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A B S T R A C T

Mass reduction of machine tool components is a crucial task that can improve performance, accuracy, and energy 
efficiency. System-level optimization, where multiple components are simultaneously optimized, is noted in the 
literature as a challenging necessity for complete performance improvement of machine tools. Existing methods 
focus on optimizing the machine tool components individually, neglecting the critical effects of simultaneous 
modification on the machine performance and thorough exploration of the design space. To the authors’ 
knowledge, for the first time in the literature, this paper presents a comprehensive framework for system-level 
machine tool design optimization considering the most significant multi-objective performance indicators for the 
machining process. Static and dynamic stiffness, thermal and dynamic stability, and fatigue life are evaluated as 
performance indicators using a multi-objective finite element response set that includes coupled thermal- 
structural, modal, and frequency response analyses. A minimal parameter set approach is proposed which 
uses the linear guide joints to minimize the number of design variables, addressing the challenge of increased 
computational cost in system-level modeling. Machine responses during optimization iterations are predicted by 
a machine learning model trained on the machine tool’s multi-objective finite element response set, achieving 
higher accuracy than commonly used polynomial-based methods. A constraint relaxation method is proposed 
that permits limited degradation relative to the base design, yielding designs that substantially outperform those 
obtained from unconstrained optimization while avoiding over-constraining. Up to 20 % mass reduction is 
achieved across the machine tool components while the performance indicators are either improved or main
tained with negligible degradation.

1. Introduction

Reducing the mass of the moving components improves the machine 
tool’s dynamic performance, positioning accuracy, and energy effi
ciency [1,2]. However, achieving substantial amounts of mass reduction 
can be challenging as machine tools experience significant structural 
and thermal loads during the machining process [3,4]. The structural 
stress and deformations of the machine tool are mainly caused by 
gravity, thermal expansion of machine tool components, and dynamic 
machining process loads due to motion, vibrations, and cutting forces. 
Mass reduction under structural and thermal process loads has a sub
stantial effect on the machine tool’s stiffness, stability, and fatigue life. 
To achieve significant mass reduction across the machine tool while 
maintaining these, a system-level multi-objective design optimization 

method capable of simultaneously modifying multiple components is 
necessary.

As a computationally efficient alternative to topology optimization, 
parameter optimization involves selecting machine dimensions such as 
lengths, thicknesses, or diameters as design variables to be added to the 
design space while all other dimensions are added to the non-design 
space [5]. Therefore, only the machine dimensions selected as vari
ables are modified during optimization while the other dimensions are 
kept constant. Once the design variables are selected, to reduce the 
computational expense of design evaluations, a surrogate model is 
created to predict the response of the machine for new values of the 
variables [6]. The surrogate model is typically created using a set of 
value-response pairs called samples. Samples can be obtained through 
simulation, physical testing, or both. Using the generated samples, a 
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surrogate model of the machine tool can then be created using methods 
such as response surface method or machine learning [7].

Research on parameter-based optimization of machine tools exists in 
the machining literature. Existing methods commonly isolate a single 
component of the machine tool for optimization while the remaining 
components are excluded [2,8,9]. The design variables are selected from 
component-specific features which may not be applicable to other 
components. Furthermore, the mechanical joints connecting machine 
tool components, which heavily influence the machine’s overall static 
and dynamic [10,11] as well as thermal [12] behavior, are neglected. 
Therefore, existing component-level methods fail to provide a 
system-level analysis capturing the coupled structural and thermal in
teractions between the machine tool components. On the other hand, 
Wu et al. [13] included multiple machine tool components in optimi
zation by using a combination of component-specific principal and local 
design features selected on each component as design variables. 
Although multiple components contribute to the objective function in 
[13], mass reduction is driven only by the maximum static deflection of 
individual components, ignoring other crucial performance indicators 
such as thermal and dynamic stability, natural frequencies, and dura
bility. Furthermore, the load case is simplified to only include a single 
unit-load applied at the spindle in the horizontal direction. This fails to 
capture the effects of the three-dimensional loading by the cutting force 
and neglects the coupled thermal-structural load case by gravity, the 
cutting force, and the heat generated at the spindle bearings. Hence, 
previous studies fall short of achieving a system-level effect in optimi
zation driven by a multi-objective response set of the machine tool’s 
most important performance indicators.

To the best of authors’ knowledge, this study presents the first 
comprehensive framework addressing the challenge of system-level 
design optimization of machine tools where the components are 
simultaneously modified to achieve substantial mass reduction while 
improving or maintaining critical performance indicators. Instead of 
using design-specific variables as commonly done in the literature, 
which would rapidly increase the number of variables and computa
tional cost in system-level modeling, the linear guides, which are widely 
used in machine tools, are used for parameterization. Consequently, 
substantial mass reduction is achieved across the machine tool with 
limited computational cost. Important performance indicators including 
static and dynamic stiffness, thermal and dynamic stability, and fatigue 
life, which are neglected in existing multi-component methods, are used 
to guide optimization to ensure the performance is improved or main
tained. Focus is placed on limiting the computational cost of optimiza
tion to make the method computationally accessible. Machine learning 
(ML) algorithms are used for surrogate modeling to guide optimization 
iterations with greater accuracy in predicting the machine’s responses 
than the widely used response surface-based methods. A global opti
mization algorithm is employed to ensure the discovery of optimal 
trade-off designs. The paper is structured as follows: Section 2 in
troduces a parameter selection method taking advantage of the linear 
guides to limit the number of design variables and increase computa
tional efficiency. Section 3 discusses FEA modeling for ML training 
sample generation. An energy-based order reduction approach for fre
quency response functions is introduced to include dynamic stability 
indicators in design space exploration with reduced computational cost. 
Section 4 demonstrates a surrogate modeling strategy using a minimal 
number of training samples for the ML model. Details of machine design 
sample generation for training and automatic hyperparameter tuning 
are shared. Section 5 explains the integration of the surrogate model 
with optimization algorithms and presents the optimization results. 
Section 6 presents a comparison of the base and optimized designs and 
demonstrates performance improvements. Section 7 gives the 
concluding remarks and motivation for future research.

2. System-level parametric modeling of machine tools

The dimensions of the machine tool selected as modifiable parame
ters for optimization are called design variables. Design variables are 
used as inputs to the response model of the machine tool to predict the 
change in the machine’s response due to design modifications during 
optimization. It is necessary that the number of design variables balance 
computational complexity and accuracy. While an increased number of 
design variables can potentially enable greater improvements in per
formance, it also increases computational cost as more design samples 
are necessary to generate the response model [14]. Several design var
iables are used for each machine tool component in existing methods, 
which rapidly increases the total variable count and the computational 
cost when applied to all components across the machine tool for 
system-level optimization. In addition, to enable repeatability and 
applicability to other machines, the selection of design variables should 
be based on common dimensions rather than specifics. To address these 
challenges, this section presents a minimal parameter set approach to 
enable substantial design modifications across the machine tool with a 
limited number of design variables.

To achieve mass reduction throughout the machine tool with 
reduced computational cost, a minimal parameter set approach is pro
posed which prioritizes the fundamental features of the machine tool. 
The following rules are applied in design variable selection: 

i. The distances between the linear guide rails must be selected as 
design variables.

ii. The wall thicknesses of the main components must be selected as 
design variables.

As shown in Fig. 1, the distance L between the linear guide rails 
largely determines the width or height as well as the cross section of 
both the static and the moving component in a linear guide joint. 
Therefore, with the first rule, a single design variable can have signifi
cant control over the overall design of two machine tool components 
simultaneously. On the other hand, although the wall thickness T only 
affects a single component, it has a strong effect on the component’s 
mass, rigidity, and durability, which determine the component’s static 
and dynamic response. Therefore, the second rule enables control over 
multiple aspects of a component’s response with only a single design 
variable, helping limit the computational cost. The combined effect of 
the first and second rules on the cross-section of machine tool compo
nents is observed in Fig. 1a. As seen, by simultaneous modification of 
variables L and T, it is possible to achieve significant cross-section 
modifications with a limited number of design variables, which en
ables system-level optimization with reduced computational 
complexity.

The application of the minimal parameter set on the example ma
chine tool is demonstrated in Fig. 2. As seen, the first and second rules 
are applied to select the linear guide distances and wall thicknesses of 
the main components as design variables which cover the entire ma
chine with only seven variables: The linear guide distance of the bed 
(Bed_L) and the column (Col_L), the wall thickness of the bed (Bed_T), 
column (Col_T), X-axis carriage (XCar_T), Y-axis carriage (YCar_T), and 
Z-axis carriage (ZCar_T). However, certain machine tool design features 
which would normally be selected as variables are excluded due to 
assumed physical constraints. As seen in Fig. 2, the linear guide distance 
of the Y-axis carriage is not selected as a variable, which is due to the 
narrow spacing of the rails not allowing further length reduction. 
Similarly, the distance between the top and the middle rails of the col
umn’s linear guides is constrained to have the constant ratio of 1.22 to 
the distance between the middle and bottom rails to ensure appropriate 
physical proportions.

The proposed minimal parameter set approach can be adapted to 
product-related requirements not directly related to design and perfor
mance optimization, such as the axis motion limits and the table’s width 

D. Bilgili et al.                                                                                                                                                                                                                                   Journal of Manufacturing Systems 85 (2026) 419–440 

420 



and length which determine the maximum work volume of the machine. 
In this study, it is assumed that the machine tool’s maximum work 
volume is a product-related requirement and must not be reduced after 
optimization. Hence, as also seen in Fig. 1b, while the width of the X-axis 
carriage is completely controlled by the linear guide distance Bed_L, only 
the inner width of the bed structure is changed while the outer width is 
kept fixed. This is due to the assumption that reducing the outer width of 
the bed would require similarly reducing the outer width of the column 
structure, in which case it may not be possible to provide the original 
design’s Y-axis motion range. Hence, the design variable Bed_L is not 
allowed to modify the outer widths of the bed and the column. On the 

other hand, it is observed that the Z-axis motion range of the original 
design can be maintained for Col_L > 200mm. While this shows the 
adaptability of the proposed approach, it also shows that product- 
related requirements may act as constraints or modifiers on the pro
posed approach. Such product-related considerations must inform the 
parameterization step to ensure that the design space, through adjust
ment of the design variable limits, is aligned with product goals. This 
further implies that, for cases with exceptionally challenging product 
requirements, the design space formed by the minimal parameter set 
approach may be significantly limited, reducing the level of attainable 
optimization.

