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Abstract

In the present study we prove rigorously that in the long-wave
limit, the unidirectional solutions of a class of nonlocal wave equa-
tions to which the improved Boussinesq equation belongs are well
approximated by the solutions of the Camassa-Holm equation over
a long time scale. This general class of nonlocal wave equations model
bidirectional wave propagation in a nonlocally and nonlinearly elastic
medium whose constitutive equation is given by a convolution integral.
To justify the Camassa-Holm approximation we show that approxima-
tion errors remain small over a long time interval. To be more precise,
we obtain error estimates in terms of two independent, small, positive
parameters € and 0 measuring the effect of nonlinearity and disper-
sion, respectively. We further show that similar conclusions are also
valid for the lower order approximations: the Benjamin-Bona-Mahony
approximation and the Korteweg-de Vries approximation.

1 Introduction

In the present paper we rigorously prove that, in the long-wave limit and
on a relevant time interval, the right-going solutions of both the improved
Boussinesq (IB) equation

Ut — Ugg — 52u:c:ctt - 6(u2)x:c = 07 (1)
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and, more generally, the nonlocal wave equation
Uy = B * (44 €u?)q (2)

are well approximated by the solutions of the Camassa-Holm (CH) equation

wy + W, + eww,, — 252101“ — Zé%ﬂmt — 2652(21%10” + WWeer) = 0. (3)
In the above equations, u = u(z,t) and w = w(z,t) are real-valued func-
tions, € and 0 are two small positive parameters measuring the effect of
nonlinearity and dispersion, respectively, the symbol % denotes convolution
in the z-variable, 85(z) = 38(%) is the kernel function. It should be noted
that (3) can be written in a more standard form by means of a coordinate
transformation. That is, in a moving frame defined by z = 2 (z — 2¢) and

N V5
t= ?)%t, (3) becomes

6 9
vg + Vs + 3evvz — 02 vgp — 5652(2%0@ + vVz3z) = 0, (4)

with v(z,t) = w(x,t). Also, by the use of the scaling transformation U (X, 7) =
eu(z,t), ©=0X, t =07, (1)and (3) can be written in a more standard form
with no parameters, but the above forms of (1) and (3) are more suitable to
deal with small-but-finite amplitude long wave solutions.

In the literature, there have been a number of works concerning rigorous
justification of the model equations derived for the unidirectional propaga-
tion of long waves from nonlinear wave equations modeling various physical
systems. One of these model equations is the CH equation [4, 14, 15] de-
rived for the unidirectional propagation of long water waves in the context
of a shallow water approximation to the Euler equations of inviscid incom-
pressible fluid flow. The CH equation has attracted much attention from
researchers over the years. The two main properties of the CH equation are:
it is an infinite-dimensional completely integrable Hamiltonian system and
it captures wave-breaking of water waves (see [5, 6, 7, 17] for details). A
rigorous justification of the CH equation for shallow water waves was given
in [7].

In a recent study [11], the CH equation has been also derived as an ap-
propriate model for the unidirectional propagation of long elastic waves in
an infinite, nonlocally and nonlinearly elastic medium (see also [12]). The



constitutive behavior of the nonlocally and nonlinearly elastic medium is de-
scribed by a convolution integral (we refer the reader to [9, 10] for a detailed
description of the nonlocally and nonlinearly elastic medium) and in the case
of quadratic nonlinearity the one-dimensional equation of motion reduces to
the nonlocal equation given in (2). Moreover, the nonlocal equation (that is,
the equation of motion for the medium) reduces to the IB equation (1) for a
particular choice of the kernel function appearing in the integral-type consti-
tutive relation (see Section 5 for details). In order to derive formally the CH
equation from the IB equation, an asymptotic expansion valid as nonlinear-
ity and dispersion parameters, that is € and d, tend to zero independently is
used in [11]. It has been also pointed out that a similar formal derivation of
the CH equation is possible by starting from the nonlocal equation (2).

The question that naturally arises is under which conditions the unidi-
rectional solutions of the nonlocal equation are well approximated by the
solutions of the CH equation and this is the subject of the present study.
Given a solution of the CH equation we find the corresponding solution of
the nonlocal equation and show that the approximation error, i.e. the dif-
ference between the two solutions, remains small in suitable norms on a
relevant time interval. We conclude that the CH equation is an appropri-
ate model equation for the unidirectional propagation of nonlinear dispersive
elastic waves. The methodology used in this study adapts the techniques in
3, 7, 13].

We note that, in the terminology of some authors, our results are in fact
consistency-existence-convergence results for the CH approximation of the
IB equation and, more generally, of the nonlocal equation. We refer to [3]
and the references therein for a detailed discussion of these concepts.

As it is pointed above, the general class of nonlocal wave equations con-
tains the IB equation as a member. Therefore, to simplify our presentation,
we start with the CH approximation of the IB equation and then extend the
analysis to the case of the general class of nonlocal wave equations. Though
our analysis is mainly concerned with the CH approximations of the IB equa-
tion and the nonlocal equation, our results apply as well to the Benjamin-
Bona-Mahony (BBM) approximation. We also show how to use our results
to justify the Korteweg-de Vries (KdV) approximation.

