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Abstract
We propose an information-theoretic framework for quantifying Kochen–Specker contextuality.
Two complementary measures are introduced: the mutual information energy, a state-independent
quantity inspired by Onicescu’s information energy that captures the geometric overlap between
joint eigenspaces within a context; and an operational measure based on commutator expecta-
tion values that reflects contextual behavior at the level of measurement outcomes. We establish
a hierarchy of bounds connecting these measures to the Robertson uncertainty relation, includ-
ing spectral, purity-corrected, and operator norm estimates. The framework is applied to the
Klyachko–Can–Binicioğlu–Shumovsky (KCBS) scenario for spin-1 systems, where all quantities
admit closed-form expressions. The Majorana-stellar representation furnishes a common geo-
metric platform on which both the operational measure and the uncertainty products can be ana-
lyzed. For spin-1, this representation yields a three-dimensional Euclidean-like visualization of
the Hilbert space in which states lying on a plane exhibit maximum uncertainty for the observ-
able along the perpendicular direction; simultaneous optimization across all KCBS contexts singles
out a unique state on the symmetry axis. Notably, states achieving the optimal sum of uncertainty
products exhibit vanishing operational contextuality, while states with substantial operational con-
textuality satisfy a nontrivial Robertson bound—the two extremes are realized by distinct quantum
states.

1. Introduction: contextuality andmeasurement in quantum theory

The process and outcome of measurement are fundamentally different in classical and quantum mech-
anics. In classical (Newtonian) mechanics, the result of a measurement is assumed to exist prior to the
act of measurement and remains unaffected by it—only one such measurement can be performed at a
time. At the microscopic scale, however, this is no longer the case. Quantum theory allows an arbitrary
number of observables to be measured simultaneously on a single system3, a feature often referred to as
quantum parallelism [1]. As a result, the state of a quantum system cannot, in general, be prepared in a
dispersion-free manner [2], nor can definite outcomes be ascribed to measurements prior to observa-
tion [3].

If a system is in an eigenstate of one observable, it is necessarily not an eigenstate of another that
does not commute with it—even though both can be measured jointly. Therefore, the outcome of meas-
uring an observable cannot, in general, be independent of the choice of other compatible measurements

3 Here, ‘simultaneous measurement’ simply means that the outcomes of different observables can be obtained within the same meas-
urement procedure. Mathematically, a single generalized measurement (POVM, Positive Operator-Valued Measure) may contain very
many—indeed, even continuously many–outcomes. In this sense, one quantum measurement can encode information about infinitely
many observables, even though not all of them can have sharp values at the same time.
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performed concurrently [4–6]. Formally, for observables A, B, and C represented by Hermitian operators
Â, B̂, and Ĉ acting on a Hilbert space H of dimension d⩾ 3, which satisfy[

Â, B̂
]
= 0,

[
B̂, Ĉ

]
= 0,

[
Â, Ĉ

]
̸= 0, (1)

the outcome of a measurement of B depends on whether it is performed alone, together with A, or
together with C [7, 8]. In such a situation, the information obtained by measuring (A,B) differs from
that obtained by measuring (C,B); hence the measurement of B is contextual within the set {A,B,C} [9–
12]. Accordingly, the question ‘How does the information obtained from the measurement of (A,B) differ from
that of (C,B)?’ naturally quantifies the amount of contextuality associated with B in the context {A,B,C}.
As we illustrate explicitly in section 2, the noncommutativity between the two observables A and C
reflects the fact that they implement incompatible refinements of a shared degenerate measurement
structure defined by B, which is precisely why the observable B is contextual within the triple {A,B,C}.

Several quantitative measures of contextuality have been proposed in the literature, most of which
are formulated within probabilistic or operational frameworks. Svozil quantified contextuality in terms
of the ‘frequency of contextual assignments’ in a forced tabulation of truth values [13]. Kleinmann et al
defined it through the memory cost of measurement sequences, where the memory corresponds to the
number of internal system states reached during sequential measurements, and the cost is its minimum
value [14]. Grudka et al introduced two measures: the cost of contextuality, by analogy with the nonloc-
ality cost [15, 16], and the relative entropy of contextuality, analogous to the relative entropy of nonlocal-
ity [17], showing that the latter is equivalent to a communication-based measure they also defined [18].
Abramsky et al proposed the contextual fraction, quantifying how far a quasi-probability representation
(allowing non-negative numbers summing to less than unity) can be from a true probability distribu-
tion [19]. Kujala and Dzhafarov suggested three alternative measures [20]: two as distances to the non-
contextuality polytope [21, 22]—in which noncontextual systems are represented on or within the poly-
tope surface—and a third based on quasi-probability distributions allowing negative values whose sum
equals unity, where the magnitude of the negative part quantifies the degree of contextuality.

While these approaches differ in formulation, they all share the goal of quantifying the deviation
from classical, noncontextual behavior. In the present work, we take an alternative route and formu-
late contextuality as an information-theoretic property, rooted in the geometric and algebraic relations
between measurement subspaces.

The paper is organized as follows. In section 2, we introduce the mutual information energy (MIE)
as a state-independent measure of contextuality based on the geometric overlap of joint eigenspaces, and
illustrate its definition through explicit projector-level examples, ranging from a minimal abstract setting
to a physically relevant spin-1 measurement structure. Section 3 develops the complementary operational
measure, which captures contextual behavior at the level of measurement outcomes for a given quantum
state, and establishes spectral, purity-corrected, and hybrid bounds that relate this operational quant-
ity to the MIE. In section 4, we connect these bounds to the Robertson uncertainty relation, revealing
a hierarchy that ties together the commutator structure, uncertainty products and the geometric MIE
quantity. Section 5 illustrates the full framework in the canonical Klyachko–Can–Binicioğlu–Shumovsky
(KCBS) scenario for a spin-1 system, where all quantities can be computed in closed form and visualized
geometrically. We conclude in section 6 with a summary and outlook.

