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Abstract

Inspired by the definition of t-spread monomial ideals, in this paper, we introduce t-spread
d-partite hypergraph K}, and study its edge ideal /(K},). We prove that I(K?,) has linear quo-
tients, all powers of 1 (Ki,) have linear resolution and the Rees algebra of I (K{,) is a normal
Cohen-Macaulay domain. It is also shown that / (K{,) is normally torsion-free and a com-
plete characterization of Cohen-Macaulay S/1 (K{,) is given.
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1 Introduction

In [6], the third author together with Ene and Herzog introduced the notion of t-spread
monomials in a polynomial ring S = K[x, ..., x,] over a field K and studied some classes
of ideals and KK-algebras generated by 7-spread monomials. Let u = x; ---x; be a mono-
mial in § and ¢ > 0. The monomial u is called ¢-spread if i; —i;_; > ¢ for all j=2,....d.
A monomial ideal I C § is called #-spread if it is generated by z-spread monomials. Any
monomial ideal in S can be viewed as O-spread and any square-free monomial ideal as
1-spread. After their first appearance in 2019, different classes of z-spread monomial ideals
have been studied by many authors and recently in 2023, Ficarra gave a more generalized
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notion of 7-spread monomials by replacing the integer # with t = (¢, ... ,#,_;) € N9-1 (see
[7] and the reference therein).

In this paper, we study t-spread monomial ideals which appear as the edge ideals of cer-
tain d-partite hypergraphs. Let V = {V|, ..., V,} be a partitioning of a finite set U C N such
that p < qif p €V, g €V, withi <j. Wecall {i},...,i,} C U at-spread set if i; € V, for
all j=1,...,dand ij - ij_l e forall j =2,...,d. We call the hypergraph K{, on vertex
set V(K{,) = U, a complete t-spread d-partite hypergraph if all t-spread sets of U are the
edges of K{, Fort=(1,...,1), the hypergraph K{, is a complete d-partite hypergraph, see
[1, Example 3]. The edge ideal of K!,, denoted by I (Ki,), is a t-spread monomial ideal gen-
erated by those monomials whose indices correspond to the edges of K{,. It turns out that
1 (K{,) admits many nice algebraic and homological properties. It is shown in Theorem 2.4
that / (K{,) has linear quotients. The ideals with linear quotients were first defined by Her-
zog and Takayama in [14] and their free resolutions were computed as iterated mapping
cones. Using the description of Betti numbers of ideals with linear quotients given in [14],
in Proposition 2.5, we provide an intrinsic way to compute Betti numbers of / (K{,).

In Sect. 3, we study the powers and fiber cone of I(Ktv). One of the main results of
Sect. 3 is given in

Corollary 3.7 The ideal I (K{,)satisﬁes the strong persistence property and all powers of
1 (K{,)have linear resolution.

To prove Corollary 3.7, we first show that minimal generating set of I(K{,) is sortable
and I(K{,) satisfies the Z-exchange property with respect to sorting order, see Proposi-
tion 3.1 and Theorem 3.4. Then it follows from classical results of Froberg [8], Sturm-
fels [19] and Hochster [16] that the Rees algebra R(I(K{,)) is a normal Cohen-Macaulay
domain, see Corollary 3.6. Then Corollary 3.7 is obtained as an application of [15, Corol-
lary 1.6] and [11, Corollary 10.1.8]. We also compute the Krull dimension of fibercone
RUKY))/mRU(KS,)) which provides the limit depth of S//(K},) in Theorem 3.11.

Let H be a hypergraph with vertex set V(H). A set T C V(H) is called a transversal of
‘H if it meets all the edges of H and the family of all minimal transversals of H is called
the transversal hypergraph of H, see [1, Chapter 2]. The minimal transversals of a hyper-
graph H correspond to the minimal prime ideals of the edge ideal of H. In Sect. 4, we con-
sider K{, with V = {V,, ..., V,} such that each V; is an interval of integers. The description
of the minimal primes of I(K{,) is obtained by computing the minimal generating set of
Alexander dual of [ (Ki,) in Theorem 4.1. In Theorem 4.6, we prove that / (K{,) is normally
torsion-free which is equivalent to say that K{, is a Mengerian hypergraph. A complete
characterization of unmixed (K{,) is given in Theorem 4.9. With the help of Theorem 4.9,
a complete characterization of Cohen-Macaulay S/ (K{,) is obtained in Theorem 4.11.

2 t-spread d-partite hypergraphs and their edge ideals

A finite hypergraph H on the vertex set V(H)=[n] is a collection of edges
E(H)={E,,...,E,} with E; C V(H) for all i = 1, ..., m. A hypergraph H is called sim-
ple, if E; C E; implies i = j. Simple hypergraphs are also known as clutters. Moreover, if
|E;| =d, foralli=1,...,m, then H is called a d-uniform hypergraph. A 2-uniform hyper-
graph H is just a finite simple graph. A vertex of a hypergraph H is said to be an isolated
vertex if it is not contained in any edge of H.
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A hypergraph H is a d-partite hypergraph if its vertex set V(H) is a disjoint union
of sets V|, ..., V, such that if E is an edge of H, then |[ENV;| < 1. In particular, if H
is a d-uniform d-partite hypergraph with a vertex partition V,, ..., V,, then |E| = d and
|[ENnV,| =1for each E € E(H). In this paper, all hypergraphs are simple, uniform, and
without isolated vertices.

Next, we introduce the definition of t-spread d-partite hypergraphs. To do this, we
give the following notation. For any integers i < j, let[i,j] := {k : i < k <j} and for any
integer n, we set[n] :={1,...,n}.

Definition 2.1 Let H be a d-partite hypergraph with V(H) C [n], and V = {V|, ..., V,} be
a family defining partitioning of V() such that if p € V;and g € V; withi < j, then p < g.
Lett=(t,...,t; ;) € N, An edge E of H is called a t-spread edge if

| >t for all

#x E=/{i,iy,...,i;} with ijEVj for all j=1,...,d, and i, —i 7

J J—
j=2,....d.

