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Abstract

Linear codes with small hull dimension have been of interest due to their applica-
tions to various problems in coding theory and cryptography. Linear complementary
dual codes, which are codes with zero hull dimension, and their generalization called
linear complementary pair of codes have also been studied widely in the literature. We
study these notions for quasi-cyclic codes. We show that all admissible hull dimensions
for quasi-cyclic codes, according to their CRT decomposition, are attained. We pay
particular attention to double and four circulant codes, which are one and two gen-
erator quasi-cyclic codes of special form. We formulate the hull dimension for these
families in terms of the polynomials involved in their generating elements. We obtain
results on possible hull dimensions, such as the hull of a four circulant code being even
and the nonexistence of hull dimension one double circulant codes over F, if ¢ = 3
(mod 4). We present numerical results on the parameters of double and four circulant
codes with extra conditions, such as having fixed small hull dimension or being com-
plementary dual. We also enumerate double and four circulant codes with zero or the
smallest possible positive hull dimension and prove that double circulant codes with

zero or one hull dimension are asymptotically good.



BAZI SANKI-DEVIRSEL KODLARIN KABUKLARI VE BUTUNLEYICI
OZELLIKLERI

Zohreh Aliabadi
Matematik, Doktora Tezi, Temmuz 2022

Tez Danigmani: Prof. Dr. Cem Giineri

Anahtar Kelimeler: Kod kabugu, dogrusal biitiinleyici dual kod, dogrusal biitiinleyici
kod cifti, sanki-devirsel kod, cift devirli kod, dort devirli kod.

(")zet

Kiiciik kabuk boyutuna sahip dogrusal kodlar, kodlama teorisinde gesitli problem-
lere ve kriptografiye uygulamalar1 sebebiyle ilgi cekmektedirler. Sifir kabuk boyu-
tuna sahip dogrusal biitiinleyeci dual kodlar ve genellemeleri olan dogrusal biitiinleyici
kod ciftleri de literatiirde ¢okga caligilmaktadirlar. Bu tezde bahsi gecen kavramlar
sanki-devirsel kodlar igin cahigilmigtir. Sanki-devirsel kodlarin CRT parcalaniglarina
gore miimkiin olan tiim kabuk boyutlarinin realize edildikleri gosterilmistir. Bu kod
ailelerinin kabuk boyutlari, tireteclerinde yer alan polinomlar cinsinden ifade edilmistir.
Dort devirli kodlarm ¢ift boyutlu kabuklari olmasi, F, tizerinde tamimh ¢ift devirli
kodlar i¢gin ¢ = 3 (mod 4) durumunda 1 boyutlu kabugun miimkiin olmamasi gibi
kabuk boyutlarina dair sonuclar elde edilmistir. Kiigiik kabuk boyutlu olmak, dogrusal
biittinleyici dual gibi ek sartlar saglayan ¢ift ve dort devirli kodlarin sayilar: verilmis,

ayrica 0 ve 1 kabuk boyutlu ¢ift kodlarin asimptotik olarak iyi olduklar1 gosterilmistir.
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Introduction

The hull of a linear code C' is defined as C' N C*, where C* is the Euclidean dual
code. The hull can also be defined with respect to other inner products, such as the
Hermitian inner product, if C' is defined over a finite field IF, with square cardinality.
This concept was introduced by Assmus and Key in ([?]) in order to classify finite
projective planes. The hull of a linear code has found applications such as determin-
ing permutation equivalence between codes, determining the automorphism group of a
code and construction of quantum error-correcting codes ([?], [?], [?], [?]).

Sendrier determined the number of linear codes with given hull dimension in [?], where
he also showed that the hull dimension is usually small. He also proved that linear
codes with fixed hull dimension meet the Gilbert-Varshamov Bound ([?]). We also refer
to [?], where the hull of algebraic code families, namely cyclic and negacyclic codes,
are investigated.

For applications, codes with small hull dimension are desired. The smallest positive
hull dimension is 0, and codes having trivial hull are called linear complementary dual
(LCD) codes. LCD codes were introduced by Massey in [?], where he also showed that
this class of codes is asymptotically good. Of course, Sendrier’s stronger asymptotic
observation mentioned above also implies this. Note that the name LCD is justified,
since C @ C+ = FZ for an LCD code C C IF;‘. Let us note that LCD codes have been
generalized to linear complementary pair (LCP) of codes, where a pair (C, D) of linear
codes in F}! is called LCP if C'@ D = F}. Note that an LCD code amounts to (C, C*)
being LCP.

There is yet another motivation to study LCD and LCP of codes, which stem from
cryptography. It has been observed that certain cryptosystems, which are defined via
linear codes, are more secure against attacks if one uses LCD or LCP of codes in their

construction ([?], [?], [?]). The security parameter of an LCP (C, D) of codes is defined



as min{d(C), d(D*)}, which is simply d(C) in the case of LCD codes. LCD and LCP
of codes have been very actively studied in the recent literature ([?], [?], [?], [?], [?],
2], 7], 7).

The next smallest possible hull dimension is 1 and due to above-mentioned motivations,
construction of codes with 1 dimensional hull also found interest in recent literature
(7], 171, 17D)-

This thesis studies concepts described above for general and also some special classes of
quasi-cyclic (QC) codes. QC codes are natural generalization of the well-known family
of cyclic codes. A linear code C'is called QC of index [ if it is closed under [-shift of
codewords, and [ is the smallest such number. The case [ = 1 clearly amounts to cyclic
codes. Like cyclic codes, QC codes also come with nice algebraic structure ([?], [?]).
Finally, double and four circulant codes are special types of QC codes. We prove results
on hulls and LCD/LCP classes for aforementioned code families. We also present some
numerical results on the parameters of codes studied.

Chapter 1 introduces the required background on the hull of linear codes and LCD /LCP
codes. Chapter 2 starts by introducing QC codes and their CRT decomposition. De-
composition of the code and its dual yield a natural formula for the hull dimension
of a QC code. The rest of this chapter is devoted to showing that all admissible hull
dimensions for a QC code are attained. Chapter 3 studies special classes of QC codes,
namely double-circulant (DC) and four-circulant (FC) codes. For general 1-generator
QC codes, results on their hull dimension and LCD/LCP features are proved. Results
on these concepts are also obtained for DC and FC codes, as well as the enumeration
of DC code, with small hull dimension and the asymptotic consequences. Chapter 3

also provides numerical result on the code families studied.



CHAPTER 1

Background

We give basic definitions and facts on linear codes, which will be used in the thesis.

Throughout the thesis I, denotes a finite field with ¢ elements.

1.1 Linear Codes and Their Duals

For x € (21,...,2n),y = (1, .., yn) € Fy, the Hamming distance is defined as
d(z,y) =#{1 <i<n; x; #y}.
The Hamming weight of an element is defined as
wt(z) :==d(z,0) = #{1 <i<n; z; #0}.

An [n, k,d] linear code over F, is a k-dimensional linear subspace of F; with minimum

distance d. The minimum distance is defined by
d=d(C) :=min{d(z,y) ; z,y € C', x #y}.

For a linear code it is easy to see that the minimum distance is the same as the minimum
weight among nonzero elements of the code.

The dual C* of a linear code can be defined with respect to various inner products



on F7. C* is another linear code, whose dimension is n — k. We will be interested in

Euclidean and Hermitian duals in this thesis, which are defined as follows:

Ct={zecF,; <c,x>:Zcixi:O Vee C}

i=1
Ctr = {z € ]FZQ < e, >p= Zci:@- =0 VeeC}

i=1

We note that Hermitian dual is only defined over a square field F2. We also note that
a denotes the F-conjugate a? for an element a € Fpe.

