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Abstract

Recently, the first constructions of bent partitions of elementary abelian groups that do
not induce partial difference sets or Latin square type partial difference set packings (LP-
packings) have been presented (Anbar et al.; Wang et al., 2025). Motivated by observations
on the differential properties of examples of these bent partitions, the notions of twisted
partial difference sets and twisted LP-packings in abelian groups G are introduced in this
article. Basic properties of twisted partial difference sets and twisted LP-packings, as well
as properties of the corresponding character values, are investigated. It is shown that the
sets arising from all recently introduced bent partitions are twisted partial difference sets,
and that these bent partitions induce twisted LP-packings. As a consequence, all nontrivial
bent partitions of elementary abelian groups known so far are shown to correspond either to
LP-packings or to twisted LP-packings.

Keywords Bent functions - Vectorial bent functions - Bent partitions - (Twisted) partial
difference sets - (Twisted) LP-packings

Mathematics Subject Classification 05B10 - 11T23 - 06E30

1 Introduction

Let G be an abelian group of order v, written additively, and let G* = G \ {0}. Let D be
a subset of G of size x. The set D is called a (v, «, A, p) partial difference set (PDS) in G
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if every nonzero element of D can be written as a difference d| — d;, with dj,d> € D, in
exactly A ways, and every element of G*\ D can be written as such a difference in exactly p
ways.

A PDS D is called regular if —D = D and 0 ¢ D. This assumption is not restrictive,
since by [12, Proposition 1.2] every partial difference set D with A # p (that is, D is not a
difference set) satisfies —D = D, and, moreover, the set D\ {0} is again a PDS.

Throughout this article, attention is restricted to PDSs that are not difference sets. More-
over, it is assumed that D satisfies D # @, D # {0}, D # G and D # G \ {0}. These
conditions imply that 2 < ¥ < v — 2. Note that if D is a partial difference set in G, then its
complement G\ D is also a partial difference set.

It is easily verified that the parameters of a PDS satisty

K2 = (k= 1) + k(L — ) + po.

If the parameters of a regular PDS D are of the form (v, «, A, n) = (nz, sm—=1), n+s%—
3s, s — s) for some positive integers n and s, then D is said to be of (n, s) Latin square
type.

Recently, in [11], the concept of a Latin square partial difference set packing (LP-packing)
was introduced. Let 7 > 1 and ¢ > 0 be integers, let G be an abelian group of order t2¢2, and
let U be a subgroup of G of order tc. A (c, t) LP-packing in G relative to U is a collection
{P1, ..., P:} of t pairwise disjoint regular (¢c, ¢) Latin square type partial difference sets in
Gsuchthat Ji_, P =G\ U.

Partial difference sets, and more recently LP-packings, have been investigated in con-
nection with bent and vectorial bent functions; see [1, 2, 7, 9, 14, 17, 18]. Let Vﬁ,p)
denote an n-dimensional vector space over the prime field IF,. Recall that a function
f: Vﬁ,p) — [, is called a bent function if its derivative D, f(x) = f(x +a) — f(x)
is balanced for all nonzero a € V,(lp ), ie., for every ¢ € [, the inverse image set
Do) Ne)={x € Vn(p ). D, f (x) = c} has the same cardinality.

Alternatively, the function f is bent if the Walsh transform of f,

—(b,x)n
Wf(b) — Z C;(X) (b,x) . :eZnL/p’ (1)
er,(,p)

where (u, v), denotes a fixed (non-degenerate) inner product on Vﬁ,p ) and ¢ is a complex
primitive 4-th root of unity, has absolute value p”/? for every b € Vf,p ),

Observe that the Walsh transform of a Boolean bent function f satisfies Wy (b) =
on/ 2(— S *®) where f* is a Boolean function, called the dual of f, which is always bent as
well. Since the Walsh transform Wy is integer-valued when p = 2, Boolean bent functions
exist only for even values of n. In contrast, p-ary bent functions f : Vﬁ," ) L F p exist for
both even and odd values of n, and their Walsh transform satisfies

Wi (b) = :I:;,{;ib()b)p”/z, ifniseven,orifnisoddand p =1 mod 4,
g 7 p"? if nisoddand p =3 mod 4,
where f* : fo’ ) ), is again called the dual of f.

We distinguish between weakly regular bent functions, namely those for which W (b) =
€ gf(b) p"/?, where € € {£1, %} is a constant independent of b, and non-weakly regular
bent functions, for which the value € = €, depends on b. In particular, a bent function f is
said to be regular if it is weakly regular with € = 1. Consequently, all Boolean bent functions
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are regular. The dual of a weakly regular bent function is again bent, whereas this property
does not necessarily hold for non-weakly regular bent functions; see [10, 13].

A vectorial function F : Vi,p N V,((p ) is called bent (or vectorial bent) if its derivative
D,F(x) = F(x+a)— F(x) is balanced for every nonzeroa € Vflp ). Equivalently, F is bent
if every component function Fy(x) = (o, F(x));, @ € V,(cp) \ {0}, is a bent function, i.e., if

Wre, (b) = Z ;[()a,F(X))k—w,X)n’ ¢y = eZm/p’

xeVP

has absolute value p”/? for all nonzero « € V,(Cp )and all b € Vi,p ),

2 Preliminary results

In this section, we collect some preliminary results on partial difference sets, LP-packings,
and bent partitions, a concept that has recently been introduced in [8].

2.1 Results on partial difference sets

A useful tool for investigating PDSs is Corollary 3.3 in [12], where PDSs are characterized
in terms of character sums. For a subset D of G and a character x of G, we define x (D) =

stD X(d)'

Lemma 1 Let G be anabelian group of order v, andlet D C G be a subset satisfying —D = D.
Then Disa (v, k, A, ju) partial difference set in G if and only if, for every nontrivial character
X of G, the value x (D) assumes exactly two distinct values. More precisely,

x(D) = (B£VA))2,

where B =% — wand A = B*> + 4y, withy =k —nif0 ¢ D,andy =k — 1 if0 € D. If
D # @ and D # G\ {0}, then the parameters satisfy

0<A<k—-1 and 0<pu<k. 2)

Moreover, if 0 € D and D has parameters (v, k, A, i, B, A), then the set D\{0} is a partial
difference set with parameters

WK B A = (v, k=1, A=2, u, B—2, A). 3)

Remark 1 Since we assume that D is a partial difference set that is not a difference set, we
have 8 # 0. Moreover, under the assumptions D # ¥, D # {0}, D # Gand D # G\ {0}, it
follows that > 0; see Eq. (2). Consequently, we always have A = 2 +4y > 0.

In particular, by Lemma 1, for an (n, s) Latin square type partial difference set D we have
x(D) € {—s, n — s}; see also [11, Lemma 2.5].

Let G be an abelian group of order v, and let D be a (v, «, A, u) PDS in G. We denote by
G the character group of G, and define a subset DT of G by

D+={X€§: X(D)=(/3+«/X)/2}. @)

Note that D+ = (D\{0})*; hence it is sufficient to consider D™ for a regular PDS D.
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Lemma 2 [12, Theorem 3.4] Let G be an abelian group of order v, and let D be a regular
(v, k, A, ) PDS in G. Then the set D defined in (4) is a regular PDS in 3 In particular, if
D is a regular (n, s) Latin square type PDS in G, then D is a regular (n, s) Latin square
type PDS in G

The PDS D7 in Lemma 2 is called the dual of the PDS D. Since G and a are isomorphic,
the set D" may be identified with a subset of G, and its dual may be considered accordingly.

Lemma3 [12, Theorem 3.7] If D is a regular PDS in G, then (D)™ = D.

2.2 Partial difference sets and bent partitions

Partial difference sets appear as preimage sets of certain classes of bent and vectorial bent
functions. They form the basic constituents of bent partitions, which in turn generate a large
number of bent and vectorial bent functions. We refer to [6, 8, 17] and the survey paper [3]
for further details.

Definition 1 [8, Definition 1] Let n = 2m be even. A partition 2 = {Aq, ..., Ag} of fo’)
into K sets Ay, ..., Ak is called a bent partition of Vs,p ) of depth K if every function

f: V,(,p ) 5 F p satisfying the following property is bent:
Every ¢ € I, has exactly K/p of the sets Ay, ..., Ag in its preimage set e =
eV ) =c)

Bent partitions of V,(f ) of depth K > 3 exist only for even dimensions 7; see [2, Remark 3].

Hence, throughout this article, bent and vectorial bent functions are always considered as
functions from Vflp ) toF k> k > 1, for an even integer n. Consequently, bent functions f that

are weakly regular but not regular have Walsh coefficients of the form Wy (b) = —¢ pf 2 P2

As shown in [8], two types of bent partitions 2 = {A1, A2, ..., Ax}canbe distinguished:
Type L |Az| = [A3] = - - = |Ag], and |A;| = |Aa| + p"/2,
Type IL. |Az| = |A3| = -+ = |Ak|, and |A}] = |Ag| — p"/2.

All bent partitions of depth K > 4 known so far are of Type I and give rise to regular bent
functions. Moreover, their depth satisfies K = pk ,i.e., K isapower of p;see[15, Theorem 3].
In addition, the larger set A contains an (n/2)-dimensional subspace U. Separating U from
A then yields a normal bent partition, which is defined as follows.

