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Abstract

We present a new application of multi-orbit cyclic subspace codes to construct large optical
orthogonal codes, with the aid of the multiplicative structure of finite fields extensions. This
approach is different from earlier approaches using combinatorial and additive (character
sum) structures of finite fields. Consequently, we immediately obtain new classes of optical
orthogonal codes with different parameters.
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1 Introduction

In their groundbreaking paper [21], Koetter and Kschischang established the foundations
of subspace codes, which turns out to be useful for the error correction in random network
coding. Let F, be a finite field and m > 2 be an integer. We consider all IF,-subspaces of
Fym. If U, V are two IF,-subspaces of Fym, then the subspace distance ds (U, V) is defined
as

ds(U, V) = dimy, (U) + dimp, (V) — 2dimp, (U NV).

In this paper we consider constant dimension IF;-linear subspaces. Hence let 1 < k < mbe a
fixed integer. If dimp ,(U) = dimp , (V)= k, then the subspace distance reads as ds (U, V) =
2k — 2dimg, (U N V). From now on, let G,(m, k) denote the Grassmannian consisting of
all k-dimensional IF;-subspaces of Fyn . There is a natural action of the multiplicative group
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Fzm on G, (m, k): forc € IFZ,,Z and U € G, (m, k), let cU denote the action of ¢ on U, which
is defined as
cU ={cu:ueU}eG,(m,k).

Therefore a cyclic subspace code C in G, (m, k) is a collection of elements of G, (m, k) such
that U € C implies cU € C, for every ¢ € ]F;m, and U € C see [17]. It has been an active
research area to construct cyclic subspace codes with best parameters in the recent years.
One of the most useful techniques in the recent years for the construction of cyclic subspace
codes is via Sidon spaces [26]. Here we present an equivalent definition: U € G, (m, k) is a
Sidon space of dimension k in F;m if and only if

diqu(U NalU) <1, foreacha € Fym \ F,.

This suggests a natural extension. For» > 1,let Uy, ..., U, be distinct elements of G, (m, k).
We say that {Uy, ..., U,} is an r-multi Sidon space if

dim]Fq(Ui ﬂOtUj) <1,

for every @ € FZ"’ and 1 <i,j <r withi # j, and for every o € Fym \ F, and i = j,
see [37]. In particular, multi Sidon spaces have important applications in cyclic subspace
codes. In this paper, using a multiplicative approach we obtain a new connection between
multi-orbit cyclic subspace codes (or equivalently multi Sidon spaces) to optical orthogonal
codes.

Givena vector (xo, ..., x,—1) € 5, andforanintegeri > n wedenoteby x; := X; (mod n)-

Definition 1.1 An (n, w, 1) optical orthogonal code (OOC for short) C is an Hamming-
metric code in I} having constant weight w, satisfying the following two properties:

(1) The autocorrelation property:

n—1
Z Xt Xppr <A,
=0

for every (xo, ..., x,—1) € C and every integer t, with0 < t < n.
(2) The crosscorrelation property:

n—1
Z Xt Vit = A’s
t=0

for every distinct (xg, ..., x,—1), (Vo,-.., Yn—1) € C and every non negative integer 7.

Since every codeword x € C has Hamming weight w, the autocorrelation equals w in
the extremal case T = 0. To avoid triviality, we require that A < w. For the applications
of OOC:s in optical code-division multiple access (OCDMA) communication systems, it is
desirable that an OOC have large size and small maximum correlation for a given length n
and a given weight w; see [28, 29]. As also pointed out in [13], OOCs when used in OCDMA
communication systems need to have the property that each codeword has many more 0’s
than 1’s. In terms of parameters, for an (n, w, A) OOC, this means that the parameter »n is
significantly larger than w. However, there is a tradeoff among the parameters of an OOC,
known as Johnson bound.

Theorem 1.2 (see [20]) Let C be an (n, w, L) OOC. Then

= = I TR/
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When A = 1, the optimal set size of an (n, w, 1) OOC is given by

o= 2= ]

There exist several constructions of optimal and large non optimal OOCs with A = 1 in the
literature, obtained by relying on other areas, such as projective geometry [13, 23], finite field
theory [14-16, 31], design theory [1, 8-10, 32, 33] and Sidon sets [27]. Other techniques
also involve computer algorithms such as greedy and accelerated greedy algorithms [13] and
outer-product matrix algorithm [11].

