)] = nkn ™ n(1/V6 — k) (2109
and o
[w(O)] 1 (O)] + nkn — n(vV2+k,) 4
O
Proposition 2.14. For sufficiently large n, we have
(185 o)l + 187 (z)]) < 801yl + |01 (2.111)

Proof. In view of (2.100), it remains to prove (2.111) if Case 2(a) or Case 2(b) holds.
Now (2.79) implies that

BICE DIl < 18% ] + []. (2.112)

n the derivation of the inequalities (2.104), Proposition 44 in [21] is needed for its corollary (2.48).

So one can directly use (2.48) instead of Proposition 44 in [21] to show (2.104) hold.
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Thus, in order to estimate |£| from above by [67V¢%| + |y| we need to find a lower bound

to |b||(f,g)]. We have

BICE a)| = [bl[(f, G) + (f.g — G)| = |allb] - [lg — G (2.113)
since || f]| = 1, [b] < 1 and (f,G) = @. In view of (2.80)
lg = GII* = llglI* + IG]I* — 2Re (3,G) = 2 - 2(g, G) < 1/36, (2.114)
hence
lg — Gl < 1/6. (2.115)

On the other hand, by the construction of G' we know [b/a| = |w(0)/u(0)], so Lemma
2.13 implies that 1/4 < |b/a| < 4. Since |a]? + |b]* = 1, a standard calculus argument
shows that

la|[b] > 4/17. (2.116)

In view of (2.115) and (2.116), the right-hand side of (2.113) is not less than 4/17 —
1/6 > 1/15, i.e., |b||{f,g)| > 1/15. Hence, by (2.112), it follows that

€] < 15(16M] + 7). (2.117)

Now we complete the proof combining (2.117) and Lemma 2.8. O]

Corollary 2.12 and Proposition 2.14 show that (1.12) holds, so Theorem 1.3 is
proved.
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CHAPTER 3

More General Boundary Conditions

3.1 Spectrum and Root Functions of H 20701

In Section 3.3 we show that, under the assumption v € L?([0,7]), Theorem 1.3 and
therefore Theorem 1.1 and Theorem 1.2 still hold if we replace the Neumann deviations
oNew in those theorems by the deviations 6, coming from a more general (og,o1)-

boundary conditions ((og, 1) — bc):

y'(0) 4+ y'(m) — o0(y(0) + y(7)) = 0

y'(0) — ¢/ () — a1 (y(0) — y(7)) = 0.

(3.1)

More precisely 6, = A} —n, where n,’s are the eigenvalues of the operator H,, ,, acting

as
Hyy oy = —y" +v(x)y (3.2)

with a m-periodic potential v € L?([0, w]) and with the domain
Dom(Hgy, ) = {W3([0,7]), f satisfies (¢q,01) — bc}. (3.3)

The root functions of the free operator Hy, , where v = 0 are not the usual trigono-
metric functions such as exponentials or sines or cosines but combinations of them.
Therefore verification of the Fourier method we use in our analysis becomes much
harder under the assumption that v belongs to any space more general than L?([0, 7])
since in that case the root functions do not belong to Dom(H,, »,) in general. Recall
that we show this verification in Section 2.1 in the case of Neumann boundary condi-
tions using the convergence properties of the sine and cosine Fourier series. However in
the case of (¢, 01)-boundary conditions, to show the existence of similar convergence
properties of the Fourier series with respect to the basis consisting of the root functions
of H 20’01 is not easy. Therefore we postpone the spectral analysis of H,, ,, with more

general potentials for now.

We have the following proposition.
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Proposition 3.1. The adjoint operator H: . of Hyy oy = Hoy 0 (V) satisfies the iden-

