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ARTICLE INFO ABSTRACT

Keywords: In this study, we propose a new IsoGeometric formulation based on Refined Zigzag Theory (RZT), abbreviated
Composite as IG-RZT, for static analysis of laminated plates and sandwich panels with curvilinear fiber paths for the first
C}“‘“h“ear . time in literature. The original RZT formulation defines constant, linear, and zigzag deformation contributions
IZlgzag f“'::tlons of thickness coordinate to the in-plane displacements. This kinematic relation can accurately predict in-plane
sogeometric

displacement of composite with straight fibers. However, estimating a realistic variation of in-plane displace-
ments in a variable angle tow (VAT) composite is a more challenging problem as compared to the straight fiber
composites. This difficulty has been addressed herein by including a quartic (fourth-order) polynomial thick-
ness expansion that includes the transverse normal strain effects to the kinematic displacement fields of RZT.
Moreover, the modelling of VAT composites results in the RZT zigzag functions to depend not only on the thick-
ness coordinate but also on the in-plane positions. The present IG-RZT methodology is free of shear-locking and
shear correction factors due to the integration of RZT with Non-Uniform Rational B-Splines (NURBS) functions
of isogeometric analysis. The use of NURBS functions also enable the exact geometry data to be taken directly
from a computer aided design (CAD) software, e.g., Rhinoceros, into an in-house Mathematica code. The accu-
racy and efficiency of the present IG-RZT formulation is assessed and validated by solving various examples of
curvilinear fiber laminated plates with different aspect and span-to-thickness ratios. Comparison of IG-RZT
results with reference solutions available in literature and generated by a commercial software (ANSYS) using
3D finite elements have demonstrated the remarkable benefits of the proposed IG-RZT method for predicting
highly accurate both displacement and stress distributions of VAT composite structures.

Finite element
Single-layer theory

1. Introduction to obtain the accurate strain and stress fields through the thickness

in order to prevent delamination caused by the transverse shear

Since the past decades, studies in aerospace, automotive and mar-
ine structures have been constantly seeking answers to the question
of how one can produce composite materials that have higher strength
and stiffness but require less weight and cost. Until recently, in tradi-
tional composite structures, these targets were tried to be achieved by
uniform lamination (straight and unidirectional fibers) over the whole
structure (Constant Stiffness Composite Laminates-CSCL), and it was
focused on increasing the number and thickness of the layers or chang-
ing the uniform fiber angle in the layer. However, due to their low
transverse shear modulus, laminated composites can exhibit signifi-
cant transverse shear deformation than the isotropic counterparts
and thus, when designing composite structures, it is also important
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deformations.

Within the context of composite modelling, the theories for the
stress—strain analysis of laminated composites can be grouped into
two: Layerwise (LW) and Equivalent Single Layer (ESL) theories. In
the LW theory [1-6], the thickness coordinate is split into a number
of analysis layers and the kinematic displacement fields of each anal-
ysis layer have been independently described which makes the theory
computationally expensive and dependent on the number of layers
considered. The ESL theories [7-11] treat a heterogeneous laminated
plate as a statically equivalent, single layer having a complex constitu-
tive behavior, thereby reducing the 3-D continuum problem into 2-D
space.
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Refined Zigzag Theory (RZT), developed by Tessler et al. [12-15],
can be counted as one of the ESL theories which accounts for the zig-
zag pattern of the axial displacements by introducing a zigzag function
for each layer. The kinematic variables of the theory are independent
from the number of layers which make RZT computationally more efti-
cient. In addition, anomalies for the clamped supports, encountered in
the zigzag theory of Averill et al. [16-18] has been corrected in the
RZT. Moreover, Gherlone [19] has compared the performances of
RZT with Murakami’s one [11] and concluded that zigzag functions
of RZT lead to more accurate results, especially for arbitrary stacking
sequences, and superior even for the case where the external layers
of a laminate are weaker than the adjacent layers. Iurlaro et al. [20]
have investigated the efficiency of RZT in predicting the static
response, natural frequencies and bucking loads of sandwich plates.
Barut et al. [21] have proposed a new C °-continuous triangular plate
element based on RZT that considers the transverse normal strain for
laminated composite and sandwich plates. The isogeometric static
analysis of straight fiber laminated beams and plates using RZT have
recently been introduced [22-24]. By using anisoparametric interpola-
tion strategy, Versino et al. [25] have developed a six and three node,
C°-continuous, RZT based triangular plate/shell elements. Ascione
and Gherlone [26] have developed a nonlinear formulation of RZT
using Von-Karman strain—displacement relations. These studies overall
focus on the structural mechanics of composites and sandwich struc-
tures with straight fibers.

Later on, the aforementioned studies for the straight fiber laminates
were followed by the studies on the Variable Stiffness Composite Lam-
inates (VSCL). The VSCL is based on the idea of changing the lamina
stiffness locally which can be enforced by either changing the fiber vol-
ume ratio [27] or terminating the inner layers (ply drop-off) to reduce
the composite thickness in certain regions [28]. However, the last
option can result in highly stress-concentrated regions. With the inven-
tion of automated fiber replacement machines, the fibers are not con-
strained along a straight path, anymore and the concept of variable
angle tow composites (VAT) along a curvilinear path enable a further
characteristic tailor and improve the structural performance and
enhanced capability of laminated composite structures by changing
stiffness in the desired areas. Vibrational resonance in aerospace and
naval structures can be avoided by designing the laminated plates
according to maximum fundamental frequency. Abdalla et al. [29]
have shown that the utilization of curvilinear fibers enable laminated
composites to attain a higher natural frequency thereby eliminating
the potential occurrence of vibrational resonance as compared to the
straight fiber composites. Hyer and Lee [30] have explored the benefits
of using curvilinear fibers to increase the buckling performance. It was
shown that curvilinear fibers of a simply supported plate with a cen-
trally located hole divert the load from the unsupported hole region
to the supported edges, thus increasing the buckling capacity. When
it is necessary to leave holes or notches in the laminated composite
plate, it is clear that these gaps disrupt the continuity of the fiber and
adversely affect the load carrying capacity in case of using straight
fibers. For this reason, many researchers [31,32] have examined how
much the load carrying capacity can be increased by laying curvilinear
fibers on the principal tensile and compressive trajectories that appear
in accordance with the gap in their experiments. Thus, the load transfer
can be carried over the curvilinear fibers instead of resin. Various stud-
ies have been conducted to facilitate the placement of curvilinear tows
from the manufacturing point of view [33-35]. In addition, the opti-
mization of variable stiffness composites by maximizing its mechanical
strength have been studied in a great detail to determine optimal fiber
angles throughout the composite structure. Also, these optimization
studies aim to satisfy volume/mass and manufacturing (fiber path con-
tinuity) constraints [29,36-39] for lean production.

