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Accurate representation of tool-tip dynamics is essential for predicting stability in micromachining. Frequency-
domain coupling approaches amplify measurement noise due to matrix inversions and finite-difference approxima-
tions of rotational frequency response functions (FRFs). We propose Tchebychev-based modal-domain coupling
(TMDC), which represents measured spindle—artefact mode shapes in a Tchebychev basis, evaluates slopes with
spectral differentiation, couples a Tchebychev-based tool-dynamics model, and enforces interface compatibility in
modal coordinates. TMDC is validated on two ultra-high-speed spindles, showing agreement with measured FRFs

up to 15 kHz and avoiding the artificial antiresonances observed with receptance coupling substructure analysis
(RCSA). Predicted tool-tip receptances are then used to predict stability for two micro-endmill geometries.
© 2026 The Authors. Published by Elsevier Ltd on behalf of CIRP. This is an open access article under the CC BY

license (http://creativecommons.org/licenses/by/4.0/)

1. Introduction

Tool-tip dynamics govern stability and precision in micromachin-
ing [1]. While impact testing can identify tool-tip dynamics, it
requires repeated modal tests for each tool-spindle setup and is
impractical for microscale tools because of their small size and fragil-
ity [2]. A common alternative is a hybrid strategy combining experi-
mentally identified spindle/machine dynamics with analytical or
numerical tool models. After a single modal test to identify spindle
dynamics up to the spindle nose, tool-tip FRFs for arbitrary micro-
tools can then be predicted by updating only the tool model, without
repeating spindle testing. In conventional machining, FRF generation
is commonly achieved with Receptance Substructure Analysis
(RCSA), a computationally efficient frequency-domain approach
[3—9]. RCSA relies on direct tool-tip FRFs, matrix inversions, finite-
difference estimates of rotational FRFs, and calibrated interface
parameters [10—14]. These requirements are problematic in micro-
machining, where small tools and ultra-high-speed (UHS)
(>60,000 rpm) spindles require broadband predictions to capture
responses at multiples of the tooth-passing frequency. As a result,
RCSA-based tool-tip FRFs for microtools are often noisy, bandwidth-
limited, and contaminated by inversion-induced artefacts.

In this work, we introduce Tchebychev-based modal-domain cou-
pling (TMDC) to predict microtool-tip dynamics while avoiding key
limitations of RCSA. TMDC represents experimentally identified
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spindle dynamics and the tool-dynamics models in modal coordi-
nates (natural frequencies, damping ratios, and mode shapes), enfor-
ces interface compatibility in the modal domain, and transforms the
coupled response back to the physical domain. While modal-domain
coupling has been used in other substructuring contexts, its applica-
tion to tool-tip FRF prediction has been limited because its accuracy
depends on the fidelity of experimentally extracted mode shapes and
on the computation of smooth spatial derivatives required for slope
continuity [15,16]. In TMDC, each experimentally identified mode
shape is only available at specific axial measurement locations along
the artefact. We therefore approximate each mode-shape with a
truncated series of Tchebychev polynomials after mapping the axial
coordinate to the interval [—1,1]. This provides a smooth global
representation of the mode shapes, and the corresponding axial
slopes needed for interface compatibility are obtained by applying a
spectral differentiation matrix to the fitted polynomial coefficients,
offering derivative estimates that are much more noise-robust than
finite-difference differentiation of measured FRFs. This unified repre-
sentation is consistently used for artefact removal and tool addition,
ensuring that displacement and slope continuity are maintained on
the same basis without introducing additional calibrated interface
parameters.

A recent study [12] examined tool-tip dynamics in micromachin-
ing across different spindle speeds and microtool geometries, includ-
ing an empirical analysis of speed-induced mode splitting. In
contrast, this paper analyzes and validates the coupling-decoupling
methodology that enables reliable, high-bandwidth tool-tip FRF syn-
thesis. Specifically, it introduces a modal-domain formulation that
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represents experimentally identified spindle-artefact mode shapes
using a global Tchebychev basis and calculates interface slopes
through spectral differentiation. By avoiding finite-difference rota-
tional FRFs and ill-conditioned frequency-domain inversions, the
method enhances numerical robustness and usable coupling band-
width compared to RCSA. Unlike [12], the focus here is on direct com-
parison with RCSA, smoother rotational FRFs, demonstration of both
coupling and decoupling, and evaluation of the resulting tool-tip
FRFs and stability diagrams.