2. Information-theoretic measure of contextuality

Since the measurement of observables involves obtaining information from a quantum system, and since
contextuality concerns how this information depends on the chosen set of compatible measurements,
it is natural to treat contextuality as an information-theoretic property [23, 24]. A useful scalar quantity
in this framework is the information energy, originally introduced by Onicescu [25]. For a discrete ran-
dom variable X taking values x1,x2, . . . ,xn with corresponding probabilities p1,p2, . . . ,pn, the information
energy is defined as

E (X) =
n∑

i=1

p2i . (2)

This quantity serves as an inverse measure of uncertainty: it reaches its maximum for a deterministic
(pure) distribution, and its minimum for a uniform one.
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Motivated by Onicescu’s notion of information energy as a quadratic measure of concentration, we
extend this idea to the quantum domain and define the MIE as a basis-independent, projection-based
quantity that captures the informational overlap between the eigenspaces of different observables.

For observables A, B, C represented by Hermitian operators Â, B̂, Ĉ, the MIE is expressed in a
projection-based form as

E(B;A,C) :=
1

d

∑
i,j

Tr

[(
P̂A,B
i P̂C,B

j

)2]
, d= dim(H)⩾ 3, (3)

where P̂A,B
i and P̂C,B

j are the orthogonal projectors onto the joint eigenspaces of (Â, B̂) and (Ĉ, B̂),

respectively. For [Â, B̂] = 0, the operators Â and B̂ can be simultaneously diagonalized, and each joint
eigenspace is defined as

HA,B
a,b =

{
|ψ⟩ ∈ H : Â|ψ⟩= a|ψ⟩, B̂|ψ⟩= b|ψ⟩

}
,

with corresponding projector P̂A,B
a,b ; similarly, [Ĉ, B̂] = 0 yields

HC,B
c,b =

{
|ψ⟩ ∈ H : Ĉ|ψ⟩= c|ψ⟩, B̂|ψ⟩= b|ψ⟩

}
,

with projector P̂C,B
c,b . Equivalently, if Π

A
a , Π

B
b , and ΠC

c denote the spectral projectors of Â, B̂, and Ĉ, then

P̂A,B
a,b =ΠA

a Π
B
b = ΠB

b Π
A
a , (4)

P̂C,B
c,b =ΠC

c Π
B
b = ΠB

b Π
C
c . (5)

The indices i and j in equation (3) enumerate the nonzero joint eigenvalue pairs (a, b) and (c, b).
Equation (3) thus quantifies the degree of informational overlap between the subspaces associated with
Â and Ĉ within each contextual partition defined by B̂.

When all three observables mutually commute, they admit a common eigenbasis and hence a com-
mon joint spectral decomposition. In that case the two projector families {P̂A,B

i } and {P̂C,B
j } refine the

same partition of H, and after relabeling they may be identified with the same set of joint projectors.
Consequently,

E(B;A,C) = 1, (6)

indicating a fully noncontextual situation in which measurement outcomes are jointly definable. More
generally, each term Tr[(P̂A,B

i P̂C,B
j )2] in (3) admits a geometric characterization in terms of the principal

angles between the ranges of the two projectors. If {|ak⟩} and {|cℓ⟩} denote orthonormal bases for the
eigenspaces HA,B

i and HC,B
j , and σµ are the singular values of the overlap matrix Mkℓ = ⟨ak|cℓ⟩, then (see

SI, section A)

Tr

[(
P̂A,B
i P̂C,B

j

)2]
=

rij∑
µ=1

σ4µ, (7)

where rij =min(rank P̂A,B
i , rank P̂C,B

j ), and σµ = cosθ(ij)µ , with θ(ij)µ the principal (canonical) angles
between the two subspaces [26]. In the nondegenerate case each projector is rank-1, M reduces to a
single scalar ⟨abi|cbj⟩, and equation (7) gives

Tr

[(
P̂A,B
i P̂C,B

j

)2]
= |⟨abi|cbj⟩|4.

When, moreover, the eigenbases are mutually unbiased [27–29], i.e. |⟨abi|cbj⟩|2 = 1/d for all i, j, the MIE
attains its minimum value,

E(B;A,C) =
1

d
. (8)

As a concrete realization, one may take B̂= Î, choose Â diagonal in the computational basis, and set
Ĉ= FÂF† where F is the d-dimensional discrete Fourier transform; the eigenbases of Â and Ĉ are then
mutually unbiased and each overlap contributes 1/d2.

3



J. Phys. A: Math. Theor. 59 (2026) 195302 A C Günhan and Z Gedik

Hence, E(B;A,C) defines a basis-independent, projection-based measure of contextuality, robust to
degeneracies and directly linked to the geometric overlap of measurement subspaces. In the nonde-
generate case where all eigenspaces are one-dimensional, each projector reduces to a rank-1 operator,
P̂A,B
i = |abi⟩⟨abi|, and equation (3) simplifies to

E(B;A,C) =
1

d

d∑
i,j=1

|⟨abi |cbj⟩|4. (9)

This form explicitly shows that E(B;A,C) depends solely on the relative geometry of the eigenspaces of Â
and Ĉ—a purely quantum manifestation of informational compatibility within the context {A,B,C}.

2.1. Worked examples at the projector level
2.1.1. A minimal abstract example: incompatible refinements of a degenerate observable
To illustrate the projection-based definition of the MIE in its most elementary form we consider a min-
imal three-dimensional Hilbert space H= C3.

