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Abstract

The recently introduced generalized semifield spreads are partitions of IF,m x IF,m, which
are constructed from presemifields with a certain property, called right ¥ «-linearity. These
partitions have similar properties as spreads. In particular, they are bent partitions, hence they
yield a large number of bent functions, vectorial bent functions and amorphic association
schemes. We show that with a slight change of parameters, we obtain inequivalent bent par-
titions, non-isomorphic divisible designs, and bent functions with various algebraic degrees.
This is in contrast to classical spreads of IFm x [ ,m, which yield bent functions all of which
have algebraic degree (p — 1)m. We show that with right F «-linear presemifields we can
obtain a large variety of vectorial dual-bent functions, which yield, not necessarily amor-
phic, association schemes. We investigate fusions of these association schemes, which reveal
information on their inner structure, and may provide a tool to distinguish non-isomorphic
association schemes.
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Maiorana-McFarland functions - Association schemes

Mathematics Subject Classification (2010) 94D10 - 05E30 - 05B10

1 Introduction

For a prime p, a function f from an n-dimensional vector space Vﬁf’ ) over the prime field
F, to IF, is called a bent function if for every b € V,(lp ), the Walsh coefficient

- b; n
Wf(b): Z C[Jf(X) (b,x) , ;p :ezT[L/p’
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n/2

has absolute value p"/~, where ¢ is a complex primitive 4-th root of unity and (b, x),, denotes

a (nondegenerate) inner product of VE,p ).

For a Boolean bent function (p = 2), we have Wy (b) = 2”/2(—1)f*(b) for a Boolean
function f* called the dual of f, which is also a bent function.

Whereas Boolean bent functions exist only for even n, p-ary bent functions from V,(,p ) to
F,, p odd, exist for even and for odd n. For the Walsh transform, we then have

f*(b)p"/2 nevenornoddand p=1 mod 4,

W (b): p*
/ {:I:L{i,f (b)p"/z : noddand p =3 mod 4,

where f* is a function from Vﬁ,p D toTF p» which we again call the dual of f, see [17].

If Wy (b) = e{,{*(b)p”/z with € € {1, £t} independent from b, then f is called weakly
regular, if € = 1, regular. If € varies with b, then f is called non-weakly regular. The dual
of a weakly regular bent function is also bent, which does not always apply to non-weakly
regular bent functions.

A function F : Vf,p N V,((p ) is called a vectorial bent Sfunction if every component
function F, = (¢, F(x)), ¢ € Vip) \ {0}, is a p-ary bent function.

In [9], a concept of duality for vectorial bent functions is introduced: A vectorial bent
function F : Vf,p ) V,({p ) is called a vectorial dual-bent Sunction if there exists a vectorial
bent function F* : V¥ — VI such that {F* : ¢ € VP \{0}} = {((F.)* : ¢ € VI \{0}},
i.e., the components of F* are the duals of the components of F. Observe that then

F* = (Fy())* for some permutation o of V,({p) \ {0}. (1)

A large number of bent and vectorial bent functions can be obtained from (normal) bent
partitions, a concept which was introduced recently in [8].

A partition of V,(,p ) into subsets A1, Ay, ..., Ak is called a bent partition of depth K if
every function f from Vi,p JtoF p with the following property is a bent function:

Every ¢ € IF), has precisely K/ p of the sets A in its preimage set fle)y=1{xe Vflp) :
fx) =c}h

Bent partitions can only exist for even n, with the exception that p = K = 3, since the
preimage set partition of every ternary bent function is a bent partition, see Section IIl in [3].
Therefore, in the remainder of this article, n will always be an even integer.

As pointed out in [8], all sets A in a bent partition have the same cardinality, except for
Ay (wlo.g),and [A] = |A;| £ p”/z, Jj =2,..., K. For all so far known bent partitions
other than preimage set partitions of ternary bent functions, we have |[A{| = [A;]| + p2,
and A, contains an (n/2)-dimensional subspace U. These bent partitions then give rise to
a normal bent partition. A partition of Vflp ) into an (n/2)-dimensional subspace U and sets
A1, Aa, ..., Ak is called a normal bent partition of depth K if every function f from Vf,p)
to IF, satisfying the following properties is a bent function:

(I) Every c € IF}, has precisely K /p of the sets A in its preimage set f (¢, and
(II) f is also constant on U.

Clearly, taking the union of U with any of the sets A ; (and leaving the other sets unchanged)
yields a bent partition, i.e., with a normal bent partition, we have bent partitions.

Well-known (normal) bent partitions of Vf,p ) , n = 2m, are the bent partitions
{Uo, UY, ..., U;m}, Uj’f‘ = U, \ {0}, obtained from a spread, i.e., from a collection of p™ +1
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subspaces U of Vi,p ) , each of dimension m, which pairwise intersect trivially. The bent func-
tions obtained from such bent partitions are called partial spread bent functions. Examples are
semifield spreads of IF ,m x I ,m , which consist of the subspaces Uy = {(x, sox) : x € Fpm},
s €Fypm,and U = {(0, y) : y € Fpm} for some (pre)semifield P = (IFpm, +, o).

The standard example is the Desarguesian spread, which is obtained if the finite field is
taken for the semifield. The bent functions that can be obtained with the Desarguesian spread
are called PS,, bent functions and can explicitly be represented as

fx,y) = By ™),

where B : F,m — IF), is any balanced function.

The article is organized as follows. In Section 2, we recall generalized semifield spreads,
and some results on bent partitions, vectorial dual-bent functions and (amorphic) association
schemes. In Section 3, we show results that indicate that with generalized semifield spreads
one obtains a large variety of bent partitions giving rise to a vast diversity of bent functions.
In particular, we show that in contrast to partial spread bent functions, bent functions with
various algebraic degree can be obtained. In Section 4, we investigate structural properties of
association schemes obtained from vectorial dual-bent functions in the Maiorana-McFarland
class. This may provide a tool to distinguish non-isomorphic association schemes.