Definition 2 [8, Definition 2] A partition of Vflp ) into an (n/2)-dimensional subspace U

and sets Ay, Aa, ..., Ak is called a normal bent partition of depth K if every function

f: V,(,P ) S F p satisfying the following properties is bent:

(I) Forevery c € F,, exactly K /p of the sets A are contained in the preimage set f (o),
and

(II) f is constant on the subspace U.

A key result was obtained in [17], where certain classes of bent partitions were related to
some classes of vectorial bent functions:
Let F : Vflp ) V,((p ) be a vectorial bent function. We say that F is vectorial dual-bent

if the duals of its component functions, (Fy)* = ({o, F(x))x)*, o € V,(Cp)\{O}, are the
component functions of another vectorial bent function F*, which is called a vectorial dual
of F. Observe that in this case we have

(@, F)f = (Fa)* = Fl oy = (o(@). F)i.,
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for some permutation o of V,((p ) satisfying o (0) = 0.

A vectorial dual-bent function F' : Vi,p ) V,((p ), with n = 2 m, is said to satisfy Condi-
tion A if all component functions of F are regular, or all are weakly regular but not regular,
and if for every pair of nonzero elements «, 8 € V,(Cp ) with o + B # 0 we have

(Fo)* + (Fp)* = (Fatp)™,

i.e., the sum of the duals equals the dual of the sum. We remark that if p 7 3, then the
case where all component functions are weakly regular but not regular cannot occur; see [16,
Proposition 1]. Moreover, even for p = 3 and k > 1, no such example is currently known.
In the following, we therefore mainly consider the case where all component functions of F
are regular.

The relationships between bent partitions and vectorial dual-bent functions on the one
hand, and partial difference sets on the other hand, can be summarized as follows. We refer
to [1, 16, 17] and the survey paper [3] for further details.

Proposition 1 Let F : Vflp ) V,((p ) be avectorial dual-bent function such that all component

functions are regular and (Fy)* + (Fg)* = (Faqp)* for all nonzero o, B € V,(Cp) with
o + B # 0. Then the following statements hold.

(1) The preimage set partition
{Ffl(c) ic€ V,(Cp)}, where Ffl(c) ={x e V,(,p) :F(x) =},

is a bent partition for which all generated bent functions are regular. Moreover, for

every ¢ € V,Ep) we have IE‘*‘;‘,F_1 (c) = F~Y(¢), i.e., each preimage set is closed under
multiplication by nonzero elements of the prime field.
(ii) All sets F~'(c)\{0} are Latin square type PDSs.

Proposition2 Let F : VSLP ) V,({p ) be avectorial dual-bent function such that all component

functions are regular and (Fo)* + (Fg)* = (Fyu1p)* for all nonzero o, B € V,((p) with
o + B # 0. Suppose that F is constant cy on an (n/2)-dimensional subspace U. Then the
following statements hold.

(i) The collection Q@ = {U, F~'(co)\U, F~'(c) : c e V,((p), ¢ # co} is a normal bent

partition.
(i1) The sets F! (co)\U and F (c), for ¢ # co, are (n, s) Latin square type PDSs, where
n=p"?ands = p"*k

(iii) The collection {F~'(co)\U, F~'(c): c € V,((p), c #co)isa (p"/*7*, p*) LP-packing
in Vﬁf’) relative to U.

Example 1 Let k be a divisor of m, and let e be an integer satisfying

—e=p! mod (p*¥ — 1) for some integer /,
—ged(p™ —1,e) = 1.

Define the function F : Fypm x Fpm — F x by
F(x,y) = Try(yx~°).

Then F is a vectorial dual-bent function satisfying Condition A and is identically zero on
the m-dimensional subspace U = {(0, y) : y € F,m}. The partition

Q={(U, FF'ONU, F'(¢): c e Fri}
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is a normal bent partition. Moreover, the partition €2 can be viewed as a generalization of
the Desarguesian spread, since €2 reduces to the Desarguesian spread when k = m. For this
reason, €2 is called a generalized Desarguesian spread, and the function F is referred to as
a vectorial generalized PSg), function; see [5] for further details.

All sets in €2 are Latin square type partial difference sets. Furthermore, the collection

(FTY'ON\U, F7'(¢): ce Fri)

forms a ( pm_k s pk ) LP-packing in F,n x IF,m relative to U. For further details, we refer the
reader to [5, 7, 17] and the survey [3].

In the meantime, many further examples—including secondary constructions—of bent par-
titions, and equivalently of vectorial dual-bent functions satisfying Condition A, have been
obtained; see, for example, [1, 4, 6].

2.3 Non-PDS bent partitions

In [4], the first construction of bent partitions whose sets are not partial difference sets and
which do not correspond to LP-packings was obtained by modifying the vectorial generalized
PS,), function in Example 1.

Let k be a divisor of m, let a, b be integers, and let M : F,m — Fpk be a function such
that

—a=b=p' mod (p*¥ — 1) for some integer I,
—ged(p™ —1,a) = ged(p™ - 1,b) =1,
= M(cx) =cM(x) forallc € F .

Define the function
F(x,y) = T (yx ™) + M(x7?). )

It is shown in [4, Sect. 3.2] that the preimage set partition of F' forms a bent partition
Q=(F'(0):ceFul

Moreover, by separating the subspace U = {(0, y) : y € Fpm} from F ~1(0), one obtains a
normal bent partition of F ym x IFm, namely,

Q={U, FYONU, F '(¢):ce Frel,

which is called in [4] a modified generalized Desarguesian spread.

All bent functions obtained from this bent partition are regular. However, if M is not the
zero function, then the property F’ F ) = F~!(c) for all ¢ € F,« does not hold. It is
then pointed out that, if M is not the zero function, none of the sets in this bent partition is a
partial difference set. In particular, this bent partition does not correspond to an LP-packing.

In[15], bent partitions of a similar form are further investigated under the name YWBP bent
partitions, which refers to bent partitions for which all obtained bent functions are regular, or
all are weakly regular but not regular. We remark that so far only examples in which all bent
functions are regular have been found, which implies that these bent partitions are of Type L.
Furthermore, all of these bent partitions can be transformed into normal bent partitions.

The constructions in [15] are based on the following lemma.

Lemma4 Letn = 2m, and let k be an integer withk > 2 when p = 2. Let F : V;,p) — V,(Cp)
be a vectorial bent function whose component functions are all regular (or all weakly regular
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but not regular). Suppose that there exist functions G : V,(qp N V,((p ) and h : V,(qp ) L F p
such that, for all nonzero o € V,((p ) N

(Fo)*(x) = Ga(x) + h(x). ©)

Then the preimage set partition of F, {F~'(c) : ¢ € V,(cp ) }, is a bent partition of Vﬁlp )
belonging to the class WBP.

Note that the function F in Lemma 4 is vectorial dual-bent if and only if / is the zero function.
Otherwise, the preimage sets of F, i.e., the sets of the corresponding bent partition, are not
PDSs.

However, the following observations indicate that the sets arising from at least some bent
partitions in the WP class are close to being partial difference sets.

Observation 1 (I) In [4, Example 3.3], a function F of the form (5) is given. For the
parametersm = 6,k = 2,a = 59, andb = 2, itis observed that the sets Dy = F_I(O)\U
and D. = F~\(c), for c € F;k, have the following property. For each ¢ € F x, there
exists a set A, and integers A, | such that every nonzero element of A, can be written as a
difference of elements of D, in exactly A ways, and every nonzero element not contained
in A. can be written as such a difference in exactly u ways. The set A, is a PDS.

(1) From the proof of Theorem 4 in [15], it follows that the character sums over a set of a
bent partition in the WBP class assume only two absolute values. More precisely, let
F : V,(qp ) V,(Cp ) be a vectorial bent Sfunction with regular components satisfying (6).

Then, for a nontrivial character x,(z) = {;,H’Z)” ofolp), we have

h(— — .
B ;p( a)(pn/2_pn/2 k), ifc = G(—a),
aF@)=1" 0
—¢p prAk, otherwise.

3 Twisted partial difference sets

Motivated by Observation 1 (I), we introduce the notion of a twisted partial difference set as
follows.

Definition 3 Let G be an abelian group of order v, and let D C G be a subset of size «. The
set D is called a (v, k, A, ) twisted partial difference set in G if there exists a (v, k, A, ®)
partial difference set A € G such that every nonzero element of A can be expressed as a
difference d; — da, with dy, d» € D, in exactly A ways, and every nonzero element of G\ A
can be expressed as such a difference in exactly © ways.

If A is an (n, s) Latin square type PDS, then D is called an (n, s) Latin square type twisted
PDS. In Definition 3, we may assume that D # A and D # G\ A; otherwise, D itself is a
PDS.

A trivial example of a twisted PDS is given by D = A +a, where A is a partial difference
setin G and a € G. As pointed out in Observation 1 (I), the inverse images of a function F
of the form (5) yield twisted PDSs. We refer to [4, Example 3.3] for more details. In fact, we
will show in Sect. 5 that not only the bent partition given in [4], but also the ones constructed
in [15], yield twisted PDSs.
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Remark2 (i) In contrast to PDSs (which are not difference sets), twisted PDSs do not, in
general, satisfy the condition —D = D. Counterexamples arise, for instance, from trans-
lates A +a of aPDS A, or from the sets occurring in modified generalized Desarguesian
spreads; see Corollary 2.