TMDC is validated on two UHS spindles using precision artifacts
and microtools with varied overhangs, showing high-bandwidth
agreement between predicted and measured dynamics. The pre-
dicted tool-tip receptance matrix is then used to generate stability
limit diagrams for UHS micromachining. These results show that
tool-tip FRF prediction can be carried out robustly in the modal
domain when experimentally identified spindle-artefact modes are
represented in a Tchebychev basis and differentiated spectrally,
enabling consistent artefact removal and tool addition without ill-
conditioned inversions or interface-parameter calibration.

2. Prediction of tool-tip dynamics

For micromachining, our TMDC approach predicts the tool-tip
dynamics using a hybrid strategy that couples experimentally identi-
fied spindle dynamics with an analytical tool model in the modal
domain (Fig. 1). The spindle is identified from multi-point modal test-
ing of a spindle-artefact assembly, and the artefact is removed by
modal-domain decoupling to recover spindle dynamics at the spindle
nose. The tool model is then coupled by enforcing displacement and
slope continuity at the interface to obtain the tool-tip FRFs.

(@)
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Fig. 1. (a) Spindle identification: the impact excitation system (IES) excites the artefact at
position 1; responses measured at m locations. (b) Tool-tip prediction: decouple artefact B—C
to obtain spindle dynamics at D, then couple tool model D—E to predict tool-tip dynamics.

2.1. Modelling of cutting tools

The TMDC approach depends on accurate modelling of microtool
dynamics. To obtain the tool-tip dynamics for any tool or artefact, we
use the spectral-Tchebychev (ST) formulation introduced in [17,18].
Briefly, the tool is modelled as a piecewise Timoshenko beam with
spatially varying cross-sectional area, moments of inertia, and mass
per unit length, capturing bending—shear coupling and rotary inertia
effects that become significant for short, tapered geometries. Using
Hamilton’s principle, the strain and kinetic energies are formulated
and discretized along the beam axis to obtain the governing equa-
tions in terms of the displacement field q(z) and its spatial derivatives
along the tool axis z (normalized to be ze [-1, 1]).

The ST technique represents q(z) using a truncated (n-term) Tche-
bychev expansion as

n-1
a2 =Y _a(2), 1)
=0

where 74 (z) = cos(k cos™!(z)) are Tchebychev polynomials and ay are
Tchebychev coefficients. In vector-matrix notation, this can be repre-
sented as ¢ = I'ra and the corresponding mapping a = I'gq, where I'r
and I'p are the forward and backward transformation matrices
between the Tchebychev and physical coordinates [17]. Tchebychev

expansion enables direct evaluation of spatial derivatives via spectral
differentiation matrices, 0@, as ¢@ = 9@, where d denotes the
order of spatial differentiation. Using these expansions, the system
matrices are assembled efficiently (via inner-product matrices) [19].
Solving the resulting free—free eigenvalue problem yields the natural
frequencies and mode shapes required for modal-domain coupling.

2.2. Experimental characterization of spindle dynamics

To identify the dynamics of UHS spindles, a testbed comprising a
custom flexure-guided impact excitation system (IES) and two laser
Doppler vibrometers (LDVs) for non-contact measurements was
developed (Fig. 2). A precision cylindrical artefact was mounted to the
spindle and excited at multiple axial locations (Fig. 1a) using the IES,
while the LDVs measured the resulting vibrations in two orthogonal
directions. The resulting multi-point FRFs enable the extraction of the
spindle—artefact mode shapes for high-fidelity characterization over
a broad frequency range [20].

