
Cryptography and Communications (2025) 17:695–708
https://doi.org/10.1007/s12095-025-00777-8

RESEARCH

Usingmulti-orbit cyclic subspace codes for constructing
optical orthogonal codes

Ferruh Özbudak1 · Paolo Santonastaso2 · Ferdinando Zullo2

Received: 29 May 2024 / Accepted: 11 January 2025 / Published online: 23 January 2025
© The Author(s) 2025

Abstract
We present a new application of multi-orbit cyclic subspace codes to construct large optical
orthogonal codes, with the aid of the multiplicative structure of finite fields extensions. This
approach is different from earlier approaches using combinatorial and additive (character
sum) structures of finite fields. Consequently, we immediately obtain new classes of optical
orthogonal codes with different parameters.
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1 Introduction

In their groundbreaking paper [21], Koetter and Kschischang established the foundations
of subspace codes, which turns out to be useful for the error correction in random network
coding. Let Fq be a finite field and m ≥ 2 be an integer. We consider all Fq -subspaces of
Fqm . If U , V are two Fq -subspaces of Fqm , then the subspace distance ds(U , V ) is defined
as

ds(U , V ) = dimFq (U ) + dimFq (V ) − 2 dimFq (U ∩ V ).

In this paper we consider constant dimension Fq -linear subspaces. Hence let 1 ≤ k ≤ m be a
fixed integer. If dimFq (U ) = dimFq (V ) = k, then the subspace distance reads as ds(U , V ) =
2k − 2 dimFq (U ∩ V ). From now on, let Gq(m, k) denote the Grassmannian consisting of
all k-dimensional Fq -subspaces of Fqm . There is a natural action of the multiplicative group
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F
∗
qm on Gq(m, k): for c ∈ F

∗
qm and U ∈ Gq(m, k), let cU denote the action of c on U , which

is defined as
cU = {cu : u ∈ U } ∈ Gq(m, k).

Therefore a cyclic subspace code C in Gq(m, k) is a collection of elements of Gq(m, k) such
that U ∈ C implies cU ∈ C , for every c ∈ F

∗
qm , and U ∈ C see [17]. It has been an active

research area to construct cyclic subspace codes with best parameters in the recent years.
One of the most useful techniques in the recent years for the construction of cyclic subspace
codes is via Sidon spaces [26]. Here we present an equivalent definition: U ∈ Gq(m, k) is a
Sidon space of dimension k in Fqm if and only if

dimFq (U ∩ αU ) ≤ 1, for each α ∈ Fqm \ Fq .

This suggests a natural extension. For r ≥ 1, letU1, . . . ,Ur be distinct elements of Gq(m, k).
We say that {U1, . . . ,Ur } is an r -multi Sidon space if

dimFq (Ui ∩ αUj ) ≤ 1,

for every α ∈ F
∗
qm and 1 ≤ i, j ≤ r with i �= j , and for every α ∈ Fqm \ Fq and i = j ,

see [37]. In particular, multi Sidon spaces have important applications in cyclic subspace
codes. In this paper, using a multiplicative approach we obtain a new connection between
multi-orbit cyclic subspace codes (or equivalently multi Sidon spaces) to optical orthogonal
codes.

Given avector (x0, . . . , xn−1) ∈ F
n
2, and for an integer i ≥ nwedenote by xi := xi (mod n).

Definition 1.1 An (n, w, λ) optical orthogonal code (OOC for short) C is an Hamming-
metric code in F

n
2 having constant weight w, satisfying the following two properties:

(1) The autocorrelation property:

n−1∑

t=0

xt xt+τ ≤ λ,

for every (x0, . . . , xn−1) ∈ C and every integer τ , with 0 < τ < n.
(2) The crosscorrelation property:

n−1∑

t=0

xt yt+τ ≤ λ,

for every distinct (x0, . . . , xn−1), (y0, . . . , yn−1) ∈ C and every non negative integer τ .

Since every codeword x ∈ C has Hamming weight w, the autocorrelation equals w in
the extremal case τ = 0. To avoid triviality, we require that λ < w. For the applications
of OOCs in optical code-division multiple access (OCDMA) communication systems, it is
desirable that an OOC have large size and small maximum correlation for a given length n
and a given weightw; see [28, 29]. As also pointed out in [13], OOCs when used in OCDMA
communication systems need to have the property that each codeword has many more 0’s
than 1’s. In terms of parameters, for an (n, w, λ) OOC, this means that the parameter n is
significantly larger than w. However, there is a tradeoff among the parameters of an OOC,
known as Johnson bound.

