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Abstract

Recently K.-G. Grosse-Erdmann and D. Papathanasiou described hypercyclic shifts in
weighted spaces on directed trees. In this note we discuss several simple examples of graphs
which are not trees, e.g., the lattice graphs, and study hypercyclicity of the corresponding
backward shifts.

Keywords Weighted shift operator - Directed graph - Hypercyclic operator - Mixing
operator
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1 Introduction

Let G = (V, E) be a connected directed graph consisting of a countable set V of vertices
where E C V x V isits set of edges. For v, u € V we write v — u if (v,u) € E. Given a
vertex v € V we denote by Chi(v) the set of its “children”:

Chivy)={ueV:v— u}

More generally, for n > 1, we put Chi"(v) = Chi(Chi(...(Chi(v)))) (n times). Analo-
gously, we denote by Par(v) the set of those u for which v € Chi(u) (“parents” of v),
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and Par"™(v) = Par(Par(...(Par(v)))) n times. In what follows we will assume that each
vertex in the graph G has a finite degree, that is, the sets Chi(v) and Par(v) are finite for
everyv € V.

For any graph G and function f : V — C we define the (unweighted) backward shift

B = > fw, vev.

ueChi(v)

Recall that a continuous linear operator 7" on a separable Banach space X is said to be
hypercyclic if there exists x € X such that the set {T"x : n € Np} is dense in X (here
No = {0, 1, 2, ...}). The operator T is said to be weakly mixing if T @& T is hypercyclic on
X @ X. Finally, T is said to be mixing if for any nonempty open sets U and V there exists
N such that 7" (U) NV # @ forn > N. It is well known that mixing implies weak mixing
and weak mixing implies hypercyclicity. For the theory of hypercyclic operators see [2, 4].

Weighted shifts are among the most well-known examples of hypercyclic operators.
Hypercyclic shifts on weighted spaces ¢£7 (N, u) and £7(Z, ) of one-sided and two-sided
sequences were described by Salas [11]. Note that N and Z can be considered as simplest
examples of a rooted and unrooted tree respectively.

We will consider the hypercyclicity properties of the backward shift on the standard spaces
£P(V, ) and co(V, u) on V. Let 4 = (y)yey be a family of non-zero (real or complex,
but not necessarily positive) numbers, called a weight. For 1 < p < oo put

eV,n) = {f :V—>C: ”f”gp(v#) = Z [f()pol? < OO} .

veV

The space co(V, w) is defined as
co(V,u)={f:V —> C: Ve >03F C V, finite, such that | f (v)uy| < &, v € V\F};

it is equipped with the sup-norm || f'll¢o(v, ) = Supyey |f (V) iyl

For the case of directed trees (both rooted or not) without leaves, a solution of the hyper-
cyclicity problem was obtained by Grosse-Erdmann and the third author [5]. Let us formulate
their result for a rooted tree in the case 1 < p < oo.

Theorem [5, Theorem 4.3]. Let G = (E, V) be a rooted directed tree, 1 < p < 00,
1/p+1/q = 1. The operator B on £P (V, ) is hypercyclic if and only if it is weakly mixing
and if and only if there is an increasing sequence (ny) of positive integers such that, for each
veV,
Z ||~ — oo, k — oo.
ueChi (v)

Previously hypercyclicity of shifts on directed trees was studied by Martinez-Avendaiio
[8], while in a recent preprint [6] chaotic weighted shifts on trees are characterized. For
further results about shifts on trees see [1, 7].

We notice that the graph structure on the set of vertices is only used at the definition of the
operator and not the underlying space. Concerning the weights, one may consider a weighted
£P space indexed by the set of vertices, and an unweighted shift acting on it. A closely related
approach is to consider an unweighted £ space and a weighted graph (where the weights can
be ascribed on the vertices, or more generally on the edges) which gives rise to a weighted
shift operator. As can be seen from [5] the two viewpoints are equivalent when the underlying
graph is a tree. In this paper we mainly consider unweighted shifts on weighted spaces.
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Hypercyclic shifts on lattice graphs Page3of16 78

The aim of this note is to study hypercyclicity of the backward shift for some concrete
simple examples of graphs which are not trees. Let us mention the following general question:
to describe those directed graphs for which there exist a measure . on V such that B is
hypercyclic on £P (V, 1). One of the trivial obstacles is (as noted already in [5]) the existence
of vertices v € V such that Chi(v) = @. For another simple example of a graph which does
not carry a hypercyclic weighted shift see Sect. 7. It seems that existence of cycles also makes
it more difficult (but not impossible) to have a hypercyclic weighted shift.

