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ABSTRACT

Neutron star low-mass X-ray binaries (LMXBs) are the progenitors of millisecond pulsars. In these systems, old neutron
stars (NSs) can be spun up during a long-lasting accretion phase. The discovery of accreting millisecond X-ray pulsars
(AMXPs) and transitional millisecond pulsars has provided key observational insights into the connection between
millisecond pulsars and LMXBs. In this work, we have investigated both the binary system and the individual NS evolution
leading to AMXP properties. We use mesa to analyse the binary evolution of LMXBEs, following three distinct evolutionary
tracks defined by the AMXP donor types. We find that while the magnetic braking index may affect the mass-transfer
history, the initial orbital period is the most influential parameter that shapes the overall binary evolution. We use the mass
accretion histories estimated from these binary simulations to study the rotational evolution of NSs employing the model
that can account for torque-luminosity relations and the lack of X-ray pulses from most of these systems. With reasonable
model parameters, our model results are in agreement with the typical properties of AMXPs. For these AMXP sources
from each evolutionary track, we have shown that the model can reproduce the NS and binary properties simultaneously.
Finally, we discuss the time-scales of different evolutionary paths, as well as the conditions under which these systems

could be detectable at various stages of their evolution.
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1 INTRODUCTION

In neutron star (NS) low-mass X-ray binaries (LMXBs), the com-
pact object accretes matter from its low-mass companion with
mass M, < 1 M, through Roche lobe overflow (RLOF) in a close
binary (with orbital period Py, < 1d). NSsin LMXBs can be spun
up to millisecond periods through accretion torques (M. A. Alpar
etal. 1982; V. Radhakrishnan & G. Srinivasan 1982). This process,
so-called recycling scenario, positions the LMXBs as the progen-
itors of weakly magnetized radio millisecond pulsars (RMSPs)
(for a review see G. Srinivasan 2010). First observational support
for this scenario came with the discovery of coherent 2.5 ms X-
ray pulsations from the first accreting millisecond X-ray pulsar
(AMXP) SAX 1808.4-3656 (R. Wijnands & M. Van Der Klis 1998).
At present, there are 23 known AMXPs (A. Patruno & A. L. Watts
2021). The recently discovered three transitional millisecond pul-
sars (tMSPs), which show transitions between the X-ray pulsar
and radio pulsar states, have provided the missing link connect-
ing LMXBs to RMSPs (A. M. Archibald et al. 2009; A. Papitto
et al. 2013; C. G. Bassa et al. 2014; A. Papitto & D. de Martino
2022).
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The long-term evolution of LMXBs can be summarized as fol-
lows: (i) In the first stage, the source is spun up by the mass
accretion on to the NS (at rates close to the Eddington limit).
The accretion also causes the rapid decay of the magnetic field
through ohmic dissipation (G. Srinivasan et al. 1990; U. Geppert
& V. Urpin 1994; V. Urpin & U. Geppert 1995; S. Konar & D. Bhat-
tacharya 1997). The dipole field is expected to freeze at a strength
of a few 107-10° G in correlation with the accretion rate in the
early stages of the evolution (S. Konar & D. Bhattacharya 1997;
G. Srinivasan 2010). (ii) In the subsequent phase, the mass inflow
rate of the disc, Mj,, decreases and the system is likely to be ob-
served as a transient source like AMXPs. With further decrease in
Miy,, the binary goes through a Roche lobe (RL) decoupling phase
(T. M. Tauris 2012). (iii) In the final LMXB phase with the low-
est Mj, levels, the system could become a tMSP, and eventually
becomes an RMSP after the NS enters the strong propeller (SP)
phase.

The observed properties of AMXPs summarized in Table 1 cat-
egorize them into three distinct groups: The first group consists
of nine sources with main sequence (MS) companions of mass
0.1Mg < M; < 0.5Mg and 3h < P, < 19 h. These sources are
the fastest spinning AMXPs with median spin period (P) ~ 2.2
ms. The second group includes four sources with low-mass (M, =~
0.01 M) degenerate brown dwarf (BD) companion and 1 h <
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Table 1. Observed properties of 23 AMXPs. The distance, d, and L, avg values are obtained from a catalogue of outbursting NSs (1). The Lx, avg values
correspond to the average of Lx peak Values reached during each outburst, and Mavg = Lx. avg’x/GM;. The companion masses M, yi, are taken from
the recently released catalogue of LMXBs, XRBcats? (2). In the seventh column we note some of the features of the sources (MS: main sequence,
BD: brown dwarf, U: ultra-compact X-ray binaries, B: X-ray bursters, PRE: photospheric radius expansion observed during X-ray burst, GC: sources in

globular clusters).

Name Py P d Lx avg Mg M3 min Flags References
(h) (ms) (kpc) (ergs™) (gs™ Mo)
Aql X-1 18.95 1.82 4.50 1.94 x 10%7 1.04 x 10Y7 0.56 MS,B 1), (2)
SWIFT J1749.4-2807 8.82 1.93 6.70 1.67 x 10% 8.97 x 101 0.59 MS,B 1), (2)
IGR J17591-2342 8.80 1.90 8.00 2.50 x 103 1.35 x 106 0.42 MS @), )
SAX J1748.9-2021 8.76 2.26 8.50 2.60 x 1037 1.40 x 107 0.10 MS,B,GC D), (2)
SRGA J144459.2-604207 5.22 2.23 8.50 1.32 x 10%7 7.10 x 10 0.2-0.7 MS,B @), )
MAXI J1816-195 4.83 1.89 <6.3 1.50 x 10%7 8.07 x 10'° 0.55 MS,B D), (2)
XTE J1814-338 427 3.20 8.00 1.59 x 103 8.56 x 1013 0.17 MS,B,PRE @), )
IGR J17498-2921 3.84 2.49 7.60 3.85 x 103° 2.07 x 10'° 0.17 MS,B,PRE D), (2)
IGR J17511-3057 3.47 4.08 6.90 2.70 x 10%° 1.45 x 106 0.13 MS,B @), )
IGR J00291+5934 2.46 1.67 4.20 1.12 x 10% 6.00 x 101 0.039 BD 1), (2)
SAX J1808.4-3658 2.01 2.49 3.50 1.69 x 103 9.07 x 10%° 0.043 BD,B,PRE 1), (2)
IGR J17379-3747 1.88 2.14 8.50 2.48 x 103° 1.34 x 106 0.056 BD D), (2)
HETE J1900.1-2455 1.39 2.65 4.70 2.10 x 10%¢ 1.13 x 10% 0.016 BD,B 1), (2)
IGR J17494-3030 1.25 2.66 8.00 8.85 x 10% 4.76 x 101> 0.02 He WD?, U 1), )
MAXI J1957 + 032 1.01 3.19 5.00 1.43 x 10% 7.69 x 101 0.017 He WD? 1), (2),(3)
NGC 6440 X-2 0.96 4.86 8.50 1.43 x 10% 7.69 x 101 0.00067 He WD, U, GC 1), (2)
SWIFT J1756.9-2508 0.91 5.49 8.00 2.78 x 1036 1.49 x 106 0.007 He WD, U 1), (2)
IGR J16597-3704 0.77 9.51 9.10 2.20 x 103 1.18 x 10'° 0.006 He WD, U,GC 1), (2)
MAXI J0911-655 0.74 2.94 9.50 1.90 x 10% 1.02 x 106 0.024 He WD?, U,GC 1), (2)
XTE J0929-314 0.73 5.40 >6 6.24 x 10%° 3.36 x 101° 0.0083 C/O WD, U 1), (2)
XTE J1751-305 0.71 2.30 8.50 6.24 x 103° 3.36 x 106 0.014 He WD, U 1), (2)
XTE J1807-294 0.67 5.25 8.00 9.60 x 103 5.17 x 100 0.0066 C/0O WD, U @), )
IGR J17062-6143 0.63 6.11 7.30 8.70 x 10% 4.68 x 107> 0.0006 He WD?, U,B 1), (2)

Note. (1): C. O. Heinke et al. 2025, (2): A. Avakyan et al. 2023, (3) A. Sanna et al. 2022.

Pyv < 3 hwith (P) ~ 2.5 ms. The last group includes AMXPs
in ultra-compact X-ray binaries (UCXBs) with P, < 80 min.
These are 10 sources with extremely low-mass (M, =~ 0.001 M)
degenerate He/CO white dwarf (WD) companions. These sys-
tems with (P) ~ 5.2 ms spin relatively slowly compared to other
AMXPs. The categorization of AMXPs into these three groups
suggests distinct evolutionary paths for their LMXB progenitors.
This has been suggested by C. J. Deloye (2008), who explored the
evolutionary connections between LMXBs and RMSPs in close
orbits. A critical aspect influencing these formation channels is
the bifurcation period By. This is the value of P, at the onset
of RLOF and is estimated to be B <1 d (E. H. P. Pylyser &
G. J. Savonije 1988, 1989). LMXBs with Py, < B¢ are converging
systems, which evolve with decreasing Pyy,. In contrast, the bina-
rieswith P, > Bt are diverging systems evolving into wide-orbit
systems with Py, > 10 d.