Theorem 1.2 (see [20]) Let C be an (n, w, λ) OOC. Then

|C | ≤ J (n, w, λ) :=
⌊
1

w

⌊
n − 1

w − 1

⌊
n − 2

w − 2

⌊
· · ·

⌊
n − λ

w − λ

⌋
· · ·

⌋⌋⌋⌋
. (1)
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When λ = 1, the optimal set size of an (n, w, 1) OOC is given by

|C | =
⌊
1

w

⌊
n − 1

w − 1

⌋⌋
.

There exist several constructions of optimal and large non optimal OOCs with λ = 1 in the
literature, obtained by relying on other areas, such as projective geometry [13, 23], finite field
theory [14–16, 31], design theory [1, 8–10, 32, 33] and Sidon sets [27]. Other techniques
also involve computer algorithms such as greedy and accelerated greedy algorithms [13] and
outer-product matrix algorithm [11].

When λ = 2, the optimal set size of an (n, w, 2) OOC is given by

|C | =
⌊
1

w

⌊
n − 1

w − 1

⌊
n − 2

w − 2

⌋⌋⌋
.

The first construction of optimal OOC with λ = 2 are the (p2h − 1, ph+1, 2) OOCs having
size ph−2, where p is any prime and h is a positive integer, derived from projective geometry
and constructed in [14]. Moreover, in [6], new constructions of optimal (n, w, 2) OOC, with
w ∈ {4, 6} are obtained. These constructions rely on various techniques in finite projective
spaces involving hyperovals in projective planes and Singer groups. Other constructions of
large OOCs for λ = 2 can be found in [12, 18]. When λ > 2, it is believed that the Johnson
bound (1) is not achievable. Apart from the constructions found in [7], where the authors

have found optimal ( q
h+1−1
q−1 , λ+1, λ)OOCs satisfying gcd(h+1, i) = 1 for any 1 ≤ i ≤ λ,

there are no other known constructions. Since for applications, it is very interesting to find
OOCs with a large size with respect to their parameters, a well-studied problem in the area of
OOCs is dedicated to construct codes that are close to being optimal, starting from the notion
of asymptotic optimality introduced in [24]. If an (n, w, λ) OOC C having size A(n, w, λ)

satisfies

lim
n→+∞

A(n, w, λ)

J (n, w, λ)
= 1,

C is referred to as an asymptotically optimal OOC. When λ = 1, there are constructions
of asymptotically optimal OOCs, see e.g [24, 27]. For the case λ = 2, in [23], the authors,
by using conics on finite projective planes in the projective geometry PG(3, q), where q is a
prime power, constructed a family of asymptotically optimal (q3+q2+q+1, q+1, 2)OOCs
having size q3 −q2 +q . Other asymptotically optimal constructions when λ = 2 are derived
in [24]. For the parameters of known asymptotically optimalOOCswithλ = 2, please consult
Table 2 of [7]. By using normal rational curves in PG(d, q), in [2], the authors constructed

a family of asymptotically optimal (
qλ+2−1
q−1 , q + 1, λ) OOCs, for any choice of λ > 1 and

q > λ. In [4], by using normal rational curves and Singer groups, the authors constructed
asymptotically optimal OOCs generalizing and improving previous constructions of OOCs,
for instance those from conics [23] and arcs [2]. Among the various large constructions of
OOCs, the authors have constructed a family of asymptotically optimal designs denoted as

(
qh+1−1
q−1 , q + 1, λ), where m and λ are integers satisfying h > λ ≥ 2, and q is a prime power

such that q ≥ λ (refer to [4, Theorem 2]). Additional constructions are presented in [3–5, 7,
24, 25].

We summarize inTable 1 the list of the known largest constructions ofOOCs havingλ > 2.
Different rows of the tables correspond to different parameters (n, w, λ) of the OOCs.