Let {|e1⟩, |e2⟩, |e3⟩} be an orthonormal basis, and define a degenerate observable

B̂= diag(0,1,1) , (10)

whose eigenspaces consist of a one-dimensional subspace spanned by |e1⟩ and a two-dimensional degen-
erate subspace spanned by {|e2⟩, |e3⟩}. Such coarse-grained observables are standard in the theory of
quantum measurements [1, 30, 31].

We now define two observables Â and Ĉ that commute with B̂ but correspond to distinct refine-
ments of its degenerate eigenspace.
First refinement. Let Â be diagonal in the {|ei⟩} basis, so that the joint-eigenspace projectors of (Â, B̂) are

P̂A,B
1 = |e1⟩⟨e1|, P̂A,B

2 = |e2⟩⟨e2|, P̂A,B
3 = |e3⟩⟨e3|. (11)

Second refinement. Let Ĉ coincide with B̂ on the |e1⟩ subspace, but resolve the degenerate subspace in the
rotated basis

|f±⟩=
1√
2
(|e2⟩± |e3⟩) . (12)

The corresponding joint-eigenspace projectors of (Ĉ, B̂) are

P̂C,B
1 = |e1⟩⟨e1|, P̂C,B

± = |f±⟩⟨f±|. (13)

Although both Â and Ĉ commute with B̂, they define incompatible refinements of the same degenerate
eigenspace. We now evaluate the MIE E(B;A,C) explicitly.

Using the definition

E(B;A,C) =
1

d

∑
i,j

Tr

[(
P̂A,B
i P̂C,B

j

)2]
, d= 3, (14)

we consider the contributions from the two sectors separately.
Nondegenerate sector. For the one-dimensional eigenspace spanned by |e1⟩, the projectors coincide:

P̂A,B
1 = P̂C,B

1 = |e1⟩⟨e1|, (15)

yielding

Tr

[(
P̂A,B
1 P̂C,B

1

)2]
= 1. (16)

Degenerate sector. For the two-dimensional eigenspace, we compute

P̂A,B
2 P̂C,B

± = |e2⟩⟨e2|f±⟩⟨f±|=
1√
2
|e2⟩⟨f±|, (17)

4
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and similarly for P̂A,B
3 . Squaring and taking the trace gives

Tr

[(
P̂A,B
2,3 P̂

C,B
±

)2]
= |⟨e2,3|f±⟩|4 =

1

4
. (18)

There are four such contributions, corresponding to the pairs (i, j) = (2,±) and (3,±), whose total con-
tribution is 4× 1

4 = 1.

Result. Collecting all terms, we obtain

E(B;A,C) =
1

3
(1+ 1) =

2

3
. (19)

This example shows explicitly how the MIE is reduced below unity due to incompatible refinements of
a shared degenerate observable-eigenspace. In other words, the reduction E(B;A,C)< 1 is a direct con-
sequence of the geometry of the joint eigenspaces of (Â, B̂) and (Ĉ, B̂) (as captured by the joint project-
ors P̂A,B

i and P̂C,B
j , respectively), rather than an artifact of basis choice. In the sense of Kochen–Specker

contextuality, this situation corresponds to a contextual observable B: although [Â, B̂] = 0= [Ĉ, B̂], the
incompatibility [Â, Ĉ] ̸= 0 implies that the joint-measurement structure of B depends on the compatible
context in which it is embedded.

In particular, if Â and Ĉ coincide as functions of B̂ on each B̂-eigenspace, then all three observables
commute and equation (3) gives E(B;A,C) = 1.

2.1.2. A spin-1 example: degenerate versus nondegenerate measurement structure.
We next illustrate how the projection-based MIE equation (3) operates in a physically relevant spin-1
setting where the contextual partition is altered by the measurement structure, in particular by the pres-
ence or absence of spectral degeneracy.

Let Ŝk denote the spin-1 operator along a unit direction k, and define the dichotomic observables

Âk = 2
(
Ŝ·k
)2 − Î, (20)

with spectral projectors P̂0k = |0k⟩⟨0k| onto the ms = 0 eigenspace [32, 33]. While the operators Ŝk have
nondegenerate spectra, the observables Âk possess a two-dimensional degenerate eigenspace correspond-
ing to ms =±1.

Let k1, k2 and v be three unit vectors such that k2 is perpendicular to k1 and v, and the angle
between k1 and v is γ. We consider two contexts {Sk1 ,S2,Sv} and {Ak1 ,Ak2 ,Av}, and evaluate the mutual
information energies using the joint projectors of the commuting pairs (Sk1 ,S

2), (Sv,S2) and (Ak1 ,Ak2),
(Av,Ak2), respectively.

Evaluating the mutual information energies using the joint projectors of the commuting pairs, one
obtains

E
(
S2;Sk1 ,Sv

)
=

5− 2cos2 γ+ 9cos4 γ

12
, (21)

and

E(Ak2 ;Ak1 ,Av) =
3− 4cos2 γ+ 4cos4 γ

3
. (22)

Although the commuting products in these different contexts can be chosen to share the same eigenbases
along the relevant directions, differences in degeneracy structure lead to distinct joint-eigenspace project-
ors and, consequently, to different values of the MIE.

This comparison demonstrates that the MIE is sensitive to the contextual-measurement partition
induced by the choice of contextual observable, as encoded in the geometry of the joint eigenspaces,
rather than through eigenvalue spectra alone. A detailed application of these definitions to the full
KCBS pentagon, including the evaluation of all contextual triples and the operational measure D(G, ρ̂),
is presented in section 5.

The definition equation (3) also admits an equivalent characterization in purely algebraic terms. As
shown in SI, section B, the MIE satisfies the exact correspondence

1− E(B;A,C) =
1

2d

∑
i,j

∥
[
P̂A,B
i , P̂C,B

j

]
∥2HS, (23)

5
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where ∥ · ∥HS denotes the Hilbert–Schmidt norm. This identity shows that the deviation of E from unity
is governed by the total noncommutativity of the joint-eigenspace projectors: when all projectors com-
mute, E= 1 and the context is noncontextual, whereas increasing noncommutativity reduces E, and sig-
nals contextual behavior.

