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Abstract

For a positive integer k and a linearized polynomial L (X), polynomials of the form P(X) =
GX)*—L(X) e Fn[X] are investigated. It is shown that when L has a non-trivial kernel
and G is a permutation of [F,», then P(X) cannot be a permutation if gcd(k, g" — 1) > 1.
Further, necessary conditions for P(X) to be a permutation of IF,» are given for the case
that G(X) is an arbitrary linearized polynomial. The method uses plane curves, which are
obtained via the multiplicative and the additive structure of IF;», and their number of rational
affine points.
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1 Introduction

Let g be a power of a prime p and let IF;» be the finite field with " elements. A polynomial
P(X) € Fyn[X]is called a permutation polynomial of 4 if the associated map from IFyn
to [Fyn defined by x > P(x) is a bijection. For short we will say that P (X) is a permutation
of F,». Permutation polynomials over finite fields have been studied widely in the last
decades, especially due to their applications in combinatorics, coding theory and symmetric
cryptography, see [7, 10] and references therein.

The theory of curves is one of the main tools to show that P(X) is not a permutation
of certain finite fields, see for instance [2, 6]. The usual approach can be summarized as
follows.
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For a given P(X) € IF4[X], we define the bivariate polynomial

X,y = PO PO oixy 1.1

§X.¥) = = € FplX. Y], (1.1)
Suppose that g(X, Y) in (1.1) has an absolutely irreducible factor f(X,Y) € Fyn[X, Y].
Let X be the absolutely irreducible curve corresponding to f (X, Y). Then the Hasse-Weil
bound [12, Theorem 5.2.3] implies that there exists an affine point (x, y) € Fyn x Fyn of X
with x # y if ¢” is sufficiently large compared to the degree of f (X, Y). This proves that
P(x) = P(y) for some x,y € Fyn with x # y, hence P is not a permutation of F ». We
remark that in this approach, we require P (X) to have a small degree to guarantee that the
absolutely irreducible factor f(X, Y) has a sufficiently small degree compared to g”.

Polynomials of the form

P(X)=GX)" - LX) (1.2)

for a linearized polynomial L(X) and a polynomial G(X) over F», have attracted a lot
attention in recent literature on permutation polynomials. In [4, 16] research on permutation
polynomials given as

P(X) = (X" — X +8)F — LX) (1.3)

for some positive integers i, k and an element § € Fyn was initiated. Meanwhile there is a
series of papers devoted to the classification of permutation polynomials P(X) € Fyn[X]
of the form (1.3), see for instance [8, 13—15, 17, 18] and references therein.

Polynomials of the form P(X) = Xk — yTr(X) € Fgn[X], where Tr : Fyn +— IF, is the
Trace function defined by

n—1

Tr(X) = X + X9 4.+ X9

have been investigated intensively with the objective to determine values of k, y, for which
P (X) is a permutation of [, see [6, 9] and references therein. Recently, it has been shown
in [1] and in [3] as a particular case that P (X) is not a permutation of [F» if ged(k, ¢" —1) >
1. While finite fields arithmetic is used in [3], the approach in [1] uses absolutely irreducible
curves over [F;» in a different way, since the common approach, which we described above,
is not applicable for these classes of polynomials as the degrees are quite large compared to
the cardinality of the finite field. More precisely, the method in [1] relates the multiplicative
and the additive structure of F4» via an absolutely irreducible curve.