A k x n matrix G, whose rows consist of basis elements of an [n, k] linear code C, is
called a generator matrix of C. A (n — k) X n generator matrix H for the dual code

C% is called a parity check matrix of C. It is clear that we have
GH" =0.

If G = [Id, : A]is a generator matrix in systematic form, then we have H =
[—AT : Id,_1]. Note that the parity check matrix for the Hermitian inner product is
H = [-AT : Id, ], where A denotes the matrix obtained from A by F,-conjugate in

each entry.

1.2 Hull of a Linear Code

Let C be an [n, k, d], linear code. Hull of C is defined as
Hull(C) := C N C*.

Let h(C) = dim(Hull(C)). If ¢ is square one can define the Hermitian hull of C' as
Hull,(C) := C N C*n

and denote its dimesion by hy(C) = dim(Hull,(C)).

Proposition 1.2.1. (Proposition 3.1 [?])

i: Let C be an [n, k|, linear code with generator matriz G and parity check matriz
H. Then
h(C) = k — rank(GG™).



i: Let C' be an [n, k], linear code with generator matrix G and parity check matriz
H. Then
hi(C) = k — rank(GG™).

We will denote the dimension of the intersection of C; N C’j for two linear codes C}

and Cy by h(Cy,Cy). Note that h(C) = h(C,C).

Proposition 1.2.2. (Theorem 2.1 [?]): For i € {1,2}, let C; be a linear [n,k;|, code

with parity check matriz H; and generator matriz G;. If dim(Cy, Cy) = £, then
rank(G H] ) = ki — ¢,

and

rank(GoHY ) = ky — .
As a consequence of Proposition 77, we can write

h(C’l, Cg) = kl — rank(GleT) and h(CQ, Cl) = kg — rank(GgG{)

1.3 LCD and LCP of Linear Codes

Definition 1.3.1. i: An [n, k], linear code is called a linear complementary dual

(LCD) code, if Hull(C) = {0}.

ii: A pair (C, D) of linear codes of length n over F, is called linear complementary

pair (LCP) of codes if C ® D =Ty

Note that LCP of codes can be considered as a generalization of LCD codes. Namely
if C'is an LCD code, the pair (C,C+) is LCP.
The following is a consequence of Proposition 7?7 and 77. We note that the character-

ization of LCD codes in (i) was first given by Massey in ([?]).

Proposition 1.3.1. i: A linear code C with a generator matriz G is LCD if and

only if GGT is non-singular.

ii: Let C; be an [n,k;| linear code, for i = 1,2, with generator and parity check
matrices G;, H;, respectively. Then (Cy,Cy) is LCP of codes if and only if ki +

ko = n and G1HY is non-singular.



LCD and LCP of codes drew attention recently due to their cryptographic appli-
cations ([?], [?]). In this respect, the security parameter of an LCP (C, D) of codes is
defined as

min{d(C), d(D")}.

Note that if C'is LCD (i.e. D = C* above), the security parameter is simply d(C). It
has been shown that if (C, D) is LCP of abelian codes (or, group codes more generally),
we also have d(C) as the security parameter. This is established by showing that C'

and D+ are equivalent codes ([?], [?], [?]).



CHAPTER 2

Quasi-Cyclic Codes

This chapter presents the algebraic structure of quasi-cyclic (QC) codes. We also

provide a proof for the existence of QC codes of given hull dimension.

2.1 QC Codes

An [n, k], linear code is called a QC code of index [, if its codewords are invariant under
shift by [ units, and [ is the smallest positive integer with this property. It is known
that the index of a QC code is a divisor of its length, say n = ml. We refer to the QC
code of index [ as [-QC code for simplicity. The well-known cyclic codes correspond to
QC codes of index 1. As in cyclic codes, QC codes can also be viewed algebraically.

Let C' be an I-QC code of length ml over F,, and write its codewords in m x [ array

form

€0,0 €o0,1 cee Co,l-1

Cm—-10 Cm-11 --- Cm—11-1
In this representation, note that being invariant under shift by / units amounts to being

invariant under row shift.

. _ Fglz] 3
Let R, := —+== and consider the map

¢ F — R,

7 = (o), ..., ao1(x), (2.1)



where ¢;(z) = Z?i_ol ¢ijx" € Ry, for 0 < j <1 —1. In other words each column in <

produces an entry for ¢(?) € R .

Proposition 2.1.1.  i: ([?] Lemma 3.1) The map ¢ induces a 1-1 correspondence
between [-QC codes over Fy of length ml and linear codes over R, of length

(i.e. R,,-submodule in R! ).

ii: ([2], Corollary 8.3) Under this correspondence, we have ¢(C+) = ¢(C)*. Here
duality in IF;”Z is with respect to the Euclidean inner product. Duality in R! is

with respect to the inner product

I
£
—~

8
S~—
iSal
-

(S
:./

(ap(z),...,a1—1(x)).(bo(x), ..., bi_1(x))

where b;(z) = b;(z71) = b;(z™ ).

From now on, we assume that ¢ and m are relatively prime. With this assumption
we have the following factorization into distinct polynomials.

s t

2" —1=[J o) [ J(hs(2)h5(2)).

- ey
Here g;() is self-reciprocal for 1 < i < s and h;(x) and hj(z) are reciprocal pairs for
1 < j < t, where the reciprocal of a monic polynomial f(z) with non-zero constant

term is defined as
fr(x) = F0) a8 fah).

By the Chinese Remainder Theorem (CRT), R,, decomposes as follows:

t

B = (D G) DD P H'),

J=1

where for 1 <i<s, G; = <§j(ﬁ>, and for 1 <j <t H'; = <;FL;([?)> and H"; = <£;i_’([§])>.
Thus

R, = (D) DD Hu)).

Let € be a primitive m™ root of unity and £, £% and 7% be roots of g;(z), h;(z) and

h;(z), respectively. Then we have

Gi Ty (€%) = Fp, B =T (6%) X Py, WYy = Fy(67) 2 F

qJ

8



where 2d; = deg g;(x) and d; = deg h;(z) = deg hj(x). Note that we use the fact that
the degree of a self-reciprocal polynomial is even.
Via the CRT decomposition of R any QC code C can be decomposed as

¢ = D) PEDC; D). 22

7j=1
where Cj, C}, C7 are linear codes of length [ over the fields G;, H';, H"j, respectively.

They are called the constituents of C'. Moreover, we have
s t
dim(C) =) " deg g;(x) dim(C;) + Y _ deg h(x)[dim(C}) + dim(C")].
i=1 j=1

It is well-known that the dual of an [-QC code is also an [-QC code of length ml and
it has the following CRT decomposition

t

¢t = Pempebe e (2:3)

where CZ-L " denotes the Hermitian dual of C; in F aes,. Hence we have

t

Hull(C)=CnCt = (é(oi NCH)) EPEPEC,; N ) EPC";NCH),  (24)

i=1 j=1

and the hull dimension is
s t
W(C) = deggi(x) hi(Ci) + Y _ deg hj(x)[1(C}, C";) + h(C";, C})]
i=1 j=1

Hence the hull of an I-QC code C' over F, is formulated in terms of Hermitian hulls
and pairwise intersection of its constituent codes and their duals, which are codes of

length [ over various field extensions of F,. Let

s t
C=ty+ > 2dit;+ Y di(ts+1])  if mis odd (2.5)
i=2 j=1
s t
(=1t 4+t + Z 2d;t; + Z dy(t; +17) if m is even (2.6)
i=3 j=1

be integers, with ¢; < k;, ¢ <k} and t"; < k”;, where k; = dim(C;), £} = dim(Cj) and

k"; = dim(C";). Note that these express possible hull dimensions for QC codes. Our

aim is to understand whether all such hull dimensions can be realized by [-QC codes.