The evolutionary tracks for the AMXP groups with BD, He
WD, and MS companions described above can be referred to as
BD-track, UCXB-track, and MS-track. The details of these evo-
lutionary tracks were investigated by X. He, X.-C. Meng & H.-
L. Chen (2019), who successfully reproduced most of the binary
and companion properties of AMXPs (Por,, M3, and the X-ray
luminosity Ly ). Other studies have also investigated the evolution
of binary and companion properties, as well as the formation of
RMSPs, UCXBs, and other AMXPs (A. G. Istrate, T. M Tauris & N.
Langer 2014; R. Sengar et al. 2017; T. M. Tauris 2018). Formation
of AMXPs considering the evolution of both the binary and the
individual properties of the two stars was first studied by A. Kar,
P. Ojha & S. Bhattacharyya (2024). There are other recent works
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that studied the long-term evolution of LMXBs by integrating
the spin evolution of the NS with a focus on the formation of
RMSPs and spider pulsars, skipping the AMXP stage (S.-Y. Lan &
X.-C. Meng 2023; D. Misra, K. I. Koljonen & M. Linares 2025a;
D. Misra, M. Linares & C. S. Ye 2025b). In this work, we will
use the stellar evolution code MODULES FOR EXPERIMENTS IN
STELLAR ASTROPHYSICS (mesa , B. Paxton et al. 2011, 2013, 2015,
2018, 2019; A. S. Jermyn et al. 2023) to investigate the long-term
evolution of LMXBs with initial orbital periods below or near By.
These systems undergo long-lasting stable mass transfer, leading
to the formation of AMXPs following three specific evolutionary
tracks: BD-track, UCXB-track, and MS-track. For each of these
evolutionary tracks, we will also study the rotational evolution of
the NS using the analytical model developed by U. Ertan (2021).
The duration and stability of mass transfer from the companion
to the RL of the NS depend significantly on the mechanisms of
mass and angular momentum loss (AML). In LMXBs, AML is
primarily driven by the gravitational radiation (GR) and magnetic
braking (MB) (D. Bhattacharya & E. P. van den Heuvel 1991; T. M.
Tauris & E. P. J. van den Heuvel 2023). The AML by GR s efficient
particularly in tight-orbit systems like UCXBs during the late
phases of evolution. Conversely, MB can efficiently drain the or-
bital angular momentum of the binary during the early phases of
the evolution. MB occurs in Sun-like MS or dwarf stars with con-
vective envelopes. As the donor star slows down, the angular mo-
mentum is carried away by a magnetically coupled stellar wind,
with a negligible mass-loss (ML) of the donor star. Recent studies
have shown that the conventional MB model, commonly referred
to as the Skumanich law (A. Skumanich 1972; S. Rappaport et al.
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1983), is not successful in reproducing some observed properties
of LMXBs (K. Pavlovskii & N. Ivanova 2016). In particular, the
mass transfer rates are underestimated by an order of magnitude
with these conventional models (see K. X. Van, N. Ivanova & C. O.
Heinke 2019, for details). Formation and evolution of accreting
LMXBs were also investigated with different MB models (Z.-L.
Deng et al. 2021; M. Echeveste et al. 2024; H.-R. Yang & X.-
D. Li 2024). Z.-L. Deng et al. (2021) analysed the effect of MB
prescription on both LMXB and RMSP stages, combining binary
evolution and binary population synthesis. The results of this
work indicate that the convection-boosted (- boosted) MB model
proposed by K. X. Van et al. (2019) is a suitable MB model to
study the long-term evolution of LMXBs. Based on these findings,
we adopt the 7-boosted MB model to investigate the evolutionary
tracks of AMXPs with mesa .

The analytical model employed in this work is based on the
basic principles of the disc-field interaction model developed by
R. V. E. Lovelace, M. M. Romanova & G. S. Bisnovatyi-Kogan
(1999) and G. V. Ustyugova et al. (2006). In this model, the closed
field lines that are interacting with the inner disc within a narrow
boundary layer inflate, open up, and reconnect on the dynamical
time-scale of the disc. The field lines are open and disconnected
from the outer disc outside the interaction region. In the conven-
tional models, the entire disc is assumed to be threaded by the
closed field lines inside the light cylinder (P. Ghosh & F. K. Lamb
1979). However, it was shown in later work that the closed field
lines rotating with the star cannot slip through the disc since the
diffusion time-scale of the field lines is much longer than the in-
teraction time-scale of the lines with the inner disc (S. Fromang &
J. M. Stone 2009). At the inner disc radius, r,, the field lines
should be sufficiently strong to force the matter into co-rotation
within the short interaction time-scale. In the SP phase, all the
inflowing matter can be thrown out of the system along the open
field lines (see e.g. D. A. Uzdensky 2004). There is a maximum
radius at which this SP mechanism can work, which is likely to
be close to the actual ry,,. U. Ertan (2017) estimated this r;, through
analytical calculations as a function of P, Mj,, and the magnetic
dipole moment p, and found that it is much smaller than the
conventional Alfvén radius, 7,, in this phase. The model was later
extended to calculate r;, and the torques in all rotational phases
[SP, weak propeller (WP), and spin-up (SU)], as well as the critical
conditions for the transitions between these phases (U. Ertan
2021).

Conventional models, which assume the inner disc radius to
be close to ra, cannot account for some typical properties of
LMXBs. These include ongoing accretion at low Lx levels while
the NS spins down, as well as torque reversals occurring with
small changes in Lx and with comparable torque magnitudes
on either side of the reversal (for a review see L. Bildsten et al.
1997). Applications of the model of U. Ertan (2017, 2021) to dif-
ferent classes of LMXBs yielded results that are consistent with
observations. As a strongly magnetized system, the torque rever-
sals of 4U 1626-67 were studied by A. A. Gengali et al. (2022).
In weakly magnetized systems, the model was applied to inves-
tigate the SP/WP transitions of tMSPs (U. Ertan 2018) and to
explain the lack of X-ray pulsations from most LMXBs, while a
small fraction exhibit X-ray pulsations as AMXPs (N. Niang et al.
2024).

During the long-term evolution, the torques acting on the NS
depend sensitively on both Mi, and ry. A. Kar et al. (2024)
provided a comprehensive study of the long-term evolution of
AMXPs. They reported that reproducing the observed spin fre-

NS evolution in LMXBs on AMXP tracks 3

quencies of the fast-spinning AMXPs (P < 3 ms) with degenerate
WD/BD companions remains challenging, and suggested that
this problem could be resolved by considering the effects of tran-
sient accretion. We also use mesa for the binary evolution and
obtain Mj, histories similar to those in A. Kar et al. (2024). The
fact that our simulations can reproduce the properties of these
fast rotating AMXPs indicates that the basic reason leading to
different fast-spinning NS properties between the two analyses
is the difference in the employed torque models together with
rin calculations. We adopt the analytical model developed by U.
Ertan (2021), whereas A. Kar et al. (2024) used the torque model
of S. Bhattacharyya & D. Chakrabarty (2017).

In this work, our aim is to investigate the binary evolution of
LMXBs together with the rotational evolution of their NSs until
the sources reach their equilibrium spin periods. For these calcu-
lations, we will use mesa to study the details of the evolutionary
paths of AMXPs (BD-track, UCXB-track, and MS-track) and ob-
tain the evolution of their donor’s long-term mass transfer rate
M,. Using the M, histories estimated by mesa simulations, we
will study the rotational evolution of the NS using the aforemen-
tioned analytical model. The evolution of the binary and donor
properties (Poy, My, and M,) for each track is described in Sec-
tion 2. We briefly describe the analytical model together with the
illustrative long-term rotational evolutions of the NS (evolution
of P and P) evolving along each track in Section 3. We apply our
results to selected individual AMXPs from the three evolutionary
tracks in Section 4. These sources, namely HETE J1900.1-2455
for the BD-track, XTE J1751-305 for the UCXB-track, and Aql
X-1 for the MS-track, have been observed over a long period
and/or throughout multiple outbursts. We discuss our results in
Section 5 and summarize our conclusions in Section 6.

2 PHYSICAL ASSUMPTIONS AND NUMERICAL
SET-UP FOR THE BINARY EVOLUTION

2.1 Angular momentum loss mechanisms

We calculate the rate of orbital AML J,,, as

Jorb _ jML jGR jMB
]orb ]orb Jorb ]orb

. @

where the terms on the right-hand side of this equation represent
the orbital AML mechanisms by means of ML, GR, and MB,
respectively.

Mass-loss from the binary system
The orbital AML due to ML is commonly given as

M oH—ﬁqur(Sy(lnqu)%S,l @)
Jorb 1+¢q M,

(T. M. Tauris & E. P. J. van den Heuvel 2023), where « is the
coefficient for ML through wind from the companion, B! deter-
mines the fraction of matter ejected from the vicinity of the NS
(isotropic re-emission model, D. Bhattacharya & E. P. van den
Heuvel 1991), § is the coefficient for ML from a circumbinary co-
planar disc with radius a, = y2a, where a is the orbital separa-
tion. ¢ = M, /M, M, is the NS mass, and M, is the mass-transfer

1'We note that this definition of g differs from the one used among binary
modelling works (e.g. P. Podsiadlowski, S. Rappaport & E. D. Pfahl 2002).
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rate of the donor. The ML through the wind is negligible and there
is no circumbinary disc around these systems; therefore we take
a = § = 0. Equation (2) then reduces to

Jur q2 M, 1

= —s 3
Jorb ﬂl-l—qu ()

The accretion efficiency given by e = 1 — o — 8 — § reduces to
€ =1 — B. Asaresult, the mass-transfer rate on to the NSis M; =
€ |M2|

Gravitational radiation

The orbital AML due to GR can be written as

Jo 32 G*M; M, (M, + M.
GR 2 1 M, (M + z)s_1 o)

Jorb 5¢5 at

(J. Faulkner 1971), where G is the gravitational constant and c is
the speed of light. In close-orbit systems (Po, < 6 h), which have
degenerate companion stars, GR is the dominant AML mecha-
nism due to the a=* dependence in equation (4). LMXBs in which
GR is the dominant torque correspond to systems with P, < Pyt
that are in an advanced phase of evolution. As GR is not effective
during the early stages of the evolution, there must be another
torque that drains the angular momentum of the system, which
is linked to the MB of the companion star.

