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Abstract

We construct continuous (and even invertible) linear operators acting on Banach (even Hilbert) spaces
whose restrictions to their respective closed linear subspaces of chain recurrent vectors are not chain recur-
rent operators. This construction completely solves in the negative a problem posed by Nilson C. Bernardes
Jr. and Alfred Peris on chain recurrence in Linear Dynamics. In particular: we show that the non-invertible
case can be directly solved via relatively simple weighted backward shifts acting on certain unrooted di-
rected trees; then we modify the non-invertible counterexample to address the invertible case, but falling
outside the class of weighted shift operators; and we finally show that this behaviour cannot be achieved via
classical (unilateral neither bilateral) weighted backward sifts (acting on N and Z respectively) by noticing
that a classical shift is a chain recurrent operator as soon as it admits a non-zero chain recurrent vector.
© 2025 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

This paper concerns Linear Dynamics, that is, the branch of mathematics which studies
the orbits generated by the iterations of linear operators acting on topological vector spaces,
combining the classical field of Topological Dynamics with those of Functional Analysis and
Operator Theory. The origin of this research area lies in the notion of hypercyclicity (existence
of a dense orbit), and from there many different lines of work have been derived such as frequent
hypercyclicity, mixing properties, chaos and disjoint-hypercyclicity to name a few (see the text-
books [5,27] and the 2020 survey [21] for a comprehensive compilation of the theory developed
in this area along the last 40 years).

Although Linear Dynamics has always been at the forefront of several mathematical domains,
there are at least two reasons justifying why hypercyclicity has historically been the primary
focus in this area: firstly, the existence of a dense orbit for a linear map can be considered as
an exotic or even rare behaviour; and secondly, because of the very famous “Invariant Subspace
Problem”, whose strengthened “Invariant Subset Problem”-version can be formulated in terms of
the density of every non-zero orbit (see for instance [21, Section 2.1]). This great emphasis in the
notion of hypercyclicity has led to a neglect of other intriguing dynamical properties, particularly
those originating in the realm of differentiable and compact dynamical systems, that have just
received attention within the linear context over the last decade and which can be considered as
“new” in Linear Dynamics.

Between these properties we can find that of linear recurrence, introduced in the 2014 paper
[19] and followed by [11,23,30,31] among others; the study of notions coming from Ergodic
Theory such as linear measure preserving systems (see [22,24,29]) or that of entropy for certain
classes of operators (see the 2020 paper [13]); but also the concepts of expansivity and hyper-
bolicity, which have been strongly connected to those of chain recurrence and shadowing (with
its multiple variations) for linear operators in the very recent works [1,2,6-9,15,20,32]. In this
paper we will focus on the particular idea of chain recurrence, which was originally introduced
by Conley [16], and then further developed by Conley [17,18] and Bowen [12] together with the
conception of pseudotrajectory.

It is worth mentioning that chain recurrence has intimate connections with the so-called At-
tractors and Stability Theory (see the textbooks [3,18,35]) and that, from its origin, this notion
has been deeply related to the study of differential equations: in the paper [16] chain recurrence
was related to the existence of progressive wave solutions for partial differential equations; in
[17] it was used to study some aspects of the qualitative theory of differential equations; and in
[18, Chapter 1] it was a key tool to explore the stable properties of the solution set of ordinary
differential equations. From the perspective of Linear Dynamics we have two possibilities:

— we can relate this property to the theory of hypercyclicity (see for instance [2, Theorem A],
but also the results [9, Theorems 7 and 12], where it is proved that a continuous linear opera-
tor acting on a Banach space is topologically mixing, frequently hypercyclic and even densely
distributionally chaotic as soon as the operator is chain recurrent and has the positive shad-
owing property);

— or we can just develop the theory regarding this specific “new” Linear Dynamics’ property,
by finding results and linear examples (usually on infinite-dimensional spaces) that can po-
tentially behave in a very different way to the corresponding results from differentiable and
compact dynamics.
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Here we will follow this second line of thought and, in particular, we completely solve in the
negative the next problem posed by Nilson C. Bernardes Jr. and Alfred Peris in [9]:

Question 1.1 (/9, Problem D]). Let T : X —> X be a continuous linear operator on a Banach
space X and let CR(T) be its set of chain recurrent vectors. Is then T'|cg(r) chain recurrent?

The respective question has a positive answer for invertible compact dynamical systems.
Indeed, the result [3, Theorem 3.1.6] shows that given a homeomorphism f : K — K for a
compact metric space K, then the set of chain recurrent points for the restriction f|cr(f) coin-
cides with CR(f), and hence f|cR(y) is chain recurrent. Our main result shows that this is no
longer true for continuous linear operators, and completely solves Question 1.1 in the negative,
even on Hilbert spaces:

Theorem 1.2. There exist a Banach (even Hilbert) space X and a continuous (and even in-
vertible) linear operator T : X —> X such that the restriction of T to its closed T -invariant
subspace of chain recurrent vectors T|cr(ry : CR(T) —> CR(T) is not a chain recurrent op-
erator. In particular, the operator T can be constructed to fulfill that the subspace CR(T) is
infinite-dimensional while for its restriction T |c g(ry we have the equality CR(T |cr(r)) = {Ox}
for the zero-vector Ox € X.

We would like to remark that, apart from solving Question 1.1, Theorem 1.2 also fights against
a possible generalization of the very specific Hilbert-space result [2, Corollary 2.10]: the set of
chain recurrent vectors of the restriction T |cgr(r) coincides with CR(T) for every self-adjoint
operator T acting on a Hilbert space H. In addition, the following was asked in [2, Ques-
tion 4.3]: under which conditions on a T -invariant subspace Y C X, for an operator T acting
on a Banach space X, can we guarantee that T |y is chain recurrent? In this case, Theorem 1.2
shows that the apparently natural condition “Y = CR(T')” is not enough, even if we assume that
“T is invertible”.

To prove Theorem 1.2 we use the class of weighted backward shift operators on directed
trees. In particular, the non-invertible case can be directly solved via relatively simple shifts on
certain unrooted trees (see Theorem 3.1) and, although the invertible case cannot be achieved via
shifts, a slight modification of the previous counterexample will finish the work. In addition, we
complete our study by showing that Question 1.1 cannot be solved via classical shifts, therefore
evidencing the great difference between shifts on trees and classical shifts in chain recurrence
(see Theorem 5.1 and Corollary 5.2).