00,01
tity
H:'Oyo'l (U) = HEhEO (ﬁ)a (34)
i.€., it is the operator acting as

H; . y=—y"+0(z)y

and having the boundary condition

y'(0) + ¢/ (m) — 71(y(0) + y(7)) =0

(3.5)
y'(0) —y'(m) =70 (y(0) — y(w)) = 0.
Proof. Let y € Dom(H}, , ). So There exists an e € L*([0, w]) such that
<H00701fa y> = <f7 6)7 (36)

which implies
—/ f”gjdx:/ f(e —vy)dx (3.7)
0 0

for all f € Dom(H,,,,), in particular for all f € Cg°([0,7]). Let Ei(z) = [ (e —
vh)dt, and Es(z) = [ Eydt. Assuming f € C§°([0,]) and integrating by parts the
right side of (3.7) twice, we get [ f"(E2 + y)dz = 0, for all f € C§g°([0,n]). In
other words E, + y is in the orthogonal complement of the space S = {f” , f €
C°(]0,7])}. On the other hand, using integration by parts one can easily see that S =
Cse([0, 7)) N(Span{1, x})*. Since C°([0, 7)) is dense in L%([0, 7]) and (Span{l, z})*
is closed, we obtain cl(S) = (Span{l, z})*, which implies Fy +y € S+ = cl(9)* =
((Span{1, z})*)* = Span{1, x}. Therefore Fy+y = mx +n for some constants m and
n almost everywhere. Hence y is in W ([0, 71]) since Es is. Moreover y” = —E}y = vy—e,

which, together with the definition of the adjoint operator, implies

H: y=ec=—y" +oy. (3.8)

700,01
By (3.7) and (3.8) we see [ f"ydx = [ fy"dx for all f € Dom(Hy,,,). Hence inte-
gration by parts gives us

F0)5(0) = f'(m)y(x) — f(0)y'(0) + f(m)yf () = 0. (3.9)

Let F' be the orthogonal complement of the space spanned by (1, 1, —5,, —79) and

(1, =1, =71, 71). By a simple linear algebra argument we can see that
F = Span{(oq, 09, 1, 1); (01, —01, 1, —1)}. (3.10)

Let us construct the vectors 7 = (f"(0), f'(m), f(0), f(m)) and

7 = (' (0), =/ (n), —y(0), y(r)). Since f satisfies (3.1), f € F. Hence, by (3.9), ¥/
must be orthogonal to F', which, together with (3.10), implies (3.5). This completes
the proof. O
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Let u be an eigenfunction of the free operator with eigenvalue n. Then wu satisfies
v’ +nu = 0. (3.11)

Assume that u has the form
u = ke 4 kpe VI (3.12)

for some constants k; and ke. Evaluating the above expression and its derivative at 0

and 7 and inserting them into (3.1) we obtain the following system of equations.
(1 + €i\/ﬁﬂ-) (Z\/ﬁ — 0'0) kl — (1 + eii\/ﬁﬂ-) (Z\/ﬁ + 0'0) ]fg = O, (313)

(1—eV7) (iy/m—01) k1 — (1 — e™V7) (i/m + 01) ka = 0. (3.14)
In order to get nontrivial solutions for &y and ko, coefficients of (3.13) and (3.14) must

satisfy
(1+€V7) (iy/m — 00) (1 — V™) (iy/1 + 01)
(14 N (i + 00) (1= VT7) (i - 1) = 0,

which is equivalent to
(1—€e*V7) (n+ og01) = 0. (3.15)

Hence either n = —ogo; or 7 = n?, where n is a positive integer. First assume that
Case I: —ogo1 # 72 where 7 is a positive integer. Then, using (3.12), (3.13) and (3.14)

one can compute that eigenfunction corresponding to the eigenvalue 75 = —oyo; is

oo (z—%)+1 if o =0
up(w) = (3.16)

L ((1 +, /g-g) VI | (1 . /g—g) eﬁ%w—w)) if o1 £ 0,

and eigenfunction corresponding to the eigenvalue 7% = n? is
un () = V2 (Cos(nx) + I sin(nx)) : (3.17)
n

where 0,, = 0 if n is even and o, = o if n is odd.

By (3.4), we see that the spectrum and the eigenfunctions of the adjoint of the free

operator are as follows: 7y = —oy0; with the corresponding eigenfunction
(
1 if o1 = 0
uo(z) = {7y (z — %) +1 if o9 = 0 (3.18)
ao (15 JB) V7T 1 (1= \JB) V) iy, 00 40,
\

7° = n? with the corresponding eigenfunction

i (z) = V24, (cos(nx) + 5’:1 sin(nx)) . (3.19)
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Here Ay and A, are the normalization constants which are chosen such that Ay =
T\/Goo1 /(e2V7071 — 1) and A, = n%/(n? + Gyo1). Indeed one can check that with
this choice of Ay and A,, the eigenfunctions {u,}>2, and {a,}°, form a bi-orthogonal
system, i.e., (uy, @;) = Oy;-.