2 Preliminaries

Recall that a finite presemifield is an elementary abelian group, without loss of generality
represented by IF,», equipped with an additional binary operation o that satisfies
I) xoy=0=x=00ry=0,

II) (x+y)os=(xos)+(yos)andso(x+y)=(sox)+ (soy)
forall x, y,s € F,m. A presemifield, for which there is an element v # 0 such that v o x =
xov = x forall x € Fpm, is a semifield. A presemifield can always be turned into a semifield
via an isotopism, see [7].

Given a (pre)semifield P = (IF,m, +, o), another (pre)semifield Pl = Fpm, +, %) is
obtained with the operation « defined by the equation

Tr} (x (bxy)) = Trl' (b(x o y)) forall b, x, y € Fm, 2)

where Tr}" denotes the trace function from F m to F Pk for a divisor k of m. The (pre)semifield

P? is called the dual of P.

Let P = (Fm, +, o) be a (pre)semifield, k a divisor of m, and let e be an integer satisfying
ged(p™ —l,e) = 1, e = p! mod (p* — 1). Then we obtain a partition Q = {U, A(y) :
Y € Fp} of Fpm x Fpm as follows:

Aly) = U UF, where Us ={(x,s0x°) : x € Fpn}, A3)
sl pm Tri (s)=y

U =Ug\ {(0,0)}, and U ={(0.y) : y €Fpm}.

Proposition 1 [7, Theorem 1] Suppose that P = (Fm, +, o) is a (pre)semifield such that
the dual P4 = (Fpm , +, %) satisfies

xx(cy) = c(xxy) forallx,y e Fpm, ce ]Fpk. )

Then 2 is a (normal) bent partition of F pym x I m.

@ Springer



1644 Cryptography and Communications (2025) 17:1641-1657

Remark 1 1In [7], the linearity condition in (4) is called right F pk-linearity. Clearly, the finite
field IF,» is right I« -linear for every divisor k of m, but (pre)semifields are in general not.
Infinitely many non-isotopic right I «-linear examples can be obtained from the construc-
tion in [15], see also [7, Example 3.2]. For more details on examples of right ok -linear
presemifields, we refer to [7, Section 3].

Remark 2 1n [7], three more closely related (normal) bent partitions are obtained from a right
F «-linear (pre)semifield, which are also referred to as generalized semifield spreads.

In [19], a vectorial dual-bent function F is said to satisfy Condition A if all components
of F are regular or all components of F' are weakly regular but not regular, and o in (1)

is the identity permutation. A bent partition £ = {Aj, ..., A} satisfies Condition C if

cAj =Aj, ce F’;, 1 <j< pk , and every bent function obtained from €2 is regular, or
every bent function obtained from €2 is weakly regular but not regular. Close connections
between such vectorial dual-bent functions and such bent partitions have been shown.

Proposition 2 [19, Theorems I and 2] Let F : Vf,p) — V,((p) be a vectorial dual-bent
function satisfying Condition A, and let D, = {x € Vf,p) 1 F(x) = ¢} be the preimage set of
ce V,({p). Then {D%, : ¢ € V,({p)} is a bent partition ofV,(,p) of depth p* satisfying Condition
C.

Conversely, if p is odd and Q = {A. : ¢ € V]Ep)} is a bent partition ofVﬁ,p) satisfying
Condition C, then with F(x) = c if x € A, we obtain a vectorial dual-bent function from
VELP ) to V,(Cp ) , which satisfies Condition A.

In particular, for every generalized semifield spread, there exists a corresponding vectorial
dual-bent function satisfying Condition A.

Remark 3 The vectorial dual of a vectorial dual-bent function F is not unique, i.e., it depends
on the choice of the basis for the vector space. Hence, in the definition of Condition A, it is
more precise to say that there exists a vectorial dual for which o is the identity permutation.
As shown in [2], this applies if and only if for every vectorial dual of F the permutation o is
linear, equivalently if and only if there exists a vectorial dual such that o is linear.

An alternative formulation for F satisfying Condition A, independent from the represen-
tation, is that for F, F* and ¢, ¢ # —c1, we have (see [2, Proposition 7])

(Fe)" + (Fep)* = (Fey + Fop)™

A d-class association scheme is a set of binary relations Ry, Ry, ..., Ry on a set V
satisfying the following properties:

(I Ro ={(x,x): x € V} =id is the identity relation on V.
(D) U?:o Ri =V xV,RRNR; =0ifi # j,ie, the relations R;, 0 <i < d, form a
partition of V x V.
(IT) Forevery0 <i <d,R! = Ry forsome0 < i’ <d,where R} = {(x,y): (y,x) € R;}.
(IV) For every h,i,j € {0,1,...,d}, there exists a constant ,oihj called an intersection
number, such that for every (x, y) € Rp, the number of z for which (x, z) € R; and
(z,y) € Rj equals pl};

All association schemes in this article are symmetric,i.e., Rl = R;, 1 <i <d.
A fusion of a d-class association scheme Ry = id, Ry,..., R; on V, is a partition
S0, 81,...,8: of V. x V for which Sy = Ry and every S;, 1 < j < c, is a union of
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some of the R;. A fusion that is an association scheme as well, is called a fusion scheme. An
association scheme is called amorphic if every of its fusions is a fusion scheme.

We remark that amorphic association schemes can equivalently be described as an edge
decomposition of a complete graph into strongly regular graphs of (negative) Latin square
type, see e.g. [4].

In [5, 20], it is shown that vectorial dual-bent functions induce (not necessarily amorphic)
association schemes. We summarize some results of [5, 20] as follows:

Proposition3 Let F : Vf,p) — V,(,f) be a vectorial dual-bent function with F(0) = 0 and
F(x) = F(—x). Suppose that all components of F are either regular or all are weakly
regular but not regular. For the preimage sets D"Ié* ={x e V,(,p) \ {0} : F(x) = o} consider
the binary relations Ry with (x,y) € Ry if and only if x — y € D%*.

(i) Then the set of relations {id, R, : o € fof)} forms a p™-class association scheme on
Vflp ), except for one case: All components of F are weakly regular but not regular and
m = % (only possible if p = 3). Then we have a (p™ — 1)-class association scheme.