A d-partite hypergraph H is called t-spread if each edge of H is t-spread. Moreover, H
is called a complete t-spread d-partite hypergraph and denoted by Kt\, if all E C V(H)
satisfying () belong to E(H).

Let1=(l,...,1). A complete 1-spread d-partite hypergraph is just a complete d-par-
tite hypergraph as studied in [1]. The class of complete d-partite hypergraphs have many
nice combinatorial properties. We refer reader to [1] for more information.

Let S = K[x,, ... ,x,] be a polynomial ring over a field K and I be a monomial ideal in
S. Throughout the following text, the unique minimal generating set of a monomial ideal
I will be denoted by G(I). The support of a monomial u, denoted by supp(u), is the set
of variables that divide u. Moreover, we set supp(/) = Uueg(,) supp(#). Let H be a hyper-
graph on V(H) = [n]. The edge ideal of H is given by

1Hy= ] : E € ECH)).

JEE;
Definition 2.2 [7] Let t=(t;,ty, ..., ;) € NTL A monomial
x; X, X, €S =Ky, ... x, Jwithiyp <i) < <y is called t-spread if i; — i;_| > 1;_, for
all j=2,...,d. A monomial ideal in S is called a t-spread monomial ideal if it is generated

by t-spread monomials.

Note that a 0-spread monomial ideal is just an ordinary monomial ideal, while a 1
-spread monomial ideal is just a square-free monomial ideal. When t = (z,...,7) for
some fixed integer ¢ > 0, then t-spread monomial ideal is z-spread introduced in [6]. In
the following text, we will assume that #;, > 1 for all 1 <i <d — 1. It follows from the
above definitions that the edge ideal of a t-spread d-partite hypergraph is a t-spread
monomial ideal. To illuminate these definitions, we provide the following example.

Example 2.3 Let t=(@,2,4) and V={V,V,,V;3,V,} with

Vi=1{1,2,3},V, ={5,7},V; = {8,9,11}and V, = {12, 13}. Then the minimal generators
of the edge ideal of Ktv are as follows:
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X1 X5X8X12 XoX5X3X12
X1 X5XgX13 X X5XgX13
X1 X5X9X 13 X X5X9X13
X1 X7X9X13 X X7X9X13 X3X7X9X13

The ambient ring of I(K{,) in this case is § = K[xy, x5, X3, X5, X7, Xg, X9, X2, X13]. Indeed,
we can remove 11 from V; to exclude the isolated vertices.

The edge ideals of K{, have many nice algebraic and combinatorial properties. Let / be a

homogenous ideal in S = K[x,, ..., x,] with graded minimal free resolution
[ ¢ ¢
0-F—F_ - —=F—F—1-0, )

where for all i = 0, ..., p, the free S-module F; is equal to @, S(=j)PD. Recall that g, (/) is
the (i, j)-th graded Betti number of I and the rank of [; is called the i-th Betti number of 1
and denoted by §;(1). Then the ideal / is said to have d-linear resolution if §; ,(I) = 0 for all
iandall j #d.

We first prove that / (K‘V) has linear resolution. To do this, we show that 1 (Kb) has linear
quotients. Recall that an ideal 7 C S = K[x, ..., x,] is said to have linear quotients if G(I)
admits an ordering u,, ..., u, such that the colon ideal (i, ...,u;_;) : (u;) is generated by
variables for alli = 2, ..., r. It is known from [14, Theorem 1.12] or [11, Propositon 8.2.1]
that an ideal generated in a single degree has linear resolution if it admits linear quotients.

Theorem 2.4 The ideal I (K{,) has linear quotients.

Proof Let >, denote the lexicographical order induced by the total order
x; > X, > -+ > x,. Furthermore, let t=(t,...,7,_;) € N“"! and set [ =1I(K},) and let
G() = {u,,...u,} ordered such that u; > Uy >jex *** >ex Y- We need to show that
(U, ..., u;_y) = (u;) is generated by variables for all i =2, ...,r. To do this, it is enough
to show that for all 1 <j <i— 1, there exists X, € Uy, .oy ttiy) 0 (u) such that x, divides
u;/ ged(u;, u;).

Let j<i and w=xx ~x, and w=xx -x with i <i<- <
and j; <j, <+ <j; On account of u; >, u, there exists some £ such
that j, =i,,jo =1ip,....Jp; =iy, and j,<i,. Note that j, i, €V, Let
v=2x (/x;,) = X%, x, X8, X, We o have =iy =)= 21
and i, —j, > 1,1 —i, > t,. This shows that v corresponds to a t-spread edge of
K{, Hence, ve G(I) and v =u, for some k <i. This completes the proof because
xX;, € (uy, ... ,ui ) < (u;) and X;, divides uj/ ged(u;, u;). O

Let 7 be a monomial ideal with linear quotients with respect to the ordering u;, ..., u, of
G(I). If I is generated in a single degree d, then I has linear resolution as shown in [14]. Fol-

lowing [14], we define
set(up) = {i : x; € (U, ..., up_y) - ()} fork=2,...,r.
Using [14, Lemma 1.5], we can conclude that
BiivaD = [{a Csetw) : u € G) and |a| = i}|.

