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Abstract

The one-dimensional Dirac operators with periodic potentials subject to periodic,
antiperiodic and a special family of general boundary conditions have discrete spec-
trums. It is known that, for large enough |n| in the disc centered at n of radius 1/4,
the operator has exactly two eigenvalues (counted according to multiplicity) which are
periodic (for even n) or antiperiodic (for odd n) and one eigenvalue derived from each
general boundary condition. These eigenvalues construct a deviation which is the sum
of the distance between two periodic (or antiperiodic) eigenvalues and the distance
between one of the periodic (or antiperiodic) eigenvalues and one eigenvalue from the
general boundary conditions. We show that the smoothness of the potential could be
characterized by the decay rate of this spectral deviation. Furthermore, it is shown that
the Dirac operator with periodic or antiperiodic boundary condition has the Riesz basis

property if and only if the absolute value of the ratio of these deviations is bounded.



GENEL SINIR KOSULLARI ALTINDAKI DIRAC OPERATORUNUN
POTANSIYELININ TUREVLENEBILIRLIGININ VE RIESZ BAZI OZELLIGININ
KARAKTERIZASYONU

Tlker Arslan
Matematik, Doktora Tezi, 2015

Tez Danigmani: Prof. Dr. Plamen Djakov

Anahtar Kelimeler: Dirac operatorii, Potansiyelin tiirevlenebilirligi, Riesz Baz ozelligi

Ozet

Periyodik, antiperiyodik ve 6zel olarak tanimlanan genel sinir kogullar: ailesine tabi
bir boyutlu Dirac operatoriiniin spektrumu ayriktir. Yeterince biiyiik |n| degerleri i¢in
n merkezli 1/4 yarigaph disklerde operatoriin tam olarak iki tane periyodik (n ¢ift
ise) veya antiperiyodik (n tek ise) 6zdegeri ve bir tane de genel smir kogullarindan
gelen 6zdegeri vardir. Periyodik (veya antiperiyodik) 6zdegerlerin arasindaki mesafe
ile bir periyodik ve bir genel sinir kogullarindan gelen 6zdeger arasindaki mesafenin
toplami bir spektral sapma verir. Potansiyelin tiirevelenebilirligi bu sapmanin azalma
hiziyla karakterize edildigi gosterilmigtir. Dahasi, periyodik veya antiperiyodik sinir
kosullarina tabi Dirac operatoriiniin Riesz bazi1 ozelliginin olmasinin ancak ve ancak

bu farklarin oranin mutlak degerinin sinirli olmasiyla miimkiin olacagi gosterilmistir.
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CHAPTER 1

Introduction

We consider the one-dimensional Dirac operator

1 0 d 0 Plx
Ly =i LA @) g oy=1{"1], (1.1)
0 -1) 4 \Q) o0 Y

where P, Q € L*([0, 7]), with the following boundary conditions

Periodic : 11(0) =yi(m),  v2(0) = yo(m);
Antiperiodic :  %1(0) = —y1(7),  %2(0) = —y2(7);

Dirichlet : y1(0) = 12(0), w1 (m) = ya(m).

We also consider a general boundary condition (bc) given by

y1(0) + byy () + ay2(0) =0

(1.2)
dy, () + cy2(0) 4+ yo(m) = 0,
where a, b, ¢, d are complex numbers subject to the restrictions
b+c=0, ad=1-1" (1.3)

with ad # 0. It is well-known that if P, Q € L*([0,7]), P = Q and we extend P and
Q as m-periodic functions on R, then the operator is self-adjoint and has a band-gap

structured spectrum of the form
“+oo

sp(L) = {J N AL

n=—oo

where

CS AL <AL S < A

1



In addition, Floquet theory shows that the endpoints Af of these spectral gaps
are eigenvalues of the same operator considered with P, Q € L*([0, 7]) under periodic
boundary conditions or antiperiodic boundary conditions. Furthermore, the spectrum
is discrete for each of the above boundary conditions. Also, for n € Z with large
enough |n| the disc with center n and radius 1/8 contains two eigenvalues (counted
with multiplicity) Al and A, of periodic (if n is even) or antiperiodic (if n is odd)

Dair

" of Dirichlet boundary condition.

boundary conditions and as well one eigenvalue p
There is also one eigenvalue u’® = u, of the general boundary condition (bc) given
above (which will be proven in the first section).