Magnetic braking

In close binaries (P, < 3 d), the angular momentum lost by the
companion is replenished at the expense of the orbital angular
momentum of the binary through tidal interactions (T. M. Tau-
ris & E. P. J. van den Heuvel 2023). As a result, the donor star is
forced to fill its RL and initiate mass transfer. The AML by MB is
conventionally calculated as

Ji Ro* (Ry/Ro)™B G(M; + M,)?
MBSk _ 38 x10-% f o (Ry/ @)5 (M; + M)
]orb a Ml

s (9

where R, is the donor star radius, yyp is the MB index (yyp =~ 2 —
5),and f = 0.73 (A. Skumanich 1972). Equation (5) is also known
as the Skumanich law (S. Rappaport et al. 1983). The conven-
tional MB prescription underestimates the M, of LMXBs by an
order of magnitude (P. Podsiadlowski et al. 2002; K. Pavlovskii &
N. Ivanova 2016). To remedy this discrepancy, a modified MB
model has been proposed by K. Pavlovskii & N. Ivanova (2016)
and was later extended in the works of K. X. Van et al. (2019)
(hereafter VIH19) and K. X. Van & N. Ivanova (2019, 2021). In the
Skumanich law, the AML due to MB depends on M, R,, and the
rotational rate of the companion star 2 as Jug sk & M, R}M® Q3.
Assuming isotropic isothermal winds, a radial magnetic field and
a rotational boost of the magnetic field, VIH19 obtained an MB
torque that scales the same as the Skumanich law. The VIH19 MB
model considers an additional scaling of MB with the wind ML
rate of the companion, together with a scaling of the magnetic
field strength with the turnover time of convective eddies. The
general form of the VIH19 MB law is given as

. X QZ Booost Teonv Eboost MZ,W boost
JMB. boost = JmB.sk | = - , (6)
Qo 1o, conv Mo, w

where Qo A~ 3 x 107% s7! is the angular frequency of the Sun,
Teonv 1S the turnover time of convective eddies, 74 conv = 2.8 X
10°s (see K. X. Van et al. 2019, for details), M, w = 2.52 x

MNRAS 548, 1-19 (2026)

101 (}f—é) (L%) (%—f) g s~ is the wind ML rate of the com-

panion, and L, is the luminosity of the companion (D. Reimers
1975). Depending on the values of (Booost,eyeq,ap00)> [NETE aALE
four cases considered in the VIH19 MB law: default (0,0,0),
convection-boosted (z- boosted) (0,2,0), intermediate (0,2,1) and
wind-boosted (2,4,1). Using mesa, VIH19 simulated 2136 bina-
ries for each of the four cases to compare the impact of these
prescriptions against known LMXB populations. While the in-
termediate MB model is better at reproducing the properties of
observed LMXBs, the t-boosted MB also yields results in good
agreement with observations. Independent support for the z-
boosted model was later provided by Z.-L. Deng et al. (2021),
who combined detailed binary evolution with binary population
synthesis across both the LMXB and RMSP stages. Motivated by
these results, we adopt the 7-boosted model, which can be written
as

. . 2
Jup  Jms sk ( Tconv )
Jorb Jorb

(7

T, conv

2.2 Physical assumptions

There are ~ 190 LMXBs hosting NSs that have been observed
with Ly varying between 10°! and 10%® erg s~!. Sources with
Lx < 10% ergs™! are mostly transient and in quiescence, while
those with 103 < Ly < 10*® erg s~! are either transient sources
in their outburst states or persistent sources (for details, see A.
Bahramian & N. Degenaar 2022). There is a critical mass ac-
cretion rate, M., that depends on Py, below which the accre-
tion disc becomes viscously unstable. Below this threshold (M; <
M), the system becomes a transient source that shows cyclic
outbursts with durations from a few weeks to several months
and recurrence times varying from a few months to several years,
indicating that the transient sources are predominantly in their
quiescent states (for details of disc instability model see e.g. G.
Dubus et al. 1999; J. P. Lasota 2001). All known AMXPs are
transient sources. Among these systems, some sources like HETE
J1900.1-2455 and MAXI J0911-655 exhibited extended outburst
phases lasting up to 7 yr. We adopt the M. as estimated by G.
Dubus et al. (1999), given by the relation

. M 1/2 M -1/5 P 7/5
Mcrit = 2.36 x 1015 ! 2 orb g 571 (8)
1.4 Mg Mg h

The mass accretion rate on to the NS, M;, is assumed to be
Eddington limited, which is given in VIH19 as

. 1
Mpaq ~ 2.14 x 108* —— gs7!, 9
Edd 11X g ©)
where X is the hydrogen mass fraction in the material transferred
from the donor.

2.3 Input physics and initial conditions

To obtain the evolutionary tracks of AMXPs, we used the 1D
stellar evolution code mesa , version 11701 (B. Paxton et al. 2011,
2013, 2015, 2018, 2019). In all the simulations, the NS is con-
sidered as a point mass evolving with a zero-age main sequence
companion with metallicity Z = 0.02. We treat convection ac-
cording to the Schwarzschild criterion with a mixing length pa-
rameter of a7 = 2.0 and account for thermohaline mixing with
a coefficient oy, = 1.0. We allow wind ML of the donor via a
Reimers-type wind. We chose M;; = 1.4Mg and M,; = 1.1 Mg
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Figure1. Illustrative model tracks representing LMXBs evolving along the BD-track obtained with Py, ; = 1.0 (curve 1), 1.5 (curve 2), and 1.7 (curve 3) d.
For the three model sources, M ; = 1.4 Mg, M, ; = 1.1 Mg, and ymp = 3.(a) and (b) show the evolution of M, as a function of time and P,,, respectively.
The colour bar in (a) and (b) indicates the M; Merie 1O distinguish the persistent and transient phases of the evolution and the time, respectively. The dashed
curve in (b) is Myit. The symbols ‘@)’ show AMXPs with BD companions given in Table 1. (c) Evolution of R; as a function of M. (d) Evolution of the
AML rates Jyp (solid lines) and Jgr (dashed lines). (e) Evolution of the companion in the temperature—central density (T.—p.) plane. The dashed line
represents the border between the degenerate matter (below the line) and the non-degenerate matter (above the line) and the dot-dashed line is the
critical line for the hydrogen burning. (f) Evolution of P, as a function of M, with the colour bar indicating the donor’s surface abundance in helium.
The grey area indicates the regions in which this subgroup of AMXPs are observed.

as canonical values where M, ; is the initial NS mass and M;;
is the initial donor mass. Since we are interested in evolutionary
tracks evolving to AMXPs (convergent systems), we chose initial
orbital period values Py, ; < 3 d. We choose 8 = 0.5and yyp = 3
as canonical values and discuss the impact of different values
of B and yyp in Section 2.5. We note that our results are not
very sensitive to g, ymp, and B. With different values of these pa-
rameters, similar evolutionary tracks can be obtained with small
adjustments to Py, ; (see Section 2.5).

2.4 The evolutionary tracks of AMXPs

Here we present the results of our simulations with the mesa
code that can reproduce the three evolutionary tracks of AMXPs.
We obtain these illustrative evolutionary tracks, changing only
the Py, ; parameter of the model binaries in the ranges of 1.0-2.0
d for BD-tracks, 1.7-3.0 d for UCXB-tracks, and 1.2-3.0 d for
MS-tracks. All other parameters described above (given in the
figure captions) are held constant throughout these simulations.
Each track is evaluated against four key criteria that must be met
simultaneously within a Hubble time to be counted as an evo-
lutionary path for AMXPs: (i) The system must enter a transient
regime towards the end of its evolution; (ii) the final values of
M, and P,, must fall within the observed ranges specific to each

group of AMXPs; (iii) the surface composition should be rela-
tively hydrogen-rich for AMXPs with MS and BD companions,
and helium-rich for those with He WD companions; (iv) the mass
and radius of the donor star must correspond to those of the
observed donor types in AMXPs.

The results for the model binaries are illustrated in Figs 1-3,
showing the evolution of binary properties (Jorb /Jorb and Poyp,) and
donor properties (M5, R,, and M,). To assess the validity of our
evolutionary tracks for different groups of AMXPs, we plot these
tracks alongside actual AMXPs on the Py,—M, and M,~Pyy, planes
(panels b and e in Figs 1-3). We summarize the details for each
track in the following text.

2.4.1 The BD-track

AMXPs with BD companions have 1 h < Py, <3 hand M, ~
0.01 M. For an MS donor to evolve to a BD star within Hubble
time, the mass transfer must be initiated on a time-scale shorter
than the nuclear time-scale, t,y, before the companion burns a
significant fraction of its core hydrogen to helium. This condition
is satisfied for 0.5 d < Py i < 1.7 d. It is seen in Figs 1(a) and
(d) that the three model binaries have the same M,(t) and Jo(¢)
morphologies.
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Figure 2. Same as Fig. 1. These illustrative model tracks that can represent typical UCXB evolutions are obtained with Py, ; = 2.42 d (curve 1), 2.20
d (curve 2), and 1.90 d (curve 3). The ‘¥’ signs show observed AMXPs with He WD companions, the ‘A’ signs are observed AMXPs with C/O WD
companions and the ‘v’ signs represent observed AMXPs in UCXBs with some uncertainty in the companion type.

For P, ; = 1.0 d, the orbital separation decreases due to AML
via MB. In this phase, the MB strength reaches a maximum
and the RL radius cannot increase fast enough and the mass
transfer via RLOF is initiated when Py, = Prior >~ 9 h, where
Prror is the value of P,y at the onset of RLOF, and M, ~ 10'8
gs™1 (M, > M., the system is persistently accreting). The initial
M, depends on the chosen MB model and the value of Pyiop,
which also depends on the chosen MB model (see the discussion
in Z.-L. Deng et al. 2021; H.-R. Yang & X.-D. Li 2024). Indeed,
for similar parameters, initial M, is a few times greater with
the conventional Skumanich MB model. As the strength of the
MB torques decreases, M, decreases below M and the system
enters the transient regime (see Fig. 1a). The donor star becomes
fully convective during the early stage of mass transfer inacti-
vating the MB torques. At this stage (P,;, < 3 h), the donor has
transferred nearly 90 per cent of its mass. During the RLOF, the
donor shrinks due to the ML (see Fig. 1c). The RL radius cannot
readjust fast enough within the thermal time-scale and the RLOF
terminates until the relatively weak GR torques reduce the orbital
separation and initiate a second RLOF phase when ¢t ~ 3 Gyr. The
correlation between M, and the torques acting on the binary can
be seen in Figs 1(a) and (d). GR torques are dominant in close bi-
nary systems (Po, < 3 h), and strong enough to drive the system
into another RLOF phase during which the system evolves as a
transient source (M, ~ 10'* gs™' < M.;). The donor becomes
fully degenerate when it moves below the theoretical line that
separates non-degenerate matter and degenerate matter att ~ 5
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Gyr (see dashed line in Fig. 1e). The donor evolves towards the
BD region when M, ~ 0.05 M. The mass-radius relation of the
donor corresponds to that of BD (R, o 0.1M, for M, < 0.1Mg;
A. A. Zdziarski et al. 2016) (see Fig. 1c). When the evolution
terminates att ~ 14 Gyr, Py, ~ 2 h, and M, ~ 0.014 M. At this
time, the surface helium abundance of the donor is ~ 32 per cent.
This is due to the onset of RLOF during the early phases of
nuclear burning. Consequently, the change in surface helium
abundance is negligible compared to models with larger P ;,
where the abundance increases significantly as the donor evolves
(see Figs 1e and f).