In the following proposition, we give a description of set(u) when u € Q(I(Ki,)). For any
S C [n], we set min S to be the smallest integer in S, and max S to be the largest integer in S.
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Proposition 2.5 Let u = x; x;, -+ x; € Q(I(K ) with t = (t,t,,...,t;_) and i; =minV,.
With the notations introduced above set(u) is the union of [i,k;—11nV, and
[kj_1 1.k : l]anor]—Z .d.
Proof Let ¢ € set(u). Following Theorem 2.4, there exists v € G(I (K )) such that v >, u
and (v) : (u) = (x,). This gives v = (u/xk )x, for some 1 <j<d and X Xp € V. Since
V > u, we must have £ <k, — L If j= 1 then ¢ € [i}, k, — 1]. Moreover if 2 <J <d,
then k_,+1_, <7 because v is a t-spread monomial, and hence
¢ €[k 1+z] Lk - 110V,
On the other hand, 1f £ Eliy,ky—11nV, or £ €lk_,+1_;,k;—1]nV; for any
j= ,d, then set v = (u/xk ), forall j=1,...,d. In both cases, v € Q(I(K )) and

v >lex u. Therefore x, €V): (u) and hence 7 € set(u), as required. O

3 The powers and the fiber cone of I(Kf,)

Let K be a field and S, be the K-vector space generated by all monomials of degree d
in the polynomial ring §=K[x,,...,x,]. Let u,v€S; and wv=x;x; - x; ~with
I iy < Sipyy Sy Setu' =x; x; - x; andV' =x; x; -+ x; . The map

Iad-1
sort : S; XS, — S, X S, which maps (u,v) ~ (','),

is called the sorting operator. A pair (u,v) € S, X S, is called sorted if sort(u,v) = (u’,V").
A subset A C S, is called sortable if sort(A X A) C A X A. Furthermore, an r-tuple of

monomials (uy,...,u,) €S} is called sorted if for any 1 <i<j<n, the pair (u;, u;)
is sorted. In other words, if we write the monomials (u,,...,u,) as u =X X,
Uy =X X, oo U, =X oo X, then (uy, ..., u,) is sorted if and only if

WSS <Sh<h<jp£-<h< < g <jg < < ld- @)

Proposition 3.1 The set GU(KY,)) is sortable.

Proof Assume  that w,v€GU(K})) and wv=xx%5x -x X  with
ij < iy <+ < iy, Since supp(u) and supp(v) correspond to the edges of K¢, it fol-
lows that il, Iy € Vi,iz,iy € Vy, ...y, iy € V. Consequently, u’ = X; X; - x; and
v = Xx; x;, -+ x;, are monomials associated to the edges of a complete d-partite hypergraph.
It only remains to show that ’ and V' are t-spread. We show that u’ is a t-spread mono-
mial and the argument for v/ follows in a similar fashion. For any 1 <1 < d — 1, we have
Iy—y < iy < iy and at least two of the variables among x; .x; ,x; belong to either
supp(u) or supp(v). Using the fact that # and v are t-spread monomials, this implies that
i1 —lojoy 2 1oy —Ipyand iy — iy > ip; — 15,1, We obtain the desired conclusion.

|

Let /C S be an ideal generated by the monomials of same degree. Here, set
T =KI[{t, : ue G)}]and K[/] = K[u : u € G(I)]. Consider the K-algebra homomorphism
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¢ : T - K[I] defined by ¢, — u for u € G(I).

The kernel of ¢ is called the defining ideal of K[I]. If G(I) is a sortable set, then it follows
from [19] or [5, Theorems 6.15 and 6.16] that there exists a monomial order <, such that
the defining ideal of K[/] admits the reduced Grobner basis consisting of binomials of the
form ¢z, — t,t,,, where sort(u, v) = (', ).

Corollary 3.2 The K-algebra K[I (K{,)] is a Koszul and Cohen-Macaulay normal domain.

Proof As discussed above, with respect to >, the Grobner basis of the defining ideal of
K[ (Ktv)] contains quadratic binomials. Due to Froberg [8], we conclude that [K[I(K{,)] is
Koszul and due to a theorem of Sturmfels [19] we obtain K[I(Ki,)] is normal, see also [5,
Theorem 5.16]. Therefore, [K[I(K:,)] is Cohen-Macaulay domain by [16, Theorem 1].

O

Our next goal is to establish I(K:,) has the strong persistence property and its pow-
ers have linear resolution. Remember an ideal [ is said to satisfy the strong persistence
property if (I**! : I) = I for all k > 1, see [15] for more information. In addition, an
ideal I is said to satisfy the persistence property if:

Ass(I) C Ass(I?) C -+ € Ass(IF) C ---.

In [15], it is proved that an ideal with strong persistence property has the persistence
property.

To achieve our goal, we first recall the definition of /-exchange property, see [13] or
[5, Sec 6.4] for more details. Let T and ¢ be the same as above and < be a monomial
order defined on 7. A monomial 7, 1, -1, €T is called a standard monomial of ker ¢

with respect to <, if 7, 7, -1, & in_(ker ).

Definition 3.3 The monomial ideal I C S is said to satisfy the [-exchange property with
respect to the monomial order < on T if the following two conditions hold: let 7, 7, -1,
andz, 1, -1, be two standard monomials of ker ¢ with respect to < such that

Uy

(i) deg, ujuy ---uy =deg, viv, vy, fori=1,....,g—landg <n-1,
(i) degxqulu2 ey < degxq ViVy o Ve

Then there exist some j and a with g < j < n such that x u, /x; € I.

Theorem 3.4 The ideal I(K{,) satisfies the l-exchange property with respect to the sorting
order <.
Proof Let 1,1, -1, and1, 1, -1, be two standard monomials of ker ¢ with respect to
<o @and t = (¢, 1,,...,t;_;). It can be seen from Proposition 3.1 together with (2) that the
N-tuples with t-spread monomials (u;, u,, ..., uy) and (v{,v,, ..., vy) are sorted. Assume
that the products u;u, -+ uy and v,v, --- vy satisfy both conditions in Definition 3.3. The
condition (i) together with (2) gives

deg, u, =deg, v,,forl1 <i<g—1landforalll <y <N, 3)

and the condition (ii) of Definition 3.3 implies that there exists « with 1 < a < N such that
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degxq u, < degxq V- 4)
Following (3) and (4), we can write
Uy = lesz "'xjp ”"xjd and Vo = 'lesz '.'xj[)—lquk[)+l ”.xkd’

with j, > g. To complete the proof, it is enough to show that w = x,u, /xjp S I(Ktv). Note
that g and j, belong to V,. Moreover, g —j, ; =1, ; because v, is t-spread and
Jp+1 =4 Z jp41 —Jp 2 1, because j, > g. This yields that w is a t-spread monomial, as
desired. O

Let! = I(K{,) and R = S[{z, : u € G(I)}]. We define a monomial order on R as follow-
ing: if u;,u, € S and v,,v, € T, then u,v, > u,v, if and only if u; >, u, or u; = u, and
Vi >0t V2, Where > denotes the lexicographical order on S induced by x; > --- > x,,.
Let R(I) = @,50l'Y C S[r] be the Rees ring of 1. The Rees ring R(/) has the following
presentation

v R=S[{t, 1 ue )}l - RAU),

with x; = x; for 1 <i<n and 1, » ut for u € GI). Let P = kery. Then we have the
next result.