The structure of the paper is as follows. In Section 2 we observe that
the solutions of the CH equation are uniformly bounded in suitable norms
for all values of € and ¢. In Section 3 we estimate the residual term that
arises when we plug the solution of the CH equation into the IB equation. In



Section 4, using the energy estimate based on certain commutator estimates,
we complete the proof of the main theorem. In Section 5 we extend our
consideration from the IB equation to the nonlocal equation and we prove a
similar theorem for the nonlocal equation. Finally, in Section 6 we give error
estimates for the long-wave approximations based on the BBM equation [2]
and the KdV equation [16].

Throughout this paper, we use the standard notation for function spaces.
The Fourier transform of u, defined by u(¢) = [, u(x)e “*dx, is denoted by
the symbol u. The symbol ||u|/z» represents the LP (1 < p < co) norm of u
on R. The symbol (u,v) represents the inner product of v and v in L% The
notation H® = H*(R) denotes the L?-based Sobolev space of order s on R,
with the norm JJul|gs = ([, (1 + €2)*[@(€)[2d¢)"*. The symbol R in [, will
be suppressed. C'is a generic positive constant. Partial differentiations are
denoted by Dy, D, etc.

2 Uniform Estimates for the Solutions of the
Camassa-Holm Equation

In this section, we observe that the solutions w® of the CH equation are
uniformly bounded in suitable norms for all values of € and §. This is a
direct consequence of the estimates proved by Constantin and Lannes in [7]
for a more general class of equations, containing the CH equation as a special
case.

For convenience of the reader, we rephrase below Proposition 4 of [7].
To that end, we first recall some definitions from [7]: (i) For every s > 0,
the symbol X**1(IR) represents the space H*™! (R) endowed with the norm
|fleis = I FII% + 02 fell%s, and (ii ) the symbol P denotes the index set

P={(e0):0<d<dy, €< Mb}
for some 0y > 0 and M > 0. Then, Proposition 4 of [7] is as follows:

Proposition 1. Assume that k5 < 0 and let 69 > 0, M > 0, s > %, and

wy € HT(R). Then there exist T > 0 and a unique family of solutions



{we"s}(eﬁ)ep to the Cauchy problem

Wy + Wy + Kreww, + ko w?w, + k3w w, + 0% (KgWege + K5Waet)
— €62 (KgWWagy + F7WaWay) = 0, (5)
w(z,0) = wy(z) (6)
(with constants k; (i = 1,2, ...,7)) bounded in C ([0, £], X**Y(R))NC" ([0, L], X*(R)).

We refer the reader to [7] for the proof of this proposition. Furthermore,
T of the existence time T'/e is expressed in [7] as

1
T = T <(50, M, |w0 xS+, T, K92, K3, Kg, I€7) > 0
S0 K5
Obviously, the CH equation (3) is a special case of (5) where x; = 1,
ke = kg = 0, ky = —%, Ky = —% and 2k = k7 = —3. In subsequent
sections we will need to use uniform estimates for the terms Hwﬁ"S (t)‘

Hs+k

and wa’é (t)H e with some k > 1. Proposition 1 provides us with such
Ho+h—

estimates, nevertheless to avoid the extra §? term in the X*™l-norm, we will
use a weaker version based on the inclusion X*T*+! ¢ H*** Furthermore,
for simplicity, we take 0o = M = 1. We thus reach the following corollary:

Corollary 1. Let wy € H¥™*1(R), s > 1/2, k > 1. Then, there exist T > 0,
C > 0 and a unique family of solutions

T T
wtec (ol Hm ) net (o m)
to the CH equation (3) with initial value w(x,0) = wo(x), satisfying

|w (¢)] <C,

Hs+k71 -

o+ 057

forall 0 <6 <1, egéandte[o,%].

3 Estimates for the Residual Term Correspond-
ing to the Camassa-Holm Approximation

Let w®® be the family of solutions mentioned in Corollary 1 for the Cauchy
problem of the CH equation with initial value wy € H*™*!(R). In this
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section we estimate the residual term that arises when we plug w®? into the
IB equation. Obviously, the residual term f for the IB equation is

f = Wit — Wyg — 52wmmtt - €(w2)xw7 (7)

where and hereafter we drop the indices €, ¢ in v and w for simplicity.
Using the CH equation we now show that the residual term f has a
potential function. We start by rewriting the CH equation in the form

3 5 3
Wy + Wy = —€WW, + Eézwmz + 152wmt + 1652(2wxwm + WWepy).  (8)

Using repeatedly (8) in (7) we get

3 5 3 1
f=(Dy— D,) | —eww, + 1521%” + 152wmt + ifész(gwi + Wwwg,)

- 52wxxtt - E(w2)m€
1

3
+ 3—2654 [(D2D; — 3D;)(w? + 2ww,,)]

1
+ 1652DI [(—3wDi + 2wy + we Dy (wy + wx)} . (9)

After some straightforward calculations we write f = F, with

1
F :ez(g)x — 562(52 [3(w§ + 2UWWey )z — 3W(W?) gz + 2Wee(W?) 4 + wx(w2)m}

1

1
- 3—2654 [3(D2D; — 3D2)(w?2 + 2ww,,)

+2(=3wD2 + 2wyy + Wy D) (BWags + SWigy)]

1
+ 3—26254 [(=9wD? + 6w,y D, + 3w, D2) (w2 + 2ww,,)] .