For the other model binaries, Prror =~ 10 h for Py ; =1.5d
and Prior =~ 12 h for P, ; = 1.7 d. We observe that for given M ;
and M, ; values, Prior increases with increasing Py, , @ measure
of orbital separation, since the RL radius is proportional to the
orbital separation (P. P. Eggleton 1983). In each case, M, is sim-
ilar but slightly smaller compared to the M, of the model with
Pypi = 1.0 d. This is due to the slight difference in strength of
MB at the beginning of mass transfer, which decreases with Py, ;
(see Figs 1a and d). The duration of the initial RLOF increases
with increasing Py i (~ 0.2 Gyr for Pyp; = 1.5 d and ~ 0.3
Gyr for Pyp; = 1.7 d). As a result, the final donor mass is also
smaller for greater Py i (Mz >~ 0.012 Mg, for Py ; = 1.5 d and
M, ~ 0.010 M, for Pyyp; = 1.7 d; see Fig. 1c). The second RLOF
is initiated at t ~5 Gyr for Pop,; =1.5 d and t ~ 6 Gyr for
Powni = 1.7 d. Nuclear burning of the donor also lasts longer for
binaries with greater P, ;. This leads to a higher surface helium
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Figure 3. Same as Fig. 1. These model curves that can represent the evolution of AMXPs with MS companion are obtained with Py, ; = 2.8, 2.1, and

1.2 d. The filled circles show observed AMXPs with MS companions.

abundance of the donor by the end of its evolution (~ 45 per cent
for Py ; = 1.5 d and ~ 60 per cent for Py j = 1.7 d).

We plotted the AMXPs with BD donors on the M,-P,y, plane
alongside three model binary systems with Py, ; = 1.0, 1.5, and
1.7 d, respectively (see Fig. 1e). The observed Py, and M, of
the source HETE J1900.1 — 2455 can be reproduced on the BD-
track with Py ; = 1.7 d, which is in agreement with observa-
tions. We could not find evolutionary tracks that match the ob-
served properties of the remaining sources SAX J1808.4-3658,
IGR J00291+5934, and MAXI J1957+032 on the M,-P, plane.
These sources have observed P, values slightly larger than those
predicted by our evolutionary tracks. Studies of the formation and
evolution of spider pulsars indicate that the black widow pulsars
share similarities with AMXPs with BD donors (H. L. Chen et al.
2013; W. C. Chen 2017). Indeed, they have similar observed M,
and Py, while black widows have relatively higher P.,. This
orbital expansion is likely caused by the irradiation of the com-
panion by the NS as it spins down between mass transfer phases.
The spin-down luminosity of the NS irradiates the companion,
causing its evaporation through a stellar wind, which results in
orbital expansion (H. L. Chen et al. 2013; D. Misra et al. 2025b).
This irradiation effect is not addressed in our binary models,
which is likely to be the reason our analysis could not accurately
reproduce the properties of SAX J1808.4-3658, IGR J00291+5934,
and MAXI J1957+032 on the M,-P, plane.

We plot the same sources on the Py,—M, plane together with
three model binaries with Py, ; = 1.0, 1.5, and 1.7 d, respectively
(see Fig. 1b). The grey dashed lines correspond to M. To plot
the AMXPs with BD donors, we use M, = Mayg, Where My, cor-
responds to values seen in Table 1. Here, Lx ., represents the av-

erage peak luminosities of the sources observed during outbursts
(C. O. Heinke et al. 2025). As seen in Fig. 1(b), the four sources
remain above the M. line (while IGR J00291+5934 is close to
but below the line). Furthermore, our model tracks indicate that
these sources are close to the onset of the second accretion phase.
Most of these systems are likely to have completed their SU phase.

2.4.2 The UCXB-track

UCXBs are systems with observed P, < 80 min and an ex-
tremely low-mass degenerate donor He/CO WD with M, ~
0.001 M. Model binaries for UCXB-tracks can be obtained with
1.7 d < Py < 3.0 d (Fig. 2). The model BD-tracks in Fig. 1
are sensitive to the chosen Py, ; and show similar morphology.
However, the UCXB model tracks we obtain, which are also sen-
sitive to the chosen P, ;, do not exhibit the same morphology. We
distinguish three different cases, which are summarized below.
The evolution of the model source with Py, ; >~ 2.42 d rep-
resents Case 1 in Fig. 2, the donor evolves on 7y, and burns
most of its core hydrogen before initiating mass transfer at around
the terminal-age main sequence (TAMS) at ¢t ~ 7.5 Gyr. The or-
bital separation decreases due to AML via MB, and the RLOF
starts with a rate rapidly increasing to M, ~ 10'® g s™! when
P,p >~ 20 h. During this stage, the MB torque is at its strongest
level. With decreasing strength of MB torques, and thus M, the
system enters a transient regime (see Fig. 2). Around Py, ~ 4
h, the donor evolves away from the TAMS. After ~ 90 per cent
of its mass was transferred, the donor can no longer fill its RL,
the RLOF phase terminates switching off the LMXB phase. Py,
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continues to decrease to ~ 1 h while both MB and GR torques
are active. During this time interval that lasts ~ 2.0 Gyr, the
source is not detectable as an X-ray source, while it could be
observed as an RMSP (R. Sengar et al. 2017; T. M. Tauris 2018).
This time interval increases with increasing Py i (e.g. ~ 3.5 Gyr
for Powi ~ 2.5 d). With increasing strength of the GR torques,
the orbital separation continues to decrease and finally initiates
a second RLOF when P, ~ 1 h. The donor is now a fully degen-
erate WD (see Figs 2c and e), and is able to refill its RL. Since
the radius of a degenerate WD increases with decreasing mass
(Rwp = 0.013 Ry, (Mwp/Mg)~Y/3, R. Sengar et al. 2017), the donor
responds to ML by expanding. The resultant UCXB phase begins
with M, ~ Mggq with persistent accretion. The orbital separation
continues to decrease until P, reaches a minimum around 10

min. The M,-P,y;, correlation during the UCXB has been studied
by R. Sengar et al. (2017), who showed that, towards the end of
the evolution, all UCXB-tracks follow a common declining branch
during which the orbit expands. Most of the remaining hydrogen
envelope of the companion is accreted during the UCXB phase.
The evolution ends with a transiently accreting NS, and a He
WD donor with M, >~ 0.006 M, and surface helium abundance
of 98 per cent (see Figs 2b and f).

For Case 2 (Pypi = 2.20 d), the initial steps of the evolution
(LMXB phase) are rather similar to Case 1, with Prror >~ 17 h.
With a relatively shorter orbital separation, the GR torques are
comparable to the MB torques at an earlier stage of the LMXB
phase. As a result, the system enters into a transient regime dur-
ing which M, decreases and reaches a minimum ~ 3 x 10" gs™!.
As the strength of the GR torques increases, M, starts to increase,
and the UCXB phase begins with persistent accretion (see Figs 2a
and d). The evolution terminates similar to Case 1, when the
surface helium abundance of the donor is about 98 per cent. Note
that the detached phase encountered in Case 1, while the source
could be observed as an RMSP, is not present in Case 2.

Case 3 (Popi = 1.90 d) can be considered as an extreme case
of the BD-track with a greater value of Prior =~ 14 h. Unlike
Case 1 and Case 2, MB torques become negligible when the donor
becomes degenerate (see Figs 2d and e). Afterwards, RLOF is
maintained by the GR torques. The system evolves in the tran-
sient regime for the remainder of its lifetime, which ends when
the companion has ~ 92 per cent surface helium abundance.

In Fig. 2(f), the AMXPs with He WD donors are plotted on the
M, — Py, plane alongside three illustrative model binary systems
with Py i = 2.42, 2.00, and 1.90 d. These model curves are consis-
tent with the observed M, and P, values of most AMXPs with He
WD donors. However, XTE J0929-314 and XTE J1807-294, which
host low-mass C/O WD companions, are likely to have evolved
from intermediate mass X-ray binaries with M,; > 1.5 Mg, a
parameter range that was not explored in our analysis. The same
sources and model tracks are also shown on the Py, — M, plane
in Fig. 2(b). These sources are typically located near the termi-
nal stages of the model tracks. This indicates that the obtained
model tracks are indeed representative of AMXPs with He WD
companions.

2.4.3 The MS-track

AMXPs with MS companions have 3 h< P, <19 h and
0.1 Mg < M; < 0.5Mg. Our results imply that these systems are
likely to be observed at an early stage of their evolution on either
BD or UCXB tracks. To illustrate this, we present one BD-track
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with Py, i = 1.2 d and two UCXB-tracks with Po,; = 2.1 dand
Pybi = 2.8 din Fig. 3. We run these simulations until Py, = 3
h and/or M, = 0.1 M.

The UCXB-tracks described in Section 2.4.2 include two differ-
ent long-term phases of accretion: an LMXB phase that is driven
by MB torques during the early stage of the evolution and a UCXB
phase that is driven by the GR torques, during the late stage of
the evolution. For some systems, GR torques may not become
strong enough to evolve into a UCXB phase. In such cases, the
evolution terminates right after the LMXB phase. These ‘pre-
matured’ UCXB-tracks terminate with properties similar to those
of AMXPs with evolved MS companions. For these evolutionary
paths, GR torques remain weaker than MB torques by an order of
magnitude as the MB torques decrease. The pre-matured UCXB-
tracks can be obtained with Py, ; values in the range of 2.5 d
< Pow.i < 3.0 d, which lead to convergent systems.