Corollary 3.5 Let > be the monomial order on R as defined above. The reduced Grobner
basis of P consists of the binomials of the following form:

(1) t,t, —t,t,, where sort(u,v) = (u',V');
(2) xt, — xit,, wherei < j, x;u = x;v, and j is the largest integer for which x;v/x; € G(I).

Proof According to [13, Theorem 5.1] (or see [5, Theorem 6.24]), it is enough to show
that 7 (K{,) is sortable and satisfies the /-exchange property with respect to > as noted in

Proposition 3.1 and Theorem 3.4. O

Following the similar argument as in the proof of Corollary 3.2, we obtain the fol-
lowing corollary.

Corollary 3.6 The Rees algebra R(I (Ki,)) is a normal Cohen-Macaulay domain.
We are in a position to state the main result of this section in the next corollary.

Corollary 3.7 The ideal I(K{,) satisfies the strong persistence property and all powers of
1 (K{,) have linear resolution.

Proof The strong persistence property of I(K;) can be deduced from [15, Corollary 1.6]
and Corollary 3.6. Moreover, Corollary 3.5 together with [11, Corollary 10.1.8] provides
that all the powers of / (Kt\,) have linear resolution, as claimed. O

Here, we determine the limit depth of I(Ktv). By a theorem of Brodmann [2],
depthS/I* is constant for large enough k. This constant value is known as the limit
depth of I, and denoted by lim,_  depthS/I*. The minimum value of k for which
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depthS/I* = depthS/I**" for all t > 0 is called the index of depth stability and denoted
by dstab(Z). Let m be the graded maximal ideal of S. The analytic spread of an ideal
I C S is the Krull dimension of the fiber cone R(I)/mR(I) and denoted by £(I).

Definition 3.8 ( [15], Definition 3.1) Let I C S be a monomial ideal in S = K[x,, ..., x,]
and G(I) = {u,, ..., u,}. Then the linear relation graph I" of  is the graph with the edge set

ET) = {{i,j} : there exist u,,u,, € G(I) such that x;u, = x;u,, },

and the vertex set V(') = Uy, e LisJ)-

An ideal I C S is said to have linear relations if I is generated in degree d and
B ;) =0forall j#d+ 1. We employ the following lemma to compute z,”(I(K{,)).

Lemma 3.9 ( [3, Lemma 5.2]) Let I be a monomial ideal with linear relations generated in
a single degree whose linear relation graph T has r vertices and s connected components.
Then¢(I)=r—s+ 1.

We are now ready to determine the analytic spread of I(Ki,) in the following lemma.

Lemma 3.10 Let Ki, be a complete t-spread d-partite hypergraph and |V(K{,)| =r. Then
CAKY) =r—d+1.

Proof Let I = I(K{,) and V ={V,,...,V,;}. Using Theorem 2.4 and [3, Lemma 5.2], it
is enough to show that I'(/) has r vertices and d connected components. Let a; = minV;
and b; =maxV, foralli=1,...,d. Let h,k € V, for some i. Since K:, does not have iso-
lated vertices, this implies that the sets {a;,...,a,} and {b,,...,b,} are t-spread edges
in Kt\, Then u=x, =X, XXy, X, and v=x, =X, XX, X, are also t-spread
edges in K{,. This shows that x,u = x,,v; hence, {h,k} € E(I') and V(I') = r. Moreover, it
follows from the definition of K{, that for i # j and h € V; and k € V;, we have the edge
{h,k} & EI). Therefore, I has exactly d connected components, as required. O

We now give the last result of this section in the following theorem.

t . ty) —
Theorem 3.11 Let K, be a complete t-spread d-partite hypergraph and |V(K\)| = r, and S
be the ambient ring of 1 (Ki,). Then

lim depth(s JIK) ) =d -1,
and dstab(I(K)) < r — d.

Proof Let I =1 (K{,). Then it follows from Corollary 3.6 and a result of Eisenbud
and Huneke [4] that lim,_  depth(S/I*) = r— £(I). From Lemma 3.10, we have
r—¢()=r—(r—-—d+1)=d-1 as required. In addition, using [15, Theorem 3.3] and
Lemma 3.10, we see that depth(S /I"d) =d — 1. It is shown in [12, Proposition 2.1] that
if all powers of an ideal have linear resolution, then depthS/I* < depthS/I for all k < ¢. It
follows now from Corollary 3.7 that dstab(/) < r — d. This completes the proof. a
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4 Normally torsion-free and Cohen-Macaulay /(K)

In this section, our main goal is to show that / (K{,) is normally torsion-free and give a com-
plete characterization of Cohen-Macaulay 1 (Kt ) for V.= {V,,...,V,} such that each V; is
of the form [a;, b;] for some integers a;, b; € Z+ To this aim, we begin with the description
of minimal prime ideals of / (K{,) and view K{, as a simplicial complex. For more details on
simplicial complexes, we refer the reader to [11].

Given a square-free monomial ideal I C R, the Alexander dual of I, denoted by IV is
given by IV ﬂuegu)(x : x; € supp(#)). The minimal generators of IV correspond to the
minimal prime ideals of /. Below we give a description of G(/ (K ™).

