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1. Introduction. Let k be a number field. For a finite extension k′/k
let ∆(k′/k) be the discriminant idèle first defined by Fröhlich in [4], where it
is also shown that k′ has a relative integral basis over k if and only if ∆(k′/k)
is principal. If the class number of k is odd, this condition is equivalent to
the discriminant ideal (∆(k′/k)) being principal. In this paper we determine
how often this happens for extensions with a fixed abelian group G. More
generally, let c be an element of the ideal class group Clk of k and let
N(k,G, c;X) be the number of normal extensions k′/k with Galois group
isomorphic to G, (∆(k′/k)) ∈ c and the norm of (∆(k′/k)) less than or equal
to X. We want to determine the behavior of N(k,G, c;X) as X → ∞. We
prove the following theorem:

Theorem 1. Let k be a number field and G be a finite abelian group.
Let c be an element of the ideal class group of k. If there exists an extension
k′/k such that Gal(k′/k) ∼= G and (∆(k′/k)) ∈ c then there exists a positive
number c1(k,G, c) such that

N(k,G, c;X) ∼ c1(k,G, c)Xa(logX)b

as X →∞, where a and b are constants depending on G and k.

The question of whether there exists an extension k′/k such that
Gal(k′/k) ∼= G and (∆(k′/k)) ∈ c is settled completely for G abelian by
McCulloh in [5]. The counting of extensions of a global field k with a given
Galois group G was done by Wright in [9], where it is proven that

∑

c

c1(k,G, c) > 0.

The method used to prove the above statement in [9] is to study the associ-
ated Dirichlet series. In fact the author proves results about a more general
series of quasicharacters which he later specializes for his own purposes. In
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order to prove our theorem, we are going to use this more general series
so we start by summarizing in Section 2 some of the results from [9]. Then
in Section 3 we prove our main theorem. In the final section we calculate
c1(k,G, c) in the case of cyclic extensions of prime order as an example.

2. Results on discriminant series. The results of this section are
due to Wright. We summarize the necessary definitions and constructions,
in particular those necessary for the statement of Proposition 5.5 of [9]. Let
k be a number field. We denote by A× the idèle group of k and by Ck the
idèle class group A×/k×. Let Mk be the set of primes of k and let M∞ be
the set of infinite primes. For any prime v, kv is the completion of k at v.
For a finite prime v the valuation ring and the unit group of kv are denoted
by Ov and O×v respectively. In this case, a basis for the topology of k×v is

given by the sets U
(n)
v = 1 + πnvO

×
v , where πv is a generator of the unique

prime ideal pv of Ov and n ≥ 1. We let U
(0)
v = O×v . For an open subgroup

U ⊂ k×v the conductor of U denoted by Φ(U) is πnv , where n is the smallest

integer such that U
(n)
v ⊂ U . If v is infinite and complex, then k×v = C×,

which has no open subgroups but itself whose conductor is defined to be 1.
In the case kv = R, Φ(R×) = 1 and Φ(R+) = −1. For an open subgroup U of
A× the conductor is the idèle whose local components are the conductors of
the open subgroups Uv = U ∩ k×v of k×v . For a continuous character χ of A×

or of k×v for any prime v, the conductor Φ(χ) is defined to be the conductor
of the kernel of χ.

Let ω be a quasicharacter on the idèles A× of k which is trivial on k×,
i.e. a continuous C×-valued homomorphism on Ck. For a fixed finite abelian
group G the generating series of discriminants is defined by

(1) DG(ω) =
∑

Gal(k′/k)∼=G
ω(∆(k′/k)),

where the sum is over all extensions k′/k with Galois group isomorphic to G.
We will see below that this series can be written as a finite sum of series
which converge for Re(ω) large enough. The first step in that direction is
to write this series as a combination of conductor series. Since G is a finite
abelian group, it has a unique representation of the form

G ∼= Z/n1Z× · · · × Z/nlZ,
where nj are integers greater than 1 such that nj+1 |nj for j = 1, . . . , l−1.