Note that, except for the term D?D?w, F is a combination of terms of the
form DJw with j <5 or D! Dyw with [ < 4. By taking k = 5 it immediately
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follows from Corollary 1 that all of the terms in F, except D3D?w, are
uniformly bounded in the H* norm. To deal with the term D3 D?w, we first
rewrite the CH equation in the form

3 3
w, = Q [—wx — eww, + Zézwmz + 1652(2wxwm + wwmz)} , (10)

where the operator Q is

5 -1
Q= (1 — 1521)5) : (11)

Then, applying the operator D3D; to (10) and using (8) we get

3 3
D?Dyw; =D3D,Q {—wm — eww, + Zézwxm + 1652(2wmwm + wwxm)}

(E(E(E)

3 3

We note that the operator norms of @ and Q4%D? are bounded:

4

lo oS5

e <1 and H52QD§}

The use of these bounds and uniform estimate for D3 D2w yield
| DiD}w]| . < C||Dywl| ;. < Cllwell s - (12)

As all the terms in F have coefficients €2, €262, §, e6* or €26* (with 0 < € <
9 < 1) we obtain the following estimate for the potential function

IF@)l g7 < C (€ +67) (] Hs+1) - (13)

pers T [[wr]
Using Corollary 1 with £ = 5, we obtain:

Lemma 3.1. Let wy € H*T®(R), s > 1/2. Then, there is some C > 0
so that the family of solutions we° to the CH equation (3) with initial value
w(z,0) = wo(x), satisfy
Wit — Weg — 62wtht - €(w2>mm = Fm
with
1E" (@)l < C (e +07)
forall0<e<d<1landte [0,%].



4 Justification of the Camassa-Holm Approx-
imation

In this section we prove Theorem 4.2 given below. We have the well-posedness
result for the IB equation (1) in a general setting [8, 10]:

Theorem 4.1. Let ug,u; € H* (R), s> 1/2. Then for any pair of param-
eters € and &, there is some T° > 0 so that the Cauchy problem for the IB
equation (1) with initial values u(z,0) = ug(x), w(x,0) = ui(x) has a unique
solution w € C? ([0,T%°], H*(R)).

The existence time 7% above may depend on e and § and it may be
chosen arbitrarily large as long as T<° < T2 where T is the maximal
time. Furthermore, it was shown in [10] that the existence time, if it is finite,

is determined by the L*> blow-up condition

11126 sup ||u (t)] 0 = 00.

We now consider the solutions w of the CH equation with initial data

w(z,0) = wy. Then we take wy(z) and wy(x,0) as the initial conditions for
the IB equation (1), that is,

u(z,0) = wo(z), w(z,0)=wx,0).

Let u be the corresponding solutions of the Cauchy problem defined for the
IB equation (1) with these initial conditions. Since wy € H*TS(R), clearly
u(x,0),u(x,0) € H*(R). Recalling from Corollary 1 that the guaranteed
existence time for w is T'/¢, without loss of generality we will take 7%° < T'/e.
In the course of our proof of Theorem 4.2, we will use certain commutator
estimates. We recall that the commutator is defined as [K, L] = KL — LK.
We refer the reader to [17] (see Proposition B.8) for the following result.

Proposition 2. Let gy > 1/2, s > 0 and let o be a Fourier multiplier of
order s.

1. If 0<s<qy+1 andw € HP* then, for all g € H*™', one has

llo (D), wlgllze < Cllwe|[mollg|

Hs—1,



2. If —qo <r < qo+1—s and w € H®™! then, for all g € H™ 1, one
has

llo (D), wlgllmr < Cllwslmaollglmr+s—.

For the reader’s convenience we now restate the two estimates of the above
proposition as follows. Let A® = (1 — Dfﬂ)s/2 and take w € H**!, g € H* !
and h € H®. Then, for ¢y = s, the first estimate above yields

([A%, wlg, A°h) < Cllwlgs+rlgllas—r [ Al s (14)

Similarly, for g = s and —s < r < 1, we obtain from the second estimate
that

(A[A®, w]h, A g) <CIIA[A®, w]h] 2| A gl 2
<C[IA® wlh|l g [l gll s
SCllwllzsl[hllms gl rrs-1- (15)
We are now ready to prove the main result for the CH approximation of the

IB equation (an extension of the following theorem to the nonlocal equation
will be given in Section 5 (see Theorem 5.2)):

Hs

Theorem 4.2. Let wy € H**5(R), s > 1/2 and suppose that w*’ is the
solution of the CH equation (3) with initial value w(x,0) = wo(x). Then,
there exist T > 0 and 6, < 1 such that the solution u® of the Cauchy
problem for the IB equation

U — Ugy — 52uxxtt - €(u2)xx =0
u(:c,O) :wo(:c), ut(xv()) :w§’5(x,0),

satisfies
[u?(t) — w ()| = < C (€4 0*) ¢

forallt € [O,%} and all 0 < e < § < 4y.