There is a very close relationship between the smoothness of the potential and the
rate of decay of the deviations |\} — \~| and |p2"
of this relation was initiated by H. Hochstadt [16,17] who considered the (self-adjoint)

Hill’s operator (an analogue of the localization of spectra also holds for Hill’s operator;

— Af|. The story of the discovery

a major difference is that discs are centered at n?’s) and proved that the decay rate
of the spectral gap 7, = |[\F — A | is O(1/n™!) if the potential has m continuous
derivatives. Furthermore, he showed that every finite-zone potential (i.e., 7, = 0 for
all but finitely many n) is a C*°-function. Afterwards, some authors [20]- [22] studied
on this relation and showed that if v, is O(1/n"*) for any k € Z*, then the potential
is infinitely differentiable. Furthermore, Trubowitz [27] showed that the potential is
analytic if and only if v, decays exponentially fast. In the non-selfadjoint case, the
potential smoothness still determines the decay rate of +,. However, the decay rate
of 7, does not determine the potential smoothness as Gasymov showed [12]. In this
case, Tkachenko [23,25,26] gave the idea to consider 7, together with the deviation
obir = pDir — X+ and obtained characterizations of C*°-smoothness and analyticity
of the potential with these deviations v, and 2. In addition to these developments,
Sansuc and Tkachenko [24] proved that the potential is in the Sobolev space H™,
m € N, if and only if ,, and P satisfy

D (il + 1627 P) (L + ™) < co.

The results mentioned above have been obtained by using Inverse Spectral Theory.

Grébert, Kappeler, Djakov and Mityagin studied the relationship between the
potential smoothness and the decay rate of spectral gaps for Dirac operators (see
8,14,15]).

We recall that a characterization of smoothness of a function can be given by weights

Q = Q(n)pez, where the corresponding weighted Sobolev space is

H(Q) = {v(x) => o™ > o (Qk))* < o0}

kEZ keZ

and the corresponding weighted ¢2—space is
C(Q,Z) = {(@n)nez * Y _ |7l (Q(n))? < o0},

2



A weight 2 is called sub-multiplicative if Q(n +m) < Q(n)2(m) for each n,m € Z. It
has been proved [5, 8] that for each sub-multiplicative weight (2(n)),ecz the following

implication holds
P, Q€ H(Q) = (y,) € *(Q,7Z).

As mentioned above, the converse does not necessarily hold. However, a converse of
this statement was given [5,8] in the self-adjoint case, i.e., when P = Q. Furthermore,
another converse of this statement is shown in terms of sub-exponential weights and
a slightly weaker result is obtained in terms of exponential weights in [19] for Dirac
operators with skew-adjoint L?—potentials. Similar results for Schrodinger operators
were obtained in [5,10,11,18].

For the non-self-adjoint case, there is a result in [5] as follows: Let us put

A = N7 = A+ AT =

n

then for each sub-multiplicative weight (2
P,Q € H(Q) = (A,)nez € ().

Moreover, if Q = Q(n),cz is a sub-multiplicative weight such that log Q(n)/n \, 0,
then
(Ap)nez € 2(Q) = P, Q€ H(Q)

and if lim log Q(n)/n > 0, then

n—oo

(Ap)nez € 2(Q) = Fe>0:P,Q € H(eM).

The proofs are constructed by means of a matrix (for large enough |n|)

an(z) B, (2)
P (2) om(2)

which has a very important property that a number A = n + 2z with |z| < 1/2 is a
periodic (if n is even) or antiperiodic (if n is odd) eigenvalue if and only if z is an
eigenvalue of the matrix (see Lemma 21, [5]). The four entries of the matrix depend
analytically on z and V. They are given explicitly in terms of the Fourier coefficients of
V. The deviations |7,| +|627| are estimated (see Theorem 66 in [5]) by the functionals
BF(z) as follows
1
144

where z* = (AF 4+ A,,)/2 — n. This shows the significance of these functionals by means

(182 ]+ 185 (D) < Dl + 10771 < 54(18, (2] + 187 (20)]),

of their asymptotic equivalence with the sequence |7, | + |627].
The functionals a,(z) and 5 (z) are also crucial in analysing the Riesz basis prop-
erty of the Dirac operator. P. Djakov and B. Mityagin [7] have proved that the following

three claims are equivalent:



(a) The Dirac operator L given by (1.1) with a potential V in L*([0, 7]) x L([0, 71])

subject to periodic or antiperiodic boundary conditions has the Riesz basis property.

Exe) 1B ()
(b) 0 < hmlnf B and hmsup By < OO

Dzr
()supl‘ |‘ < 00.

Yn7#0
Similar results concerning Riesz basis property are known for Schrodinger operators

(see [3,7,13]).
In this thesis are obtained new results on potential smoothness and Riesz basis

property of one-dimensional Dirac operators.

Theorem 1.1. If V € L*([0,7]) x L*([0,7]), then
VeH®Q) = (A¥)ez € £2(Q)
for each submultiplicative weight €2, where
AV = INE 2 A — ).