For a locally compact abelian group X let Cn(X) be the group of all con-
tinuous characters χ of X such that χn = 1. Define

CG(X) = Cn1(X)× · · · × Cnl(X).
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Now for any character χ = (χ1, . . . , χl) ∈ CG(Ck) let

ΦG(χ) =
∏

0≤a1<n1

· · ·
∏

0≤al<nl
Φ(χa1

1 · · · χall ).

The relation between the generating series for conductors defined by

FG(ω) =
∑

χ∈CG(Ck)

ω(ΦG(χ))

and the discriminant series given by (1) is

(2) DG(ω) =
1

φ(G)

∑

H⊂G
µ(G/H)FH(ω|G|/|H|),

where φ(G) is the cardinality of the group of automorphism of G, the sum
is over all subgroups H of G, and µ is the Möbius function on finite abelian
groups defined in [3] with the property that

(3)
∑

H⊂J⊂G
µ(J/H) =

∑

H⊂J⊂G
µ(G/J) =

{
1 if G = H,

0 otherwise.

The equality (2) is a result of the conductor-discriminant formula and inver-
sion given by (3). Before we carry on, we should remark that since the local
discriminants are defined up to multiplication by squares of units and the
local conductors are defined up to multiplication by units, we require the
quasicharacter ω to be trivial on A0 =

∏
v 6∈M∞ O

×
v . This is the reason why

we can only count extensions with (∆(k′/k)) ∈ c. Ideally, one would like
to single out those extensions where ∆(k′/k) is principal which guarantees
that k′/k has an integral basis.

Next we give an expression of the conductor series as a combination of
Euler products. Let S be a set of primes containing the infinite ones such
that

O×S = {x ∈ k× : v(x) ≥ 0 for all v 6∈ S}
is a principal ideal domain and let On

S be the subgroup of nth powers in O×S .
Define

EG(S) = O×S /O
n1
S × · · · ×O×S /O

nl
S

and let eG(S) be the order of EG(S). Then

(4) FG(ω) =
1

eG(S)

∑

ε∈EG(S)

FG,S(ω; ε),

where each FG,S(ω; ε) is an Euler product

(5) FG,S(ω; ε) =
∏

v

FG,v(ω; ε).
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The individual Euler factors of the Euler products are given by

(6) FG,v(ω; ε) =





∑

χ∈CG(k×v )

χ(ε)ωv(ΦG(χ)) if v ∈ S,

∑

χ∈CG(O×v )

χ(ε)ωv(ΦG(χ)) if v 6∈ S.

The convergence properties of FG,S(ω; ε) are described through compar-
ison to certain L-series. Let T be a finite set of places of k containing all the
infinite places and places where ωv is ramified. Let

Lk,T (ω) =
∏

v 6∈T
(1− ωv(πv))−1

and for an arbitrary finite Galois extension K/k let

LK,T (ω) = LK,T ′(ω ◦NK/k),

where T ′ is the set of primes of K above T and NK/k is the relative idèle
norm. The set T does not affect convergence and is omitted from the no-
tation for simplicity. It is well known that (see for example [8]), for any
extension K/k, the series LK(ω) converges absolutely and locally uniformly
in Re(ω) > 1 and it may be continued to a holomorphic function except for
simple poles when ω ◦NK/k is trivial on idèles of norm 1 and s(ω) = 1.

Now let Q be the smallest prime dividing the order of the group G, β be
the largest integer such that (Z/QZ)β ⊆ G, and let α(G) = |G|(1 − Q−1).
Also define k0 = k(ζQ) with ζQ a primitive Qth root of unity and let d be
the degree of the extension k0/k. We are ready to state the main proposition
regarding the convergence of FG,S(ω; ε).