The paper is organized as follows. In Section 2 we introduce the notation and general back-
ground regarding chain recurrence and weighted backward shift operators on directed trees. In
Section 3 we exhibit the non-invertible counterexample by using a weighted shift on a specific
directed tree. Then, in Section 4, we solve the invertible case by considering a slight modification
of the example constructed in Section 3. We finally show in Section 5 that a classical (unilateral
or bilateral) weighted backward shift acting on a Fréchet sequence space (over N or Z respec-
tively) is a chain recurrent operator as soon as it admits a non-zero chain recurrent vector. We
also include in Section 5 a possible future line of research, and we close the paper analysing the
behaviour of finite-dimensional linear operators with respect to the notion of chain recurrence.
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2. Notation and general background

In some parts of [9] the authors study chain recurrence in the context of linear maps on
arbitrary, and not necessarily Hausdorff, topological vector spaces (they use the notion of uniform
space and sometimes they even remove the continuity of the map), but since we will focus on
operators acting on Fréchet sequence spaces we will just consider the following natural Linear
Dynamics setting: from now on 7 : X — X will be a continuous linear operator on a real
or complex Fréchet space X, that is, a locally convex and completely metrizable topological
vector space. We will briefly write 7 € £(X) and the symbol K will stand for either the real or
complex field R or C. Moreover, whenever we consider a Fréchet space X we will assume that
we have already chosen an increasing sequence of seminorms (|| - ||x)xeN inducing its topology,
which can also be endowed by the translation invariant metric d(f, g) := || f — gl for each pair
(f, g € X x X, where the functional

Wall :=22_k~min{1,||f||k} for each f € X, (1)
keN

is an F-norm for X (see [27, Section 2.1]). This allows us to treat the Fréchet case in a similar
way to that in which X is a Banach space, where the functional | - || will simply denote the norm
of X.

2.1. Chain recurrence in linear dynamics
We can now define chain recurrence directly adapted to our Fréchet space setting:

Definition 2.1. Given an operator T € £(X) and a positive § > 0, a finite sequence (f;);”, in X
is called a §-chain for T from fy to f,, also called finite 5-pseudotrajectory for T from fy to fu,
if

Ifi=T(fi-0ll <8 forevery l <l <m,

where the positive integer m € N is called the length of (f;);",. Moreover, a vector f € X is
said to be chain recurrent for T if for every § > 0 there exists a §-chain for T from f to itself.
We will denote by CR(T) the set of chain recurrent vectors for T, and the operator T is said to
be chain recurrent if the equality C R(T) = X holds, that is, if every vector of the space is chain
recurrent.

Chain recurrence in Linear Dynamics was originally considered for operators on normed
spaces in the 2022 paper [2], although the chain recurrent behaviour for the particular case of
classical unilateral and bilateral weighted backward shifts, acting on the also classical Banach
£P and cg spaces, was already characterized in the 2021 paper [1]. In the linear context, the
systematic study of chain recurrence and other similar notions depending on the concept of pseu-
dotrajectory (such as shadowing) has been recently followed in [9]. Along this paper we will use
more than once that the set C R(T) is always a closed T -invariant subspace for every continuous
linear operator T € L£(X) as observed in the already mentioned works [2, Corollary 2.3] and [9,
Proposition 26], so that the restriction T'|cg(r) considered in Question 1.1 is again a continuous
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linear operator acting on the respective Banach space of chain recurrent vectors C R(T"). More-
over, the reader should keep in mind the following basic and immediate (but useful) remarks,
that have been either proved, observed or even directly used in [2] and [9]:

Lemma 2.2. The following statements hold for every linear operator T € L(X):

(@) If a finite sequence (f1)]L, in X is a -chain for T, then there exists a second finite sequence
(gnjL, in X fulfilling that

m
fu=T" )+ T" (g and gl <3 forevery1 <l <m.
=1

(b) A vector f € X is chain recurrent for T if and only if for every & > O there exists a 5-chain
for T from f to the zero-vector Ox € X and another §-chain for T from the zero-vector
OxeXtof.

Proof. Statement (a) follows by letting g; := f; — T (f;—1) foreach 1 <! < m. For the sufficiency
in statement (b) note that we can concatenate §-chains finishing and starting at the zero-vector
Ox € X because T'(0x) = Ox, while the necessity follows from the fact that a linear operator
always has a unique chain recurrent class (see [2, Proof of Theorem 2.1] and [9, Lemma 8 and
Proposition 25]). O

2.2. Fréchet sequence spaces and weighted shifts on directed trees

Weighted shifts play a fundamental role in Operator Theory and Linear Dynamics: their very
simple definition allows to explicitly compute the full orbit of every vector in the space while
they remain a flexible class of operators where one can choose different weights to play with.
This is why any new dynamical notion is usually first tested on shifts (as happened for chain
recurrence in [1]), and they have provided many important counterexamples (see [27, Section 4.1]
and the references there). The generalized notion of shifts acting on trees has recently been
investigated and here we will show that, for chain recurrence, they behave in a very different way
than classical shifts. Following [25,26,28] a directed tree (V, E), or just a tree V for short, will
be a connected directed graph consisting of a countable set of vertices V and a set of directed
edges ECV x V\ {(v,v); ve V}such that:

— V has no cycles;
— each vertex v € V has at most one parent, that is, a unique vertex w € V such that (w, v) € E;
— there is at most one vertex with no parent, and in that case it is called the root of V.

Given any vertex v € V its parent will be denoted by “par(v)”, and the symbol “Chi(v)”
will stand for the set of all children of v € V, that is, the set formed by the vertices u € V
such that (v,u) € E. As an example one can think about the sets N := {1,2,...} or Z :=
{...., —2,—1,0, 1,2, ...} with their usual tree structure, that is, for each integer n € N or Z we
have that Chi(n) = {n + 1}. In this case the set N is a tree with a root, namely the positive integer
1 € N, while Z is an unrooted tree. We can now introduce the specific Fréchet spaces and linear
operators that we will work with:
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Definition 2.3. For an arbitrary finite or countable set V we will denote by K" the Fréchet
space of all (real or complex) sequences f = (f (v))yey over V endowed with the usual product
topology, which can be induced by the family of seminorms (|| - ||x)reN, Where

I fllg == max |f()| foreach f=(f(v)ev €K,

and where (Fi)eN is an increasing sequence of finite subsets of V fulfilling that V = ;. Fk-
We will denote the canonical unit sequences of K by e, := x, for each v € V, and a subspace
X c KV is called a Fréchet (or Banach) sequence space over V if it is endowed with a Fréchet
(resp. Banach) space topology for which the canonical embedding X < KV is continuous.