Fig. 1. The effect of linear guide distance (L) and wall thickness (T) on the height, width, and cross section of machine tool components: a) with varied height, b) 
with varied width.

Fig. 2. The components (blue) and design variables (black) of the machine tool. The zoomed views show cross-sections.
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3. Finite element modeling for multi-objective optimization

Existing multi-component optimization methods use simplified load 
cases where only a downward unit force is applied on the spindle nose 
[13], neglecting the complex loading by gravity, the thermal expansion 
of the components [4], and the cutting forces. Furthermore, important 
performance indicators including static and dynamic stiffness, thermal 
and dynamic stability, and fatigue life are not used to guide optimization 
as multiple components are simultaneously modified. To accurately 
guide optimization under complex process loads while ensuring the 
optimized designs improve or maintain the multi-objective performance 
indicators, three types of FEA simulations are performed: 

i. Coupled thermal-structural analysis under gravity, cutting forces, 
and heat generated at the spindle bearings,

ii. Modal analysis for the first four natural frequencies of the ma
chine tool,

iii. Spindle nose frequency response function (FRF) calculations.

A reference FEA model, shown in Fig. 3, is shared between the three 
simulation cases. The machine tool is modeled in its weakest pose with 
the Y-axis carriage at the center, Y = 0 mm, and the Z-axis carriage at its 
highest position, Z =+140 mm. X, A, and C axes are also placed at their 
zero positions. The machine is fully fixed to the ground through its 
ground supports using RBE2 rigid elements as shown in Fig. 3-A. To 
enable heat conduction between the components, the sliding and 
rotating interfaces are connected with one-dimensional conductive, 
elastic, cylindrical bar elements shown in Fig. 3-B. For linear guide rail- 
runner couples, a bar element connects a rail node to a runner node. For 
rotary interfaces, a bar element connects a node on the bearing inner 
ring surface to a node on the bearing outer ring surface. The actual 
bearing rings are not included in the model. Connectivity between the 
static components, namely the bed and the column, is achieved through 
node connectivity where FE nodes are shared between the FE elements 
of the bed and the column as shown in Fig. 3-C, which establishes a 
flexible connection without artificial stiffening. For displacement and 

frequency response calculations, RBE2 rigid elements are created on the 
spindle nose and the table center as shown in Fig. 3-D and E. The ma
chine tool is meshed with quadratic tetrahedrons to avoid artificial 
stiffening of the components. A primary mesh size of 25 mm is used for 
most regions, with 5 mm applied at high-stress locations to ensure result 
convergence. Young’s modulus, density, thermal expansion coefficient, 
and Poisson’s ratio for the cast iron machine tool components are taken 
as 124000 MPa, 7.3 × 10− 9 tonne/mm3, 1.04 × 10− 5 ℃− 1, and 0.3, 
respectively.

The outputs of the FEA simulations performed for the machine tool, 
referred to as responses, are given in Table 1. The maximum principal 
stresses in the components are calculated to estimate the effect of opti
mization on the machine’s fatigue life. The first four natural frequencies 
are calculated to include the effect of dynamic stiffness in optimization. 
Spindle nose FRFs are calculated to capture the machine tool’s contri
bution to dynamic stability. As discussed in later sections, along with the 
design variables in Fig. 2, the FEA responses in Table 1 are used to train 
an ML model as a computationally efficient surrogate for the original 
FEA model of the machine tool. Therefore, the FEA model and the sur
rogate ML model share the same inputs (design variables, Fig. 2) and 
outputs (responses, Table 1).

3.1. Coupled thermal-structural analysis

For the coupled thermal-structural analysis, the cutting force pro
jected to the spindle nose is applied on the master node of the RBE2 rigid 
element in Fig. 3-D. With an assumed feed in the +X direction of the 
machine using a helical endmill with climb milling, the X, Y, and Z 
components of the cutting force in the spindle nose frame are applied as 
− 1500 N, 1000 N, and − 2000 N, respectively. The cutting force is also 
applied at the center of the table (Fig. 3-E) in the opposite direction of 
the spindle nose forces with the same amplitudes. A combined process 
load is applied including gravity, thermal loads, and cutting forces. 
Gravity is applied in the -Z direction of the machine as 9810 mm/s2. The 
machine tool is initially assumed to be at thermal equilibrium at 21 ℃, 
which is applied as the reference temperature to all FE nodes. The 

Fig. 3. The reference FEA model for the coupled thermal-structural, modal, and frequency response analyses of the machine tool.

D. Bilgili et al.                                                                                                                                                                                                                                   Journal of Manufacturing Systems 85 (2026) 419–440 

422 



steady-state temperatures of the lower and upper spindle bearing loca
tions are assumed to be 55 ℃ and 45 ℃, respectively, based on the re
sults by Yuksel et al. [4]. The spindle bearing steady-state temperatures 
are applied as temperature boundary conditions to the surface nodes at 
the outer and inner bearing ring locations.

The contributions of the thermal and structural loads to the com
bined process load are identified by isolating each load case. The cal
culations are performed for 100 machine design samples to capture the 
distribution of thermal and structural load contribution over the design 
space. As seen in Fig. 4a, while the thermal deflection makes up a sig
nificant portion of the spindle nose deflection SN_Disp due to the com
bined load, its variance over the design samples is not substantial. On 
the other hand, as seen in Fig. 4b, c, and d, the maximum principal stress 
is dominated by thermal stresses. Hence, using the thermal deformations 
of the spindle nose or the structural stresses of the machine tool com
ponents in individual optimization objectives would not yield mean
ingful results. Thus, to limit the number of optimization objectives and 
increase computational efficiency, the combined load case is used 
instead of individual thermal and structural load cases. Although tran
sient thermo-mechanical effects are neglected in this study, the decision 
to use combined static thermal-structural loads is consistent with 
existing transient load modeling approaches [15], which could be in
tegrated with the combined static load component to account for tran
sient effects in system-level optimization.

3.2. Modal analysis

Modal analysis is conducted using the same FEA model along with 
the boundary conditions in Fig. 3-A. The first four elastic vibration 
modes of the machine tool are calculated, which are shown in Appendix 
A for the base design. As seen, the first four modes capture the overall 

Table 1 
FEA outputs (responses) included in ML model training and parameter 
optimization.

Load Case Response
Res. 
ID

Detail Unit

None Mass R1 Total mass of the machine tool tonne

Coupled 
Thermal- 
Structural

SN_Disp R2 Max. displacement at spindle 
nose

mm

TB_Disp R3
Max. displacement at table 
center mm

Stress_Bed R4 Max. Principal Stress in Bed MPa

Stress_Col R5
Max. Principal Stress in 
Column MPa

Stress_XCar R6 Max. Principal Stress in X-axis 
Carriage

MPa

Stress_YCar R7 Max. Principal Stress in Y-axis 
Carriage

MPa

Stress_ZCar R8
Max. Principal Stress in Z-axis 
Carriage MPa

Stress_Spndl R9
Max. Principal Stress in 
Spindle

MPa

Modal

Mode1 R10 First natural frequency of the 
assembled machine

Hz

Mode2 R11 Second natural frequency of 
the assembled machine

Hz

Mode3 R12
Third natural frequency of the 
assembled machine Hz

Mode4 R13
Fourth natural frequency of 
the assembled machine

Hz

FRF

EnergyXX R14
The square of the L2 

(Euclidean) norm of the 
spindle nose FRF (XX) signal

(mm/ 
N)2

EnergyYY R15
The square of the L2 

(Euclidean) norm of the 
spindle nose FRF (YY) signal

(mm/ 
N)2

Fig. 4. The contribution of thermal and structural load cases to the combined load case.
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dynamic stiffness of the machine tool in all bending and torsional di
rections which will be sufficient for optimizing the machine tool’s dy
namic stiffness. Thus, only the first four modes are included from modal 
analysis as responses to limit the computational cost.

3.3. Frequency response analysis

The spindle nose FRF of the machine tool is calculated in the X and Y 
directions of the spindle nose frame shown in Fig. 3-D which are parallel 
to the machine frame’s X and Y directions. The tool tip FRF directly 
influences the chatter stability of the machining process [16], and the 
spindle nose FRF is a significant contributor to the resulting tool tip FRF 
[17]. Thus, the spindle nose FRF can serve as a common indicator of the 
machine’s overall dynamic stability before the contribution of a specific 
tool is added. However, using the spindle nose FRF directly for ML 
training would significantly increase the computational cost as discrete 
FRFs are represented by many points. Therefore, a reduced-order rep
resentation for the spindle nose FRF as a single scalar is proposed to 
maximize computational efficiency.

The single degree of freedom (SDOF) representation for the milling 
of a flexible workpiece and a relatively rigid tool is presented in [16]
where the stiffness and damping of the workpiece are represented as 
discrete, lumped parameters. As shown in Fig. 5, a similar lumped 
parameter representation is adopted for the machine tool’s stiffness and 
damping. By assuming a rigid tool and workpiece, design optimization 
exclusively targets the elastic properties of the machine tool without the 
contribution of a specific tool or workpiece. The critical axial depth of 
cut alim is obtained using the single degree-of-freedom expression [16]: 

alim =
1

N
2παjjKtRe

[
Gjj(iωc)

], j ∈ {X,Y} (1) 

where N is the number of flutes, ωc is the frequency of chatter vibrations 
in rad/s, Kt is the tangential cutting coefficient, and αjj and Re

[
Gjj(iωc)

]

are the directional coefficient and the real part of the FRF calculated at 
the point of tool-workpiece engagement in the direction j, respectively. 
The directional coefficient αjj can be positive or negative depending on 
the angle of engagement between the tool and the workpiece, the milling 
direction (up or down milling), and the radial cutting coefficient [16]. 
As alim is a positive number, the sign of Re

[
Gjj(iωc)

]
must be the same as 

that of αjj. It is seen in Eq. (1) that the critical depth of cut is inversely 
proportional to the multiplication of αjj and Re

[
Gjj(iωc)

]
. This indicates 

that the dynamic stability of the machine tool increases as the real part 
of the tool tip FRF Re

[
Gjj(iωc)

]
approaches zero.