Crucially, this commutator formulation provides the link between the basis-independent, geomet-
ric notion of contextuality encoded by the MIE and state-dependent, operational quantities. It therefore
serves as the starting point for defining an operational measure of contextuality, which we introduce
next.

3. Operational contextuality measure

While the MIE E(B;A,C) quantifies the intrinsic, basis-independent geometric overlap associated with
a single measurement context, a complementary quantity is required to capture how this contextual
structure manifests operationally—that is, at the level of measurement outcomes produced by a phys-
ical system prepared in a quantum state ρ̂. Motivated by the commutator representation equation (23),
we therefore introduce a state-dependent operational measure of contextuality defined over a family of
contexts

G= {Gα}Nα=1 , Gα = {Aα,Bα,Cα} , (24)

where each Gα represents a triad of observables whose associated operators satisfy [Âα, B̂α] = 0=
[B̂α, Ĉα], defining a distinct measurement context.

3.1. Definition
In analogy with the role of commutators in the Robertson uncertainty relation4 [34], we quantify the
operational signature of contextuality within each context Gα by the magnitude of the commutator
expectation value

D(Gα, ρ̂) :=
∣∣∣Tr([Âα, Ĉα

]
ρ̂
)∣∣∣. (25)

Summing over all contexts yields the global operational measure

D(G, ρ̂) =
N∑

α=1

D(Gα, ρ̂) . (26)

This quantity is state dependent and vanishes identically whenever all contexts consist of mutually com-
muting observables. Conversely, any nonzero contribution reflects an operationally accessible signature of
contextuality for the state ρ̂.

3.2. Spectral decomposition bound
A general upper bound for D(G, ρ̂) follows from the spectral decompositions of the observables. Let

Âα =
∑
i

aαi P̂αi, Ĉα =
∑
j

cαj Q̂αj, (27)

where P̂αi ≡ P̂Aα,Bα

i and Q̂αj ≡ P̂Cα,Bα

j are the projectors onto the joint eigenspaces of (Âα, B̂α) and

(Ĉα, B̂α), respectively. By expanding the commutator in terms of these projectors and applying the
Cauchy–Schwarz inequality in Hilbert–Schmidt space, one obtains the single-context bound

D(Gα, ρ̂) ⩽ κ(Aα,Cα) [1− E(Bα;Aα,Cα)]
1/2
, (28)

where the spectral prefactor is

κ(Aα,Cα) ≡
√
2d

(∑
i

a2αi

)1/2
∑

j

c2αj

1/2

. (29)

4 We use the Robertson form of the uncertainty relation, which generalizes the familiar Heisenberg bound.

6



J. Phys. A: Math. Theor. 59 (2026) 195302 A C Günhan and Z Gedik

Summing over all contexts yields the global spectral bound

D(G, ρ̂) ⩽
N∑

α=1

κ(Aα,Cα) [1− E(Bα;Aα,Cα)]
1/2
. (30)

The derivation of this bound, which relies on the MIE–commutator correspondence equation (23),
is presented in SI, section C. Although completely general, it depends only on the eigenvalues of the
observables and the MIE, and therefore may overestimate the true operational contextuality for specific
states.

3.3. Purity-corrected bound
The spectral bound (30) can be tightened by retaining the purity of the quantum state. The purity is
defined as

β ≡ ∥ρ̂∥2HS = Tr
(
ρ̂2
)
, (31)

and satisfies 1/d⩽ β ⩽ 1, with β= 1 for pure states and β = 1/d for the maximally mixed state.
Incorporating this factor yields the purity-corrected bound

D(Gα, ρ̂) ⩽
√
βκ(Aα,Cα) [1− E(Bα;Aα,Cα)]

1/2
. (32)

For mixed states with β < 1, this bound is strictly tighter than (28). The global purity-corrected bound is

D(G, ρ̂) ⩽
√
β

N∑
α=1

κ(Aα,Cα) [1− E(Bα;Aα,Cα)]
1/2
. (33)

3.4. Operator-norm bound
An alternative state-independent bound follows from the duality between the operator norm and the
trace norm. For any operator X̂ and density matrix ρ̂,∣∣Tr(X̂ ρ̂)∣∣ ⩽ ∥X̂∥op ∥ρ̂∥1 = ∥X̂∥op, (34)

since ∥ρ̂∥1 = Tr(ρ̂) = 1. Applied to the commutator, this yields

D(Gα, ρ̂) ⩽ ∥
[
Âα, Ĉα

]
∥op. (35)

Since ∥X̂∥op ⩽ ∥X̂∥HS for any operator, the operator-norm bound is at least as tight as a direct applica-
tion of the Cauchy–Schwarz inequality to |Tr([Â, Ĉ] ρ̂)|. However, it does not always dominate the spec-
tral bound (28), which follows a different derivation path through the projector structure and the MIE.
The operator-norm bound can be substantially tighter when the observables nearly commute despite
having E(Bα;Aα,Cα)< 1.