When A = 2, the optimal set size of an (n, w, 2) OOC is given by

IC| = &uj M}_—ZZJH

The first construction of optimal OOC with A = 2 are the (p?* — 1, p"*!, 2) OOCs having
size p" —2, where p is any prime and / is a positive integer, derived from projective geometry
and constructed in [14]. Moreover, in [6], new constructions of optimal (n, w, 2) OOC, with
w € {4, 6} are obtained. These constructions rely on various techniques in finite projective
spaces involving hyperovals in projective planes and Singer groups. Other constructions of
large OOCs for A = 2 can be found in [12, 18]. When A > 2, it is believed that the Johnson
bound (1) is not achisvable. Apart from the constructions found in [7], where the authors
q h+1

e

have found optimal ( I 1 , A+ 1, 1) OOCs satisfying ged(h+1,i) = 1 forany 1 <i <A,
there are no other known constructions. Since for applications, it is very interesting to find
OOCs with a large size with respect to their parameters, a well-studied problem in the area of
OOCs is dedicated to construct codes that are close to being optimal, starting from the notion
of asymptotic optimality introduced in [24]. If an (n, w, A) OOC C having size A(n, w, A)
satisfies

A, w, \)
im —— =
n—+oo J(n, w, A)

’

C is referred to as an asymptotically optimal OOC. When A = 1, there are constructions
of asymptotically optimal OOCs, see e.g [24, 27]. For the case A = 2, in [23], the authors,
by using conics on finite projective planes in the projective geometry PG(3, ¢g), where ¢ is a
prime power, constructed a family of asymptotically optimal (g3 +¢%+¢+1, g +1, 2) OOCs
having size ¢> — ¢ + ¢. Other asymptotically optimal constructions when A = 2 are derived
in [24]. For the parameters of known asymptotically optimal OOCs with A = 2, please consult
Table 2 of [7]. By using normal rational curves in PG(d, ¢), in [2], the authors constructed
a family of asymptotically optimal (‘IH_ZI1 ,q + 1, 1) OOCs, for any choice of A > 1 and
g > A. In [4], by using normal rational curves and Singer groups, the authors constructed
asymptotically optimal OOCs generalizing and improving previous constructions of OOCs,
for instance those from conics [23] and arcs [2]. Among the various large constructions of

OOCs, the authors have constructed a family of asymptotically optimal designs denoted as

h+1
(4 ;_171 ,q + 1, 1), where m and X are integers satisfying 4 > A > 2, and ¢ is a prime power

such that ¢ > A (refer to [4, Theorem 2]). Additional constructions are presented in [3-5, 7,
24, 25].

We summarize in Table 1 the list of the known largest constructions of OOCs having A > 2.
Different rows of the tables correspond to different parameters (n, w, 1) of the OOCs.

In this paper we will show a construction of OOCs with the aid of multi-orbit cyclic
subspace codes or multi-Sidon spaces. Consequently, we construct new classes of optical
orthogonal codes. The rest of the paper is organized as follows. We explain first the connection
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Table 1 Known largest family of OOCs with A > 2

Parameters Conditions References
D (q2 “lg-2, 3) none [7, Theorem 14]
5
) (62 = 3) none (3, Corollary 4.10]
GkO+2)_y
3 e AR A>1 [5, Theorem 20]
gD
4) ?,q+1,k h>A>landg > A [4, Theorem 3.4]
5) (qh —1,q —A+3,A) h>A>3andg > A [4, Corollary 5.6]
6) (ph, h,x) pprimeand i | (p — 1) [24, Theorem 1]
7) (g—Dp,(p—2), 1) g=plandl <A <p-—2A [24, Theorem 2]
8) (h(g +1),h,21) q = p%, pprime, h | (g —1) [24, Theorem 3]
and ged(h, g +1) =1
r—1
9) (qq_l_l,q-i-l,)t) r>4 [7, Theorems 11 and 12]
10) (q" - l,qh,qh“) a>h>1 [25, Theorem 11]
11) (-1, f,2 fl(g—1andar < f [15, Theorem 1] *
12) 313/ -1,81,3) none [19, Proposition 3] *

(g is a prime power) (Non asymptotically optimal constructions are marked with *)

to multiplicative structures and finite field extensions in Section 2. Furthermore, we present
our constructions of new classes of optical orthogonal codes using a connection to cyclic
subspace codes and to multi-Sidon spaces in Section 3. Finally, in Section 4 we show infinitely
many new parameters for which we are able to construct OOCs.