For the model source shown in Fig. 3 with Py, ; ~ 67 h (2.8
d), the donor star evolves on t,,., and approaches the TAMS
before the mass transfer is initiated at ¢ ~ 8 Gyr. The AML via MB
gradually reduces the orbital separation, and RLOF starts when
the P, decreases to ~~ 22 h. During this phase, the MB torques
reach maximum strength, the resultant decrease in the size of the
RL initiates a rapid ML at a rate of M, ~ 10'® gs~!. Since the MB
torques remain weak and the GR torques become even weaker,
the orbital separation does not decrease significantly. Decreasing
M, takes the system into the transient regime (see Figs 3a and
d). This occurs when the donor has transferred ~ 80 per cent of
its mass, and M, decreases below 10'® g s~!. RLOF terminates
at t ~ 8.5 Gyr, while ML via wind continues with rates < 10
g s1, without a significant effect on the binary evolution. We
neglect the contributions of winds to M; in our calculations.
The evolution terminates with an evolved MS companion when
Py, ~ 18 hand M, ~ 0.2 M, (see Figs 3b, ¢, and €). The observed
properties of AMXPs with MS companions are shown in Fig. 3(f)
together with the three models with P, ; = 1.2, 2.1, and 2.8 d.
The model tracks can simultaneously reproduce the observed
properties (M,, M5, and P,; Figs 3b and f) of these AMXPs (with
the exception of SAX J1748-2021).

The BD, UCXB, and MS tracks represent distinct evolutionary
paths governed by AML through MB and GR. While the BD
and UCXB tracks undergo early or delayed mass transfer lead-
ing to degenerate donors, the MS-tracks seem to correspond to
the LMXB phase of UCXB-tracks ending with evolved MS com-
panions. Each of these tracks produces a different mass transfer
history, which we will use to investigate the rotational evolution
of AMXPs in Section 3.

2.5 Effects of f and yyp on the binary evolution

The key mesa parameters that affect the binary evolution are
B, Yms, and Py ;. To quantify the impact of these parameters,
we performed a grid study in which we repeated the evolution
of the illustrative Case 1 of the UCXB-track (see Section 2.4.2).
We chose Case 1 because it is an illustrative binary evolution,
undergoing two accretion phases at rates close to the Edding-
ton limit during the LMXB and UCXB phases. Consequently,
the NS experiences two distinct spin-up episodes, separated by
a detachment phase. This allows an in-depth analysis of how
the key mesa parameters affects both the binary evolution and
the rotational evolution of the NS. We constituted the grid for
four (ymp, Porv.i) pairs: (2,2.24 d), (3,2.42 d), (4,2.60 d), and
(5,2.79 d), and for 8 = 0.2, 0.4, 0.6, and 0.8. For each different

920z AeIN 2| U0 1s8NB Aq 6G6598/G1.BEIS/E/8S/B0IE/SBIUL/WOO"dNO"0lWepEede//:SARY WOy Pepeojumoq



NS evolution in LMXBs on AMXP tracks 9

(c)
o
» 006 0.007 0.008
0 0.00
o0 L 4
i) L
TAMS
ZAMS
Se - WD
1 1 hrd 1
0.01 0.10 1.00
M, (Mo)
T 1.0
(f)
100 | E 0.9
70
g 08
X = =
S 65 = o
& 2 075
20 AL 10 | i 5
2 60 571
0.6
55 P,"“% — p&as
-— H burning
50 I I I 0.1 I I I 0.5
9 10 11 3 4 0.01 0.10 1.00
t (Gyr) log p.. (g cm™3) M, (M)

Figure 4. Same as Fig. 2. The effect of 8 and yup is shown for the illustrative Case 1 of the UCXB-track through grid analysis. In panels (a)-(e), the
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model curves.

yms value, we adjusted Py i by ~ 7 per cent in order to produce
the same qualitative evolutionary sequence and enable a com-
parison of the resulting M, histories. Fig. 4 shows the binary
evolution of the 16 binary models, all of which satisfy the four
criteria outlined in Section 2.4. In all cases, the donor ultimately
acquires the characteristic properties of a He WD (Figs 4c, e,
and f). The final donor masses obtained for different y\p val-
ues (~ 5.2 x 1073 Mg, ~ 6.2 x 1073 Mg, ~ 6.8 x 1073 Mg, and
~ 7.7 x 1073 My, lie within ~ 15 per cent of the value obtained
for Case 1 (see the zoom-in in Fig. 4c).

The most significant differences across the grid are seen in
the M, histories (Fig. 4a). While the detachment phase lasts ~ 2
Gyr in all 16 models, the duration of the LMXB phase increases
systematically with increasing yyp. This behaviour reflects the
slower decay of MB torques for larger yup values (Fig. 4d; see
also S. Rappaport et al. 1983). Although MB torques are generally
negligible compared to GR torques during the UCXB phase, they
remain important for yyg = 2 and 3. In particular, for yvp =
2, the system operates close to a balance between MB and GR
torques, leading M, to decrease below 1 x 10'! g s~!. The mass
transfer resumes within >~ 2 x 1072 Gyr with M, ~ 10"* gs™. As
a result, the corresponding evolutionary tracks do not terminate
along the same branch as those obtained for yyp > 3 (see the
zoom-in in Fig. 4b). For a given (yms, Porv.i) pair, variations in g
primarily affect M,, with lower (higher) 8 values yielding higher
(lower) rates of mass transfer into the RL of the NS.

The results of a similar grid analysis for the BD and MS tracks
show that for different yy5 values, evolutionary curves with sim-
ilar morphologies can be obtained by adjusting Py, i by a small
percentage depending on M, ;. For instance, for a given yyp and

M, ; values of 1.1 Mg and 1.3 Mg, we obtain similar model curves
with ~ 7 per cent and ~ 13 per cent adjustments in P, j, respec-
tively. For given Py, ;, different yyp values lead to qualitatively dif-
ferent evolutions. Models with y\g = 3, 4, and 5 robustly remain
on the same evolutionary track, differing mainly in the details of
M, history. In contrast, evolution with yyg = 2 is very sensitive
to Py i such that small changes in P,y ; could cause a transition
to a different evolutionary track. This behaviour is reminiscent of
the extreme fine-tuning problem identified by A. G. Istrate et al.
(2014) for low pyp.

Overall, this grid study demonstrates that the M, histories are
more sensitive to yyp than to B. The effect of these parameters
is similar for the BD and MS tracks as well. We will also use
the results of this grid study to investigate the effect of 8 and
(yms, Porv.i) pairs on the NS rotational evolution in Section 3.7.

3 ROTATIONAL EVOLUTION OF AMXPS

3.1 The model

Here we briefly describe how the rotational phases and the inner
disc properties of a source change with gradually increasing Mj,
using an illustrative model source seen in Fig. 5 (for details, see U.
Ertan 2021). In the model, there are three basic rotational phases:
the SP, the WP, and the SU. At the lowest M;, rates (lower than
the rate corresponding to point B in Fig. 5), the system is in the SP
phase with ri, > 1, = 1.26 r,. Here, reo = (GM;/Q2)!/3 is the co-
rotation radius, and €2, is the angular spin frequency of the NS.
In this phase, all the inflowing mass is thrown out of the system
from the narrow inner boundary of the disc.
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Figure 5. Variations of R;, (a) and P (b) with My, in the SP (solid curve
with a plus sign), WP (solid curve with filled triangles), and SU phases
(solid curve with filled squares). For this illustrative source, we take r, =
1.2 x 10% cm, Ar/rip = 0.2, = 1.0,£ = 0.5, B= pu/r> =1 x 10® G, and
P =10 ms (see the text for details). In panel (a), the dot-dashed curves
and dashed line represent R, (M;p) and Re (M;,), respectively, and the
solid line shows R,. The points with letters in panel (b) indicate the same
transitions shown in panel (a) with the SP phase beyond B, the WP phase
between D and E, and the SU phase between points E and H.

The maximum inner disc radius, ¥iy max, at which the SP mech-
anism is sustainable is obtained from
25/8 —-3/2 | 2/5 —7/6 §y—7/20 —13/12
Rin,max |1 - Rin,max| ~0.22 avisc,—l M1.4 Min,lﬁ 26 Pms / ’ (10)

where Rin,max = rin,max/rco, M4 = (M1/1~4 M@), Min 16 =
M, /(10 g s7Y), wa = /(10 G cm?), u is the magnetic
dipole moment of the NS, ayisc 1 = (ayisc/0.1) is the kinematic
viscosity parameter (N. I. Shakura & R. A. Sunyaev 1973),
and P, is the spin period in milliseconds (U. Ertan 2017). We
also define the radii R, = r,/r.,, Where r, is the NS radius,
R, = nRinmax =1 1/ o with n <1, Re =&Ra =& ra/reo with
& ~0.5—1 (P. Ghosh & F. K. Lamb 1979). The variations of
R, (dot-dashed curves) obtained from the solution of equation
(10) and R: (dashed line) with M;, are shown in Fig. 5(a) for an
illustrative model source with P = 5 ms and 1,6 = 10%° G cm?.
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For higher My, if ry, is instantaneously between r, and r; the
matter expelled from the inner disc returns back to the disc at
larger radii causing a pile-up, which pushes the inner disc in-
wards down to ry, = re (B - D). This switches on the accretion on
to the NS taking the system into the WP phase. For a large range of
M, the system can remain in the WP phase with ry, = r., while
the spin-down torques dominate the spin-up torques produced
by accretion (D - E) except when the star is close to the WP/SU
transition. The inner disc can penetrate into r., when the viscous
stresses dominate the magnetic stresses around r.,. This happens
when M;, exceeds the rate corresponding approximately to ry, =
rs = & ra. The transition from the WP phase to the SU phase
(torque reversal) also takes place at this stage. Beyond this critical
rate, ri, tracks r; for a narrow M;, range (E - F) up to the point
on the r, solution, which is also calculated from equation 10. For
Rin < 1 (rin < 1eo) the solution of equation (10) is double valued
with an unstable upper branch and a stable lower branch (see U.
Ertan 2021, for details). For the M;, rate at point F on the unstable
branch, the inner disc propagates inwards, opening the field lines
down to the radius corresponding to point G on the lower stable
branch of r, solution. With further increase in M, 1, decreases
tracking the lower branch of r, until i, = r,. Depending on the
critical P and B values, in some cases the inner disc propagates
directly on to the NS since r, > r, for the M;, corresponding to
this transition (for details, see U. Ertan 2021).