Proof. We fix the parameters € and d such that 0 < e < < 1. Let r = u—w.
We define

T5® = sup {t < T : ||r(r)]

 (#)]..

case we must have T3° = T%9 = T'/e by the discussion above about for the

e <1 forall 7€(0,¢]}. (16)

We note that either — 1 or T0" = T%%. Moreover, in the latter

9



maximal time T<° . For the rest of the proof we will drop the superscripts
€, 0 to simplify the notation. Henceforth, we will take ¢ € [0, Tj ’6]. Obviously,
the function r = u — w satisfies the initial conditions r(x,0) = r(z,0) = 0.
Furthermore, it satisfies the evolution equation

(1 - 52D§) Ty — Tyy — € (7’2 + 2wr) =—F,,

rxr

with the residual term F, = wy — Wy — 0*Wapy — €(w?),, that was already
estimated in (13)). We define a function p so that r = p, with p(z,0) =
pt(x,0) = 0. This is possible since r satisfies the initial conditions r(z,0) =
ri(x,0) = 0 (see [10] for details). In what follows we will use both p and r to
further simplify the calculation. The above equation then becomes

(1 — 52D§) Pit — Ty — € (7’2 + 2wr)x = —F (17)

Motivated by the approach in [13], we define the ”energy” as

E(t) = - (||pt(t)| ?{s + 0 ()57 + P (D)1 77:) + € (A (w(B)r (1)), A*r(2))
+= <As (1), A°r (1)) . (18)

Note that

(A (wr), A7) | < O llr (@)l and [(A%2 A% < e < lr@)Il7.

where we have used (16). Thus, for sufficiently small values of €, we have

202 7 (Il ),

which shows that E?(t) is positive definite. The above result also shows that
an estimate obtained for E? gives an estimate for ||r(t)|%.. Differentiating
E2(t) with respect to ¢ and using (17) to eliminate the term py from the
resulting equation we get

d d
EESQ p <e (N°(wr), A°r) + % <A5r2, A8r>> € <A8 e 4 2wr), rt>
— (N°F, N°py)

=€ [(As(wtr) A°ry — (A% (wr), Ary) + (AN°r, A (wry)) + (A°(rry), A°r)

e+ 0 Il + 7|

<Asr2 AS@} (AF,A*py). (19)

10



The first term in the parentheses and the last term are estimated as
(A*(wr), A*r) <C'||r|[3. < CE?
(NF, N py) <||F |||l pel| s < C (€2 +6") E,

HS
respectively, where we have used Lemma 3.1. We rewrite the second and the
third terms in the parentheses in (19) as

— (A°(wr), A°ry) + (A°r, A% (wry)) :/ [—A*(wr)A°ry + A°r AP (wry)] dx

= — (A%, wlr, Ar) + (A%l A°F).
(20)

Furthermore, using the commutator estimates (14)-(15) we get the following
estimates for the two terms in (20):

([N, w]r, A*ry) =(A[AS, w]r, A*"tr,) < Cfjw) mwe |7 | -1, (21)
([A°, w]re, A°r)y <Cl|w| Hs-1. (22)

We rewrite the fourth and fifth terms in the parentheses in (19) as

ms+1|7

aosi ||l |7

(A*(rry), A°r) —% <As7’2, Asrt>
= <A8_1 (1 — Dg) T, As_l(rrt)> — % <A8_1 (1 — Di) r?, AS_lrt>
= <A5_1r, As_l(rrt)> — % <A5_1(r2 —2r), As_ln>

— (AT ), A7) — (A7, AT (rra,)))

Then, if we group the first two terms together and the last two terms together
in the above equation, we obtain the following estimates

1
(1) = 3 = 2208100 <Ol
SCHT’ %{s 7’t||HS*1a
(AT ), A7 ) — (AT hr, A7 () )| SONrllas el s |7 | s
<Cllr ||z lIrell o1

Note that the second line follows from (20) and ( 21) where w,r,r; are re-
placed, respectively, by r,r;, 7., and s by s — 1. Also, we remind that

s < CE, ()

o1 < |

[7ell o1 = [] pat]

11



and ||r]|gs < 1. Combining all the above results we get from (19) that

%Eﬁ(t) < C (Bt + (¢ +0") (1)) -

As E4(0) = 0, Gronwall’s inequality yields

2 4
E,(t) g# (e“ —1) < CeT (€ +6")t

T
<C (46t for t<Tg' <~
€

Finally recall that 75 was determined by the condition (16). The above
estimate shows that Hr (TS’6> < (' (e +64)T5"S < 1 for € < § small

s

enough. Then T 9 — 79 and furthermore T%° = L and this concludes the

e’

proof. O

We want to conclude with some remarks about the above proof.

Remark 1. Theorem /J.2 shows that the approzimation error is O ((e* + §*)t)
for times of order O(%) Consequently, the CH approzimation provides a good
approximation to the solution of the IB equation for large times.