Proposition 2 ([9, Proposition 5.5]). The Euler product FG,S(ω; ε)
converges absolutely and uniformly for Re(ω) > 1/α(G). Also, FG,S(ω; ε)
has an analytic continuation to Re(ω) > 1/(α(G) + 1), which is equal to a
holomorphic function φ(ω) multiplied by

(7) (Lkε(ω
α(G)))(Qβ−m−1)/d

{
Lkε(ω

α(G))

Lk0(ωα(G))

}1/d

,

where kε = k0(ε
1/Q
1 , . . . , ε

1/Q
l ) and Qm = [kε : k0]. In addition, all zeros

of φ(ω) occur at solutions to the factors FG,v(ω; ε) of the Euler product
FG,S(ω; ε) for finitely many places v.

3. Density of extensions. Let c be an ideal class in the class group
Clk of k. For an idèle x = (xv) ∈ A× let (x) be the corresponding ideal and
let

|x| =
∏

v

|xv|v
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be the idèle norm. We want to calculate the Dirichlet series

DG,c(s) =
∑

Gal(k′/k)∼=G, (∆(k′/k))∈c

|∆(k′/k)|s

summed over extensions with Galois group isomorphic to G and the dis-
criminant ideal belonging to c. Note that the idèle norm |∆(k′/k)| is the
reciprocal of the norm of the corresponding ideal (∆(k′/k)) so the above
series is a Dirichlet series. Define the quasicharacters

ωψ,s(x) = ψ((x))|x|s

on A×, where ψ is a character of the ideal class group of k. We write ωs in
place of ω1,s. Then by orthogonality of characters on the ideal class group
Clk we can write

(8) DG,c(s) =
1

hk

∑

ψ

ψ(c−1)DG(ωψ,s),

where the sum is over all characters ψ of Clk and DG(ω) is the discriminant
series given by (1). We will see below that DG(ω) converges for Re(ω) > 1/α
with a possible pole at s = 1/α. Since our aim is to find a density result,
we will be content with finding an analytic continuation of DG(ω) to some
open set containing Re(ω) ≥ 1/α so that we can apply the Ikehara–Delange
Tauberian theorem to the series DG,c(s). For ω = ωs, DG(ω) has an analytic
continuation to Re(ω) > 1/(α+ 1) as shown in [9].

Proposition 3. Let α = |G|(1− Q−1), where Q is the smallest prime
divisor of |G|. Let d = [k(ζQ) : k], φQ(G) be the number of elements of
G of order Q and ν = φQ(G)/d. For any quasicharacter ω = ωψ,s the
discriminant series DG(ω) can be written in the form

(9) DG(ω) =
g0(s)

(s− 1/α)ν
+

N∑

j=1

gj(s)

(s− 1/α)aj
+ g(s)

for Re(s) > 1/α, where g(s), g0(s), . . . , gN (s) are analytic in the half-plane
Re(s) ≥ 1/α and aj are non-negative rational numbers less than ν.

Proof. Combining (2) and (4) we see that the discriminant series DG(ω)

can be written as a combination of Euler products FH,S(ω|G|/|H|; ε), where H

is a subgroup of G and ε ∈ EH(S), which converge uniformly for Re(ω|G|/|H|)
> 1/α(H) or equivalently for Re(ω) > 1/|G|(1−Q−1

H ), where QH is the
largest prime divisor of the order of H. Therefore the Euler products com-
ing from subgroups H whose order is not divisible by Q are analytic for
Re(ω) ≥ 1/α and thus contribute to g(s). Now assume Q divides the order
of H so that α(H)|G|/|H| = α and let βH be the largest integer such
that (Z/QZ)βH ⊂ H. Note that Lk0(ωα) and Lkε(ω

α) are non-zero for
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Re(ω) ≥ 1/α. Therefore if Lkε(ω
α) does not have a pole at s = 1/α then

the dth root of the quotient in (7) can be defined as a single-valued analytic
function for Re(ω) ≥ 1/α. In that case FH,S(ω|G|/|H|; ε) has an analytic con-
tinuation to Re(ω) ≥ 1/α and so it contributes to the analytic part g(s) of
DG(ω).