In this paper we will show a construction of OOCs with the aid of multi-orbit cyclic
subspace codes or multi-Sidon spaces. Consequently, we construct new classes of optical
orthogonal codes. The rest of the paper is organized as follows.We explain first the connection
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Table 1 Known largest family of OOCs with λ > 2

Parameters Conditions References

1)
(
q2 − 1, q − 2, 3

)
none [7, Theorem 14]

2)

(
q5−1
q−1 , q, 3

)
none [3, Corollary 4.10]

3)

(
qk(λ+2)−1

qk−1
, q − 1, λ

)
λ > 1 [5, Theorem 20]

4)

(
q(h+1)−1

q−1 , q + 1, λ

)
h > λ > 1 and q ≥ λ [4, Theorem 3.4]

5)
(
qh − 1, q − λ + 3, λ

)
h > λ ≥ 3 and q ≥ λ [4, Corollary 5.6]

6) (ph, h, λ) p prime and h | (p − 1) [24, Theorem 1]

7) ((q − 1)p, (p − λ), λ) q = pa and 1 ≤ λ ≤ p − λ [24, Theorem 2]

8) (h(q + 1), h, 2λ) q = pa , p prime, h | (q − 1)
and gcd(h, q + 1) = 1

[24, Theorem 3]

9)

(
qλ−1−1
q−1 , q + 1, λ

)
λ ≥ 4 [7, Theorems 11 and 12]

10)
(
qa − 1, qh , qh−1

)
a > h ≥ 1 [25, Theorem 11]

11) (q − 1, f , λ) f | (q − 1) and λ < f [15, Theorem 1] ∗

12) (313 f − 1, 81, 3) none [19, Proposition 3] ∗

(q is a prime power) (Non asymptotically optimal constructions are marked with ∗)

to multiplicative structures and finite field extensions in Section 2. Furthermore, we present
our constructions of new classes of optical orthogonal codes using a connection to cyclic
subspace codes and tomulti-Sidon spaces in Section 3. Finally, in Section 4we show infinitely
many new parameters for which we are able to construct OOCs.

2 OOC codes from extension fields

In this section we will see how the problem of finding OOCs can be translated in terms of
sets of integers and then we use this correspondence to describe OOCs in extension fields.
Let us start by observing that it is possible to establish a one-to-one correspondence between
elements of Fn

2 and subsets of Zn in the following way:

θ : F
n
2 −→ 2Zn

x = (x0, . . . , xn−1) 
−→ θ(x) = {i ∈ Zn : xi = 1},
so θ is the map that associates each element of Fn

2 with its support (with respect to the
Hamming metric). Note also that θ is invertible and wH (x) = |θ(x)|, where wH (x) denotes
the Hamming weight of x. For a non negative integer τ , and a nonempty subset X ⊆ Zn we
define

X + τ := {a + τ : a ∈ X} ⊆ Zn .

The correspondence given by θ allows us to translate the definition of an OOC in terms
of subsets of Zn .
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Definition 2.1 An (n, w, λ) Optical Orthogonal Set (OOS) S is a subset of 2Zn with the
property that |X | = w for every X ∈ S, and such that the following two properties hold:

(1) The autocorrelation property:
|X ∩ (X + τ)| ≤ λ,

for every X ∈ S and every integer τ , with 0 < τ < n.
(2) The crosscorrelation property:

|X ∩ (Y + τ)| ≤ λ,

for every distinct X , Y ∈ S and every non negative integer τ .

As a consequence of the properties of θ , we have the following correspondence, showing
that constructing OOCs is equivalent to construct sets as defined in Definition 2.1 (OOS).

Lemma 2.2 Let C be an (n, w, λ) OOC. Then θ(C) is an (n, w, λ) OOS. Conversely, let S
be an (n, w, λ) OOS. Then θ−1(S) is an (n, w, λ) OOC.

In the next sections, we will provide new families of OOCs by showing new constructions
of OOSs. To this aim, we show a procedure to construct OOSs, by using subsets of a finite
field. Let ω be a primitive element of Fqm . Let W be a nonempty subset of Fqm . Denote by

S(W ) := {i : ωi ∈ W } ⊆ ZN

with N = qm − 1. Note that |S(W )| = |W ∗|, where W ∗ := W \ {0} and that
S(αW ) = S(W ) + τ, (2)

if α = ωτ .
In the following result we will see how to construct OOSs, using the multiplicative prop-

erties of subsets of Fqm .

Theorem 2.3 Let W1, . . . ,Wt be distinct nonempty subsets of F∗
qm and let N = qm − 1.