The total torque acting on the NS can be written as

. 2 AP\ 20298
M= GMyr, M, — (—) _ 2B 1)

o \ i 3 ¢

In this equation, the first term is the spin-up torque, Iy, Which
is associated with the mass accretion from the inner disc on to the
NS (J. E. Pringle & M. I. Rees 1972). Here, M, is the accretion rate
on to the star. The second term is a spin-down torque, I'p, which
arises from the interaction between the inner disc and the field
lines within the boundary layer with radial width Ar. The third
term is the magnetic dipole torque, I'g;p, also a spin-down torque.
The P and r;, variations are seen in Fig. 5.

The total torques acting on the NS during each rotational phase
are given as

I'=Taec + 1—‘dip (SU; Fin < Feo)
I' =Ty +TIp+ 1—‘clip (WP; 1in = 7o) (12)
I' =Tp + Caip (SP; rin > 11)

The model does not address the evaporation of the inner disc
due to thermal instabilities at very low M;, levels (J. Frank, A.
King & D. Raine 2002).

3.2 Numerical calculations

Using mesa, we have studied the binary evolution for each of the
evolutionary tracks and obtained their respective M,, My, and M,
evolution. For the model calculations, we take r, = 12 km, the
moment of inertia I ~ 2 M, r?/5,& = 0.8, n = 0.8, and Ar/r, =
0.2 for all the evolutionary tracks, which gave reasonable results
in the earlier applications (A. A. Gengali et al. 2022; N. Niang
et al. 2024) and discuss the effects of the model parameters on
the rotational evolution of the NS in Section 3.6.

The magnetic field of recycled pulsars is estimated to decay
during the early phases of the long-term evolution of LMXBs.
The field decays rapidly via accretion-induced ohmic dissipation,
on a time-scale much shorter than the time-scale of the spin-
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Figure 6. Evolution of the rotational properties of an NS evolving on the BD-track shown in Fig. 1. For all the curves, r, = 1.2 x 10° cm, Ar/r, = 0.2,
n=0.8,¢=08B=pu/R>=2x108G, B =100s, and Py ; = 1.5 d. (a) Evolution of M;, with the colour bar indicating the ratio of M; /M and the
dotted curve, M. (b) Evolution of P. (c) Evolution of Ri, (solid curve), Ryc (dashed curve), Rg (solid curve with squares), R, (solid curve with plus
signs), and R, (solid curve with stars). (d) Evolution of P. The shaded area indicate the RMSP phase.

up phase (U. Geppert & V. Urpin 1994; V. Urpin & U. Geppert
1995; S. Konar & D. Bhattacharya 1997; V. Urpin, U. Geppert &
D. Konenkov 1998). The newly accreted material on the NS crust
pushes the current-carrying layers towards deeper regions of
higher density with higher conductivity. This slows down the
field decay. The field ultimately freezes at a minimum strength
Buin in the range of 107 G < By < 10° G. The value of By,
is correlated with the long-term accretion rate (S. Konar & D.
Bhattacharya 1997, 1999a, b; P. Halder et al. 2023). We take By, =
2 x 10® G for our numerical computations and show the effect of
different B values in Section 3.6.

Using the M, value obtained from the mesa calculations,
we calculate Mi, = € M,. Each time interval dt and value of M;
are calculated considering the current Mj, value obtained with
mesa . Adjustable time-steps used by mesa could be too large
(dt > 10% yr) to account for small P changes of the NS. We use
much shorter dt values that can resolve the P variations of the

NS, which also affect the r;,, and torque calculations. Below we
will describe the rotational evolution of NSs along the BD, UCXB,
and MS tracks using illustrative model sources (Figs 6 — 8).

3.3 Rotational evolution of the NS on the BD-track

We obtain the model track seen in Fig. 6 with initial period,
P,=100 s and P,; = 1.5 d. The evolution of the NS starts
in the SU phase at t ~ 3.5 Gyr with M;, ~ 1 x 10 g s7%. The
inner disc reaches the NS surface within ~ 1.2 x 1073 Gyr with
M, ~ 3.5 x 10" gs~' and P ~ 0.1 s. This situation persists for
~ 9.1 x 1072 Gyr effectively spinning the NS to P ~ 2 ms by I'yc.
The inner disc detaches from the NS surface when P ~ 1.9 ms.
A zoom-in of the detachment epoch is shown in Fig. 6(c). The
system enters the WP phase at ¢ ~ 3.6 Gyr. M, remains close to
its maximum value during the evolution, providing a strong 'y
spinning up the NS to its minimum P ~ 1 ms during the early

MNRAS 548, 1-19 (2026)
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Figure 7. Same as Fig. 6 for an NS evolving on a UCXB-track with Py, ; = 2.42 d (Case 1), Py ; = 2.00 d (Case 2), and Py, ; = 1.90 d (Case 3).

stages of the WP phase. Afterwards, Mj, decreases and the NS
begins to spin-down at t >~ 3.67 Gyr below M, ~ 1 x 10'7 gs'.

The RLOF stops (Mi, = 0) at t ~ 3.73 Gyr and the system
could be observable as an RMSP spinning down until P >~ 2.1 ms
(shaded area in Fig. 6). The RLOF resumes at t = 4.6 Gyr with
M, ~ 3.0 x 10'° gs~!. The rotational evolution of the NS contin-
ues with the disc in the WP phase (1, = 1) slowing down mainly
by I'p for the rest of its evolution. The system is a transient X-ray
source during this late phase of evolution. Mj, remains close to
~ 10 gs~! for another ~ 1 Gyr. We observe small fluctuations
(torque reversals) in P, which decrease while M;, remains at the
same level and P continues to increase from P ~ 3 msto P > 10
ms during the long-term evolution (see Figs 6b and d). Overall,
P decreases to a minimum value around 5 x 1072 s s7! and
increases afterwards with decreasing Mj,. It is highly likely that
sources evolving along the BD-track are observed as AMXPs dur-
ing this evolutionary phase. For this illustrative source, at t ~
4.6 Gyr, the properties of the binary and its components are in
good agreement with the observed properties of AMXPs with BD

MNRAS 548, 1-19 (2026)

donors. For an NS with B = 2 x 10® G, which is the median value
of RMSPs, and P, = 1.5 d, our results indicate that LMXBs
with BD companions can form within 8 Gyr. Considering that
donors in systems with smaller P, ; have shorter lifetimes, we
estimate that some systems could form on a shorter time-scale.

3.4 Rotational evolution of the NS on the UCXB-track

We obtain the illustrative long-term evolution of the NS along
the UCXB-track with P, =100 s and Py ; = 2.42 d. For this
model source (Case 1), the evolution has two main phases: an
LMXB phase and a UCXB phase (See Fig. 7). The RLOF begins
in the SU phase at t ~ 7.63 Gyr with My, ~ 2 x 10'® gs~!, and
the inner disc moves inwards and reaches the NS surface with
M, ~1x 107 g s~! within ~ 4.8 x 107> Gyr. Starting from
t >~ 7.64 Gyr the NS rapidly spins up to P ~ 1.7 ms before the
inner disc detaches from the NS surface at t >~ 7.68 Gyr with
M, ~ 4.5 x 107 g s71. The SU phase continues for ~ 1 x 1072
Gyr (see the zoom-in Fig. 7c). The WP phase begins when M;, de-
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Figure 8. Same as Fig. 6 for an NS evolving on an MS-track with Py ; = 2.6 d.

creases below ~ 1 x 10'7 gs~!. The NS spins up in the WP phase
reaching its minimum P ~ 1.0 ms around ¢ ~ 7.72 Gyr. As My,
decreases below 5 x 1016 g s~!, the system enters the transient
regime and the NS starts to spin-down while the system is still in
the WP phase, which persists for ~ 2 Gyr with P ~ 2 x 107"
s s™1. The WP/SP transition takes place when Mi, < 1 x 101
gs tand P~ 12.4 msatt ~ 9.3 Gyr. This marks the end of the
LMXB phase, switching on the RMSP phase.

The UCXB phase starts with the onset of the second RLOF
at t ~ 11.3 Gyr. The Mj, increases sharply from ~ 1 x 10" to
~1x10% gs7! within ~1 Myr taking the system into the
SU phase. After the WP/SU transition, the inner disc arrives at
the NS surface within ~ 3 x 1073 Gyr (ri, = r,). Afterwards, the
system accretes persistently while M, increases sharply to near
the Eddington limit, with Mj, ~ 2 x 10*® g s~! on a time-scale
of ~1 x 107* Gyr. During this epoch, the NS spins up rapidly
from P ~ 11.9 ms to P ~ 4.6 ms. Subsequently, the inner disc
detaches from the NS surface, and the system enters the WP phase

when M, <2 x 10 gs~!. The minimum P (4.23 ms) for the
UCXB phase is reached during this phase at t ~ 11.4 Gyr. The NS
spins down in the WP phase reaching gradually to the properties
of P~22ms, P~2x10"Yss7!, and My, ~ 2.8 x 1013 gs! at
t >~ 14 Gyr.

Figs 7(c) and (d) illustrate evolutions with different Py, ; val-
ues corresponding to the three different cases discussed in Sec-
tion 2.4.2. For Case 1 (Pyp; = 2.42 d), the NS is in the WP
phase with Mj, ~ 5 x 10"* g s™!, P~6.0 ms, and P~ 2 x
107 s s7! between t >~ 11.5 Gyr and t ~ 12.0 Gyr. The observ-
able properties of the system (binary, NS, and donor) at this epoch
estimated by the model are very similar to observed properties of
AMXPs with He WD donors. Similar observable properties are
simultaneously observed between ¢t >~ 8.3 Gyr and t >~ 9.0 Gyr
for Case 2 (Pyp; = 2.20 d), and betweent ~ 7.0 Gyrand ¢ ~ 7.8
Gyr for Case 3 (Pyp; = 1.90 d) (see Figs 7b and d). Our results
indicate that AMXPs that evolve on the UCXB-track can form
within ~ 8-12 Gyr.