Receptance coupling shows that the spindle nose FRF can have a 
varying effect on the tool tip FRF Re

[
Gjj(iωc)

]
depending on the dynamic 

interactions between the machine tool, spindle, tool holder, and the tool 
[18,19]. As a computationally efficient performance indicator for the 
machine tool’s dynamic stability that can be adjusted for varying dy
namics and design goals, the concept of FRF energy is introduced as a 
reduced-order representation for the spindle nose FRF. This study pro
poses minimizing the FRF energy as a baseline to bring the real part of 
the tool tip FRF closer to zero, increase the machine tool’s dynamic ri
gidity, and improve process stability. However, depending on the dy
namic interactions between the components, stability may also be 
increased by maximizing the FRF energy or by targeting a given FRF 
energy value.

The L2 norm ε of the real part of the discrete spindle nose FRF G[k] is 
calculated in Eq. (2) to reduce the discrete FRF curve containing k 
amplitude-frequency pairs to a single scalar. As the square of the L2 
norm of a signal represents the energy of the signal [20], the energy of 
the real part of the spindle nose FRF, E, is calculated as the square of ε in 
Eq. (2). Although E does not directly represent the energy of the entire 
spindle nose FRF G[k], it is used as a response due to its strong relevance 
to the real part of the spindle nose FRF which has a direct influence on 
dynamic stability [16]. The energies EXX and EYY calculated in orthog
onal directions X and Y are denoted EnergyXX and EnergyYY, respec
tively, in Table 1. 

εjj =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑

k

(
Re

[
Gjj[k]

])2
√

→ε2
jj = Ejj =

∑

k

(
Re

[
Gjj[k]

])2
, j ∈ {X,Y}

(2) 

4. Surrogate modeling of machine tools

Surrogate models are widely used as computationally efficient al
ternatives to full-order FEA models in parameter-based optimization of 
machine tools. Existing studies dominantly use polynomial-based 
response surface methods (RSMs) in which the machine tool’s multi- 
objective response is predicted by a polynomial [2,8,9,13]. The poly
nomial’s coefficients are identified through a learning process in which 
the error between the polynomial’s predictions and the original FEA 
results are iteratively minimized. This section proposes a machine 
learning-based surrogate modeling approach exceeding the accuracy of 
polynomial-based RSMs in predicting multi-objective machine response 
while limiting the number of training samples to maximize computa
tional efficiency.

4.1. Sampling machine tool design variants

While the surrogate ML model itself is computationally highly effi
cient, generating machine tool samples can be computationally 
demanding depending on the number of samples generated. As 
explained in Section 3, each sample requires four FEA calculations to be 
performed (i.e., coupled thermal-structural stress analysis, modal anal
ysis, and spindle nose FRF calculation in X and Y directions). Therefore, 
it is crucial to minimize the number of samples while maintaining 
training performance and ML prediction accuracy.

The design space is defined based on the lower and upper limits for 
each design variable as given in Table 2. As the primary goal of design 
optimization is mass reduction, the upper limits are selected to be equal 
to the base design of the machine, while the lower limits are based on 
reasonable approximations to ensure feasibility and manufacturability. 
The maximum possible mass reduction in Table 2 shows that the 
selected limits may enable a significant amount of mass reduction 
throughout the machine tool. For the variables Bed_L and Col_L, a 

Fig. 5. SDOF representation of a flexible machine tool which has an equivalent 
damping and stiffness of bmachine and kmachine, milling a rigid workpiece with a 
rigid tool.
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geometrically consistent cross section cannot be found if these variables 
are set to a value below the lower limit. For the five wall thicknesses, the 
lower limit of 10 mm is selected to ensure the optimized components can 
be manufactured through casting.

The trained ML model is required to produce accurate predictions for 
the machine tool’s thermal and mechanical response within the selected 
lower and upper limits. Thus, the design samples must be distributed 
evenly over the seven-dimensional design space defined by the design 
variables. A sampling method that covers the entire design space is said 
to be space-filling. In this study, the Latin Hypercube Sampling (LHS) 
method, specifically the maximin LHS [21], is used to generate a 
space-filling design sample set. Based on Table 2, a sample u in the 
machine tool’s seven-dimensional design space is represented as: 

u = (uBed_L, uBed_T , uCol_L, uCol_T, uXCar_T , uYCar_T , uZCar_T)

uBed_L ∈ [400, 585], uBed_T ∈ [10, 20]
uCol_L ∈ [200, 304], uCol_T ∈ [10, 20]

uXCar_T ∈ [10, 20], uYCar_T ∈ [10, 20], uZCar_T ∈ [10, 20] (3) 

The Euclidean distance between any two design samples ui and uj is 
calculated as: 

d
(
ui, uj

)
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅∑

All variables
(Table 2)

⃒
⃒ui − uj

⃒
⃒2

√
√
√
√

(4) 

In a sample set with n samples, the minimum pairwise Euclidean 
distance is calculated as: 

min
1≤i<j≤n

d(ui, uj) (5) 

The maximin algorithm maximizes Eq. (5) [21] which yields a 
space-filling sample set with well-distributed samples, covering the en
tirety of the design space.

The full sample set obtained by LHS is split into training and test sets 
in an 80:20 ratio. The samples in the test set are not used in training and 
remain unknown to the trained ML model. While the test set also needs 
to be space-filling to test the trained ML model’s prediction accuracy 
throughout the design space, it also needs to be dissimilar to the training 
set. As the training process fits the ML model’s hyperparameters to the 
training set, a test set whose samples are similar to the training samples 
would overestimate the ML model’s prediction accuracy. It is common 
to obtain the test set by randomly shuffling the full sample set and taking 

a random slice. Although this approach usually yields sufficient 
dispersion of samples over the design space, a larger number of samples 
is needed to ensure both the training and test sets are evenly distributed.

To generate space-filling training and test sets with a limited number 
of samples for increased computational efficiency, a two-step sampling 
approach is proposed by coupling the maximin LHS method with the 
diversity subsampling method by Shang et al. [22]. The diversity sub
sampling method creates a space-filling subsample of a discrete sample 
set without requiring knowledge of its probability distribution. There
fore, the diversity subsampling method is suitable for identifying a 
space-filling subset of a given machine tool design sample set. As seen in 
Fig. 6, an initial space-filling set of design samples is generated from the 
continuous design space using the maximin LHS method. Subsequently, 
the diversity subsampling method is applied, identifying the test set as a 
subset of the initial set that is also space-filling in the original design 
space. While it is possible to apply diversity subsampling to select the 
training samples first, it is observed that the resulting test set achieves 
better dispersion over the design space if diversity subsampling is 
applied to draw the test samples as shown in Fig. 6b. Fig. 6a shows that 
the two-step sampling method produces training and test sets achieving 
satisfactory dispersion over the design space with minimal overlap using 
only 100 design samples. It is also seen that a mostly nearly uniform 
distribution is achieved in each design variable as seen in the histograms 
along the diagonal. Section 4.2 presents the accuracy of three ML models 
and shows the effect of sample set size on the accuracy of the 
best-performing model.

4.2. Machine learning model training with automatic hyperparameter 
tuning

The ML model is trained using supervised learning to serve as a 
computationally efficient surrogate for the original FEA model of the 
machine tool. The training set, shown in Fig. 6a, consists of 80 design 
samples. The seven design variables given in Table 2 are selected as 
features (i.e., inputs) for the ML model, while the 15 FEA results given in 
Table 1 are selected as responses (i.e., outputs). To prevent bias in the 
trained ML model’s predictions, the features and responses are 
normalized to [-1, 1] based on the minimum and maximum values of the 
training set. During training, the ML model’s hyperparameters are fit to 
the training samples which cannot guarantee that the trained ML model 
will achieve high prediction accuracy with unseen samples after 
training. On the other hand, the test set is not included in the training 

Table 2 
The lower and upper limits for the optimization design variables. The upper limits are selected following the base design.

Component Design Parameter Variable Lower Limit 
(mm)

Upper Limit 
(mm)

Mass at Lower Limit 
(tonne)

Mass at Upper Limit 
(tonne)

Max. Mass Reduction 
(tonne)

Bed Linear guide 
distance

Bed_L 400 585
2.523 3.316 0.793

Bed Wall thickness Bed_T 10 20

Column
Linear guide 
distance Col_L 200 304 1.591 2.730 1.139

Column Wall thickness Col_T 10 20
X-axis 

Carriage
Wall thickness XCar_T 10 20 0.471 0.652 0.181

Y-axis 
Carriage

Wall thickness YCar_T 10 20 0.309 0.458 0.148

Z-axis 
Carriage Wall thickness ZCar_T 10 20 0.295 0.378 0.084

Total 2.345
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and hyperparameter tuning process but used only once to evaluate the 
trained model’s success at generalizing to unseen data.

To ensure that the trained model achieves high accuracy and gen
eralizes well to unseen data, 10-fold cross-validation (CV) [23] is 
employed, while Bayesian optimization [24] is used to automatically 
tune the hyperparameters to minimize the prediction error. For a given 
hyperparameter set θ, feature vector xi, and response vector yi, the 
validation loss L(i)

val(θ) representing the ML model’s mean squared pre
diction error on the i-th fold is calculated as: 

L(i)
val(θ) =

1
N

∑N

j=1

(
hθ

(
x(i)

j

)
− y(i)

j

)2
, 1 ≤ i ≤ k = 10. (6) 

where hθ is the trained ML model and N = 80/10 = 8 for a training set 
with 80 samples. Then, the objective function f(θ) for Bayesian opti
mization of the hyperparameters θ is defined as the average validation 
loss: 

f(θ) =
1
k
∑k

i=1
L(i)

val(θ) (7) 

which is minimized to automatically identify the fine-tuned values for 
the hyperparameters θ.