In this article, we study polynomials P(X) given as in (1.2). In Section 2, we investigate
special function fields as a composition of rational function fields. In Section 3, we then
relate the number of affine rational points of curves, whose function fields we analysed in
Section 2, with the permutation property of our polynomials to prove our main results. We
first show that for a permutation G and a linearized polynomial L with non-trival kernel,
P(X) = G(X)*¥ — L(X) cannot be a permutation if ged(¢” — 1, k) > 1. Although this has
been recently presented in [3] by using the finite fields arithmetic, we apply the method in
[1] as mentioned above. We then analyse general criteria for functions of the form (1.2),
where G(X) is an arbitrary linearized polynomial.
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2 Compositum of rational function fields

In this section, we consider the function fields of the curves associated to polynomials
P(X) = XX - LX) € Fyn[X], where k is a positive integer and L(X) is a linearized
polynomial, i.e.,

LX) = anX"" +an 1 X" 4 +apX . @.1)
Recall that a polynomial L(X) € F,#[X] is separable if L(X) and its derivative L'(X)
do not have any common factor of positive degree. This holds if and only if L(X) has no
multiple root in the algebraic closure Fqn of Fyn. Hence, L(X) in (2.1) is separable if and
only if ag # 0.

As the proof uses the compositum of rational function fields, we first recall some basic
notions and facts about function fields. For details we refer to [12, Chapter 3].

Let E be a function field over [F4» and let F'/ E be a finite separable extension of function
fields, i.e., the minimal polynomial of any non-zero y € F over E is separable. Say the
degree [F : E] of the extension is r. We write Q|P for a place Q of F lying over a
place P of E, and denote by e(Q|P) the ramification index of Q|P. Recall that when the
ramification index e(Q|P) > 1, then Q|P is said to be ramified. If e(Q|P) = [F : E],
we say that Q| P is totally ramified. In this case, Q is the unique place of F' lying over P.
Moreover, if the characteristic p of F,» does not divide e(Q|P), then Q|P is called tame;
otherwise it is called wild. A place P of E splits completely in F if there are r distinct places
01, ..., O, of F lying over P. Then by the fundamental equality [12, Theorem 3.1.11], we
have e(Q;|P) = 1 and deg(Q;) = deg(P) foralli =1, ...,r. A place P is called rational
if deg(P) = 1. Hence if P is a rational place of E splitting completely in F, then there are
r rational places of F lying over P. For a rational function field Fy» (z) and o € Fyn, we
denote by (z = «) and by (z = 00) the places corresponding to the zero and to the pole of
7 — «a, respectively.

Let k > 1 be adivisor of g" — 1, ¢ € Fyn and L(X) € Fyn[X] be a separable linearized
polynomial. We consider the following extensions of Fn (z).

(1) Fgqn(x)/Fgn(z) defined by z = xk:
Since k is a divisor of g — 1, the extension Fyn (x) /Fyn (z) is a Kummer extension
of degree k, see [12, Proposition 3.7.3]. The only ramified places are (z = 0) and
(z = 00), which are totally ramified. In particular, (x = 0) and (x = o0) are the
unique places lying over (z = 0) and (z = 00), respectively. Hence,

e((x =0)|(z =0)) = e((x = 00)[(z =00)) =k .

The place (z = ) splits completely in Fyn (x)/F4n () if and only if « is a k-th power
in F*,. In particular, for o € (¢¥), where ¢ is a primitive element of Fyn, there are k
rational places of Fyn (x) lying over (z = @).

(ii) Fqn(y)/Fen(z) defined by z = L(y) + c:

Since L(X) is separable, Fyn(x)/Fyn(z) is a separable extension of degree
deg(L(X)). Note that (z = o0) is totally ramified and (y = oo) is the unique place of
Fyn (y) lying over it. Also, the facts that L(X) is separable and linearized imply that
L(X) + P has no multiple roots in IF‘qn forany 3 € ]Fqn, where I_Fqn is the algebraic clo-
sure of IF,». Hence there is no other ramification in Fyn (y)/F 4 (z). Denote by Im(L)
and Ker(L) the image and the kernel of L(X) in IF;n, respectively. Then there exists
a rational place of Fyn (y) lying over (z = «) if and only if &« € (Im(L) + ¢). In this
case, the number of rational places lying over (z = «) is |Ker(L)|.
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Fig.1 Compositum over Rational Function Fields

Fori =1,...,s,let Fyn(x;)/Fyn (x;+1) be the function field extension defined by xl{( i =
x;41 for some positive integers k; and let Fyn (y)/Fyn (x511) be the extension defined by
L(y) + ¢ = x4 for a separable linearized polynomial L(X) € Fyn[X]. Now we consider
the compositum F; of Fyn (x;) and Fyn (y) over Fyn (xg41) fori =1,...,s, see Fig. 1.