(ii) If o in (1) is the identity permutation, i.e., if F satisfies (Fg)* = FE forevery B €
ng ) \ {0}, then the association scheme in (i) is amorphic.

Let {U, Ay, ..., Ay} be a generalized semifield spread of Fpm x F,ym, and let Ry, Ra;,
j=1,..., Pk, be the corresponding binary relations. Then id, Ry, Raj, j=1,..., pk,
form a (p* + 1)-class amorphic association scheme on F pm X Fpm.

Example1 Let {U, Uy : s € Fym}, where U = {(0,y) : y € Fym} and for s € F,m,
Us = {(x,sx) : x € Fpm}, bethe bent partition of F ym x IF ,m obtained with the Desarguesian
spread. Then the relations of the corresponding (p™ + 1)-class amorphic association scheme
id, Ry, Ry,, s € Fpm, are given as follows. For distinct (x1, y1), (x2, y2) € Fpm x F,m, we
have:

— (x1, YD Ry (x2, y2) if and only if x| = x;.
— (x1, Y1) Ry, (x2, y2) if and only if y; = y;.
— Fors € Fn, (x1, yD) Ry, (x2, y2) if and only if (x; — x2) = s(y1 — y2).

An associated vectorial dual-bent function is the vectorial PS,;, function F(x,y) =
xP" =2y, of which the preimage set partition {U U UJ, U} : s € [} induces the fusion
scheme id, Ry U Ry,, Ry,, s € F;m

The amorphic association schemes obtained from a spread as in Example 1 above, are
referred to as complete affine association schemes, see [10].

3 Results on the generalized desarguesian spread

As pointed out in [7], a generalized semifield spread can be seen as a generalization of a
conventional semifield spread. In fact, the generalized semifield spread reduces to the classical
semifield spread of k = m (the right IF , -linearity is then not required). In particular, if the
semifield is the finite field, then the generalized semifield spread is a generalization of the
Desarguesian spread. We hence use the term generalized Desarguesian spread.

Similar as for the Desarguesian spread, it is easy to infer an explicit representation of all
bent functions generated with a generalized Desarguesian spread, see also [2, 6].
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Let k be a divisor of m and let e = p! mod (p* — 1), and ged(e, p™ — 1) = 1. Then
all bent functions f : F,m x F,m — ), obtained from the generalized Desarguesian spread
defined as in (3) with the finite field multiplication, can be expressed as

fx,y) = B(Try' (yx~)), (&)

where B : IF x — [, is a balanced function. In accordance with the classical case, we call
the functions in (5) generalized PS,), bent functions.

Remark 4 The duals of the bent functions in (5) are of the form
glx, y) = B(Tr' (xy™ ), ©)

where B : ]Fpk — [, is a balanced function, and de = 1 mod (p™ — 1). The functions
(6) are the bent functions obtained from yet another bent partition (see e.g. [2]), which
also reduces to the Desarguesian spread if k = m. We refer to the functions in (6) also as
generalized PS,,, bent functions.

Recall that two functions f, f> : V,(,p ) L F p are called extended affine equivalent (EA-
equivalent) if f>(x) = fi(L(x) + a) + £(x) + b for some linear operator L on Vif’), linear
map £ : Vﬁf’) — Fy,ae Vi,p), b € F,. If £ is the O-function, then fi, f, are called affine
equivalent, and linear equivalent if furthermore a = 0, b = 0. Linear equivalence can
naturally be extended to partitions of V,(f ). We call partitions 2] = {D;l), Dél), R Dr(l)}
and Q) = {D§2)’ Déz), ce, sz)} of V,(f ) affine equivalent if €1 can be transformed to €2
with an affine coordinate transformation, i.e., there exists a linear operator L of V,(f ) and a
constant a € Vf,p) such that D;z) = L(D}l)) +a,j=12,...,r.1fa = 0, we say that
21 and 2 are linear equivalent. It is easy to infer that equivalent bent partitions yield (up
to equivalence) the same set of bent functions. In fact, if two bent partitions 21, €2, of V,(lp )
are affine equivalent with linear operator L and constant a, then the bent function f; can be
obtained from 2 if and only if fo = fj (L~ Y(x — @)) is obtained from 2. We therefore
can confirm that two bent partitions 21, €2; are inequivalent by showing that with €2, we can
generate bent functions which are not equivalent to any bent function obtained from €.

In this section, some results are provided which indicate that there is a large variety of
inequivalent bent partitions giving rise to a vast diversity of bent functions. More precisely,
we show that:

(I) With different choices of e in (3), one can get inequivalent generalized semifield spreads.
(IT) With generalized Desarguesian spreads, one can generate bent functions of various
algebraic degree.

These observations add to [6, Theorem 2] on bent partitions from isotopic semifields:

(III) Two generalized semifield spreads (with the same m, k, e) obtained from two isotopic
(pre)semifields are in general not equivalent.

Remark 5 The results in (IT) and (IIT) are quite in contrast to the actual situation for conven-
tional semifield spreads:

— The algebraic degree of every bent function from V,(lp ) to F p obtained from a spread is
(p—Dn/2.
— The semifield spreads obtained from two isotopic (pre)semifields are equivalent.
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On the 2-rank and equivalence

In this subsection, we restrict ourselves to the important case of Boolean generalized PS,,
bent functions. Let f : Vﬁ,z) — [, be a Boolean function. The development Dev(f) of f
is the point-block incidence structure with Vﬁ,z) as point set and {Supp(f)+v: v € Vi,z)}
as block set, where Supp(f) = {x € V;,Q) . f(x) = 1}. The 2-rank of f is the rank of the
2" x 2™ incidence matrix of Dev(f). If f is a Boolean bent function, then Supp(f) is a
Hadamard difference set and Dev(f) is a divisible design. Clearly if f1, f> have a different
2-rank, then Dev(f1) and Dev(f) are not isomorphic, in particular f; and f> are then not
EA-equivalent.

In [6, Section 5], the 2-rank of the Boolean generalized PS,, bent functions of the form
fx,y)= Tr’l” (x7¢y),e= 2k 41, is determined in terms of Fibonacci numbers. In general,
statements on 2-ranks of Boolean bent functions are not easy to obtain. However, the 2-rank is
auseful tool to show for bent functions not to be equivalent respectively for the corresponding
designs not to be isomorphic.