It is easy to see that {u,}2, form a Riesz basis. First note that {u, }52, is minimal

since {u,}72, and {a,}>°, are bi-orthogonal. On the other hand

00 S 1

3 flun — V3cos(ma)|? < (ouf? + fouf?) 3 & < oo (3:20)
n

n=1 n=1

and {1} U {v/2cos(nz)}2, is an orthonormal basis in L?([0,7]). Then by Bari-Marcus
theorem {u,}°° is a Riesz basis in L%([0, 71]).

However in Case II: ogo; = —72 for some positive integer T, eigenfunction system
does not form a basis since in this case eigenfunctions uy and u, “coincide”. Never-
theless one can show that there exists an associated function w satisfying HY , w =
72w — up and eigenfunctions together with this associated function w form a Riesz
basis. For convenience we will denote the eigenfunction corresponding to 72 by ug and
the associated function w by u,. More precisely, in Case II we have the following
eigenvalues and associated system:

nt =n? n € N\{r}, with the corresponding eigenfunctions u,, in (3.17). 73 = n° =
72 with the corresponding eigenfunction

up(z) = V2 (1 cos(tz) + o, sin(rx)) (3.21)

and associated function

ur(x) = — (

~Z (@4 x) cos(7a) + ( + x,) sin(7a) ) (3.22)

where x, and x, are constants satisfying

v
UTX1 — UT+1X2 =1 -+ 5(0'7-4,1 — O'-,—). (323)

Indeed, one can check that with this choice of x, and x,, u, satisfies the (og,01)-
boundary conditions and

HY w,. = 7%u, — ug. (3.24)

00,01 T
The root function system {u,}>2, of H? _ form a bi-orthogonal system together

00,01

with the root function system {u,}°, of (H? _ )*. However while denoting the eigen

00,01

and associated function of (H, 20’01)* corresponding to 72 it is better to exchange the

roles of @y and @,. Let us choose u,, n € N\{7}, as in (3.19) and take

U (x) = —V/2 (T cos(Tz) + Tryy sin(rz)) (3.25)
and B
top(z) = —% (—U:Ll (x +X,)cos(tx) + (z + X,) sin(mc)) (3.26)
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where Y, and Y, satisfy

™

5 (@ =) (3.27)

TrpiXs — 07X, = 1+

Then one can check that {u,}2°, and {a,}°, form a bi-orthogonal system with a
proper choice of X, and ,. Indeed if (u,, @) # 0 one can replace @y by @y — (ur, Uo) -
After having that {u,}>°, and {a,}2, is a bi-orthogonal system, the same argu-

ment in Case I applies to Case II to show that {u,}>°, forms a Riesz basis.
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3.2 Localization of the Spectra of H,

0,01

Let V denote the operator of multiplication by v, i.e., (Vf)(z) = v(x)f(z). Then
H,, o, = H® _ 4V and we may use the perturbation formula (2.31). Note that the

00,01

matrix representation of RS in Case I is

Okj

— O 3.28
A= (3:28)

(R3)k;

and in Case II it has the form
_ Ok Ook0r;
A=mp (A—mg)?

Hence we can define a square root Ky of R} by choosing its matrix representation as

(R (3.29)

Okj

(B )ks = EE

(3.30)

in Case I and as
Ok; dok07j

A =m)2 20— )2
in Case II, where z'/2 = |2|'/2e9/2 for z = |z]€, 0 € [0, 27).

For (09, 01)-boundary conditions, using the same argument as in [20] one can sim-

(K)\)kj = (3.31)

ilarly localize and count the spectrum Sp(H,, »,) after showing that (2.32) holds for
A€ Ry U {Un>N7neN Dn} (Recall the definitions (2.35)-(2.39)). However in the case
where v € L([0,7]) we estimate | K,V K,|| explicitly for (o9, 0;) — be since we need

this estimate later.