Theorem 4.1 Let Ki, be a complete t-spread d-partite hypergraph with V(K:,) C [n] and

={Vi,....Vy}. Furthermore, let |V;| = n; with V; = [i;,i; +n; — 1] for all j=1,...,d.
Then 01 (K )W) consists of the following monomlals

) lebﬁraﬂizlwn,dumd

kev;
(ii) (Hp erv xk)/(]_[p_j1 o 11 ]+1 vy v,), for all1 <j < p < d and for each sequence
ofnonnegatzve integers qj, ..., q,_ | satisfying
ip+q, <i,+n,—1—gq, forj+1 < <p-1, 5)
iy +q'f — (i +ny —1=q,_))=t,_ —1for=j+1,....p, (6)
where v, = Hj:;” Xijgn,—p» for £=j,....,p—1 and v, = HZO X; 4 for
£=j+1,....p

Proof Let A be the simplicial complex on V(K ) such that I, =1 (K ) be the Stanley-Reis-
ner ideal of A. Let F(A) be the set of facets of A. For any F € A, we set xp = HleF x;. It
follows from [11, Lemma 1.5.4] that the standard primary decomposition of 1, is given by

Iy= () Pr
FeF(A)

where Py is the monomial prime ideal generated by the variables x; withi € F = V(K N\F.
Therefore, using [11, Corollary 1.5.5], it is enough to show that F(A) is the disjoint union
of F, and F,, defined below:

H F= {Fl,...,Fd},whereFi=U#lI1Vf0ra111—1 .d,

(i) Foralll <j<p<d,setd;, := Ud V. For each sequence of nonnegative

i¢{j,....p}, i=1
integers g, ..., q,_; satisfying conditions (5) and (6), we set
B, :={i,+n,—1=qp ....ip+n, =1} GV, for =j,....p—1,
and

By = {igs..cnip+q,} GV for =j+1,....p
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Then we get
p-1 )4

Fy=1{A;, U (UBW) U ( U B,) forall 1<j<p<dandg,...,q,}.
t=j £=j+l

The condition (6) translates into the following: for each £ =j,...,p—1 we have
max Bq;ﬂ — min qu =t, — 1. In the construction of elements in F,, it is enough to deter-
mine the integers g;, ..., q,_;, because q’f is uniquely determined from g,_;, for all
¢ =j+1,...,p, by using the equality in (6).

First, we show that F; C F(A). For any F; € F,, we have F; NV, =. Therefore,
xp, & I5. Moreover, for any k € V;, using the assumption that K{, does not contain any iso-
lated vertices, we obtain that F; U {k} contains a t-spread edge, and hence x; x; € I, and
F; € F(A).

Now, assume that F € F,, where F=A; U (U’;;}. B,)U (U’;,zj+1 B,) for some
1<j<p<dand Gjs -+ 2 Gp-1- We here show that F € A. On contrary, if x, € I,, then F
contains a t-spread edge, say G = {k, ..., k;}. Then kj € qu because G N V] CFn VJ = qu.
If p =j+ 1, then by using the condition (6), it immediately follows that for any choice of
k; € qu, there is no suitable k;,; € Bq;+1 such thatk;, | — k; > ¢;_;. If p > j + 1, then the con-

dition (6) gives that k;,; € B, . Using the condition (6) repeatedly in a similar way, we
'
obtaink,_; € qu_]. However, there is no suitable k, € Bq,’) such thatk, — k,_; > 1,_;, a con-

tradiction. Consequently, we get F' € A.
In what follows, we demonstrate that F € F(A). Note that

p—1
t
VKL)\ F = (V;\ B,)U ( U (vi\ (8, uB,))u(v,\B,).
I=j+1
Leta € V(K{) \ F. Thena € V, for some j < s < p. Set
i, ifr=1,...,j—1,
i,+n.—1—gq, ifr=j,....,s—1,
k. =1 a, ifr=s,
i,+4q, ifr=s+1,...,p,
i.+n.—1, ifr=p+1,...,d.
When s =j, then we remove the condition on %, for r =j,...,s — 1, and similarly, when
s = p, then we remove the condition on k, for r = s + 1, ..., p. Using conditions (5) and (6)

together with the assumption that A has no isolated vertices, we obtain that k, — k,_; > t,_,
for all r =2,...,d. Therefore, G = {k,,... . k;} C FU{a} is a t-spread edge, and hence
Xg € I, as required.

It remains to check that F(A) € F, U F,. This is equivalent to show that for every face
G of A there exists a facet F € F; U F, suchthat G C F. Let G € Asuchthat GNV, = U,
forallk=1,...,d. If U, = @ for some k, then G C F, € F,. Now, assume that U, # @ for
allk=1,...,d. Set aqy =min U, and b, = max U, for all k=1,...,d. In the rest of the
proof, we will use the following fact repeatedly:

(x) If there exist a€V, and beV,, such that b-a<t, and
a+t,—1<i, +n,. — 1, then by letting g, = i, + n, — 1 — a, and using the condition
(6), there is a unique ¢, such thatb < iy, + ¢/, .
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Case(1): If there exists some k with b, —a, < t;, then it follows from the statement
() that for a suitable choice of ¢, we have U, € B, and U, C Bfli+1' SinceU; C V; CA; 41
foralli=1,...,k—1,k+2,...,d, we can deduce that G C A;;,, Uqu UBfIL+1 e F,, as
desired.

Case(2): Assume that b, ; —a, > 1, for all k=1,...,d— 1. Since G € A, we know
that G does not contain any t-spread edge. In particular, {a, ... ,a,} € G is not a t-spread
edge. This yields that there exists some k € {2, ...,d} for which a; | — a; < t,. We choose
minimum j > 1 for which Ay —a; < 1. Note that M = {a,,a,, ... ,aj} C G such that,
aj —a; > t,foralli=1,...,j— 1. In the discussion below, we aim to construct a suitable
F € F, such that G C F. To this aim, we perform the Step j as introduced below.