Remark 2. The key step is to use the extra € terms in the energy E?, where

we have adopted the approach in [13]. This allows us to replace ||r||gs by
g1 hence avoiding the loss of § in our estimates. The proofs in [13]

7+
work for integer values of s, whereas via commutator estimates our result
holds for general s. The standard approach of taking the energy as

E2(t) = i)

(o) 3s + 0% e e + I (2)]

NN

would give the estimate

Bu(t) < (€ +6%) S (950 — 1) |

ST e

in turn implying Ey(t) < C' (&2 + 6%t
relatively shorter times.

==

or times t < gT, that is, only for

12



5 The Nonlocal Wave Equation

In this section we return to the nonlocal equation (2) and extend the anal-
ysis of the previous sections concerning the IB equation (1) to (2). We will
very briefly sketch the main features of the nonlocal equation, referring the
reader to [10] for more details. In [10], for the propagation of strain waves
in a one-dimensional, homogeneous, nonlinearly and nonlocally elastic infi-
nite medium the following wave equation was proposed (here we restrict our
attention to the quadratically nonlinear equation):

Upr =B (U+U?)xx (23)

where U = U(X,7) is a real-valued function. Following the assumptions in
[10], the kernel function 5(X) is even and its Fourier transform satisfies the
ellipticity condition

—r/2

a (L4722 <Bi) < e (14 7°) (24)

for some ¢1, co > 0 and r > 2, where 7 is the Fourier variable corresponding to
X. Then the convolution can be considered as an invertible pseudodifferential
operator of order r. The following result on the local well-posedness of the
Cauchy problem was originally given in [10]:

Theorem 5.1. Let r > 2 and s > 1/2. For Uy, U; € H*(R), there is some
7 > 0 such that the Cauchy problem for (23) with initial values U(X,0) =
Uo(X), U(X,0) = Uy (X) has a unique solution U € C*([0,7*], H*(R)).

Moreover, as in the case of the IB equation, the L* blow-up condition

lim sup [U(7)]] . = o0

T—Tmax

determines the maximal existence time if it is finite.
We note that, under the transformation defined by

UX,7)=eu(z,t), x==06X, t=09r, (25)

(23) becomes (2) with B5(z) = +8(X) = $8(%). Recall that the functional
relationship between the Fourier transforms of 5(X) and fs(x) is as follows:
5(77) = B(éf) = @5(5) where £ is the Fourier variable corresponding to .
Theorem 5.1 applies for (2) with ¢ € [0,7%°]. Note that if we choose the

13



kernel function in the form Ss(z) = &e~1#!/% (in which 3(X) = e, E(n) =

(1472 "" and B5(€) = (14 6%¢2)7" ), then (2) recovers the IB equation (1).

Our aim is to prove that, in the long-wave limit, the unidirectional so-
lutions of the nonlocal equation are well approximated by the solutions of
the CH equation under certain minimal conditions on 5 (equivalently on [Ss).
From now on, we will make the following assumptions on the moments of 3:

/5(X)dX ~1, /XQB(X)dX =2, /Xﬂﬁ(X)\dX < 00. (26)

Proposition 3. Suppose that B satisfies the conditions in (26). Then there
s a continuous function m such that

1
— =1 2 Ym(n). 27
Gy = L) (27)

Proof. Since the Fourier transform of —iX/3(X) equals 4 i 43 (1), (26) implies
that B € C* and

/6 YdX =1, /X2 —2. (28)

Then 1/3(n) € C*, 1/3(0) = 1 and (1/3) (0) = 2. As 3 is even, the odd

moments, hence the odd derivatives of 1/ B(n), vanish at 7 = 0. Thus the
function defined as

for n # 0 can be extended continuously to n = 0. 0J

Remark 3. The above assumption is not very restrictive in our setting. For
instance, if [ (X)dX =a and [ X?B(X)dX =b > 0, a suitable scaling will
reduce it to the above case.

The lower bound in (24) shows that

1
0< =—=1+n*+n"mn) <1+
pn)

Thus
n*lmm)| < '+ 0?7+ (14+9%) < C(L+ )72

14



Since m(n) is continuous, this implies

r—4
2
)

im(n)] < C(1+77)
so that m has order r» — 4. We note that under the scaling (25) we have
1

=14 6%+ 6% m(6¢). 29
70 £ §'m(d¢) (29)

We define the pseudodifferential operators

MU = F~ (m)T (), Myu=F (m (6) a(€))

When r > 4, we have

r—4

m(6€)| < C(1 +6%¢%) 2

<C(+eY)7,

so that
| Msull . < Clul

On the other hand, when r < 4, we get

Hstr—4 -

Im(3€)| < C(1+ 8% <C,

so that
[ Msul| e < Cllull g -

Thus we have the uniform estimates for Mgsu:

[ Ml

e < C )

peto—a, 0 =max{r, 4}. (30)

Due to (25), MU = eMzu. Multiplying (23) by (1 — D% + D% M) and (2) by
(1 —62D? + 6* D2 Ms) we rewrite (23) and (2) more familiar forms
and

(1 - 52D§ + 54D;1M6) U — Ugy = € (uz)mc ) (32>

respectively.
When we apply the formal asymptotic approach given in [11] to (32)
(in [11] it was used to derive the CH equation from the IB equation), we

15



again get exactly the same result, that is, the CH equation. As remarked
n [11], this follows from the observation that the extra term §*D3M;s will
only give rise to O (§?) terms and these terms do not affect the derivation in
[11]. The following theorem gives the convergence of the formal asymptotic
expansion and shows that the right-going solutions of (32) (and (2)) are well
approximated by the solutions of the CH equation.