Conversely, if Q@ = (2(n))nez is a submultiplicative weight such that % N\ 0,
then
(AY),cz € (Q) = V € H().

Furthermore, if Q is a submultiplicative weight such that lim W > 0, then
n—oo

(AP)cr € 2(Q) = Te>0: Ve H(eM.

Theorem 1.2. If V € L?([0, 71])x L*([0, 7]), then the Dirac operator (1.1) with periodic

or antiperiodic boundary conditions has the Riesz basis property if and only if

6]

sup < 00

n#0 ‘7”7{|
holds, where 5% = X\ — pbe.
Primarily, the following theorem is proven as a generalization of Theorem 66 in [5].

Theorem 1.3. For n € 7Z with large enough |n|, there are constants K; > 0 and
Ky > 0, such that

Ey(1B, ()l + 183 (zn)l) < I = A |+ L = NET < Ko (18, ()] + 187 (2)1)-

Theorem 1.1 and 1.2 are not proven directly. However, their proofs are reduced to
the proofs of Theorem 66 in [5] and Theorem 24 in [7], respectively, in which we make
use of Theorem 1.3 that gives the asymptotic equivalence of |3, (z%)| + |8 (z})] and
N = A+ [ — NS



CHAPTER 2

General Boundary Conditions

We consider the one-dimensional Dirac operator

1 0\d
Ly=i Y vy y= "],
0 -1 dl’ Yo
with a potential matrix
0 Pz
Vi) = ). poe o),
Q(x) 0

where y € dom(L) C L*([0,7]) x L*([0, 7]).
A general boundary condition for the operator L is given by

a1y1(0) 4 biy1(m) + azy2(0) + baya(m) = 0,
c1y1(0) + diy1(m) + c2y2(0) + daya(m) = 0,

where a;, b;, ¢;,d; (i = 1,2) are complex numbers.
Let A;; denote the square matrix whose first and second columns are the i and
5" columns of the matrix

ar by ay by
cp dy cy dy

respectively and let |A;;| be the determinant of A;;. If |A14] # 0 and |Ass| # 0, then we
say that the boundary condition given above is regular, if additionally (|A;3|+|Ags|)? #
4| A14||Agz| holds, it is called strictly regular.

Description of a family of special boundary conditions: Consider matrices of the

form

1 b a O
A= , (2.1)
0 dc 1
where a, b, ¢, d are complex numbers. For every such matrix, the corresponding bound-

ary condition bec = bc(A) is given by



y1(0) + by () + ay2(0) = 0,

(2.2)
dy1 () + cy2(0) + y2(m) = 0.
We consider the family of all such boundary conditions that satisfy also
b+ec=0, ad=1-1b (2.3)

with restriction ad # 0.

We have to get a generalization of Dirichlet boundary condition. Dirichlet boundary
condition is a strictly regular boundary condition. Therefore, we try to find general
boundary conditions so that the eigenvectors coming from those boundary conditions
geometrically behave like those derived from Dirichlet condition, so we seek to choose
general boundary conditions among the strictly regular ones. The reason why we
choose such a family of boundary conditions will be more clear in Lemma 2.2 except
the condition ad # 0. This condition is necessary in order to control the asymptotic

behaviour of the sequence 57 (2*), which will be obvious in the next sections.



2.1 Localization of the spectra

We give the localization of the spectra of Dirac operator subject to three types of
boundary conditions which are the general boundary conditions defined by (2.2) and

(2.3), periodic and antiperiodic boundary conditions defined as follows
Periodic (bc = Per™) : y(0) =y(m), e y1(0) =y (m) and yo(0) = yo(7);
Antiperiodic (be = Per™) :  y(0) = —y(n), ie. y1(0) = —y1(7) and y2(0) = —ya(7).

We consider Lpg,+ in the domain dom(Lp.=+), which consists of all absolutely
continuous functions y such that y' € L*([0, 7]) x L*([0,7]) and y satisfy (Per®). We
will write L for the operators Lpe+ and Lpe- and LY for the free operators LY, .
and L% . We denote by L. the Dirac operator with general boundary conditions
be = be(A), where A is given by (2.1), (2.2) and (2.3). Also, we write L), for the
corresponding free operator. Furthermore, we consider L. in the domain dom(Ly.),
which consists of all absolutely continuous functions y such that y' € L?([0,7]) x
L3([0,7]) and y satisfies (bc).

The following theorem is about the localization of the eigenvalues of the Dirac

operator Ly, = L), + V under the given general boundary conditions defined by (2.1).