2 Model examples

One can expect that the next natural class of graphs for which the hypercyclic shifts can
be described is the class of Cartesian products of trees. Recall that given two graphs G =
(V(G), E(G)),H = (V(H), E(H)) (directed or not), the vertex set of G x H is the Cartesian
product V(G) x V (H) and two vertices (u, u’) and (v, v') are adjacent in G x H if and only
if either u = v and (u’,v') € E(H),oru’ = v and (4, v) € E(G).

Even in the class of Cartesian products of trees hypercyclicity of shifts seems to be a
difficult problem. In this note we consider the simplest cases of directed lattice graphs, i.e.,
Cartesian products [1,2, ..., m]xN,[1,2,...,m]xZand Nx N, where[1,2,...,m],N,Z
are considered as directed graphs with natural orientations of the edges. Namely, form € N,
consider the graph G, = (Vju, Ej) such that Vi, = (v j)1<i<m,j=1 = [1,2,...,m] x N
and

(v,-,j,u) ceE, < u= Vi j+1 OF U =1Vj41j, 1<i<m-—1. 2.1)

Below we show the picture of the graph G, with m = 3:

v3,1 V32 V33
V2,1 V2.2 V2,3
V1,1 v1,2 v1,3

Analogously, we define the graph Gm = (Em, Vm) with Vm = (vi,j)1<i<m,jez =
[1,2,...,m] x Z, whose vertices are also given by (2.1) but with j € Z.

Similarly, we consider the lattice graphs G, and Goo suchthat Voo = Nx N, Voo = ZxN
and all edges are of the form (v; j, v; j+1) or (v; j, vi41, ;). Below we give the picture of the
graph G:
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V4] — -

V3,1 ——> V32 —> .-

|

V2,1 V2,2 V2,3 )‘\

L1 v12 V1,3 V14

It is obvious that B is bounded on £”(V, u), 1 < p < 0o, or on co(V, ) for each of the
above lattice graphs if and only if there exists C > 0 such that for all admissible (i, j)

|lLv,-_j| f Cmin('“v,‘_;_lyj"s |Mvi‘j+1|)' (22)
We start with a hypercyclicity/weak mixing criterion for the graph G,.

Theorem 2.1 Let B be the backward shift on G,,, m € N, and let X be any of the spaces
LP (Vi ), 1 < p < 00, or cg(Vyy, ). Assume that B is bounded on X. Then the following
are equivalent:

(1) B is hypercyclic on X;

(ii) B is weakly mixing on X

(iii) there exists an increasing sequence (ny) of positive integers such that for any 1 <
i<m,j=>1, '

n'! i jm | = 0, k= 00. (2.3)

(iv) there exists an increasing sequence (ny) of positive integers such that forany 1 <i <
m, .
n’,ff’l,uui,nk| -0, k— oo. 2.4

We see that there is a substantial difference with the case of a tree, where it is sufficient
that u tends to 0 along a subset of children of any vertex. A novel feature is that the weights
should tend to zero with various speed depending on the layer (by i-th layer, 1 <i < m, we
mean the set of vertices {v; j : j € N}).

A similar result is true for the case Gm =1, 2,...,m] x Z. As in the classical case of Z
the weights should tend to zero along some symmetric subsequences.

The(zrem 2.2 Let B be the backward shift on Gm, m €N, and let X be any of the spaces
LP Vi, ), 1 < p < 00, or co(Vin, ). Assume that B is bounded on X. Then the following
are equivalent:

(i) B is hypercyclic on X;
(ii) B is weakly mixing on X,
(iii) there exists an increasing sequence (ny) of positive integers such that for any 1 <
i<m, jez,
n;”—i(mviyjﬂd + |Mv,;_,>nk ) — 0, k — oo. 2.5)
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We see that when the number of rows in the graph G, or G,, grows the conditions on the
weight become more and more restrictive. It is therefore a bit suprising that in the case of
doubly infinite lattice N x N the backward shift is weakly mixing under much milder condi-
tions on the weight. The following result gives a sufficient condition of hypercyclicity/weak
mixing which is sharp in a rough exponential scale. It is an interesting open problem to find
a necessary and sufficient condition for hypercyclicity of the shift on N x N.

Theorem 2.3 Let B be the backward shift on Goo = N x N and let X be any of the spaces
P (Voo, 1), 1 < p < 00, or cg(Vo, ). Assume that B is bounded on X.