Theorem 2.1 Let k be a positive integer. Set

k
ki = ged(g" — 1,k) and ki := ged <q” -1, 7>
ki—y---ki

suchthatk; > 1foralli =2,...,s and ged(q" — 1, k/ks---ky) = 1. Let F; =TFyn(x;, y)
be the compositum of the rational function fields Fyn (x;) and Fyn (y) given as above and
let H; be the subgroup generated by C%i, where ¢ is a primitive element of Fyn. Then the
following holds foralli =1, ...,s

(1) [Fi : Fgn(xi)] = deg(L(X)) and [F; : Fgn(y)] = ks - - - ki.
(i) F; is a function field over Fyn defined by xl{{“'k" =L(y)+ec.
(iii) The number N (F;) of rational places of F; satisfies

|H; N (Im(L) + ¢)| |Ker(L)| ki + |Ker(L)| + 1, if —c € Im(L),

N = { |H; N (Im(L) + ¢)| [Ker(L)| ki + 1, otherwise. >
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Proof (i) Note that
[Fgn(xi) : Fgn(xs+1)] = ks - ki and  [Fgn(y) : Fyn(x541)] = deg(L(X)) .

Since k- - - k; and deg(L (X)) are relatively prime, F; is the compositum of Fy» (x;) and
Fyn (y), which is linearly disjoint over IFyn (xy41). That is, any linearly independent subset
of Fyn (y) (resp., Fyn(x;)) over Fyn (x541) is also linearly independent over Fyn (x;) (resp.,
Fyn (), which proves (i).

(ii) The facts that [F; : Fyn(x;)] = deg(L(X)) and xf‘ = x¢41 for £ =1i,...,s imply
that xlk sk L(y) + c is a defining equation for F;. Observe that the pole of x,4 is totally
ramified in Fy, i.e., (x¢ = 00) is the unique place of F; lying over (x;+1 = o0). Then the
transitivity of the ramification indices implies that e((x; = 00)|(xs4+1 = 00)) = kg -« - k;.
Hence we have

e((xi = 00)[(Xs41 = 00)) = ks ---ki and e((y = 00)|(xs41 = 00)) = deg(L(X)) .

By Abhyankar’s Lemma [12, Theorem 3.9.1 ], we then conclude that (x4 = 00) is totally
ramified in F;; hence, F; is a function field over [Fyn.

(iii) Note that the unique place of F; lying over (x;41 = 00) is rational as (xs4+] = 00)
is totally ramified in F;. Set {; = g“(‘f"_l)/ki fori = 1,...,s,1ie., ¢ is a primitive k;-
th root of unity. Let P be a rational place of F; lying over (x;4+1 = a4+1) for a non-zero
asqy1 € Fyn. Set Q := PNFyn(y)and Py := PN Fyn(xg) forl =1i,...,s +1,1e., we
have (x5+1 = @s41) = Ps41 and

P| Q| (xs+1 =0asy1) and P | P (xXs+1 = og41) -

Note that Q and Py are rational places of Fyn (y) and Fyn (x¢) for £ =i, ..., s + 1, respec-
tively. Let P, = (x¢ = oy) for some non-zero oy € Fyn. Then we have ozéf“ = ay4 for
£ =1,...,s.Recall that, as Fyn (xg) /Fyn (x¢41) is a Kummer extension, Py is rational if and
only if Pgyq splits completely in Fyn (x¢) for £ =i, ..., s.