Three ML algorithms, polynomial regression (PR), Gaussian process 
regression (GPR), and extreme gradient boosting (XGB), are compared 
to select the best performing algorithm. Various hyperparameters are 
selected for automatic tuning using Bayesian optimization which are 
explained in Appendix B. The Python libraries scikit-learn [25] and 
xgboost [26] are used to train and tune the ML models. Hyperparameters 
whose range spans multiple orders of magnitude are sampled with 
logarithmic uniform sampling while linear uniform sampling is used for 

others. The average training and test errors of the three algorithms are 
given in Table 3 where bold indicates the best performing algorithm for 
a given objective. The low training errors indicate that none of the al
gorithms underfit the training data, which means a good level of 
learning is achieved. The small difference between the training and test 
errors indicate that the algorithms do not overfit to the training data and 
perform well in predicting the test samples, indicating their overall 
success in generalizing to unseen data. However, it is seen that PR 

Fig. 6. a) The space-filling training and test sets obtained using b) the two-step sampling approach. 80 training and 20 test samples are shown.

Table 3 
Training and test performances of various machine learning algorithms. Bold 
indicates the best performing algorithm for a given response.

Average Error (%)

Training Test

Response PR GPR XGB PR GPR XGB
Mass 0.13 0.06 0.36 0.14 0.06 1.04
SN_Disp 0.70 0.43 0.27 0.78 0.45 0.78
TB_Disp 3.49 1.93 0.86 5.60 2.72 1.72
Stress_Bed 5.88 3.30 1.29 8.51 4.00 2.88
Stress_Col 4.07 3.18 1.34 4.13 4.56 3.64
Stress_XCar 5.99 4.03 1.94 6.73 5.41 4.56
Stress_YCar 5.41 4.47 1.73 5.91 6.08 5.66
Stress_ZCar 2.83 2.29 0.95 2.70 2.73 2.87
Stress_Spndl 0.97 0.81 0.39 0.68 1.05 1.01
Mode1 0.81 0.44 0.63 1.08 0.58 1.54
Mode2 0.69 0.34 0.58 0.72 0.42 1.52
Mode3 1.80 1.10 0.49 2.41 1.25 0.79
Mode4 0.71 0.40 0.38 1.13 0.58 0.91
EnergyXX 7.75 4.26 1.77 11.59 5.92 4.79
EnergyYY 3.91 2.24 1.32 5.41 2.77 3.06
Average 3.01 1.95 0.95 3.83 2.57 2.45
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achieved a lower training and test accuracy than the other two 
algorithms.

GPR and XGB achieved overall similar test performances, although 
XGB achieved a slightly higher test accuracy than GPR. An advantage of 
GPR over XGB is its ability to provide a prediction together with an 
associated uncertainty, indicating its level of confidence in each output. 
Hence, GPR is commonly used for surrogate-assisted optimization where 
a posterior mean and variance provided by the surrogate are used to 
decide whether to accept the surrogate prediction or run the expensive 
evaluation (e.g., with the FEA model) [27]. While this approach can be 
used within the proposed system-level framework, for maximized 
computational efficiency, this study aims to avoid expensive FEA eval
uations within the optimization iterations. Therefore, focus is placed on 
maximizing the prediction accuracy of the surrogate model as achieved 
through model training using the proposed two-step sampling approach 
with successful coverage of the design space. Accordingly, XGB is 
selected as the algorithm for the machine tool surrogate model. The 
complete training and test results of XGB are given in Appendix C where 
most test samples are predicted with less than 10 % error. Finally, a 
convergence study is carried out to analyze the effect of training sample 
count on the average test errors to identify the minimum number of 
training samples to achieve sufficient accuracy. As seen in Fig. 7, there is 
a sharp decrease in the average test errors between 40 and 80 training 
samples. However, test accuracy only marginally increases after 80 
training samples. Hence, 80 training and 20 test samples are used to 
train and test the XGB model to limit the computational cost.

5. Global design optimization of machine tools

In a complex problem such as machine tool optimization, the 
objective functions can have multiple troughs and peaks. This creates a 
challenge for gradient-based optimization algorithms in identifying 
optimal designs due to their tendency to converge to local optima or 
saddle points [28]. On the other hand, evolutionary algorithms use a 
mechanism of representation, selection, crossover, and mutation to 
search the design space for optimal designs [29]. In representation, the 
population of solutions from the current iteration are encoded into a 
manipulable form such as binary or real-valued vectors while preserving 
the problem structure. Then, parent solutions are probabilistically 
selected from the candidates based on a calculated fitness value. Finally, 
new solutions are produced from the parent solutions through crossover 
and mutation. Crossover is an operator which mixes the represented 
components of parent solutions, while mutation injects variations into 
the represented components of individual parents. Hence, evolutionary 
algorithms are more robust against differences in the starting points or 
the gradient of the objective functions.

Among the multi-objective evolutionary optimization algorithms 
from the Pymoo Python library [30] compared in this study, NSGA-III is 
selected for optimization due to performing better than the 

others–C-TAEA and SMS-EMOA–in terms of optimization performance. 
The comparison results are shown in Appendix D, and a detailed dis
cussion is given in Section 5.3. Instead of a single optimal design, 
NSGA-III identifies multiple designs which are referred to as 
Pareto-optimal designs. A Pareto-optimal machine tool design cannot be 
improved in any of its responses without worsening at least one other 
response. Compared to non-Pareto-optimal designs, Pareto-optimal de
signs are better in at least one response and as good in all other re
sponses. Identifying a set of Pareto-optimal designs instead of a single 
optimal design provides insight into the trade-offs among conflicting 
objectives while allowing selection among alternatives based on specific 
preferences or constraints. This section discusses evolution-based opti
mization of machine tools using the trained ML model from Section 4 as 
the surrogate model for rapid evaluation of the objective functions.

5.1. Multi-objective optimization without constraints

The optimization objectives defined for the machine responses are 
given in Table 4. Since NSGA-III iteratively minimizes all objectives 
F1–15, the minimization or maximization of the responses are deter
mined by the signs used in the objective definitions. The minimization 
objectives F1–9, F14, F15 are defined as equal to the responses R1–9, 14, 
15, while the maximization objectives F10–13 are defined by inverting 
the signs of the responses R10–13. As seen, no constraints are defined on 
the objectives, allowing NSGA-III to follow the objectives without trying 
to achieve any specific conditions for the machine’s responses. Hyper
volume (HV), which is the volume of the objective space dominated by 
the non-dominated solutions, is used as a numerical measure of the 

Fig. 7. The effect of the number of training samples on XGB’s average test error.

Table 4 
The optimization objectives (obj.) defined for the machine tool responses (res.) 
in unconstrained optimization. MIN. and MAX. indicate minimization and 
maximization, respectively.

Response Res. ID Obj. Definition Obj. Description Constraint

Mass R1 F1 = R1 MIN. F1 (MIN. R1) -
SN_Disp R2 F2 = R2 MIN. F2 (MIN. R2) -
TB_Disp R3 F3 = R3 MIN. F3 (MIN. R3) -
Stress_Bed R4 F4 = R4 MIN. F4 (MIN. R4) -
Stress_Col R5 F5 = R5 MIN. F5 (MIN. R5) -
Stress_XCar R6 F6 = R6 MIN. F6 (MIN. R6) -
Stress_YCar R7 F7 = R7 MIN. F7 (MIN. R7) -
Stress_ZCar R8 F8 = R8 MIN. F8 (MIN. R8) -
Stress_Spndl R9 F9 = R9 MIN. F9 (MIN. R9) -
Mode1 R10 F10 = -R10 MIN. F10 (MAX. R10) -
Mode2 R11 F11 = -R11 MIN. F11 (MAX. R11) -
Mode3 R12 F12 = -R12 MIN. F12 (MAX. R12) -
Mode4 R13 F13 = -R13 MIN. F13 (MAX. R13) -
EnergyXX R14 F14 = R14 MIN. F14 (MIN. R14) -
EnergyYY R15 F15 = R15 MIN. F15 (MIN. R15) -
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success of multi-objective optimization [31]. The objective space is 
normalized with respect to the utopian point to quantify the optimiza
tion success relative to an idealized, unattainable upper bound of the 
objective space. With normalization, the values of HV remain between 
zero and one where values closer to one indicate greater optimization 
success. The utopian point PU is generated as the set containing the 
minimum objective values achieved as: 

PU = (min F1, min F2, …, min F15) (8) 

Then, the maximum possible HV is calculated as: 

HVmax =
∏15

i=1
(1.35 − PU[i] ) (9) 

where 1.35 represents the lower bound reference selected based on the 
estimated Nadir point. Finally, to eliminate the effect of random 
initialization, optimization is repeated for 30 runs with the same pa
rameters where Eqs. (8) and (9) are calculated for each run. The median 
HV value across 30 runs for each generation is reported as the median 
normalized HV as shown in Fig. 8. As seen, although HV converges over 
generations, the low normalized HV values indicate that only a small 
portion of the objective space is dominated, indicating low optimization 
success. This can also be seen in Table 5 which gives the responses of the 
non-dominated designs, whose dimensions are given in Appendix E-I, in 
comparison to those of the base design. The down arrows (↓) indicate the 
worsened responses (i.e., greater than the base response in minimized 
objectives, lower than the base response in maximized objectives), while 
the up arrows (↑) represent the improved responses. As seen, optimi
zation success remains low for most of the responses. The next section 
presents a novel constrained optimization method which significantly 
improves the performance of the identified non-dominated designs.

5.2. Multi-objective optimization with constraints

Inequality constraints are defined to improve the optimization per
formance for the worsened responses R2–5, R8, R10–14, and R15. An 
inequality constraint G defined on the response r specifies the feasibility 
conditions used by NSGA-III where a candidate design d is feasible if: 

G(d)
r ≤ 0 (10) 

which leads to the feasible designs satisfying the constraints getting 
ranked higher than the infeasible designs in the selection phase. As a 
result, the infeasible results are dominated by the feasible results and are 
not included in the non-dominated output of NSGA-III. Initially, the 
constraints are defined to force the non-dominating designs to perform 
at least as good as the base design, as commonly performed in existing 
methods [2,8,9,13], in the responses R2–5, R8, R10–14, and R15 by 
enforcing: 

G(d)
r = g(d)r − R(Base)

r ≤ 0 (11) 

for minimization objectives (i.e., R2–5, R8, R14, R15), and, 

G(d)
r = R(Base)

r − g(d)r ≤ 0 (12) 

for maximization objectives (i.e., R10–13) where g(d)r and R(Base)
r are the 

responses of a candidate design d and the base design, respectively. 
However, no feasible designs are initially identified, indicating that the 
optimization problem becomes overly constrained due to the addition of 
Eqs. (11) and (12). To balance the severity of the inequality constraints, 
a relaxation factor C is introduced as: 

G(d)
r = g(d)r − (1+Cr) R(Base)

r ≤ 0 (13) 

and, 

G(d)
r = (1 − Cr) R(Base)

r − g(d)r ≤ 0 (14) 

The relaxation factor allows a small amount of deviation from the 
goal of achieving the same performance of the base design. As given by 
Eq. (13) for minimization objectives, it allows exceeding the base de
sign’s responses by Cr in percentage of the response r. Similarly, Eq. (14)
gives that the relaxation factor allows undershooting the base design’s 
response by a defined percentage Cr for the response r.