Now assume Lkε(ω
α) has a simple pole at s = 1/α which is possible

if and only if ωα ◦ Nkε/k is trivial on idèles of kε of norm one. In this
case we have two different situations. If ωα ◦ Nk0/k is trivial on idèles of
k0 of norm one then Lk0(ωα) has also a simple pole at s = 1/α. Then
the poles cancel and the quotient Lkε(ω

α)/Lk0(ωα) is a non-zero analytic
function for Re(ω) ≥ 1/α. Once again a single-valued dth root can be de-

fined. Hence FH,S(ω|G|/|H|; ε) has a pole of order at most (QβH−m − 1)/d

at s = 1/α. The maximum possible order of the pole is ν = (Qβ − 1)/d.
Therefore FH,S(ω|G|/|H|; ε) with βH = β and k0 = kε contribute to
g0(s)/(s− 1/α)ν and the rest to gj(s)/(s− 1/α)aj with aj = (Qj−1 − 1)/d
for 1 ≤ j ≤ β.

The only case left is when Lkε(ω
α) has a pole at s = 1/α but Lk0(ωα) does

not. In this case since kε 6=k0 we havem≥1. Since (s−1/α)Lkε(ω
α)Lk0(ωα)−1

is analytic and non-zero for Re(ω) ≥ 1/α it is possible to define a single-

valued analytic branch of the dth root. Then we can write FH,S(ω|G|/|H|; ε) =

(s − 1/α)−Q
βH−m/dg̃(s) for Re(ω) > 1/α for some function g̃(s) analytic

for Re(s) ≥ 1/α, where 1 ≤ m ≤ βH . So FH,S(ω|G|/|H|; ε) contributes to

g(s) if m = βH and to one of the gj(s)/(s− 1/α)aj with aj = Qj−β/d for
β + 1 ≤ j ≤ 2β − 1 otherwise. Note that the maximum of such aj is less
than ν.

Since DG,c(s) is a linear combination of DG(ω)’s we see that

c(k,G, c) = lim
s→1/α

(s− 1/α)νDG,c(s)

exists. First we will show that the above limit is non-negative. Then we will
determine the ideal classes for which it is positive.

We will follow the same line of thought as in [9] except that we will have
twists by characters ψ of Clk. Let L(s) = ζk0(s) and r0 = ress=1 ζk0(s). We
can rewrite c(k,G, c) as

c(k,G, c) =

(
r0

α

)ν
lim

s→1/α

DG,c(s)

L(αs)ν
.

Then, putting (8), (2) and (4) together we get

c(k,G, c) =
(r0α

−1)ν

φ(G)hk

∑

ψ∈Ĉlk, H⊂G

ψ(c−1)
µ(G/H)

eH(S)

∑

ε∈EH(S)

rS(H;ψ; ε),
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where

(10) rS(H;ψ; ε) =
∏

v

FH,v(ω
|G|/|H|
ψ,1/α ; ε)

Lv(1/α)

with FH,v(ω; ε) and Lv(s) being the individual factors in the Euler prod-
uct decompositions of FH,S(ω; ε) and ζk0(s) respectively and the product is
over all primes v of k. We know that the product in (10) converges by the
argument above. Now let

R(c) =
1

hk

∑

ψ

ψ(c−1)
∑

H⊂G

µ(G/H)

eH(S)

∑

ε∈EH(S)

rS(H;ψ; ε).