Define
S(W1, . . . ,Wt ) := {S(Wi ) : i ∈ {1, . . . , t}} ⊆ 2ZN .

The set S(W1, . . . ,Wt ) is an (qm − 1, w, λ) OOS if and only if |W ∗
i | = w for every i , and

(1) for every i ∈ {1, . . . , t} and every α ∈ Fqm \ {0, 1}
|Wi ∩ αWi | ≤ λ;

(2) for every i, j ∈ {1, . . . , t} with i �= j and every α ∈ F
∗
qm

|Wi ∩ αWj | ≤ λ.

In particular, |S(W1, . . . ,Wt )| = t .

Proof By Definition 2.1, S(W1, . . . ,Wt ) is an (N , w, λ) if and only if every set of
S(W1, . . . ,Wt ) has size w and

• for any i ∈ {1, . . . , t} and for any τ ∈ {1, . . . , qm − 2} then |S(Wi ) ∩ (S(Wi ) + τ)| =
|Wi ∩ ωτWi | ≤ λ;

• for any i, j ∈ {1, . . . , t} with i �= j and for any τ ∈ {1, . . . , qm − 2} then |S(Wi ) ∩
(S(Wj ) + τ)| = |Wi ∩ ωτWj | ≤ λ,

and so this happens if and only if the Wi ’s satisfy (1) and (2). �

In the next section we will see that if we choose the Wi ’s as the affine spaces associated

with the distinct representative of cyclic subspace codes we obtain an OOS.
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3 Constructions from cyclic subspace codes

Let C be a subset of Gq(m, k), we recall that theminimum subspace distance of a subspace
code C is defined as

ds(C) := min{ds(U , V ) : U , V ∈ C,U �= V }.
As already seen in the Introduction, a subspace code C ⊆ Gq(m, k) is said to be cyclic if for
every α ∈ F

∗
qm and every V ∈ C then αV ∈ C . A one-orbit (cyclic) code is a subspace code

of the form
CU := {αU : α ∈ F

∗
qm } ⊆ Gq(m, k),

whereU is an Fq -subspace of Fqm such that dimFq (U ) = k. Sometimes, CU is also refereed
as the orbit of U . The size of CU is (qm − 1)/(qt − 1), for some t which divides m. The
largest size of such a code is (qm − 1)/(q − 1), and codes attaining this size are called
full-length one-orbit codes. Full-length orbit codes with distance 2k − 2, which is the best
possible, will be called optimal full-length one-orbit codes. These kinds of subspace codes
are connected with Sidon spaces. An Fq -subspace U of Fqn is called a Sidon space if the
product of any two elements of U has a unique factorization over U , up to multiplying by
some elements in Fq . More precisely, U is a Sidon space if for all nonzero a, b, c, d ∈ U , if
ab = cd , then

{aFq , bFq} = {cFq , dFq},
where if e ∈ Fqm then eFq = {eλ : λ ∈ Fq}.
Theorem 3.1 (see [26, Lemma 34]) Let U be an Fq -subspace of Fqm of dimension k. Then
CU is an optimal full-length one-orbit code if and only if U is a Sidon space.

The above connection can be extended to multi-orbit cyclic subspace codes. Let
U1, . . . ,Ur be Fq -subspaces of dimension k in Fqm and let

C =
⋃

i∈{1,...,r}
CUi ⊆ Gq(m, k) (3)

with minimum distance 2k − 2 and of size r qm−1
q−1 . These codes have the same minimum

distance of the codes associated with Sidon spaces but they are larger.
The code C is uniquely defined by the subspaces U1, . . . ,Ur and therefore we give the

following two definitions. The set {U1, . . . ,Ur } for the cyclic subspace code (3) is said to be
a set of representatives of C , whereas if also its minimum distance is 2k − 2 we will call it
amulti-Sidon space, in connection with the correspondence between cyclic subspace codes
with these parameters with one orbit and Sidon spaces.

We will now show how to use cyclic subspace codes to construct OOCs. First we describe
the intersection properties of affine spaces associated with the subspaces of a cyclic subspace
code. We start by recalling a well-known property of affine spaces.