Now we show that (x; = ay) is the only rational place of Fyn (x¢) lying over (x¢11 =
agy1) and splitting in Fgn (x,—1) for £ = 2, ..., s. This means that all rational places of
Fyn (x;) lying over (x;41 = ayy1) are the ones lying over (x;41 = «;41). Therefore, there
are exactly k; rational places of Fyn (x;) lying over (xy41 = asy1), namely (x; = oz,-;ij )
for j = 0,...,k — 1. The places lying over (x¢4+; = ay4+1) are (x; = Olg{ej) for j =
0,...,k¢ — 1. Since oy = afl_‘ll, the place (x¢ = a¢]) splits in F(xg—1) if and only if ¢/
is a kg_1-th power in [F;n. Note that

q"—1

tl=¢® 7 forj=0,... ke—1,
ie., gj is a kg—1-th power if and only if k¢ divides j(¢" — 1)/k¢. Since

ke
=

)

q" —1 1 1
dl ——— ko1 ) = —ged (¢" — 1, ke—1ke) < —ged (¢" — 1, ke—1 -+ ks
ge ( ke el> kggc (q lll)_k[gc (q -1 )

for a positive integer j < ky — 1, we have

qn _ 1 . ) qﬂ _ 1 kf—l
ng( % J,kz—1> < Jng< » vke—1) < JU <key.

Hence, we conclude that k,—; divides j(¢" — 1)/k¢ if and only if j = 0, which gives the
desired conclusion.
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Note that if P is a rational place of F; lying over (xs4+1 = &541), then ogygisa (ks - - - k;)-
th power, i.e.,

i1 € (ki) = (peedl@"=Lhekiy — (ckiy —

Furthermore, Q is rational if and only if o1 € (Im(L) + ¢). Set m := |Ker(L)|. Since the
minimal polynomial of y over Fyn (x;) is L(X) + ¢ = xf sohi , there are exactly m rational
places lying over (x; = «;) by Kummer’s Theorem, see [12, Theorem 3.3.7]. Hence, by
above argument, we conclude that there are mk; rational places of F; lying over (x541 =
asy1) foreach a1 € H; N(Im(L) +c). Moreover, if L(X) +c has arootin Fyn,ie., —c €

Im(L), then there are m rational places of Fyn (y) lying over (xy41 = 0). By Abhyankar’s

Lemma, each place of Fyu (y) lying over (xg11 = 0) is totally ramified in F;. Therefore,
there are exactly m rational places of F; lying over (x;41 = 0). This gives the desired
result. O

Corollary 2.2 Let k be a positive integer such that gcd(q" — 1,k) > 1, and let L(X) €
Fyn[X] be separable and linearized. Then f(X,Y) = XK LY)—cis absolutely irre-
ducible over Fyn for all c € Fyn. Therefore, f(X,Y) defines an absolutely irreducible curve
over Fyn.

We can generalize the result on the absolute irreducibility of X*¥ — L(Y) — ¢ to
G(X)¥ — L(Y) — c. In this case, we need the intersection theory of plane curves. We hence
recall some basic facts related to plane curves over finite fields. For details, we refer to
[5, Chapter 3]. Let X be the curve defined by f (X, Y). Then the degree of X is the degree
of f(X,Y). A component of X is a curve ) for which the defining polynomial g(X, Y) of
Y divides f(X,Y).

Let X be a curve with the defining equation f (X, Y) and £ be a line with the defining
equation bX — aY + ¢, which is not a component of X'. We can parametrize £ as follows:

x=xo+at y=yo+bt fort GIF‘qn .
As £ is not a factor of f(X, Y), we have
F,y) = f(xo+at, yo+bt) = fut™ 4+ fat € Fyn[t] with f, #0.
Then m := m(P, X N£) is called the intersection multiplicity of X and £ at P. For P € X,
mp(X) :=min{m(P, X NL) |P € £}

is called the multiplicity of X at P. If mp(X) = 1, then P is called a non-singular point;
otherwise it is called singular. The point P = (xg, yp) is a singular point of X if and only if

af(X,Y)( ) af(X,Y)( ) =0

— (Xo, = ——— (X0, = .