2 00C codes from extension fields

In this section we will see how the problem of finding OOCs can be translated in terms of
sets of integers and then we use this correspondence to describe OOCs in extension fields.
Let us start by observing that it is possible to establish a one-to-one correspondence between
elements of I} and subsets of Z, in the following way:

0: F2 — 22
X = (X0,...,Xp—1) —> 0(x) ={i € Z,,: x; = 1},

so 6 is the map that associates each element of I; with its support (with respect to the
Hamming metric). Note also that 0 is invertible and wg (x) = |6(x)|, where wg (x) denotes
the Hamming weight of x. For a non negative integer t, and a nonempty subset X C Z, we
define

X+t ={a+rt:aeX}Z,.

The correspondence given by 6 allows us to translate the definition of an OOC in terms
of subsets of Z,,.
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Definition 2.1 An (n, w, A) Optical Orthogonal Set (OOS) S is a subset of 2Zn with the
property that [ X| = w for every X € S, and such that the following two properties hold:

(1) The autocorrelation property:
XN (X +1) <A,

for every X € S and every integer 7, with0 < 7 < n.
(2) The crosscorrelation property:

XN +1) <2,
for every distinct X, Y € S and every non negative integer t.

As a consequence of the properties of 6, we have the following correspondence, showing
that constructing OOC:s is equivalent to construct sets as defined in Definition 2.1 (OOS).

Lemma 2.2 Let C be an (n, w, X) OOC. Then 6(C) is an (n, w, A) OOS. Conversely, let S
be an (n, w, 1) 00S. Then 6=1(8S) is an (n, w, 1) OOC.

In the next sections, we will provide new families of OOCs by showing new constructions
of OOSs. To this aim, we show a procedure to construct OOSs, by using subsets of a finite
field. Let w be a primitive element of Fym. Let W be a nonempty subset of F . Denote by

SW) :={i: o' € W} C Zy
with N = ¢™ — 1. Note that |S(W)| = |W*|, where W* := W \ {0} and that
S(@W) =8S(W) + 1, 2)

ifa =w'.
In the following result we will see how to construct OOSs, using the multiplicative prop-
erties of subsets of [Fym.

Theorem 2.3 Let Wy, ..., W, be distinct nonempty subsets of ]FZ'” and let N = q™ — 1.
Define
SWi,...,Wy) :=={SWi):ie{l,...,1}} €27,

The set S(Wi, ..., Wy)isan (g™ — 1, w, 1) OOS if and only if |W}| = w for every i, and
(1) foreveryi € {1,...,t} and every o € Fym \ {0, 1}
Wi NaWi| <X
(2) foreveryi,je{l,...,t}withi # j andevery a € IF‘;,,,
Wi naW;| <.
In particular, |S(Wy, ..., Wy)| =t.

Proof By Definition 2.1, S(Wy,..., W;) is an (N, w, ) if and only if every set of
S(Wy, ..., W,) has size w and
e foranyi € {l,...,t}andforany t € {1,...,¢™ — 2} then |[S(W;) N (S(W;) + 7)| =
Wi N Wi < A;
e foranyi,j € {l,...,t} withi # j and forany t € {1,...,¢"™ — 2} then |[S(W;) N
SWH)+D) =W, No"W;| <A,
and so this happens if and only if the W;’s satisfy (1) and (2). O

In the next section we will see that if we choose the W;’s as the affine spaces associated
with the distinct representative of cyclic subspace codes we obtain an OOS.
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3 Constructions from cyclic subspace codes

Let C be a subset of G, (m, k), we recall that the minimum subspace distance of a subspace
code C is defined as

d;(C) :=min{d,(U,V): U,V eC,U #£V}.