With the help of MAGMA, we determined the 2-ranks for all bent functions obtained
from two concrete examples of generalized Desarguesian spreads with the same m and & but
different values for e.

Example2 Letp =2, m =6,k =2,¢; =224+ 1, e =23 +2% + 1. Let Q; and 2, be the
bent partitions of F ,m x IF ,m obtained by using e and e;, respectively, see Equation (3). With
MAGMA calculations, we determined the 2-ranks of all bent functions obtained from 2
and €2,. Each bent function obtained from €2 has 2-rank 96, whereas the 2-rank of any bent
function obtained from €2 is either 56 or 64. Hence not any bent function obtained with €2,
is equivalent to a bent function from €21, and the bent partitions 21 and €2, are inequivalent.

The results on the 2-ranks do not only show that the generalized Desarguesian spreads
in Example 2 are not equivalent, but also indicate that a variety of bent functions and non-
isomorphic divisible designs can be obtained from generalized semifield spreads.

Corollary 1 Let k be a divisor of m, ey, ey be integers such that ged(er,2™ — 1) =
ged(e,2" — 1) = 1, and e; = 2" mod 2F — 1), ex = 22 mod (2% — 1) for some
integers 11, 5.

In general, the set of 2-ranks of the Boolean bent functions B(Tr}' (yx™—¢')) and of the
Boolean bent functions B(Tt}' (yx~¢)), B : Fx — I3 balanced, are not the same. Various
non-isomorphic designs can be obtained with different generalized Desarguesian spreads.
In particular, the generalized Desarguesian spreads for ey and for ey are in general not
equivalent.

Similar considerations can be made for odd characteristic. One would expect that, as for
the Boolean case, different choices of e in (3) can provide inequivalent partitions and a large
amount of inequivalent bent functions.

Algebraic degree

In [8, Theorem 8], the classical result in Dillon’s thesis [11] on the algebraic degree of a
Boolean partial spread bent function is extended to arbitrary characteristic. It is shown that
every bent function f : Vflp ) S F p obtained from a spread of Vflp ) has algebraic degree
(p — Dn/2. In this subsection, we show that varying e in (3), we can obtain bent functions
of various algebraic degree from generalized Desarguesian spreads.

@ Springer



1648 Cryptography and Communications (2025) 17:1641-1657

Proposition 4 Let k be a divisor of m, let 1 < e < p™ — 1 be an integer satisfying
e = p' mod (p* — 1) for some nonnegative integer | < k.

(i) The algebraic degree of Tr' (yx~°) is a multiple of (p — 1).
(ii) There exists Tr'' (yx~°) of algebraic degree (p — D)r forallk <r < m.

Proof (i) Forl <e < p™ —1,lete =ey+eip+-- -—|—em_1p’"‘l be the p-adic expansion
ofe,ie,0<e; <p—1fori=0,...,m—1.Thene = p' mod (p* — 1) implies
that e = Z;”;OI e; =1 mod (p — 1). That is, we have wt(¢) =1 mod (p — 1). By
the factthat p”" — 1 =(p— D4+ (p—Dp+---+ (p — DHp™ !, we have

—e=p"—l—e=(p—l—e)+(p—1l—e)p+-+(p—T—eu)p" ' (7

AsO<p—1—¢ <p—1fori =0,...,m— 1, Equation (7) is the p-adic expansion
of —e. Hence,

m—1

wt(—e) =m(p —1) — Zei =m(p—1) —wt(e). (8)

i=0

Note that the algebraic degree of Tr' (yx ~¢) is wt(—e) + 1. Hence, Equation (8) together
with wt(e) =1 mod (p — 1) implies that

wt(—e) +1=—wt(e)+1=0 mod (p — 1),

which gives the desired conclusion.

(i) Ase = p' mod (p¥ — 1), we have e = r(p* — 1) + p’ for some nonnegative integer
t.Fort =0,ie.,e=pl, wehavea PS,, bent function. Hence, the algebraic degree is
(p—1m.

From now on, we suppose that 7 is a positive integer. Lett = to +t;p + - - - + £, p* be the
p-adic expansion of 7. Note that s 4+ k < m, otherwise e > p. We determine the algebraic
degree of Tr'' (yx~¢), which is wt(—e) + 1, through a case-by-case analysis. We mainly use
the equality

ph=ppC+(p—1)pc+1+...+(p_1)ph—l ©)

for positive integers & > c.
Case (I): s +k < m.
Suppose that t = 1. p© + - - - + £, p*, where 1, t; # 0, i.e.,

€=—l‘cpc—"'—l‘sps+tcpc+k+'“+l‘sps+k+pl.

We consider the following subcases:
Case (A): s < k.
(@)l >s,ie,s <[ <k.
Then by Equation (9), the p-adic expansion of e is

e=p—t)p+(p—1—t0)p T+ H(p—1—15)p*
+(p-Dp =D T et

Hence, wt(e) = (p—1)(I—c—1)+ p, which implies that wt (—e)+1 = (p—1)(m — (I —c¢)).
In this case, for varying values of ¢ and /, we obtain all r values satisfying m — (k — 1) <
r<m-—1.

(b))l <s,ie,l<s <k.
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If I < ¢, by Equation (9), the p-adic expansion of e is

e=p +(p—t)p"+(p—1—ter)p + -+ (p—1-1)p°
+(p_1)ps+l+._._,’_(p_l)chrkfl_i_(tC_l)pc'+k+tc+1pc+k+l_,’_.“_f_tsszrk.

Hence, wt(—e) +1 = (p — 1)(m — k).
Suppose that ¢ < I < 5. Let d be the integer such that! < d < s, 5 # 0 and t; = O for all
| <i < d. Then the p-adic expansion of e is

e=p—1p°+(p—1—t2)p T+ +(p—1—1_p'!

+ (=t + =1 —tar)p o (p— 1 —1)p
+(p_ l)ps+1 +"'+(]7— 1)pc+k71+(l‘c— l)pc'+k+tc+lpc+k+l +---+tsps+k.