For the structural analysis of curvilinear fiber laminated compos-
ites, various numerical methods such as finite element, boundary ele-
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ment, smoothed finite element, mesh-free, differential quadrature etc.
[40-47] can be applied in the case of insufficient analytical solutions.
Among these numerical approaches, finite element method (FEM) is a
well-known one and frequently used in computer aided engineering
industry (CAE). The FEM mainly utilizes Lagrangian (C° inter-
element continuity) or Hermitian (C' inter-element continuity) type
approximation functions to discretize the unknown kinematic vari-
ables of the finite element. However, high degree polynomials used
in Lagrangian elements can be unstable and insufficient for the exact
definition of complex geometries. In addition, the computer-aided
design (CAD) and manufacturing (CAM) industries utilize Non-
Uniform Rational B-Splines (NURBS) [48] instead of the former func-
tions to parametrize the geometry, thereby introducing an engineering
gap between the two industries, i.e., CAD and CAE.

Fortunately, Hughes et al. [49] introduced a state-of-the-art
methodology known as Isogeometric Analysis (IGA), which use the
same NURBS basis functions to discretize the geometry and displace-
ment fields. In this regard, requirements for a smoother design geom-
etry, highly precise analysis, and CAD/CAE integrity can be fulfilled
without any difficulty. The mathematical backgrounds of NURBS
and IGA can be found in the fundamental books of Piegl and Tiller
[48] and Cottrell et al. [50], respectively. Albeit to a large collection
of IGA studies on composite structures, we only focus on recently pub-
lished studies for conciseness. For instance, Liu and Jeffers [51] have
developed an isogeometric layerwise model for the analysis of straight
fiber laminated composite and sandwich plates embedding a function-
ally graded material core. Thai et al. [52] have developed a general-
ized shear deformation theory based on IGA by imposing inverse
trigonometric functions for the in-plane displacements of the function-
ally graded isotropic and sandwich plates. Besides, Nguyen et al. [53]
have proposed a formulation based on IGA and FSDT for postbuckling
analysis of functionally graded carbon nanotube-reinforced composite
shells. More recently, Shi et al. [54] have introduced a new hyperbolic
tangent higher order shear deformation theory assessed with the
NURBS based IGA for the static, free vibration and buckling analysis
of laminated composite plates. Nguyen et al. [55] have proposed a
novel, generalized three-variable shear deformation plate theory by
using the high-order continuity advantage of IGA. Recently, Nguyen
et al. [56] have studied on the analysis of free vibration, buckling
and instability of functionally graded porous plates, reinforced by gra-
phene platelets using three-variable shear deformation theory. Fur-
thermore, Fantuzzi and Tornabene [57] have employed strong form
finite elements with isogeometric mapping for arbitrarily shaped lam-
inated composite plates. With the development of micro electrome-
chanical systems, recent studies are dedicated to investigating the
small-scale effects for the bending, buckling and thermal analyses of
layered composite microplates utilizing isogeometric analysis [58,59].

Most of the IGA studies regarding composite structures are mainly
dedicated to the structural analysis of straight fiber laminated beams/-
plates/shells. To the best of authors’ knowledge, there is currently no
study available in literature concerning IGA of laminated plates with
curvilinear paths that provides a rigorous mathematical formulation
based on RZT. In this study, we propose a novel structural analysis
methodology based on the coupling of isogeometric framework and
RZT for accurately modelling VAT composite and sandwich structures.
We envisage that the present IG-RZT formulation can address the
shortcomings of finite element-based techniques available in litera-
ture, especially in the case of predicting accurate through-the-
thickness distributions of stresses and strains with less computational
cost.

This study is organized as follows. In the first part of IG-RZT math-
ematical formulation, the original form of RZT displacement fields is
extended into higher order thickness expansions. In Section 3, the
foundations of NURBS functions and IGA are briefly discussed. On
the basis of these formulations, we provide the coupling of IGA and



K.A. Hasim, A. Kefal

RZT for VAT composite structures in Section 4. In Section 5, numerical
results are obtained for the bending of square and circular laminated
composite plates and sandwich structures with curvilinear paths. The
results are compared with high-fidelity 3-D ANSYS models and other
reference solutions taken from the literature. The final section is
devoted to the main conclusions that may be drawn from the present
numerical results.

2. Fundamentals of RZT

As depicted in Fig. 1, a reference coordinate system (x,y, z) = (x, 2)
with its origin (0,0,0) is located on the mid-plane of the laminated
plate with curvilinear fibers to describe the positive directions of the
kinematic variables of the present study. The laminate has N layers
with a uniform thickness of 2 h, length of a and width of b. Recently,
Tessler et al. [12-14,60] have developed a robust refined zigzag the-
ory (RZT) that the zigzag functions, ¢(ik) are piecewise linear through
the thickness and satisfies all the boundary conditions to be modelled
correctly. For brevity of the study, we report herein only the essential
knowledge of RZT and the reader can find further details in various
studies of [12-14,60].

According to the original RZT formulation [60], the zigzag func-
tions for the k-th ply of a given laminate can be defined as:

(k-1 k)

=30 e (=1.2) (12)
go = =) (1 =-h  z=z1+20%) (1b)

where the ¢¥ € [~1,1] and ﬁik) terms represent the layer thickness coor-
dinate and the interfacial axial displacements, respectively. Here, the
mathematical construction of the zigzag functions leads to identically
vanishing the interfacial axial displacements at the bounding surfaces

—(© N
of the laminate, u(l. : (i ' — 0. On the other hand, these layerwise dis-

placements can be calculated recursively as [12-14,60]:

=u
1)
U; (2

with the slope of the zigzag functions, ﬂ(ik> which is defined as:

-1
N, p
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p=—mt—-1;
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—(k)
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(i=1, 2) (3)

k) ok
where the G;;; G(zz) parameters stand for the global transverse-shear
moduli of the laminae through the x and y directions, respectively.