Fig. 2. Testbed for experimental identification of spindle-artefact dynamics and for
experimental validations.

The measured multi-point FRFs were processed using a polyrefer-
ence frequency-domain modal estimator (PolyMAX) to extract modal
parameters. Each identified mode shape ¢(z) is then approximated
using a truncated Tchebychev expansion (order n < m), where n was
selected by minimizing the normalized reconstruction error of the
measured mode-shape samples, yielding a smooth representation
and a corresponding set of coefficients for the N;, retained modes.
The corresponding coefficient vectors are stacked to form the n x Ny,
coefficient matrix A. The mode shape samples at the measurement
locations are recovered as ¢ = I'z4. From this, the spatial derivatives
are evaluated using spectral differentiation. Since the displacement
field is represented using the Tchebychev polynomials, the geometric
constraints can be applied via the differentiation matrix 0@. This
provides a consistent basis for the decoupling and coupling steps
described next while reducing sensitivity to noise.

2.3. Modal domain coupling

TMDC assembles spindle—artefact and tool dynamics by enforcing
interface compatibility directly in the modal domain. Each substruc-
ture s (i.e., measured spindle—artefact, artefact to be removed, and
the tool model) is represented by a truncated, mass-normalized
modal matrix ¢; with modal coordinates 7, such that ¢, = ¢,
where ¢, includes the translational and rotational displacement
degrees of freedom (DOF), including at the coupling locations. Stack-
ing the substructures yields

g = on, & = diag(d;, by, b3),1m = [nlnind]". (2)

The identified experimental modes are scaled using the extracted
modal constants (residues) so that each mode is mass-normalized
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prior to coupling. This diagonalizes the mass and stiffness matrices.
For removing the artefact dynamics, we assemble the mass (M) and
stiffness (K) matrices as

M=diag(11,—127l3), K:diag(ﬂ%7_9379§)7 (3)

where I, is the identity matrix and £; is the diagonal matrix of natu-
ral frequencies for substructure s. The negative sign mathematically
negates the artefact’s energy contribution, effectively subtracting it
from the assembly to isolate the spindle; this approach is numerically
stable when the removed substructure is represented with the same
modal bandwidth. Damping is accounted for using the experimen-
tally identified modal damping ratios for the kth mode, obtained
from experimental characterization with the artefact.

To couple or decouple the substructures, displacement and slope
(rotation) continuity must be enforced at the interface points in phys-
ical coordinates. Those compatibility conditions can be written as
da =qc, 98 = 4p, g, = qc, and qz = q;,, where prime indicates spatial
derivative, and the subscripts A, B, C, and D denote the locations of
the coupling points of the substructures (see Fig. 1b). These compati-
bility equations can be written in matrix form as Bq=B & 5 =0,
where B is the constraint matrix constructed from the compatibility
equations shown above.

To enforce the constraints, we map the modal coordinates using a
projection matrix P spanning the null space of B® such that n =P &,
where £ are the mapped coordinates that satisfy the constraints. Using
these, the equations of motion for the global system that satisfy the
compatibility conditions can now be written as M:£ + K:£ = 0, where
M: =P 'MP,and K. = P' KP. The modal parameters of the assembled
system can be obtained using eigenvalue analysis. Once the solution &
is found, the physical-domain coordinates can be obtained as g = ®PE&.
Artefact removal and tool addition are handled consistently by select-
ing the appropriate substructures and signs in M and K.

2.4. Receptance matrix at the tool-tip

To generate stability diagrams, tool-tip displacement-to-force (H)
(translational) FRFs of the coupled spindle—tool assembly are
required. In RCSA, the coupling/decoupling procedure requires the
use of translational—rotational subreceptances, including the slope-
to-force (N), displacement-to-moment (L), and slope-to-moment (P)
subreceptances. These are typically obtained using finite-difference
differentiation, which can amplify noise. In contrast, TMDC predicts
tool-tip FRFs directly from the coupled modal model; if slope/rotation
terms are needed, they are obtained from the same coupled mode
shapes using spectral differentiation in the global Tchebychev basis
(e.g., ¢ = 0Wyg), avoiding finite-difference operations. Thus, the sub-
receptances are computed without finite-difference operations.