MNRAS 548, 1-19 (2026)
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Figure 9. (a) Effect of different B values on the long-term evolution of Ry,, P, and P for P, = 100 s. (b) Effect of B on the long-term evolution of P for
B = 2 x 10® G. The model curves in (a) and (b) are obtained using the M;, history of the binary model with Porp.i = 2.42d (Case 1in Section 3.4),& = 0.8,

n =0.8,and Ar/ri, = 0.2.

3.5 Rotational evolution of the NS on the MS-track

The illustrative model curves seen in Fig. 8 are obtained with P, =
100 s and Py i = 2.6 d. The rotational evolution of this model
source has the same morphology with the LMXB phase of the
UCXB-track with Py, ; = 2.42 d (see Case 1, Section 3.4). RLOF
(in the SU phase) begins at ¢t ~ 7.77 Gyr with My, ~ 2 x 10'°

g s™1. The inner disc penetrates into r,, and reaches the surface
of the NS within about 3 x 107> Gyr. While ry, = r, and My,
increases to ~ 5 x 107 g s~1, the NS spins up to P ~ 1.56 ms
until the inner disc detaches from the NS surface att >~ 7.80 Gyr.
The spin-up continues until after the SU/WP transition (see the
zoom-in Fig. 8c) and P =1.0 ms and My, ~1 x 107 gs! at
t >~ 7.83 Gyr. For this illustrative source, the minimum P is
reached during the WP phase. Afterwards, the NS spins down
with further decrease in Mj,, and the system enters the transient
regime. During this epoch, I'p becomes the dominant torque with
P ~2x107" ss~! (see Fig. 8d). The WP phase persists for ~ 1

Gyr across a large range of My,. The NS enters the SP phase when
M;, falls below ~ 10! gs~!at¢ ~ 8.8 Gyr. Eventually, the RLOF
ceases. The NS could be observed as an RMSP after the WP/SP
transition. It is seen in Fig. 8 that the source has P ~ 2.64 ms,
P~2x107Y ss7! and M, ~4.5x 10" gstatt~8.1 Gyr
while the system is evolving in the WP phase as a transient source.
The state of the NS and the binary properties at this epoch are in
good agreement with the observed properties of AMXPs with MS
donors, which suggests that the model MS-track with Poy, ; = 2.6
d is a reasonable evolutionary path for AMXPs.

MNRAS 548, 1-19 (2026)

3.6 Effect of P, and B on the NS evolution

The model curves seen in Figs 6-9 are produced with the same
parameters (§ = 0.8, = 0.8, and Ar/r, = 0.2). A detailed study
for these parameters can be found in U. Ertan (2021). We use
the illustrative model binary, Case 1 of the UCXB-track (see Sec-
tion 3.4) to show the effect of B on Ry,, P, and P in Fig. 9(a),
and the effect of P, on the evolution in Fig. 9(b). It is seen in
Fig. 9(a) that higher (lower) B values result in the earlier (later)
SU/WP transitions occurring at higher (lower) M, levels. Addi-
tionally, NSs with stronger dipole fields evolve towards longer
periods due to the B* dependence of the spin-down torques, I'p
and Fdip~

The long-term rotational evolution of model NSs shown in
Figs 6-8 is obtained with P, =100 s. To see the effect of B,
on our results, we repeated the calculations using P, = 50, 10,
and 1 s for each of the cases presented in Section 3.4. Fig. 9(b)
shows zoomed-in views of the spin evolution at three evolution-
ary stages. The top-left panel corresponds to the onset of RLOF,
marking the beginning of the SU phase (t >~ 7.64 Gyr). The
centre-left panel shows the phase when M;, reaches its maximum
(t ~7.71 Gyr, P ~ 1.07 ms). The centre-right panel corresponds
to the end of the evolution (t >~ 14.00 Gyr, P ~ 22.3 ms). For the
illustrative cases with P, =50, 10, and 1 s, the resulting spin
evolutions remain within 1 per cent of the reference model with
P, = 100 sat all evolutionary stages seen in Fig. 9(b). We find that,
like P, P and R;, are also insensitive to P..
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3.7 Effect of g and yys on the NS evolution

Using the M, histories from the grid analysis of Section 2.5, we
examine the effects of 8 and yyp on the rotational evolution of
the NS. We again use Case 1 for illustration of these effects, as it
passes twice through the SU, WP, and SP phases with a detach-
ment phase in between. Fig. 10 shows the long-term evolution
of My, P, Ry, and P for 8 = 0.4 and the same four (yus, Po.i)
pairs used in Section 2.5. We also plot the evolution of Case 1 as
our reference model for comparison. For each (yms, Porv.i) pair,
the variations of Ry, with My, (Figs 10a and c) in the SU, WP,
and SP phases are consistent with those described in Section 3.4.
Similarly, variations in P remain within a factor of 2 of the values
obtained in Case 1 (Fig. 10b). R;, and P are moderately sensitive to
B and yyp values, while the P evolution is highly sensitive to these
parameters (Fig. 10d). During the first spin-up episode, P reaches
a minimum of ~ 1 ms for all yy. The values obtained for g =
0.2, 0.6, and 0.8 remain within 3 per cent of the minimum values
obtained for 8 = 0.4. During intermediate stages of the evolution
(pre-detachment), we find that models with higher (lower) yug
values experience a stronger (weaker) spin-down as they spend
more (less) time in the WP phase. Following the detachment
phase, the system enters a second SU phase where the minimum
period attained is P ~ 4 ms with 8-dependent deviations rising
to 12-22 per cent. This trend reverses at the end of the evolu-
tion, where longer final periods (P ~ 20 ms) are attained with
lower yup, and the total dispersion across the B range reaches
approximately 40 per cent. Overall, the varying effects of yyz and
B on the rotational evolution are a direct consequence of how
the variations of these parameters affect M;, as we have shown
in Section 2.5.

4 APPLICATIONS TO THE OBSERVED AMXPS

Here, we will present the applications of our analytical model
together with the mesa code to the binary and NS properties
of the three AMXPs selected from each of the three main binary
tracks discussed in Section 3. The model parameters are given
in figure captions (Figs 11-13). Using the observed properties of
the sources that are available in the literature, we calculate the

NS evolution in LMXBs on AMXP tracks 15

relative errors (6(P) = |P — Pups|/Pobs) for each of these values cal-
culated in our model. We look for a solution set of ¢, P, P, Py, M>,
and M;, values for which the four criteria mentioned in Sec-
tion 2.4 are met and 6(P) is equal to its minimum. Afterwards, we
discuss the relative errors 6 (P), 6 (Poy, ), (M, ), and 8(M;, ) in other
observables. The evolution of the NS and the binary properties are
given in Figs 11-13. In these figures, vertical grey strips show the
time interval during which the model reproduces the observed NS
and binary properties simultaneously. We select B values in the
range of 107 to 10° G and take £ = 0.8, n = 0.8, and Ar/ry, = 0.2
to study the long-term evolution of HETE J1900.1-2455 (here-
after, J1900) for the BD-track, XTE J1751-305 (hereafter, J1751)
for the UCXB-track, and Aql X-1 for the MS-track. Our results
are summarized in Table 2.

HETE J1900.1-2455

The source J1900 was discovered during its X-ray outburst in June
2005 (R. Vanderspek et al. 2005), and coherent 2.65 ms X-ray pul-
sations were subsequently detected in July 2005 (P. Kaaret et al.
2006). The donor is a low-mass BD with M, i, = 0.016 M and
P,p = 1.39 h. J1900 exhibits sporadic X-ray pulsation behaviour,
classifying it as an intermittent AMXP (T. Di Salvo & A. Sanna
2022). The distance to the source, d = 4.7 & 0.6 kpc, is estimated
from the photospheric radius expansion (PRE) during an X-ray
burst (D. K. Galloway et al. 2020). The source remained in out-
burst for a decade, until 2015 October (C. O. Heinke et al. 2025).

We obtain reasonable model curves that could represent the
evolution of J1900, taking M;; = 1.4 Mg, M,; = 1.1 Mg, ymp =
3,8 =0.5,and Py, ; = 1.7 d. For the NS evolving with the corre-
sponding M;, history, we take P, = 100 s and B =5 x 107 G. At
t ~ 9.1 Gyr, we obtain a solution for which §(P) = 4.29 x 10~°
(indicated by the grey strip in Fig. 11), Py, >~ 1.41 h (0(Pow) =
0.013), and the donor is a hydrogen-poor BD with M, >~ 0.016 Mg,
(6(M,) = 0.081). At this stage, the NS is in the WP phase with
M; =1.93Mg, My, =86 x 10 g s7!, and P~ 1.6 x 1072
ss~!, which is also in agreement with the long-term secular P val-
ues observed in AMXPs during their quiescent states (A. Patruno
& A. L. Watts 2021; T. Di Salvo & A. Sanna 2022).

XTE J1751-305

The source J1751 was discovered in 2002 with the detection of
P =2.30 ms X-ray pulsations during an X-ray outburst (C. B.
Markwardt et al. 2002). The source showed outbursts again in
2005, 2007, and 2009, without any X-ray burst. The distance to
the source is estimated to be ~ 8.5 kpc (C. O. Heinke et al.
2025). Py, = 42.3 min and the donor is a low-mass He WD with
M min = 0.013-0.017 Mg, (C. J. Deloye & L. Bildsten 2003). We
model the long-term rotational evolution of J1751 with M;; =
1.4Mg, My; = 1.1 Mg, ymp = 3, 8 = 0.5, and Py ; = 2.41 d. For
the NS we take P, =100 s and B =7 x 10’ G. We find a rea-
sonable solution at t >~ 11.4 Gyr with (P) = 1.46 x 10~* (in-
dicated by the grey strip in Fig. 12), when the NS has P = 2.30
ms, Py, >~ 48.8 min (6(P,p) = 0.15), and the donor is a He WD
with M, >~ 0.014 M, (6(M,) = 0.184). The NS is in the WP phase,
with M; = 1.93 Mg, Mi, >~ 1.73 x 10" g s7! (6(My,) = 0.459),
and P ~ 3.29 x 1072 s 57! (9(P) = 0.136). At this stage of the
evolution, time-averaged M, = 3.2171%1 x 10 g s! estimated
from about 10-yr long observations (C. O. Heinke et al. 2013).
The measurements between the 2002 and 2009 outbursts give
P =(2.940.6) x 1072 s s7! (A. Riggio et al. 2011). It is seen in
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companion. The vertical grey strips seen in each panel indicate the time at which the binary and the NS properties of 11900 are obtained simultaneously.
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Table 2. Comparison of the observed properties (P, P, Py, M2, and Mj,,)
with the model sources for three AMXPs. The 6 values show the relative
errors described in Section 4.