As already seen in the Introduction, a subspace code C C G, (m, k) is said to be cyclic if for
every o € F;m andevery V € C thenaV € C. A one-orbit (cyclic) code is a subspace code
of the form

Cy ={aU :ac Fzm} C Gy(m, k),

where U is an IF;-subspace of IF;m such that diqu (U) = k. Sometimes, Cy is also refereed
as the orbit of U. The size of Cy is (g™ — 1)/(g" — 1), for some ¢ which divides m. The
largest size of such a code is (¢” — 1)/(g — 1), and codes attaining this size are called
full-length one-orbit codes. Full-length orbit codes with distance 2k — 2, which is the best
possible, will be called optimal full-length one-orbit codes. These kinds of subspace codes
are connected with Sidon spaces. An F,-subspace U of [F,» is called a Sidon space if the
product of any two elements of U has a unique factorization over U, up to multiplying by
some elements in [F,. More precisely, U is a Sidon space if for all nonzero a, b, c,d € U, if
ab = cd, then
{aF,, bF,} = {cFy, dF,},

where if e € Fym then elF; = {eA: L € F,}.

Theorem 3.1 (see [26, Lemma 34]) Let U be an IF;-subspace of Fym of dimension k. Then
Cy is an optimal full-length one-orbit code if and only if U is a Sidon space.

The above connection can be extended to multi-orbit cyclic subspace codes. Let

Ui, ..., U, be F -subspaces of dimension k in [F;» and let
c= |J cucgymh ©)
ie{l,...,r}
qul

with minimum distance 2k — 2 and of size r“—. These codes have the same minimum
distance of the codes associated with Sidon spaces but they are larger.

The code C is uniquely defined by the subspaces Uy, ..., U, and therefore we give the
following two definitions. The set {U1, ..., U,} for the cyclic subspace code (3) is said to be
a set of representatives of C, whereas if also its minimum distance is 2k — 2 we will call it
a multi-Sidon space, in connection with the correspondence between cyclic subspace codes
with these parameters with one orbit and Sidon spaces.

We will now show how to use cyclic subspace codes to construct OOCs. First we describe
the intersection properties of affine spaces associated with the subspaces of a cyclic subspace
code. We start by recalling a well-known property of affine spaces.

Lemma3.2 Let V be any vector space over a finite field F. For any Uy and U, subspaces
of Vanda,b € V, we have

l(@a+ U N+ U <|UNUs.

Proof Suppose that (a + U;) N (b + U,) # @ and consider v € (a + Uy) N (b + Us). There
existuy; € Uy and up € Uy suchthat v =a + uy = b + uy. It follows that a = v — u; and
b =v — up and so

a+U =v+Uiand b+ U; =v+ U,.
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Hence, (a+U)NB+Uz)=w+U)N(w+Uz),andsoz € (v+ Up) N (v+ Up) if and
only if there exist #} € Uy and u), € Us such that z = v 4 u} = v + u),. This implies that
u = u)y, and so z € v + (U; N Uy) and the assertion follows. O

We are now ready to prove the following result.

Proposition 3.3 Let C = Uicq1,....,)Cu; € Gy(m, k) be a cyclic subspace code with minimum
distance d and with the property that the Cy,’s are r distinct orbits. For everyi € {1, ..., r},
letd; 1, ..., d;; be pairwise not ¥ -proportional representatives of the nonzero elements of
the quotient Fym /U, with t = (¢" % — 1)/(q — 1). Let

AWy ... Uy = JWi+dij:jell,.... o

i=1

Then
[AWUy, ..., Ul =t-r,

and
(1) foreveryV € A(Uy, ..., U,) and every a € Fym \ {0, 1}
VNaV| < g%
(2) forevery Vi, Vo € A(Uy, ..., U,) with Vi # V, and every o € FZ’”
Vi NaVj| < ¢4
Proof For any subspace U in C define the set of affine subspaces associated with U
AWU) ={U +a:aeFyu}.

It is easy to see that |A(U)| = |[A(U)|/(g — 1) and |[A(U)| = q””k — 1. Since for U;, U},
with i # j we have that A(U;) N A(U;) = @, we get that

r qm—k -1
AL, ..., U)l = Y JAWU)| = T
i=1
that proves the first part of the assertion. For the second part, we prove (1) and (2).
(DLetV € A(Uy, ..., U;).So,V = U;+d; j,forsomei € {1,...,r}andj € {1, ..., 1}.
Leta € Fym \ F;. By Lemma 3.2, we have

IV NaV|=|U; +d;j) N (Ui +ad; ;)| < |U; NaU;| < g“=42.