Step j: We set ¢ :=a; and ey, :=min{fa€ Uy, 1 a—¢ =1} Note that

{a€Uy ta—e 2t} #@ because b —a; >t We define e, recursively as
ey, =minfa € Uy, 1 a—e,y =1, ;}such that

la€U,, ta—ey, 2t} #@forsome | <r<d-j

There exists some p >j+ 1 for which {a € Uy, t a—ey,; 21} = @, that is, for some
p>j+1lwehaveb,—e, | <t, , otherwise, M U {e;,....e;} C G is at-spread edge in
G, a contradiction. Choose minimum p > j + Isuch thatb, — e, | <1, ;.

Subcase(2.1): If for all j+1<I/<p—1wehavei,  —e, <t,, thentakec, , € V, ,
such .that vl €= t,—1 for. ¢ =j,....,p— 1. This gives us J» p and gj,....q, as
described in statement (x) for whiche, € V,and ¢, € V,, withc,,; — e, < t,. Moreo-
ver, U; CA;, for all i ¢ {j,...,p}, and U] C Bq/, Up - Bq;, and U, C qu UBq; for all
¢ =j+1,...,p — 1. Hence, this implies that

p-1 P
Gea, v JsHucl By,
=j 14

‘= =j+1

and we are done.

Subcase(2.2): If for some j+1<I<p-1, i, —e, >1t,, then replace M with
Mu{ej,,....esas,1} CG. In this case, there exists a minimum j’ > # + 1 such that
Ay, — ay < ty. Otherwise, M U {a,,,,...,a,} C G is a t-spread edge, a contradiction.
Repeat Step j by replacing j with j'.

Thanks to we have finite number of partitions, this process must be terminated after
a finite number of steps. If the desired j and p are obtained, then we construct a suitable
F € F, with G C F as described in Case(2.1). If the desired j and p are not obtained, then

G contains a t-spread edge in G, a contradiction. O

We illustrate the construction of monomials of the forms (i) and (ii) in Theorem 4.1 in
the following example.

Example 4.2 Let V ={V,,V,,V5,V,} with V,=[1,2], V,=[4.6], V,=][8,10],

V4 =1[12,13], and t = (3,4, 3). One can easily see that the minimal generators of the edge
ideal of K, are as follows:
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X1 XgX3X12

X1 X4 XgX13

X1 X4X9X 12

X1 XgXgX13

X1X4X10%13

X1X5X9X12 X X5X9X 12

X1 X5X9X13 X X5X9X13

X1X5X10%13 X9 X5X10%13

X1X6X10%13 X2 XeX10X13

Following Theorem 4.1, the minimal generators of / (Kt\,)v are given as follows:

(i) The monomials of the form (i) described in Theorem 4.1 are x,x,, x,X5Xg, XgXoX;(, and
X12X13
(i) The construction of monomials of the form (ii) described in Theorem 4.1 is given
in the following table.

Accordingly, we get

t
ASS(I(KV)) = {(x] LX), (X4, X5, x(,)» (xg, X9, x]()), (12, x13), (x 7-x5a-x6)s (x 9x57x]0)1
(xpxg’xlo)y (XI,XS,XB), (x17x9’x13)’ (x47x57x10)7 (x4,x9,xl())s

(x47x5,x13), (X4,X9,X13), (xg,xg,xm)}-

J p Gppoeo syt Gy -2y u
1 2 q,=0,4,=0 X} Xs5Xg
1 3 q, =0, f]’z =0,9,=0, q; =1 X1X5X10
71=0,¢,=0,¢,=1,¢;=0 X1XoX1
1 4 q,=0,q’2=0,q2=0,q;=1,q3=0,q2=0 X1X5X13
91 =0,q’2=0,q2=1,qg=0,qs=0,q;=0 X1 XgX13
2 3 g, =0, ‘I; =1 X4X5X10
=1 q’3 =0 XgXoX10
2 4 g, =0, ‘]g =14;=0, qQ =0 X4X5X13
»=1 q; =0,9; =0, ‘L’; =0 X4XoX13
3 4 g, =0, qg =0 XgXgX|3

As an immediate consequence of Theorem 4.1, we obtain the following corollary,
which will be used to prove the normally torsion-freeness of I(K{,).

Corollary 4.3 Let K{, be a complete t-spread d-partite hypergraph with V(K{,) C [n] and
V={V,,....V,}. Furthermore, lethjl =n with V, = [ii,ii +n; - forall j=1,...,d. If

vi= Hf:] X;» then v € p\p? for all p € Min(I(K3)).

Proof Letv = Hjil X The minimal prime ideals of I = I(K{,) correspond to the minimal
generators of IV described in statements (i) and (ii) of Theorem 4.1. The minimal primes
corresponding to the generators of the form (i) are p; =(x, : k€ V,) and v & piz for all

i=1,...,d. Moreover, each generator of /¥ of the form (ii) is constructed by fixing j, p and
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gj» -+~ »q,- Let q be a minimal prime of / corresponding to a generator of the form (ii). Then
X, €4 if and only if k = j, as required. O

We recollect the following lemma, which will be used repeatedly in the next proposi-
tion and Theorem 4.6.

Lemma 4.4 ( [17, Lemma 3.12]) Let I be a monomial ideal in a polynomial ring
S = Klxy, oo, with GU) = {uy, ..., ), and h =" X with j,....j, € {1,...,n} be
a monomial in S. Then I is normally torsion-free if and onlybif hl is normally torsion-free.

In order to establish Theorem 4.6, we require the following auxiliary proposition. For a
given square-free monomial ideal / C K[x, ..., x,], we denote by I \ x; the ideal generated
by those elements in G(I) that do not contain x; in their support.

Proposition 4.5 Let K{, be a complete t-spread d-partite hypergraph with V(K{,) C [n]and
V=A{V\,...,V,}. Furthermore, let |V;| =2 with V; = {i;,i;+ 1} for all j=1,...,d. Then
1 (K{,) is normally torsion-free.