Proposition 3.2. Ifv € L'([0, 7)), there exist C = C(v) and N > 0, N € N such that

log N N
K\VK,| <C or A€ H"\Ry. 3.32
” A /\H = \/N f \ N ( )
Moreover for alln > N, n € N,
1
IK\VE, < C Oi” for A€ Gy\Dn. (3.33)

Proof. 1t is a well known fact that if we have Riesz basis then there exists a positive

constant C satisfying

1
a}llf”2 <D AP < GllfIP (3.34)
J
for any f € L*([0,n]). Moreover for any operator A, ||A]] < Cyl|Al|zs where
1/2
IAlms = | > [Aul? (3.35)

kjeez”
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is the modified Hilbert-Schmidt norm of A. So instead of estimating || K\V K, || directly,
we will estimate the modified Hilbert-Schmidt norm of K,V K. Note that the matrix

representation of K,V K is

Vij
(K\VE))g = CETEEEROTE (3.36)
in Case I and
1 Vij Vio0rj
K\VEK\) = J — J 3.37
0V = G (G ) O
B dok Vi B Vi007;
200 =mg)¥2 \(A =)V 2(A — np)3/2
in Case II. Hence in both cases we have
2
1 1
[(K\V K| <8 sup |[Vi[? —_— | (3.38)
k%* ’ kjez* ’ lgz:* A=}l 16|A — ng|®
Note that ) . )
= + _— (3.39)
2 B T r o] T

By (5.27) and (5.28) in [20] there exists an integer N > 0 and an absolute constant
(1 > 0 such that

1 logn
<C for A e G\ Dy, N. 3.40
keZN n—r =, or AeGy\ n > (3.40)

On the other hand, if A = x + it € HY\Ry, with n? —n < 2 < n?+ n in the case
when = > 0, then one can see that

;

(k% + N)/v/2 it <0,
A=K > $(In? — k2| +2N)/2v2 it x>0, k#4n, (3.41)
N if x>0, k=d+n.

By Lemma 79 in [16], for large enough N we also have the inequality

1 log N
— < (y—— 42

where (5 is an absolute constant. Hence

1 log N N
— < fi ANEH . A4
keZN A — k2| — Cy JN or A€ \Rx (3.43)
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Let us choose N large enough such that N > 2|ogoy|. Then it is easy to see that we

also have
1 2 for ANeG,\D,, n>N,

— < 3.44
|)\+000'1’ - 2 ( )
N

for A€ HY\Ry.

Hence we can write

(Cylosn for Xe G,\D,, n>N,

> L . " (3.45)

o Al Cy'%s  for A€ HY\Ry.

Now (3.38), (3.44) and (3.45) imply that

1/2
1
KVEDGE|] <30 sup V|22 for Ae G, \D,, n>N (346
J J
k?,jEZ* k,jeZ+
and
1/2
log N
S EVE G| <3Cs sup [Vigl—= for A€ HV\Ry. (347
kjez* k,j€Z+ \/ﬁ?

We complete the proof noting that since

1 i
Vij = —/ v(z)uj(x)ty(x)de, (3.48)
™ Jo
we have
sup Vil < Cyllv|lx (3.49)
k,jEL"

where Cy = supy ez [|t;]|w|/@x ]| which is finite since wu,’s and @,’s are uniformly

bounded in both cases by construction. O]

Proposition 3.3. For any potential v € L*([0,7]), the spectrum of the operator

Hyy .00 () is discrete. Moreover there exists an integer N such that

Sp(Hopo,) CRyU ) D, (3.50)

n>N,neN

and
8(Sp(Hppoy) NRN) =N +1, 8(Sp(Hppoy) N Dy) =1, n>N,neN (3.51)

Proof. Apply the proof of Theorem 21 in [20] but use Proposition 3.2 instead of Lemmas
19 and 20 in [20]. O
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3.3 Proof of Theorem 3.4

In this section, we give a proof of the following theorem.

Theorem 3.4. If v € L*([0,7]) then, for sufficiently large n,

1 * — * * — *
50 (B G187 (z0)1) < Tml + 18] < 190187 ()] + 18, (23)D)- (3.52)
Proposition 3.5. Let (P o, )n and (P, , )n be defined by (2.47) where Ry and RY are

the corresponding resolvents of Hy, 5, and H? respectively. If v € L*([0,7]) then