(i) In contrast to PDSs, for which the sets A U {0} and A\{0} are again PDSs, a twisted
PDS D does not, in general, share this property. More precisely, if 0 ¢ D (respectively,
0 € D), then the set D U {0} (respectively, D\{0}) is in general not a twisted PDS:

For D U {0} we see the additional differences d — 0 = d, 0 — d = —d. Therefore

—u € A,u ¢ DU —D appears A times as a difference,

—u € A,u e DU—D appears A + 1 times as a difference,
—ue€G*\ A, u ¢ DU —D appears u times as a difference,
—u €G*\A,u € DU —D appears  + | times as a difference

(with a slight adaptation for characteristic 2 or more generally for elements with —d = d).
IfnotA=puorDU—-D=D=—D=A(G*\ A), then D U {0} is not a twisted PDS. An
analogous argument applies to D\ {0} in the case where 0 € D.

Before establishing a connection between the character values of a twisted PDS and those of
the corresponding PDS, we introduce some notation from the group ring Z[G].

Let G be a finite abelian group. As is common when working with group rings over finite
abelian groups, we denote the identity element of G by 1 throughout this section. The group

ring Z[G] consists of all formal sums deg agg with coefficients a, € Z. For such an

element, we define () agg)(_l) = Y aeg~'. As usual, a subset A C G is identified with
the group ring element 4 8.

A character of G is a group homomorphism x : G — C*, which extends linearly to a
homomorphism from Z[G] to C.

Theorem 1 Let G be a finite abelian group of order v with identity element 1g, and let D € G
be a subset of size k. Then D is a (v, k, A, i) twisted partial difference set in G if and only
if there exists a (v, k, ,, ) partial difference set A C G such that

x(D) = ¢y x(A) )

for every character x of G, where ¢, € C satisfies |, | = 1.

Proof Suppose first that D is a (v, k, A, i) twisted partial difference set in G, and let A be
the associated (v, , A, ) partial difference set. For the trivial character xo, we have

xo(D) = |D| =k = |A] = xo(A),

and hence ¢, = 1.
We first consider the case where 1g ¢ A. Since A is a (v, «, A, ) partial difference set,
in group-ring notation, we have

AATY =klg + 1A + pu(G — 1g — A).
Applying a nontrivial character x yields

X(AATY) = [x(A)* =k + ax(A) + ux(G — 1g — A)
= (k — ) + (. — wx(A), (8)
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where we used x(G) = 0 for a nontrivial character. By the definition of a twisted partial
difference set, we also have

DDV =klg + 1A+ u(G — 1g — A).
Consequently,
(DDTV) =[x (D) = (e — ) + (k= ) x (A) = [x (AP,
where the final equality follows from (8).
Similarly, if 15 € A, then an analogous calculation gives
X (D) = (c = 1) + (. = Wx (A) = [x (DI,

Therefore, in both cases we obtain | x (D)| = | x (A)].
If x (A) = 0, then necessarily x (D) = 0, and without loss of generality we define ¢, = 1.
Otherwise, setting ¢, = x(D)/x(A) yields |{,| = 1 and

x (D) =gy x(A).

Conversely, suppose that A is a (v, k, A, ) partial difference set in G and that D is a
k-subset of G such that

x(D) = &y x(A)
for every character x of G, where |¢, | = 1. Then, for every character x,
x(DDEY) =[x (D) = [x (W] = x(AATY).
By [11, Proposition 2.2], it follows that
DDD = AATD in Z[4].
Since A is a (v, «, A, @) partial difference set, this equality shows that D is a (v, k, A, ()

twisted partial difference set in G, with associated PDS A. O

Note that if D is a subgroup of G, then for any nontrivial character y of G, we have
x(D) =0or x(D) = |DI.

As already indicated in Remark 2, twisted partial difference sets and partial difference
sets exhibit somewhat different behavior. Using Theorem 1, we can at least show that the
complement of a twisted partial difference set is again a twisted partial difference set.

Corollary 1 Let D be a twisted PDS in an abelian group G. Then the complement D = G\ D
is also a twisted PDS. If A is the PDS associated with D such that x (D) = ¢y x (A), then
X (D) = ¢y x (A) for every nontrivial character x of G, where A = G\ A.

Proof For every nontrivial character x of G, we have

x(D) = — x(D) = — &y x(A) = {y x (A).

Since A is a PDS whenever A is, the result follows from Theorem 1. O

Remark 3 Let D be a twisted PDS, and let A’ denote the set of elements that can be written
in exactly A ways as a difference of two elements of D. Then both A’ and A’ U {1g} are
PDSs, and exactly one of them has the same parameters as D; this set is therefore the PDS
A associated with D.

Clearly, the identity element 1g belongs to exactly one of the sets D and D, and to exactly
one of the sets A and A. If 1g € D, it does not necessarily follow that 1g € A.
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We now employ Theorem 1 to confirm that the differential properties stated in Observa-
tion 1(I) apply to the sets arising from any modified generalized Desarguesian spread Q.
We denote the sets of the normal bent partition 5, obtained from the function F(x,y) =
Tri! (yx™*) + M(x7t)in (5), by U = {(0,y) : y € Fpm}, A@©0) = F~'(0) \ U and
Ay =F ' (y).y €Fy.

Corollary 2 Foreveryy € F «, the set .Z(y) in the normal bent partition Q defined above is
a twisted PDS in IF pm x F,m of (p™, P %Y Latin square type.

Proof For (u, v) € Fpm x F,m, we denote by x(u,v) the character defined by x.,v)(x, y) =

é_;r'ln(ux+v}')' By PrOpOSitiOn 6 in [4], for (M,U) S ]Fpm X Fpm\{(o, 0)}, we have

X (A() = —p"*forall y € Fx if v =0.If v # 0, then

_Trk(M(vdb)) ) ;
~ o, ! m_ pm=k) if y = — Te((uv=%)P),
X(u,v)(A(]/)) = b _Trllr(M(Udb(S? P ) y k( )

—k
P P,

otherwise,
where d is an integer satisfying da =1 mod (p™ — 1).

On the other hand, the generalized Desarguesian spread €2 in Example 1, obtained from
the function G (x, y) = Tr}’ (yx~¢), gives rise to an LP-packing. That is, A(0) = G~lo)\U
and A(y) =G '(y),y € F;k, are all (p™, p™~*) Latin square type partial difference sets,
where U = {(0, y) : y € Fn}. Moreover, we have (see [5, 8])

p"— pm—k’ ifv#0andy = —Tr{" (uv_d)Pl 7
X (A)) = { Al )

— p'"_k, otherwise.

By Theorem 1, it follows that for every y € I« the set A(y)isa (p™, p™*) Latin square
type twisted PDS in F,m x IF ,m, for which the associated partial difference set is A(y).
O

Remark 4 The sets arising from modified generalized Desarguesian spreads provide the first
non-trivial examples of twisted PDSs. Indeed, in [4, Example 3.3] it is pointed out that these
sets are, in general, not obtained as translates of any PDS. Moreover, the normal bent partition
€ and the associated generalized Desarguesian spread €2 are not equivalent, i.e., € cannot
be obtained from 2 by a coordinate transformation.

The proof of Corollary 2 relies on the fact that a PDS A(y) is already known such that
X(u,v) (.Z()/)) = Cxumy X(u,v) (.A(y)). This follows from the observation that 2 is obtained
by modifying the generalized Desarguesian spread €2 in Example 1, whose sets are all PDSs.
The argument then makes use of the analysis of the relevant character sum values given in
[4,5, 8].

By Lemma 1 on the character sum values of partial difference sets, a subset A can be
classified as a PDS solely by inspecting its character values. In the next section, we investigate
properties of character sums over twisted PDSs.

4 Character sum properties of twisted PDSs

In this section, we propose a generalization of Lemma 1 to twisted PDSs. As might be
expected, the situation is more involved than for conventional PDSs.
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We require the following proposition concerning the character values of twisted partial
difference sets. This proposition also reveals properties of the mapping x +> ¢, from Gto
C, defined in (7), in terms of character sums. To this end, we first introduce some preparatory
results.

Let G be a finite abelian group. In contrast to the notation used in Sect. 3, we adopt additive
notation and denote the identity element of G by Og. When the group G is clear from the
context, we simply write 0.

Recall that G is canonically isomorphic to its character group G. Under this identification,
the mapping x +— ¢, defined in (7) induces a function W : G — U, where Y = {u € C :
|u| = 1}. In particular, under this identification, the identity element Og corresponds to the
trivial character of G, and hence W(0g) = 1. Consequently, the properties of the mapping
X V> &y in (7) can be described in terms of the properties of the function ¥ : G — C.

For some abelian groups G, ..., G, let G be the abelian group G = G; x --- x G,. We
recall that then every character x of G can be written uniquely in the form

X=Xl Xn
for some x; € é, Equivalently, for x = (xq, ..., x,) € G, we have
x(x) = x1(x1) -+ Xn(xn).