2.2 Linear and QC Codes with Arbitrary Hull Di-
mension

In order to understand possible hull dimension for QC codes, we investigate existence

of linear codes with arbitrary Euclidean and Hermitian hull dimensions.

Proposition 2.2.1. Let n, k be positive integers such that 2k < n. Then for any

t <k, there exists an [n, k], linear code with t-dimensional hull.

Proof. Define the matrix

Idy_4 | O
Gt - E Man(Fq)
O |D

where D € My (n—(k—t)) (Fy). Note that rank(G,G]) = k — t if and only if DDT = 0.
The following choices of the matrix D give us DD = 0.

i: ¢ = 2" for some r > 1:

1 100 0 0 0

0011 0 0 0
D =

0000 ...1T1...0

ii: ¢ =1 (mod 4): In such finite fields —1 is a quadratic residue, i.e., there exists

o € I} such that o? = —1. Take

1l « OO0 ... 000 ... 0

0O 0l « ... OO0 ... 0
D—

O 000 ... 7T a ... 0

Then DDT = 0.

Note that in both cases above at least 2t columns are needed to define D. We
have 2k < n and t < k <n — k. Therefor 2t <n — (k —t), so D is well-defined.
Also it is clear that in both cases rank(D) = t.

10



iii: ¢ =3 (mod 4)

Consider the curve x over F, defined by

i+ 4 (a—2) =0

over [F,, where a € F*. If we study the points at infinity, we have

If —2 is a quadratic residue in F, then x has two points at infinity. This means

that x has at least ¢ — 1 affine rational points, since it is of genus 0 and has g+ 1

rational points.

Note that for ¢ = 3 (mod 4), a self-dual linear code exists only when n = 0
(mod 4) (see the proof of Proposition 6.3 in ( [?])). Also for a self-dual code we

have h(C') = t = k = §, which means that length is even. For this reason we

20 +y* =0

S0

distinguish between the even and odd t.

In this case again we need at least 2t columns and as before D is well-defined

— t is even:
o B
0 a—a
0 0
D=1]0 0
0 0
0 0
with rank ¢.
— tis odd:
a f
0 a—a
0 0
D=
0 0
0 0

First note that, at least 2t 4+ 2 columns are needed to define D. We have
t < k—1, and 2k < n which means that 2k +1 < n. All together we obtain

0
0

0

0
0

0

o O

0
0

0

0
0

y? = 222

0 0
0 0
a—a 0
B -
0 0
0 0

0 0
0

I54 a—«
a—a I3
0 0

0

o o o O

(67

0

0 0 0
0 0 0
0 0 0
0 0 0
15} a—a 0
a—a I} -«

o o o O
o o o O
o o o O
o o o O

a B a—a 0

that 2t +2 <n — (k —t), thus D is well-defined with rank ¢.

11
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In all the cases, where the description of D in G, is given, rows of G, are linearly
independent. Hence rank(G;) = k. The code C generated by G is an [n, k|, linear
code with ¢-dim hull. O

The next step is to show the existence of linear codes over square fields of given

t-dimensional Hermitian hull.

Proposition 2.2.2. Let g be a square, and n, k be positive integers such that 2k < n.
Then for any t < k, there exists an [n, k], linear code with t-dimensional Hermitian

hull.
Proof. As in the proof of Proposition ?? define the matrix

Idg 4| 0
Gt = S Man(Fq)a
0 |D
where A = Idj_, and D € My n—(k—t)))(Fy). Note that rank(G;GT) = k — t if and
only if DDT = 0.
The following choices of the matrix D gives us DDT = 0.

i: ¢ =27, where r is an even integer: Let o be an element of F, , and 3 € F; be its

conjugate, i.e. @ = av? = 3. Take

a S 0 0 ... 00 .0
0 0 « ... 00 .0
D= P
. . 0
0O 0 0 0 . a f .0
Then
b « 0 0 0 0
_ 0 o 0 0 0
D_ B
: 0
0O 0 0 O b « 0
and DDT = 0.

ii: ¢ = s", with s an odd prime and r an even integer:

12



F|=q—1=(y/q—1)(y/g+1), so we have 2(,/q + 1) | [F;|. Thus, there exists
B € F; such that | < 8 > | =2(,/g+1). Take

1 68600 ... 00 0
0 0 1 ... 00 0
p— |20 0
0
0O 00O0...12¢p 0
Then
1 BVE 0 0 0 0 0
_ 0 0 1 pva 0 0 0
D= .
0
0O 0 0 0 1 pBva 0
and we have
1+ pvatt 0 0 0
_ 0 1+ pvatt 0 0
DD" = 5
: 0
0 0 .. 14 pvatt 0

As g2Vat) = 1, we have fvV@+! = —1. Therefore DDT = 0.

Like the Euclidean case, D is a well-defined matrix of rank t. Thus G; generates an

[n, k], linear code of ¢-dimensional Hermitian hull. O

Note that the hull of a QC code also involves intersection of two vector spaces.
Although finding spaces that intersect at desired dimension is clearly achievable, we
show the details in the following. Let C' and Cy be two linear codes over a finite field.

Then
h(C’l, Cg) -+ h(CQ, Cl) = kl — rank(GlGQT) -+ k’g — rank(GgG{) = kl —+ kg — 2rank(G1Gg).

Without loss of generality assume that k; < ks. For the constituents coming from
reciprocal pairs, we need to find matrices G; and Gy such that rank(GGY) = t, where

t < ki. Let C7 and C5 be linear codes generated as follows

C) =< €1y ..., €k >,

13



02 =< €1y €y Chygly e Chyy Chg 1+ v vy Chgky—t > -

By Sylvester’s inequality we have
ki+keo—n<t = kot+k —t<n.
Also, the number of vectors in the basis of Cy is
t+(ke—(k1+1)+ 1)+ (ka+ ki —t—(ka+1)+1) =k

It is clear that all vectors are distinct, thus the basis is well-defined.

Therefore
€1
€1
€2
€t
ek‘1+1
Gi=| ¢ and Gy =
Ct+1
€k2
ekl
ek‘2+k17t
For the standard vectors e;’s, we have
T
€i.€j = 51]
Therefor the i"-row of G1G% is
e.GT = (. .7 oI oot o7
e €i€] .. €€ €€y v €i€pip i)
and
€1
Ct
T
GIGQ = 9
0
0

14



which has rank t.

Note that, by Proposition 6.3 in [?], there is no self-dual I-QC codes of length ml when
[ is odd and ¢ = 3 (mod 4). In such case there exists self-dual [-QC code if and only if
[ is a multiple of 4.

From the discussion above, we reach the following consequence, which is the main

result of this section.

Theorem 2.2.3. Let F, be a finite field, m a positive integer relatively prime to q,
0 <k <mlandl <k. Then there exists an [ml, k], I-QC code with {-dimensional hull

if £ can be written as in 7?7 or 7?7, with the exception of { = k is odd and ¢ = 3 (mod

4)-

15



CHAPTER 3

Double and Four Circulant Codes

The hull and LCP properties of a special class of one and two generator QC codes are

investigated in this chapter.