X 0. Y0 Y 0. 70

where df/0X and 0f/dY are the partial derivatives of f(X, Y) with respect to X and Y,

respectively.
Let X and ) be two plane curves such that P € X’ N ). Then X and ) intersect at P
with multiplicity

m(P,XNY)>mp(X)mp()),

and equality holds if and only if they do not have a common tangent line at P, see [5,
Theorem 3.7]. Moreover we have the following well-known result, see [5, Theorem 3.13].
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Proposition 2.3 (Bezout’s theorem) Let X and ) be two projective plane curves of degree
dy and dy, respectively. If X and Y do not have a common component then

Z m(P,XNY) =dds.

Pexny

Theorem 2.4 Let k be a positive integer such that gcd(q" — 1,k) > 1 and L(X) be a
separable linearized polynomial. Then f(X,Y) = G(X)¥ — L(Y) — ¢ € Fyn[X, Y] is
absolutely irreducible for any ¢ € Fyn.

Proof Let X be the curve defined by the equation f(X,Y). Note that deg G (THF #
deg L(T); hence, there is a unique point P at infinity of multiplicity d = deg f(X,Y),
namely P = (1 : 0 : 0) if deg G(T)* > degL(T)and P = (0 : 1:0)if degG(T)k <
deg L(T). In both cases, the line at infinity is the unique tangent line at P. Since L(Y) is
separable and linearized, df (X, Y)/dY = « for some non-zero a € F ». Therefore, X" has
no singular affine points.

Suppose that f(X, Y) is not absolutely irreducible. Then X = X} U &) for some curves
X and X, of degree d; and dy, respectively. As X has no affine singular point, X} and A,
have no intersection in the affine plane. In particular, A} and X, do not have a common
component and intersect only at the unique point P at infinity. As mp(&X;) < d; and

di+dy=d=mp(X) =mp(X)) + mp(X2),

we conclude that m p (X;) = d; fori = 1, 2. Then the intersection multiplicity m(P, X N
AX») of X} and A at P satisfies

m(P, X1 N A&X2) > mp(X1)mp(Xa) = did> . (2.3)

Since the line at infinity is the common tangent at P, the equality in (2.3) cannot hold, i.e.,
we have

m(P, X1 NAX,) >did; .

However, by Bezout’s Theorem, we have m (P, X1 N X») = dd,, which is a contradiction.
O

3 Curves over finite fields and permutation polynomials

Let P(X) = G(X)¥ — L(X) for some G(X) € Fyn[X] and a linearized polynomial L(X) €
Fyn[X]. For ¢ € Fyn, we consider the curve A; defined by the equation G (X Y =L(Y)+c.
Recall that an affine point (x, y) € X, is called rational if x, y € Fy». We denote by N (X.)
the number of affine rational points of X.

The following result relates the number of affine rational points of curves X, with the
permutation property of polynomials P (X). The proof is similar to the proof of [1, Theorem
3.1]. We present it here for the sake of convenience of the reader.

Proposition 3.1 If there exists ¢ € Fyn such that N(X;) > q", then P(X) is not a
permutation of Fyn.
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Proof Let £4 be the line defined by the equation Y = X +d ford € Fyn. Set
L:={lg|deFsp}.

Note that £ covers all affine rational points in the plane; hence, it covers all affine rational

points on X. Since N(X;) > ¢" and |L| = ¢", there exists d € F» such that £, intersects

with X, at least in two distinct affine rational points P; and P,. Note that P; = (x1, x1 +d),

P, = (x2,x2 + d) for some x1, x2 € Fyn since Py, P, € £4. Then Py # P, implies that

X1 # xp. Furthermore, we have

GO = Lxi +d) =G(x)' — Ly +d) = ¢
since Py, P, € X, which is defined by the equation G(X)¥ = L(Y) + c. Since L is a
linearized polynomial, i.e., L(x; +d) = L(x;) + L(d) fori = 1, 2, we have
P(x)) = Gx)* = L(x1) = G(x)* — L(x2) = P(x2) = L(d) + ¢

for x1, xa € Fyn with x1 # x3. O

Theorem 3.2 Let P(X) = G(X)k — L(X) for a linearized polynomial L(X) € Fyn[X] and
a polynomial G(X) € Fyn[X]. If P(X) is a permutation of Fyn, then the curve X defined
by G(X)* = L(Y) + ¢ has exactly q" affine rational points for all ¢ € Fyn.