Otherwise, if a € Fy \ {0, 1} then V NaV = (U; +d; ;) N (U; + ad; j) = . Indeed, if
VNaV = (U;j+d; j))N(U;+ad; ;) # 9, thereexistsu, v € U; suchthatu+d; ; = v+ad; ;,
implying that d; ; € U;, a contradiction to our hypothesis. This proves (1).

(2) Now, let Vi, Vo € A(Uy, ..., U,) with V| # V,. Assume, that Vi = U; +d; ; and
Vo = Ui +d; p, with j # h. If o € Fym \ F, then, by Lemma 3.2 it follows that

VinaVy = (Ui +di j) N (@U; +ad; ;) < |Ui NaU;| < ¢"4/2.

Otherwise, if o € ]FZ, then (U; +d; ;) N (aU; +ad; ) = ¥. Indeed, if (U; +d; ;) N (aU; +
ad; ) # ¥, there exists u, v € U; such that u +d; ; = v+ ad; j,, implying that d; ; and d;
are F,-proportional representative of the elements of the quotient Fym /U;, a contradiction
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to our hypothesis. Now, suppose that V| = U; +d; j, and Vo = Uy, + d; j,, withi # h,
therefore using again Lemma 3.2 we have

Vi NaVal = (Ui +di j,) N (@Upy +ad; ;)| < |U; NalUy] < g4,
This proves (2) and so the assertion. ]

As a consequence we immediately obtain the following result, where we show how to
construct OOCs from cyclic subspace codes.

Theorem 3.4 Let C = Uje(1,...r\Cu; S Gy(m, k) be a cyclic subspace code with minimum
distance d and with the property that the Cy,’s are r distinct orbits. Then S(A(Uy, ..., U,))
is an O0S with size r (¢ * — 1) /(¢ — 1) and parameters (¢ — 1, g, g*=/?). In particular,
0~Y(SAWU, ..., U))) isan (g™ — 1, g%, g*=4/2) 00C with size r(g™* — 1) /(g — 1).

Proof Consider A(Uj, ..., U,) as in Proposition 3.3. Note that for any V € AUy, ..., U,)
we have that
ISV = q*,

and
(1) forevery V € A(Uy, ..., U,) and every a € Fym \ {0, 1}
VNav] =g
(2) forevery Vi, V» € AUy, ..., U;) with V| # V; and every o € IE‘Z,,,
Vi NaVa| < g* /2,
by Proposition 3.3. By Theorem 2.3 we obtain the assertion. O

Remark 3.5 This construction extends the idea in [19, Section 4] of using certain affine
subspaces of the kernel of subspace polynomials. Indeed, in our terms, they consider optimal
full-length one-orbit codes defined by the kernel of a trinomial subspace polynomial and
then they prove a result of the form of Theorem 3.4 for the studied cases. The problem with
this approach is that, in general, it is hard to find in which extension suitable trinomials split
completely; see e.g. [22, 30].

Therefore, using large cyclic subspace codes we can construct large OOCs. For a multi-
orbit cyclic subspace code C C G, (m, k) having minimum distance d, the sphere-packing
bound (see [17, Theorem 2]) implies that

m
k—d/2+1
IC] < =—+—Z1,

[k —d/2+ 1L

and so the number r of distinct orbits in C satisfies

m
IC| k—d/2+lq
<

gn—1- k ’
(g _1)[k—d/2+1]q
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that is asymptotically r is at most ¢ —0&=d/2+D=m Therefore, C define an (g™ —
1, g%, ¢¥=4/2) OOC with size at most

m
qm—k_l |:k—d/2+l:|q

q—1 m k ’
(g _1)[k—d/2+1L

and hence asymptotically roughly g " —%(k—d/2+1)—k

By using Theorem 3.4, we get that C defines an (¢” — 1, ¢*, ¢¥~%/2) OOC with size
r(q'”*k — 1)/(g — 1). For such parameters, the Johnson bound (1) can be approximated as
follows

[SeY

( n—k)qk7
kfd/z) ~ q
k 9
q
which implies that the constructions of OOCs from cyclic subspace codes cannot be either
optimal or asymptotically optimal with respect to the Johnson bound.