Property J1900 J1751 Aql X-1
Observed  2.6504377 2.2971710 1.817289
P (ms) Model 2.6504490 2.2968364 1.817543
0(P) 4.29 x 107° 1.46 x 10~* 1.39 x 10~*
Observed 1.39 0.71 18.95
Py (h) Model 1.41 0.81 19.90
0(Porp) 0.013 0.15 0.05
Observed 0.016 0.014 0.56
M, (Mp) Model 0.017 0.011 0.38
(M) 0.081 0.184 0.32
Observed - 3.21778% x 101 1.04 x 10Y7
Mi, (gs™1) Model 8.6 x 1013 1.73 x 10 1.22 x 1077
0(Min) - 0.459 0.08
Observed - 2.9 x 10720 -
P(ss™) Model 1.6 x 10~ 3.2x 10720 6.1 x 1071
o(P) - 0.136 -
tsolution (GYT) 9.14 11.43 7.92

Fig. 12 that both measurements are in good agreement with the
properties of the model at ¢t >~ 11.4 Gyr. In Fig. 12(e), the P curve
estimated in the model is given by the solid curve and the dashed
curve indicates the P of J1751. The two curves intersect four times
during the rotational evolution of the source, but only the last
intersection simultaneously matches the current NS and binary
properties of J1751 in the WP phase; this is not the case for the
first three intersections.

AqlX-1

Aql X-1 was discovered in 1991 with P, = 18.95 h (C. Cheva-
lier & S. A. Ilovaisky 1991) and a K4 + 2 MS donor star with M, <
0.76 M, (D. M. Sanchez et al. 2017) during an X-ray outburst. Aql
X-1is observed in annual outbursts with occasional X-ray bursts.
The distance is estimated to be ~ 4.5 kpc from the PRE (D. K.
Galloway et al. 2008). Coherent P = 1.82 ms X-ray pulsations that
lasted for ~ 150 s were recovered from archival data making
the source an intermittent AMXP (P. Casella et al. 2008). The
model curves seen in Fig. 13 are obtained with M;; = 1.4Mg,
M,; =1.1Mg, ymp = 3, B =0.5, and Py ; = 2.80 d. Using the
corresponding M;, history, we obtain the NS evolution seen in
Fig. 13 with B, =100 s and B = 4 x 10® G. For this illustrative
evolution, the NS acquires P = 1.82 ms (6(P) = 1.39 x 107%),
Py, = 19.9 h (0(Pyy,) = 0.05) while the donor is an MS star with
M, >~ 0.4M; (6(M;) = 0.323) att ~ 7.9 Gyr. All these binary and
NS properties predicted by the model for t ~ 7.9 Gyr are close to
the values estimated from the observations. In the model, the MS
value at t ~ 7.9 Gyr is also close to the reported M, >~ 0.6 M,
for an inclination sin (i) =1 (T. Di Salvo & A. Sanna 2022).
At this time of evolution, we find the NS in the WP phase as
a transient source with M; = 1.75Mg, My, ~ 1.2 x 10" g s~}
(0(M;,) = 0.08),and P~ 6.1 x 107 ss~L.

Table 2 compares the model results with the observed prop-
erties of the three sources. It is seen that the model yields rea-
sonable results that are consistent with the binary and individual
NS properties for the three AMXP sources representing the three
main evolutionary tracks. The observed properties and long-term
spin-down behaviour of these three sources can be consistently
reproduced within the WP phase during their transient evolu-
tion. In an independent work, the same torque model was ap-
plied to five AMXPs with known secular P values to investigate
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the torques acting on these systems throughout their outburst-
quiescence cycles (F. Ertugrul, A. A. Gengali, U. Ertan, N. Niang,
in preparation). Their results are consistent with the observed
properties of both the outburst and quiescent states, together
with the resultant secular spin-down of these AMXPs. In future
work, the M, histories obtained from mesa will be used to
investigate the rotational evolution of these sources, considering
their transient Ly behaviours.

5 SUMMARY AND DISCUSSION

Using reasonable mesa model parameters (8 and yyg) similar
to those employed in earlier works (S. Gossage, V. Kalogera &
M. Sun 2023; A. Kar et al. 2024), we obtained binary evolutions
leading to the properties of the three basic AMXP groups classi-
fied by their companions (BD, He WD, and MS). Our results are
consistent with the observed binary properties of AMXPs. Next,
we used these M, histories obtained from the mesa models as
inputs into our torque model to calculate the rotational evolution
of NSs evolving along the BD, UCXB, and MS tracks. We have ex-
plained the typical evolutionary stages and properties of AMXPs
evolving on these tracks, using illustrative sources (Figs 1-3). We
also described the rotational evolutionary phases and the inner
disc properties of the NSs accompanying the binary evolution
(Figs 6-8). Next, we applied the model to three sources selected
from the three groups of AMXPs. The binary properties (Poy, and
M,) and the individual source properties (P and P) are produced
simultaneously for each of these sources (Figs 11-13).

In our binary analysis, all simulated models are consistent with
the observational constraints defining viable AMXP evolution-
ary tracks. These systems evolve into transient sources within a
Hubble time and simultaneously reproduce the observed ranges
of M,, Py, surface composition, and donor type for each of the
three groups of AMXPs. To assess the effect of key mesa pa-
rameters, we simulated 16 binary models across a grid of g and
(ymB> Porv.i) pairs. Our results show that while 8 influences the
efficiency of mass transfer, the overall evolutionary behaviour-
especially the M, histories-is more sensitive to yyp. Nevertheless,
we find that Py, ; remains the most influential parameter in de-
termining the evolutionary track, as variations in P, ; can lead to
fundamentally different donor types and final system properties.
Within this framework, our combined binary and NS evolution
favours yyp = 3-5, whereas models with yyp = 2 often require
Pyp; tuning.

With reasonable values of the model parameters (£, n, and
Ar/ry), we find that the rotational evolution of the NS is not
sensitive to P, while it is very sensitive to B. Extending the results
of our grid analysis to the rotational evolution of the NS, we find
that the impact of yup and B on the evolution directly reflects
their influence on M;, via M,.

In this study, we employed the 7-boosted MB prescription of
VIH19 to obtain the M, histories of AMXPs, whereas A. Kar et al.
(2024) adopted the conventional MB prescription of S. Rappaport
et al. (1983). To order of magnitude, the resulting M;, histories
in the two studies are comparable. The most notable differences
arise in the predicted NS rotational evolution. We argue that
these differences are primarily due to r;, and associated torque
calculations. Using the torque model of S. Bhattacharyya & D.
Chakrabarty (2017), A. Kar et al. (2024) could not reproduce
the rotational properties of fast-spinning AMXPs (P < 3 ms).
Their study, which extensively explores the (M, ;, Powb.i) param-
eter space for convergent LMXBs, successfully reproduces the
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binary properties of these systems, while it fails to account for
their NS rotational properties. They suggested that the transient
accretion during the late evolutionary stages may solve this prob-
lem. By adopting the torque model of U. Ertan (2021), we were
able to reproduce both the binary evolution and the NS rotational
properties of the three AMXP groups self-consistently, by varying
only P,y ; for reasonable B and other model parameters.

6 CONCLUSIONS

We have investigated the long-term binary and accompanying NS
evolution in LMXBs, focusing on the formation of AMXPs along
three distinct evolutionary tracks that depend on the donor type:
BD-track (BD donor), UCXB-track (He WD donor), and MS-track
(MS donor). For an evolutionary model track to be counted as
a reasonable representation of the evolution into one of these
LMXB families, the model should simultaneously reproduce the
M,, R,, Py values, and the surface composition consistent with
the observations. Using the M;, evolution estimated from these
binary evolutions, we have analysed the evolution of the NS on
these tracks separately. Our results on the binary evolution ob-
tained using the mesa code can be summarized as follows.
(1) the t-boosted MB model yields evolutionary curves that are
consistent with observed Lx levels of LMXBs, in agreement with
the earlier studies (K. X. Van et al. 2019; Z.-L. Deng et al. 2021). (2)
Among the initial conditions, P,y i is the most influential factor
affecting the binary evolution. (3) yus, which affects the duration
of a mass transfer epoch plays a greater role than g, which affects
the efficiency of the mass transfer. (4) With slight adjustments
to Pyp.i» evolutionary paths with same M, morphology can be
obtained for different yp and B values. (5) Our results favour
ymB > 3 values since yyp = 2 may require parameter tuning to
obtain results consistent with observations. The results of our
evolutionary tracks are in good agreement with the observed
properties of AMXPs, except for three AMXPs with BD donors.
We have estimated that the effect of irradiation of the companion
by the NS, which was not taken into account in this work, could
account for these sources as well. The irradiation effect on the
evolution of these systems will be studied in an independent
work. Using the M, obtained with mesa for the three evolu-
tionary tracks of AMXPs, we have employed the analytical model
developed by U. Ertan (2021) to calculate the ry, and the torques
acting on the NS during the long-term evolution. Our results
show that the model can account for the evolution of the NSs
in these systems in accordance with their binary evolution. Our
model naturally accounts for the fast-spinning AMXPs (P < 3
ms) with degenerate donors, which A. Kar et al. (2024) found
challenging to reproduce. With reasonable parameters, the model
reproduces the observed properties (P and P) of HETE J1900.1-
2455, XTE J1751-305, and Aql X-1 representing the three evolu-
tionary tracks, simultaneously with the donor type, M5, and Pyy.
Using the mesa code, a similar study is required to investigate
the formation of millisecond pulsars above the B of AMXPs.
Such evolutionary tracks that lead to the formation of divergent
systems namely, RMSPs with P, > 10 d, are a large group within
the binary pulsar population.
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