00,01’

we have, for large enough n,

logn
1(Poy.o)n = (Poy o )nll < M (3.53)
where M = M (v).
Proof. In view of (2.47),
1
1(Pay.o ) = (Poyo)nll < 2—/ IRy = RAdIAl < nsup ||[Ry— RYl. (3.54)
T JoD, AedD,
By (2.31) we have
1By = B3I < [P ) IOV EG™ < 2] KA P KAV K| (3.55)
m=1
since for A € 9D, || K \V K,|| < 1/2 for sufficiently large n’s by Proposition 3.2.
To estimate ||K,|| note that in Case [
Ji
K f =) ———u (3.56)
— 012
wez” (A=)
and in Case I] ' F
- k B T
e k;ZZ: Q= m) 2™ T 2 =g (337
€
So in both cases we have
1 [[uol® 2
IS < 202 (sup 171 (3.5%)
P ke A= AN =gl

where Cj is a constant satisfying (3.34). Hence for A € dD,,, n > N > 2|ogo1|, we have
1 205

[ EA| < C5 sup = (3.59)
wez (A=Y Vn

for some constant Cys. Combining (3.33), (3.55) and (3.59) we get

logn

Ry — RY|| < 8CC3 (3.60)

n2
for sufficiently large n’s. Finally, (3.54) and (3.60) imply (3.53), which completes the
proof. O
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In the following, for simplicity, we suppress n in all symbols containing n. Let PUO,UI

and P°  denote the Cauchy-Riesz projection associated with H* and H?

00,01 00,01 00,01
respectively, i.e., 15,,07[,1 = P5 5,(0) and ]5(90701 = P5 5,(0). Moreover let CNUO,U1 =
Ranﬁgo,g1 and égm = Ranﬁ’fom be the corresponding one dimensional invariant sub-
space of H} . and (H) , )* respectively.

Lemma 3.6. Let f,¢ be an orthonormal basis in € such that (2.53) and (2.54) hold.
Then there is a unit vector G = af + by in & satisfying

G'(0) + G (1) — 56(G(0) + G(r)) = 0

(3.61)
G'(0) = G'(m) — 01(G(0) = G(7)) = 0
and there is a unit vector g € Ci,wl satisfying
(G, )0 = ble, )y — b{f, )¢ (3.62)
such that (G, g) € R and
(G,9) > % (3.63)

for sufficiently large n.
(Remark. (3.61) means that G is in the domain of H,, 4,.)
Proof. Choose G as G = f if f/(0) — o f(0) = 0 and as
G(z) = —(¢'(0) — 0(0)) f(z) + (f'(0) — o £(0)) ()

otherwise. Then one can check that G' = G/||G|| satisfies (3.61).
By (3.61), G € Dom(L)NDom(H,, »,), so we have H,, ,,G = LG. Hence it follows

Hyy0iG =aLf+bLp =aXt [+ b(Atp — v o+ £f) (3.64)

= A (af +bp) +b(Ef —v¢) = ATG +b(ES —19).
Fix a unit vector § € C so that
(G.9) =1(G,9), (3.65)
H3 0.9 =19 (3.66)
Taking inner product of both sides of (3.64) with § we get
(Hoor1 G, §) = NT(G, ) + b(E(f, 3) — {0, 3))- (3.67)
On the other hand, we have

<H00,01G7§> = <G> H; §> = n(G: §~7> (368)

00,01
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Now (3.67) and (3.68) imply (3 62).

Let G° = P°G and §° = g. We write

0'0 o1

(G.9)=(G"3°) +(G".g-3°) +(G-G"9),

Note that g is a unit vector and also ||G°|| < 1 since P° is an orthogonal projection

and G is a unit vector. Hence by the triangle and Cauchy inequalities we get

(G, = KG®. 3" =119 — 3" = IG = G°lI. (3.69)
By Proposition 2.7 we have

IG =GOl = [I(P = PG| < ||P = P°|| < en (3.70)

and by Proposition 3.5

. ~ ~ logn
15 = 3°ll = 1(Pro.or = Pryo)3ll < | Pogor = Py | < M (3.71)
Hence, (3.69) implies
. - logn
(G,g)] = (G, 5°)] = e — M=2Z (3.72)

Since C° is spanned by @, §° is in the form of

) 0] 2"
\/712"i"|0n—5-1|2

On the other hand since G € £° it has the form

Tt

P =e (cos(nac) Saiaa sin(nx)> . (3.73)

n

G°(x) = G9V2 cos(nx) + GIV2sin(nz) (3.74)
Thus 0
(G2,5%) = e ]3| (a0 4 Tl (3.75)
\% n® + |O-n—i-1|2 ' n
> e
0 20y > n ~0 0 _ 19n41]|G2
@) 2 il (Jo ~ ) (3.76)