Fig. 1. Rectangular laminated geometry with a curvilinear path.
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For a composite lamina composed of straight fibers, these terms are
constant over the in-plane coordinates of plate, x=(x,y). However,
they naturally become functions of the x and y in case of modelling a
tow-steered fiber reinforced composites which can be mathematically
proved by the transformation below as:
@Y? )| _ G(l’f;COSZG’(k) (x) + Ggf;SinZH ® (x) @
¥ ) G¥ Cos?0 ™ (x) + G)Sin%0 ¥ (x)
where G(llfl,
nate system, (1’, 2). As depicted in Fig. 1, 0% (x) represents the fiber
angle with respect to global x-axis and fibers follow a curvilinear pat-
tern in the domain of the k-th ply, thereby resulting in zigzag functions

GY are the transverse-shear moduli in the material coordi-

to be defined in three-dimensional spatial coordinates, ¢(ik) E(ﬁ(ik) (x,2).
Herein, we have extended the original kinematic relations of RZT to
account for through-the thickness stress variations of variable-
stiffness composites more precisely. By preserving the original linear
zigzag functions, ¢(’§> used in [60], the displacement fields,
(ugk); i=1,2,3) are expanded by incorporating quartic (fourth-order)
thickness terms. They can be written by considering the thickness
stretching as:

uf’o (x,2) = up(x) + 201 (x) + 2%k1 (x) + 22w 1 (x) +2*L1 (x)

+¢" (x,2) 1 (x) (5a)

Ul (x,2) = vo(x) — 202(x) — 222 (x) — 2w (x) — 2°L(x)
— ¢ (x, 2)y5 (x) (5b)

ul (x,2) = wo(x) + 2wy (x) + 22w (x) + 2°Ws(x) + 24w (x) (5¢)
where the 1y and v, are the uniform in-plane translations having posi-
tive directions along the x and y axes of the laminate, respectively.
Moreover, the 6; and 0, are the average bending rotations around the
y and x axes of the laminate and possess the positive directions shown
in Fig. 1. Furthermore, the w, represents the average out-of-plane dis-
placement along the positive z axis, and v, y, stand for the positive
zigzag amplitudes of the RZT theory as illustrated in Fig. 1. In addition
to these seven kinematic variables, which were originally used to estab-
lish the RZT, additional terms in Egs. (5a) and (5b),
xi x =k, w,L; i=1,2) are defined to capture the correct in-plane dis-
placement behavior of the curvilinear fiber laminated composite plate
and this requirement will be discussed in more detail in the numerical
problems section. Note that these extra terms other than the i, «a,
which physically correspond to the curvatures of the laminates, have
no physical meaning. The C3-continuity is ensured for the transverse
displacement in Eq. (5c) to consider the thickness stretching. Conse-
quently, the w; (i=1, ...4) physically identifies the thickness stretch
deformation of the laminate with varying order contributions. The lin-
ear elastic strains corresponding to the displacement fields of Egs. (5a)—
(5¢) can be defined as given in the following compact form:

T N
e(k)E{sx & & Vxx Vyz yxy} :S(k)s (6)

where the terms associated with the thickness coordinate, z are col-
lected together in a strain—displacement transformation matrix, S®, as:

i _
My 0
v (k)

s® = Ms (7)

o

4

0 MP
I M|

with the transformation vectors, Mgk) (i=1, ...,6) which are defined

explicitly as:
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v — {1 z 2 2 gt W {/,qqx} (8a)
Mg‘):{l —z -z —z% —g* —¢¥ —¢(§3y} (8b)
MY ={1 2z 32> 453} (8¢)
Mﬁf’:{l 2 32 42 ¢% 1 z 2 2 z"} (84)

Mg‘):{—l —2z 322 -4 ¥ 1 z 2 2 24} (8e)

o7k k) k) (k
Mg = {1 z 2 23 24 ¢1;<) (/’(l)y 1 —g —g2 —g3 gt 7¢(2, *lﬁLzL}

(8f)

where the comma notation denotes differentiation. The derivatives of
the zigzag functions, ¢ ; ¢® (i=1,2) in Egs. (8a), (8b) and (8f)

i,x? iy
become a varying function of in-plane coordinates among all terms.
Although this terms naturally vanish when modelling laminates with
straight fibers, the contribution of these terms while calculating the

in-plane strains of curvilinear fiber laminates may not be disregarded.

In Eq. (6), the & vector is a generalized strain vector,
E={& & & & & & }T and contains the following strain
measures:

~ T

& = {Uo.x gl,x Kix @®1x Ll,x Yix Y1 } (Qa)
~ T

gy={voy 0oy Kzy @2y Loy wp, y,} (9b)
E3={w1 wy ws wy }T (9¢)

2‘4 = {01 K1 wi L, W1 Wox Wix Wax Wsx Wiy }T (9d)

. T
&5 = { Oy ko wy Ly w, Wo, Wiy, Wy, Ws, Wiy } (%)
2‘5 = {HOy Hl.y K1y le Ll.y l/ll,y V1
T
Vox Oaxkax Wax Lax Wayx o} (91)

Note that the kinematic variables in Egs. (9a)-(9f) are only the
functions of the in-plane coordinates, which make the generalized
strain vector, £ be independent from the thickness coordinate, z for
the following calculations. Introducing Eq. (6) into the standard Hooke
stress—strain relationship for the k-th orthotropic layer yields:

o0 = pl & =pk gk & (]0)

where D® is the standard k-th layer constitutive matrix relating stress
and strains. The D%, whose elements are given explicitly in Appendix
A, is not a fixed matrix as is usual in straight fibers. It is a function of
the fiber angle, 0¥ and the angle varies according to x and y, so it dif-
fers for each element in the x-y domain. By taking the variation of the
internal strain energy, 6U; and substituting Eq. (6) and Eq. (10) for the
strain and stresses, respectively gives