Proof By Proposition 3.1, it is enough to show that N (X;,) > ¢" for some ¢| € Fy» if and
only if N(X.,) < ¢" for some c; € F . For given (x, y) € Fyn x Fyn, there exists a unique
c € Fyn such that (x, y) € &, namely ¢ = G(x)k — L(y). Then the fact that there exist q2”
pairs (x, y) and ¢" curves of the form X, gives the desired conclusion. O

We are now ready to show a main result on polynomials of the form X — L(X). It
generalizes to a large extent earlier results on the case that L(X) = yTr(X), see for instance
[6,9] and [1].

Theorem 3.3 Let k be a positive integer and L(X) € Fyn[X] be a linearized polynomial.

If gcd(q" — 1, k) > 1 and the kernel Ker(L) of L is non-trivial, then P(X) = Xk — L(X)
is not a permutation of Fyn.

Proof For c € Fyn, we define f.(X,Y) := XK — L(Y) — c. We set

k
ki :=ged(g" —1,k) and k; := ged (q" -1, 7> fori > 2.
ki—y---k
We can write ¢" — 1 = k; - - - k1€ such that £ is relatively prime to ¢" — 1 and k; > 1 for all
i=1,...,s.If L(Y) is not separable, then we can write L(Y) = L(YI”X) for some positive

integer s and a separable linearized polynomial L. Note that the kernel of L is non-trivial as
the kernel of L is non-trivial. Since the maps X +— X¢and ¥ +— Y P’ are permutations of
IFn, there is a one-to-one correspondence between the affine rational points of the curves
defined by f. and fC(X, Y) = xkiks — Z(Y) — ¢. Therefore, we can without loss of
generality assume that L is separable and k = k; - - - k;.

Denote by X, the curve defined by f.(X,Y). By Theorem 3.2, it is sufficient to show
that there exists ¢ € Fyn such that the number N(X;) of affine rational points of &¢ is
not equal to ¢”. By Corollary 2.2, we know that X, is an absolutely irreducible curve over
[F4n. Moreover, by Theorem 2.4, there is a unique point of X, at infinity, which is the only
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singular point of A;. Let F, be the function field of X,. By Theorem 2.1, F. = Fyn (x, y) is
a function field over Fy» defined by xk = L(y) + c. It is a well-known fact that each non-
singular rational point of X corresponds to a unique rational place of F, see [11, Section
3.1]. Moreover, there is a unique place corresponding to the point at infinity, namely the
unique place P lying over (x = 00), see the proof of Theorem 2.1(ii). That is, there is one
to one correspondence between the set of affine rational points of X and the set of rational
places of F, except P. As Ker(L) is non-trivial, there exists ¢ € Fy» such that —c does not
lie in the image of L. By Theorem 2.1(iii), for this element ¢ we have

N(Xe) = |[H N (Im(L) + o)| [Ker(L)] ki ,

where H be the subgroup generated by X for a primitive element ¢ of Fgn. In particular,
N (X,) is divisible by k; > 1. Since gcd(ky, ¢"*) = 1, we conclude that N (X,) # ¢”. O

Remark 3.4 The idea to associate a polynomial to an absolutely irreducible curve via the
multiplicative and the additive structure of Fyn is taken from [1], where the permutation
property of the polynomials P(X) = X* — yTr(X) is investigated. We remark that in the
main result of [1] instead of gcd(¢" — 1, k) > 1, the stronger condition that k divides ¢" — 1
is imposed.