We know that
∑

cR(c) is positive by the proof of Theorem 6.1 in [9]. We
will show below that each R(c) ≥ 0. The question is then to determine the
classes c for which we get a positive value for R(c). Let T be a set of primes
containing S and look at a combination of partial products given by

(11) RT (c) =
1

hk

∑

ψ

ψ(c−1)
∑

H⊂G

µ(G/H)

eH(S)

∑

ε∈EH(S)

rTS (H;ψ; ε),

where the definition of rTS (H;ψ; ε) is similar to the definition of rS(H;ψ; ε)
given by (10) with the product being restricted to the primes of T . We start
by simplifying the factors in the product of rTS (H;ψ; ε). From (6) we have

FH,v(ω
|G|/|H|
ψ,1/α ; ε) =

∑

χ

χ(ε)(ω
|G|/|H|
ψ,1/α )v(ΦH(χ)),

where the sum is over characters in CH(k×v ) if v ∈ S and over characters in
CH(O×v ) otherwise. Then the local conductor-discriminant formula implies
that

FH,v(ω
|G|/|H|
ψ,1/α ; ε) =

∑

χ

χ(ε)(ω
|G|/|H|
ψ,1/α )v(∆(Kχ/kv)

|H|/|J |),

where Kχ is the extension corresponding to Uχ =
⋂

1≤j≤l kerχj provided by

local class field theory and J is the Galois group of Kχ/kv. After simplifica-
tion we get

FH,v(ω
|G|/|H|
ψ,1/α ; ε)

Lv(1/α)
=
∑

χ

χ(ε)D(χ,ψ),

where

D(χ,ψv) = Lv(1/α)−1ψ|G|/|J |v (∆(Kχ/kv))|∆(Kχ/kv)|1/|J |(1−Q
−1)

v .

Note that D(χ,ψ) depends only on ψ and Uχ. Now let

k×T =
∏

v∈S
k×v ×

∏

v∈T\S
O×v
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and for χ = (χv) ∈ CH(k×T ) let D(χ,ψ) =
∏
v∈T D(χv, ψv). Similarly define

χ(ε) =
∏
v∈T χv(ε) for any ε ∈ O×S . We have

rTS (H;ψ; ε) =
∑

χ∈CH(k×T )

χ(ε)D(χ,ψ).

Substituting this expression into (11), using orthogonality of characters χ
and interchanging the order of summation we get

RT (c) =
∑

H⊂G
µ(G/H)

∑

χ∈CH(k×T )

Uχ⊃O×S

(
1

hk

∑

ψ

ψ(c−1)D(χ,ψ)

)
.

This time we use the orthogonality of the characters ψ. For an open subgroup
U ⊂ k×T let

(12) c̃(U) = class of
(∏

v∈T
∆(KUv/kv)

|G|/|J |
)

in the ideal class group, where Uv = k×v ∩ U , KUv is the extension corre-
sponding to Uv and J is the Galois group of KUv/kv. Then

RT (c) =
∑

H⊂G
µ(G/H)

∑

χ∈CH(k×T )

Uχ⊃O×S , c̃(Uχ)=c

D(χ, 1).

Since D(χ, 1) depends only on Uχ we write D(χ, 1) = D(Uχ) and then RT (c)
becomes

RT (c) =
∑

H⊂G
µ(G/H)

∑

J⊂H
φ(J)

∑

k×T /U
∼=J

U⊃O×S , c̃(U)=c

D(U)

and finally applying Möbius inversion we get

(13) RT (c) = φ(G)
∑

k×T /U
∼=G

U⊃O×S , c̃(U)=c

D(U).

Clearly, this expression is non-negative. Whether or not it is positive depends
on the existence of subgroups U with the desired properties. We will come
back to this question shortly. First, we exhibit the relation between the
positivity of RT (c) and that of R(c) = limT→Mk

RT (c).

Proposition 4. Let T be a set of primes containing S, and let RT (c)
and R(c) be defined as above. Then R(c) > 0 if and only if RT0(c) > 0 for
some T0.