By the fundamental theorem of finite abelian groups, we identify G with Z P X X Ly

for some primes py, ..., p, and positive integers rq, ..., r,. Under this 1dent1ﬁcat10n for
any i = (i1,...,ip)and j = (ji, ..., jp) in G, we have
XiG) = ¢t = o),
where ¢ denotes a primitive p,’f -th root of unity foreachk =1, ..., n.
Proposition 3 For some primes pi, ..., pn and positive integers ry, ..., ry, let G be the

abelian group
g:Zp? X oo XZP;;M.

Let D C G be a subset of size k, for which each character x; corresponding to a nonzero

i € G satisfies
+ VA
xi(D) = % v@@), C))

for some function ¥V : G — U. Define

C(D) = {i €G: x(D) = ﬁ*ﬁ} U {(,...,0). (10)

Then for any nonzero j € G,

1 ﬂ+f
X (C(D)) = — K+ V(@) xid+ )|, (11)

and

IC(D)| = —— - Gl + TOu@|. a2
A\ AP I)Y

where W (i) denotes the complex conjugate of W (i).
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Proof By our assumption in Eq.9 and Remark 1, for every nontrivial character x; of G,

2% (D)W() — B
VA

and this expression equals 1 if and only if i € C(D)\{0}. Hence, the function f : G\{0} —
{0, 1} defined by

f()—f 2% (D)WY (i) — B +1) = 2% (D)V (i) — B+ VA
NIN 2VA
is the characteristic function of C(D)\{0}. Consequently, for j # 0, using the facts that

X (@) = xi())s xo(D+ j) =D+ jl =|D| =k, ¥(0) =1,and } ;g ) xi (j) = —1, we
obtain the following equalities.

= =*I1,

(CDNOY = > xj= > x) fa)
ieC(D)\(0) i€G\(0)
=Y 0 (mmw—mﬂ)
- J
ieg\{0} zﬂ
1
=— Y xOxuDYQD) — —=— Y x@
“/Kieg\{()} ! f ieG\{0} !
1 _
=— Y, xu(D+)HV0) — > ()
“/Kieg\{() f ieG\{0}
K ﬁ—«/g
i(D+ HV@E) — — . 13
fgg:x( DYD = T+ S (13)
Hence, for j # 0, using the identity x;(C(D)) = x;(C(D)\{0}) + 1, we obtain
K B+VA
C(D)) i(D+ HV(GE) — — + ,
xji(C(D)) = fggjx( DYH — =+ S
which yields Eq. (11).
Using the fact that ) ; <g Xi(d) = 0 for any nonzero d € G, we obtain
You(CdNO) =Y Y x@d=0,
ieG deC(D)\{0} ieG
that is,
X0(CONOY) == > %, (C(D\OY).
JEG\(0}
Then, by Eq. (13), we have
X0(C(D)\ {0}) = f Y D+ NG
jeG\{0}iegG
K B— VA
-1 14
+ (191 )<JK /A ) (14)
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Note that
DY DA NYD =YY D+ HYD - Y x(DYWD. (15
jeG\{0} ieG jegieg ieg
We observe that

Yoxid+ i)=Y %) =x9),
=Y Jjeg
and that x;(G) = 0if i # 0, and |G| otherwise. We thus obtain

DX NDAENTO =Y DD xd+ HYD

jeGieg jeGieG deD
=Y VO XD xd+))
ieg deD jeG
=|D| Y W) xi(9) = |D| 1G] =« |G-
ieg

Hence, by Eq. (15), we have
Y Y kD + NV =x1G] =Y xi(D) V().
jeG\{0} ieG ieg
Then, by (14), we obtain

x0(CO\N(0) = —= gmm VD — ke~ (6] = )
Combining this with the identities x0(C (D)) = xo(C(D)\{0})+1and xo(C(D)) = |C(D)|,
we obtain the desired conclusion in Eq. (12). O

Recall that for a finite abelian group G and a function ¥ : G — C, the (discrete) Fourier
transform of W is the function Fy : G — C defined by

Fo() =Y W) x@).
ieg

In the remainder of this article, we consider the complex conjugate of the Fourier transform
associated with W. This allows us to characterize twisted PDSs in the elementary abelian
group V,(lp ) in terms of the Walsh transform of p-ary functions on Vﬁ,p ) defined in (1); see
Corollary 4.

Asaconsequence of Eq. (11) in Proposition 3, we obtain the following condition, expressed
in terms of the Fourier transform of W.

Corollary 3 Let G, D, ¥ and C (D) be as in Proposition 3. Then C (D) is a partial difference
set in G if and only if
> Fulxar))

deD

assumes exactly two distinct real values as j ranges over the nonzero elements of G.

We are now ready to present the main theorem of this section, which can be viewed as a
generalization of Lemma 1 (the characterization of PDSs via character sums) to the setting
of twisted PDSs.
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Theorem 2 Let D be a subset of size k of a finite abelian group G of order v, with2 < k <
v — 2. Suppose that for each character x; corresponding to a nonzeroi € G we have

pEva i;/Z (i

xi(D) = )

for some function ¥ : G — U. Then D is a twisted partial difference set if and only if for
every j € G the sum

> Folxar))

deD

takes a value in {0, |G|}.

Proof We first will observe that if C (D) is a partial difference set, then we also have C(D) =
—C (D) (hence C(D) \ {0} is a regular partial difference set). Recall that i € C(D) \ {0} if
and only if | x; (D)| = (B + ~/A)/2. Since x_; (D) = x; (D), it follows that

[x—i (D) = |xi (D),

and hence —i € C(D) wheneveri € C(D).

Now suppose that D is a (v, «, A, ) twisted partial difference set, and let A be the
corresponding (v, k, A, i) partial difference set. Since |x;(A)| = |x;(D)| foralli € G, it
follows that

AT = C(D)\{0}.

In particular, C(D) \ {0}, and hence C (D), is a partial difference set.

Since A is a partial difference set, it is in particular a twisted partial difference set, in which
case the function W (i) is identically equal to 1. Moreover, the identity A™ = C(D) \ {0}
implies that C(A) = C(D). Hence, by Proposition 3 [see Eq. (11)], forevery j € G\ {0} we
obtain

1 [B+VA .
X(CA) = —=|"—5——k+D_> xila+}j)
/ \/Z 2 acAieg

1 (B+VA —
— 5 K+d;)§x< + /)W) x;j(C(D))

Consequently, for all nonzero j € G,
DDV xd+ =) xila+ ). (16)
deD ieG acAieg
For j = 0, Eq. (12) similarly yields
DY WO xid) =) ) xil@. (17)
deD ieG acAieG

Since A \ {0} is a partial difference set and A = — A, we have

YD xita+ )=

acAieG 0, otherwise.

G, if j € A,

Together with (16) and (17), this proves assertion.
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Conversely, suppose that for every j € G,
Sj= Y. Y W@) xid+ j) € {0, |G]). (18)

deD ieG

Since
Y xib) =50()1G] and w(0) =1,
beG

we obtain

PSS =2 WO+ N = Y WD Y il +))

jeg jeGdeD ieG deDieg jeg

=191 _¥(0) = |g||D| = vk.

deD

Hence S; = |G| for exactly « of the S, and since 2 < k < v — 2, both values in (18) must

occur at least twice as j ranges over G.

By Corollary 3, the set C(D) is a partial difference set. Let A = C (D)™ denote the partial

difference set with parameters (v, «’, A’, u’). By Lemma 3 and the identity
C(D)T = (C(D)\{oH,
we obtain C(A) = C(D). Write

T+ A
x,-<A>=¥,

where 8’ and A’ are determined by the parameters of A. Since C(A) = C(D), it follows that
Xxj(C(A)) = x;(C(D)) forall j € G. Since both values 0 and |G| occur for nonzero j € G,

Eq. (11) yields

! (M_K/+|g|>=l<M_K+|g|)

VA 2 Ja\ 2
L (B+YN N\ _ 1 (B+VA
VA 2 VA 2 '
These equalities imply
ﬂ - ,8/ 4
A=A" and 5 =K

19)

Moreover, applying Eq. (12) for j = 0 (that is, when |C(A)| = |C(D)|) and using A = A/,

we obtain

(k — kv = p _2/3 v = ZZW}(:’(@ - ZZX:’(“)'

deD ieG acAieg

Hence, in view of the assumption that S; € {0, v} and Eq. (19), we conclude that
Kk —k' e {-=1,0,1}.

We now distinguish the following cases.

Case (I): « — k' = —1. This occurs if and only if
D2 VD=0 and Y xi@) =v.
deDieg acAieg
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Note that the second equality is equivalentto 0 € A. Let A = A\ {0}. Since (A\{OD)T = AT,
we obtain C(A) = C(D). By (3),

F=«'—1=«, A=A,

and therefore E = B. Thus, by Theorem 1, A is the partial difference set corresponding to
D.

Case (II): k — ' = 0. Then (19) implies 8’ = B, and hence A itself is the partial difference
set corresponding to D.

Case (II): « — «’ = 1. This occurs if and only if

D2 VO =v and Y% xi@) =0.

deDieg acAieg
In this case, 0 ¢ A and we define A=AU {0}. Again, C(Z) = C(D) and
K=k'+1=k, A=A,
which implies E = . Thus, A is the partial difference set corresponding to D. O

Remark 5 As noted in the proof of Theorem 2, if D is a partial difference set, then W (i) = 1
for all i € G. In this case, we have

_ 07 _J¢D7
YN WOHxd+) =)D xild+j)=

deD ieG deD ieG IGl, —j€D.