Hence, wt(—e) +1=(p — 1)(m —k + (d —1)).
In the case of ¢ = s, we obtain wt(—e) + 1 = (p — 1)(m — k). Suppose that ¢ = .
If . > 1, then wt(—e) +1 = (p — 1)(m — (k + 1)). For the case ¢, = 1, let d be the
integer such that ¢ < d < 5,13 # Oand#; = O for all ¢ < i < d. Then we have
wt(—e)+1=(p—1)(m—k+ (d—c)).

In this case, for varying values of ¢, d and [, we obtain all r values satisfyingm — (k+1) <
r<m-—1.
Case (B):s > k,ie.,l <k <s.

@c+k>s.

Then we have the Case (A)/(b) except ! = s.

b)c+k<s.

By setting b; = ti_y — t; fori =c+k, ..., s, we can write e as follows:
e=—tcp® =~ tesr—1 P F b p - byt

it P At p TR Pl

We only investigate the case [ < ¢ as the case [ > c is similar.

We first suppose that b; < O foralli = ¢ +k,...,s, and #4 is the first nonzero term for
d > s — k. Then the p-adic expansion of e is

e=p'+ (P =1+ (P =1 —te)p™ o+ (p = T =tk !

+(p = L+ ber)p™ -+ (p = 1+ b)p* + (p = D™ 4o (p = Dp !
+ (td _ l)pd-‘rk + td+lpd+k+1 R tsPH—k.

Hence, wt(—e)+1=(p — )(m —k — (d — ¢)).
We now suppose that by, is the first positive coefficient with ¢ + k < d; < s. Then

e=¢e| + bd1+1pd1+1 + S+ bpt + ts—k+]PS+1 I tsPHk»

where ey = p'+(p—10) p“+(p—1=tex ) p T - - (= 14bg —) pU " +(bay =D p™.
Suppose that by, is the first negative coefficient with dj + 1 < vy < s, and that by, is the
first positive coefficient with v + 1 < d» < s. That is,

e=ei+er+bap® 4 b pt b p T At ptTE,

where €3 = bay 41 p™ T 4+ by, 1 p2 T+ (p+ b)) PP+ (p— 1 4byy ) p? T 4+
(p — 1+ bgy,—1)p®~" + (bg, — 1) p®. Continuing in this way, we can write

e=el+"'+‘3n+bd,7+1pd”+1+"'+bsps+ts_k+1ps+1+"'+lsps+k, (10)
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where d;; < s such that there is at most one sign change in {by,, b, +1, - - -, bs}. lf by > 0
foralli =d,,...,s,ie., Equation (10) is the p-adic expansion of e, then wt(—e) + 1 =
(p—1)(m—(di—c)= Y] ,(di —v)).

Otherwise, let b, be the first negative coefficient lying in {bg,+1, ..., bs} and #; be the

first nonzero integer fors —k + 1 < j <s.
Then by the p-adic expansion of e, we obtain

n
wi(=e) +1=(p -1 (m_(dl_C)—Z(di_vi)_(j‘l‘k_ﬂ))-
i=2

In this case, we obtain all r values satisfyingk <r <m — (k+ 1).

Case (Il): s + k = m.

If m = uk, then s = (u — 1)k. With the p-adic expansiont =ty +t1p +--- + t;p°, we
have

e=—tg ==t p* Hbept ot bp’ Htpn P i Pl (D

where b; = t; — t;_y fori = k,...,s. We first observe that t;, = 1 and / < s, otherwise
e > p™. Note that, for i < m, the first highest nonzero coefficient of p’ appearing in (11)
has to have a minus sign. Otherwise, we also have ¢ > p™. Since t; > 0, this implies that
ty—k+1 = -+ =t;_1 = 0. Thatis,

e=—tg—-- =t p +bipt 4+ bup Tt
itk P bt p T Gk — D P+ D

and/ < s. Since t;_; — 1 < 0, either t,_; = 1 or t;_; = 0. If t,_x = 1, then we similarly

have t;_p41 =+ = ty—x—1 = 0, i.e., we have
e=—tg— - —tis1 pF+bep* + -+ by pH
+ ez P bt p T - (= D TR P+
and/ < s — k.

Thatis,inthecasethatbj; = Oforallj = 1,..., u—1,wehavet = 1+ pF4- o p—DE,
This implies that e = p” — 1 + p', which gives a contradiction to e < p™ — 1. Hence, there
exists i € {1,...,u — 1} such that by = —1 and bj; = O for all i < j. Without loss of
generality, we can suppose thati = u — 1, 1i.e., t,_x = 0 and

e = —to—~--—tk71pk+bkpk+..._|_bsik71ps7k71

oo At P T e p T = p M+
That is, by Equation (9), the last part of the p-adic expansion of e is of the form #,_o; p* k4

ol p T A (p = Dp + (p = Dp T 4+ (p = DT
This implies that » > k. Similarly, we observe that r < s. O

Proposition 4 and its proof reveals the possible values for the algebraic degree of a gener-
alized PS;, bent function of the form Tr' (yx~¢). Also observe that the algebraic degree of
Trl'(yx~¢)ism(p — 1) ifand only if e = p!, hence x€ is linear. In this case Tri'(yx~¢)isa
conventional Desarguesian spread bent function (with the linear coordinate change x — x? ).
We arrive at the following theorem.

Theorem 1 Let k be a divisor of m, let 1 < e < p™ — 1 be an integer satisfying gcd(p™ —
l,e) = land e = p' mod (p* — 1) for some nonnegative integer | < k. The algebraic
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degree of the generalized PS,), bent function f(x,y) = Tr{'(yx~¢) is r(p — 1) for some
integer r satisfying k <r < m.

Moreover, the algebraic degree of f(x,y) ism(p — 1) if and only if f(x, y) is a conven-
tional PSy, bent function.

We present some specific examples below that demonstrate all possible values of r in
Theorem 1 can be achieved.

Example 3 Letk =2 and m = 4. Let p be an arbitrary prime number.

First, put e = p. Itis clear thate = p mod (p* — 1), ged(e, p* — 1) = 1 and the degree
of Tr' (yx~¢) is 4(p — 1). Note that Tr’ (yx ) is PS,,, bent function in this case.