As shown in Table 6, a small relaxation factor of 5 % (i.e., Cr = 0.05)
is applied for nine of the worsened responses while a factor of 25 % is 
used for the FRF energies R14 and R15 as they represent squared 
properties. The resulting non-dominated set of Pareto-optimal designs 
aggregated from 30 NSGA-III runs and their corresponding responses 
predicted by the surrogate ML model are given in Appendix E-II and 
Table 7, respectively. As seen in Table 7, varying amounts of reduction 
are achieved in the design variables with many designs showing sig
nificant reductions particularly in the wall thicknesses of the moving 
components. Furthermore, it is observed in Table 7 that the 11 re
sponses, which previously performed worse than the base design, are 
significantly improved through the application of relaxed constraints. 
The first three natural frequencies that were previously lower than those 
of the base design now surpass the base design as marked by the up 
arrows. The angled arrows (↘) mark the responses which performed 
worse than the base design while remaining within the ranges defined by 
the relaxed constraints where the cell values indicate the signed percent 
change with respect to the corresponding response of the base design. As 
seen, most of the resulting non-dominated designs use only a portion of 
the allowed relaxation percentages demonstrating that the proposed 
constraint relaxation method acts as a general guideline rather than a 
strict boundary. Therefore, the proposed constraint relaxation method 
enables the discovery of improved designs that could be missed in un
constrained optimization or traditional optimization with strict con
straints, as commonly observed in existing approaches.

To score the non-dominated designs by prioritizing the dimensional 
reduction achieved in the design variables relating to the moving com
ponents, namely, XCar_T, YCar_T, and ZCar_T, a variable, SMC (MC: 
moving components), is introduced. For a non-dominated design d, SMC 

Fig. 8. Median normalized hypervolume (HV) for the unconstrained case.
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is calculated as: 

S(d)
MC = 2 − 2

(
XCar_T(d)

XCar_T(Base) +
YCar_T(d)

YCar_T(Base) +
YCar_T(d)

YCar_T(Base)

)/

3 (15) 

which is between zero and one where values closer to one indicate de
signs with lighter moving components. Another variable, SBDD (BDD: 
base design domination), is defined to score the non-dominated designs 
based on the number of the base design’s responses they dominated as 
marked by the up, angled, and down arrows in Table 7. SBDD is defined 
as: 

S(d)
BDD = nup − (ndown +max(C) nangled) (16) 

where max(C) is the maximum relaxation factor used for any of the 
constraints, which is 0.25 for this problem and can be adjusted for other 
problems. Then, a final rating variable SF is defined as the multiplication 
of variables SMC and SBDD for a given design d as: 

Table 5 
The responses of the non-dominated designs in comparison to the base design for unconstrained optimization. The down arrows (↓) indicate the worsened responses (i. 
e., greater than the base response in minimized objectives, lower than the base response in maximized objectives), while the up arrows (↑) represent the improved 
responses. The cell values show the signed percent change with respect to the base design.

Design R1 R2 R3 R4 R5 R6 R7 R8 R9 R10 R11 R12 R13 R14 R15

1 ↑ ↓3.54 ↑ ↑ ↓28.32 ↑ ↑ ↓43.53 ↑ ↓-26.20 ↓-15.20 ↓-26.04 ↓-19.51 ↓33.22 ↓74.47
2 ↑ ↓1.56 ↓6.27 ↓14.22 ↑ ↓46.53 ↑ ↓5.04 ↑ ↓-19.38 ↓-8.32 ↓-23.47 ↓-16.80 ↓5.07 ↓18.97
3 ↑ ↓3.08 ↓11.88 ↓18.55 ↑ ↓43.43 ↑ ↓3.90 ↑ ↓-20.52 ↓-12.74 ↓-20.90 ↓-13.34 ↓10.26 ↓30.75
4 ↑ ↓0.13 ↓1.03 ↓1.62 ↑ ↑ ↓2.08 ↓35.03 ↑ ↓-26.48 ↓-17.48 ↓-25.55 ↓-19.94 ↓15.66 ↓28.23
5 ↑ ↓1.89 ↓13.02 ↓31.46 ↓1.19 ↑ ↑ ↓31.45 ↑ ↓-16.33 ↓-9.50 ↓-21.20 ↓-15.07 ↓20.81 ↓36.90
6 ↑ ↓3.08 ↑ ↑ ↓7.79 ↑ ↑ ↓31.21 ↑ ↓-28.45 ↓-19.68 ↓-25.67 ↓-19.10 ↓25.54 ↓66.87
7 ↑ ↓4.17 ↑ ↑ ↓8.29 ↑ ↑ ↓30.24 ↑ ↓-28.44 ↓-19.47 ↓-25.59 ↓-18.74 ↓29.76 ↓67.26
8 ↑ ↓3.70 ↓10.58 ↓16.32 ↑ ↑ ↓5.31 ↓11.15 ↑ ↓-21.35 ↓-13.49 ↓-21.10 ↓-13.89 ↓48.80 ↓44.41
9 ↑ ↓1.36 ↓0.29 ↑ ↑ ↑ ↓0.58 ↓6.18 ↑ ↓-26.62 ↓-17.48 ↓-24.54 ↓-18.57 ↓13.63 ↓31.66
10 ↑ ↓3.41 ↑ ↑ ↓10.17 ↑ ↑ ↓5.09 ↑ ↓-26.93 ↓-18.36 ↓-24.65 ↓-18.15 ↓44.33 ↓46.69
11 ↑ ↓7.40 ↓5.69 ↓10.49 ↓29.68 ↑ ↑ ↓3.96 ↑ ↓-23.23 ↓-15.78 ↓-21.28 ↓-13.65 ↓31.09 ↓87.00
12 ↑ ↓1.56 ↓1.15 ↓1.77 ↑ ↑ ↑ ↓6.50 ↑ ↓-25.98 ↓-16.91 ↓-24.54 ↓-18.58 ↓5.24 ↓25.57
13 ↑ ↓6.18 ↑ ↑ ↓39.16 ↑ ↑ ↓2.58 ↑ ↓-25.38 ↓-14.57 ↓-24.78 ↓-17.81 ↓21.25 ↓72.27
14 ↑ ↓5.52 ↓10.31 ↓17.24 ↓17.20 ↑ ↑ ↓2.54 ↑ ↓-18.02 ↓↓-8.17 ↓-21.23 ↓-13.50 ↓11.54 ↓35.11
15 ↑ ↓1.50 ↓3.67 ↓9.37 ↓7.74 ↑ ↑ ↓11.44 ↑ ↓-20.40 ↓-9.47 ↓-24.44 ↓-18.12 ↓7.10 ↓17.96
16 ↑ ↓3.33 ↓10.68 ↓16.09 ↓6.87 ↑ ↑ ↓5.13 ↑ ↓-20.40 ↓-12.45 ↓-21.73 ↓-14.03 ↓9.20 ↓29.93
17 ↑ ↓4.57 ↓8.80 ↓15.73 ↓14.92 ↑ ↓3.56 ↓2.44 ↑ ↓-21.28 ↓-13.33 ↓-21.37 ↓-14.07 ↓4.02 ↓36.04

Table 6 
The optimization objectives (obj.) and constraints defined for the machine tool 
responses (res.) in constrained optimization with relaxation factors. MIN. in
dicates minimization.

Response
Res. 
ID

Obj. 
Definition Obj. Description Constraint

Mass R1 F1 = R1 MIN. F1 (MIN. R1) -
SN_Disp R2 - - ≤ 105 % of base
TB_Disp R3 - - ≤ 105 % of base
Stress_Bed R4 - - ≤ 105 % of base
Stress_Col R5 - - ≤ 105 % of base
Stress_XCar R6 F6 = R6 MIN. F6 (MIN. R6) -
Stress_YCar R7 F7 = R7 MIN. F7 (MIN. R7) -
Stress_ZCar R8 - - ≤ 105 % of base
Stress_Spndl R9 F9 = R9 MIN. F9 (MIN. R9) -
Mode1 R10 - - 95 % of base ≥
Mode2 R11 - - 95 % of base ≥
Mode3 R12 - - 95 % of base ≥
Mode4 R13 - - 95 % of base ≥
EnergyXX R14 - - ≤ 125 % of base
EnergyYY R15 - - ≤ 125 % of base

Table 7 
The responses of the non-dominated designs in comparison to the base design for constrained optimization, sorted in final design score SF . The up arrows (↑) show 
improved responses; down arrows (↓) show worsened responses outside constraints; angled arrows (↘) show worsened responses within relaxed constraints. The cell 
values show the signed percent change with respect to the base design.

