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Abstract

We present a new exact solution for self-dual Abelian gauge fields living on the space of the Kerr—Taub-bolt instanton, which is a generaliz
example of asymptotically flat instantons with non-self-dual curvature, by constructing the corresponding square integrable harmonic form on't
space.

0 2005 Elsevier B.V. All rights reserved.

Gravitational instantons are usually defined as complet&he hyper-Kahler structure of gravitational instantons and some
non-singular solutions of the vacuum Einstein field equationproperties of gravitational instantons which are derivable from
in Euclidean spac—5]. Among other things, they play an im- minimal surfaces in 3-dimensional Euclidean space were ex-
portant role in the path-integral formulation of quantum grav-amined in[12,13] using the Newman—Penrose formalism for
ity [6,7] forming a privileged class of stationary phase metricsEuclidean signature.
that provide the dominant contribution to the path integral and A fundamental difference between manifolds that have
mediate tunneling phenomena between topologically inequiveEuclidean (++++) and Lorentzian(—+++) signatures is
lent vacua. The first examples of gravitational instanton metricthat the former can harbor self-dual gauge fields that have
were obtained by complexifying the Schwarzschild, Kerr andno effect on the metric, while in the latter external fields
Taub—NUT spacetimes through analytically continuing them tcserve as source terms in field equations. In other words, since
the Euclidean sectdt,2]. The Euclidean Schwarzschild and the energy—momentum tensor vanishes identically for self-
Euclidean Kerr solutions do not have self-dual curvature thouglklual gauge fields, solutions of Einstein’s equations automat-
they are asymptotically flat at spatial infinity and periodic inically satisfy the system of coupled Einstein—-Maxwell and
imaginary time, while the Taub—NUT instanton is self-dual. Einstein—Yang—Mills equations. The corresponding self-dual
However, there exists another type of Taub—NUT instantorgauge fields are inherent in the given instanton metric. Further-
which, unlike the first one, is not self-dual and possesses amore, in Euclidean signature, Weyl spinors also have vanishing
event horizon (“bolt”)[8]. The generalization of this Taub-bolt energy—momentum tensor and vector and axial- vector bilin-
metric to the rotating case was given#j. ear covariants. Hence they cannot appear as source terms in the

Another class of gravitational instanton solutions consists ofield equations as well. The explicit solutions for different con-
the Eguchi-Hanson metrid0] and the multi-centre metrics figurations of some “stowaway” gauge fields and spinors living
of [2], which include the former as a special case. These metriosn well-known Euclidean-signature manifolds have been ob-
are asymptotically locally Euclidean with self-dual curvaturetained in a number of papers (d¢4—19).
and admit a hyper-Kahler structure. (For a review EEH). In recent years, motivated by Sel'siuality conjecturg20],

there has been some renewed interest in self-dual gauge
fields living on well-known Euclidean-signature manifolds. The
mponding author. gauge fields were studied b_y constructing sglf-dual square inte-
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integrable harmonic 2-form in self-dual Taub—NUT metrics wasalong with = > 0 for r > r4 and 0< 6 < & guarantees that

constructed iff21], its generalization to the case of complete r = r,. is a regular bolt in the non-singular manifold (@).

non-compact hyper-Kahler spaces was givef2R]. However We shall also need the basis one-forms for the méfijc

the similar square integrable harmonic form on manifolds withwhich can be chosen as

non-self-dual metrics was found only for the simple case of the N 1/2

Euclidean Schwarzschild instant¢28]. In this note we shall 1 _— (i) dr,

give a new exact solution to describe the Abelian “stowaway” A

gauge fields harbored by the Kerr—Taub-bolt instanton, which?2 = 51/2 49

is a generalized example of asymptotically flat instantons with sing

non-self-dual curvature. This is achieved by explicit construce™ = W(a dt + P, dy),

tion of the corresponding square integrable harmonic form on 1/2

the space. et = <¢> (dt + Pydg). (8)
The Euclidean Kerr—Taub-bolt instanton was discovered by o

Gibbons and Perrff] as a rotating generalization of the earlier  The isometry properties of the Kerr—Taub-bolt instanton