Lemma 3.2 Let V be any vector space over a finite field Fq . For any U1 and U2 subspaces
of V and a, b ∈ V , we have

|(a +U1) ∩ (b +U2)| ≤ |U1 ∩U2|.
Proof Suppose that (a +U1) ∩ (b +U2) �= ∅ and consider v ∈ (a +U1) ∩ (b +U2). There
exist u1 ∈ U1 and u2 ∈ U2 such that v = a + u1 = b + u2. It follows that a = v − u1 and
b = v − u2 and so

a +U1 = v +U1 and b +U2 = v +U2.
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Hence, (a +U1) ∩ (b +U2) = (v +U1) ∩ (v +U2), and so z ∈ (v +U1) ∩ (v +U2) if and
only if there exist u′

1 ∈ U1 and u′
2 ∈ U2 such that z = v + u′

1 = v + u′
2. This implies that

u′
1 = u′

2 and so z ∈ v + (U1 ∩U2) and the assertion follows. �

We are now ready to prove the following result.

Proposition 3.3 Let C = ∪i∈{1,...,r}CUi ⊆ Gq(m, k) be a cyclic subspace code with minimum
distance d and with the property that the CUi ’s are r distinct orbits. For every i ∈ {1, . . . , r},
let di,1, . . . , di,t be pairwise not Fq -proportional representatives of the nonzero elements of
the quotient Fqm/Ui , with t = (qm−k − 1)/(q − 1). Let

A(U1, . . . ,Ur ) =
r⋃

i=1

{Ui + di, j : j ∈ {1, . . . , t}}.

Then
|A(U1, . . . ,Ur )| = t · r ,

and

(1) for every V ∈ A(U1, . . . ,Ur ) and every α ∈ Fqm \ {0, 1}
|V ∩ αV | ≤ qk−d/2;

(2) for every V1, V2 ∈ A(U1, . . . ,Ur ) with V1 �= V2 and every α ∈ F
∗
qm

|Vi ∩ αVj | ≤ qk−d/2.

Proof For any subspace U in C define the set of affine subspaces associated with U

A(U ) = {U + a : a ∈ F
∗
qm }.

It is easy to see that |A(U )| = |A(U )|/(q − 1) and |A(U )| = qm−k − 1. Since for Ui ,Uj ,
with i �= j we have that A(Ui ) ∩ A(Uj ) = ∅, we get that

|A(U1, . . . ,Ur )| =
r∑

i=1

|A(Ui )| = r
qm−k − 1

q − 1
,

that proves the first part of the assertion. For the second part, we prove (1) and (2).
(1)LetV ∈ A(U1, . . . ,Ur ). So,V = Ui+di, j , for some i ∈ {1, . . . , r} and j ∈ {1, . . . , t}.

Let α ∈ Fqm \ Fq . By Lemma 3.2, we have

|V ∩ αV | = |(Ui + di, j ) ∩ (αUi + αdi, j )| ≤ |Ui ∩ αUi | ≤ qk−d/2.

Otherwise, if α ∈ Fq \ {0, 1} then V ∩ αV = (Ui + di, j ) ∩ (Ui + αdi, j ) = ∅. Indeed, if
V∩αV = (Ui+di, j )∩(Ui+αdi, j ) �= ∅, there exists u, v ∈ Ui such that u+di, j = v+αdi, j ,
implying that di, j ∈ Ui , a contradiction to our hypothesis. This proves (1).

(2) Now, let V1, V2 ∈ A(U1, . . . ,Ur ) with V1 �= V2. Assume, that V1 = Ui + di, j and
V2 = Ui + di,h , with j �= h. If α ∈ Fqm \ Fq then, by Lemma 3.2 it follows that

V1 ∩ αV2 = (Ui + di, j ) ∩ (αUi + αdi,h) ≤ |Ui ∩ αUi | ≤ qk−d/2.

Otherwise, if α ∈ F
∗
q , then (Ui + di, j ) ∩ (αUi + αdi,h) = ∅. Indeed, if (Ui + di, j ) ∩ (αUi +

αdi,h) �= ∅, there exists u, v ∈ Ui such that u + di, j = v +αdi,h , implying that di, j and di,h
are Fq -proportional representative of the elements of the quotient Fqm/Ui , a contradiction
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to our hypothesis. Now, suppose that V1 = Ui + di, j1 and V2 = Uh + di, j2 , with i �= h,
therefore using again Lemma 3.2 we have

|V1 ∩ αV2| = |(Ui + di, j1) ∩ (αUh + αdi, j2)| ≤ |Ui ∩ αUh | ≤ qk−d/2.