Design R1 R2 R3 R4 R5 R6 R7 R8 R9 R10 R11 R12 R13 R14 R15 SMC SBDD SF

19 ↑ ↘1.3 ↘3.4 ↘3.8 ↑ ↓37.5 ↑ ↘5.0 ↑ ↑ ↑ ↑ ↘-3.5 ↘8.4 ↘18.6 0.25 4.25 1.06
20 ↑ ↘1.3 ↘3.4 ↘3.8 ↑ ↓37.2 ↑ ↘4.9 ↑ ↑ ↑ ↑ ↘-3.4 ↘8.1 ↘18.4 0.25 4.25 1.04
11 ↑ ↘1.5 ↘3.3 ↘2.3 ↑ ↓38.9 ↑ ↘4.6 ↑ ↑ ↑ ↑ ↘-3.4 ↘5.3 ↘22.4 0.24 4.25 1.00
14 ↑ ↘1.2 ↘3.6 ↘1.9 ↘2.6 ↓50.3 ↑ ↘5.1 ↑ ↑ ↑ ↑ ↘-3.7 ↘12.0 ↘23.7 0.30 3.00 0.89
16 ↑ ↘1.5 ↘4.9 ↘4.6 ↘4.6 ↓81.5 ↑ ↘4.9 ↑ ↑ ↑ ↑ ↘-3.9 ↘8.6 ↘24.4 0.28 3.00 0.84
18 ↑ ↘1.4 ↘4.1 ↘0.4 ↘3.2 ↓81.3 ↑ ↘4.4 ↑ ↑ ↑ ↑ ↘-3.7 ↘8.3 ↘24.1 0.27 3.00 0.82
8 ↑ ↘1.3 ↘2.2 ↘1.5 ↘4.0 ↓44.8 ↑ ↘4.9 ↑ ↑ ↑ ↑ ↘-3.6 ↘9.1 ↘20.7 0.25 3.00 0.75
4 ↑ ↘1.6 ↘3.6 ↘0.4 ↘4.0 ↓53.6 ↑ ↘4.9 ↑ ↑ ↑ ↑ ↘-3.6 ↘6.8 ↘24.6 0.25 3.00 0.75
10 ↑ ↘2.1 ↘1.5 ↘0.4 ↘4.0 ↓19.2 ↑ ↘4.7 ↑ ↑ ↑ ↑ ↘-3.6 ↘4.8 ↘23.2 0.19 3.00 0.58
6 ↑ ↘2.2 ↘0.5 ↘1.6 ↘4.6 ↑ ↑ ↘3.6 ↑ ↑ ↑ ↑ ↘-2.9 ↘5.9 ↘23.9 0.12 5.00 0.58
13 ↑ ↘2.0 ↘1.9 ↘3.9 ↘2.2 ↑ ↑ ↘4.0 ↑ ↑ ↑ ↑ ↘-2.9 ↘5.8 ↘18.0 0.11 5.00 0.56
3 ↑ ↘2.3 ↘4.8 ↘3.9 ↘4.4 ↓81.4 ↓4.8 ↘4.3 ↑ ↑ ↑ ↑ ↘-4.0 ↑ ↘22.9 0.24 2.25 0.54
5 ↑ ↘2.1 ↘3.0 ↘3.8 ↘4.6 ↓22.2 ↑ ↘3.5 ↑ ↑ ↑ ↑ ↘-3.5 ↘4.6 ↘17.1 0.17 3.00 0.52
2 ↑ ↘2.1 ↘0.9 ↘2.9 ↘3.5 ↑ ↑ ↘4.7 ↑ ↑ ↑ ↑ ↘-2.8 ↑ ↘17.2 0.08 6.25 0.50
7 ↑ ↘2.2 ↘0.7 ↘2.3 ↘2.0 ↑ ↓4.6 ↘4.5 ↑ ↑ ↑ ↑ ↘-2.9 ↘7.1 ↘24.2 0.15 3.00 0.44
15 ↑ ↘2.3 ↘1.3 ↘3.8 ↘2.2 ↑ ↓4.1 ↘4.9 ↑ ↑ ↑ ↑ ↘-2.9 ↘0.8 ↘23.7 0.09 3.00 0.28
17 ↑ ↘2.1 ↘2.0 ↘2.3 ↘3.3 ↓46.8 ↓4.0 ↘4.3 ↑ ↑ ↑ ↑ ↘-3.8 ↘6.8 ↘24.6 0.28 1.00 0.28
9 ↑ ↘1.9 ↘3.5 ↘2.8 ↘3.6 ↓49.8 ↓1.3 ↘4.5 ↑ ↑ ↑ ↑ ↘-3.8 ↘7.1 ↘22.6 0.28 1.00 0.28
12 ↑ ↘2.2 ↘1.8 ↘2.2 ↘3.0 ↓22.9 ↓5.2 ↘5.0 ↑ ↑ ↑ ↑ ↘-3.5 ↘6.2 ↘23.2 0.25 1.00 0.25
1 ↑ ↘2.0 ↘3.0 ↘3.8 ↘1.6 ↓21.8 ↓0.7 ↘4.6 ↑ ↑ ↑ ↑ ↘-3.5 ↘7.1 ↘20.0 0.23 1.00 0.23
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S(d)
F = S(d)

MCS(d)
BDD (17) 

As observed in Table 7, Eq. (17) produces a higher rating for non- 
dominated designs that achieve greater amounts of dimensional reduc
tion and exceed the performance of the base design’s responses. The 
rating behavior can be adjusted by modifying Eqs. (15) and (16). For 
example, Design 20 rates higher than Design 2 with the current imple
mentation of Eqs. (15) – (17), which is largely due to the low SMC score 
Design 2 received. It is seen in Appendix E-II that this is primarily 
because of the low amount of reduction achieved on XCar_T. On the 
other hand, Table 7 shows that Design 2 received a higher SBDD score 
than Design 20, demonstrating its dominance over more of the base 
design’s responses. Another optimization case could focus on optimizing 
only the tool’s kinematic chain which includes the components column, 
Y-axis carriage, and Z-axis carriage. This would leave X-axis carriage out 
as it belongs to the table’s kinematic chain. In this case, Design 2 would 
receive a higher SMC score and an SF rating than Design 20. Therefore, 
the adjustable behavior of the proposed design rating method can adapt 
to various optimization problems with varying priorities.

5.3. The effect of algorithms and algorithm parameters

Crossover and mutation can significantly impact the diversity of 
identified optimal designs in evolutionary algorithms [31]. The popu
lation size and the number of generations are also important which in
fluence the extent of an evolutionary algorithm’s exploration of the 
objective space. Additionally, the choice of evolutionary algorithm can 
substantially impact the identified optimal designs. This section presents 
a set of comprehensive comparisons to demonstrate the effect of 
different evolutionary algorithms as well as their parameters on the 
median normalized HV as an indicator of overall optimization success. 
As before, the median normalized HV from 30 runs is used to eliminate 
the effects of random initialization. All cases are run for 200 generations 
to ensure HV convergence is achieved.

The effect of population size is shown in Appendix D-I. Three parti
tion counts, 6, 9, and 12, are selected for Das Dennis partitioning [32]
which correspond to the population sizes 84, 220, and 455, respectively. 
As seen, increased population size results in increased HV, indicating a 
more thorough exploration of the objective space. The effect of evolu
tionary parameters crossover and mutation is demonstrated in Appendix 
D-II and III for two population sizes. In both cases, HV is observed to 
vary minimally with changing values of crossover probability COprob, 
crossover distribution index COeta, and mutation distribution index 
MUeta. Despite the minimal effect, COprob, COeta, and MUeta are set to 
0.9, 5, and 5, respectively, to promote diversity among the solutions and 
encourage design exploration. The effect of the optimization algorithm 
is demonstrated in Appendix D-IV and V by comparing the median 
normalized HV values of the NSGA-III, C-TAEA, and SMS-EMOA algo
rithms. The same set of values are used for COprob, COeta, and MUeta to 

encourage exploration as before while the default values are used for 
any remaining parameters. While the details of evolutionary algorithms 
C-TAEA and SMS-EMOA are beyond the scope of this paper, C-TAEA is a 
constrained multi-objective algorithm balancing convergence, diversity, 
and feasibility, and SMS-EMOA is another multi-objective algorithm 
that selects solutions by maximizing the dominated hypervolume. As 
seen in Appendix D-IV and V, NSGA-III performed the best among the 
three algorithms.

The number of fitness evaluations performed by NSGA-III is equal to 
the multiplication of the population size and the number of generations. 
To further reduce the computational cost of NSGA-III, the effect of 
varying the population size and the number of generations while 
maintaining the total number of fitness evaluations is investigated based 
on the results in Appendix D-I. The final HV value is defined as the 
average of the last 10 generations. Then, the number of generations 
required to reach 98 % of the reference HV, called the convergence HV, 
is defined as the convergence generations. For the low-population case 
(Appendix D-I, blue), the convergence HV and the number of conver
gence generations are calculated as 0.75 and 152, respectively. The total 
number of fitness evaluations for the low-population case is then 
calculated as 84× 152 = 12768, which is used as the reference for the 
middle- and high-population cases (Appendix D-I, orange and green). 
The number of convergence generations for the middle- and high- 
population cases are calculated as 12768/220 ≅ 58 and 
12768/455 ≅ 28, respectively. The constrained NSGA-III procedure 
with relaxed constraints is performed for the low-, middle-, and high- 
population cases by limiting the number of generations to the corre
sponding convergence generations of each case. The resulting median 
normalized HV values and the computation times are given in Fig. 9. As 
seen, although a negligible difference is observed in HV, increasing the 
number of populations while decreasing the number of generations 
significantly reduces computation time. This can be attributed to the 
reduced number of generations decreasing the number of sequential 
calculations while HV is maintained due to the increased population 
size. Therefore, for increased computational efficiency, the primary 
modification should be to reduce the number of generations rather than 
the population size.

6. Comparison of the base and optimized designs

Although the surrogate ML model is used to efficiently guide opti
mization, final design validation is based on FEA results for accuracy. 
The optimized designs 2 and 20, whose dimensions are shown in Ap
pendix E-II, are applied the same load cases shown in Table 1 to obtain 
the corresponding responses. The mass comparison between the base 
and optimal designs is given in Table 8. As seen, significant amounts of 
mass reduction up to nearly 20 % is achieved across the machine tool 
components despite using a small number of design variables. The 

Fig. 9. The effect of population size and the number of generations on median normalized hypervolume (HV) and total computation time under constant fitness 
evaluation count (population size × number of generations).
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diversity of the two Pareto-optimal designs, Design 2 and Design 20, is 
evident in that Design 20 focuses on the moving components while 
Design 2 balances focus between the static and moving components. The 
diversity of optimal results enables selection based on specific priorities, 
highlighting the advantage of using NSGA-III and a Pareto front-based 
optimization approach over solving for a single optimal solution.

An interesting finding is that, despite limiting the design variables to 
remain below the base machine’s dimensions (Table 2), it is seen in 
Table 8 that a small amount of mass is added to the bed in both optimal 
designs. The bed acts as the foundation of the machine tool, supporting 
the bending and torsional deformations of the column. The small 
amount of mass added to the bed balances the substantial mass reduc
tion in the other components, preventing a significant loss of perfor
mance in the machine responses. A system-level balancing of added and 
removed mass may not be possible with existing methods as only certain 
parts of the machine are enabled for optimization at a time. These results 
demonstrate the proposed method’s advantage over existing methods in 
thoroughly exploring the design space to find the most optimal designs.