3.1 1-Generator QC Codes

Let C be a p-generator [-QC code of length ml over F,, which is generated by
{(a11(x),...,a1(2)), ..., (ap1(2), ..., api(x))}
in R! . Via CRT decomposition, one can write spanning sets for its constituents:
C; = Spang, {(ap1(£"), ..., ap (")) : 1 <b<p} for 1<i<s

Cj = SpanH;_{(ab,l(évj),...,abl(évﬂ')) c1<b<p} for 1<j<t

C"; = Spangr {(ap1(§67%7), .. ap (7)) : 1<b<p} for 1<j<t

We will consider 1-generator QC codes.

Definition 3.1.1. Let C' =< (a1(z),...,a(x)) > be a I-generator I-QC code over IF,,.
i: The generator polynomial of C' is defined by

g(z) == ged(ay(x), ..., q(x), 2™ — 1).
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ii: A monic polynomial h(x) of the least degree is called the parity check polynomial
of C if h(x)a;(x) =0 for all 1 <1 <.

The polynomials g(z) and h(x) are unique ([?], Lemma 2) and they satisfy
h(z)g(x) =™ — 1.

Lemma 3.1.1. ([?], Lemma 1) Let C' =< ay(x),...,a;(z)) > be a 1-generator I-QC

code of length ml over F,. Then
dim C' = m — deg g(z) = deg h(x).
Definition 3.1.2. An [ml, k], 1-generator I-QC code is called mazimal if k = m.

If C' is a maximal 1-generator [-QC code, we clearly have
g(x) =1 & h(z) =a™ — 1.

A class of such codes, namely Double Circulant (DC) codes, will be discussed later in

this chapter.

3.1.1 LCD 1-generator [-QC Codes

Let C be an [ml, k],;, I-QC code with the CRT decomposition as in (??). Then its
dual decomposes as in (??7). A characterization of LCD QC codes has been provided

as follows.

Theorem 3.1.2. ( [?], Theorem 3.1) Let C' be an I-QC code of length ml over F,,.
Then C is LCD if and only if C; N C;™ = {0} for all 1 < i < s, and C"; N C'”jL =
c”; F‘IC”]-L = {0} forall1 <j<t.

LCD 1-generator QC codes can be characterized as follows.

Theorem 3.1.3. Let C =< (ay(z),...,a(x)) > be a I-generator [-QC code of length
ml over F,. Then C is LCD if and only if

ged (Z a(z)a,(z™ 1), h(x)) =1

Proof. Note that the constituents of C' are either 0 or 1-dimensional codes over their
field of definition. So the intersections we have to understand are either trivial or

1-dimensional.
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o C;NC" {0} if and only if

— C; # {0}, which means g;(z) | h(x),
— C; C C}" which means that Y'_ a,(6%)a,(67*%) = 0. This implies that

gi(2) | X2y ar(@)ar (2 7).
o C';NC"; # {0} if and only if

— O # {0}, which means h;(x) | h(x),
- C; C C”’j, which means that 37! a,(6%)a,(¢7%) = 0. This implies h;(z) |
> ar(@)ar (@ ).

e Using the same argument, C”; N C”jL # {0} if and only if 2} | h(x) and h}(z) |
> ar(@)ar (@™ ).

Hence, C'is LCD if and only if the factors of 2™ —1 divide either h(z) or Zizl ar(z)a,(z™1),
but not both. 0

Remark 3.1.1. LCD characterization for a special class of mazimal 1-generator 2-QC
codes (namely, double circulant codes), is given in ([?], Theorem 5.1). Theorem 77

generalizes this result.

Tables 3.1 and 3.2 illustrate binary and ternary LCD maximal 1-generator 2-QC
codes of length 2m. The search is done by the MAGMA software [?] for random
a1(z),az(z) € R, satisfying ged(ai(z)a; (2™ 1) + ag(z)ag(z™ 1), 2™ — 1) = 1. In these
two tables d presents the best possible minimum distance which can be attained by
an LCD maximal 1-generator 2-QC code C' =< ay(z), az(z)) >, d* represents optimal
minimum distance for binary or ternary linear codes of length 2m and dimension m,

according to code tables [?].

18



m d d* ay () as(x)

3 2 3 z+1 ?+r+1

5 3 4 3 +1 4z +1

7 4 4 2 +1 B t+r+1

9 5) 6 ¥ +r+1 P+ +r+1
11 6 7 zt+1 B+ a4+ 2%+ 1
13 7 7 5+ 1 o+ b+ a3+ 1
15 7 8 4+ 41 P +r+1

17 8 8 S+t 41 P+t +di+r+1

Table 3.1: Binary LCD maximal 1-generator 2-QC Codes.

m d d* ap(x) as(x)

4 4 4 r+1 x+2

5 4 5 T+ 2 20 42

7 6 6 2r +1 3+ 222 + o+ 2
8 6 6 23+ 2142 zx? + 2z + 2
10 6 7 x>+ x+1 22+ 22+ 1
11 7 8 3+ 22 + 2 34212 4+ 2r + 1
13 8 8 P+t +r+1 ot + 2 + 22 + 2
14 8 9 ettt o+ 2 ?+22+r+1

Table 3.2: Ternary LCD maximal 1-generator 2-QC Codes.

As it is mentioned before, cyclic codes are 1-QC codes. It has been shown that
a cyclic code is LCD if and only if its generator polynomial is self-reciprocal ([?]).
The next proposition states that self-reciprocal generator polynomial is a necessary

condition for being LCD for 1-generator QC codes.

Proposition 3.1.4. Let C' =< (a1(x),...,a(z)) > be a 1-generator I-QC code with
generator polynomial g(x). If C is LCD then g(x) is self-reciprocal.

Proof. Assume that g(x) is not self-reciprocal. This implies that there exists h;(x)
such that h;(z) | g(x) but hj(z) { g(z) (hence, h}(x) | h(z)). Since h;(x) | g(x), we
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have that hj(z) | a,(x), for all 1 <u < 1. Therefore h}(x) | a,(z™ ") for all u. Hence

hi(x) | ged (Y ar(@)a,(a™), h(x))

r=1

which contradicts the assumption that C'is LCD. O
The following example shows that the converse of Proposition ?? need not hold.

Example 3.1.1. Let C =< (2? + x,2* + 1 >) be [6,2]y 1-generator 2-QC code. Note
that g(x) = = + 1 and h(z) = 2> +  + 1, and both are self-reciprocal polynomials.
However h(C) = 2, and hence it is not LCD.

Determining the hull of 1-generator [-QC codes is an immediate consequence of

Theorem ?77.

Corollary 3.1.5. Let C =< (ai(x),...,a;(x)) > be a 1-generator I-QC code of length
ml over F,. Then h(C) = degu(z), where

u(z) = ged (Z ar(x)a,(x™ 1), h(x)) :

Proof. The proof of Theorem 7?7 showed that a constituent of C' contributes to the hull
dimension if and only if the corresponding irreducible factor of 2™ —1 (g;(), h;(x), h}(z))
does not divide g(z), hence divides h(x), and the same irreducible factor divides
er:1 a.(z)a,(z™1). Since the contribution of any constituent is at most 1 over its
field of definition, this contribution is the degree of irreducible factor dividing u(x).

Hence the result follows. O]

3.1.2 LCP 1-Generator [-QC Codes

We start with a bound on the intersection dimension of two 1-generator I-QC codes.