Taub-bolt solutiorf8] with non-self-dual curvature. This Ricci-  with respect to d/(1)-action in imaginary time imply the exis-
flat metric is still asymptotically flat and in Boyer-Lindquist tence of the Killing vector field

type coordinates it has the form
a a

"
dr? Sinf o ~ =87 9)
ds? = E(L + d62> + > (adt + P, dg)? ot daxtt
A = We recall that the fixed point sets of this Killing vector field
A . _ . .
+ St + Pyde), ) dgspnbe a two-surface, or bolt, in t'he metric. We sha]l use the
o) Killing vector to construct a square integrable harmonic 2-form
where the metric functions are given by on the K_err—Ta_\u_b-boIt space. It is well-known that for a Ricci-
flat metric a Killing vector can serve as a vector potential for
A=r2—2Mr —a?+ N?, (2) associated Maxwell fields in this metii24]. Since our Kerr—
S =P —aPs=r>— (N +acosh)>, 3) Taub—b_olt instanton is also ngCl—fIat, it is a good strategy to
N4 start with the Killing one-form field
Po=r?—a®— ——, 4
r r o N2 — Ol2 ( ) E — E(l)u dx” (10)
aN?2

(5)  Which is obtained by lowering the index of the Killing vector
field in (9). Taking the exterior derivative of the one-form in the

The parameters/, N, o represent the “electric” mass, “mag- metric(1) we have

netic” mass and “rotation” of the instanton, respectively.

Py = —aSinf6 + 2N cosh — TERE

Whena = 0 this metric reduces to the Taub-bolt instantonds = %{[Mrz + (@M cos) — 2Nr + MN)(N + o cos)]
solution found in[8] with an event horizon and non-self-dual = 1 a4
curvature. If N = 0, we have the Euclidean Kerr metric. Thus xe Ne
one can say that the metr(t) generalizes the Taub-bolt solu- —[N(a+ o? + a2 cod 0) + 20{(N2 — Mr) cost]
tion of [8] in same manner just as the Kerr metric generalizes s 3
the Schwarzschild solution. The coordinat@ the metric be- x " At} (11)

haves like an angular variable and in order to have a completg, this expression we have used the basis one-f¢@)ia order

non-singular manifold at values otlefined by equatiod =0, o facilitate the calculation of its Hodge dual, which is based on
1 must have a periodi?/« . The coordinate must also be peri-  the simple relations

odic with period Z (1 — §2/«), where the “surface gravity?

and the “angular velocity” of rotatiof?, are defined as rret)=e2ned,  f(Pad)=etael (12)
P el o=% ©) Straightforward calculations using the above expressions show
212 e’ that the two-form(11)is both closed and co-closed, that is, it is
ith a harmonic form. However the Kerr—Taub-bolt instanton does
wi not admit hyper-Kahler structure, and the two-form given by
ro=M =+ /M2 — N2 T2 (11)is not self-dual. Instead, we define the (anti-)self-dual two
4 form
2_ 2 2 N 7) .
ro=ri—a— ———.
0= N2 — o2 F= E(dg +*d§), (13)
As a result one finds that the condition

wherea is an arbitrary constant related to the dyon charges car-
= 1 ried by the fields and the minus sign refers to the anti-self-dual
4|N| case. Taking Eq411) and (12)nto account in this expression,
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we obtain the harmonic self-dual two-form It is also useful to calculate the total magnetic ftbxwvhich
A(M — N) 91 a4 o 3 is obtained by integrating the self-dual 2-fofnover a closed
F=——5—(+N+acosh)*(e-Ae"+e“Ae’), (14)  2-sphere of infinite radius; dividing this by 2 gives the first
e . . Chern class with minus sign

which implies the existence of the potential one-form

(o) 1 20
A=—\M—N) —C1=—=—fF=2k(M—N) 1- , (19)

2t 27 ry —7r_

z

r+ N + o« cosf
c) which must be equal to an integebecause of the Dirac quan-
After an appropriate re-scaling of the parametemhich in- tization condition. We see that the periodicity of angular coor-

cludes the electric coupling constant as well, a string singularitfiNate in the Kerr—Taub-bolt metric affects the magnehc-sharge
atf =0 or6 = x in this expression is avoided as usual by de-duantization rule in a non-linear way. It involves both the “elec-

manding the familiar Dirac magnetic-charge quantization rule. "¢ and “magnetic” masses and the “rotation” parameter.
From Eq.(13) we also find the corresponding anti-self-dual

x [cos@ do + (dt + Py d(p)]. (15)
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