U = [[] (6e®) 6Wdxdy dz = [ (62)"D & dxdy (11)
where the generalized constitutive matrix, D is defined as
. N Zk+1

b :f(s(m)TD(k) SPdz =y | (S<k>)TD(k> §® dy (12)

k=1 z

3. Non-Uniform Rational B-Splines (NURBS)

Complex geometries can be represented exactly in today’s com-
puter aided design (CAD) technology which is based on NURBS basis
functions. By using bivariate NURBS basis functions, R}(¢,n) and
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associated control points coordinate matrix, B;, a NURBS surface, illus-
trated in Fig. 2, can be constructed as:
m N (ON] (n)wy

SEn) =% SRUEDB = 3 < )
& 5;‘; (& mBy igjg Y DA NREONT (wia

(13)

where NP(¢), N}(n) are the univariate B-spline basis functions of
degree p and q defined in the ¢ and 7 directions of the parametric space,
respectively. Additionally, wy stand for the associated control point
weight, and it provides opportunity to the points over the surface,
S(&,n) to move closer to (farther from) B; with the increase (decrease)
of the weight.

Fig. 2 shows a biquadratic (p = q = 2) NURBS surface and its con-
trol mesh with the knot vectors
U(E) =V(n) ={0.0.0.0.3330.666 1. 1. 1.}. As depicted in Fig. 2,
there are two types of meshes in NURBS terminology which are the
physical and the control mesh. The first one is a similar mesh of stan-
dard finite element analysis (FEA) where the physical domain is
divided into elements, i.e., 3 X 3 mesh. The latter one is like a scaffold
where the control points (blue rectangles) lie on and controls the shape
of the geometry. The distinction between the control points and the
nodes of standard FEA is that only the first and last control points of
a NURBS surface coincide with the physical domain whereas all nodes
lie on the geometry in the FEA. The B-spline functions, N} (¢); N7 (n)
encountered in Eq. (13) can be defined by the following Cox-de Boor
recursion formulas [48] as:

1 if&<ésy
NI = { 0 l ithefwisi " (14a)
and
6 - fi —1 §i+ +1 T 5 —1
NP(&) = NP 4 2P NP 14b
l(é) §i+p _ g.::i i (5) §i+p+1 _ 5i+1 i+1 (5) ( )

where the values of &; and #; are elements of the knot vectors, U ,V
which have non-decreasing set of coordinates in the parameter spaces
and can be written as

U= {517 527 Tt §i7"'7£n+p+1} (153)

V={n, na s My migia )} (15b)

where n and m denote the number of control points and B-spline basis
functions in ¢,  directions, respectively. The non-zero knot intervals,
[€i, €141) ® [;, j41) in the above knot vectors are called as knot spans
which define the element domains. A special feature of B-splines is that
(@ + 1) of N7(¢) and (@ + 1) of N}(y) are nonzero functions,
(Nlljfp y Nf) ® (N_;Ifq
(&, &i41) @ [, 5.1)- Therefore, the total number of control points and

,.--»,NJ) in any given knot span,

No="="s=1

/—Comrol point

,,_/—Comrol mesh

14=0 33 3mmmetn o

Physical mesh (3x3)

Ne=n=n=0 8

Fig. 2. Biquadratic (p = q = 2) NURBS surface with the control mesh.
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B-spline basis functions per elementisn x m = (p + 1) x (g + 1) for 2D
analysis.

4. Isogeometric Refined zigzag formulation (IG-RZT)

Hughes et al. [49] have recently introduced the isogeometric anal-
ysis (IGA) to integrate the FEA with CAD systems which use NURBS
functions to represent the exact geometry. Instead of using conven-
tional Lagrangian or Hermitian type polynomial functions of FEA,
IGA uses NURBS functions in both discretization of the displacement
fields and geometry. In this context, by defining a global index as
I=n(j—1)+i and rewriting Eq. (13) in a more compact form, the
geometry of the IG-RZT element can be discretized as:

$9 = {x9en) yoen} = T RlEn{x ¥} (16)

where x9; yge) represent the physical coordinates of the I-th control
point in the e-th element. In a similar fashion, the unknown kinematic
variables in the eth element can be discretized as:

T
u® ={uy 011 w1 Ly yy vo 02 k2 w2 Ly wy wo w1 Wy w3 Wy}

- 'gm n) a (17)

with a(,e) representing the local displacement vector of the I-th control
point that is defined as:

© _ .1 gl 1 1 1 JEN BVY B gl 1 T
ap ={uj 67 i o) Ly wi v§ 6, x5 oy Ly w; wy whowh owh wi}

(18)

Then, the generalized strain vector, 29 in Egs. (92)-(9f) can be
expressed as:

2‘(8):[31 BI anm]{al ceeoag anxm}T

=B a¥ (19a)
with
B,=[B' B> B® B' B B°| (19b)
where the matrices Bf (@ =1,2, ... ,6) contain the derivatives of the

NURBS shape functions and the explicit form of these matrices are pro-
vided in Appendix B. Substituting Eq. (19a) into Eq. (11), the varia-
tional form of internal strain energy yields:

” r
8U; = / / (52 <e>) D &¥dxdy=(5a®) K a (20)
where the element stiffness matrix, K© is defined as

K© = //BTi)B dxdy (21)

The integration domain of Eq. (21), dxdy needs to be mapped onto
the parametric domain, dédy since the integrand is defined in the para-
metric space. Transformation from parametric space to physical one
can be carried out by defining the Jacobian, J using Eq. (16) as:

ox Oy
e @
J= {a )y} (22)
oy
By using the determinant of the J matrix, Eq. (21) can be rewritten
as:
K®© = / / B™D B detJ d¢dy (23)

To be able to numerically calculate Eq. (23), one can use Gauss
Quadrature method. Consequently, the parametric domain should be
transformed with relevant Jacobian mapping to parent element

domain, (E, ﬁ) = [-1,1] ® [-1, 1]. Such transformation can be readily

performed using the preliminaries of IGA [50]. In addition, the varia-
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tional form of the strain energy caused by the externally applied trans-
verse pressure, q,(x,y), can be defined for IG-RZT element as:

6U, = // q,(x,y)6u® (x,y,2 = h) dx dy (24a)

or

8U, = [[q,(x.y) (8wo+how, +h>6w, +h® 6w +h'swy) dxdy = (5a'©)"f
(24b)

where f© is the force vector of all control points belonging to IG-RZT
element which can be written as:

O = {0 f;a

with the nonzero load (transverse pressure) vector for the I-th control
point:

1= For Far Fau i)
=//qz(é,n)RI(f,n){1 h n K h*) deddedy

0 f9 .0 fOBI=1nxm  (25)

(26)

Equating the internal and external strain energies, the principal of
virtual work can be defined as:

sU; =6U, — (5a9) (K9a® —f©) =0 (27)

which results in the final set of static equilibrium equations for an IG-
RZT element:

K© q© :f(e) (28)

Here, it is important to note that the Eq. (28) can be defined for all
the isogeometric elements properly and these equations can be assem-
bled utilizing the connectivity of the elements in a global system of
equations. Finally, applying the problem specific boundary conditions
into the global set of equations, the unknown displacement DOF can be
evaluated and subsequently utilized for predicting the three-
dimensional deformations and stresses in the physical geometry. How-
ever, RZT predicts the transverse shear stresses accurately in a piece-
wise constant manner throughout the thickness direction of a
laminate and the lack of obtaining a continuous, through the thickness
transverse shear stress distribution with RZT can be overcome by using
Cauchy’s equilibrium equations and high order NURBS functions. The
integration of Cauchy’s equilibrium equations yields the transverse
shear stress distributions to be obtained as:

2 9k z 97k
W(x,y,2) = — —Xdz—/ 2 4 0 (x, 29a
xz(/yr) n ax h By fO( y) ( )
z 9ok z 9rk)
(k) - _ Y _ Xy (k)
oy = [ Trdn- [ Todnipiocy) (290)
The integration constants of the first and last layers, fékzl'NL),

fl(kzl‘NL) in Egs. (29a) and (29b) can be obtained by imposing the zero
transverse shear stresses at the outer edges of the plate which can be
stated mathematically as:

%=V, y,z2=—h) =&M(x,y,2=h) =0 (30a)
%=V (x,y,z=—h) =<t (x,y,z=h) =0 (30b)

which results in

2 9o ) z 97 (k)
(k) _ x xy
(L) (L) o

& [z 00" 2 oM
fl*(mayydz + | o o
Z=a

(k=1,Ny; a=—h, +h)

&v
~—

(31b)
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Additionally, the interlaminar transverse shear stress continuity
can be written as

78 (2 = 21) = 76 (2 = 2kn) (32a)
T;IQ (z2=2K1) = T;g(“)(z =Zk1)
(k=1, .. N, ~1) (320)

and can be used for the other integration constants of the interior layers

which yields
([
7= 2 ~h

Z
k k-1 _
i - ([ atkva)

2=2)

+ </ @de’) + (/ T)g,()ydz> (33a)
~h 7= 2 ~h 2= 2
R I I =
~h 2= 2 ~h 2= 21
+ < / a;ydz> + ( / T;yk?xdz> (33b)
J-h 2= 2 J—h 2= 2

with k = 27 .‘.,NL.

5. Numerical results

In this section, numerical analysis of multi-layered composites and
sandwich plates with curvilinear fibers are performed using NURBS
based isogeometric approach in conjunction with RZT. Then, the dis-
placement and stress results predicted by using IG-RZT are compared
and validated with respect to the reference solutions that are either
generated using ANSYS or available in literature. Here, a total of three
cases have been examined, and the first two of them are selected from
literature in order to compare the present IG-RZT element with exist-
ing problems. Therefore, the assumptions made in the references of the
first two cases are still valid here, and the excessive spacing between
fibers or overlapping due to the given fiber orientation has been
neglected in the analyzes. The third case is a new example added to
the literature to emphasize the importance of isogeometric analysis
and to make the defined fiber orientation actually applicable.

5.1. A square curvilinear fiber laminate subjected to uniform pressure

In this first validation case (Case a), a tow-steered, laminated
square plate (a = b = 1 m) from Tornabene et al. [47] has been ana-
lyzed using the proposed isogeometric formulation. Tornabene et al.
[47] have examined this problem under static load according to the
Carrera’s Unified Formulation (CUF). By imposing CUF in [47], they
have the ability to employ different thickness functions, as well as
the zigzag effect based on either ESL or layerwise approach. Instead
of using finite elements, the governing equation system in [47], has
been solved numerically through the Generalized Differential Quadra-
ture (GDQ) method. Since the ESL approach has been used in the pre-
sent IG-RZT study, the results obtained have been compared with ED3
of [47] which stands for (E)SL-(D)isplacement based theory with the
third order thickness functions in the displacement field. The plate is
subjected to a uniform pressure, gq,(z = h) = —10 [kPa] with clamped
boundary conditions on its all edges The laminate, made of two layers
of equal thickness and has span to thickness ratio which covers a range
of 10, 25 and 40. The material is carbon/epoxy with the following
elastic properties:

(Evv, Eyy, Eyy, Gry, Gry, Gyy)
— (137.9, 8.96, 8.96, 7.1, 7.1, 6.21) GPa (34a)
(vya, vy, vay) = (0.3, 0.3, 0.49) (34b)

This two-layered tow steered plate has also been studied by Demasi
et al. [44] using Murakami’s zigzag functions [11] with the standard
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triangular plate finite elements. Despite the fact that Demasi et al.
[44] have used the theory-invariant Generalized Unified Formulation
(GUF), which enables to define different theories for all the three dis-
placement fields, the present IG-RZT approach has been compared
with zzzPVD444 in [44]. The left subscript letters ZZZ in this notation
mean Murakami's zigzag theory is adopted for all x, y, z displacement
fields and the right subscript 444 indicates the order of expansions,
respectively. The notation used in [44] to describe the fiber angle with
respect to x axis, ® is given as:

o® = x| + T& (35)

2(Tf - T5)

a
where TX and T* stand for the angles of the kth layer fibers with respect
to x axis at x = 0 (center) and x = +a/2(edge), respectively. Since the
span to thickness ratio of the plates studied in references [44,47] was
limited to 10, the 3-D solution of ANSYS with Solid 185 brick elements
has been used to confirm the analyses for the other span to thickness
ratios. A solid mesh of 80x80x40 is generated in ANSYS, where 80
and 40 elements uniformly subdivide the plate edges (a, and b) and
thickness edge, in the given order. The displacement and stress results
of the analyses are expressed in [m], [Pa], respectively and obtained at
the point P(x = 0.25a,y = 0.25b, 2) for the following four cases where
the fiber orientation details and the patterns of those are listed in
Table 1 and depicted in Fig. 3, respectively.