Proof. Since R(c) = limT→Mk
RT (c) one way is clear. For the converse,

assume there exists a T0 with RT0(c) > 0. Then there exists a U0 ⊂ k×T0
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such that k×T0
/U0
∼= G, U0 ⊃ O×S and c̃(U0) = c. Let T be any set of primes

containing T0 and let n = n1 be the exponent of G. For a complete set of
representatives {a1, . . . , ar} of O×S /O

n
S and ζn a primitive nth root of unity,

define k̃ = k(ζn, n
√
a1, . . . , n

√
ar). Let Hk be the Hilbert class field of k. Let

T̃ be the set of primes of k which split completely in the compositum k̃Hk.

Then for any prime v in T̃ , qv ≡ 1 (mod n) and a
(qv−1)/n
i ≡ 1 (mod v).

Also since v splits in Hk it is principal. Now for any U ⊂ k×T such that

U ∩ k×T0
= U0 we have k×T /U

∼= G. Moreover, if Uv = O×v for any v 6∈ T0 ∪ T̃
then c̃(U) = c̃(U0) = c and O×S ⊂ U . Restricting the sum in (13) to such
open U we have

RT (c) ≥ Φ(G)
∑

U

D(U).

Taking the limit as T →Mk we have

R(c) ≥ Φ(G)D(U0)
∏

v∈T̃\T0

( ∑

χ∈CG(O×v )

|ΦG(χ)|v
)

and the right hand side is positive.

Now we return to the question of determining the classes c which have
R(c) > 0 and prove our main theorem.

Theorem 5. Let k be a number field , G be an abelian group and c an
element of the ideal class group of k. Let N(k, g, c;X) be the number of
normal extensions k′/k with Galois group isomorphic to G, (∆(k′/k)) ∈ c

and the norm of (∆(k′/k)) be less than or equal to X. If there exists an
extension k′/k such that Gal(k′/k) ∼= G and (∆(k′/k)) ∈ c then there exists
a constant c(k,G, c) > 0 such that

N(k,G, c;X) ∼ c(k,G, c)α

(ν − 1)!
X1/α(logX)ν−1

as X →∞, where α and ν are the constants depending on G and k defined
above.

Proof. Let k′/k be an extension such that Gal(k′/k) ∼= G and (∆(k′/k))
∈ c. Let U ⊂ A×k be the corresponding open subgroup containing k× pro-
vided by class field theory. Let S be a set of primes containing the infinite
primes and the primes dividing (∆(k′/k)) such that O×S is a principal ideal

domain. For T = S let k×v =
∏
v∈T k

×
v and let UT = U ∩ k×T . Then the

components of the discriminant idèle ∆(k′/k) are given by

∆(k′/k)v = ∆(KUv/kv)
|G|/|J |,

where Uv = k×v ∩U = k×v ∩UT , KUv is the extension corresponding to Uv by
class field theory and J is the Galois group of KUv/kv. Since T contains all
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the primes for which ∆(k′/k)v might be a non-unit, from (12) we see that
c̃(UT ) = c. The map

A×k → k×T /UT , (xv)v∈Mk
7→ (xv)v∈T mod UT ,

is surjective and has kernel U by construction so G ∼= Gal(k′/k) ∼= A×/U ∼=
k×T /UT . Finally, since k× ⊂ U we have O×S ⊂ UT . Now by Proposition 4
above, R(c) > 0, which implies that c(k,G, c) > 0. Now by a standard
Tauberian argument (see for example [7, Appendix I]) we get the desired
result.