Lif »
lim sup |y, ;104D < 2,
i+j—>00 '

then B is mixing (in particular, weakly mixing and hypercyclic) on X.
2. Assume that there is ¢ > 0 such that
|| = 2. (2.6)
Then B on G, = N x N is not hypercyclic.

We leave the case of lattices N x Z and Z x Z for a future research. It is clear that in this
case the class of weights for which B is weak mixing or hypercyclic must be large as in the
case of G .

Our last result applies to the case when the weght 1 on the lattice depends only on one of
the coordinates. In this case, making use of recent results of Menet and the third author [9]
we show, by reducing the problem to a theorem of Salas, that the backward shift is always
mixing whenever it is bounded. We would like to thank Q. Menet for sharing his insights on
identifying the backward shift on G, with a generalized shift in the sense of [9].

Theorem 2.4 Assume that the weight |1 on the graph G or Goo depends on one coordinate
only, that is, Wy, ; = w; for any j € N or, respectively, j € Z. Let X be any of the spaces
P(V,u), 1 <p<oo,orco(V,un), where V= Ve orV = Voo If the backward shift B is
bounded on X, then it is mixing.

3 Proof of Theorem 2.1

As in [5] we use the classical Hypercyclicity Criterion (see, e.g., [4, Theorem 3.12]).

Theorem (Hypercyclicity Criterion). Letr X be a separable Banach space and let T be a
bounded operator on X. Assume that there exist dense subsets Xo, Yo of X, an increasing
sequence {ny} of positive integers, and maps Ry, : Yo — X such that, for any x € Xo and
y €Yy,

(1) T" x — 0,

(i) Ry y — 0,

(iii) T™ Ruy — ¥,
as k — oo. Then T is weakly mixing and, in particular, hypercyclic. If furthermore, T
satisfies the Hypercyclicity Criterion for the full sequence {n}, then T is mixing.

We denote by e, the function such that e, (v) = 1 and e, () = 0, u # v. Note that
Be, = ZuePar(v) Cu-
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Proof of Theorem 2.1 The implication (ii) = (i) is trivial.
(iii) = (ii) Note thatforn > m wehave Chi" (v;, ;) = {Vi, j4n, Vit1, jtn—1s -+ » Um, jtnti—m)»
while Par” (v; j1n) = {vi,j, Vi—1,j41, .-, V1,i+j—1}. Also,
B(ev,',j) = ev,'_lyj + eUi,j—l s
2
B (evi,j) =ey_,; + zevi—l,j—] +ey ;s
3.1
" n
Bn (ev,;_,-) = Z <l>evi—l,j—(n—l) ’
=0
for those values of / for which ey, , ; , , makes sense. We agree to understand ey, , ; ()
as a zero function if i </ or j < n — [. Thus,
Bn(evl.j+n) =€y

n
B"(ev, j,,) =ney, ;. +eu, ;s

i—1
n
Bn(evi.j+n) = Z (l)evi—l,jﬂ'

=0

Note that the set of finite functions is dense in X and that B” f = 0 for any finite f and
sufficiently large n. We need to define the operators R,,, sothat R,, f — Oand B**R,,, f — f
on finite sequences. Put

Ry, (evl,j) =€ iy Ry, (eUZ,j) =€y iy T Myl iy
and, assuming that R, is already defined on the layers with numbers 1, ..., i — 1, we put
i—1 .
k
Ry (ey; ;) = Cvi jm, Z ( i )Rnk (€vi_yjps)- (3.2)
=1

Then, for any v, we have B Ry, (e,) = e,. Note that

i
Rnk (ev,')j) = Z Oli,sev:,iJr_/'—ernk (33)
§=

for some coefficients «; s independent on j (but, of course, depending on ny). It is easy to
show by induction that .
lovi 5| < Cny ", (3.4)

where the constant C may depend on m only. Indeed, it follows from (3.2) and (3.3) that

i—l

1
i— nk
Rnk (eULj) = evf<_f+)1k Z : I z :al L,s€uy, i+j—s+ny
=1

s=1

i—1 fi—s
= e”i,j+nk ( E < )ail»5> evs,i+jfs+nk .
1=

s=1
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Assume that we know that |o; ;5| < Cn};_l_s, 1 <I<i—s.Since () < nt andi < m, it

follows that )
! i—l,s

=1

s

i | = <Cmni™, 1<s<i-Ll

In particular, we have ;s = O(n}'*) for all 1 < i < m. By the hypothesis (2.3)
n;"—suvryiﬂ_iﬁnk — Oforanyi, j, s and we conclude that R,, f — O for any finite f. Thus,
B is weakly mixing.