The receptance between a force applied at DOF j and the response
measured at DOF i is obtained by modal summation. Assuming reci-
procity (i.e., symmetry), H, N, L, P, and the assembled receptance
matrix at the tool tip, Ry, can be given as

N, N / -
R L TR Y L T oy ik Tk

Hu(w) = ; Dy(w) s Lz](w) = 2 Dy (w) = le(w)v Pu(w) = . Dy (w) y (4)

Dy(w) = o +2j g o + wp i, @)

H[[ Ltt

. 6
Nt Py ®

Rtt:|:

Here, w, and ¢, are the natural frequency and damping ratio of the
k-th coupled mode, and g;, denotes the i-th component of the k-th
assembled mode-shape vector evaluated at the selected physical DOFs
(translations and slopes/rotations) used to form the tool-tip receptance
matrix. Importantly, unlike RCSA, TMDC predicts the tool-tip FRFs
directly from the coupled modal model and does not require the N, L,
and P subreceptance matrices. They are computed here only for one-to-
one comparison with RCSA.

The TMDC tool model applies to arbitrary microtool geometries,
including varying diameters and tapered profiles. However,

significant changes in shank diameter or clamping conditions require
re-identification of the spindle dynamics at the interface.

3. Results and discussion
3.1. Validation on two UHS spindles

In this section, we experimentally validate the translational FRFs.
Rotational subreceptances are computed using spectrally differenti-
ated mode shapes, which avoids the numerical noise amplification
associated with finite-difference differentiation.

TMDC was first validated using a ceramic-bearing UHS spindle
(SC1060A, Fischer Precise). A cylindrical artefact with an overhang
length of 19 mm was mounted at the spindle nose. Modal testing was
conducted on the non-rotating spindle (Fig. 1(a)). The FRFs were
measured at m = 17 locations from the spindle nose to the artefact tip
(Fig. 3). Using these measurements, two additional overhang configu-
rations were obtained: (1) the 19 mm artefact was removed, and a
6 mm cylinder was coupled to obtain a reduced overhang, and (2) a
14 mm cylinder was added to obtain a 33 mm overhang. The pre-
dicted FRFs (Hyy) in Figs. 4 and 5 show good agreement with meas-
urements for the longer overhang and acceptable agreement for the
shorter overhang, with resonance peaks captured within 40—420 Hz
(<5% error) and within +2 dB in magnitude, confirming that TMDC
accurately reproduces the spindle—artefact dynamics across over-
hang configurations.
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Fig. 3. FRFs obtained on different (Hj;) points on a ceramic bearing spindle. H;; repre-
sents the excitation location 1 and varying measurement locations j in x direction.

Next, TMDC was applied to an air-bearing spindle (ASC 200,
Fischer Precise). Tests were performed on a 12 mm overhang artefact
at m = 12 locations. The measured configuration was then modified
by (1) removing the 12 mm cylinder and coupling a 2 mm cylinder to
represent the dynamics at the spindle nose and (2) coupling a stan-
dard micro-endmill, for a total overhang of 19 mm.

For comparison, RCSA was implemented following [7]. Because
RCSA requires impact excitation at the tool/artefact tip, a separate
test configuration was used to avoid low signal levels associated with
longer, more flexible artefacts. Thus, the spindle receptance for RCSA
was identified using a 5 mm artefact. An inverse RCSA procedure was
then employed to estimate the spindle dynamics for a 2 mm over-
hang before adding the micro-endmill. For a one-to-one comparison,
we report the full tool-tip receptance matrix; for TMDC, the N, L, and
P are calculated from the coupled modes (not required for coupling).
As shown in Figs. 6 and 7, the reconstructed spindle-tool assembly
dynamics from the TMDC approach exhibit substantially reduced
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Fig. 5. Receptance matrix (R) of the ceramic bearing spindle at a stationary condition
for an overhang length of 33 mm.

noise and avoid the amplified antiresonances observed in the dis-
placement and rotational FRF predictions using RCSA.