3.5. Hybrid bound
The purity-corrected spectral bound (32) and the operator-norm bound (35) are complementary: the
former captures the role of the MIE and state purity, while the latter is state-independent and often tight
when the commutator is small. Taking the minimum yields the tightest estimate for a single context:

D(Gα, ρ̂) ⩽ min
{
∥
[
Âα, Ĉα

]
∥op,

√
βκ(Aα,Cα) [1− E(Bα;Aα,Cα)]

1/2
}
. (36)

Summing over all N contexts, the global hybrid bound reads

D(G, ρ̂) ⩽
N∑

α=1

min
{
∥
[
Âα, Ĉα

]
∥op,

√
βκα [1− Eα]

1/2
}
, (37)

where κα ≡ κ(Aα,Cα) and Eα ≡ E(Bα;Aα,Cα).
The global bound (37) is obtained by summing the single-context bounds and is mathematically

valid for any collection of contexts. When contexts share observables—as in the KCBS scenario where
each observable participates in two adjacent contexts—the bound remains correct but may be looser
than if the contexts were independent. This is because the summation treats each context separately
without accounting for correlations introduced by shared observables. The complete derivation of these
bounds is given in SI, section C.
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3.6. Summary of bounds
The hierarchy of bounds established above can be summarized as follows. The spectral bound,

D(Gα, ρ̂) ⩽ κα [1− Eα]
1/2
, (38)

is the most general but loosest. The purity-corrected bound,

D(Gα, ρ̂) ⩽
√
βκα [1− Eα]

1/2
, (39)

improves it for mixed states (β < 1). The operator-norm bound,

D(Gα, ρ̂) ⩽ ∥
[
Âα, Ĉα

]
∥op, (40)

provides an independent, state-independent estimate. Finally, the hybrid bound,

D(Gα, ρ̂) ⩽ min
{
∥
[
Âα, Ĉα

]
∥op,

√
βκα [1− Eα]

1/2
}
, (41)

combines these to yield the tightest available constraint.
Taken together, these bounds clarify how the information-theoretic quantity E(B;A,C) constrains the

operational manifestations of contextuality. The geometric overlap encoded in the joint eigenspaces of
(Â, B̂) and (Ĉ, B̂) limits the possible size of the commutator expectation values, with the tightest con-
straint obtained by incorporating both the algebraic structure of each measurement context and the pur-
ity of the quantum state.

4. Contextuality–dependent uncertainty relations

The bounds developed in section 3 constrain the operational contextuality measure D(G, ρ̂) in terms
of the MIE. In this section we connect these bounds to the Robertson uncertainty relation, revealing
a hierarchy that ties together the commutator structure, uncertainty products, and the geometric MIE
quantity.

4.1. Robertson lower bound
For a quantum state ρ̂, the variance of an observable Aα is

(∆Aα)
2
= Tr

(
Â2
α ρ̂
)
−
[
Tr
(
Âα ρ̂

)]2
. (42)

The Robertson relation [34] provides a state-dependent lower bound on the product of uncertainties:

1

2

∣∣Tr([Âα, Ĉα

]
ρ̂
)∣∣ ⩽ (∆Aα)(∆Cα) , (43)

where the left-hand side quantifies the operational degree of incompatibility between Âα and Ĉα within
the context Gα = {Aα,Bα,Cα}.

Recalling the definition equation (25) of the single-context operational measure, equation (43) can
be rewritten as

1

2
D(Gα, ρ̂) ⩽ (∆Aα)(∆Cα) . (44)

Summing over all contexts in G= {Gα}Nα=1 it yields the collective lower bound

1

2
D(G, ρ̂) ⩽

N∑
α=1

(∆Aα)(∆Cα) . (45)
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4.2. Hierarchy of bounds
Combining the Robertson lower bound (45) with the information-theoretic upper bounds from
section 3, we obtain a hierarchy relating the operational measure, the uncertainty products, and the MIE.

From the spectral bound (30), the chain of inequalities reads

1

2
D(G, ρ̂)⩽

N∑
α=1

(∆Aα)(∆Cα) , D(G, ρ̂)⩽
N∑

α=1

κα [1− Eα]
1/2
, (46)

where κα ≡ κ(Aα,Cα) and Eα ≡ E(Bα;Aα,Cα).
Incorporating the purity correction (33) tightens the upper bound for mixed states:

1

2
D(G, ρ̂)⩽

N∑
α=1

(∆Aα)(∆Cα) , D(G, ρ̂)⩽
√
β

N∑
α=1

κα [1− Eα]
1/2
. (47)

Finally, the hybrid bound (37) provides the tightest constraint:

1

2
D(G, ρ̂)⩽

N∑
α=1

(∆Aα)(∆Cα) , D(G, ρ̂)⩽
N∑

α=1

min
{
∥
[
Âα, Ĉα

]
∥op,

√
βκα [1− Eα]

1/2
}
. (48)

4.3. Interpretation
This hierarchy reveals the interplay between three distinct quantities:

• The Robertson lower bound 1
2D(G, ρ̂) sets the minimum uncertainty product consistent with the non-

commutativity of the observables as experienced by the state ρ̂.

• The uncertainty products
∑

α(∆Aα)(∆Cα) quantify the actual spread of measurement outcomes.

• The information-theoretic upper bounds constrain how large the operational contextuality can be, given
the geometric structure encoded in the MIE.

Although E(B;A,C) does not directly bound the uncertainty products, it limits the operational size of
the commutator expectations through D(G, ρ̂), thereby determining the contextuality-dependent scale on
which the products (∆Aα)(∆Cα) may vary.

4.4. Transition to explicit examples
At this point it is natural to ask whether these inequalities merely encode an abstract hierarchy, or
whether they acquire a concrete operational meaning in a realistic quantum-mechanical system. To
demonstrate this explicitly, we now turn to a minimal physical setting that supports Kochen–Specker
contextuality: a single spin-1 particle (d= 3). In this three-dimensional Hilbert space, the KCBS con-
struction provides a canonical family of five dichotomic observables arranged along a pentagonal ortho-
gonality graph. These observables not only exhibit the structural features identified above, but also
allow the geometric quantity E(B;A,C), the operational measure D(G, ρ̂) and the uncertainty products
(∆A)(∆C) to be computed in closed form and visualized geometrically via the Majorana-stellar rep-
resentation. Thus, the KCBS scenario serves as an ideal testbed for the full framework developed in the
preceding sections.