The importance of the selected degree for the thickness function, z
and its effect on the in-plane stresses is shown in Fig. 4. Additionally,
the legend terms “ez” in Figs. 4-7 and “ez0” in Fig. 7, denote that the
transverse normal strain is considered or not in the analyses, respec-
tively. As shown in Fig. 4, the correct distribution of the in-plane stres-
ses cannot be captured by using linear (z1) or quadratic (z2) expansion
of NURBS thickness functions. It is evident from Fig. 4 that at least a
cubic (23) thickness function needs to be considered in the displace-
ment approximation to model fairly correct trend of in-plane stresses
through the thickness. As depicted in Fig. 4; the in-plane stress results,
obtained from the fourth order thickness function (z4), are in excellent
agreement with the reference solution Demasi et al. [44] and slightly
differs from Tornabene et al. [47]. It is also inferred from Fig. 5 that
the in-plane and transverse displacement results predicted by the pre-
sent approach are in well agreement with those obtained in [44].
Fig. 5c also explains the reason of slight stress discrepancies between
IG-RZT and [47] as such the transverse displacement is underesti-
mated using the approach of [47].

The convergence analysis of o, shown in Fig. 6 indicates that a
third order (p = 3) NURBS interpolation for in-plane displacements
requires less total degrees of freedom (DOF) than those of the second
order (p = 2) NURBS functions. As for convergence rate of axial stress
in Fig. 6, the convergence capability of present IGRZT-z4ez element
with p degree, 3 is higher than other solutions such that the IG-RZT
approach requires approximately 38% less DOF than that of [44] for
convergent axial stress.

Fig. 7 shows the effect of thickness stretching on the through the
thickness normal stress distributions where the transverse normal
strains are retained (ez) or removed (ez0) from the kinematic assump-
tions. It is clear from Fig. 7 that discarding ¢,, in the calculations result

Table 1
Definitions of the curvilinear fiber paths for different analysis cases a.
Case <T§1)\T0(1)> <T(12)|T0(2)>*
al (90|90) (0]0)
a2 (90|75) (0[15)
a3 (90(60) (0[30)
a4 (90]45) (0[45)

" Notation is deduced from Ref. [44] and the superscripts of the fiber angles
represent for which layer they belong to.
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TM-T6"=90-90

TO-T{"=75-90

T-T,"=60-90
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T0-T4"=45-90

R

T1 2. T0(2)= 0 -0

T1(2) - To 2= 30-0

)

T1(2) - To(‘ )= 4 5- 0

1l

Al

———
Case al Case a2 Case a3 Case a4
Fig. 3. Curvilinear fiber patterns of the two-layer laminated square plate (Case a).
1. " 1.
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L W. IGRZT-23z o o . * IGRZT-23ez
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5 02 *[44] £ o2 «[44]

o . o -[47
S o0 [47] x10') | 8 o 471 x(10%)
3. 25 2. 1.5 1. 0 0 0i5 pd 2. 1.5 -1, b 2.
9 0.2 2 0.2 :
E 0.4 S 04
(8] o
c 06 £ -0.6
'—
T o8 0.8
1. \ .
Oxx (x=0.25a,y=0.25b, 2) Oyy (x=0.25a, y=0.25b, 2)
1 5
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0.8
R  16RIT22¢2
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© 0.4 -« |GRIT-z4ez
g 02| *[44]
9 0 ¢ [47] x(1 04)
@ _02-1 5 1 2. 3 4.
O
S 04
(8]
E -0.6
-0.8
-1.
Txy (x=0.25a, y=0.25b, 2)

Fig. 4. Comparison between through the thickness polynomial expansions of IG-RZT (Case a4-a/2h = 10).

in a larger error when compared with the reference Demasi et al. [44]
solution and it supports the statements of Koiter [61] and Carrera et al.
[62] which are about the meaningless of including additional in-plane
variables if the thickness stretching is not considered. Hence, in the
remaining analyses, unless otherwise stated, the transverse normal

strain is taken into account and through the thickness polynomial
expansion, in-plane NURBS degree and the total DOF is selected as

z4, p = 3 and 20825, respectively.

The distributions of normal and transverse shear stress components
through the thickness direction, z are illustrated in Fig. 8 for the four
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Fig. 5. Comparison of in-plane a) u(f), b) u(f) and transverse displacements c) u(:'f) through the thickness direction (Case a4 — a/2h = 10).
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Fig. 6. Convergence analysis of normal stress, oy, for Case a4 (a/2h = 10) with different in-plane NURBS degrees, a)p = 2 and b) p = 3.

different fiber orientation cases (Case al-a4). These results demon-
strate that the stresses predicted by IG-RZT are almost indistinguish-
able from those of reference solutions generated using ANSYS,
thereby confirming superior accuracy of IG-RZT formulation for VAT
composite structures. Note that the transverse shear stress distribu-
tions presented in these figures are obtained from Cauchy’s equilib-
rium equations. Hence, utilization of third order NURBS basis
functions within IG-RZT methodology can allow one to accurately esti-

mate through-the-thickness distribution of transverse shear stresses,
even in the case of modelling variable angle tow composites. Addition-
ally, in Fig. 9, we present the in-plane normal and transverse shear
stresses for various values of span to thickness ratios. Remarkably,
these results indicate that the IG-RZT stress predictions overlap with
those of ANSYS continuum model even for very thin/thick VAT com-
posites. Besides, Fig. 10 reveals the complexity of in-plane normal
and shear stress contours for Case a4, which is well predicted by IG-
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Fig. 7. Effect of transverse normal strain, ¢,, on the in-plane normal stresses, a) oy, and b) o,
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Fig. 8. Through the thickness normal (top) and transverse shear stress (bottom) distributions for various cases (a/2h = 25).