Secondly, pute =14 (p — 1)p2. Ttis clear thate = p mod (p? — 1) and the degree of
Tr"(yx~¢) is 3(p — 1). Assume that p 2 mod 5, which holds for infinitely many prime
numbers p. Let I be the ideal of the ring of integers givenby I =< p*—1, 14+ (p—1)p? >.
By using Euclidean Algorithm, we obtain that ] =< p> — p?> 41, p> —p—2 >=< p>—p—
2,2p+1>=<5,(p—1)/24+2 >=< 1 >. This implies that we have gcd(e, pr—1=1.
Note that the assumption p # 2 mod 5 is needed in general as ged(e, p* — 1) = 5 when
p="T.

Finally, pute = 14 (p — 1) p?> + (p — 1) p>. Itis clear that e = p> mod (p? — 1) and the
degree of Tr'' (yx~¢) is 2(p—1). Moreover we have gcd (e, p*—1) = 1 for any prime number
p.Indeed, by using Euclidean Algorithm we obtain < p*—1, 14+(p—1)p>+(p—1)p> >=<
p4—p2+1,p2—2 >=< p2—2,3 >=<1>.

Remark 6 Note that in the case Case (I)/((A)/(a)) in (ii) of Proposition 4, by choosing s =
c=0andl =1,ie., e =pf+p—1,wehave wt(—e)+ 1 = (p — 1)(m — 1), which gives
the result in [8, Proposition 2].

Recall that all bent functions f : Vflp ) > F p obtained from the Desarguesian spread have
the same algebraic degree, namely (p — 1)n/2. We can observe a different behaviour for a
generalized Desarguesian spread. As we confirmed with MAGMA, in general, the algebraic
degree of f(x,y) = B(Tr}'(yx~ ), B : F k= I, balanced, may be different from the
algebraic degree of Tr (yx~¢).

4 Maiorana-McFarland association schemes from semifields

In [19], it is pointed out that every bent partition of F,n x F,m of depth pX given with a
generalized semifield spread is the preimage set partition of a certain vectorial bent function
F from Fm x Fjm to F i satisfying Condition A. Note that for odd p, this follows from the
general result in [19], which we recalled in Proposition 2, with the easy observation that a
generalized semifield spread satisfies Condition C. In [19, Section III], an explicit description
of this vectorial dual-bent function is given: Let P = (IFym, +, o) be a (pre)semifield and let
Pl = (F pm, +, %) be its dual (pre)semifield. Then with

no =0 and y*n;I =1, (12)

one obtains a permutation y — 1y, of IF,m. For some given integer e, we define a function
a(x,y) from F,m x Fpm to F,m by

a(x,y)ox*=y if x#0 and a(x,y)=0 if x=0. (13)
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Suppose that P is right IF «-linear for a divisor k of m, ged(e, p™ —1) = 1, and e = p'
mod (pk — 1) for some integer /. Then by [19, Proposition 3], F(x,y) = Tr}’(a(x, y))
for a(x, y) given in (13), is a vectorial dual-bent function satisfying Condition A, and the
generalized semifield spread partition in (3) arises as the preimage set partition of F' (with
F~1(0) = UUA(0)). The vectorial dual of F is F*(x, y) = =T (xny, 4y with the convention
U 4 = 0, where ed = 1 mod (p™ — 1). With Proposition 3, the preimage set partition of
F(x,y) = Tr}'(a(x, y)) induces a p¥-class amorphic association scheme.

Remark 7 Note that the vectorial dual F* is a projection of the Maiorana-McFarland bent
function xn;d from Fpm x Fm to Fpm.

With F, also F* is a vectorial dual-bent function satisfying Condition A. The bent partition
arising from the preimage set partition of this projection of a Maiorana-McFarland bent
function, is the generalized semifield spread ®; given in [7, Theorem 2].

The following theorem refines the results on the vectorial dual-bent functions F and F*
given as above.

Theorem 2 Let e, d be integers such that gcd(e, p" —1) = landed =1 mod (p™ —1). For
a (pre)semifield P = (F ym, +, o), consider the functions xny_d and a(x,y) fromFpm < F,m
to Fym defined as above.

If the dual (pre)semifield PY is right Fpk-linearfor a divisor k of m, then F, G : Fpm x
Fypm — Fx given by F(x,y) = Tr)'(a(x, y)) and G(x,y) = —Tr}! (xn;,d) are vectorial
dual-bent functions, and G(x,y) = F*(x, y), the vectorial dual of F. Moreover, (F.)* =
F:(C) with o (¢) = 4.
Proof Firstnote that G is a vectorial bent function as it is a projection of a vectorial Maiorana-
McFarland bent function. We have to show that for every nonzero c in IF pk> We have (F.e)* =
F}, where F*(x,y) = —Tr}! (xn;d) = G(x, y). Then F is a vectorial dual-bent function
with vectorial dual as claimed in the theorem and permutation o l(c) = ¢

Below we will deduce that for ¢ € F’;k,

Fee(x, y) = Tef' (%a(x, y)) = Te}' (p ™' (¢ x)y) (14)

for the permutation p(x) = n;d. Then using the fact that the dual of a Maiorana-McFarland
bent function m(x, y) = Tr{'(w (x)y) is m* (x, y) = =Tr{' (x7~1(y)), we obtain

(Fee)*(x, y) = (Tr' (0~ (e ) y))* = =Tr} (exp(y)) = =T (cxn; ),

and the proof is completed.
It remains to show the identity (14). We first show that for any nonzero x € IF,m, we have

o e x)wx® = ¢°. (15)

For nonzero x € F,m, we set p~V(c™'x) = z. Then p(z) = r;z_d = ¢~ lx. With de = 1
mod (p™ — 1), we then obtain 1 I — ¢=¢x¢. Therefore, by the definition of 7, in (12), we
have

1= 2*7721 = zx(c"%x%) = ¢ (z%xx°),

where in the last step we use the right F «-linearity of PY and the assumption that ¢ € F k-
Hence, ¢¢ = z%x¢, which confirms (15).
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Consequently, for nonzero x € IF» with (2) and (13), we obtain the following equalities:

T (cCalx, y)) = Tr{ (ax, y)(p " (¢ x)#x®))
=T (p (e ') (a(x, y) 0 x%))
=T (p~ (e 0)y).
If x =0, then a(0, y) = p~1(0) = 0, which shows (14). m]

With the connection between vectorial dual-bent functions and association schemes given
in Proposition 3, we can construct a variety of not necessarily amorphic association schemes
from (pre)semifields, for which the dual is right ¥« -linear.