If now V is a tree and we chose a sequence of weights denoted as A = (Ay)yev € KV, the
respective weighted backward shift By, is formally defined on K" as

[Bi(f)](v) = Z Ay - f(u) foreach f=(f(V))yev e K" and each v € V.
ueChi(v)

By the Closed Graph Theorem, the restriction of By to a Fréchet sequence space X over V is
continuous as soon as By : X —> X is well-defined, that is, as soon as the shift By maps X into
itself.

Since Question 1.1 was asked for operators acting on Banach spaces, in this paper we will
focus on weighted backward shifts acting on the Banach sequence spaces

V)= {f = (F@ev €KV S If@)I7 < oo} for 1 < p < oo,

veV

endowed with the norm || f|l, := (Zvev |f(v)|p)l/p for each f = (f(v))yev € £7(V); but we
will also consider the associated co-space

co(V):= {f:(f(v))vev €KY ; Ve >0,3F, CV finite, Vv € V \ F,, | f(v)] <8},

endowed with the norm || flloc := sup,cy | f(v)| for each f = (f(v))yev € co(V). Note that,
when we have V = N or Z with their usual tree structure (that is, Chi(n) = {n + 1} for each
n € V), then the respective shifts coincide with the classical definition of these operators, that is,
with

(f(M)nev == Qg1 - f(n + D)nev,

for any fixed sequence of weights A = (A;),cy in KN or KZ (see Section 5 for more on clas-
sical unilateral and bilateral backward shifts). We are now ready to construct our non-invertible
counterexample.
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Fig. 1. Graphic representation of the directed tree V from Section 3.

3. A bilateral backward shift with some extra branches

In this section we prove the non-invertible case of Theorem 1.2 by considering a weighted
backward shift acting on a directed tree, which solves Question 1.1 negatively in a relatively
simple way. In particular, we prove the following weakened version of Theorem 1.2:

Theorem 3.1. There exists a weighted backward shift By : X —> X acting on a directed tree
Banach (even Hilbert) sequence space X such that the restriction of By, to its closed By -invariant
subspace of chain recurrent vectors By|cr(,) : CR(By) —> CR(B)) is not a chain recurrent
operator. In particular, By can be constructed to fulfill that the subspace C R(B)) is infinite-
dimensional while for its restriction By|cr(s,) we have the equality CR(By|cr(s,)) = {0x} for
the zero-vector Ox € X.

The rest of this section is devoted to prove Theorem 3.1:
Let V:=ZU{(—k,j); ke Nand 1< j <k}. We consider V as a tree letting

par(n) :=n —1 for eachn € Z,
par((—k, j)) :=(—k, j—1) foreachke Nand1 < j <k,

par((—k, 1)) :== —k for each k € N.

See Fig. 1 for a graphic representation of the respective directed tree V.
We now fix two (real or complex) values w1, u2 € K fulfilling that 1 < || < |u2|, and we
consider the sequence of weights A = (A,)yev € K as

Ap i= 1 foreachn € 7,
A—k,jy ' =p2 TforeachkeNand1<j<k.

Hence, the image under the associated weighted backward shift By for each of the canonical unit
sequences (ey)yey is the following

en—> ] - ep_1 foreachn € Z,
e(—k,j) > M2 ek, j—1) foreachkeNandl < j <k,

e(—k, 1) > U2 ek foreach k € N.
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Fig. 2. Graphic representation of the backward shift By from Section 3.

See Fig. 2 for a graphic representation of the respective backward shift Bj .

From now on we fix X = ¢7(V), with 1 < p < 00, or X = ¢o(V) endowed with their usual
norms, explicitly stated in Subsection 2.2. Note that the previous backward shift By : X — X
is continuous because the sequence of weights A = (A,),ev is bounded. Moreover, since 2)
is a Hilbert space, the proof of Theorem 3.1 will be complete as soon as we check the following
equality:

CR(By) =span{e, ; n € Z}. 2)

Indeed, if (2) holds then By|cr(s,) is exactly the classical bilateral backward shift on Z but
multiplied by the parameter 1, and since || > 1 we have that the operator By|cr(p,) is a
proper dilation as defined in [2, Page 6], so that its set of chain recurrent vectors is exactly the
singleton formed by the zero-vector Ox (see [2, Corollary 2.7] but also Theorem 5.1 below). Let
us check that (2) holds.

3.1. Calculating C R(By): the first inclusion

We start by proving that

CR(By) Dspan{e, ; ne€Z}. 3)

Since C R(B,) is a closed subspace (see [2, Corollary 2.3] or [9, Proposition 26]) it is enough to
check that the vector e, belongs to C R(By) for every n € Z. We start with eq:

Fact 3.1.1. The canonical unit sequence eo belongs to C R(B3).

Proof. Fix any § > 0. By Lemma 2.2 it is enough to find a é-chain for By from the vector e to
the zero-vector Oy € X and another §-chain for By from Oy to eg. Let us start by this last chain:

— Step 1: from Oy to ¢. Find m; € N with m > 1 and such that 1 < § - || ", and consider
the chain
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Jo:=0x,
1 mp—1
fi= (E) Cemy—1,
fi= Bi‘l(fl) forl=2,..,my.

mp—1
This is a 8-chain since || i — By (fo)| = (ﬁ) " < 5. Moreover, fy =0y and

_ mp—1 _ mi—1 1 mi—1 —
fml —Bx (fl)—ﬂl o T €0 = €g.

— Step 2: from ¢ to Oy. For this case find m, € N with my > 1 and such that |u ]| < § -
|a ™~ and consider the chain

fo =ey,
1 mo—1 my
f1:=Bxr(fo) — (E) CHLT Eemama=T)s

fii=B" () forl =2,...,mo.

mpy—1
This is a §-chain since || f — By (fo)ll = (ﬁ) . |m1]™? < 8. Moreover, fy = ey and

-1 1 mo—1
Jma =B;n2 (fl):BTz(fO)_BTZ ((t> ’ lljln2 ) e(—mz,mz—l))

mo—1
myp my—1 1 myp mo mo
=Ky my — MUy (E) CMHy T lemy =T €omy — U e—m, =0x.