Proof To simplify the notation, set [ := I(K{,). We proceed by induction on d. If d =1,
then there is nothing to show. Hence, assume that d > 1 and that the result holds for any
complete t-spread (d — 1)-partite hypergraph. Choose an arbitrary element p € Min(/) and
setv = Hj:] X It follows at once from Corollary 4.3 that v € p \ p>. We show that I \ x,
is normally torsion-free for each x, € supp(v). Without loss of generality, we let V, = {1,2}
and we prove that I \ x, is normally torsion-free. It is not hard to check that I \ x; = x,L
where L is the edge ideal of t-spread d-partite hypergraph with vertex partition
vV ={V, .., V;} such that, for alli = 2, ..., d, the set Vi’ is obtained from V; after remov-
ing the isolated vertices, if any. One can conclude from the inductive hypothesis that L is
normally torsion-free. Here, using Lemma 4.4 implies that / \ x, is normally torsion-free. It
follows now from [18, Theorem 3.7] that / is normally torsion-free, as claimed. O

Theorem 4.6 Let Ktv be a complete t-spread d-partite hypergraph with V(K{,) C [n] and
V ={V,,....V,}. Furthermore, let |Vj| =n; with V=1, +n— 1] forall j=1,...,d.
Then I (K{,) is normally torsion-free. In particular, 1 (K:/) is normal.

Proof We first assume that |V;| =1for some 1 <j<d,sayV;={z}. Let ] = I(K{,). Then
we can write I = x_L such that L can be viewed as the edge ideal associated to a complete t
-spread (d — 1)-partite hypergraph. According to Lemma 4.4, I is normally torsion-free if
and only if L is normally torsion-free. Thus, we reduce to the case |V;| > 2 for all

j=1,...,d. Setv := H;.i: 1 X Pick an arbitrary element p € Min(/). One can derive from

Corollary 4.3 that v € p\p?. To complete the proof, it is sufficient to establish I \ x, in nor-
mally torsion-free for each x,; € supp(v). To accomplish this, we use the induction on
n:i= |V(Ktv)|. On account of |V;| > 2 for all j =1, ... ,d, this implies that n > 2d. The case
in which n = 2d can be deduced according to Proposition 4.5. Now, suppose that n > 2d. It
is not hard to see that 7\ x, is again the edge ideal of the t-spread d-partite hypergraph
obtained from K{, by removing all the edges that contain s. One can deduce from the induc-
tive hypothesis that I \ x, is normally torsion-free. Here, in view of [18, Theorem 3.7], we
conclude that / is normally torsion-free, as desired.
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The last assertion can be deduced according to [11, Theorem 1.4.6]. O

We can readily provide the following corollary inspired by Theorem 4.6. A matching
in a hypergraph H is a family of pairwise disjoint edges, and the maximum cardinality of
a matching is denoted by v(H). The transversal number of a hypergraph H, denoted by
7(‘H) is the minimal cardinality of a transversal of 7. A hypergraph H is said to satisfy the
Konig property if v(H) = 7(H), see [1, Chapter 2, Section 4].

Corollary 4.7 Let Ki, be a complete t-spread d-partite hypergraph. Then I (K;) satisfies the
Konig property.

Proof Based on Theorem 4.6, we get [ (Kb) is normally torsion-free. In addition, by virtue
of [20, Theorem 14.3.6], one can deduce that K:/ has the max-flow min-cut property. It
follows now from [20, Corollary 14.3.18] that Kt\, has the packing property. On the other
hand, by virtue of [10, Definition 2.3], we obtain I(K{,) satisfies the Konig property. This
completes the proof. O

Next, we give a characterization of Cohen-Macaulay (K{,). To do this, we first determine
the height of 1 (K{, ).

are t . . t
Proposition 4.8 Let K, be a complete t-spread d-partite hypergraph with V(K,) C [n] and
V ={V,,....V,}. Furthermore, let |V]| =n; with V] = [ii, l] +n; — 1] for all j=1,...,d.
Then ht(](K:,)) = min{n,, ..., n,}, where ht(I(Ki,)) denotes the height ofI(KtV).

Proof Let I := I(Ktv) and n, = min{n,,...,n,}. Since K:/ does not contain any isolated
vertices, this yields that

{isoonigh iy 4 Loy U i 4 = L iy 4y — 1), %

are pairwise disjoint t-spread edges in K{, Hence, we obtain the following monomials

X Xy oo Xy X 1 X1 X oo X 1K= -+ X —1

belong to G(I). This gives that ht(I) > n,,. It follows also from Theorem 4.1 that (x; : i € V)
is a minimal prime of / with height n,. This finishes our proof. O

Note that the Konig property of K:/ can be also observed from the proof of above proposi-
tion. Indeed, the inequality v() < =(H) holds for any hypergraph H and the t-spread edges
given in (7) give a maximal matching in Ktv

Under the assumptions of Theorem 4.1, one can compute the degree of gen-
erators of IV =I(K})Y. It is easy to see that deg erVi x,=mn; for all i=1,...,d.

Now, let ue GIY) of the form (i) for some 1 <j<p<d and Gjs -+ Gy Then
u= (17 ey, %)/ (Hf:_]1 vg, 141 vg)- Let h be the product of variables with indices in
lij, i, +n, — l]\(Vj U--uV)andw = (uh)/h. Then deg w = deg u.

We have deg h(Hfzj erVi x) = (i, +n, — 1) = i; + 1. Moreover, it follows from the con-

dition (6) that deg(h H’l:]] Vo, Iy ve) = Zf:_]l t; We thus get
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p—-1 —1
degw—(z +n, —1)—1+1—Zt—z —i+n, —Zt
=j i=j
Hence, we obtain
p-1
degu=i,—i;+n, —Zt (8)

i=j

A square-free monomial ideal is said to be unmixed if its minimal prime ideals are of the
same height. Using the description of generators of ( i,)v and their degrees, we obtain the
following characterization for unmixedness of 1 (K ).