5. Application to the KCBS scenario

Three-level quantum systems provide the minimal Hilbert-space dimension required for the manifesta-
tion of Kochen–Specker contextuality [2, 7–9]. In this section we apply the framework developed above
to the KCBS scenario [32], where all quantities admit closed-form expressions, and can be visualized
geometrically through the Majorana-stellar representation.

5.1. Spin-1 observables and pentagonal contexts
For a spin-1 particle, the observable Ŝk = Ŝ · k represents the spin component along a unit vector k, with
eigenvalues ms ∈ {−1,0,+1}. Following Klyachko et al [32], one constructs the dichotomic observable

Âk = 2Ŝ2k− Î= Î− 2|0k⟩⟨0k|, (49)

9
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Figure 1. KCBS configuration and local orthogonal triad.

which takes eigenvalues {+1,+1,−1} with the −1 eigenspace spanned by the ms = 0 state |0k⟩ along
direction k.

The KCBS construction employs five directions 1̂, . . . , 5̂ arranged symmetrically about the z-axis, sat-
isfying the cyclic orthogonality condition

k⊥ k+ 1, (mod 5). (50)

Geometrically, these five unit vectors lie on a cone of fixed polar angle

θKCBS = arcsin

(
1√

2cos(π/10)

)
≈ 48.03◦,

with azimuthal angles

φα = (α− 1)
6π

5
, α (mod 5),

as shown in figure 1(a). Together, this parametrization realizes the cyclic orthogonality in (50), and fixes
the geometry of the KCBS pentagon. The angle γ between non-adjacent directions k and k+ 2 is then
determined purely by this pentagonal symmetry to be

cosγ =

√
5− 1

2
≈ 0.618, γ ≈ 51.83◦. (51)

This configuration defines five overlapping contexts

Gα = {Aα−1,Aα,Aα+1} , α (mod 5), (52)

where within each context the central observable Aα commutes with both neighbors while the outer pair
{Aα−1,Aα+1} do not commute (see figure 1(a)).

10
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5.2. Explicit evaluation of the contextuality measures
An explicit illustration of how the MIE responds to changes of measurement structure and spectral
degeneracy was given in section 2. We now specialize this analysis to the KCBS scenario and evaluate
the MIE for each contextual triple Gα using the fixed pentagonal geometry.

For each KCBS context Gα, γ is given in equation (51), and the MIE evaluates to

E(Aα;Aα−1,Aα+1) =
3− 4cos2 γ+ 4cos4 γ

3
≈ 0.685. (53)

This result follows directly from equation (3) once the KCBS geometry is fixed. The deviation from
unity, 1− E≈ 0.315, quantifies the intrinsic contextuality of each KCBS context, and is uniform across
all five contexts by virtue of the pentagonal symmetry. Note that E= 1 when cosγ = 0 or ±1, corres-
ponding to orthogonal or parallel directions; in these limits the outer observables in the set (52) com-
mute and the context becomes noncontextual, as expected.

The spectral prefactor equation (29) for dichotomic observables with eigenvalues {+1,+1,−1} is

κ(Aα−1,Aα+1) =
√
2d

(∑
i

a2i

)1/2
∑

j

cj
2

1/2

=
√
6× 3≈ 7.35, (54)

where d= 3 and
∑

i a
2
i =

∑
j c
2
j = 1+ 1+ 1= 3.

Combining these, the spectral bound (28) for a single context gives

D(Gα, ρ̂)⩽ κ
√
1− E≈ 7.35× 0.561≈ 4.12. (55)

The commutator of the outer observables in the context Gα (52) can be computed directly. Since
[Âk, Âk ′ ] = 4[P̂0k , P̂0k ′ ], where P̂0k = |0k⟩⟨0k|, it is sufficient to evaluate the projector commutator.

For rank-1 projectors P̂ and Q̂ with overlap |⟨0k|0k ′⟩|2 = cos2 γ, one has ∥[P̂, Q̂]∥op = cosγ sinγ, and
therefore

∥
[
Âα−1, Âα+1

]
∥op = 4

√√
5− 2≈ 1.94. (56)

This operator-norm bound is substantially tighter than the spectral bound, differing by a factor exceed-
ing two.

For pure states (β= 1), the hybrid bound (36) therefore reduces to the operator-norm bound for all
KCBS contexts. Summing over all five contexts yields the global bound

D(G, ρ̂)⩽ 5× 1.94≈ 9.72. (57)

5.3. Geometric visualization via the Majorana-stellar representation
The Majorana-stellar representation [35] provides a geometric framework for visualizing spin-s states
as constellations on the Bloch–Poincaré sphere. Beyond visualization, this representation offers signi-
ficant computational advantages: inner products, expectation values and projector overlaps reduce to
elementary functions of angles between stellar directions, bypassing explicit matrix algebra. This geo-
metric formalism has also been used in detailed analyses of spin-1 state geometry, notably in the work
of Aravind [36]. The Majorana-stellar representation thus furnishes a common geometric platform on
which both the operational contextuality measure D(G, ρ̂) and the uncertainty products (∆A)(∆C) can
be analyzed and visualized. For spin-1, the three basis states |+1k⟩, |0k⟩, |−1k⟩ are each represented by a
pair of Majorana stars, and any pure state is a superposition of these basis vectors. The eigenstates of Ŝk
take the forms

|+1k⟩ ≡ |+k+k⟩, |0k⟩ ≡ 1√
2
(|+k−k⟩+ |−k+k⟩) , |−1k⟩ ≡ |−k−k⟩, (58)

where the notation |±k⟩ denotes spin- 12 states along direction ±k. The ms = 0 state thus corresponds
to two antipodal stars aligned with k, while the ms =±1 states correspond to coincident stars. These
Majorana-stellar representations of the spin-1 eigenstates are illustrated in figure 2.