The arbitrariness of § > 0 together with Step 1 and Step 2 show that g € CR(By). O

Finally, given any positive integer n € N, it is not hard to repeat similar arguments to those
employed in Fact 3.1.1 to show that e_,, € C R(By) since there are enough extra branches along
the left side of the underlying tree V to repeat the same relations stated but “shifted —n position-
s”. For the vector ¢, we can construct a §-chain for By from Ox to e, as in Step 1 of Fact 3.1.1,
while for the required §-chain from e, to Ox we can use the equality By (e;) = 1] - €9 and from
there to slightly modify Step 2 of Fact 3.1.1 by considering a longer chain if necessary. We
deduce that (3) holds.
3.2. Calculating C R(B).): the second inclusion

We now complete the proof of Theorem 3.1 by showing that

CR(By) Cspan{e, ; n € Z}. 4)

In particular, we will have that (4) holds as soon as we prove the following fact:
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Fact 3.2.1. Let f = (f(v))yey € X. If f ¢ span{e, ; n € Z}, then f ¢ CR(By).

Proof. By assumption, there exists k € N such that | f(—k, j)| > 0 for some 1 < j <k. Let
Jer=max{l <j<k; f(—k, j)#0},

and consider a positive value § > 0 small enough to fulfill the inequality

Lf (=K, i)l
(k= j+ 1) - &0

&)

By contradiction assume that f € C R(B)), and hence that there exists a §-chain ( fz);”:O for By,
from the vector f to itself. Thus, by Lemma 2.2 there exists a finite sequence (g;);, in X such
that

m
f=ta=Bl(fo+Y B (g) and |g(v)|<sforalll<I<mandveV, (6)
=1
which implies that

m—1

F(=k, jo) =B (HI=k, jo) + Y _ (B (8m-DI(=k, jr). )

=0

From now on we have two possibilities:
— Case 1: m <k — ji. Hence, by (7) and since 1 <m < k — j; we have that

m—1

F=k i) =5 - =k ji+m)+ Y b gmoi(—k, ji +1).
=0

Moreover, f(—k, jr +m) = 0 by the definition of ji so that using (6) and then (5) we get that

m—1

|f =k, Gl <) ' 1gm—i (=K, ji + DI < (k= ji) - 2l 708 < | £ (=k, jo)l,
=0

contradicting the existence of the §-chain (f;);Z.
— Case 2: m > k — ji. In this case we start by noticing that [Bi(g)](—k, jx) =0forevery g € X
and every [ > k — ji. Hence, by (7) we have the equality

k— jk k— jk
f=k joy =Y By @m-D1(=k, jt) = D pth - gm—i(—k, jk +1),
=0 =0

so that, using again (6) and then (5), we get the contradiction

10
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Fig. 3. Graphic representation of the directed tree V’ from Subsection 3.3.
k—ji
. i . . k—j .
|f =k Gl < Y lual' - lgmoi(=k, i+ DI < (k= ji+1) - |2l 70 -8 < | £(—k, jo)l
=0

which finally shows that f ¢ CR(By). O

3.3. The subspace of chain recurrent vectors can be finite-dimensional

The arguments exhibited in Subsections 3.1 and 3.2 complete the proof of Theorem 3.1 in
its full generality. In fact, the set of chain recurrent vectors obtained C R(B)) is an infinite-
dimensional subspace of the respective Banach space X while C R(Bj|cr(B,)) = {0x}. However,
the reader may ask the following question proposed to us by the anonymous reviewer:

— Is there any operator T € L(X) acting on a Banach or Fréchet space X for which CR(T) #
{Ox} is a finite-dimensional subspace of X such that CR(T |cr(r)) ={0x}?

The answer is positive and one can also achieve this behaviour with a backward shift on a
directed tree. For instance, let V' := (Z \ N) U {(—k, j) ; k € N and 1 < j <k}, and consider it
as a tree with

par(n) :==n—1 foreachn e Z \ N,
par((—k, j)):=(—k,j—1) foreachkeNandl < j <k,

par((—k,1)):=0 for all k € N.

See Fig. 3 for a graphic representation of the respective directed tree V.

From now on we fix X = £P(V’), with 1 < p < 00, or X = ¢o(V’) endowed with their usual
norms explicitly stated in Subsection 2.2. We are going to consider a continuous (or well-defined)
backward shift B, : X —> X associated to a sequence of weights A" = (1) ,cy’ € K"’ fulfilling
that C R(B,) is a finite-dimensional subspace while C R(By’ lcr(B,)) = {Ox}. To this end we fix
some N € N, which will be the dimension of C R(B,’), and given a real or complex value u € K
fulfilling that |u| > 2 we can consider the sequence of weights A' = (1)) ey’ € K" with

11
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Fig. 4. Graphic representation of the backward shift B, from Subsection 3.3.
A =0 foreachn € Z \ N with [n| > N — 1,
A=1 foreachn € Z \ N with [n| < N — 1,

M_pjy=mn foreachkeNand1<j<k,

Az_k’l) = zik for each k € N.

Hence, the image under the associated weighted backward shift By, for each of the canonical
unit sequences (ey)yey is the following

e, —> Ox foreachn € Z \ N with [n| > N — 1,
en —> en_q foreachn € Z \ N with [n| < N — 1,

ek jy—> t-e—k j—1) foreachkeNandl < j<k,

e(—k,1) > 21_k - eQ foreach k € N.

See Fig. 4 for a graphic representation of the respective backward shift B, .
Using the Closed Graph Theorem, one can easily check that By, : X — X is continuous
since:

— the sequence of weights A" = (X)) ey € K" is bounded;
— and although 0 € V’ is a vertex with infinitely many children, Chi(0) = {(—k, 1) ; k € N}, the
weights associated to these children form an £!(N)-sequence, namely (%)keN-

Similar backward shifts have been used in [33] and our shift By, is in the spirit of the operator
considered in [33, Proposition 3.10]. Arguing as in Subsections 3.1 and 3.2 one can check that

CR(By) =span{e, ; n € Z \ N with |n| < N}, 8)

which fulfills that dim(CR(B,s)) = N. Moreover, once (8) holds, it is not hard to check that
the restricted operator By|c R(By) CR(B;’) — CR(By) is a finite-dimensional operator (a
matrix) whose spectrum is the singleton formed by the value 0. Hence, such a restriction is a
proper contraction as defined in [2, Page 6], so that one can finally deduce the desired equality

12
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CR(By/ |CR(BM)) = {0x}. See [2, Proposition 2.5], but also Lemma 5.4 and Theorem 5.5 below,
for more details.