Hence, the second condition in Theorem 2 is always satisfied, and Theorem 2 reduces to
Lemma 1 on the characterization of partial difference sets via character sums.

LetG = Vflp) = IF’;, For any subset D C G and any character x; of G, we have y; (D) €
Q(¢p). In fact, the mapping W defined in (9) is a function from ]F’Z, into the group

{pit=0.1....p =1} SQEp).
Therefore, ¥ can be written in the form
(i) =¢,",
for some p-ary function  : F, — ).

Corollary4 Let D C ) be a subset of size k. Assume that for each nonzero i € F',, the
corresponding character x; satisfies

xi(D) =

BENA
T{[f;(), (20)

where h : IF‘; — ), is a p-ary function. Then D is a twisted partial difference set if and only

if for every j € F",
> Wi —d) €10, p"). (©2))

deD

Proof By Theorem 2, D is a twisted partial difference set if and only if for every j € F”,

DD 6" xild + ) € {0, p".

deD i€l
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In our setting,

SN M0 i@+ =33 T =N W (- a),

deDi€el, deDi€el", deD

where (, ) denotes the standard dot product on I’ This yields the desired condition as j
varies over [F',. O

Example 2 In Corollary 2, for each y € F s+» the twisted partial difference set JZ()/) in
Fpm x Fpm obtained from F(x, y) = Trj! (yx~¢) + M (x~?) satisfies

- ek (b
X(u,v)(A(V)) =¢&p (M) X(u,v)(A(V)),

for all (u,v) € Fpm x Fpm \ {(0,0)}, where A(y) is defined by A(y) = G~ (y) for
y € IF;,(, and A(0) = G_I(O)\U,With Gx,y) = TrZ“(yx_“) andU ={(0,y) : y e Fm}.

Recall thata = b = pl mod (pk —1)andad =1 mod (p™ — 1). In this case, we have
h(i) = h(i1, ir) = —Trk (M(i4")). By Proposition 5 in [4], for a fixed element B € F» with
Tr’(B) =1and Z = {a € Fpm : Tr}! (o) = 0} we have

Ay) =@, By —ME™) +)x) x € Fi, @ € 2},

see [4, Proposition 5]. Hence, we have the following equalities.

SGijp)= Y. WaGi—x.ja—y)
@ )eAr)
B Z Z gTr']‘(M(igb))*TrTl(il (1=0)+i2(j2=))
- p

(x,y)eA(y) (i1,i2)€F ym T ym

T (M (i4%)) —Te (2 (j2—)) TG (1)
- Y Y oo

(x,y)eA(y) i2€F ym i1€F ym

If j;1 = 0, then S(j1, j2) = O as for any (x, y) € ,2(()/), we have x # 0. Suppose that j; # 0.
Then the inner sum is 0 unless x = ji. In this case, we have y = (B(y — M(jl_b)) +a)ji.
Hence

St = S Z (M ad0) =17 (12 (2= B —MUT D+ jf) )

a€Z ir€l ,m
(M @) =T (12 (=B =MGTDIE) ) o~ Ten(eia j9)
=p" Z &p
le]F m aeZ

Sk 3 {Tr?(M(i;lh))—Tr’r(iz (2=B—MG"jt))

= p p s

izEFpm \ip ji’EZl

where Z1 is the orthogonal complement of Z. As Z- =T pk (see the proof of Proposition

5in [6]), we set z = i j{, i.e., i = zj; . This implies that ig =4 ] —abd _ zjfb since
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bd =1 mod (p¥ —1)andad =1 mod (p™ — 1). Then by the fact that M (cx) = cM (x)
forallc € F« and Tr}! (B) = 1, we have

S(jr, jo) = p¥k Z ) (M) - (2 (i =B -MG) )

F
ze pk

ek Z ! (M) =1 (2 (5 =By =M ()

ZE]Fpk

B (MG =T (= (T G = =M G7))
— p2m k Z ;p] 1

ZEFpk

2m k Z p V =Ty (i Jz)))

elF
Z [,k

p¥™, if j1 #0and Tr)' (j; “ o) = v,

0, otherwise.

Hence, with Corollary 4, we have an alternative argument for .Z(y) being a twisted PDS in
]F Pm X ]F pm .

5 Bent partitions and twisted partial difference sets

In this section, we analyse the differential properties of the sets arising from (normal) bent
partitions in the WBP class. As shown in Corollary 2, all sets of a modified generalized
Desarguesian spread are twisted partial difference sets. Amongst others, we will show that
this also applies to the recent constructions of such bent partitions given in [15], which are

obtained from the preimage sets of vectorial bent functions F : V,(/’ ) V,((p ) with regular
components satisfying (6), i.e., there exist functions G : Vﬁlp ) s V,(cp ) and h : Vflp ) L F p

such that, for every nonzero o € V,((p ),
(Fo)*(x) = Go(x) + h(x).

As all components of F in the constructions in [15] are regular, the resulting bent partitions
Q={(F'():je V,((p )} are of Type I. More precisely, there exists a unique element
j € V,(cp ), which we may assume to be j = 0 without loss of generality, such that

|F—1(0)| — pn—k _ pn/2—k + pn/Z and |F—1(J)| — pn—k _ pn/Z—k

forall j € V,((p) \ {0}; see [3, Remark 3].

In contrast to vectorial dual-bent functions, which give rise to bent partitions consisting
of PDSs as in Proposition 1, the functions F in (6) do not satisfy IF"’;,(I”’l ©) = F Y.
That is, the sets F~!(c) are not closed under multiplication by nonzero elements of the prime
field. However, as shown in the following proposition, the vectorial function G in (6) does
satisfy this property.
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Proposition4 Let n = 2m, and let k be a positive integer, with k > 2 when p = 2. Let
F : VE,” ) V,((p ) be a vectorial bent Sfunction with regular (or weakly regular but not
regular) components such that F(0) = 0. Suppose that F satisfies (6) for some functions
GV - VP and h : Vi’ — F,. Then G(ab) = G(a) for all a € V" and b € F%. In

particular, IFZ(G_I(C)) =G0 for every c € V,((p).
Proof Fora € V" \ {0} and ¢ € V), define

Sue =Y Xab(F~' ().

belFy,

Let o4 be the automorphism of the cyclotomic field Q(¢,) defined by 04(¢,) = ;“d for
de IF’;, Since S, . is fixed by every automorphism o, withd € IF;; it follows that S, . € Z;
see the proof of Theorem 3 in [15]. By Eq. (30) in the proof of Theorem 4 in [15], the quantity
Sa,c can then be expressed as

Sue =Y xab(F' @)=Y ¢y p" K (p* so(G(=ab) —c) —1).  (22)

bel;, belFy,
We divide the proof into two cases.
Case 1. Leta € VI \ {0} be such that h(—a) # 0. Set
Cp = p" *(p*8o(G(—ab) —c) = 1), beF;.
Then, by Eq. (22), we have

Sac = h( a)C _H_h( Za)C +- +§£(_(p_1)”)Cp,1

We now show that every power {,{, jel{l,2,..., p— 1}, appears among the terms of S, ..
Recall that 04(Sy,c) = Sa,c foralld e F;. Since h(—a) # 0, foreach j € {1,2,..., p—1}

there exists d € IE‘; such that h(—a)d = j mod p. Therefore, the term g“; appears in
04(Sa,c) = Sa,c. This implies that

{ep g 0 g = (g g,

Since {¢p, ;“I%, RN ;,’,7_1} is linearly independent over Q, and since S, . € Z, it follows that
Ci=C=--=Cp1 =—S8ac.
Consequently, if G(—a) = ¢, then G(—ab) = cforall b € IE‘;

Case 2. Suppose that h(—a) = 0 for a € V¥ \ {0}. We claim that h(—ba) = 0 for all
b e F;' Indeed, if there exists b € F; such that 1(—ba) # 0, then setting a = ba would
place us in Case 1. This would imply that #(—ba) # 0 for all b € F*, and in particular that
h(—a) # 0, a contradiction. Thus h(—ba) = O forall b € IB‘;

In this case, Eq. (22) reduces to

Sac= Y p"*(p" 8(G(~ab) — c) - 1). (23)

beF;
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As shown in the proof of Theorem 3 in [15], the quantity S, . in (23) assumes exactly two
possible values as ¢ ranges over A ), namely,

Sa,c = (P - 1)(pm - pmik) or Sa,c = —(P - l)pmik~

Observe that, by Eq. (23), the value S, = (p — 1)(p" — p™ %) occurs if and only if
G(—ab) = ¢ whenever G(—a) = c.
Combining Cases 1 and 2 we have G(ab) = G(a) for all a € V,(lp) and b € ]F’;,. In

particular, F%(G~(¢) = G~1(¢), ¢ € V7. .

By Proposition 4, the function G in (6) shares several properties with vectorial dual-bent
functions satisfying Condition A. Note that, for the vectorial modified generalized PS, func-
tion F in (5), which induces the modified generalized Desarguesian spread, the corresponding
function G is the generalized PS,, function G(x, y) = Trz1 (yx~%). This function is, in fact,
a vectorial dual-bent function satisfying Condition A.