A general pure spin-1 state with Majorana directions m and n can be written as

|χ⟩= 1√
3+m ·n

(|+m+n⟩+ |+n+m⟩) , (59)
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Figure 2.Majorana-stellar representations of a spin-1 system’s eigenstates along a direction k.

Figure 3. A spin-1 state in the Majorana-stellar representation: |χ⟩=
1

√
3+m·n

(
|+m+n⟩+ |+n+m⟩

)
. Its projection onto the

ms = 0 eigenstate along direction k is visualized as a trajectory on the BP sphere.

and its overlap with the ms = 0 state along k determines the expectation value ⟨χ|P̂0k |χ⟩. Its represent-
ation in the Majorana-stellar formalism, together with the corresponding projection onto the ms = 0
eigenstate, is illustrated in figure 3.

The uncertainty of the dichotomic observable Ak in state |χ⟩ is

(∆Ak)
2
= 4pk (1− pk) , pk = ⟨χ|P̂0k |χ⟩, (60)

and is maximized when pk =
1
2 . The geometric interpretation of maximum-uncertainty states in

the Majorana-stellar representation is summarized in figure 4. For spin-1, the MSR yields a three-
dimensional Euclidean-like visualization of the Hilbert space. Within this geometric picture, the
maximum-uncertainty condition defines a plane perpendicular to k, spanned by the directions of the
other two observables in the same context (see figure 4). States that exhibit maximum uncertainty for Ak
have a Majorana constellation lying on this plane.

12



J. Phys. A: Math. Theor. 59 (2026) 195302 A C Günhan and Z Gedik

Figure 4.Maximum uncertainty for an observable Ak of a spin-1 system occurs for the states that can be represented on the sur-
face perpendicular to direction k in the Majorana-stellar representation. This surface is the one spanned by the directions along
which the other two observables of the same context are defined. Two such surfaces and their intersection are shown. All the 5
directions 1̂− 5̂ correspond to those in the KCBS pentagram of figure 1(a).

For two different directions k and k ′, the associated maximum-uncertainty planes intersect along a
curve (as shown in figure 4(b)). However, for three or more contexts, the corresponding planes do not
generically share a common line; hence true maximum uncertainty cannot be achieved simultaneously
for all contexts. Instead, one seeks the state that optimizes the sum of uncertainty products. For the full
KCBS family of five contexts, this optimization yields a unique state: |0z⟩, the ms = 0 eigenstate along the
symmetry axis (see figure 5). A detailed classification of the maximum-uncertainty sets for one to five
KCBS contexts, together with the corresponding optimal uncertainty sums, is provided in table 1 of the
Supplementary Information.

Further geometric characterizations of spin-1 states in terms of orthonormal triads, including explicit
coefficient formulas for the decomposition |χ⟩= K|K̂⟩+K1|K̂1⟩+K2|K̂2⟩, are developed in SI, section D.

5.4. States achieving extremal uncertainty products
The KCBS pentagram and the unique maximum-uncertainty state |0z⟩ are shown in figure 5. The state
|0z⟩ achieves the optimal sum of uncertainty products

5∑
α=1

(∆Aα−1)(∆Aα+1) = 4
(√

5− 1
)
≈ 4.94, (61)

with each context contributing equally: (∆Aα−1)(∆Aα+1) =
4(
√
5−1)
5 ≈ 0.99 per context. The state |0z⟩

is identified as the maximizer of the left-hand side of equation (61) by numerical optimization over
all pure spin-1 states—a result consistent with the geometric analysis of section 5.3, where the inter-
section of all five maximum-uncertainty planes singles out the symmetry axis (see also SI, section D.6
and table 1). The value 4(

√
5− 1) is then verified by direct calculation: since (∆Ak)2 = 4pk(1− pk) with

pk = |⟨0k|χ⟩|2 (see SI, section D.4), and the pentagonal symmetry yields pk = |⟨0k|0z⟩|2 = 1√
5
for all five

directions, each uncertainty product equals 4p(1− p) = 4(
√
5−1)
5 , and summing the five identical contri-

butions yields equation (61).
A remarkable feature of this maximizing state—and more generally of all states of the form |0û⟩ for

any axis û—is that the operational contextuality measure vanishes:

D(G, |0û⟩⟨0û|) =
5∑

α=1

∣∣⟨0û|[Âα−1, Âα+1

]
|0û⟩

∣∣= 0. (62)

To see why, note that Âk = 2(Ŝ · k)2 − Î is a rank-2 quadrupolar (spin-tensor) operator, even under time
reversal: Θ̂ÂkΘ̂−1 = Âk. States of the form |0û⟩ are time-reversal invariant, Θ̂|0û⟩= |0û⟩. The commut-
ator [Âα−1, Âα+1] is anti-Hermitian, so its expectation value is purely imaginary. At the same time,
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Figure 5. KCBS pentagram and the state |0z⟩ represented by a Majorana constellation composed of two stars, located on the BP
sphere; |0z⟩= 1√

2
(|+z−z⟩+ |−z+z⟩)≡ |Ẑ⟩.

because both operators are time-reversal even, the commutator itself is also time-reversal even, and its
expectation value in a time-reversal-invariant state must be real. Being simultaneously real and purely
imaginary, each expectation value ⟨0û|[Âα−1, Âα+1]|0û⟩ vanishes identically, yielding D= 0. The key con-
trast is thus between the symmetric (variance-based) uncertainty products, which are maximized by the
high–symmetry state |0z⟩, and the antisymmetric commutator expectation that defines the operational
contextuality, which vanishes for the same state.