Proposition 3.1.6. Let C' =< (ai(x),...,q(x)) > and D =< (by(x),...,b(x)) > be
two 1-generator [-QC codes of length ml over F,. If C and D are linear {-intersection

pair of codes then { < m—gecd(ei(x),...,e(x), 2™ —1), where e;(x) = lem(a;(z), b;j(x)).
Proof. Let E :=< (e1(x),...,e(x)) >, E is a 1-generator [I-QC code and
dim(E) = m — deg(ged (e1(z), ..., e(x), 2™ — 1)).
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Claim: CnNnD C E.
Take d(x) = (di(x),...,d;(x)) € C N D. Then each coordinate of d(x) is divisible by
the corresponding coordinate of a(x) and b(z). Hence, e;(z) | d;(z) for all 1 < i <[,

and we have d(z) € E. Hence

dim(C N D) <dimE =m — deg gg(x)

Next, we observe that LCP of 1-generator QC codes are rather constrained.

Proposition 3.1.7. i: If (C, D) is LCP of 1-generator I-QC codes, then | = 2 and

both C' and D are maximal.

ii: For C =< (ai(x),as(x)) > and D =< (by(x),be(z)) >, if 2™ —1 | lem(a;(z), b;(x))
fori=1,2, then (C, D) is LCP.

Proof. i: By definition we have
dim(C) 4 dim(D) = ml

for an LCP of codes. For a 1-generator QC code, the maximal dimension is m.
Therefor, 2m > ml. On the other hand, [ is at least 2. Hence we obtain [ = 2.
Since dim(C') = dim(D) is required for an LC'P, we also see that both C' and D

are maximal.

ii: Since ™ — 1 | lem (a;(z), b;(z)), we have E' = {0}, where E is defined as in the

proof of Proposition ??7. Since C N D C E, we reach the conclusion.

A characterization of LCP of [-QC codes is given in [?] as follows:

Theorem 3.1.8. (Theorem 3.1, [?]) Let C and D be [-QC codes of length ml over F,.
Suppose that the CRT decomposition of C and D are as in (??).Then (C, D) is LCP if
and only if (C;, D;) is LCP in G. (for all 1 < i < s), (C5, D}) is LCP in H’é- (for all
1<j<t)and (C";,D";) is LCP in H”é- (for all1 < j <t).

We now characterize LCP of maximal 1-generator 2-QC codes.
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Theorem 3.1.9. Let C =< (a1(x),a2(z)) > and D =< (by(x),bo(x)) > be two maxi-
mal 1-generator 2-QC codes. Then (C, D) is LCP of codes if and only if

ged(aq (2)ba(x) — ag(x)by(x), 2™ — 1) = 1.

Proof. Let C' and D have the following CRT decompositions:

t

C =B DDCD ),

j=1

t

D = (@ p) DE WD, P D).

j=1

Generator matrices of the constituents are as follows:
Ge, =[a(§") a(€")]  , Go=lai(€”) ax(£7)]
Ger, = [ar(§7)  aa(§77)]
Gp, =[a(§") ax(€")] . Gp =[a(§7) az(£7)]
Gpry =la1(§77)  aa(§7")]
Moreover, parity check matrices for the constituents of D are easy to write as follows:
Hp, = [~02(€") bi(€™)] ,  Hpy=[-0((77) bi(E7)]
Hpr, =[=b2(€"7) 01(£7)]
By Proposition 7?7, we have
dim(C;N D)) =0 <= rank(GC;,Hgg_) =1 = ar(€9)by(€) — an(E9)by(€9)) # 0
dim(C"ND") =0 <= rank(Gen, Bl ) =1 = ay(=€")by(—€")—as(—€2 )b (—E7)) # 0

Combining these observations, we obtain that (C, D) is LCP if and only if no irreducible
factor of ™ — 1 divide the polynomial a;(z)by(z) — az(x)bi(x). O
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3.2 Double Circulant Codes

A 1-generator 2-QC code of the form C =< (1,a(z)) >C R?, is called a double circulant
(DC) code. Note that [Id,, | A] is a generator matrix of C', where A is the m x m

circulant matrix associated to the polynomial a(z) = ag + ai(z) + ... + @p_12™ L

Qo aq Am—1
mpm—1 Qo Am—2
A=
a’l a2 PR ao

A DC code is clearly a maximal 2-QC code. By Corollary 77, we have the following:
Proposition 3.2.1. Let C =< (1,a(x)) >. Then
i: h(C) = degged(1+ a(x)a(x™ 1), 2™ —1).

ii: If D =< (1,b(z)) >, then (C, D) is LCP if and only if ged (b(z) — a(z), 2™ — 1) =
1.

Let us note that h = 0 (LCD) case of (i) was obtained in ([?], Theorem 5.1). Part
(i) was given in ( [?], Proposition 3.2).
Since small hulls are of interest, as described in the Introduction, we focus on DC codes

with hull dimension 1.

Proposition 3.2.2. There exists a DC code with I1-dimensional hull over F, if and

only if g =1 (mod 4) or q is even.

Proof. By the CRT decomposition, a 1-dimensional hull is possible only in the case
that F, contains a square root of —1, which is possible if ¢ is even or ¢ = 1 (mod 4).
For the converse, let us construct a(x) so that the resulting DC code has 1-dimensional
hull. In the case ¢ = 1 (mod 4), let o € F* such that o* = —1. Let a(z) = 2 — (o +1).
Then

L+a(@)a@™ ) =(a+(2—z—2™")

h

An m'™ root of unity ¢ is a root of this polynomial if and only if

('H(-2=0 = F-20+1=((-1°=0 <= (=1
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Hence

deg (ged (1 + a(z)a(z™ 1), 2™ — 1)) = 1.

For ¢ even, let h(z) = =% and set 3 = h(1) # 0. If we set a(z) = h(x) + f+ 1 and

v(x) = 1+ a(z)a(@™ "), we have
(D) =1+ R+ B8+ 1AM +5+1) =1+ 28+1)=1+1=0,

On the other hand, if ¢ # 1 is another m!" root of unity, we have

v(€) = 1+ (h(Q) + B+ 1)(A(CT) + B+ 1).
Since h(¢) = h(¢™') = 0, we obtain

v()=1+B+1)?=1+42+1=p%

Since 8 # 0, v(¢) # 0. We have

deg (deg (1 + a(z)a(z™ "), z™ — 1)) = 1.
Take a(z) = h(z) + 8+ 1.

L+a(x)a(z™) =1+ (h(z)+ B+ 1)(h(z") + B+ 1)

l+a(l)al™)=1+B+B8+1)(B+B+1)=0
So, v — 1| u(x).
Let 6 be another m-th root of unity.

1+ a(8)a(0™") =1+ (h(8)+ B+ 1)(R(6~ ) +B8+1)

1+ (B+D)(B+1)=14p241=p4

Since 3 is nonzero, u(z) and h(x) are relatively prime.