In the next theorem, we reveal the differential properties of YWBP bent partitions obtained
from (6) in Lemma 4, in the case that G is a vectorial dual-bent function satisfying
Condition A.

Theorem 3 Let n = 2m, and let k be a positive integer, with k > 2 when p = 2. Let
F: Vf,p ) V,((p ) be a vectorial bent Sfunction with regular components satisfying F(0) = 0.
Suppose that for every nonzero o € yir ),

(Fo)*(x) = Go/(x) + h(x),

for some functions G : Vi,p) — V,(Cp) and h : V,(f) — F,. If G is a vectorial dual-bent
Sfunction satisfying Condition A, then all preimage sets

Flo)y={xeV? : F(x)=c)

are twisted partial difference sets.

Proof By Eq. (30) in the proof of Theorem 4 in [15], for each character x, of V,(f ) we have
Xa(F7'(0)) = p*"*so(a) + 3 p" ™ (p* 8(G(—a) — c) — 1). (24)

Since G is a vectorial dual-bent function satisfying Condition A, it is the vectorial dual of
some vectorial bent function H, which also satisfies Condition A. By the proof of Theorem 1
in [17], we have

Xa(H'(©)) = p*™ % 80(a) + p"F(p* 80(G(—a) — ¢) — 1) (25)

for each character yx, of V,(lp ), ByLemmal, H “e)isa partial difference set forall ¢ € V,Ep).
We note that #(0) = 0. Then, by Eqgs. (24) and (25), foreach ¢ V,((P ) the character values
Xa(F~1(c)) satisfy
-1 _ L h(=a) -1
Xa(F~ (c)) = fp Xxa(H ™ (c)),

i.e., the values x, (F~'(c)) satisfy Eq. (7). Hence, by Theorem 1, the set F' ~L(¢) is a twisted

partial difference set for every ¢ € V]((P ).
O
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Observe that Theorem 3 confirms once more that twisted PDSs are obtained from every
modified generalized Desarguesian spread.

In [15], three further constructions of bent partitions are proposed which, in general, do
not induce PDSs or LP-packings. In the first construction, conditions are given under which
vectorial Maiorana—McFarland bent functions induce bent partitions in the WBP class. The
second and third constructions are secondary constructions.

Construction 1: [15, Proposition 3]. Let k be a divisor of m with k < m and k > 1 if
p = 2, m be a permutation of F,» satisfying

m(ax) = O(a)r(x) foralla € Iﬁ‘pk (26)
for some permutation ® of IF ,+ with the property that
O lah+0 ' H=0""(a+p"") foranya #—B ¢ Fry. 27
For a function M : Fpm — T« satisfying
M(ax) =0O@)M(x), o€ ]Fpk, (28)
let F: Fpm x Fpm — T« be the vectorial Maiorana-McFarland bent function
F(x,y) = Try' (xm(y) + M(y). (29)
Then the preimage set partition of F is a bent partition in the WBP class.

Corollary 5 Let F be a vectorial Maiorana—McFarland bent function given as in (29). Then
the preimage sets F~'(c), forc € F pk»> are twisted partial difference sets.

Proof First, we show that F' satisfies (6), i.e., there exist functions G : Fym x Fym — F ok
and i : Fpm x F,m — ), such that, for every o € F;k, we have

(Fo)*(x,y) = Go(x, y) + h(x, y). (30)

These functions are not given explicitly in [15]. Observing that G is vectorial dual-bent and
satisfies Condition A, we then conclude the proof by Theorem 3.
Fora € F;k, the component function Fy (x, y) = Tr}' (@xn(y)) + Tr]f (eM(y)) has the
dual
(F)*(x,y) = Tef(—y n ' (x /) + Tek (e M~ (x/@))).

Observing that, by (26), we have 7~ '(ax) = @ '(@) 7~ '(x) for all @ € F, and
applying (28), we obtain

(F)*(x,y) = T (=0 @) n 7 (x) y) + Teh(M(r ' (x))).

Note that the function h(x,y) := Tr§(M (7 ~!(x))) is independent of a. Let H(x, y) =

Tr}:’(—nfl(x) y), which is, by [4, Corollary 12], a vectorial dual-bent function satisfying
Condition A. Then

Trﬁ"(—@‘l(a_l)n_l(x) y) = Ho-1(4-1)(x, ¥).

Observe that, by (27), the mapping « +—> O (¢~ is linear. Hence, we may replace H by
an equivalent vectorial function G such that Hg-1(,-1) = G. With this choice, Eq. (30) is
satisfied. ]
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Remark 6 Clearly, the modified generalized PS,, functions belong to the class of functions
in Construction 1, with 7 (x) = x7¢, and © is the identity. In the representation in Example
1 the variables x, y are exchanged.

Construction 2 (generalized version): This construction is an application of the secondary
vectorial bent function construction in [17, Theorem 4]. The construction in [17, Theorem
4] was then generalized in [1, Theorem 4]. We here consider the generalized version given
in [1], and therefore we first state a generalization of [15, Proposition 4].

Let n and m be even integers, and let k be an integer satisfying k < m/2 < n/2. Let
s < k be a divisor of k, and let e : V,(,f ) S F p+ be a vectorial dual-bent function satisfying
Condition A with sign €,, i.e., €, = 1 if all components of e are regular, and €, = —1 if all
components of e are weakly regular but not regular.

Letn, B € ]Fpk be linearly independent over IF,s. Let FW) . V,(qp) — Fps,y €Fps,bea
family of vectorial bent functions, and define the function H : Vf,p ) % V,(,f ) S F ps by
Hx, y) = FIS000) () 4 Tk (e(y). G31)
Then H is a vectorial bent function; see [1, Theorem 4], [4, Proposition 17].

Proposition 5 Let H be defined as in (31) for a vectorial dual-bent function e : Vg,f)) = F

satisfying Condition A, and let F) Vﬁ,p) — Fps, v € Fps, be vectorial bent functions
such that, for each y, all component functions are regular (or all are weakly regular but not
regular). Suppose that for each y € IF s there exist functions

G” VP > Fp, h: VP ST,
such that (6) holds, i.e., for every nonzero a € IF s,
(F) () = G (x) + hP(x). (32)

Then the preimage set partition (H Y ¢):c e F s} of H is a bent partition ofV,(,p) X V,(,f)
belonging to the class WBP.

Proof By the proof of Theorem 4 in [1], for every nonzero « € F s, we have

m Tr{(oz Trk (ﬁe*(b)))

WHO, (aa b) = € P7 {p WF(Tr‘]‘g(ﬂe*(b») (a)

k (pe* *
won T (aTd@eron)  (F) @
=€€p 7T §p p

k
B i Trj(o Trk (Be* () GO () ke o )
=€€ P Cp ¢p .

Here € = 1 if all components of the functions F ) are regular, and € = —1 if all components
of the functions F) are weakly regular but not regular. Hence, we have

k * k Py
(Ho)*(x, y) = Gy 1O () 4 Tej( Trk (Be™ (1)) + TS 0 O (),
Define the functions

(N;(X, y) — G(Tré‘(ﬂe*(y))) (.X) + Tr/; (,Be* (y))’
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e, y) = n(T00D) (). (33)
Then, for every nonzero o € s,
(Ho)*(x, y) = Go(x, y) + h(x, ).

Consequently, by Lemma 4, the preimage set partition of H is a bent partition belonging to
the class WBP. O

Corollary 6 Let H be the vectorial bent function defined in (31). Suppose that, forall y € Fx,

the function G in (32) is a vectorial dual-bent function satisfying Condition A. Then the
preimage sets H L), ceF ps, are twisted partial difference sets.

Proof 1f for all y € s the function GWisa vectorial dual-bent function satisfying Con-
dition A, then by [1, Theorem 4], the function G(x, y) is a vectorial dual-bent function
satisfying Condition A as well. The assertion follows then with Theorem 3. O

Remark 7 The only candidates for functions F) satisfying (32), which we need for the
construction of G in (33), are modified generalized PS;, functions (5), and more generally
functions in Construction 1. Note that for all of those functions the corresponding function
G given as in (6) is vectorial dual-bent satisfying Condition A.

Construction 3: [15, Theorem 6] Let ny, ny be even integers and k1 < n1/2,ky <nz/2,r
be integers satisfying r < ki, k and ki, k2 > 2if p = 2. Let RO : Vi? — V{” and
R® Vg) — V,(f; ) be vectorial bent functions for which all components are regular (or all
are weakly regular but not regular). Suppose that there exist functions G® : Vi — V,(f )
and hD ; V,(lf.’) — Fp,i = 1,2, such that

RV @) =GP0 +hD ) foralle € VP,
RO (@) =GP W) +hP ) foralle e V" (34)

For a function K : V,({I:) X V,({f) — V'” define for any ¥ € V,(ﬁ), SH(y) = K(%, y),

and for any y € Vf,’;) define T9 (x) = K(x,y). If for all ¥ € Vﬁf) the function @ is
balanced and for all y € fo;) the function 7() is balanced, then the preimage set partition

of F : V,(fl)) X V,(fz’) — Vﬁp)
F(x,y) = KRV (x), R? (y)) 35)

is a bent partition in the WBP class. Moreover, F is vectorial dual-bent if and only if 4"
and A® are constant functions, and AV (x) = —h P (y), x € Vﬁ,f), y € V,(fz’).