Theorem 5.2. Let wy € H™(R), s > 1/2, 0 = max{r,4} and suppose
w? is the solution of the CH equation (3) with initial value w(z,0) = wo(x).
Then, there exist T >0 and §; < 1 such that the solution u® of the Cauchy
problem for (32) (equivalently for (2))

(1 — 52D92C + 54DiM5) U — Ugy — E(u2)x:c = O>

u(z,0) = wo (z), w (x,0) = wf’ (z,0),

satisfies

[u(t) — w (t) || s < C (€ + %) ¢
for all t e [0,%} and all 0 <e<§ <.

Proof. The proof follows a similar pattern to that of the proof of Theorem
4.2. The only difference is that (32) involves additional term §*D2Mguy.
Following closely the scheme in the proof of Theorem 4.2 corresponding to
case of the IB equation, we now outline the proof. First we note that plugging
the solution w®? of the CH equation into (32) leads to a residual term D, F"™
with FM = F + 6*D3 Msw;; where D, F is the residue term corresponding to
the IB case, given in (9). Going through a cancelation process similar to the
cancelations in the IB case, we get

HDiMéwttHHs <C HDiwtt‘

< Ol

Hsto—4 Hsto—4+4 = O ||wt| Hsto

where we use the estimate (30) for M; and (12) for D3wy,. Since o > 4, we
have

14 )

SO+ 0" ([wll o + [lw]

H Hs+a) .

Thus we take k = o + 1 in Corollary 1 to get a uniform bound on F'™. The
next step is to define the energy as

1
El,=E}+ 554 (A*M;sD,r(t), A°*D,r(t))
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where E7 is given by (18). We note that the extra term in E?,, is not
necessarily positive. Yet recalling that » = p, and collecting the p; and r;
terms in E7 ), we have:

2 — 0 (N D2Myry, A'ry) = (A* (1 — 6°D2 + §*D2M5) pi, A°py)

— <1+£2)3 At 2d
/—%g) )P de

e / (1+€2)°(1 + €72 |5(6) de

2
e+ 07 7]

e

>t / (1+ )1+ &) A de

2 2
1o + 0% o)

2 2
st 5 [7¢] HS) .

Hence EZ,, > CEZ. It is straightforward to compute the time derivative
of EZ,, since as the extra term vanishes due to (31) and we are left with
the same right-hand side as in the previous section and hence with the same
conclusion. O

=c3 " ([l
=c5 " (|l

Remark 4. We conclude from Theorem 5.2 that the comments made in
Remark 1 on the precision of the CH approximation to the IB equation are
also valid for the nonlocal equation.

6 The BBM and KdV Approximations

In this section we consider the BBM equation and the KdV equation which
characterize the particular cases of the CH equation and we show how the
results of the previous sections can be used to obtain the results for these
two equations. The analysis is similar in spirit to that of Sections 3 and 4,
we therefore give only the main steps in the proofs.

6.1 The BBM Approximation

When we neglect terms of order €% in the CH equation (3), we get the BBM
equation

3 5
Wy + W, + €ww, — 1521,%” — Zézwmt =0, (33)
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which is a well-known model for unidirectional propagation of long waves in
shallow water [2]. It should be noted that, in order to write this equation
in a more standard form, the term w,,, can be eliminated by means of the
coordinate transformation given in Section 1. Obviously, the BBM equation
(33) is a special case of (5) with k) =1, kg = kg =0, ky = =3, k5 = —2 and
kg = k7 = 0. Then, for the BBM equation, Corollary 1 takes the following
form:

Corollary 2. Let wy € H¥**1(R), s > 1/2, k > 1. Then, there exist T > 0,
C > 0 and a unique family of solutions

w € C ([o, g], HS“f(R)) nct ([o, g], H8+’f—1(R))

to the BBM equation (33) with initial value w(z,0) = wo(z), satisfying

e ()

€,0
wi (1)

Hs+k + ’ s th—1 S Ca

f0rall0<5§1,e§5anth[O,%].

As we did in Section 3, we plug the solution w of the Cauchy problem of
the BBM equation into the IB equation. Then the residual term f is given
by (7) but now w represents a solution of the BBM equation. Making use
of the approach in Section 3, we obtain f corresponding to the case of the
BBM approximation in the form f = F, with

3
1
F =€ (%) — 16(52 (6WWapt + 2WWap + WWay — MWW,y

1

1654ng (5wy — 12wy — w,y) .