RZT methodology. Overall, the displacement and stress results dis-
cussed herein validate and prove that the IG-RZT framework can be
an attractive numerical-analysis platform for modelling complex
mechanics of VAT composite structures.

5.2. A three-layer sandwich plate with curvilinear fibers

To further assess the accuracy of the present IG-RZT formulation,
the bending analysis of a three-layer sandwich plate problem (Case
b) from Tornabene and Bacciocchi [45] has been revisited. This sand-
wich structure is a square plate (a = b = 1.5 m) subjected to a uniform
pressure, q,(z = h) = —10 [kPa] with clamped boundary conditions on
its all edges. The face sheets of sandwich plate are made of curvilinear
glass—epoxy fibers and the core of sandwich laminate is considered as
an isotropic material. The mechanical properties of these materials are
listed in Table 2. The thickness of the laminae for the sandwich struc-
ture are 0.02/0.06/0.02 [m] and the laminate has span to thickness
ratio of 15. The curvilinear fiber orientations of the sandwich outer
skins are defined as:

9= — g =1y (k=) (36a)
043 — g0 ¢ k=3 (k=) (36b)
where

k=1 _ ®=3) _ gin(z(X
Q Q Sm(n(a + 0.5)) (37)

Four different case studies are established by changing values of
the ¢ ® constant as listed in Table 3. For clarity, the curvilinear path
planning of all cases are depicted in Fig. 11.

Fig. 12 displays through-the-thickness zigzag variations of in-plane
displacements obtained by IG-RZT for each four cases. As is clear from
Fig. 12 that in-plane displacements vary according to the braiding den-
sity over the center of the laminate as illustrated in Fig. 11. This
expected behavior can be elaborated as follows. The fiber alignments
of Case b4 results in a dramatic decrease of the first- and third-
layers stiffness through the x and y directions, as compared to the ones
of other cases. This curvilinear fiber distribution elucidates the reason
why Case b4 (blue circle in Fig. 12a) experiences maximum and min-
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Fig. 9. Variation of normal (left) and transverse shear stress (right) distributions for a/2h = 10, 25 and 40 (Case a4).
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Fig. 10. In-plane (x,y,z = h) stress a) ox, b) oy, and c) 7, contour plots (Case a4-a/2h = 40).

Table 2
Mechanical properties of the materials used in Case b.

Material Young’s Moduli [GPa] Poisson’s Ratios Shear Moduli

Glass-epoxy E,; =53.78 vyy =0.25 Gy =896
Ey =17.93 vyy =0.25 Gy =896
Ey =17.93 vyy =0.34 Gyy =3.45

Foam E=0.232 v=0.20 G= ﬁ

Table 3
Definitions of the curvilinear fiber paths for different analysis cases b.

Case ¢(k:1) - ¢(k:3)
b1l 15°
b2 30°
b3 450
b4 60°

10
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Fig. 11. Various fiber patterns of (a) first and (b) third layers in Case b.
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Fig. 12. Zigzag in-plane displacements through the thickness, a)u(f) and b) u(;‘) (Case b).

imum in-plane displacements through the x-direction, u®, for the first
and third layers.

Fig. 13 shows the comparisons of through the thickness in-plane
stresses obtained from IG-RZT analysis and the solutions of ANSYS
and Tornabene and Bacciochi’s approach [45] in which several thick-
ness expansion terms are added into the displacement fields in addi-
tion to Murakami’s zigzag functions. This ESL approach just as in
[47] uses the differential quadrature method to solve the governing
equations. The present IG-RZT results have been compared with
EDZ4 of [45] which stands for (E)SL-(D)isplacement-Zigzag-Fourth
order thickness expansion. For a clear comparison among the estab-
lished case studies, graphs are divided into two parts: the results for
(1) Case bl and b3, and (2) Case b2 and b4. It is clear from Fig. 13 that
the stress results produced by IG-RZT and other solution methods are
almost in perfect agreement for all case studies. Thus, the potential

11

capability of IG-RZT formulation is clearly demonstrated for accurately
predicting in-plane normal stresses of the sandwich plate possessing
any curvilinear path.

It can be deduced from Fig. 14 that the transverse shear stress solu-
tions of IG-RZT and ANSYS have matched perfectly for each four cases.
However, the 7,, results of [45] for Case b3 and b4 have a slight dis-
crepancy between IG-RZT and ANSYS. Hence, in the light of these
results, the advantages of using IG-RZT formulation for 3-D stress anal-
ysis is further validated with respect to a continuum model and shown
as compared to reference [45].

5.3. A two-layer circular laminated plate with curvilinear fibers

As a last example, curvilinear fiber laminated circular plate with a
radius, r = 0.5 [m] and two layers of equal thickness has been analyzed
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Fig. 14. Comparisons of transverse shear stresses, 7,;(left), 7,,(right) (Case b)
under uniform static loading, g,(z =h) = —10 [kPa] with clamped- plate are obtained. As depicted in Fig. 15b and c, the curvilinear fiber

edge boundary conditions (Case 3). Fig. 15a demonstrates the result-
ing point, P where the displacement and stress results of the circular

12

path equations are defined as y*=!) = x2 and y*=2 = x* for the bottom
and top layers of the circular plate, respectively. The numerical analy-
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Fig. 15. Curvilinear fiber laminated circular plate (a) with the resulting point P and fiber patterns of (b) bottom and (c) top layers.

ses are performed by considering various span to thickness ratios
(r/2h =10,15,20) of the laminate. The displacement and stress
results obtained from IG-RZT analysis have been compared with the
results of 3-D finite element model generated using Solid 186 element
in the commercial ANSYS software. The mechanical properties of the
two laminae used in this case are as same as the ones used in Case a
of the previous problem (Section 5.1).

The comparisons of in-plane displacements distributions along the
thickness coordinate are presented for various span to thickness ratios
of the curvilinear fiber laminated circular plate in Fig. 16a and b. As is
evident from Fig. 16, no remarkable difference between IG-RZT and
ANSYS solutions is observed for in-plane displacement estimations,
therefore IG-RZT formulation can capture highly accurate displace-
ment results along the thickness direction of the plate. Moreover, it
is important to note that IG-RZT formulation is computationally much
efficient than 3-D continuum model (ANSYS-586563 DOF) because IG-

L 08 - ANSYS[i2h=10)
S 06 - ANSYSi2h=15)
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RZT (18513 DOF) analysis requires approximately thirty-one times
less DOF than those of ANSYS analysis.