J(qm - 17qk5q

4 New constructions of OOCs

In this section we will examine explicit constructions of OOCs from explicit constructions
of cyclic subspace codes and we will see OOC constructions with parameters different from
those in Table 1. We start by describing the examples of [26, 37].

To this aim we need the following notation: let L , denote the F,-algebra of g-
polynomials (or linearized polynomials), that is polynomials of this form

t
Zaiqu € Flx].
i=0
For a linearized polynomial f € Ly , and an element & € quk \IFqk we denote

Wre={x+&f(x):x € Fqk} - ]quk.

The subset Wy ¢ turns out to be an F,-subspace of F -« of dimension k.

Theorem 4.1 (see [26, 37]) Let s be a positive integer coprime with k > 2 and m = 2k,
let & € Fyn \]Fqk and let fi(x) = u,,-xq’\ € Ly fori € {1,...,r} such thatr < q — 1,

k . .
qu/q(,u,-) #* qu/q(ﬂj) and qu/q(uiujéq +h # 1 for everyi # j. Then
r
c=Jcw,.
i=1

m__ .. .
is a cyclic subspace code of size r qq_]l and minimum distance m — 2.

In the next corollary, which is from [26, Construction 37 and Lemma 38], the authors
show a possible value for the number r of orbits and a possible choice of the u;’s.

Corollary 4.2 For a prime power q > 3 and a positive integer k > 2, let w be a primitive
element of ¥« and let s be a positive integer such that ged(s, k) = 1. Let b € Fx be such
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that the polynomial p(x) = x? + bx + w is irreducible over IFqk and w is not a (g — 1)-
power in F i (such a b always exist). For m = 2k, let § € Fgn be a root of p(x). For
ief0,1,....,r — 1}, wherer = |(q — 1)/2], let & = w'E and let

vV, = Wx"S,Ei = {u +zﬂx$,< ‘u € ]Fqk}.

The set
Gms= |J Cv SGym.k)
ie{0,1,...,r—1}

is a subspace code of size r - (¢ — 1)/(q — 1) and minimum distance m — 2.

We can now use the above construction in Theorem 3.4 to construct OOSs and OOCs (cf.
Theorem 4.1).

Corollary 4.3 Let s be a positive integer coprime withk > 2 and m = 2k, let§ € Fgn \ F
and let fi(x) = ,u,-x‘f € Ly fori e {1,...,r}suchthatr <q—1, qu/q(u,-) #= qu/q(uj)
anquk/q(,LLiquqk+l) # 1 foreveryi # j. Then

,
C = U Cw,, -
i=1

Consider now the family
A=AWg e,..., Wy g).

Then S(A) is an OOS with parameters (g™ — 1, qk,q) of size r(qk —1)/(g — 1) and
0~ 1S, ..., U))) isan (g% — 1, g%, ¢) 0OC with size r(gF — 1)/(g — 1).

Choosing & and the w;’s as in Corollary 4.2, we have an (¢** — 1, ¢*, ¢) 0OC with size
Lg — D/2](g" = 1)/(g = D).

We can do a case-by-case analysis on the parameters of the OOCs constructed in the above
proposition with those in Table 1 and we can show that the parameters of our constructions
are new.

Proposition 4.4 The parameters of the OOCs constructed in Corollary 4.3 are new.

We will prove the above proposition in a more general context in a few lines.

We can use the largest known constructions of cyclic subspace codes to construct large
OOCs. In Table 2 we resume the known parameters of known cyclic subspace codes. We
report the family of cyclic subspace codes having the largest number r of orbits, with respect
to their parameters.

Combining Theorem 3.4 and the constructions of cyclic subspace codes in Table 2, we
show new examples of OOCs.

Theorem 4.5 The cyclic subspace codes in Table 2 produce OOCs with parameters as in
Table 3.

The i-th row of Table 2 is obtained by applying Theorem 3.4 to the i-th row of Table 3.
We will now show that we obtain infinitely many new parameters.