4. Cyclic extensions of prime degree. In general c(k,G, c) is a com-
plicated expression. Even

c(k,G) = lim
s→1/α

(s− 1/α)νDG(s),

which gives the density of extensions with a given abelian Galois group, is
very hard to compute in general. See [2] for the case of cyclic extensions
of prime order and [1] for a survey of discriminant counting in general. In
the simplest case G = Z/QZ, where Q is a prime number. In this case
α = Q − 1. Since G has only two subgroups, the trivial subgroup and it-
self, we only need two terms for the sum in (4). For the trivial subgroup,
F1(ω) = 1 for any ω which does not contribute to the singularity. In or-
der to calculate FG(ω) let S be a set of primes of k containing the in-
finite ones and the ones above the prime Q such that O×S is a principal

ideal. Let ε ∈ O×S /O
Q
S . From the discussion in the proof of Proposition 3

in calculating c(k,G, c) we can restrict the sum in (8) to the characters ψ
with the property ψQ−1 ◦ Nk0/k = 1 and the sum in (4) to ε such that

kε = k0, where k0 = k(ζQ) and kε = k0(Q
√
ε). We make these assump-

tions when we calculate the terms of the Euler products below. Also for
any χ ∈ CG(O×v ) we have ΦG(χ) = Φ(χ)Q−1 because kerχi = kerχ for
1 ≤ i ≤ Q− 1.

For v 6∈ S the Euler factor of FG(ω; ε) corresponding to v is given by
∑

χ∈CG(O×v )

χ(ε)ωv(ΦG(χ))

in (6). Since v does not divide Q there will be a non-trivial character in
CG(O×v ) if and only if Q | (qv − 1) and its conductor will be πv. If χ is one
such character all the others will be given by σ ◦ χ, where σ runs through
automorphisms of the Qth roots of unity. When Q | (qv − 1) the prime v
splits in k0. But we are assuming that kε = k0 so ε is a Qth power in O×v
and therefore χ(ε) = 1 for all χ. Since we are also assuming ψQ−1◦Nk0/k = 1
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we have

FG,v(ωψ,s; ε) =

{
1 + (Q− 1)q

(1−Q)s
v if v splits in k0,

1 otherwise,

independently of ψ and ε.
For the infinite primes we have two cases. If kv = C then FG,v(ω; ε) = 1

for any G, ω and ε. If kv = R and Q is odd then FG,v(ωψ,s; ε) = 1 for
any ω and ε. If kv = R and Q = 2 then FG,v(ωψ,s; ε) = 1 + sign(σv(ε)) for
any of the ωψ, where σv is the embedding of k into R defining v. Therefore
FG,v(ωψ,s; 1) = 2 if G = Z/2Z since in this case k = k0 = kε implies ε is a
square.

For the finite primes in S not dividing Q a character of CG(k×v ) is given
by a character of CG(O×v ) multiplied by a character of order dividing Q on
the infinite cyclic group generated by πv. The former are constructed as in
the case of v 6∈ S above. If v does not split in k0 then CG(O×v ) = 1. The
latter are given by πnv → ζniQ where ζQ is a primitive Qth root of unity and
0 ≤ i ≤ Q− 1. We have

FG,v(ωψ,s; ε) =

{
Q(1 + (Q− 1)q

(1−Q)s
v ) if v splits in k0,

Q otherwise.

Now let

FQ(ω; ε) =
∏

v|Q
FG,v(ω; ε).

Also define
H0 = {ψ ∈ Clk : ψQ−1 ◦Nk0/k = 1},
L = {ε ∈ O×s /OQs : kε = k0}.

Since FG,v(ωψ,s; ε) = FG,v(ωs; 1) independently of ψ and ε, when v - Q we
get

DG,c(s) =
1

φ(G)hk

∏

v-Q
FG,v(ωs; 1)

∑

ψ∈H0, ε∈L

ψ(c−1)

eG(S)
FQ(ωψ,s; ε) + g1(s)

for some g1(s) with lims→1/α(s− 1/α)vg1(s) = 0. Similarly

DG(s) =
1

φ(G)

∏

v-Q
FG,v(ωs; 1)

1

eG(S)

∑

ε∈L
FQ(ωs; ε) + g2(s)

for some g2(s) with lims→1/α(s− 1/α)vg2(s) = 0. Therefore we have

c(k,G, c) = c(k,G)