The response comparison between the base and the two selected 
optimal designs is given in Table 9. Most of the machine’s responses 
achieved better performance than the base design while most of the 
responses that performed worse closely approach the base design’s 
performance. For example, as observed in Table 9, performance degra
dation in the table displacement, maximum principal stress in bed, and 
the fourth natural frequency of Design 20 remain under 2.31 %. The 
contribution of the thermal load to the displacements SN_Disp for the 
preferred optimized design 20 is calculated as 0.172 mm in comparison 
to the base design’s 0.168 mm, indicating only a 2.3 % degradation in 

thermal stability. The thermal contribution to the table displacements 
TB_Disp is observed to be nearly zero for both the base and optimized 
designs. In terms of the spindle nose FRF energies as an indicator of 
dynamic stability of the machine, it is observed that both optimal de
signs’ point FRFs in the X direction of the machine exceed the perfor
mance of the base design. In the Y direction, the optimal designs Design 
2 and Design 20 experienced a performance reduction of 19.02 % and 
9.31 % with respect to the base design, respectively. The most notable 
performance reduction is observed in the maximum principal stresses in 
the X, Y, and Z-axis carriages, which necessitates a thorough high-cycle 
fatigue life analysis to interpret as given in Section 6.1. A detailed pro
cess stability analysis, as given in Section 6.2, is also necessary to verify 
the validity of the proposed energy-based stability optimization 
approach.

6.1. Fatigue life comparison of the base and optimal designs

For cast iron containing flake graphite (GJL), the fatigue limit can be 
assumed to be between 25 – 35 % of its ultimate tensile strength (UTS) 
[33]. The 300-series cast iron such as FC300 which is widely used in 
machine tool structural components has a UTS of 300 MPa. Hence, a 
conservative fatigue limit for the machine tool material can be taken as 
75 MPa. The machine tool’s cast iron components achieve infinite fa
tigue life if the amplitude of the dynamic stresses due to the dynamic 
cutting forces remains below the fatigue limit σl of 75 MPa. On the other 
hand, mean tensile stress reduces fatigue life and must be included in 
high-cycle fatigue calculations. The stress amplitude can be corrected to 
include the mean stress effect using the Goodman model [34]: 

Table 8 
Mass comparison between the base and optimized designs. The masses of any rails and runners are not included.

Component
Mass (tonne) Difference (tonne) Difference (%)

Base Design 2 Design 20 Design 2 Design 20 Design 2 Design 20

Bed 3.316 3.375 3.390 0.059 0.074 + 1.8 + 2.2
Column 2.730 2.431 2.630 -0.299 -0.100 -10.9 -3.7
X-axis Carriage 0.652 0.617 0.523 -0.035 -0.129 -5.3 -19.8
Y-axis Carriage 0.458 0.388 0.387 -0.070 -0.071 -15.3 -15.5
Z-axis Carriage 0.378 0.369 0.357 -0.009 -0.021 -2.5 -5.5

Table 9 
Machine response comparison between the base and optimized designs. The up arrows (↑) show improved responses; down arrows (↓) show worsened responses 
outside constraints; angled arrows (↘) show worsened responses within relaxed constraints.

Response Units
Design Change from Base (%)

Base Design 2 Design 20 Design 2 Design 20

Mass tonne 7.985 ↑7.631 ↑7.738 -4.43 -3.09
SN_Disp mm 0.251 ↘0.256 ↑0.251 + 1.90 + 0.12
TB_Disp mm 0.022 ↑0.022 ↘0.022 -2.06 + 1.96
Stress_Bed MPa 9.92 ↑9.77 ↘10.15 -1.49 + 2.31
Stress_Col MPa 3.18 ↑3.01 ↑3.10 -5.29 -2.57
Stress_XCar MPa 0.93 ↑0.68 ↓1.26 -26.63 + 36.35
Stress_YCar MPa 10.20 ↓10.96 ↓10.34 + 7.49 + 1.41
Stress_ZCar MPa 10.20 ↓10.80 ↓11.44 + 5.84 + 12.14
Stress_Spndl MPa 20.00 ↑19.90 ↑19.68 -0.50 -1.61
Mode1 Hz 37.0 ↑39.1 ↑38.6 + 5.74 + 4.30
Mode2 Hz 37.3 ↑39.9 ↑39.2 + 6.96 + 4.92
Mode3 Hz 92.5 ↑93.9 ↑93.1 + 1.44 + 0.63
Mode4 Hz 100.0 ↘98.7 ↘99.2 -1.35 -0.83
EnergyXX 10− 6 (mm/N)2 0.28 ↑0.27 ↑0.26 -3.74 -8.78
EnergyYY 10− 6 (mm/N)2 1.76 ↘2.09 ↘1.92 + 19.02 + 9.31
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σa,eff =
σa

1 − σm
σUTS

, σa,eff ≤ σl (18) 

where σm, σa, σa,eff , and σl are the mean, the amplitude, the effective 
amplitude of the maximum principal stress, and the fatigue limit, 
respectively. To simulate the dynamic loading from oscillating cutting 
forces, the X, Y, Z force components reported in Section 2 are taken as 
the maximum point of the cutting force while a coefficient of 25 % is 
applied to all three force components to apply the minimum cutting 
force components as − 375 N, 250 N, and − 500 N in the X, Y, and Z 
directions. The coupled thermal-structural FEA procedure is applied to 
the base and optimal designs using the minimum cutting force compo
nents. Then, σa and σm are calculated as: 

σa = (σmax − σmin)/2 (19) 

σm = (σmax + σmin)/2 (20) 

where σmax and σmin are the maximum principal stresses calculated using 
the maximum and minimum cutting forces, respectively.

σmin, σmax, σa, σm, and σa,eff for the base and optimal designs are given 
in Appendix F. Although all effective stress amplitudes are well below 
the fatigue limit of 75 MPa for FC300 cast iron, an FEA-test correlation 
factor k = σ(Test)

a /σ(FEA)
a = σ(Test)

m /σ(FEA)
m is considered to account for po

tential simulation errors in stress calculations. Applying the correlation 
factor to σa and σm, the effective stress amplitude σa,eff is calculated as: 

σa,eff ,corr =
kσa

1 − kσm
σUTS

(21) 

Then, the correlation factor k is obtained as: 

k =
σa,eff ,corr

σa + σa,eff ,corr
σm

σUTS

(22) 

Finally, the maximum value of k for infinite fatigue life can be 
calculated by substituting σa,eff ,corr = σl in Eq. (22): 

kmax =
σl

σa + σl
σm

σUTS

(23) 

which yields, with σl = 75 MPa and σUTS = 300 MPa: 

kmax =
75

σa + 0.25σm
(24) 

The maximum FEA-test correlation factors kmax for infinite life 
calculated through Eq. (24) are given in Table 10. The minimum cor
relation factor for the stresses exceeding those of the base design, 
namely, Stress_XCar, Stress_YCar, and Stress_ZCar, is observed to be 26. 
Then, the corresponding percent simulation error εmax for kmax = 26 is 
calculated as: 

εmax =
|1 − kmax|

kmax
× 100 = 96.15% (25) 

which demonstrates that the base and optimal designs would have 

Table 10 
The maximum values of the assumed FEA-test correlation factor for infinite high-cycle fatigue life. The values are unitless and rounded to the nearest integer.

Design Stress_Bed Stress_Col Stress_XCar Stress_YCar Stress_ZCar Stress_Spndl

Base 28 93 332 30 30 15
Design 2 28 98 507 28 28 14
Design 20 27 92 228 29 26 15

Fig. 10. Stability diagrams of the base and optimal designs calculated using FRFs from FEA. The black, blue, and green dashed lines indicate the absolute stabil
ity limits.
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infinite fatigue life even if the FEA results in Appendix F underpredicted 
the actual stresses by up to 96.15 %. In the absence of high-cycle fatigue 
life test results, as in this study, a probabilistic model can be used to 
estimate the probability of the FEA errors exceeding 96.15 % (i.e., 
probability of kmax ≥ 26). As given in [35], a mean m = 1.0 and coeffi
cient of variability υ = 0.1 can be used to create FEA model uncertainty 

model based on log-normal distribution as: 

σstd =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ln(1 + υ2)

√
= 0.099751 

μ = lnm − σ2
std
/
2 = − 0.004975 (26) 

where σstd and μ are the standard deviation and the mean of the log- 

Fig. 11. The real parts of the tool tip FRFs in the I) X and II) Y directions used to calculate the stability diagrams.

Fig. 12. Contributions of the first and second dominant modes of the tool+holder+machine assembly to the stability diagrams. The dashed and faded segments 
indicate trimmed regions.
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normal distribution. Then, the probability of kmax exceeding 26, which 
would invalidate the condition that the base and optimal designs ach
ieve infinite fatigue life, is calculated as: 

P(kmax ≥ 26) = 1 − Φ
(

ln26 − μ
σstd

)

≈ 5.26 × 10− 235 ≈ 0 (27) 

where Φ is the standard normal cumulative distribution function. It is 
inferred from Eq. (27) that the base and optimal designs achieve infinite 
fatigue life with near certainty as there is nearly a zero probability that 
the assumed FEA-test correlation factor kmax exceeds 26. Therefore, 
despite experiencing slightly increased stresses compared to the base 
design (Table 9 and Appendix F), the optimal designs Design 2 and 
Design 20 are effectively equivalent to the base design in terms of high- 
cycle fatigue life while being significantly lighter.

6.2. Comparison of stability diagrams

The critical axial depths of cut for stable cutting are calculated using 
the zero-order solution for milling by Budak and Altintas [16]. The 
tooltip FRFs are calculated in FEA for a 15 mm diameter end-mill with 
two flutes, and the entry and exit angles of tool-workpiece engagement 
are taken as 10◦ and 170◦, respectively. The cutting coefficients are 
taken as Kt = 1800MPa and Kr = 0.2. The comparison of the stability 
diagrams is given in Fig. 10. As seen, both optimal designs achieve 
greater absolute stability limits, which are calculated as 10.9 mm and 
10.5 mm for Design 2 and Design 20, respectively, in comparison to the 
base design’s 9.4 mm. Furthermore, both optimal designs achieve 
improved dynamic stability below 4000 rev/min, while Design 20 
maintains the dynamic stability of the base design in the 4000–6000 
rev/min range. Therefore, the optimal design 20 improves the overall 
dynamic stability of the machine while achieving significant mass 
reduction across multiple components.