Let us mention that an easy modification of the backward shift considered in the previous
lines can be used to obtain, for any pair of positive integers 1 < L < M € N, a continuous linear
operator T € L(X) fulfilling that dim(CR(T)) = M and dim(CR(T|cr(r))) = L. Indeed, if
apart from the tree V' and the backward shift By, considered in Figs. 3 and 4 welet M =N + L
and we add some extra vertices (say {1, 2, ..., L}), then the operator that equals B, in V’ and
leaves the extra canonical unit sequences e; = x1, €2 = X2, ..., L = xr as fixed points fulfills
the required conditions.

4. The invertible case

In this section we construct an invertible counterexample for Question 1.1, hence completing
the proof of Theorem 1.2. This example is highly inspired by the weighted shift considered in
Section 3, but in this case we are going to explore a bit more the possible parameters that we
can choose to construct such an invertible operator. Our counterexample in this section can be
seen as a backward shift on a directed graph, instead than on a directed tree, as noticed by the
anonymous reviewer. This class of operators has been considered in [4], and every continuous
linear operator on a Banach space with a Schauder basis can be seen as a backward shift on a
directed graph (see [4, Remark 7.3]).

Before starting the construction we would like to remark that weighted shifts on directed trees
cannot be used to achieve an invertible counterexample for Question 1.1. Indeed, if we consider
a directed tree (V, E) with a vertex v € V having more than one children (that is, if (v, u) and
(v, w) belong to the set of directed edges E for two different vertices u # w € V), then any
weighted backward shift on V is not an injective operator. This trivial observation shows that
the only invertible shifts acting on directed trees (as defined in Definition 2.3) are the classical
weighted backward shifts on the unrooted tree Z and, as we show in Section 5, one cannot solve
Question 1.1 with these operators because a classical (unilateral or bilateral) weighted backward
shift is a chain recurrent operator as soon as it admits a non-zero chain recurrent vector (see
Theorem 5.1 and Corollary 5.2 below).

Moreover, note that the particular operator exhibited in Section 3 was also not surjective
since every vector of the type e k), for each k € N, had no preimage. We can solve both
the injectivity and surjectivity problems by adding some extra points in the starting set V.

The rest of this section is devoted to prove the invertible case of Theorem 1.2:

From now on consider the countable set

V:=ZU<U{(—k,j); jeZ}),

keN

and the respective space K" of all (real or complex) sequences over V. As in Section 3 we now
fix two values 1, up € K fulfilling that 1 < || < |u2|. Now we consider a kind of infinite
matrix, indexed by the countable set N x Z and denoted by (A(—k, )k, j)eNxZ € KN*Z  for
which

ur foreachkeNand 1<j<k,
Ak, j) =

t foreachk e Nand —k <j <0,

13
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but also fulfilling that

0 < inf A=k, jy| < sup A=k, | < o0, ©)]
(k,j)eNxZ| ( J)| (k,j)eNxZ| ( J)|

and at least one of the following conditions

o o
—1
Z |)\(—k,l) co M=k, j)| <00 or Z |)‘«(—k,—(j—1)) <+ A(=k,0) <oo foreachk eN.
Jj=1 j=I1
(10)
Note that (9) and both conditions stated in (10) can be achieved for every k € N at the same time
if, for instance, we let
> foreach pair (k, j) € N x Z with k < j,
Mk, j) = . .
uo  for each pair (k, j) e N x Z with j < —k,

so that there exist many matrices (A, j)), j)eNxZ € KN*Z fulfilling the required conditions.
From now on let 7 : K — K" be the unique linear map that acts on each of the canonical
unit sequences e, = xy, forv e V, as

U1 - en—1 ifv=neZ,
T(ey) = { ity ek i1y  ifv=(—k j)withkeNand jeZ\ {1},
u2 - (e(—k,0) +e—x) if v=(—k, 1) for some k € N.

As in Section 3 let X be any of the Banach (or Hilbert) spaces ¢7(V), with 1 < p < o0, or
co(V) endowed with their usual norms (see Subsection 2.2). Note that the restriction of T to the
respective sequence space X, still denoted by T : X — X, is continuous and even invertible by
(9). Indeed, it is not hard to check that 7~! : X — X is the continuous operator fulfilling that

%-enﬂ ifv=neZ,
T_l(ev) = m Ce(—k,j+1) if v=(—k, j)withk e N and j € Z\ {0},

t ce(—k,1) — i -e_p+1 if v=(—k,0) for some k € N.

Moreover, and exactly as in Section 3, the proof of Theorem 1.2 will be complete as soon as we
check the following equality:

CR(T) =span{e, ; n € Z}. (11
Indeed, if (11) holds then T'|c g(7) is again the classical bilateral backward shift on Z multiplied
by the parameter 1, and again |u| > 1 so that T |cg(r) is a proper dilation as defined in [2,
Page 6] and its set of chain recurrent vectors is precisely the singleton formed by the zero-vector

Ox € X as shown in [2, Corollary 2.7]; see also Theorem 5.1 below. Let us check that (11) holds.

14
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4.1. Calculating CR(T): the first inclusion

Following the strategy exhibited in Section 3, we start by proving that

CR(T) D spanfe,, ; n € Z}. (12)
Recall that it is enough checking e, € CR(T) for every n € Z. As we argued in Section 3:
Fact 4.1.1. The canonical unit sequence eq belongs to CR(T).

Proof. Asin Fact3.1.1, we fix any § > 0 and by Lemma 2.2 we just have to find a §-chain for T
from the vector eg to the zero-vector Ox € X and another §-chain for 7' from Oy to eg.