1
hk

∑
ψ∈H0, ε∈L ψ(c−1)FQ(ωψ,1/(Q−1); ε)∑

ε∈L FQ(ω1/(Q−1); ε)
.
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Although this is a messy expression, it is a finite calculation which gives a
positive result if c is a realizable class by Theorem 5. In the simpler case
when k contains a primitive Qth root of unity, we have k = k0 so kε = k
means ε ∈ O×S and hence we can take L = {1}. In that case we get

c(k,G, c) = c(k,G)
|Clk/ClQ−1

k |
hk

,

where Clk is the ideal class group of k and ClQ−1
k is its subgroup consisting

of (Q− 1)st powers.
Since we have most of the ingredients we will finish by calculating c(k,G)

in this simple case where k contains the Qth roots of unity. We only need to
determine FG,v(ωs; 1) for v |Q since the other factors are already determined
above. We know

FG,v(ωs; 1) = Q
∑

χ∈CG(O×v )

|Φ(χ)|(Q−1)s
v .

SinceQ is prime to qv−1, if a character χ ofO×v has conductor πnv then n ≥ 2.
Let cn be the number of open subgroups U of O×v such that U ⊇ 1 + πnvO

×
v

and O×v /U ∼= Z/QZ. Then cn is equal to the number of surjective maps
O×v /(1 + πnvO

×
v ) → Z/QZ, which by duality is the number of subgroups of

O×v /(1 + πnvO
×
v ) of order Q. Therefore (Q− 1)cn is the number of elements

of O×v /(1+πnvO
×
v ) of order Q. The structure of the group O×v /(1+πnvO

×
v ) is

completely determined in [6]. In particular the Q-rank rn of O×v /(1+πnvO
×
v )

is given by

rn =





(
(n− 1)−

⌊
n− 1

Q

⌋)
f if 1 ≤ n ≤ eQ

Q− 1
,

ef + 1 if n >
eQ

Q− 1
,

where b·c denotes the greatest integer function, e is the absolute ramification
of the prime v over the rational prime Q and f is its degree. Note that since
k0 = k we have (Q− 1) | e. Therefore,

FG,v(ωs; 1) = Q

(
1 +

eQ/(Q−1)∑

n=2

Qrn −Qrn−1

q
(Q−1)s
v

)
,

which after simplification gives

FG,v(ωs; 1) = Q

(
1 +

Q− 1

q
(Q−1)s
v

)
.

Finally, putting all the terms together and substituting α = ν = Q − 1 we
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have

c(k,G) = lim
s→1/α

(s− 1/α)νDG(s)

=
1

αν
1

φ(G)eG(S)
lim

s→1/α
(αs− 1)ν

∏

v

FG,v(ωs; 1)

=
1

αν
Q|S|−r2

φ(G)eG(S)
lim
s→1

(s− 1)ν
∏

v 6∈M∞
(1 + (Q− 1)q(1−Q)s

v )

=
ζk(1)Q−1Q1−r2

(Q− 1)Q

∏

v 6∈M∞

(
1 +

Q− 1

q
(Q−1)s
v

)(
1− 1

qv

)Q−1

.

We have proven

Proposition 6. Let Q be a prime number , G = Z/ZQ and let k be a
number field containing the Qth roots of unity. Let N(k,G;X) be the number
of Galois extensions k′/k with Galois group isomorphic to G and norm of
the discriminant less than or equal to X. Then

N(k,G;X) ∼ κα(α+ 1)1−r2

αα−1α!

∏

v

((
1 +

α

qαv

)(
1− 1

qv

)α)
X1/α(logX)α−1

as X →∞, where r2 is the number of pairs of complex places of k, α = Q−1,
κ = ress=1 ζk(s) and the product is over the finite primes of k.

The above proposition appears as a corollary to the main theorem in [2]
where the general case of prime cyclic extensions without the restriction
that k contains the Qth roots of unity is solved.
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(1948), 600–609.
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