Remark8 When K (x, y) = x + y, then K(RV(x), R?(y)) = RV (x) + RP(y) is the
direct sum of vectorial bent functions.

For all so far known classes of functions RV, R® in (34), the functions GV, GP® are
vectorial dual-bent satisfying Condition A. Hence the following corollary covers all available
constructions.

Corollary 7 Suppose that GV and G® in (34) are vectorial-dual bent functions satisfying
Condition A, and let F be a vectorial bent function given in (35). Then the preimage sets
F~ ¢, ce F «, of F are twisted partial difference sets.
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Proof By the proof of Theorem 6 in [15], for a € VP we have

(F)*(x,y) = Go(x,y) + h(x,y), where
Gx,y) = K(GYx),GP(), hx,y)=hrV)+rP ). (36)
Let RV and R® be the vectorial duals of G and G@. Then (R")*(x) = G (x) for all
* ~ *
a e VP and (RY)*(x) = G (x) forall e € V", and (34) is satisfied with 1) = 0,
h® = 0. Hence we can apply Construction 3 and obtain F satisfying
(F)*(x,y) = Ga(x,y), where G(x,y) = K(GP(x), GP(y)),

which implies that F, G are vectorial dual-bent functions satisfying Condition A. With
Theorem 3 we conclude the proof.

[m}
6 Bent partitions and twisted LP-packings
Let {Py,..., P;} be a (c, t) LP-packing in an abelian group G of order t2¢2, relative to a
subgroup U of order tc. Then the partition Q = {U, Py, ..., P;} is a normal bent partition

(generalized to arbitrary abelian groups), see [2, Proposition 2], [11]. Moreover, the union
of any number of the sets from €2 is again a Latin square type partial difference set, see e.g.
[11, Lemma 3.9]. In this section, we extend the concept of an LP-packing to twisted partial
difference sets. Recall that, by Theorem 1, the character sums over a twisted partial difference
set attain only two distinct absolute values.

Definition 4 For integers r > 1 and ¢ > 0, let G be an abelian group of order r2¢?, and let U
be a subgroup of G of order rc. Let {Q1, ..., O} be a collection of # pairwise disjoint (¢c, ¢)
Latin square type twisted partial difference sets in G. We call {Q1, ..., O} a (¢, t) twisted
LP-packing in G relative to U if Ul{:] Q; = G\ U andif there exists a function ¥ : G* — U,
(using that §and G are isomorphic) such that x (Q;) € {W(x})( — 1)c, =W (x)c}.

Note that W in Definition 4 is independent from ;.

Remark9 Let {Py,..., P;} be a (c,t) LP-packing in an abelian group G of order 122,
relative to a subgroup U. Then, for each character x of G, we have x (P;) € {(t — D)c, —c}.
Hence, a conventional LP-packing satisfies the character value condition in Definition 4 with
W(x) = 1. Therefore, twisted LP-packings may be viewed as a natural generalization of
LP-packings.

6.1 General properties

In this subsection, we collect some properties of twisted LP-packings, which closely relate
them to conventional LP-packings.

Proposition 6 Let G be an abelian group of order t2c2 and U be a subgroup of order tc. Let
01, ..., O be the twisted PDSs of a (c, t) twisted LP-packing relative to the subgroup U.

(i) The PDSs Ay, ..., A; corresponding to the twisted PDSs Q;, j = 1,...,t, forma (c,t)
LP-packing in G relative to U.
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(ii) The union of any number of sets from Q = {U, Q1y, ..., Q;} is a twisted PDS of Latin
square type.
i) If g = Vflp), n even, is an elementary abelian group, then Q = {U, Q1,..., Q;}isa

bent partition of Vﬁ,” ),

Proof For any nontrivial character x of G we have x(U) = 0 or x(U) = tc, and per
definition x (Q;) = —W(x)cor x(Q;) = ¥(x)(t — ¢, 1 < j <t.Let x(U) = 0. Then
with x (G) = 0 we observe that x (Q ;) = W(x)(t — 1)c for exactly one index j. If x (U) = ct
then we must have x (Q;) = —cforall j =1,...,1.

(i) By the definition of twisted LP-packings and Theorem 1, for every character x of G we
have (in group-ring notation)

o=x()_ 0)= wx)x(ZAi).

i=1 i=1

If x(U) = 0, then ® = 0, and hence X<Z§:1 Qi> = X(Zf‘ﬂ A,~> = 0. Note that
if x(U) = tc, then W(x) = 1 and hence X(ZEZI Q,-) = X(Z;:] A,-) = —ct. In

any case, x < i Qi) = X<th'=1 AI-) for all x € G, hence by [11, Proposition 2.2],

Zle A = Zle Q; = G — U. Consequently, the (tc, c) Latin square type PDSs A; are
pairwise disjoint, U;=1 A; = G\ U, and therefore {A1, ..., A;} is an LP-packing relative to
U.

(ii) Let Q be a union of r of the sets Q. If x(U) = 0, then x(Q) = W(x)(—rc) or
x(Q) = W(x)(tc — rc), depending if the unique Q; for which x(Q;) = W(x)(t — Dc
is in the union Q or not. If x(U) = ct, then we have x(Q) = —rc. Hence the character
sums x (Q) take on two absolute values when x varies. Similarly, when U is in the union, for
characters y with x (U) = ct we have x(Q) = tc — rc, and again the character sums x (Q)
take on two absolute values. It remains to show that for the union A of the corresponding
PDSs (which is also a PDS), we have W (x)x(A) = x(Q) for all nontrivial characters y.
This follows from W (x)x(A;) = x(Qi),i =1,...,t, ¥(x) = 1if x(U) = ct, and (i).
(iii) follows with the proof of Theorem 4 in [15].

6.2 Skew LP-packings from VWP bent partitions

All bent partitions arising from vectorial dual-bent functions F : Vf,p ) V,Ep ) satisfying
Condition A, whose components are all regular, consist of Latin square type partial difference
sets. We remark again that, so far, no examples are known with weakly regular but not regular
components, except for preimage set partitions arising from certain ternary bent functions.
All known examples of vectorial dual-bent functions F are constant on an (n/2)-dimensional
subspace U. Consequently, they give rise to normal bent partitions of Vi,p ), which correspond
to LP-packings of V¥ relative to U.

In this subsection, we point out that all bent partitions constructed in [4, 17] that do not
correspond to partial difference sets or LP-packings nevertheless induce twisted LP-packings.
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Let F : Vf,p N V,(Cp ) be a vectorial bent function satisfying (6), i.e., there exist functions

G Vﬁ,” ) V,(cp ) and h : Vf,p N I}, such that, for every nonzero o € V(p ), we have
(Fo)*(x) = Gg(x) + h(x). In all known examples, all components of F are regular. Con-

sequently, the associated bent partition @ = {F~'(¢c) : ¢ € V,(CP )} is of Type 1. Moreover,
in these examples the function F is constant (without loss of generality equal to 0) on an
(n/2)-dimensional subspace U, and the collection

(U, F7'O\U, F7'(c) : c e VP\{O}}

forms a normal bent partition.
We will use the following well-known lemma. For the convenience of the reader, we
include the argument.

Lemma5 Let n = 2m, and let F Vi,p) — V,((p) be a vectorial bent function whose
component functions are all regular. Then F vanishes on an m-dimensional subspace U of

Vﬁlp) if and only if for every nonzero o € V,(cp) the dual (Fy)* of Fy vanishes on U™

Proof Clearly, a vectorial bent function vanishes on a subspace if and only if all its component
functions vanish on that subspace. Hence, it suffices to prove the statement for p-ary bent
functions.

Let f be aregular p-ary bent function, and let U be an m-dimensional subspace of V,(lp ),
where n = 2m. Then

YoWr =3 ™ 3 g =y,

uelU+t erLp) uelU+ xeU

Since f is regular, we have Wy (u) = ¢ ,{*(”) p"/* forallu e VY and consequently,
> W=t X6 =
ueU+ uelU+ xeU

It follows that f(u) = O for all u € U if and only if f*(u) =0 forallu € U™.
O

Theorem4 Let n = 2m, and let k be a positive integer, with k > 2 when p = 2. Let
F Vf,p ) V,((p ) be a vectorial bent function whose components are all regular, and

suppose that for every nonzero a € V,((p ),
(Fo)*(x) = Go/(x) + h(x),

for some functions G : V,(qp N V,((p ) and h : VE,p ) F),. Assume that there exists an

m-dimensional subspace U of Vf,p ) such that
U+ c Gil(O) and h(a) =0 foralla € U+

Then the collection
{FTHONU, F7'(e) : c e VP\ [0}

forms a (p"~*, p*) twisted LP-packing in Vf,‘u) relative to U if and only if G is a vectorial
dual-bent function satisfying Condition A.
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Proof First note that with Lemma 5, we have U € F~1(0). Consequently, {U, F -1y \
U, F Y ¢):ce V,({p) \ {0}} is a normal bent partition.
Suppose that G is a vectorial dual-bent function satisfying Condition A. Then by The-

orem 3 F~1(c) is a twisted PDS for every ¢ € V,((p ), By the proof of Theorem 3, the PDS
corresponding to F~!(c) is H~(c), where H is a vectorial dual of G. More precisely, with
Egs. (24) and (25), for H~'(c), ¢ € V', we have

Xa(F7H@) = T xa(H™ (@) = ¢ p" ™ (p* 8(G(—a) — c) — 1),

for every nontrivial character x, of Vflp ) Since for ¢ #0, H “le)isa( p", pm_k ) Latin
square type PDS, F~l(c) is a (p™, p”~*) Latin square type twisted PDS. Note that by
Lemma 5, H vanishes on U, hence H induces an LP-packing relative to U, i.e., H “lo\U
is a (p", pm_k) Latin square type PDS as well. It remains to show that F () \Uisa
twisted PDS with H~1(0) \ U as corresponding PDS. We therefore investigate the character
sums xq(F~1(0) \ U) for every nontrivial character yx,.