Fig. 17a, b and c illustrate the through-the-thickness variation of
transverse displacement for various thickness regimes of
r/2h =10, 15 and 20, respectively. Classical h-refinement process
has been implemented here for IG-RZT with a fixed NURBS degree,
p = 3. In this regard, it is evident that IG-RZT results obtained by
30 X 30 mesh correlate very closely with the ANSYS predictions of
40 x 60 x 20 mesh. One can infer from Fig. 17 that the results of
IG-RZT become convergent to ANSYS solution despite its low number
of DOF for 30 x 30 discretization. Furthermore, the present IG-RZT
formulation can accurately predict the nonlinear variation of the trans-
verse displacements, which can be attributed to the high order thick-
ness coordinate expansion in the kinematic relations. In fact, the
potential benefit of using such kinematic relations in the IG-RZT for-
mulation become appealing for the analysis of thick laminates in

0.8
<
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g 04
g 02
5 | =ANSYSzh=10)
o 01 . ANSYS[i2h=15)
© 021+ ANSYS(i2h=20)
§.0<4 « GRZT (f2h=10)
2 081 oo fah=15)
= -0.8
2 « [GRZT (f2h=20 ‘
: o (12h=20) x(10°)

8. 6. 4. 2. 0 2. 4.
(K o
U, (r=0.25,0=45", 2)

(b)

Fig. 16. Through the thickness distributions of in-plane displacements for Case 3
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Fig. 17. Comparisons of transverse displacement variation, u(g) for Case 3.
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Fig. 19. In-plane normal stress contour plots for (a) top and (b) bottom layers of the circular laminated plate.

Fig. 17a, where the contribution of the thickness stretching effect may
not be negligibly small and results in highly nonlinear deflection.
Thus, the present IG-RZT formulation can be reliably used for consid-
ering these effects in the structural analysis.

The results of Fig. 18a show that IG-RZT is perfectly suited for
predicting in-plane normal stresses, oy, o0,, in the curvilinear fiber
laminated circular plate. In the IG-RZT analysis, a “posteriori”
transverse shear stress calculation from the Cauchy’s equilibrium
equations results in very accurate stress predictions that almost
indistinguishably match with 3-D ANSYS model as shown in
Fig. 18b. Moreover, we provide the stress contours in Fig. 19
for the clarity of how the in-plane stresses vary at the top and
bottom faces of the circular laminated plate. According to all
the results presented in this section, the IG-RZT formulation is a
general modelling/analysis framework which can be easily utilized
to attain highly precise 3-D displacement and stress responses of
composite structures manufactured utilizing tailor fiber placement
technology.

6. Conclusions

This study presents a novel coupling of isogeometric analysis and
RZT formulation for the static analysis of laminated composite struc-
tures with curvilinear fibers. Various numerical examples are consid-
ered to validate and demonstrate the high accuracy of present IG-
RZT mathematical formulation. According to the results generated
by IG-RZT and their comparisons with respect to reference solutions,
the following observations can be made:

e Linear or quadratic expansion of in-plane displacements with
respect to thickness coordinate provides inadequate approximation
for VAT composites, thereby leading to erroneous variation of in-
plane normal and transverse shear stresses. It is observed that at

15

least a fourth order thickness function should be defined to capture
the expected reference stress variation.

o If the thickness stretching contribution is not considered in the def-
inition of out-of-plane displacements, the IG-RZT analysis cannot
produce accurate enough displacement/stress results for VAT com-
posites. This fact is still applicable even if high order thickness
function is used in the displacement fields.

e According to the comparison between IG-RZT analysis, other meth-
ods available in literature and ANSYS 3-D solutions, third order
NURBS functions for IG-RZT discretization can estimate convergent
displacement/stress results while providing much less DOF as com-
pared to other solutions.

e The kinematic variables of RZT are independent of the number of
layers which reduce computational effort especially in the analysis
of thick laminates. RZT does not enforce the continuity of the trans-
verse shear stresses at the layer interfaces, and thus the shear stres-
ses from the constitutive equations are obtained as average
piecewise constant values at the laminae. However, the results
can be much improved by the computation of z;, 7, stresses from
“a posteriori” process where the axial stress fields and G2 NURBS
shape functions are used in Cauchy’s equilibrium equations.
According to this post-processing, it is demonstrated that the IG-
RZT methodology can be suitably utilized for accurate predictions
of the transverse shear stresses in VAT composites.

Overall, these concluding remarks mainly confirm the robustness,
high accuracy, and potential applicability of IG-RZT formulation for
comprehensive modelling and analysis of multi-layered composite
and sandwich structures with curvilinear fibers. We believe that the
IG-RZT methodology can be a computationally very efficient and pro-
found candidate for performing the optimization of the laminated
plates with curvilinear fibers which can be subject of a further investi-
gation in the future studies.
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Appendix A

The standard Hooke stress—strain relationship for the k-th orthotro-
pic layer defined in Eq. (10) can be written explicitly as:
1 ®

0,1 [Qn Qi Qs 0 0 916 &1®

oy Q12 sz st 0 0 Qx &y

Oy _ Q13 st Q33 70 70 Qs6 & — Pl (A1)
b 0 0 0 QuQs O Yz

s 0 0 0 QsQs 0| |™

z - ~ v

v [Qi6 Qs Qs 0 0 Q) 7

The constitutive matrix in Eq. (A1), D® can be obtained by the
transformation of natural coordinate system (1,2,3) to the laminate
coordinate system (x,y,2). It can be expressed as:

T~ &)
D® = (T¥)'p T® (A2)
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where ¢ = cos#® and s = sind ® with 9 denoting the angle between
the fiber longitudinal (1) and global x axes. The coefficients of this con-

~ (k)
stitutive matrix, D are related to the longitudinal (1) and transverse
(2,3) elasticity and shear moduli, E Ek), ® and Gu by
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(Ada)

(Adb)

(Adc)

(A4d)

(Ade)

(A4)

(Adg)

,6) used in Eq. (19b) contains
NURBS functions with the derivatives and can be expressed as:
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