(i) = (iii) We follow here the idea of the proof from [5]. If B is hypercyclic, then for any
g,6 > 0and K € N we can choose an arbitrarily large n and f € X such that || f||x < € and

K
B"f — Ze < §min ||,
j=1 X
where F = {(v; j),1 <i <m,1 < j < K} (take as f an appropriate multiple of some
hypercyclic vector for B). Then we have, for 1 < j < K,

|(B" fY(wm,j) — 1] <8, |B"HHwi, )] <8, 1<i<m-—1.

Note that forn > m

m—i

(B"wij) =) (?)f(vm, Jn1)-

1=0

In particular, (B" f)(vm, ;) = f(Um, j+n), whence | f (U, j1n) — 1] < 8,1 < j < K. Next

|(B" )Wm=1,)| = | f Wm—1,j4n) + 0 W j—14n)| < 8.

whence
| f (Um—1,j4n) +nl <81 +n), 2=<j=<K.

Continuing the estimates we obtain by induction that for any / < m and for sufficiently large

n we have
_1)l+1

T ntl<csnl, 1+1<j<K,

‘f(vm—l,j+n) +

where the constant C > 0 depends on m only. Indeed,

< 4.

!
|(B" )(vm—1,j)| = ‘f(vml,j+n) + ]; (Z)f(vmfﬂrk,j#»nfk)

Suppose that we have already shown that the quantities

(_l)l—k—H Ik

Plk = f(vrn—l+k.j+n—k) + W” B

satisfy | o] < Cén!=%, 1 < k <. Then

! I—k
n\ (—1) _ n
s+ 3 () P+ (D)o

k=1

< 4.
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Note that (Z) = ',i—],{ + Om*—1) when n — oo. It follows that, for sufficiently large n,

Lo
f@netjn) + (=D Y ———— | < Con'.
k=1

— k(I —k)!

It remains to notice that
i D¢ 1
= k'(I —k)! I

Thus, if we choose § > 0 to be sufficiently small, we get
|fijan)l = Cn™ ' 1<i<m m<j<K,

where C > 0 is (another) constant depending only on m. Replacing n by n +m — 1, we get
[ f (i j4n)l = Cn™iforl <i<m,1< j < K —m+ 1, Recall that || f||x < &. Since
Iy f ()] < || fllx, we conclude that n™ |y, ., | < C7le, 1 <i<m, 1 <j<K—m+]1.

Finally, since ¢ > 0 and K € N were arbitrary, we repeat this procedure for sequences
er — 0 and K; — oo and find a sequence n; — oo satisfying (2.3).

(iv) = (iii) It remains to show that a formally weaker condition (2.4) implies (2.3). From
the boundedness of B (see (2.2)) it follows that for each! > 0 we have (ny —1)"™ " |val._nk 4=
0. It is now not difficult to show (see [4, Lemma 4.2]) that there exists an increasing sequence
my. such that (my + j)m—i |ﬂvl.mk+.f| — (O forany j > 0.

4 Proof of Theorem 2.2

The proof for the case of [1, 2, ..., m] x Z is similar to the proof of Theorem 2.1.

(ili) = (ii) Define operators R,, by the same formula (3.2). Then R,, f — 0 and
B" Ry, f — f on finite sequences. In the proof of Theorem 2.1 (formulas (3.1)) we have

seen that
i—1
n
B ey ) =Y < l )e

1=0
and so (2.5) implies also that B** f — 0 on finite sequences. It remains to apply the Hyper-
cyclicity Criterion.

(1) = (iii) To prove necessity of (2.5) consider a finite set F = {(v; ;),1 <i <m, —K <
J < K}.If B is hypercyclic, then it is topologically transitive and so for any ¢ € (0, 1/2)
there exist an arbitrarily large n and f € X such that

K
f - § evm_j < Smin(lamin|/~’l‘v|)5
K veF
J=— X

and

K
B'f — Z eu | < SIU‘IlEi? [yl 4.1)
j=—K X

We can also choose n large enough so that v; j,, v; j—, ¢ F for any v; ; € F. Repeating
the arguments from the proof of Theorem 2.1 we show that if ¢ is sufficiently small, then
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[ f i jan)| = Cn" i forl <i <m, —K < Jj < K, where C > 0 is some constant
depending on m only. Since ||f — Zfsz vy ||X <candv; j4, ¢ Fforanyv; ; € F we
conclude that |y, ;,, f (i, j+n)| < € forv; ; € F. Thus,

n" Ty, <C7le, 1<i<m, —K <j<K.