]

Tables 3.3, 3.4 present the best possible distance for binary and quinary DC codes
with 1-dimensional hull. Here d* is the optimal minimum distance or the best known
minimum distance for binary or quinary linear codes of length 2m and dimension m,
according to codes tables [?], d is the best possible minimum distance which can be

attained by 1-dimensional hull DC code C' =< 1,a(z) >.
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m d d* a(x)

3 2 3 441

5 4 4 2?41

7 4 4 2+ 23+ 1

9 6 6 28+ 27 + 25 + 23 4 22

11 6 7 e e |

13 6 7 2+t et 441

15 8 8 i et e S Al o
17 8 8 R o e S e S e S o |

Table 3.3: Binary DC Codes with 1-dimensional hull.

m d d* a(x)

3 3 4 22 4+x+1

4 4 4 2+ +3x+3

6 6 6 2+ 2® 4222+ 20 + 1

7 6 6 ot 4+ 34+ 2%+ 22+ 3

8 7 7 x® 4+ 22t + 423 + 222 + 20 + 2

9 6 7 2+t 20 o+ 2

11 8 8 29+ 2% ot 208 + 2 4o+ 2

12 8 8 o7+ 25 + 42 + 20 + 42® + 42 + 32 + 4

Table 3.4: Quinary DC Codes with 1-dimensional hull.

We provide ternary LCP of DC codes with good security parameter in Table 3.5.
Here, d represents the security parameter of the pair and d* is the best minimum
distance for [2m,m|; linear codes according to [?].

The following statement also holds and can be proved as in Proposition 77.

Corollary 3.2.3. A DC code with odd-dim hull over F, exists if and only if ¢ =

1 (mod 4) or q is even.

An example of a ternary DC code of length 8 with possible hull dimensions and the

best minimum distance is given in the following example.
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m d d* a(x) b(x) = —a(x™ 1)

4 4 4 23+ 22+ 1 23+ 2242

5 4 5 rt 4+ 2 zt 422 +1

7 5 6 2P +r+1 208 4+ 22% 4+ 22+ 2

8 6 6 a3 220 +2 7+ 228 +22° + 220 + 1
10 7 7 P4 d4rt4+r+2 229 4+ 228 4+ 225 + 225 + 22 + 1
11 7 8 2210 + 229 + 228 + 25 4 22 + 2 209 + 220 + 23+ 22+ 2+ 1

Table 3.5: Ternary LCP DC Codes.

Example 3.2.1. Let ¢ =3, m =38. Then
8 —1=(z—1D(z+ 1) (2> +1)(2* + 2 +2)(2® + 22 + 2).

Note that (> +1) is self-reciprocal and (2* +x +2), (2?4 224 2) are reciprocal to each
other. By Corollary 7?, possible hull dimensions for the [16,8|3 DC code are 2,4,6. The
following choices of a(x) give a DC' code with the highest possible minimum distance

for such codes.
o a(r) =225+t + 2%+ 21+ 1, gives a [16,8,6]3 DC code with 2-dimensional hull.
e a(x) =+ 2*+x+ 1, gives a [16,8,6]3 DC code with 4-dimensional hull.

o a(z) =2+ 23+ 2z + 1, gives a [16,8,6]3 DC code with 6-dimensional hull.

3.3 Four Circulant Codes

We now investigate a class of 2-generator 4-QQC codes. The code
C =< (1,0,a1(x), az(x)), (0,1, —ag(z™ 1), ar (™)) > RY

is called a four circulant (FC) code. Via the identification between Fy™ and R, (?7),
it is easy to see that the following is a generator matrix for C', when it is viewed as a
subspace of ;™
- Id,, 0 A A
0 Id, —-AL AT
Here, A; represents the circulant matrix corresponding to the polynomial a;(z) (for

i=1,2).
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It is also easy to see that the following matrices are generators for the 2-dimensional

constituents of C":

G — 1 0  ay(&™) az(&") for1 <i<s

0 1 —ax(§™™) ai(§™™)

G - 1 0 a(§)  a(&Y) forl<j<t

0 1 —ax(§%) ar(§7%)
G"; = PO alE™) alt™) for1 <j <t
0 1 —ay(&™) ai(§™)

The next result characterizes LCD FC codes.

Theorem 3.3.1. Let C' =< (1,0, a:(2), ax(x)), (0,1, —ag(xz™ 1), a;(z™ 1) > be an FC
code over F,. Then C' is LCD if and only if

ged(1 4+ ar(v)ay (2™ 1) + ag(z)ag(x™ 1), 2™ — 1) = 1.

Proof. For the constituents C; corresponding to self-reciprocal factors of 2™ — 1, we

have
1 0
Gar— (10 mE) el 0 1
0 1 —ap(€™) ar(§7) ) [a(€™™) —az(™)
az(§7%)  ar(§")
_ L+ ai(§%)ar(§7%) + aa(§%)aa () 0
0 L+ ay(§")ar(§7%) + aa(€)az ()

This matrix has nonzero (in fact, 2) rank if and only if
L+ ai(§%)ar(§7) + az(")az(§7) # 0.
This is equivalent to saying that g;(z) does not divide the polynomial
1+ ay(z)ar (™) + ag(x)ag(z™1).

Since hy,(C;) =2 — rank(GiGiT), this is the condition for constituents C; to be LCD.

For the constituents C}, C"; of C', we have
h(CL,C";) = dim(C) N C"7) = 2 — rank(GG"} ).
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We have

1 0
oo (10 @) ) 0 1
0 1 —ax(™) ar(§)) [a(E7) —a2(£)
a(§7%)  ai(€)
[T+ ai(€)ai(E7) + ax(€7)ax () 0
) 0 L+ a(E)ar (™) + ax(E)a(E™)

Hence h(C?, C";) = 0 if and only if h;(z) does not divide
L+ a(z)ar (2™ 1) + ag(x)ag (™).
The same analysis, can be carried out for h(C";, C7%), which yields the result. O

The following immediately follows, using arguments in the proof of Theorem ?7.

Corollary 3.3.2. Let C =< (1,0,a:(2), az(x)), (0,1, —ag(z™ 1), a1 (2™ 1) > be a FC

code over F,. Then
i: h(C) = 2degu(z), where u(x) = ged(1+ay(x)ar (2™ 1) +az(z)ag(z™ 1), 2™ —1).
w: There exists no FC code with odd hull dimension.

Tables 3.6 and 3.7 present the best possible distances of binary and ternary LCD
FC codes. Again, d presents the best possible minimum distance which can be attained
by binary or ternary LCD FC codes, and d* presents optimal minimum distance for

binary or ternary [4m, 2m] linear codes, according to code tables [?].

m d d* ai(x) as(x)

3 2 4 r+1 4+

) 5) 6 x? ?24+r+1

7 6 8 25 + 2% + 2t + 2? r+1

9 8 8 L S s S A 4+ r+1

11 9 10 x® 4+ 23+ 2?2 2SS+l
13 10 10 T+ +r+1 zt+ad+at+ 1

Table 3.6: Binary LCD FC codes.
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m d d* ay(z) as(z)

4 6 6 203 + 22 + 1 203 + 1

5 7 7 ot 422 + x + 2 2zt + 227 + 1

7 8 9 25 +22° + 23+ 22° + a2t + 23 4 2

8 9 10 22° + 2% + 1 et +20+1
10 11 12 2"+ ...+ x)+ 1 27+ 22° + 20t + 2 + 20 + 1

Table 3.7: Ternary LCD FC codes.

Our next result characterizes LCP of FC codes.