This proves (2) and so the assertion. �

As a consequence we immediately obtain the following result, where we show how to

construct OOCs from cyclic subspace codes.

Theorem 3.4 Let C = ∪i∈{1,...,r}CUi ⊆ Gq(m, k) be a cyclic subspace code with minimum
distance d and with the property that the CUi ’s are r distinct orbits. Then S(A(U1, . . . ,Ur ))

is an OOS with size r(qm−k −1)/(q−1) and parameters (qm −1, qk, qk−d/2). In particular,
θ−1(S(A(U1, . . . ,Ur ))) is an (qm − 1, qk, qk−d/2) OOC with size r(qm−k − 1)/(q − 1).

Proof Consider A(U1, . . . ,Ur ) as in Proposition 3.3. Note that for any V ∈ A(U1, . . . ,Ur )

we have that
|S(V )| = qk,

and

(1) for every V ∈ A(U1, . . . ,Ur ) and every α ∈ Fqm \ {0, 1}
|V ∩ αV | ≤ qk−d/2;

(2) for every V1, V2 ∈ A(U1, . . . ,Ur ) with V1 �= V2 and every α ∈ F
∗
qm

|V1 ∩ αV2| ≤ qk−d/2,

by Proposition 3.3. By Theorem 2.3 we obtain the assertion. �

Remark 3.5 This construction extends the idea in [19, Section 4] of using certain affine
subspaces of the kernel of subspace polynomials. Indeed, in our terms, they consider optimal
full-length one-orbit codes defined by the kernel of a trinomial subspace polynomial and
then they prove a result of the form of Theorem 3.4 for the studied cases. The problem with
this approach is that, in general, it is hard to find in which extension suitable trinomials split
completely; see e.g. [22, 30].

Therefore, using large cyclic subspace codes we can construct large OOCs. For a multi-
orbit cyclic subspace code C ⊆ Gq(m, k) having minimum distance d , the sphere-packing
bound (see [17, Theorem 2]) implies that

|C | ≤

[
m

k − d/2 + 1

]

q[
k

k − d/2 + 1

]

q

,

and so the number r of distinct orbits in C satisfies

r ≤ |C |
qm − 1

≤

[
m

k − d/2 + 1

]

q

(qm − 1)

[
k

k − d/2 + 1

]

q

,
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that is asymptotically r is at most q(m−k)(k−d/2+1)−m . Therefore, C define an (qm −
1, qk, qk−d/2) OOC with size at most

qm−k − 1

q − 1

[
m

k − d/2 + 1

]

q

(qm − 1)

[
k

k − d/2 + 1

]

q

,

and hence asymptotically roughly q(m−k)(k−d/2+1)−k

By using Theorem 3.4, we get that C defines an (qm − 1, qk, qk−d/2) OOC with size
r(qm−k − 1)/(q − 1). For such parameters, the Johnson bound (1) can be approximated as
follows

J (qm − 1, qk, qk−d/2) ≈ (qn−k)q
k− d

2

qk
,

which implies that the constructions of OOCs from cyclic subspace codes cannot be either
optimal or asymptotically optimal with respect to the Johnson bound.

4 New constructions of OOCs

In this section we will examine explicit constructions of OOCs from explicit constructions
of cyclic subspace codes and we will see OOC constructions with parameters different from
those in Table 1. We start by describing the examples of [26, 37].

To this aim we need the following notation: let Lk,q denote the Fq -algebra of q-
polynomials (or linearized polynomials), that is polynomials of this form

t∑

i=0

ai x
qi ∈ Fqk [x].

For a linearized polynomial f ∈ Lk,q and an element ξ ∈ Fqrk \ Fqk we denote

W f ,ξ = {x + ξ f (x) : x ∈ Fqk } ⊆ Fqrk .

The subset W f ,ξ turns out to be an Fq -subspace of Fqrk of dimension k.

Theorem 4.1 (see [26, 37]) Let s be a positive integer coprime with k ≥ 2 and m = 2k,
let ξ ∈ Fqn \ Fqk and let fi (x) = μi xq

s ∈ Lk for i ∈ {1, . . . , r} such that r ≤ q − 1,

Nqk/q(μi ) �= Nqk/q(μ j ) and Nqk/q(μiμ jξ
qk+1) �= 1 for every i �= j . Then

C =
r⋃

i=1

CW fi ,ξ

is a cyclic subspace code of size r qm−1
q−1 and minimum distance m − 2.