By (3.61) we see that G'(0) = 0oG(0) if G is periodic (if n is even) and G'(0) =
01G(0) if G is anti-periodic (if n is odd). Since o, = 0¢ if n is even and o, = oy if n

is odd suppressing the index n we can write
G'(0) = 0G(0). (3.77)
On the other hand by (3.74)
GY(0) = vV2nGY and G°(0) = V2GY. (3.78)
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Combining Proposition 2.9, Corollary 2.10, (3.77), and (3.78) we see that

NG — 0G| = %|G0'(0) — 0GO(0)] (3.79)
< 7 (16/(0) = 6*(0)] + o G(0) ~ 0G°(0)])
< %m o) i < (n+ [0 )
which implies
1GY| < (|nG0 — oG+ |0GY)) < < + %) Ko + % < 2k, + |%| (3.80)

On the other hand, by (3.70),

VIGIE+IGS? = G = 1G] = IG° = Gl =2 1 — &, (3.81)

which implies

G2+ |GY2 > 1 — 2¢,. (3.82)
Hence )
G2 = |G+ |GY)? — |G > 1 — 2¢, — (znn + %) (3.83)
which also implies
GO >1—2¢, — (2/@,1 + M) (3.84)
since |GY] < 1. Note also that by (3.71) and the fact that § is unit we have
13°0 = gl — g = 3°ll = 1~ 5" (3.85)
Now combining (3.76), (3.84), (3.85) and the fact that |G5| < 1 we obtain
(GO, 3% > 1 (1 - Mlog") x (3.86)

2
(1 — 2, — <2/£n + @) — —|"”+1|) .
n n

Since the right hand side tends to 1 as n goes to infinity, together with (3.65) and

(3.72), we obtain
71

(G,q) > — (3.87)

for sufficiently large n. O]
Corollary 3.7. For sufficiently large n, we have

[yl +18a] < 19187 (22)] + 185 (z2)])- (3.88)
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Proof. Using (3.62), (3.63) and noting also that the absolute values of b and all inner
products in the right-hand side of (3.62) do not exceed 1 we get |6] < 72/71(|¢] + |v]).
This inequality, together with Lemma 2.8, implies (3.88). O

Corollary 3.7 proves the second inequality in (3.52). In order to complete the proof
of Theorem 3.4 it remains to prove the first inequality in (3.52).

Lemma 3.8. If Case 2(a) or Case 2(b) holds, then we have, for sufficiently large n,

1 '(0) — 0

47 |¢'(0) = op(0)]
Proof. First recall the definitions (2.101) and (2.102) of Case 2(a) and Case 2(b) and
note that in these cases (2.107) holds. Moreover

/0)) <v2 and [¢°(0)] < V2 (3.90)

Indeed fO(0) = 2 + f2 and |f2| + £ < V2| f°|| < V2 since P° is an orthogonal
projection and f is unit. Thus in view of Proposition 2.9, Corollary 2.10, (2.107) and
(3.90) we get

F7(0) = a O] < 17 (O0)] + [£/(0) = £ ©O)] + o] (IF°(O)] + [£(0) = f(0)]) ~ (3.91)
<V2n 4+ nk, + |o| (\/§+/€n> =V2n (1+O (l))

n

[¢(0) = ap(0)] = |0”'(0)] (W(O) — " ()] + [a] (I£°(0)] + |io(0) — soO(O)\)> (3.92)

2%—<n/€n+\al (Va+r)) :%(1+O<%)>.

Henee 7(0) = o (0)
-0
90 e = (3:99)
and similarly £10) o)
f(0) —af(0) 1
7(0) o) = 1 39
]
Proposition 3.9. For sufficiently large n, we have
(183 (=)l + 185 (z)1) < 801l + 102]) (3.95)

Proof. The proof is the same as the proof of Proposition 2.14. The only difference is
that in this case |b/a|] = |f'(0) — o f(0)|/|¢'(0) — cp(0)|, so one needs to use Lemma
3.8 instead of Lemma 2.13 in the corresponding place. O

Corollary 3.7 and Proposition 3.9 show that (3.52) holds, so Theorem 3.4 is proved.
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