_l_

Thus we have the BBM version of Lemma 3.1, namely the uniform estimate

I1E@)|

Hs SO(€2+54)
The rest of the proof holds and we obtain the BBM version of Theorem 4.2:

Theorem 6.1. Let wy € H**5(R), s > 1/2 and suppose w*’ is the solution
of the BBM equation (33) with initial value w(z,0) = wo(x). Then, there
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exist T > 0 and 6, < 1 such that the solution u° of the Cauchy problem for
the IB equation

U — Ugy — 52uxxtt - €(u2)xx =0

u(:c, 0) = wO(x)v ut(xv O) = w?&(xv 0)7
satisfies

[us(t) — w (t) || < C (€ + %) ¢
for all t e [0,%} and all 0 <e<§ <.

Following the arguments in Section 5, we may extend Theorem 6.1 to the
general class of nonlocal wave equations, namely

Theorem 6.2. Let wy € H*T"T(R), s > 1/2, 0 = max{r,4} and suppose
w*® is the solution of the BBM equation (33) with initial value w(x,0) =
wo(x). Then, there exist T > 0 and 6; < 1 such that the solution u®’ of the
Cauchy problem for the nonlocal equation

Uy = B * (U + eu®) g

u(z,0) = wo(z), u(z,0) =wi’(z,0),
satisfies

[u(t) — w (t) || < C (€ + %) ¢
for all t e [0,%} and all 0 <e<§ <.

6.2 The KAV Approximation
The KdV equation [16]

52
wy + w, + eww, + gwmw =0 (34)

is also a well-known model for unidirectional propagation of long waves in
shallow water and it has the same order of accuracy as the BBM equation.
In fact, the KdV equation (34) is a special case of (5) with k; = 1, kg = 1/2,
ko = K3 = Ky = kg = k7 = 0. However, Proposition 1 will not apply to the
KdV equation because the condition x5 < 0 is not satisfied. Instead we refer
to the following theorem proved by Alazman et al in [1]:
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Theorem 6.3. (Theorem A2 in [1]) Let s > 1 be an integer. Then for every
K > 0, there exists C' > 0 such that the following is true. Suppose qo € H?

with ||| s < K, and let g be the solution of the KdV equation
3_ 1_
9+ Gu+ 5640 + g Eare = 0 (35)

with initial data q(x,0) = qo(x). Then for all € € (0,1] and all t > 0,

lg ()]

Further, for every integer | such that 1 < 3l <'s, it is the case that

| Diq(t)]

we < C.

<C.

H573l
It is easy to see that the substitution
9 42

w = -—4q, 52:

=5 (36)

transforms (34) into (35). Suppose ¢; < % < ¢y with positive constants ¢;
and c¢o. Then we have

9 §2 9
lw)lgs = 5= gl gs < 5c2llg®)]] g (37)
2 € 2
and
2 €
lqoll zs = 932 [|woll s < 9, [|woll gs - (38)

We thus reach the following corollary:

Corollary 3. Let s+ k > 1 be an integer. Suppose wy € H*™* and let w?
be the solution of the KdV equation (34) with initial data w(z,0) = w(x).

Then there is some C such that for all 6* € (0, %] and all € € [g, g] with

positive constants ¢; and co and allt > 0,

|wes(2)] <c

Hs+k73 -

€,0
wi (1)

Hs+k _I_ ’

We next plug the solution w*® of the KdV equation (34) into the 1B
equation. Again, omitting the indices ¢, d, the residual term f is given by
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(7). Following the steps in Section 3, we obtain f corresponding to the case
of the KAV approximation in the form f = F, with

1 1 1
F=D, {§€2w3 + 1652 [_3(wx)2 + 4(wwx)t} + 164(_11]:0:0:0:0 + 2w:c:c:ct)} .
As there are at most five derivatives of w and four derivatives of w; in F,
we will choose k = 7 in the corollary to get the KdV version of Lemma 3.1,

namely the estimate:
£ ()]

e < C€

for the residual term.

Although the above results hold for all times, to follow the approach in
the previous sections we fix some 7" > 0 and restrict ourselves to the time
interval [0, Z]. As in the previous cases, the residual estimate leads to the

following theorem:

Theorem 6.4. Let wy € H*7'(R), s > 1 an integer and suppose w*’ is the
solution of the KdV equation (34) with initial value w(zx,0) = wo(x). Then,
for any T >0 and 0 < ¢y < ¢y there exist 67 < 5 and C > 0 such that the
solution u®’ of the Cauchy problem for the IB equation

2 2
U — Ugy — ) Ugrtt — E(U )xw =0

u(z,0) = wo(zr), ux,0)= wf’é(x,O),

satisfies
|u(t) — w ()| s < Cé*t
for all t e [0, %} and all 6 € (0,04], € € [%, g]
The result in Theorem 6.4, namely the rigorous justification of the KdV
approximation of the IB equation, was already proved by Schneider [18].
The discussion in Section 5 allows us to prove a similar theorem for the

general class of nonlocal wave equations. Again we have to estimate the
term D3 Mswy in the residue FM. We get