Consequently, the Robertson lower bound (44) becomes trivial for these states:

1

2
D(G, |0û⟩⟨0û|) = 0⩽

∑
α

(∆Aα−1)(∆Aα+1) . (63)

The bound is satisfied but provides no constraint on the uncertainty products. This illustrates that max-
imum uncertainty and maximum operational contextuality are achieved by different quantum states in
the KCBS scenario.

In contrast, generic states such as |±1z⟩ exhibit nonzero operational contextuality. For these eigen-
states of Ŝz, numerical evaluation gives D(G, |±1z⟩⟨±1z|)≈ 6.50, which represents approximately 67%
of the global operator-norm bound 5× 1.94≈ 9.72. The Robertson lower bound then yields 1

2D≈ 3.25,
while the actual uncertainty product is

∑
α(∆Aα−1)(∆Aα+1) = 4.00, leaving a gap of approximately

0.75.

5.5. Summary of the KCBS analysis
The KCBS scenario provides a concrete illustration of the full framework. The MIE E≈ 0.685 quantifies
the intrinsic contextuality of each pentagonal context, while the operator-norm bound ∥[Â, Ĉ]∥op ≈ 1.94
provides the tightest constraint on the operational measure D(Gα, ρ̂)—substantially sharper than the
spectral bound of 4.12 per context.

The Majorana-stellar representation reveals that the state achieving the optimal sum of uncertainty
products is unique: |0z⟩, which attains

∑
α(∆Aα−1)(∆Aα+1) = 4(

√
5− 1)≈ 4.94 yet has vanishing
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operational contextuality D= 0. This decoupling between uncertainty products and commutator expect-
ations demonstrates that the Robertson inequality, while always valid, can become uninformative pre-
cisely in regimes of greatest physical interest, where uncertainty is extremal and operational signatures
are expected to be most pronounced.

The hierarchy of bounds developed in sections 3 and 4 is thus fully verified in the KCBS setting, with
the operator-norm bound emerging as the relevant constraint for this geometry.

6. Conclusion

Contextuality lies at the heart of quantum theory [37–39], and constitutes a key resource for quantum
information processing and computation [40–49]. It unifies several of the most striking features of
quantum mechanics, including the incompatibility of measurements [2, 16], entanglement [50–52] and
nonlocality [53–56]. A complete understanding and systematic quantification of contextuality is therefore
essential, both for foundational reasons and for practical applications in quantum technologies.

In this work we have proposed an information-theoretic framework for quantifying Kochen–Specker
contextuality. Two complementary measures were introduced: the MIE E(B;A,C), a state-independent
quantity that captures the geometric overlap between the joint eigenspaces of (Â, B̂) and (Ĉ, B̂) within
each context, thereby characterizing the incompatibility between A and C; and the operational measure
D(G, ρ̂), a state-dependent quantity that reflects the contextual behavior of observables through com-
mutator expectation values. The MIE, inspired by Onicescu’s information energy, equals unity for non-
contextual configurations, and decreases as contextuality increases. The operational measure provides an
experimentally accessible signature, directly tied to the Robertson uncertainty relation.

We established a hierarchy of bounds connecting these measures to the uncertainty products
of incompatible observables. The spectral bound relates D to the MIE through the prefactor κ=√
2d(
∑

i a
2
i )

1/2(
∑

j c
2
j )

1/2, while a purity correction tightens this bound for mixed states. More signific-

antly, the operator-norm bound D⩽ ∥[Â, Ĉ]∥op, can provide a tighter constraint than the spectral estim-
ate, as demonstrated explicitly for the KCBS scenario. The hybrid bound, taking the minimum of spec-
tral and operator-norm estimates, provides the most refined upper limit available from these methods.

Application to the KCBS scenario—the minimal contextuality configuration in a three-dimensional
Hilbert space—yielded explicit closed-form expressions for all quantities. The pentagonal geometry
fixes the MIE at E≈ 0.685 for each context, with the operator-norm bound (≈ 1.94 per context) being
more than twice as tight as the corresponding spectral bound (≈ 4.12 per context). The Majorana-
stellar representation provided both computational advantages and geometric insight: for spin-1, it
yields a three-dimensional Euclidean-like visualization in which maximum-uncertainty states for a given
observable lie on the plane perpendicular to that observable’s direction. Since three or more maximum-
uncertainty planes cannot share a common intersection, simultaneous maximum uncertainty is unattain-
able; the state |0z⟩ instead optimizes the sum of uncertainty products, achieving the global maximum∑

α(∆Aα−1)(∆Aα+1) = 4(
√
5− 1).

A notable finding concerns the relationship between operational contextuality and uncertainty. States
of the form |0û⟩—which achieve the optimal sum of uncertainty products—exhibit vanishing operational
contextuality (D= 0) due to the quadrupolar symmetry of the KCBS observables. For these states the
Robertson inequality becomes trivial, providing no constraint on the uncertainties. In contrast, generic
states such as |±1z⟩ display substantial operational contextuality (D≈ 6.50) with a nontrivial Robertson
lower bound. This demonstrates that maximum uncertainty and maximum operational contextuality
are achieved by distinct quantum states, revealing a subtle interplay between these fundamental aspects
of quantum mechanics. Whether this decoupling persists in other contextuality scenarios—where the
quadrupolar observable structure and rotational symmetry specific to KCBS may not hold—warrants
systematic investigation.

The geometric approach developed here, combining the MIE with the Majorana-stellar visualization,
offers a unified and operationally transparent perspective on contextuality in finite-dimensional quantum
systems. Extensions to higher-dimensional quantum systems and alternative contextuality scenarios, as
well as experimental implementations of the operational measure, represent promising directions for
future investigation.
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