Note that the curves defined by XK — L(Y) — c and G(X)* — L(Y) — ¢ have the same
number of affine rational points when G is a permutation of Fyn. As a result, we obtain the
following conclusion, which is presented in [3] by using the finite fields arithmetic.

Corollary 3.5 Let P(X) = GX)f - LX) € Fyn[X], where G is a permutation of Fyn
and L is a linearized polynomial of non-trival kernel. If gcd(q" — 1,k) > 1, then P(X) is
not a permutation of Fyn.

In what follows, we deduce conditions on P(X) = G(X)¥ — L(X) for which P is, or is
not a permutation, where now G (X) is a polynomial of the form

GX) = b XP + b1 XP " 4+ 4 boX+be Fgn[X].

This may pave the way for further analysis on polynomials of such forms.

Theorem 3.6 Ler P(X) = G(X)* — L(X) € Fyn[X] for linearized polynomials L(X),
G (X) — G(0) and a positive integer k such that gcd(k, g" — 1) > 1. Assume that |Ker(G —
G(0))| = ¢ and |Ker(L)| = q°. Set

S.={nelmG) | n* eIm(L +c)}. 3.1)

If there exists ¢ € Fyn such that |S;| # q" "%, then P(X) is not a permutation of Fyn.

Proof Let X, be the curve defined by the equation f.(X,Y) = G(X Y —L(Y)—c. Asin the
proof of Theorem 3.3, we can assume that L, G — G (0) are separable linear polynomials and
k = ky---kg, where k;, i = 1,...,s, are positive integers defined as before. Recall from
the proof of Theorem 2.1 that for any rational place P of F(x1) lying over (xs4+1 = ts+1),
the function field F(x,) has a unique rational place lying over (x;41 = o41) splitting in
F(xg—1) forall ¢ =2,...,s. Hence, the number of rational places of F(x1) is determined
by the extension F(x1)/F(x2). Therefore, we can without loss of generality assume that
k = ky, i.e., k is a divisor of ¢ — 1.
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Fon(z,y) = F. P

Fyn (1) Fon (y) (1 =) (y =)

w’fzm / /
(y)+e=z2
Fo(22) (z2 = )

Fig.2 The function field F, of X,

Let F. be the function field of &;, see Fig. 2. By Theorem 2.4, we know that F, is a
function field over Fy». Note that the poles of x and y are the ones lying over (x; = 00).
Moreover, X, has no singular affine point. Hence there is a one-to-one correspondence
between the set of affine rational points of &, and the set of rational places of F, not lying
over (xp = o0). Let P be a rational place of F, lying over (x = «) for some o € Fyn.
Suppose that we have

Plx=B|lGi=n]Gkr=a) and Pl =)k =0a).

Then n = G(B) and @ = G(B), see Fig. 2. Since (y = y) is rational, &« = G(B)* lies in
Im(L + ¢). We observe from the defining equation that if there is a rational place of Fy» (x)
lying over (x1 = 1), then there are exactly |[Ker(G — G(0))| = ¢™ rational places of Fyn (x)
lying over (x; = n), see Kummer’s Theorem [12, Theorem 3.3.7]. Similarly, if there exists
a rational place P of F, lying over (x = B), then there are exactly |Ker(L)| = ¢* rational
places lying over (x = B). Therefore, there are exactly g"* rational places of F, lying over
(x1 =mn).

If P(X) is a permutation of F «, by Theorem 3.2, the curve &; has exactly ¢" affine
rational points for all ¢ € Fyn. As for each G(B) such that G(B)k € Im(L + ¢), there are
exactly ¢ rational places of F. lying over (x| = G(B)), the set S. must have cardinality
q" ™%, which gives the desired result. O

Remark 3.7 Note that if P(X) given as in Theorem 3.6 is a permutation polynomial, then
|[H N Im(L + ¢)| = [¢" "%/ ged(q" — 1,k)] for any ¢ € FF n, where [x] denotes the
smallest integer bigger than or equal to x.