— Step 1: from Oy to ¢q. If we find m; e N withm; >1and 1 <§ - |01~ then the finite
sequence ( ﬁ);’go in X defined as

fo:=0x,
1 mp—1
fl = (m) ©€my—1,
fi=T"1(f) forl=2,...,my,

can be easily checked to be a §-chain for T from Oy to e, exactly as in Step 1 of Fact 3.1.1.
— Step 2: from ¢ to Ox. For this case find n € N with n > 1 and such that |p|" <& - [u2|" !,
and let m, :=2n — 1. Considering

fo:=eo,
1 n—1
f1:=T(fo) — (E) S W e -1y,

fi=T"1f) forl=2,..,n,..,my—1,

fmz = OXa

we have that fy = eg and f;,,, = Ox so we just have to check that ( fl);"io is a 6-chain. Indeed,
since

n—1
=T =T"(fo) - 1" ((,%) S Hi e<n,n1>)

n—1
=uf-en—uy (L> S (eno) +en) = =1 - ecn)

w2
and hence

15
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T (fry—1) = T™71(f1) = T2 D=0=D (=l )y = T () = T" 1 f)

—1
—1 1 n
=T"" (~u] - e-n0) = — (;Tz) T MY e —nt),

n—1
we deduce that ||/ = T(fo)ll =l forr = T (-0l = () - lial" < 0.

The arbitrariness of § > 0 together with Step 1 and Step 2 show that eg € CR(T). O

From this point one can show, using exactly the same arguments included after Fact 3.1.1,
that the vectors e_, and e, belong to CR(T) for every n € N. Alternatively, one can use that
the equality between the sets of chain recurrent vectors CR(T) = CR (T~1) holds since T is
invertible, and hence that CR(T) is a closed T-and-T ~!-invariant linear subspace of X (see [9,
Proposition 26]). In fact,

" (#i,l, oeo> =e_, and T7"(u]-e)=en.

so one can directly conclude from the previous comments that e_,,, e, € CR(T), and hence (12)
holds.

4.2. Calculating CR(T): the second inclusion

We will complete the proof of Theorem 1.2 by showing that
CR(T) Cspan{e, ; n € Z}. (13)

Following again the strategy used in Section 3 we prove the following fact, which strongly de-
pends on statement (b) of Lemma 2.2 (this same idea is also crucially used in Theorem 5.1
below):

Fact4.2.1. Let f = (f(v))yey € X. If f ¢ span{e,, ; n € Z}, then f ¢ CR(T).

Proof. By assumption there exists some (ko, jo) € N x Z such that | f(—ko, jo)| > 0. More-
over, since the infinite matrix of weights (A, j)), j)eNxZ € KN*Z fulfills (10), we have two
possibilities:

— Case 1: Z;il |)\(,k0,1) . ")‘(fko,j)‘ < 00. In this case consider a positive value § > 0 small
enough to fulfill the inequality

o0
8- 1+ [hckgjort) - koot is] | < 1F (=Ko, jo)l. (14)
j=1

If we assume by contradiction that f € CR(T), then by Lemma 2.2 there exists a §-chain
(fDjL, for T from the zero-vector Ox € X to f and hence a finite sequence (g;);; in X such
that

16
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m
f=fn=T"0x)+Y T"(g) and |g()|<8foralll</<mandveV.
=1

This implies that

m m—1
f(=ko, jo) =D _IT" " (eD(—ko, jo) = D _IT"(gn-1)1(—ko, jo)
=1 =0
m—1

= gm(_kO: JO) + Z ()"(—ko,jo-‘rl) e A‘(—ko,jo—}-l)) . gm—[(_k(), ]0 + l)
=1

and hence by (14) we have that

m—1

| f(=ko, jo)| <&~ (1 + Z | A (—koujot1) - '/\(ko,joﬂ)\) < | f(=ko, jo)l,

=1

contradicting the existence of the §-chain (f))]",.

- Case 2: 3°72, A (—ko,—(j—1)) - ~)\(_k0,0)|_1 < 00. In this case consider § > 0 satisfying the
inequality

o0
—1 .
8- Z A koo—Gi—1)) - Akojoy| < 1f (—Kos jo)! . (15)
j=1

Assume again by contradiction that f € CR(T). Then by Lemma 2.2 there exists a §-chain
(fD)]L, for T from the vector f to the zero-vector Oy and hence a finite sequence (g;);~, in
X such that

m
Ox=fu=T"(f)+> T"'(g) and |g )| <sforalll <I<mandveV.
=1

This implies that
0: fm(_k09 JO - m)

m
= (Mkoujo—tm—1) " Akojo)) - f (=Ko, jo) + Y _[T" ' (gN1(—ko. jo — m)
=1

= (M—koujo—tm—1)) - - A—ko.joy) - f (=0, jo)

m
+ Z (Ao jo—(m—1)) * - A(—ko.jo—1)) - &1(=ko, jo — 1)
=1

and hence by (15) we have that

17
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. -1
| (=Ko, jo)| = |A(ko.jp—m—1)) " ko jo)]
m

: Z | A(—korjo—m—1)) * ** Mko.jo—D| - 181(=ko, jo— D
=1

m
—1 .
<4 Z M kojo—tt—1)) - Mkoujor | < 1f (=Ko, jo)l
=1

contradicting again the existence of the §-chain (f;);", and finally proving that f ¢
CR(T). O

Remark 4.1. The proof of Theorem 1.2 is now complete. In addition, the ideas in Section 4
can also be used to modify the example exhibited in Subsection 3.3. Hence, one can obtain an
invertible counterexample for Question 1.1 such that its subspace of chain recurrent vectors is
finite-dimensional.

5. Classical backward shifts are not enough

In this section we show that Question 1.1 cannot be solved via classical (unilateral neither
bilateral) weighted backward shifts (acting on N and Z respectively). This fact follows from
Theorem 5.1 below, where we prove that a classical weighted backward shift acting on a Fréchet
sequence space is a chain recurrent operator whenever it admits a non-zero chain recurrent vector.

We must strongly emphasize that Theorem 5.1 is just a modest extension of the already ex-
isting and well-known characterizations for the chain recurrent behaviour of classical weighted
backward shifts given in [1, Theorems 20 and 22] and [9, Theorems 13, 14, 15 and 16]. Indeed,
our contribution here is to present a very slight refinement of the arguments exhibited in [9, The-
orem 13], based on statement (b) of Lemma 2.2. As in [9] we adopt the convention that ¢/0 = co
whenever ¢ € 0, oo[.