In the next corollary, which is from [26, Construction 37 and Lemma 38], the authors
show a possible value for the number r of orbits and a possible choice of the μi ’s.

Corollary 4.2 For a prime power q ≥ 3 and a positive integer k ≥ 2, let w be a primitive
element of Fqk and let s be a positive integer such that gcd(s, k) = 1. Let b ∈ Fqk be such
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that the polynomial p(x) = x2 + bx + w is irreducible over Fqk and w is not a (q − 1)-
power in Fqk (such a b always exist). For m = 2k, let ξ ∈ Fqm be a root of p(x). For

i ∈ {0, 1, . . . , r − 1}, where r = �(q − 1)/2�, let ξi = wiξ and let

Vi = Wxqs ,ξi
= {u + uq

s
ξi : u ∈ Fqk }.

The set
Gm,s =

⋃

i∈{0,1,...,r−1}
CVi ⊆ Gq(m, k)

is a subspace code of size r · (qm − 1)/(q − 1) and minimum distance m − 2.

We can now use the above construction in Theorem 3.4 to construct OOSs and OOCs (cf.
Theorem 4.1).

Corollary 4.3 Let s be a positive integer coprime with k ≥ 2 and m = 2k, let ξ ∈ Fqn \ Fqk

and let fi (x) = μi xq
s ∈ Lk for i ∈ {1, . . . , r} such that r ≤ q − 1, Nqk/q(μi ) �= Nqk/q(μ j )

and Nqk/q(μiμ j ξ
qk+1) �= 1 for every i �= j . Then

C =
r⋃

i=1

CW fi ,ξ
.

Consider now the family
A = A(W f1,ξ , . . . ,W fr ,ξ ).

Then S(A) is an OOS with parameters (qm − 1, qk, q) of size r(qk − 1)/(q − 1) and
θ−1(S(A(U1, . . . ,Ur ))) is an (q2k − 1, qk, q) OOC with size r(qk − 1)/(q − 1).

Choosing ξ and the μi ’s as in Corollary 4.2, we have an (q2k − 1, qk, q) OOC with size
�(q − 1)/2�(qk − 1)/(q − 1).

We can do a case-by-case analysis on the parameters of the OOCs constructed in the above
proposition with those in Table 1 and we can show that the parameters of our constructions
are new.

Proposition 4.4 The parameters of the OOCs constructed in Corollary 4.3 are new.

We will prove the above proposition in a more general context in a few lines.
We can use the largest known constructions of cyclic subspace codes to construct large

OOCs. In Table 2 we resume the known parameters of known cyclic subspace codes. We
report the family of cyclic subspace codes having the largest number r of orbits, with respect
to their parameters.

Combining Theorem 3.4 and the constructions of cyclic subspace codes in Table 2, we
show new examples of OOCs.

Theorem 4.5 The cyclic subspace codes in Table 2 produce OOCs with parameters as in
Table 3.

The i-th row of Table 2 is obtained by applying Theorem 3.4 to the i-th row of Table 3.
We will now show that we obtain infinitely many new parameters.

Proposition 4.6 The OOCs with parameters as in Table 3 are new for any k > 2 and q ≥ 3.
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Table 2 Table with known parameters of cyclic subspace codes

Parameters r References

1 m = 2k, q > 2 r1 =
⌊
q−1
2

⌋
[26, Lemma 38]

2 m = ak, a > 2 r2 = (k − 1)(q − 1) q
(e+1)k−1
qk−1

, [34, Theorem 3.3]

e = (⌈ m
2k

⌉ − 2
)

3 m = ak, a > 2 r3 = qk (q − 1) q
(e+1)k−1
qk−1

, [34, Theorem 3.5]

e = (⌈ m
2k

⌉ − 2
)

4 m ≥ 6 and k ≤
⌊
m−2
4

⌋
1 [26, Theorem 19]

5 m ≥ (k+1
2

)
1 [26, Theorem 31]

6 m = ak′ with a > 6 and k =
2k′

1 [35, Theorem 3.1]

7 m | (q − 1) and k ≤
⌊
m+1
4

⌋
1 [36, Theorem 3.8]

8 m = ak(k−1)+1, k−1 power
of p and a > 1

1 [30, Theorem 7.8]

9 m = a(k2 −1), k and q power
of 2 and a > 1

1 [30, Theorem 7.9]

Proof We prove the newness of the parameters of OOCs in Table 3 by comparing them with
the ones in Table 1. All the OOCs in Table 3 have parameters of the form (qm − 1, qk, q),
for some q prime power and m ≥ 2k ≥ 6 positive integers.