The only speed region where a loss of stability is observed is around 
7500 rev/min, which is explained by the contribution of multiple 
dominant vibration modes observed in the tool tip FRFs to the stability 
diagrams. The stability diagrams in Fig. 10 are determined entirely by 
the first two dominant modes present in the tool tip FRFs, shown in 
Fig. 11, which are different from the machine responses Mode1 and 
Mode2. Fig. 11 shows that the optimal designs reduce the vibration 
amplitudes of the first dominant mode in the X direction while they 
remain similar to the base design in the Y direction, leading to increased 
stability contributed by the first dominant mode seen in Fig. 12. How
ever, both optimal designs experience increased vibration amplitudes in 
the second dominant mode, reducing its stability contribution by 
pushing the lobes down vertically, which results in the first three sta
bility lobes being trimmed as seen in Fig. 12. The lower FRF amplitudes 
of the optimal design 20 in comparison to those of the optimal 2 around 
the second dominant mode results in a smaller vertical shift of the lobes, 
limiting the stability loss due to trimming. These results demonstrate the 
consistency and success of the proposed energy-based FRF order 
reduction method in capturing the complete behavior of the full FRF 
curves.

It is seen in Fig. 11 that the first dominant mode also dominates the 
energy of the FRF curves due to containing larger amplitudes which get 
further amplified when squared in Eq. (2). Therefore, a minimization of 
the FRF energy as calculated by the proposed FRF order reduction 
method using Eq. (2) is likely to focus on minimizing the first dominant 
mode more than the others, as also observed in Fig. 11. The proposed 

energy-based FRF order reduction method can be used to individually 
control the stability contributions of different modes by applying Eq. (2)
to each dominant mode of the FRFs to minimize or prevent stability loss 
in cases of multiple dominant modes. The important performance and 
energy advantages of mass reduction, particularly in the moving com
ponents, enabled by the proposed design optimization method come 
without a reduction of the machine’s absolute stability limits. The 
trimming between the stability lobes is affected by many additional 
factors including the particular tool and holder used where changes in 
configurations are expected to result in varied maximum stability limits.

7. Conclusion

This paper presents, for the first time, a comprehensive framework 
for system-level multi-objective machine tool design optimization 
enabling simultaneous modification of machine tool components to 
achieve substantial mass reduction across the entire machine. The re
sults show that the proposed method simultaneously balances mass 
addition and removal between the components to meet or exceed per
formance targets, which cannot be achieved by existing single- 
component methods. A small amount of mass is added to the bed, a 
stationary component, which enabled substantial mass reductions 
reaching up to 20 % across the other components while the performance 
indicators are improved or maintained with negligible degradation. The 
number of design variables are kept to a minimum by taking advantage 
of the linear guides to address the challenge of rapidly increasing 
computational cost due to system-level modeling involving multiple 
components. The proposed method avoids using machine-specific fea
tures as design variables, which is commonly exercised in existing ap
proaches, as it would result in significant accumulation of variables, 
increasing the computational cost. The minimal design variable set al
lows the surrogate ML model to be trained with a limited number of 
samples while achieving good accuracy, minimizing training length, and 
making the method computationally accessible. With the proposed 
method, a multi-objective machine learning training and test set with 
100 samples took 27 h to generate on a consumer-grade computer with 
12 cores and 128 GB RAM.

Future studies could extend this research by integrating recent 
diffusion-based generative design methods [36] with the minimal 
parameter set approach as a computationally efficient hybrid. This could 
enable local optimizations without requiring component-level parame
ters while maintaining system-level optimizations across the machine 
tool. Also, the constraint relaxation factors could be interactively and 
automatically determined through a reverse design approach [37].
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Appendix A

The first four elastic vibration modes of the base machine tool design.

D. Bilgili et al.                                                                                                                                                                                                                                   Journal of Manufacturing Systems 85 (2026) 419–440 

435 



Appendix B

The hyperparameter space for Bayesian optimization-based tuning. The hyperparameters are named as the appear in the Python libraries scikit- 
learn [19] and xgboost [20].

Architecture Hyperparameter Type Sampling Min Max

PR polynomialfeatures_degree Integer Uniform 1 6

GPR
kernel__length_scale Real Log. Uniform 1.00E-07 1.00E+ 07
alpha Real Log. Uniform 1.00E-10 1.00E+ 10

XGB

n_estimators Integer Log. Uniform 1 1000
learning_rate Real Log. Uniform 0.001 0.1
max_depth Integer Uniform 1 5
min_child_weight Integer Uniform 1 5
alpha Real Log. Uniform 0.001 10
lambda Real Uniform 1 100
gamma Real Uniform 0.01 0.50
subsample Real Uniform 0.5 1
colsample_bytree Real Uniform 0.5 1
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Appendix C

Training and test performances of the trained XGB model. The solid black, dashed black, and dashed gray lines indicate 0 %, 10 %, and 20 % 
prediction error, respectively.
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Appendix D

The effect of I) population size, II) III) crossover and mutation parameters, and IV) V) the optimization algorithm on median normalized 
hypervolume (HV).
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Appendix E

The non-dominated designs identified through I) unconstrained optimization and II) optimization with relaxed constraints. All values are in 
millimeters.

I)

Design Bed_L Col_L Bed_T Col_T XCar_T YCar_T ZCar_T

Base 585.00 304.00 20.00 20.00 20.00 20.00 20.00
1 483.32 261.13 10.67 19.79 19.73 14.96 10.46
2 476.99 262.00 19.84 18.07 12.06 15.92 17.42
3 475.99 223.06 19.38 17.04 12.27 15.78 17.36
4 517.37 219.77 18.90 19.90 17.27 17.09 12.68
5 489.47 229.39 16.85 16.52 19.68 15.74 12.21
6 488.54 222.49 12.90 19.88 19.90 14.81 13.07
7 487.81 225.10 12.40 18.98 19.22 15.42 13.22
8 551.33 213.34 17.58 16.98 19.80 13.16 16.50
9 488.56 226.82 17.54 19.26 19.38 12.85 17.44
10 462.79 200.10 15.65 19.21 18.57 15.48 17.32
11 475.99 223.06 10.65 17.04 19.57 14.98 17.36
12 511.89 226.99 18.80 19.59 19.53 16.44 17.49
13 488.15 255.79 10.79 19.95 19.27 14.93 19.82
14 488.13 254.06 15.81 16.93 19.92 15.75 19.24
15 488.55 256.13 17.04 18.30 19.77 18.38 16.86
16 489.26 227.54 17.04 16.91 19.91 18.52 17.48
17 546.86 222.95 16.46 17.00 19.71 17.27 19.82

II)

Design Bed_L Col_L Bed_T Col_T XCar_T YCar_T ZCar_T

Base 585.00 304.00 20.00 20.00 20.00 20.00 20.00
1 489.18 255.68 20.00 19.78 14.62 12.89 18.74
2 489.00 245.37 19.47 18.11 19.98 16.50 18.75
3 521.18 230.22 18.77 17.40 11.08 16.21 18.38
4 531.59 230.25 19.10 17.42 11.88 15.81 17.36
5 474.29 258.25 19.96 19.83 14.60 15.45 19.60
6 476.04 230.25 19.98 17.79 19.29 14.90 18.86
7 489.21 237.11 19.16 18.10 19.68 12.82 18.74
8 486.19 255.30 19.10 17.44 12.22 15.37 17.35
9 489.20 245.51 19.46 17.74 11.99 12.92 18.58
10 453.51 230.35 19.93 17.45 14.91 14.82 18.59
11 522.93 230.25 19.10 19.84 12.54 15.79 17.49
12 488.90 237.95 19.99 18.07 13.69 12.74 18.73
13 488.90 258.25 19.98 19.94 19.29 15.31 18.73
14 489.18 257.37 19.52 17.36 11.94 12.82 17.38
15 521.18 230.08 18.84 17.40 19.60 16.39 18.38
16 489.26 233.50 18.83 17.31 10.73 14.99 17.46
17 492.97 234.11 19.86 17.74 12.03 12.82 18.59
18 488.88 230.24 19.66 17.46 11.03 15.22 17.34
19 489.34 255.54 19.04 19.80 12.60 15.00 17.49
20 482.81 258.28 19.55 19.95 12.61 15.32 17.32

Appendix F

Stresses calculated based on the maximum principal stresses from the minimum and maximum cutting force cases in coupled thermal-structural 
FEA. All values are in MPa.

Design Component Stress_Bed Stress_Col Stress_XCar Stress_YCar Stress_ZCar Stress_Spndl

Base

σmin 9.269 3.152 0.941 10.345 10.298 19.586
σmax 9.920 3.184 0.925 10.245 10.191 19.955
σa 0.326 0.016 -0.008 -0.050 -0.053 0.185
σm 9.595 3.168 0.933 10.295 10.245 19.771
σa,eff 0.337 0.016 -0.008 -0.052 -0.055 0.198

Design 2

σmin 9.146 2.989 0.736 11.098 10.905 19.225
σmax 9.773 3.012 0.679 10.964 10.796 19.899
σa 0.313 0.011 -0.029 -0.067 -0.055 0.337
σm 9.459 3.000 0.707 11.031 10.851 19.562
σa,eff 0.323 0.011 -0.029 -0.070 -0.057 0.361

Design 20 σmin 9.491 2.998 1.223 10.444 11.418 19.655
(continued on next page)
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(continued )

Design Component Stress_Bed Stress_Col Stress_XCar Stress_YCar Stress_ZCar Stress_Spndl

σmax 10.149 3.098 1.261 10.344 11.438 19.678
σa 0.329 0.050 0.019 -0.050 0.010 0.011
σm 9.820 3.048 1.242 10.394 11.428 19.667
σa,eff 0.340 0.051 0.019 -0.052 0.010 0.012
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