Theorem 5.1. Let X be a Fréchet sequence space over V.= N or Z in which the sequence of
canonical vectors (ey)ney is a Schauder basis. Assume that (|| - ||x)reN IS an increasing sequence
of seminorms inducing the topology of X, and that A = (Ay)ney € KV is a sequence of non-zero
weights such that the respective (unilateral or bilateral) weighted backward shift

By (f(n)nev € X > (Ant1 - f(n+ Dlnev € X,
is a well-defined operator. Then the following statements are equivalent:

(1) By is a chain recurrent operator (that is, CR(By) = X );
(i) By admits a non-zero chain recurrent vector (that is, CR(B) # {Ox});
(iii) for some (and hence for every) integer no € V U {0} it holds that

o
ZM:OO whenV =N or Z, (16)

— ||e"o+n ”k

and

18
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o]

1

Tt ] Tenal,

=00 whenV =17, a7

forall k € N.

The equivalence (i) < (iii) was shown in [9, Section 4] for the particular case ng = 0, but
let us briefly justify the “and hence for every” part of statement (iii): given a pair of integers
ni,ny € VU{0} with n| < n, and such that (16) holds for all k € N and ng = n, then we can
find some kg € N such that |le,,4/[lx # 0 for all k > kg and 1 <[ < ny — nj, which implies (16)
for all k > ko and no = n, because the divergent behaviour of a series remains invariant when a
finite quantity of non-infinite terms are removed, but also when all its terms are multiplied by the
same non-zero number (in this case we would divide every term by |A,, 41 - - Ay, |). Thus, since
the sequence of seminorms (|| - [|x)reN 1S increasing, it follows that (16) holds for all kK € N and
ng = ny. A completely symmetrical argument shows that, if (17) holds for all k € N and ng = no»,
then (17) holds for all k € N and ng =n;.

Proof of Theorem 5.1. The equivalence (i) < (iii) follows from [9, Theorems 14 and 16] to-
gether with the previous comments and, since (i) = (ii) is trivial, we just have to show (ii) =
(iii). Thus, assume that statement (ii) holds and let f* = (f*(n)),ev € X be a non-zero chain
recurrent vector for the (unilateral or bilateral) weighted shift B, so that there exists some inte-
ger ng € V U {0} fulfilling that f*(ng 4 1) #£ 0. Since C R(B,,) is a linear subspace of X, we will
assume that f*(ng+ 1) = el

From now on we slightly modify the proof of [9, Theorem 13] to obtain (iii) for n¢:

We start by showing that (16) holds in any of the cases V = N or Z at the same time. Fix any
positive integer k € N and note that we may assume |le,,+, |« 7 O for all n € N, since otherwise
the desired equality would hold trivially. By the Banach-Steinhaus theorem, there exists § > 0
such that

g=(gmney € X with gl <8 = llgn)-eqlly < lforallneV,  (I8)

where || - || is the F-norm described in (1). Given any r > 0, by Lemma 2.2 we can find a §-chain
(/DL for By from Oy to rf* = (rf*(n))nev and hence a finite sequence (g;);_; in X such that

m
_ 1
fn=B(fo+> By ') and  |gm_q-n(no+1D)| < ———

forevery 1 <l <m,
=1 He"0+l “k

(19)
1
)‘n(ﬁ»l

where these last inequalities come from (18). Since fo =0y, fi =rf* and f*(ng+1) =

s

r =gt - fn(o + 1) =Apoy1 - (0 +) 1B (enlno + 1))

=1

m
= dngt1 - DBy (8m—a-1))1(no+ 1)
=1
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m
Z (Ang+1 -+ Ang+1) - 8m—a—1) (o + 1),
=1

and the triangle inequality together with the inequalities from (19) yield

m
A
r <) gt hngst| - Jgm—g-n (o +0)| < Zw
=1 en0+l||k

Since r > 0 is arbitrary, (16) holds in any of the cases V =N or Z.

It remains to show (17) when V = Z. In this case we can fix k € N and assume that
lleny—nllx # O for all n € N, and we can choose again some § > 0 such that (18) is fulfilled.
Since the set C R(Bj,) is By-invariant, given any r > 0 and again by Lemma 2.2 we can find a
-chain (f})]L, for By from the vector r By (f*) to Ox and hence a finite sequence (g;);"; in X
such that

m
1
= Bi”(fo) + E B;"_l(gl) and |gi(no—D| < —”e ” forevery 1 </ <m, (20)
=1 no—I || x

where these last inequalities come from (18). Since f,, =0x, fo =rBa(f*) and f*(ng+1) =
1
)Lno-H ’

0= fu(no—m)=r-[By*' (f*)1no —m) + D (B} (gn)(no — m)
=1

m
=7 (Ang—m=1) """ Ang) + Z (Ang—m=1y =+ * Ang—1) - 81(no — ),
=1

and the triangle inequality together with the inequalities from (20) yield

1
=
})\no—(m—l)

Z P\no (m—1) - no—l| : |gl(n0 — D]
Ao 4

m
1
<

=1 |)‘n0*(l*1) o ')‘n0| ) ”eno—l ”k
Since r > 0 is again arbitrary, (17) follows for the case V = Z, and the proof is complete. O

As we were advancing at the beginning of this section, Theorem 5.1 shows that Question 1.1
cannot be solved via classical weighted backward shifts. Indeed, if we consider a unilateral or
bilateral weighted shift By : X —> X as described in the statement of Theorem 5.1, then the
restriction of By to CR(B)) can be either the trivial operator By |oy) : {Ox} —> {Ox} or else
the operator By itself, and in both cases By : CR(By) — CR(B,) is again a chain recurrent
operator.

Note also that, even if we consider classical shifts with some of the weights equal to 0, this
is not enough to solve Question 1.1 above. Indeed, if under the assumptions of Theorem 5.1 we
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admit the equality A,, = 0 for some index ng € V, then one can show (similarly to Fact 3.2.1)
that both

Y,, =span{e, ; n <ngo} and Y,% := span{e,, ; n > ngp}
are closed Bj-invariant subspaces of X for which CR(By) C Y,;'(’). Using this last fact we have
that:

— if the set of indices J := {n € V ; A, = 0} is not bounded from above, then CR(B)) = {0x};
— while if J is bounded from above and n¢ := max(J), then Theorem 5.1 shows that C R(By) #
{0x}, and in particular CR(By) =Y,}, if and only if

oo
ZM:OO for all k € N.
”enoJr"Hk

n=1
The restricted operator By |cr(s,) : CR(By) —> CR(B;) would be chain recurrent in any case,
and we have implicitly proved the following:

Corollary 5.2. Let X be a Fréchet sequence space over V =N or Z in which the sequence of
canonical vectors (ey)nev is a Schauder basis. Assume that (|| - ||x)xeN IS an increasing sequence
of seminorms inducing the topology of X, and that . = (\)nev € KV is a sequence of (possibly
zero) weights such that the respective (unilateral or bilateral) weighted backward shift

By (f(m)nev € X — (Ant1 - f(n+ D)nev € X,

is a well-defined operator. Then the set of chain recurrent vectors CR(By|cr(B,)) for the re-
stricted operator By|cr(s,) coincides with the set CR(B)), and hence By|cprp,) is chain
recurrent.