Corollary 3.8 Let P(X) = GX) - LX) e Fyn[X] be a permutation given as above. If
m + s = n and G has no root in Fyn, then ged(q" — 1, k) < g™.

Proof As in the proof of Theorem 3.6, we can assume that k is a divisor of g — 1. Let H
be the subgroup generated by ¢* for a primitive element ¢ of [F4n. Then the assumption that
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G has no root in [F;» implies that
{GP)* IBeFp}CH.

As m + s = n, by Theorem 3.6, we conclude that |S.| = 1 for any ¢ € F,». Hence, each
coset of Im(L) contains exactly one k-th power from the image of G. This implies that X*
is a one-to-one mapping on the image Im(G) of G. As a result, Im(GX)| = Im(G)| < |H];
and hence, we have ¢" " < (¢ — 1)/k. In particular, k¢g" ™" < g — ¢"~™, which implies
the desired result. O

Next we observe that the condition in Corollary 3.8 that G (X) has no root in Fy» holds,
if the degree of G is sufficiently small compared to ¢”".

Theorem 3.9 Let P(X) = G(X)* — L(X) € Fgn[X] for linearized polynomials L(X),
G(X) — G(0) and a positive integer k such that gcd(k, g" — 1) > 1. Assume that |Ker(G —
G(0)| = ¢™ and |Ker(L)| = q° with m + s = n. If P(X) is a permutation of Fyn and
deg(G) < q"/4, then G(X) has no zero in Fyn.

Proof As in the proof of Theorem 3.6, we can assume that L and G are separable polynomi-
als and k is a divisor of g" — 1. We suppose that G has a root in Fy». By change of variables,
we can assume that 0 is a root of G(X). If Ker(G) = {0}, then L(X) is the zero polynomial
and P(X) = G(X)*. Then P(X) is not a permutation of Fn as X*isnot a permutation.
Now we suppose that Ker(G) is non-trivial. Hence there exist B, B2 € Fy» with B # B
such that G(B1) = G(B2) = 0. For a k-th root of unity ¢ # 1, we consider (X, Y) =
G(X) — ¢ G(Y). Note that we have G(B1) = & G(B2), i.e., (B1, B2) is a point on the curve
X}, defined by h. By our assumption on separability of G, any affine point of A}, is non-
singular, i.e., (B1, B2) is a non-singular rational point of Xj. Then by [2, Lemma 2.1], the
factor h € Fyn[X, Y] of h passing through (B1, B2) is absolutely irreducible. Let & be the
absolutely irreducible curve over Fy» defined by h.Notethath # X — Y as By # Bo. By the
Hasse-Weil theorem [5, Theorem 9.57], the number N (X7) of rational points of A7, satisfies

NX;) = q"+1—(d—1)d—2)q"?,

where d is the degree of h.Asd < deg(h(X,Y)) = deg(G(X)) = q* for some £ < n/4,
we have

NXp) = q" +1—(¢" = D(g" —2)¢"*.

Note that A}, has a unique point at infinity, namely (n : 1 : 0) such that nql = B. Moreover,
|X; N (X =Y)| < deg(G(X)) = g% as X — Y is not a component of & Therefore, the
number N of affine rational points (B, B2) on &} with By # B satisfies

N=>=NX)— (@ +1D=q"— (" — D" —29"*—¢". (3.2)

Recall that there are g™ (g™ — 1) pairs (B, B2) with B; # B2 and G(By) = G(Bp). If
¢ < n/4, then we have g™ (¢" — 1) < ¢°(g* — 1) < N by (3.2). This implies that there
exists a pair (B, B2) with By # P such that G(B;) # G(B2) and G(B)* = G(B)X.
However, by Theorem 3.6, we know that X* has to permute the image of G. Hence, we
obtain a contradiction. O

Corollary 3.10 Let P(X) = GX)¥ — LX) € Fyn[X] be a permutation given as in
Theorem 3.6. If m + s = n and deg(G) < ¢"/*, then gcd(g" — 1, k) < ¢™.
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