Corollary 2 For some (pre)semifield P = (Fpm, +, o) with right F ,x-linear dual, and for an
integer e such that gcd(e, p™ — 1) = 1, let F and F* be the vectorial bent functions given
as in Theorem 2.

(i) The preimage set partitions of F and F* induce p*-class association schemes.
(ii) Ife = p' mod (pF —1) for some integer 1, then the corresponding association schemes
are amorphic.

As pointed out, F* is a projection of the vectorial Maiorana-McFarland bent function
xn;d. We hence call the association schemes in Corollary 2, Maiorana-McFarland associ-
ation schemes. If P is the finite field, then the functions F' and F* in Theorem 2 reduce to
F(x,y) = Trl"(x~¢y) and F*(x,y) = =Tt} (xy~9).

The right I« -linearity of P4 is a crucial property for obtaining vectorial dual-bent func-
tions. With MAGMA, we confirmed for the following examples that if P? in Theorem 2 is
not right '« -linear, then the functions ¥ and F* are not vectorial dual-bent functions:

(i) For k = 2, ¢ = 2% 4 1, the presemifield P = (F,6, +,0) with x 0 y = xy? +
yTrg()/x) + yTrg(xy), which belongs to the class of presemifields introduced in [15],
and P® = (Fy6, +, ), where x ¢ y = y o x.

(ii) Fork =2, e = 2+ 1, the semifield P = (Fys, +, o) withx oy = xy —ax? y%', where
a® +a* +a +a+1 =0, which belongs the class of Albert’s twisted fields [1], and
P® = (Fy,+.,0), where x ey = y o x.

In the remainder of this section, we investigate fusions of the association schemes in
Corollary 2. This can provide information on the inner structure of these association schemes.
Let F : Vf,p ) V,((p ) be a vectorial dual-bent function with a vectorial dual F* and a

permutation o defined as in (1). A projection of F, F : V,(f ) S, S subspace of VP isa
vectorial bent function, but in general it is not vectorial dual-bent. The preimage set partition
of F, of which the sets are unions of the preimage sets of F, is hence in general not inducing
a fusion scheme of the association scheme of F. The following necessary and sufficient
condition for a projection of a vectorial dual-bent function being vectorial dual-bent as well,
is a version of [5, Corollary 16], which has been given in the multivariate framework.

Lemma 1 Let F : V,(lp ) V]((P ) be a vectorial dual-bent function with permutation o ofV,((p )

given asin (1), and let S be a subspace of V,(Cp). The projection F: V,(f) )5S of F onto the
subspace S is a vectorial dual-bent function if and only if o (S) = S’ for some subspace S’ of
V,((p ). The vectorial dual F* of F is then the projection of F* to the vector space S’ = o (S).
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Proof The function F is vectorial dual-bent if and only if the set of the dual functions of the
set of the component functions {F, : ¢ € S\ {0}} forms a vector space of bent functions
(together with the O-function). By assumption, {(F.)* : ¢ € S\ {0}} = {F:(C) 1 ce S\{0}},
where F* is the vectorial dual of F. Clearly, {F :(C) : ¢ € S\ {0}} forms a vector space of
bent function (together with the O-function) if and only if §" = {o(c) : ¢ € S} is a subspace

of V,((p ) (note that o (0) = 0). The last statement then immediately follows. O

Theorem 3 Let k be a divisor of m, and let e, d be integers such that gcd(e, p™ — 1) = 1
andde =1 mod (p™ — 1). For a (pre)semifield P = (F ym, +, o) with the right Fpk-linear
dual, let F(x,y) = Tr}'(a(x, y)) and F*(x,y) = —Tr} (xn;d) be the vectorial dual-bent
Junctions given in Theorem 2. Let ¥ ps be any subfield of F .

(i) The projection FV>* of F to any coset yF ps of IF ps is a vectorial dual-bent function.

(ii) The preimage set partition of FV** induces a fusion scheme of the association scheme
obtained from F. If e = p' mod (p® — 1), then the preimage set partition of F¥* is a
bent partition of F ym x F,m and the corresponding fusion scheme is amorphic.

Proof (i) With o (c) = ¢?, we infer that o(yFps) = depx, hence it is a subspace of ]Fpk.
Consequently, F¥¢ is vectorial dual-bent by Lemma 1. A vectorial dual of F"** is the
projection of F* to the coset y¢F ps Of I ps.

(i1) The first statement follows from Proposition 2.

For the second, we apply Remark 3 and show that for c1, ¢; € yF s with ¢; # —c3, we
have (F)* + (Fe,)* = (F¢; + Fe,)*. Let ¢y = yuy and ¢ = yus for uy, up € Fps. Then
with o (¢) = ¢4,

(Fe))* (6, 3) + (Fep)* (x, ) = =T (¢ xny ) = Tef' (c§xm; )
=T (4 ud + ug)xny_d).

If e = p! mod (p* — 1), then z > z¢ is a linear permutation over Fps as z° = 2" for
z € Fps . Hence, the inverse map z — 74 is linear over F ps as well. Therefore,

(Fe)*(x, ) + (Fe)* (x, y) = =Tr (v (ur + u2)xn; )
= =Tr} ((yur + yup) xn;®) = =T} ((c1 + e2)?xn; )
= (F81+62)*(x7 y) = (Fcl + Fcz)*(xv )’)

With Proposition 2, we complete the proof. O

As many functions have the same preimage set partition, it is important to point out that the
preimage set partitions of projections F7*¥ and F7* to different cosets of IF s are different.
Otherwise, they would induce one and the same fusion scheme.