We would like to emphasize the possible interest of Theorem 5.1 from a theoretical point
of view by comparing the notion of chain recurrence with that of hypercyclicity. Indeed, in the
works [34] and [14], Chan and Seceleanu showed the following: if a classical weighted backward
shift on £P, 1 < p < oo, admits an orbit that has a non-zero limit point, then the weighted shift
is hypercyclic. This result was called the “zero-one law of orbital limit points”, which applies to
both unilateral and bilateral weighted shifts. Later, in the 2020 work [10], this result was extended
by Bonilla and Grosse-Erdmann via a new and simpler proof, which also showed that this remains
true for every classical unilateral and bilateral shift acting on any Fréchet sequence space with an
unconditional basis. In our chain recurrence context, Theorem 5.1 may be considered as a kind
of zero-one law for classical shifts and, as suggested by the reviewer of this paper, we would like
to pose the following natural question:

Problem 5.3. Is there a general class of operators (possibly more general than classical shifts)
such that any operator 7 € £(X) in this class is chain recurrent as soon as CR(T) # {Ox}?

We finish this paper by addressing Problem 5.3 for the case of finite-dimensional operators,
that is, for real and complex matrices. In particular, we are about to show that a Jordan block,
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coming from the Jordan normal form of a matrix, is chain recurrent if and only if it accepts a
non-zero chain recurrent vector (see Lemma 5.4). We know that the results below are known to
some experts but, since we could not find a reference, we will present them here for the sake of
completeness.

Lemma 5.4. Let d € N and assume that T € C4* is either a diagonal matrix or a Jordan block,

A 0 O 0 A1 0 --- 0
0 A O 0 0 A 1 0
r=|: | e T= SRR
00 0 A O o0 0 A 1
00 0 0 Oo0 0 0 x

for some . € C. Then, for the finite-dimensional operator T : C¢ —> C? induced by the matrix
T, the following statements are equivalent:

() T is a chain recurrent operator (that is, CR(T) = C4);
(i1) T admits a non-zero chain recurrent vector (that is, CR(T) # {O¢a});
(iii) the complex value ). € C" is unimodular (that is, |.| = 1).

Proof. The implication (i) = (ii) is trivial. Moreover, to check (ii) = (iii) note that if |A| # 1
we then have that 6,(T) = o (T) = {A} does not intersect the unit circle {z € C ; |z| =1} of
C, so that T is a hyperbolic operator (see [6, Definition 4]) and hence CR(T) = {O¢«} by [2,
Corollary 2.11]. Finally, assume that statement (iii) holds, so that |A| = 1, and let us check (i).
We will use Lemma 2.2: for a fixed vector f = (f(1), £(2), ..., f(d)) € C? and a fixed § > 0,
we will show the existence of a §-chain from f to Oc«, and then the existence of a §-chain from
Ocd to f.

First, since the last coordinate of 7'(f) is Af(d) and |A| = 1, it is clear that making &-
perturbations only in the last coordinate one can obtain a §-chain ( fl);":‘O for T from fy=f
to a vector f,,, with last coordinate equal to zero. Since the last two coordinates of T (f,,) are
Afm,(d — 1) and 0, respectively, making §-perturbations only in the coordinate d — 1 (which
keeps the last coordinate equal to zero), one can also obtain a §-chain ( fl);":zm1 for T from f,
to a vector f,,, with the last two coordinates equal to zero. Continuing this process one ends up
with a §-chain (fl)?zo for T from fy= f to fi, =0c«.

We also claim the existence of a §-chain for 7' from O¢« to f. Indeed, the inverse operator
T~ is an upper-triangular matrix with the value A ~! along its diagonal and |A~!| = 1, so that
the same arguments used above show the existence of a §-chain (f7)]L, for T~ from f to Oca.
Looking at (f;);Z, in reversed from f,, = Oca to fo = f, and since T(T~'(g)) = g for all
g€ C4, the claim follows. O

Theorem 5.5. Let d € N and consider any (real or complex) matrix T € K¢*?. Then, for the
finite-dimensional operator T : K¢ — K< induced by the matrix T, the following statements

hold:

(@) T is chain recurrent if and only if the roots over C of its characteristic polynomial are
unimodular.
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(b) The restriction T|cr(ry : CR(T) —> CR(T) is chain recurrent, that is, CR(T |cr(r)) =
CR(T).

Proof. Assume first that K = C, so that T is seen as complex-valued matrix. In this case we can
assume that 7 is given in its Jordan normal form, so that C  can be decomposed as a topological
direct sum of finitely many T -invariant subspaces for which T acts as the blocks described in
Lemma 5.4. Both statements (a) and (b) follow now from Lemma 5.4 and [9, Proposition 34].

When K =R, and T is a real-valued matrix acting on R?, we have two possibilities: one
can use the real Jordan normal form, but then a real-version of Lemma 5.4 has to be proved;
or we can consider the complexification of 7', which means studying 7' as a real-valued matrix
acting on C?. For the second option we can apply the complex version of this result, and using
[9, Proposition 34] we can conclude the proof by projecting the set of complex chain recurrent
vectors into their real coordinate. O

The reader may note that Theorem 5.5 shows, in particular, that Question 1.1 can not be solved
via finite-dimensional operators. Moreover, and as a last comment, we will compare Theorem 5.5
above with [19, Theorems 4.1 and 4.2] in which the “just recurrent” finite-dimensional operators
were characterized. We focus on complex matrices for simplicity: given 7 € C¢*? we have that

— T is chain recurrent if and only if 6,(T) =0 (T) C{z € C ; |z| =1};
— and that T is recurrent if and only if 0,(T) =0 (T') C{z€ C ; |z| =1} and T is diagonaliz-
able.

Hence, even for finite-dimensional operators, the notion of chain recurrence is strictly weaker
than that of linear recurrence as defined in the 2014 work [19].
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