Theorem 3.3.3. Let C =< (1,0,a;(x),az(x)), (0,1, —az(z™ 1), a1 (z™ 1) > and D =<
(1,0,b1(x), ba(x)), (0,1, —ba(z™ 1), by (z™ 1) > be two FC codes of length 4m over F,.
(C, D) is LCP if and only if

ged (Z[(ar(ﬂf) = be(@))(a, (2™ ) = b (2™ )], 2™ — 1) =L

r=1
Proof. Let C' and D have the following CRT decompositions:

¢ =P PEDC; D)

D = (D D) DD, P D))

j=1

Generator matrices of the constituents are as follows:

Geo, = L0 ar(§")  ao(8™) 7 Ges = 10 ai(€9)  as(e™)
0 1 —a(™) ale™) 0 1 —a(§7) ar(§7)

1 0 a(£79) ag(E %)

01 —a2(§vj) al(fvj)

o100 bi(E%)  ba(EM) an— * 0 bi(§%7)  ba(€™)
C, = ) C;_ , ]
0 1 —by(E7) by(E™) 0 1 —ba(§7%) bi(&™)

o 1 0 bi(€7%) bo(§7%)
C//j—
0 1 —by(€%) bi(E™)
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Moreover, parity check matrices for the constituents of D are easy to write as follows:
_ b (E7") bo(€™) 1 0 —01(€%) bo(E7%) 1 0
g [hE b € i)
—bo(€7")  —bi(€™) 0 1 —ba(§7) —bi(§7) 0 1
—b1(E7%) be(€%) 1 0
Hpp, = 1(E7%) ba(€™)
—by(§77) —bi(€7) 0 1
By Proposition ?? we have
dim(C; N D;) =0 < rank(Ge Hp) =2 < det(Ge,Hp, )#0

— Z[ar(gm)ar(g_ui) +0,(£")0r (7)) — ar ()b (E7") — ar ()b (§")] # 0

dim(C;N D)) =0 <= rank(GC}Hg,_) =2 <= det(GcJ/_Hg/v) #0

— Z (6)an(€77) + by (€)br(€77) = @n(€)br(€77) — an(€7)b,(§7)] # 0

dim(C’”- NnD", ) =0 «— rank(GCn D” ) =2 det(ch D// ) 7é 0
= Z ar(£) )+ b, (€29, (€7) = ap(€9)b,(€77) — ap(€ )b, (€9)] £ 0

Combining these together, we obtain (C, D) is LCP if and only if no irreducible factor
of 2™ — 1 is a divisor of 32 [(ar(2) — by(2))(ar(z™ ) — bz 1)]. O
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Table 3.8 presents ternary LCP of FC codes with good security parameter.

m d d* ap(x) as(x)

4 6 6 203 + 222 + x 2 +1

5 7 7 2+ 2r+1 203 +x + 1

7 9 9 34+ 222+ 1 205 + 20 + 22 +x + 1
8 9 10 24?42 a4 2r+1

Table 3.8: Ternary LCP of FC codes.

3.4 Enumeration and Asymptotics

We present enumeration results on DC and FC codes with small hull dimension. We
also study the asymptotic performance of DC codes with 0 or 1 dimensional hull.

For DC codes with small hull dimension (i.e. 0 or 1) over F,, we need to count the
number of LCD (for 0 dimension) or self-dual (for 1 dimension) codes over F,, the
number of Hermitian LCD codes over square extensions of F,, and the number of pair

(Ch, Cy) of codes over extensions of F,, such that C; N Cy = Cy N C{ = {0}.
Lemma 3.4.1. The number of solutions in ¥, of the equation

1+22=0
is 1if q is even and 2 if ¢ =1 (mod /).

Proof. If q is even then
1+22=(1+42)2

Clearly x = 1 is the only root of this equation.
If ¢ = 1 (mod 4), there exits o € F such that o® = —1. Then o and —a are the roots
of 1+ 2% O

Lemma 3.4.2. The number of solutions x in Fp of the equation
1+27 =0

15 q+ 1.
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Proof. Let f(z) = 1+ z9T!. First note that f(x) has at most ¢ + 1 roots in the
algebraic closure F2. We also have f’(z) = 9. Since ged(f, f’) = 1 this equation has
no repeated root.

We need to show that, every root of f(x) is in Fp. Let f(a) = 0. Then we have

adtt = —1.

If ¢ is odd, we have
(@)1 =1 — o’ '=1 —= aelFp.
If ¢ is even, we have
atl=—1=1 —= (&) '=1 — o '=1 = ac Fpe.
O

Lemma 3.4.3. (Lemma 2.10 [?]) The number of solutions of 1+x1y1+. .., x¢_1y;—1 =0

18

The enumeration results are as follows:
Proposition 3.4.4. The number of LCD DC codes of length 2m over IF, is

e (¢—2)[[_o(¢®% —q% —1) H;Zl(q2d9+ — ¢ +1) if m is odd and ¢ = 1 (mod 4)

(q—2)* T s(? — q% —2) H§:1(q2d9 —q% +1), if m is even and g = 1 (mod 4)

(g — DIy (¢%% —¢% —1) H;zl(q%} —2¢% +1) if m is odd and q is even.

T (?* — q% = D= (6% — 2¢% + 1) if m is odd and q = 3 (mod 4)

j=1

15 — ¢*% — 1) szl(qw;’ —q% +1) if m is even and g = 3 (mod 4)

Proof. We use the CRT decomposition of R,,. To count LCD DC codes over F,, we
are reduced to counting the number of [2, 1] codes over some extension fields Fg of F,,.
If m is odd, then = — 1 is the only self-reciprocal linear factor. By Lemma 7?7, the
number of self-dual [2, 1], linear codes is equal to 1 and 2, when ¢ is even and ¢ = 1
(mod 4), respectively. We obtain (¢ — 1) and (¢ — 2), [2,1] LCD linear codes of the

form [1 al, for ¢ is even and ¢ = 1 (mod 4), respectively.
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If m is even, then we have x + 1 as another linear factor also we have ¢ = 1 (mod 4).
In this case, we obtain (¢ —2)?, [2,1] LCD linear codes of the form [1 a.

Over extension fields corresponding to the self-reciprocal factor g;(x), we have Q = ¢>%,
where 2d; = deg g;(x). The number of [2, 1] Hermitian self-dual linear codes of the form

[1 a;] over I, is equivalent to counting the number of solutions of the equation
1+ a:qdi,

which by ?? is ¢% + 1. Thus we obtain ¢?% —¢% — 1, [2,1]¢ Hermitian LCD codes over
Fo.

A pair h;(z) and h*j(x) leads us to the extension Fg, with Q = ¢% , here d; = deg h(z).
The number of pair (C},C";) of linear codes of the form [1 @] and [1 af] satisfying

cr=0c" ]L is equivalent to counting the number of solutions of the equation
1+2y=0,

which by ?? is ¢% — 1. Thus we obtain ¢*¥ — ¢% + 1 of pair (C%,C";) such that
¢inC’y=C";N 0 ={0}.
]

Proposition 3.4.5. Let q be a prime power, ¢ =1 (mod 4) or q is even, m an integer
relatively prime to q. Then the number of DC codes of length 2m with 1-dimensional

hull is equal to
i 2[5y (¢®% — ¢ = 1) H;Zl(q%;' —q% +1) if m is odd and ¢ = 1 (mod 4).
ii: 4(q—2) [[os(®% — g% = 1) H;:1(q2d; —q% +1), if m is even and ¢ = 1 (mod 4).

iii: [T_y(®h —q% = 1) H;Zl(qm;’ —q% 4+ 1) if m is odd and q is even.

Proof. The proof is similar to the proof of Proposition ??, with the difference that in

this case we have self-dual codes over field G; or G5, depending on the parity of m. [

To count the number of LCD FC and FC codes with 2-dimensional hull, we need to
count the number of LCD (for 0 dimension) or self-dual (for 2 dimension) codes over
[F,, the number of Hermitian LCD codes over square extensions of IF,, and the number
of pair (C1, Cy) of codes over extensions of F,, such that C; N Cy = Cy N Cf- = {0}.