Proposition5 Let F : Vflp) — [« be a surjective function, and for a divisor s of k, let FYes
and F"** be the projections of F to two different cosets y\F s and y2F ps of Fps inF . Then
the preimage sets of FY'** and F¥?*° are different.

Proof Let wy, ..., ws be a basis for Fs. Then y;wr, ..., yiwy is a basis for y;F,s for
i = 1, 2. Under the fixed basis, we can represent the projection of F to y;IF s as

FY5(2) = (Tk (w1 F(2)), . . ., Tik (yiwg F(2))).
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Note that 71, z2 € V,(,p ) are in the same preimage set under the projection to ;[ s if and
only if Tr]f(yi w;iF(z1)) = Tr]f(yi w;F(z2)) forall j =1, ...,s. This holds if and only if

Tek (yw; F(z21) — yiw; F(22)) = Tr§ (w; Tk (v (F (z1) — F(22)))) = 0

for all j = 1,...,s. Since wy, ..., wy is a basis for [ s, this holds if and only if
Trf (i (F (1) — F(22))) = 0.

Set X = F(z1) — F(z2). From the observation above, we conclude that 71, z> € Vflp )
are in the same preimage set under the projection to y;[Fps for i = 1,2 if and only if
Trf (1 X) = Trf (y2X) = 0. Hence, to prove our claim, it is sufficient to show the existence

ofz1,z2 € Vf,p ) for which

Tr*(»1X) =0 and Trf(1nX) #0. (16)

Note that F being surjective implies that for given X € F prand zy € V,(,p ), there exists

72 € VE,p ) satisfying X = F(z1) — F(z2). Hence, to prove our claim, it is enough to show
the existence of X € I« satistying Equation (16). Since yi, y» are linearly independent
over s, otherwise y1F s = y2IF s, for every b € s, the linear system Trf(mx) =0,
Trﬂf(yzx) = b has p*=% solutions in F k- Therefore the existence of X satisfying (16) is
guaranteed. O

By [16, Corollary 2.7], any bent function F : Fym x F,m — Fpk, k < m, is surjective.
Hence, we obtain the following result by Proposition 5.

Theorem4 Let F : Fym x Fpm — Fpk, k < m, be a vectorial dual-bent function, and let
FYS and FY**° be the projections of F to two different cosets y\IF ps and y2F ps of F s in
IF k. Then the fusion schemes induced by the preimage sets of F"'** and F">* are different.
Consequently, every subfield F s of ¥« gives rise to (p* = 1)/(p* — 1) different p*-class
fusion schemes.

Remark 8 Let F : I ym xF ,m — IF,m be the vectorial dual-bent functions givenby F(x, y) =
xy~¢and F(x,y) = xny d_ which are defined as in Theorems 1 and 2 respectively. Then the
fusion schemes induced by the preimage sets of the projections to different cosets of a subfield
of IFym are not the same. However, as for instance, the linear map (x, y) > (yx, y) gives a
bijection from the preimage sets of F71>* to the preimage sets of F¥2*, where y = y»/v1,
the corresponding fusion schemes are isomorphic (see also the discussion below).

By the results in Sections 3 and 4, we have a large variety of non-equivalent bent parti-
tions and vectorial dual-bent functions. An interesting question, though probably difficult to
answer, is whether these constructions also yield a large variety of non-isomorphic association
schemes.

Let Ry = id, Ry, ..., Rg be ad-class association scheme of V and let t be a permutation
of V.Notethat t(Ry) = Ry = id,and t(R}), ..., T(R;) is also a d-class association scheme
of V. Hence, two association schemes Ry = id, Ry, ..., Rgand R) = id, R}, ..., R,ona

set V are called isomorphic if there exists a permutation t of V such that for each relation
R;, there exists a relation R; for which {(z(x), 7(y)) : (x,y) € Rj} = R;., see for instance
[12]. As one can see from the definition of isomorphic association schemes, two d-class
association schemes, of which one has a k-class fusion scheme and the other one does not,
are also not isomorphic. In particular, an amorphic association scheme and a non-amorphic
association scheme are not isomorphic.
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For 1 < j < d, we denote with A ; the adjacency matrix of R, and with A/j the adjacency
matrix of R’.. In [14, 18] it is shown that one can distinguish non-isomorphic association
schemes with the same intersection numbers (they are then also called algebraically isomor-
phic, see [13]), with the p-ranks, i.e., the ranks over I, of the adjacency matrices A; and
A/j.

Whereas the concept of equivalence of bent functions is based on the structure of VE{’ ),
this does not apply to the isomorphisms of the associations schemes. Hence, similarly to bent
functions and the corresponding divisible designs, non-equivalent bent partitions respectively
the preimage set partitions of non-equivalent vectorial dual-bent functions, may still induce
isomorphic association schemes. Having information on the inner structure of the association
schemes in Theorem 2 may provide a tool to distinguish non-isomorphic association schemes.

Example 4 Let F, F, be the vectorial Maiorana-McFarland bent functions Fy(x, y) = yx =7

and F>(x, y) = yx~!! from [F34 x F34 to F34. Then the preimage set partition of F and the
preimage set partition of F> induce 3*-class association schemes on Fas x Faas.

The projections to Fs, Fi(x, y) = Tr‘z‘(Fl (x, y)) and Fz(x, y) = Tr‘Z‘(Fz(x, y)) induce
32_class fusion schemes of the schemes for F} and F». Since 11 = 3 mod (3% — 1), the
fusion scheme for F; is amorphic. We confirmed with MAGMA that not all preimage sets of
F 1 are partial difference sets, i.e., the fusion scheme for F is not amorphic, and the 32-class
association schemes are not isomorphic. To employ the structure of the fusions for showing
that the two 3*-class association schemes are not isomorphic, it requires to show that the
association scheme for F| does not have any amorphic fusion of the size of the amorphic
fusion of F>. Using MAGMA, we also confirmed that the adjacency matrices of the relations
of the association schemes for F 1 and I:"z have different 3-ranks. The 3-ranks of the adjacency
matrices for F, | are 6561 and 508, whereas for I:"g, they are 6561 and 440.
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