Theorem 4.9 Let K be a complete t-spread d-partite hypergraph with V(K ) C [n] and

={V,....V,;}. Furthermore let |V;| = n; with V; = [ij, i —1]forall j=1,...,d.
Then I(K{,) is unmixed if and only ifn'1 == ng # s, ahdfor each j=1..,d-1 either
o = (G +s = D>t —loriy, —i; =1

Proof Letl =1 (K ) be unmixed. Then every minimal prime of 7 has the same height, equiv-
alently, 1V is generated in the same degree. By Theorem 4.1, we know that every V; corre-

sponds to a minimal generator in /Y, and this yields n; = .- =n,. Let n; = --- = n, =s.
We only need to show that for each j=1,...,d —1either i;,, —(@;+s—1)>7—1or
ijy1 — i =1 Indeed, if i;;; — (j; +s—1) < ; — 1 for some j, then we obtain u € g(1v) of

the form (11) with p =j + 1 and a suitable ch01ce of g; and q /i1 88 described in statement
(%) in the proof of Theorem 4.1. It follows from (8) that degu =iy —+s—1. Since
degu = s, we obtaini;, | —i; = 1.

Now, assume that for all j= 1 ,d we have n; = s and for each j=1,...,d — 1 either

Iy — (lj +s—-1) >t —1lor Iy — =1 Then all generators of IV of the form (i) have
same degree s. If 7V has no generator of the form (ii), then the proof is complete. Otherwise,
let u € G(IV) of the form (ii) for some j, p and gj---»q,-1- Then, forallZ =j,...,p—1, we
have iy, — i, = t,, because if iy, — (i, +5—1) > 1, — 1 for some ¢, then g, and ¢/, do

not satisfy the condition (6). This gives thati, = i; + 21:1 t;. Using (8), we obtain

p—-1

deguzip—ij+s—2t =1 +Zt—z +s—2t =s,

i=j
and the proof is done.
Remark 4.10 Let ={V,V,,V;,V,} with V,=[2,4], V,=1[6,8], V;=][9,11],

V, =1[13,15], and t = (2,3,4). By virtue of Theorem 4.9, the edge ideal I = I(K ) is
unmixed. In fact, by using Theorem 4.1, the minimal primes of / are as follows:

Ass(l) = {(xy,X3,X4), (Xg, X7, Xg), (X9, X105 X1 1 )5 (X135 X14> X15), (Xg» X7, X11),
(xﬁ,x7,x15), (X6JC1(),X11)7 (X5,X10,x15)s (x6,x14,x15), (x9’x109x15)a

(X9, X145 X15) }-

However, one can verify with Macaulay2 [9] that S/I is not Cohen-Macaulay.

@ Springer



A. Musapasaoglu et al.

The above remark states that unmixedness is not a sufficient for the edge ideal of t
-spread d-partite hypergraphs being Cohen-Macaulay. In what follows, we give a charac-
terization of K{, with Cohen-Macaulay edge ideals. To do this, we introduce the following
notations, that is, g(u;) := [set(y,)|and (/) := max{q(u,), ..., q(u,)}.

We are in a position to state the last result of this section in the subsequent theorem.

Theorem 4.11 Let Kt be a complete t-spread d-partite hypergraph with V(K ) C [n] and

V={V,....V,} Furthermore let |V;| = n; with V; = i, i; + n; — 1] for allj—l .d.
Then S/I(K{,) is Cohen-Macaulay if and only if either I(K;) is a principal ideal, or
ny=--=n,;= sandij+1 —i= tjforeachj =1,...,d—-1

Proof LetI=1 (K ) and S be the ambient ring of 1. Since 7 has linear quotients, thanks to
Theorem 2.4, it follows from [14, Corollary 1.6] that the length of the minimal free resolu-
tion of S/I over S is equal to g(/) + 1. This implies that depth(S/I) = |V(K )N —q() - 1.
Moreover, dim(S/I) = |V(K )| = ht(I), where ht(/) denotes the height of /. This summa-
rizes to S/I is Cohen-Macaulay if and only if ht(/) = g(/) + 1. Therefore, it is enough to

show that ht({) = g(I) + 1 if and only if n; =n, = -+ =n, =s and i;;, — i; = ¢; for each
j=1..,d-1
If I is a principal ideal then S/I is Cohen Macaulay. Now, assume n; =n, = -- =n; =

and i;; —i; =t foreach j=1,....d - L Letu—xk X, € G(I), where k; € V; for all
i=1 d Slnce [i1,k, — 1] C V] and [k;_; +4_1,k;— 1] CV, for all j=2,...,d, by
Proposmon 2.5, we obtain g(u) = k; — i, — 2;1_11 5 This shows that the maximum value of
q(u) is obtained when k, takes the maximum possible value which is max V; =i, +s— 1.
Furthermore, using iy — =4 for all j=1,...,d— 1, this gives that i; =i, + - 1 fj.
Hence, we have g(I) = s — 1, as required.

Conversely, suppose S/I is Cohen-Macaulay, that is, ht(/) = g(I) + 1. It follows from
ht() = g(I) + 1 that [ is unmixed and by using Proposition 4.9, this yields that, for all
J=1,...,d, we have n; = s, and for each j=1,...,d — leitheri;;; —(; +s—1)>1 -1
or i;; —i; =1. Then ht(/) =s thanks to Pr0p0s1t10n 48. If s =1, then I is a princi-
pal ideal. Now let s> 1. We only need to show that, for each j=1,...,d -1, we
have i, —i;=1. Suppose that for some j we have i, —(;+s— 1)>t]—1. Let

V=X o1 Xie—1 X 4s—1- Then v € G(I) because K:, do not contain isolated vertices and
{iy,+s—1,i,+s—1,...,i;+s— 1} is a t-spread edge in K{,. Now, Proposition 2.5 gives

thatset(v) N Vy = [iy,i; +s—2]and set(v) N Vi = {ijyy, ..., ijy + 5 — 2}. This shows that
q(v) > 2(s — 1)and g(I) + 1 > ht({) = s, a contradiction. a
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