It remains to prove a similar estimate for 1, ion- Since, for — K < j < K,

< emin(1, min |y l),
veF

K
|f @) = 1+ o, ;| < Hf— > e,

I=—K

X

we conclude that for —K < j < K we have | f (v, ;)| > 1/2 whereas | f(v; j)| < e,
1 <i<m~—1.Nowwewrite f =311, 3 ;7 f(vij)ey ;. Itholds that

an ZZ f(vl ]) Z ( )evi—l,j+l—n = ZZ |:Z <l fk)f(vi,ji+k):| evk,j_,,-

i=1 jeZ k=1 jeZ Li=k
Indeed, setting k =i — [, we have

i—1

i
n n
Z <Z>evi—l,j+l—n = Z (i . k>evk,i+j—k—n‘
k=1

=0

A change in the summation order gives

Z Z f(Ui,j)<l. fk>evk,i+j—k—n = Z Z f(’h‘,j)(l. ik>evk.i+j—k—n’

i=1 k=1 k=1 i=k

which in turn implies that

Y fun Z () CRINEESD 953) TR () s

i=1 jeZ k=1i=k jeZ

It remains to rename i + j — k by j on the right hand side. For sufficiently large n one has

m n n m—1 n
> (l. - k)f(vl-, joith)| = (m - k)|f(vm, jemt)l = ) (l. N k)lf(vi, joi+)]

i=k i=k

m—k m—k—1

> Cin —én __mzCznm_k

foralll <k <m,—K+m—1<j<K.Sincev ;¢ F,—K < j < K, we conclude
as above that nm’kluuk’j_nl <Cel<k<m —-K+m—-1<j<K.

Finally, since ¢ > Oand K € N were arbitrary, we can find a sequence ny — oo satisfying
(2.5). O

5 Proof of Theorem 2.3

We give two slightly different proofs of Statement 1 in Theorem 2.3. In the first of them
we use the following simple sufficient condition of mixing known as the Godefroy—Shapiro
Criterion (see [3], [2, Corollary 1.10] or [4, Theorem 3.1]), while the second proof is based
on the Hypercyclicity Criterion.
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Theorem (Godefroy—Shapiro Criterion). If, for a bounded linear operator T on a sep-
arable Banach space X, both Uy <1Ker (T — A1) and Uj~1Ker (T — AI) span a dense
subspace in X, then T is mixing.

Proof of Theorem 2.3 Throughout the proof we will consider the shift on the lattice Ny x Ng
in place of N x N. This will slightly simplify the formulas.

First proof of Statement 1. For r > 1, s € C, consider the function f; ; defined on Ny x Ny
by

frs(ui j) = rit2isi+i
which can be conveniently represented as a matrix with f, ;(v; ;) situated at the vertex v;_;
(recall that in our notation i is the number of a row and j is the number of a column):

st
I"3 S3 r5 N .
fra=l,20 43 60
rs P s3
1 rts  rts? r8st

Since limsup; | j_, oo |14v; ; |V/G+)) = ¢ < 2 (note that if B is bounded then ¢ > 0), it is clear
that f, ; € X whenever gr?|s| < 1. On the other hand

Bf, s = S(rz +7) frs-

Thus, the set of eigenvalues contains the disc {|A] < ’;% = %(1 + 1)} for any r > 1. Since

g < 2, its radius is greater than 1 when r is sufficiently close to 1. More precisely, choose
8> Ososmallthatq% -6 > % and 8(r2 +r) < 1 forany r € (1,1 4 §). Put

1 1
Ulz{(r,s): re(,1+596), —2—8< ls] < —2},

qr qr
Uy ={(r,s): re(,1+9), |s| <}

Then |s|(r2 +r) > 1 when (r,s) € Uj and |s|(r2 +r) < 1 when (r,s) € Us. To apply
the Godefroy—Shapiro criterion, we show that the families {f, s : (r,s) € Ui} and {f; s :
(r,s) € Uy} are complete in X.

Indeed, let g = {g(v;,;)} = {gi,j} € X* beasequence in the annihilatorof { f, 5 : (r,s) €
U;}. Then we have, for any r € (1, 1 +6) and q% - <|s| < q%,

0o n 00 n
Z Z S Wkn—k)8kn—k = ZS”r" Z Gk Tk =0.
n=0 k=0

n=0 k=0

Considering this series as a power series with respect to the variable s we conclude that for
any n € Ny

n
S G =0, re(, 149,
k=0

whence, obviously, gk ,—x = 0 forany n > 0,0 < k < n. Completeness of {f, s : (r,s) €
U,} is analogous.
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Second proof of Statement 1. For k > 0 we let
Xy = span{ey,,, 1 i+ j =k}

be the (k + 1)-dimensional space of sequences with non-zero entries on the diagonal {(i, j) :

i + j = k}. The subspace
o0
Y = span (U Xk)
k=0

is dense in the space. Let {a;}{°, be a sequence of pairwise distinct, non-zero real scalars.