1D Mswe|

Hs < ||wtt||H5+3+074 <C Hw’ Hs+3+o—4+6 — C ||U)HH5+U+5,

which requires taking & = o + 5 in Corollary 3. Hence we get:
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Theorem 6.5. Let wg € H*T(R), s > 1/2, s+0 an integer, 0 = max{r,4}
and suppose w® is the solution of the KAV equation (34) with initial value
w(z,0) = wo(x). Then, for any T > 0 and 0 < ¢; < ¢y there exist 67 < &
and C' > 0 such that the solution us° of the Cauchy problem for the nonlocal
equation

gy = Bs * (u+ 6u2)m
U(ZL’, 0) = 'LUQ(ZL’), Ut(l’, O) = th,é(l,’ 0)?
satisfies
[ (t) — w(t)|| s < C€t

for all t e [0, %} and all 6 € (0,04], € € [ﬁ ﬁ].

co’ c1

We finally note that in the KdV case T" can be chosen arbitrarily large
while in the CH or the BBM cases T is determined by the equation.

Acknowledgments

Part of this research was done while the third author was visiting the Institute
of Mathematics at the Technische Universitat Berlin. The third author wants
to thank Etienne Emmrich and his group for their warm hospitality.

References

[1] A. A. Alazman, J. P. Albert, J. L. Bona, M. Chen and J. Wu, Compar-
isons between the BBM equation and a Boussinesq system, Advances in
Differential Equations, 11 (2006), 121-166.

[2] T.B. Benjamin, J. L. Bona and J. J. Mahony, Model equations for long
waves in nonlinear dispersive systems, Philos. Trans. R. Soc. Lond. Ser.
A: Math. Phys. Sci., 272 (1972), 47-78.

(3] J. L. Bona, T. Colin and D. Lannes, Long wave approximations for
water waves, Arch. Rational Mech. Anal., 178 (2005), 373-410.

[4] R. Camassa and D. D. Holm, An integrable shallow water equation
with peaked solitons, Phys. Rev. Lett., 71 (1993), 1661-1664.

22



[5]

[6]

[7]

[10]

[11]

[12]

[13]

[14]

[15]

A. Constantin and J. Escher, Wave breaking for nonlinear nonlocal
shallow water equations, Acta Mathematica, 181 (1998), 229-243.

A. Constantin, On the scattering problem for the Camassa-Holm equa-
tion, Proc. R. Soc. Lond. A, 457 (2001), 953-970.

A. Constantin and D. Lannes, The hydrodynamical relevance of the
Camassa-Holm and Degasperis-Procesi equations, Arch. Rational Mech.
Anal., 192 (2009), 165-186.

A. Constantin and L. Molinet, The initial value problem for a gen-
eralized Boussinesq equation, Differential and Integral Equations, 15
(2002), 1061-1072.

N. Duruk, A. Erkip and H. A. Erbay, A higher-order Boussinesq equa-
tion in locally nonlinear theory of one-dimensional nonlocal elasticity,
IMA J. Appl. Math., 74 (2009), 97-106.

N. Duruk, H.A. Erbay and A. Erkip, Global existence and blow-up
for a class of nonlocal nonlinear Cauchy problems arising in elasticity,
Nonlinearity, 23 (2010), 107-118.

H. A. Erbay, S. Erbay and A. Erkip, Derivation of the Camassa-Holm
equations for elastic waves, Physics Letters A, 379 (2015), 956-961.

H. A. Erbay, S. Erbay and A. Erkip, Unidirectional wave motion in
a nonlocally and nonlinearly elastic medium: The KdV, BBM and CH
equations, Proceedings of the Estonian Academy of Sciences, 64 (2015),
256-262.

T. Gallay and G. Schneider, KP description of unidirectional long
waves. The model case, Proc. Roy. Soc. Edinburgh Sect. A, 131 (2001),
885-898.

D. Ionescu-Kruse, Variational derivation of the Camassa-Holm shallow
water equation, J. Non-linear Math. Phys., 14 (2007), 303-312.

R. S. Johnson, Camassa-Holm, Korteweg-de Vries and related models
for water waves, J. Fluid Mech., 455 (2002), 63-82.

23



[16] D. J. Korteweg and G. de Vries, On the change of form of long waves
advancing in a rectangular channel, and on a new type of long stationary
waves, Phil. Mag., 39 (1895), 422-43.

[17] D. Lannes, The Water Waves Problem: Mathematical Analysis and
Asymptotics, AMS Mathematical Surveys and Monographs, vol. 188,
American Mathematical Society, Providence, RI, 2013.

[18] G. Schneider, The long wave limit for a Boussinesq equation, SIAM J.
Appl. Math., 58 (1998), 1237-1245.

24



	1 Introduction
	2 Uniform Estimates for the Solutions of the Camassa-Holm Equation
	3 Estimates for the Residual Term Corresponding to the Camassa-Holm Approximation
	4 Justification of the Camassa-Holm Approximation 
	5 The Nonlocal Wave Equation
	6 The BBM and KdV Approximations
	6.1 The BBM Approximation
	6.2 The KdV Approximation