First suppose that a ¢ U+ and hence x,(U) = 0. Then

Xd(F~'ONU) = xa(F71(0) = £ xa(H™'(0) = 15" xl(H™' (O\U).
If on the other hand @ € U=, then with the assumption that s (a) = 0 we obtain
X FHONU) = xa(F7H(0) = xa(U) = xa(H™10)) — %a(U) = xa(H'(0\U).

Hence F~1(0) \ U is in fact a twisted PDS with H () \ U as corresponding PDS, and the
collection {F~'(0)\ U, F~'(c): c e V,((p) \ {0}} forms a (p" K, pk) twisted LP-packing
in V' relative to U.

Conversely, suppose that the collection

(FLONU, F7() i c e V{P\(0})
isa (p"~*, p*) twisted LP-packing in V,(f ) relative to U. We aim to show that

(GTHON\UY, G7(e) : e e VIP\{O))

isa (p”~*, p*) LP-packingin V,(,P ) relative to UL By [1, Proposition 3], G is then a vectorial
dual-bent function satisfying Condition A.

Let A, be the PDS corresponding to F~'(c), ¢ € V{”\{0}, and let Ag be the PDS
corresponding to F~L(0)\U, i.e.,

Xa(F710) = &y, xa(Ae), and xa(F7'(0)\ U) = ¢y, xa(Ao), (37)

foralla € Vf,p). Since the set {F~'(0)\ U, F~'(c): c € V,((p) \ {0}} forms a (p™~*, pk)
twisted LP-packing relative to U, by Proposition 6 the set {A. : ¢ € V,((p )} formsa (p™ K, pk)
LP-packing relative to U.

Note that by Eq. (37), using the notation in (10), we have

CF~H M0} = {a € ViP\(0} : [xa(Ac) = p"*(p* — D} = A],
ie., C(F~1(e)\{0} is precisely the dual PDS of A.. Moreover, by Eq. (24), we have

CF 1 )\{0} = A = {a € VP\{0}: G(—a) = ¢} = — G~ (o).
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Since —A} = AT, it follows that G~!(c) = A}. In other words, G~'(c) is a (p" K, p*)
Latin square type PDS for each ¢ € V,((p)\{O} by Lemma 2.

We now consider the set F 1 (0)\U. Under the assumptions that i(a) = O foralla € Ut
and that UL < G~1(0), we obtain, for each nonzero a € V,(qp ) ,

-1 _1 —p"k, ifa e UL,
X FHO\U) = 3a(F10) — xa(U) = » _ (38)
xa(F~1(0)), otherwise.

Combining Eqgs. (24) and (38), we conclude that

» p"m—p"k ifa e GTL(0)\ UL,
XdF~H0)\U) = (39)

- p" —k otherwise.

Equation (39) yields Aa' = G~1(0)\U™. This completes the proof by Lemma 2.

As observed in the previous section, for all available constructions of vectorial bent func-
tions F that satisfy (6), the function G is a vectorial dual-bent function satisfying Condition A.
In the sequel, we point out that F is also constant on an (2 /2)-dimensional subspace U ; hence,
the preimage set partition of F gives rise to a normal bent partition. Note that, without loss
of generality, we may assume that U € F~1(0).

For the vectorial dual-bent ingredient functions G used in the secondary constructions,
we may also assume that the (r/2)-dimensional subspace is contained in G ~!(0) (which will
be UL, and hence h vanishes on UJ-).

Construction 1: Observe that for the permutation ® in (27) we have ®(0) = 0. Oth-
erwise, © ! (@~!) = 0 for some o # 0, and therefore ®~'(8~1) = @ (@' + 71
for some B € Fx, which contradicts the fact that © is a permutation. This implies that
7(0) = 0 and M(0) = 0. Consequently, the function F in Construction 1 vanishes on
U={(x,0):x €Fpm},and h(x,y) = Tr(M(x~'(x))) =0on U+ = {(0,y) : y € Fm},
which also implies that G vanishes on U~.

Construction 2: We may suppose that the vectorial dual-bent function e satisfying Condi-
tion A vanishes on the (m/2)-dimensional subspace U, and hence that its dual e* vanishes on
U-L. Moreover, assume that the vectorial dual-bent function G©, satisfying Condition A,
and the function 4 both vanish on the (1/2)-dimensional subspace W. Then the functions
Gand’in (33) vanishon W x U+. Consequently, the function H in (31) vanisheson V x U,
where V = W+,

Construction 3: For i = 1,2, we may assume that G®) in (34) is a vectorial dual-bent
function satisfying Condition A that vanishes on the (r; /2)-dimensional subspace Ul.J-, and
that 1) (a) = O foralla € UiL. Suppose that K (0, 0) = ¢, and without loss of generality let
¢ = 0. Then, for x € U;- and y € Uj;", the vectorial dual-bent function G and the function h
defined in (36) satisfy that G (x, y) = K (G (x), G®(y)) = K(0,0) = 0and i (x, y) = 0.
Hence, the function F in (36) vanishes on the subspace U; x Us.

Together with the above observations and Theorem 4, we get the following corollary.

Corollary 8 The functions in Constructions 1,2, and 3 yield twisted LP-packings.

@ Springer



Twisted partial difference sets, twisted LP-packings... Page290f31 135

7 Perspectives

Motivated by observations on the differential properties of several recently introduced exam-
ples of bent partitions, we introduced the notions of twisted partial difference sets and twisted
LP-packings. We investigated the properties of twisted partial difference sets and twisted
LP-packings not only for elementary abelian groups, but also for arbitrary abelian groups.
Moreover, we showed that all bent partitions of elementary abelian groups known to date
with depth K > 3 correspond to twisted LP-packings.

Our results may potentially initiate further research in several directions. Since the main
objective of this article is to investigate the differential properties of the sets in bent parti-
tions, we begin by posing several questions concerning bent partitions and twisted PDSs in
elementary abelian groups.

In general, it would be of interest to find additional constructions and new classes of bent
partitions, LP-packings, and twisted LP-packings. In particular, the following question may
be addressed:

Are there bent partitions in the class WP whose sets are not twisted partial difference
sets, and therefore they do not correspond to twisted LP-packings?

By Theorem 3, the preimage sets of a vectorial bent function F satisfying (6) with a
vectorial dual-bent function G satisfying Condition A, are twisted PDSs. Hence, the question
above leads to the following questions concerning vectorial bent functions.

— Do there exist vectorial bent functions F : V,(,p ) V,((p ) satisfying (6) for some functions

G: Vflp N V,(Cp ) and h Vflp ) L F p» such that G is not a vectorial dual-bent function
satisfying Condition A (and, moreover, no such representation exists with a vectorial
dual-bent function G)?

— Do there exist bent partitions in the class WP that are not preimage set partitions of
vectorial bent functions F satisfying (6)? In other words, does the converse of Lemma 4
hold (or fail to hold)? See [15, Remark 2].

We have just introduced the concepts of twisted PDSs and twisted LP-packings. Hence,
many questions naturally remain open and unaddressed.

PDSs correspond to strongly regular graphs, see [12, Proposition 1.1]. PDSs also appear in
twisted partial difference sets D as corresponding structures A, as defined in Definition 3.
The dual PDS of A coincides with the dual of the twisted PDS D. However, a direct graph-
theoretic interpretation of twisted PDSs does not seem to be obvious. We remark that, in
general, —D # D. Similarly, LP-packings correspond to (amorphic) association schemes,
equivalently to edge decompositions of complete graphs into strongly regular graphs of Latin
square type. Hence, a natural question is whether the binary relations arising from twisted
LP-packings induce a similar structure.

Twisted PDSs may also be investigated more generally for arbitrary abelian groups. Some
interesting questions and research problems include the following:

Can one construct twisted partial difference sets with different parameters in abelian
groups, beyond the elementary abelian case, and not arising from shifts of partial difference
sets?

In [11], it is shown that LP-packings exist in many abelian groups. Can one obtain
analogous results for twisted LP-packings?

In Theorem 2, twisted PDSs D of a finite abelian group G are characterized by the character
sum condition

xi(D) =

+ VA
% (i), (40)
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for some function ¥ : G — U satisfying

> Fulxar)) | €10, 1G1}. (41)

deD

Do there exist subsets D of an abelian group G that satisfy Condition (40) but not
Condition (41)? If not, then Condition (41) on the Fourier transform would be redundant.
Elementary abelian version. Do there exist subsets of Vf,p ) that satisfy the character value con-
dition (20), but for which the corresponding function  does not satisfy the Walsh transform
condition (21)?
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