For k > 0 we set
k

— J ;
= E aiey ., 0<ic<k
Jj=0

Notice that the set { fi/‘ }f.‘zo forms a base for X since the determinant of the coefficients is a
non-zero Vandermonde determinant. For n > 0, define R, on { fik}f?zo by

1 k+n

k _ J
Bl = Ty ,-Zoai e

n
n
n _
B €y ; = <l>eUi—1,j—(n—1)’
=0

where, as before, we consider e,, i—_p) 38 the zero function, wheneveri <lor j <n — 1.
Therefore, by a direct computation,

. . 1 n n+k—l
B Rnfl (l+a1)n Z Z a evk+n Jj—l,j—(n—1)

Jj=n—l

1
(1 +a;)" Z( )Za" H_Se”k 55 fik'

Also, B" fl.k =0, for each n > k. Extend R, linearly to get first an operator from Xy to Xy,
and then to get an operator on Y. It remains to show that R, fl.k — 0.

Let g € (1, 2) be such that lim SUDP; 4 j o0 [Hu; |/@+)) < g and choose a; € (¢ — 1, 1),
i>0.If X = ¢P(Vy, 1) we get that

Note that as in (3.1), we get

1
k+1 /p qu+n

R 4k = — ajp P < —
e = e (@ sV | = ey d=ap

The Hypercyclicity Criterion now applies for the full sequence {n}, and ensures that B is
mixing. The case X = co(Vso, 1) is analogous.

Proof of Statement 2. Assume that B is hypercyclic. Then for any ¢ € (0,1/2) and N € N
there exists f € X andn > N such that || f||x < € and

[|B" f — eupoll < €l lug -
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Since (B" f)(v0,0) = Y _f—o (7).f (Vk.n—k), we have

> (Z) S Wkn—k)

k=0

> 1/2.

Let ko be such that | f (vgy.n—ko)| = MaXo<k<n | f (Vk.n—k)|. Using the fact that Y_¢_ (}) =
2", we conclude that | f (Vkyn—ko)| = 2771 Tt follows from (2.6) that || fllx > ¢/2, a
contradiction with || f||x < ¢ if € is sufficiently small.

O

We conclude this section with a necessary condition for hypercyclicity of the backward
shift on graphs, which also proves Statement 2 of Theorem 2.3. For simplicity we formulate
it for 1 < p < oo. The cases of ' (Vo, ) and co(Voo, 1) require an obvious modification.

Proposition 5.1 Let B be boundedon X = £ (Voo, ), 1 < p < 00, andlet1/p+1/p’ = 1.
If B is hypercyclic on X, then there exists an increasing sequence (ny) of positive integers
such that for any i, j € N,

ng (nlk)!’

— 00, k — oo.
1=0 |H’Ui+l,j+nk—l|

Proof of Theorem 2.1 The proof is analogous to [5, Lemma 4.2]. If B is hypercyclic, then for
any ¢ € (0,1/2) and K, N € N there exist f € X andn > N such that

Iflx <& |B"f— D ey;| <& min |uy,,l.

— I<i,j<K
1<i,j<K X
Since (B" f)(vi,j) = Yo (7) f Viti, j+n—1), we have for i, j < K
n " n (VII)P/ l/p/
1/2 < Z(l>f(vi+l,j+nfl) <Iflx Zﬁ
=0 1=0 i+, j+n—1

’ 1/p’

n (n)P
<e| > —V—)

1=0 |I’Lvi+l.j+n—l |
Repeating the procedure for Ky — oo and ¢ — 0 we find a sequence ny as required. O

In the case of trees considered in [5] this natural condition turns out be also sufficient. We
do not know whether it is the case for the lattice N x N.

6 Proof of Theorem 2.4

We start with the following simple but useful observation.

Proposition 6.1 Let G = (V, E) be a subgraph of a directed graph G = (V, E) such that if
veVand(v,u) € E, thenu € V and (v,u) € E, ie., Gincludes all edges which startin V.
Let 1 be a weight on G such that the backward shift B is bounded on 7 (V, w),1<p<oo
or co(V w). Then the backward shift B on £P(V, , 1) or co(V, p) inherits all dynamlcal
properties (mixing, weak mixing, hypercyclicity) of BontP(V, w)or, respectively, co(V, ).
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Proof of Theorer~n 2.1 Consider the restriction operator R : 2248 w —>LP(V,uw),1<p<
oo,or R : co(V,u) = co(V, ), Rf = f|v. Itis clear that R is a surjective operator of
norm one, and, by the properties of G,

RoB=BoR.