The TMDC-predicted FRF in Fig. 7(a) shows good agreement with
the measurements up to 15 kHz: the dominant resonance peaks are
captured with an average frequency deviation of 37.2 Hz (max 68 Hz)
and a mean amplitude error of 1.10 dB (max 2.21 dB). In contrast, the
RCSA predictions begin to deviate significantly beyond 2-3 kHz.
Error calculations from Fig. 7a for the entire 15 kHz bandwidth show
that, relative to RCSA, the TMDC approach reduces the Least Squares
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Fig. 7. Receptance matrix (R) comparison of the air bearing spindle at 110 krpm for a
standard endmill with a 19 mm overhang.

Error (LSE) by 68.3% and the Root Mean Square Error (RMSE) by
43.6%. A close examination indicates that RCSA produces high level of
noise as well as many artificial antiresonance and resonance peaks
that are not observed in the experimental data. Thus, compared to
RCSA, the TMDC method yields more consistent predictions of UHS
spindle-microtool-tip dynamics.

3.2. Demonstrative example: stability analyses using tool-tip dynamics
from TMDC

To evaluate the stability, tool-tip FRFs were computed for the
air-bearing spindle with two tool geometries (standard and long-
reach endmills; Table 1) at a spindle speed of 110 krpm. Fig. 8
shows the predicted tool-tip FRFs for the two tools and the sta-
bility limit diagrams generated via a Fourier-series-based analyti-
cal approach [21] using FRFs calculated from TMDC. We
considered down-milling of aluminum with full immersion (cut-
ting-force coefficients for Al: K. = 970 N/mm?, K, = 620 N/mm?)
[22]. This example demonstrates how TMDC-based tool-tip
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Table 1
Geometries of the two micro-tools used for tool-tip dynamics (see Fig. 1b).

Endmill # ds Ls L d, Le Ly n
flute (mm) (mm) (mm) (xm) (mm) (mm) (deg.)

Standard 2 3.175 136 5.4 811 0 27 46.8
Longreach 2 3175 25 4.4 1397 85 4.2 46.8

—— Standard Endmill F
é —— Long-reach Endmill
° —
°
2
a
£ Zas
® &
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Frequency (kHz)
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[
g

Fig. 8. TOP: Tool-tip FRFs along the x-direction (Hy) for the air bearing spindle with
the standard and the long reach endmills at 110 krpm. BOTTOM: Stability limit dia-
grams for the standard endmill-air bearing spindle and the long reach endmill-air
bearing spindle assemblies.

dynamics can be directly translated into stability predictions for
UHS micromachining.

4. Summary and conclusion

In this paper, we presented TMDC, a modal-domain coupling
framework for predicting and analyzing the tool-tip dynamics of
high-speed and UHS spindle—tool systems. The method represents
experimentally identified spindle dynamics using a global

Tchebychev basis and couples them with analytical microtool models
through a unified modal decoupling/coupling procedure. The
approach was demonstrated on two UHS spindles using artefacts
with different overhang lengths, and the coupled models showed
high-bandwidth agreement with measurements (up to 15 kHz). We
then used TMDC to compute the complete tool-tip receptance matrix
for multiple tool geometries. To demonstrate an application of the
TMDC, we generated stability limit diagrams for two tool geometries
when mounted on a UHS spindle.

Compared with classical RCSA, the proposed framework offers
two main advantages: (1) it improves robustness for microtool appli-
cations, where low signal levels and small tool geometries make
conventional RCSA particularly error-prone, and (2) it achieves high-
bandwidth accuracy without relying on ill-conditioned frequency-
domain matrix inversion or finite-difference-based rotational FRFs.
Within the scope of high-bandwidth FRF synthesis studied here,
TMDC provides a robust alternative to RCSA for microtool-tip dynam-
ics prediction.
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