For the enumeration we use the following results from [?]:
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Lemma 3.4.6. (Lemma 2.7, [?]) If q is odd, then the number of solutions (x,y) in
F,2 of the equation 1 + a7+ y**t4 =0 is

¢ —q.

Lemma 3.4.7. (Corollary 2.9, [2]) If q is odd, then the number of solutions (z,y) in
F, of the equation 1 + 2 + y* =0 is

q— 77(_1)7

where n(x) is the quadratic character of F, defined as

1 T 1S square
n(@) =4 0 xr=0
—1 T 18 non-square

Note that the constituents of a FC code C are either 0 or 2-dimensional over the

field they are defined.

10 a b
e Let C be a linear code with generator matrix G¢o = over [F,.

01 =b a
Then, h(C') = 2 if and only if

14+a*+b* =0.
By Lemma ?7, there are ¢ — n(—1) such codes. Thus there are ¢*> — ¢ + n(—1)

LCD codes with the generator matrix as G¢.

10 a b
e Let (' be a linear code with generator matrix G¢ = over [Fpa.

0 1 —b? af
Then, h(C') = 2 if and only if

14 a® + b7t = 0.

By Lemma ??, there are ¢* — ¢ such codes. Thus there are ¢* — ¢® + ¢ LCD codes

with generator matrix as G¢.

e Let C and D be two linear codes with generator matrices

1 0 a a 1 0 b b
GC« _ 1 2 GD _ 1 2
0 1 —bQ b1 01 —G2 ai
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Then, h(C, D) = 2 if and only if rank(GcGE) = 0:

1 0
1 0 a1 as 0 1 _ 14+ a1b; + azby  —ajas + aras
01 =by by by —as N —biby + b1by 1+ arby + ashy
by a1

This matrix has rank 0 if and only if
1+ Clel + a2b2 = 0.

By Lemma ??, there are ¢> — ¢ of such pair of codes. Thus the number of (C, D)
such that C' = D+ is ¢* — ¢® +¢.

Theorem 4.3 in ([?]), gave enumeration results for LCD FC codes. While we were
trying to examine our enumeration results for LCD case, it did not match their result.
After carefully checking, we found their missing point and revised the enumeration

result as follow.

Theorem 3.4.8. Let q be odd, then the number of LCD FC codes of length 4m over
Fy s

i (@ —q+n(=)) T (¢* — >4 + q%) H;Zl(q‘*d;' — ¢+ ¢%)if m s odd.

i (% — q+n(—1)2 [T s (g™ — ¢ + ¢%) H;:l(q4d; — 6 1 g% if m is even.
Proof. Again by using the CRT decomposition of R,,, we need to count the number of
codes with the 0 dimensional hull over the field they are defined.

For the constituents from x — 1 or x + 1, this number is (¢* — ¢ + n(—1)).

Self-reciprocal factor g;(z), leads us to count the number of [4, 2] Hermitian LCD codes
over F 24, which is equal to (¢'% — ¢*% + ¢%). A pair h;(z) and hi(z), leads us to
the pair (C7}, C";) over qug_ such that h(C%, C";) = h(C";,C}) = 0, which is equal to
q4d; o q3d9 + qd; u

By Corollary ??, 2-dimensional hull FC codes corresponds to the polynomial a; (), as(x)
such that

ged(1 + a(x)a(z™ ") + b(x)b(z™ ), 2™ — 1) =z — 1,
or

ged(1 + a(x)a(x™—1) + b(z)b(x™ 1), 2™ — 1) = x + 1,

depending on the parity of m.
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Theorem 3.4.9. The number of FC codes of length 4m and hull dimension 2 over I,
18

i (g = (=) [T=o(@™ = % + ¢*) TTj=y (6" — % + q%), if m is odd.

i 2(q — n(=D)(¢* — ¢ + n(=1) TTi_s (@™ — @ + ¢*) [T)=1 (6" — ¢*% + ¢%), if m is

even.

Tables 3.9 and 3.10 present binary and ternary FC codes with 2-dimensional hull.

m d d* ay () as(x)

3 4 4 ?+x 22

5 4 6 2+ 1 rt+ 22 +1

7 8 8 P+t +1 x5 + 23

9 8 8 224+ a2t 2+

11 8 10 B+ +1 o+ +r+1
13 11 8 '+ ..+ 124+ 27 + a3

Table 3.9: Binary FC codes with 2-dimensional hull

m d d* ai(x) as(x)

4 6 6 22 + 22 4 2 20+ 2

D 7 7 224 4 223 + 1 ot 2?2

7 8 9 20 + 223 + 222 4 2 225 + 1+ 2

8 9 10 28 + 200 + 23 4+ 20 + 1 A |

10 11 12 a® 4ot + 2 + 2 + 20+ 2 bttt 1

Table 3.10: Ternary FC codes with 2-dimensional hull
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We now turn our attention to the asymptotic performance of DC codes with small
hull dimension. If C(7) is a family of linear codes with parameters [n;, k;, d;,, the rate

and relative distance of this family is defined as

ki
R = lim sup —,
1— 00 ni
and
d;
0 = lim sup —.
i—00 2

C'(4) is called asymptotically good if R§ > 0.

An integer ¢ is called a primitive root modulo m if g generates the group of units
7 of the ring Z,,. Artin’s conjecture on primitive roots, which was proved in [7]
under Generalized Riemann Hypothesis, states that any positive integer, which is not
square, is a primitive root modulo infinitely many primes m. This implies that for
a non-square ¢, there exists infinitely many primes m such that =™ — 1 factors into

irreducible polynomials over F, as
2" —1=(z— 1u(x).

Lemma 3.4.10. (Lemma 6, [?]) With above assumption, let 0 # u(z) € R2. If

u has Hamming weight less than m, then there are at most q polynomials such that

ue C,=<(l,a(zx)) >.
The g-ary entropy function is defined for 0 <t <1 — é by
Hy(t) = tlog,(q — 1) —tlog,(t) — (1 — t)logy(1 —1).

The volume of the Hamming ball of radius ¢n (or the number of vectors of weight < tn)

is approximately ¢"«® (]?], Lemma 2.10.3).

Theorem 3.4.11. i) Let q be a non-square, m an odd prime such that ged(q, m) =
1. Then there exit infinite families of LCD DC' codes of length 2m and relative

distance satisfying

In particular such families are asymptotically good.
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i)

Let g be a non-square which is either even or ¢ = 1 (mod 4), m an odd prime
such that ged(q,m) = 1. Then there exist infinite families of 1-dim hull DC codes

of length 2m and relative distance satisfying

1
6> H, 1(5).

In particular such families are asymptotically good.

Proof. With our assumption, let

i)

ii)

™ —1=(z— 1Du(z).

Let T, denotes the number of LCD DC codes of length 2m. Then by Proposition
(?7), Ty ~ g™
Denote the number of double circulant codes of length 2m containing a vector of

weight d ~ 2md or less by 7,,. By Lemma ?? and (Lemma 2.10.3, [?]),

2mHg(5) ., ,2mHq(d)

Ym ~ 4.4 q

If ',y > i, then there exist LCD DC codes of length 2m and minimum distance
at least d ~ 2md. Let ¢ be the largest possible number such that I',, > .

Then for any 6 > ¢ we have '), ~ v, as m — oo or equivalently
1
Note that for such a family we have R = %, thus R > 0.

The proof is analogous to the proof of part (i), utilizing Proposition (??) this

time.
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