This means that B is quasi-conjugate to B and so inherits all dynamical properties of B. O

In the following proof we will use recent results from [9] about generalized shifts. Given
an operator T on the Banach space X, the generalized shift By is defined on XN or XZ as

Br (xi )k = (Txg41)k-

Thus, if T = I, then By is a usual shift.
Consider the following spaces:

0P(X,2) = {(mk e X% ) g < oo] :

k
co(X,7) = {(xk)k e X% lim |xllx = 0}.
|k|— 00

It is shown in [9, Corollary 2.8] that By on £P(X,Z), 1 < p < oo, or on co(X,Z) is
hypercyclic if and only if it is weakly mixing and if and only if 7' is weakly mixing on X,
while Br is mixing if and only if T is mixing [9, Corollary 3.2].

Proof of Theorem 2.4 1t follows from Proposition 6.1 that it is sufficient to prove the state-
ment for the graph Goo = ( \700, Eoo) since its subgraph G, satisfies the conditions of the
proposition. Note that the backward shift B on G, when considered as an operator on either
Z”(Voo, w), 1 < p < oo, or cg(Vso, p) is bounded if and only if the backward shift B on
G o0, When considered as an operator on any of ZP(VOO, w), 1l < p < oo, or co(Voo, W) is
bounded, which happens precisely when sup; ¢ “L’iﬂ’rll‘ < 00.

Now set for k € Z,

Di=1{vij€Ve:i+j=k}

and notice that, due to the fact that u depends only on the first coordinate, u,, ; = i, we can
identify the spaces £7 (Dy, 1), k € Z, with €7 (N, u), 1 < p < oo, and similarly co(Dy, u),
k € Z, with co(N, p) via the identification v; y—; <> i. This allows us to further identify for
l1<p<oo

P (Vo) Z P (P (N, 1), ) = § (fidkez € PN, > = )~ ||fk||5p(N,m<oo}

k=—00

and

c0(Vao) = colco(N, p), Z) = { (fidkez € co(N, w)% |k1|i—>moo Il filleoy, ) — 0}

by (f (vi,j)ien, jez = (fidkez = ((f (Vi k=i))ieNkez-

Let By be the unweighted unilateral backward shift on either £7 (N, ), 1 < p < o0, or
co(N, w). Under the above identifications, we notice that the backward shift B can be viewed
as the generalized shift B; g, on €7 (€P (N, ), Z) or co(co(N, ), Z), defined by

BryBy(fidkez = (I + Bo) (fi+1))kez-
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Indeed,
BF)Wik-i) = fikt1-i) + fit1.h-1) = FQikr1-i) + FQOit1k+1-G+1))-

Therefore, if we write fi = (f (v k—i))ieN, then B(fi)kez = (fi+1 + Bofi+1)kez- By [9],
the unilateral generalized shift By g, is mixing if and only its symbol I + By is mixing.
Since by a theorem of Salas [11] (see also [4, Theorem 8.2]), I 4+ By is always mixing
on ¢P(N, n), 1 < p < oo, or on co(N, u) provided it is bounded, we conclude that B is
mixing. O

Remark 6.2 If we drop the assumption that x depends on one coordinate only and if /i is
a weight on Vo that extends  and makes B bounded, then we can still repeat the above
argument and see B as the bilateral generalized shift By g, (whichis bounded) butin this case
the symbol I + By on the n-th coordinate is an operator from £7(N, fi|p,.,) to £P(N, fi|p,).
In this case Salas’ result cannot be used to conclude that I + By is mixing.

Also, if we consider the shift on the lattice Z x Z in the case when p depends on one
coordinate only, we can identify it with B;ypg,, where By is the usual bilateral shift on
£P(Z, n). However, in the bilateral case it is not known whether I 4+ By is mixing or, at least,
hypercyclic.

7 Examples

We start with an obvious example when a graph cannot carry a hypercyclic backward shift
even if we have a freedom in the choice of a measure.

Example7.1 Let V = {v1,1, v12} U {vii—1, Vi, Vii+1, i > 2}. Assume that v; ;_1 — v; ;,

Vi1, —> Vi, Vii —> Vi+l.i, Vi.i —> Vi i+1, and there are no other edges in G. Then it is
clear that (B" f)(vi,i—1) = (B" f)(vi—1,i)) = (B"~' f)(vi,;) when i > 2, and so B is not
hypercyclic.