(1) Assume that (qm − 1, qk, q) = (
q2 − 1, q − 2, 3

)
. By the equality of the last two

parameters, we get q = 3 and q = 3k + 2. Then by the equality of the first parameter,
we get 3m − 1 = (2 + 3k)2 − 1 and by reducing modulo 3, we get a contradiction.

Table 3 New constructions (q is a power of a prime number p)

Parameters Conditions Size

1 (q2k − 1, qk − 1, q) q > 2 r1
qk−1
q−1

2 (qak − 1, qk − 1, q) a > 2 r2
qk(a−1)−1

q−1

3 (qak − 1, qk − 1, q) a > 2 r3
qk(a−1)−1

q−1

4 (qm − 1, qk − 1, q) m ≥ 6 and k ≤
⌊
m−2
4

⌋
qm−k−1
q−1

5 (qm − 1, qk − 1, q) m ≥ (k+1
2

) qm−k−1
q−1

6 (qm − 1, q2k − 1, q) m = ak/2 with a > 6 qm−2k−1
q−1

7 (qm − 1, qk − 1, q) m | (q − 1) and k ≤
⌊
m+1
4

⌋
qm−k−1
q−1

8 (qm − 1, qk − 1, q) m = ak(k − 1) + 1, k − 1 power of p and a > 1 qm−k−1
q−1

9 (qm − 1, qk − 1, q) m = a(k2 − 1), k and q power of 2 and a > 1 qm−k−1
q−1
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(2) Assume that (qm −1, qk, q) =
(
q5−1
q−1 , q, 3

)
. By the equality of the last two parameters,

we get q = 3 and q = 3k . Then by the equality of the first parameter, we get 3m − 1 =
35k−1
3k−1

. By reducing modulo 3, we get a contradiction.

(3) Assume that (qm − 1, qk, q) =
(

qk
′(λ+2)−1

qk
′−1

, q − 1, λ

)
. By the equality of the last two

parameters, we get q = λ and q = λk + 1. Then by the equality of the first parameter,

we get λm − 1 = (λk+1)k
′(λ+2)−1

(λk+1)k′−1
. By reducing modulo λk , we get −1 = λ + 2 modλk ,

a contradiction.
(4) Assume that (qm − 1, qk, q) =

(
q(h+1)−1

q−1 , q + 1, λ
)
. Using the same argument of the

previous case, we obtain again a contradiction.
(5) Assume that (qm − 1, qk, q) = (

qh − 1, q − λ + 3, λ
)
. By the equality of the last two

parameters,we getq = λ andq = λk+λ+3. Then by the equality of the first parameters,
we get λm − 1 = (λk + λ + 3)h − 1. Since λ = q > 2, by comparing the maximum
degree of both side of the previous equation, we get that h = 2. A contradiction to the
fact that h > λ ≥ 3.

(6) Assume that (qm−1, qk, q) = (ph, h, λ). By the equality of the last two parameters, we
get q = λ and h = λk . Then by the equality of the first parameter, we get λm −1 = pλk .
By reducing modulo λ, we get a contradiction.

(7) Assume that (qm−1, qk, q) = ((q − 1)p, (p − λ), λ). One can argue as in the previous
case.

(8) Assume that (qm − 1, qk, q) = (h(q + 1), h, 2λ). One can argue as in Case (6).

(9) Assume that (qm − 1, qk, q) =
(
qλ−1−1
q−1 , q + 1, λ

)
. One can argue as in Case (3).

(10) Assume that (qm − 1, qk, q) = (
qa − 1, qh, qh−1). By the equality of the last two

parameters, we get k = 2, a contradiction.
(11) Assume that (qm − 1, qk, q) = (q − 1, f , λ). By the equality of the three parameters,

we get λ = q , f = qk and q = qm . Since f | (q − 1), we have qk | (qm − 1), a
contradiction.
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