Proposition 4.6 The OOCs with parameters as in Table 3 are new for any k > 2 and g > 3.
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Table 2 Table with known parameters of cyclic subspace codes

Parameters

r

References

m=2k,qg>2

m=ak,a > 2

m=ak,a > 2

m>6 and k < LHJ
k+1

m=("3)

m = ak’ witha > 6 and k =

2k’

m|(g—1)andk < L%J

m = ak(k—1)+1, k—1 power

of panda > 1

m =a(k271),kandqp0wer

A=l

(e+Dk _
== Dig - D
e=(3%1-2)
(e+Dk _
rs=qq - DI
e=([41-2)

1

1
1

—

of2anda > 1

[26, Lemma 38]

[34, Theorem 3.3]

[34, Theorem 3.5]

[26, Theorem 19]

[26, Theorem 31]
[35, Theorem 3.1]

[36, Theorem 3.8]
[30, Theorem 7.8]

[30, Theorem 7.9]

Proof We prove the newness of the parameters of OOCs in Table 3 by comparing them with
the ones in Table 1. All the OOCs in Table 3 have parameters of the form (¢ — 1, qk, q),
for some ¢ prime power and m > 2k > 6 positive integers.

(1) Assume that (g™ — 1, ¢, q) = (ﬁz —-1,q -2, 3). By the equality of the last two
parameters, we get ¢ = 3 and g = 3 4 2. Then by the equality of the first parameter,
we get 3" — 1 = (2 + 3%)> — 1 and by reducing modulo 3, we get a contradiction.

Table 3 New constructions (g is a power of a prime number p)

Parameters Conditions Size
2%k k g1
1 @"-Lg¢ —1g q>2 "G
ak k gHeh -1
2 (¢ —=1,9" = 1,9) a>2 it
k(a—1) _
3 @* —1.4" —1,9) a>?2 i
—k
4 @14 —19 m=6andk < | 272 | !
k k+1 gmk_1
5 (@"—1.4"—-1,9) m = (*37) -
—2k
6 @ —1.¢%* —1,9) m = ak/2 witha > 6 !
mfk_]
7 @" =1, —1,9) ml(g—1andk < | 2| i
m k . qm—k71
8 G@"—-1,4"—-1,9) m=ak(k —1)+1, k— 1 powerof panda > 1 T
9 m_ k-1 =a(k? — 1), k and f2anda > 1 g" 1
" —-1,9"—-1,q) m =a(k“ — 1), k and g power of 2 and a > =T
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(2) Assume that (¢ — 1, g%, q) = ( —14 3) By the equality of the last two parameters,

we get ¢ = 3 and g = 3X. Then by the equality of the first parameter, we get 3" — 1 =
3%k 1
3k

. By reducing modulo 3, we get a contradiction.

—k' (A+2) _ 1

(3) Assume that (¢ — 1, g¥, q) = (q 71

parameters, we get ¢ = A and g = A¥ 4 1. Then by the equality of the first parameter,

,q — 1, A). By the equality of the last two

we get A" — 1 = % By reducing modulo ¥, we get —1 = A 4+ 2 mod AX,
a contradiction.
(h+1) _ .
(4) Assume that (g™ — 1, qk, q) = (q;il +1, A) Using the same argument of the

previous case, we obtain again a contradiction.

(5) Assume that (¢ — 1, ¢*, q) = (¢" — 1,§ — A + 3, 1). By the equality of the last two
parameters, we getg = Aandg = A¥414-3. Then by the equality of the first parameters,
we get A — 1 = (AF + 1 4+ 3)" — 1. Since A = g > 2, by comparing the maximum
degree of both side of the previous equation, we get that # = 2. A contradiction to the
factthath > A > 3.

(6) Assume that (g™ —1, g*, g) = (ph, h, 1). By the equality of the last two parameters, we
getg = A and & = AF. Then by the equality of the first parameter, we get A — 1 = pa*.
By reducing modulo A, we get a contradiction.

(7) Assume that (¢ —1, qk, q) = ((g — D)p, (p — A), A). One can argue as in the previous
case.

(8) Assume that (¢ — 1, q q) = (h(g + 1), h, 21). One can argue as in Case (6).

(9) Assume that (¢ — 1, q q) = ( 71 11 ,q+1, k) One can argue as in Case (3).
(10) Assume that (g™ — 1,¢%,q) = (g% — 1.g",g"™"). By the equality of the last two
parameters, we get k = 2, a contradiction.
(11) Assume that (" — 1, ¢*,q) = (g — 1, f, »). By the equality of the three parameters,
wegeth =¢q, f = q¥andg = ¢™. Since f | (7 — 1), we have ¢ | (¢"™ — 1), a
contradiction.
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