More generally, if G is a graph with a vertex v satisfying that |Par(v)] > 1 and
|Chi(Par(v))| = 1 (i.e., Chi(Par(v)) = {v}), then the same argument applies and B
is not hypercyclic. Here we denote by | E| the number of elements in the set E.

Example7.2 Let V = {v;}j>1 = Nand E = {(v;, vi+1), i = 1} U {(v2, v1)}. Thus, V is
the tree N with one added edge making a cycle. We consider the “Rolewicz operator” o B
(considered for the first time in [10]), where o € C, |«| > 1, on the unweighted space £7.
By a trivial computation, for a sequence f = (f});>1, we have

n n+1
2n—1
R S DIV T D T SR AR N
=1 =1
n+1 n+1

B f = Z fj—1, Z f2js font3, fonta, - ..

j=1 j=1

We show that a B is hypercyclic (and even mixing) in £” for 1 < p < oo. Denote by Y the
set of all finite sequences (xg) such that D, _ 44Xk = D _even Xk = 0. Let us show that
Y is dense in €7 for 1 < p < oo. For any finite vector x € €7 puta = Y, _ 44Xk and
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b =7 _even Xk and let

n n
- a b
xn:x—fgev_—fgev.
n 2k—1 n 2k
k=1 k=1

Then X, € Y and, obviously, X, — x in £ when p > 1.
Now let U be a non-empty subset of £7 and let W be a neighborhood of zero. If x € UNY,
then (aB)"x = 0 eventually, which means that the return set N(U, W) = {n : (aB)"(U) N

W # @} is cofinite. If we set
1 o0
pry Z KkCupin
k=1

then y, — 0 and (aB)"y, = x for each n € N which shows that also N(W, U) is cofinite.
By [4, Proposition 2.37], we conclude that a B is mixing.

Remark 7.3 Note that any bounded operator T acting on a Banach space X with a Schauder
base can be interpreted as a weighted backward shift on some Banach space of sequences
indexed by the vertices of some graph. Indeed, if {e,}}° ; is a Schauder basis and

o0
Te, = E Qi ne;
i=1

for some coefficients «; ,, then we define the graph G to have vertices e, and we assume that
e; — e, if and only if «; , # 0. We define the weight on the edge (e;, e,) as «; ,,. Thus, for

x =7 ,cnepwehave Tx =3, (Zn ai,,,c,,)e,', and so T is a weighted backward shift on
the coefficient space of the basis {e, } equipped with its standard norm (see, e.g., [12, Chapter

1D.

Example 7.4 In the next example we again consider an unweighted backward shift. Let V =
{vj}j>1 = N and assume that v; — v;;; and v; — vj42, j > 1, and all edges are of this
form. Then we have (Bf)(v;) = f(v;j4+1) + f(v;j12) and so B essentially coincides with
By (I + Bp) where By is the usual backward shift on N.

Assume that u = {u, } is a weight such that the backward shift By is bounded on X where
X=0"N,u),1 <p<oo,orX =co(N, pn). Let g = limsup,,_, o, |ien|'/". Then for any
s € Cwith |s| < ¢g~! we have f; = {s"},=1 € X and Bo(I + Bo)fs = s(1 + s) fs. If

g < % ,theng~'(14+¢~") > 1, and we have an open set of eigenvalues A of Bo(I + Bp)

with |A| < 1 and an open set of eigenvalues A of Bo(I + Bp) with || > 1. Corresponding
families of eigenvectors are complete and so By (! + Bp) is mixing by the Godefroy—Shapiro
criterion.

Asin Theorem 2.3, one easily shows that go = 1+I is the critical value. Assume that there
is C > 0 such that |u,| > Cqg. We show that in thls case Bo(I + Byp) is not hypercyclic.
Indeed, if Bo(I + By) is hypercyclic, then for any ¢ € (0,1/2) and N € N there exists
f = (fioken € X and n > N such that || f||x < e and |[(Bo( + Bo))" f —eillx < elu1l
where e; = (1,0, 0, ...). On one hand, we have | f| < C_leqak. On the other hand,

Xn: (Z)karn -1

k=0

<&,
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a contradiction, when e is sufficiently small, since Y} _o ({)go* ™" = q5"(qy ' + D" = 1.
This is in contrast with the case of the operator I + By which is weakly mixing on £7 (N, u),
1 < p < o0, 0r co(N, n) whenever By is bounded [4, Theorem 8.2].
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