Theorem 2.1. Let A be a matriz of the form (2.1), and let bc = bc(A) be the cor-
responding boundary condition. If A satisfies (2.3), then the spectrum of the free op-
erator LY. is given by sp(LY.) = 7Z. Moreover, for n € Z with large enough |n|, the
disc D,, = {z € C: |z —n| < 1/2} contains one simple eigenvalue p, = p,(bc) of the

operator L.

Proof. First, we consider the equation

U1
Lpy=2Xy, y=
Y2
It can be written as ,
1 0
; n 1\ hn 7
0 —1 Yo Y2
so, its solution is
fefi)\x
Y= )
Cez)\;r

To satisfy the general boundary conditions given by (2.2), (£, () must be a solution

of the linear system

E1+bz"Y)+Ca = 0, (2.4)
Edz' +(c+2) = 0, (2.5)

7



where z = '™,

In order to have a non-zero solution (£, () the determinant of the matrix

1+bz'  a
dz='  c+z2

whose entries are taken from (2.4) and (2.5) has to be zero. So, we obtain
22+ (b+¢)z+bc—ad=0. (2.6)

Together with the restrictions (2.3), we have

2 =1 (2.7)

which gives z = F1. Hence, one may conclude that sp(L),) = Z since the only solutions

A

to the equation F1 = €™ are integers. If we consider the boundary conditions be =

be(A) corresponding to the matrix (2.1) subject to the restrictions
b+c=0, ad =1 — 1,

then we observe that

(| Aws| + [ Aza])* = (0 +¢)* = 0

and
4|A14||A23| = 4(bc — CLd) = 4(—b2 — (1 — b2)> = —4.
This means that (|Ai3| +|A2a|)? # 4| A14]|Ass|. Hence, be(A) satisfying (2.3) is strictly

regular. The second result comes from Theorem 5.3 of [4] since bc(A) is strictly regular.
[l

We already mentioned in the previous section that we consider regular general
boundary conditions (2.2) which satisfy (2.3). While knowing that Dirichlet boundary
condition is strictly regular and that we try to generalize the Dirichlet boundary con-
dition, one may observe the fact that the general boundary conditions (bc) given by
(2.2) and (2.3) are also strictly regular as shown in the proof of Theorem 2.1.

Let us consider the Cauchy-Riesz projections associated with Ly,

Pn,bc = / ()\ - Lbc)_1d>\
8D,
and
o= [ =1)7an
8D,

where D,, = {z € C: |z —n| < 1/2} and 0D, is the boundary of D,,. We know that
there is an N € N such that for all n > N the Cauchy-Riesz projections Py. and P2,
are well defined and

dim(Py.) = dim(P) = 1

8



as well as

nlggo | Prpe — Pr?,bc“ =0

due to Theorem 6.1 in [4].
Similarly, we have the Cauchy-Riesz projections P, and P associated with Dirac
operator L with periodic boundary conditions if n is even and antiperiodic boundary

conditions if n is odd, where
dim(P,) = dim(P?) = 2
due to Theorem 18 in [5]. Furthermore,
i [P, — P2 =0

by Proposition 19 in [5] and for large enough |n|, the operator L = L° + V has two
eigenvalues A7 and A, (which are periodic for even n and antiperiodic for odd n) such
that |\ —n| < 1/4 as a result of Theorem 17 in [5].



2.2 The eigenvectors of the free operators

We want to find the eigenvectors of the free operator (L.)*. In order to obtain these
eigenvectors we have to get the adjoint boundary conditions (bc*) of the general bound-
ary conditions (bc). The adjoint boundary conditions are given by the matrix (see
Lemma 3.4 in [4])

1 bao
A" = ~ , (2.8)
0 d ¢ 1
where .
b a b a *
o) ( ) | (2.9)
d ¢ d c

After a calculation by using (2.3) we find that

1 —¢ d 0
(2.10)
1

Furthermore, we observe that the adjoint boundary conditions are also in the family

of general boundary conditions given by (2.2) and (2.3) since
b+é=0 and ad=1-"b (2.11)

Hence, by Theorem 2.1 we get that the eigenvalues of (L) )* are integers. As in the

proof of Theorem 2.1, we see that every eigenvector is of the form

gefi)\x

y= C ei)\z

with £, € C. Because the eigenvectors satisfy the boundary conditions (2.10) with
(2.11), we obtain

E1—ez )+ = 0, 2.12)
caz '+ ¢(—=b+ ) = 0, (2.13)
where z = ™. Then, for n € 27, the corresponding eigenfunction is
1 —b)e e
( ) (2.14)
—qgetn®

10



and for n € 2Z + 1, the corresponding eigenfunction is

14 B)ein
( _)m (2.15)
—ae

Hence, all eigenfunctions corresponding to an eigenvalue n € Z are in the form

Ane—inm
| (2.16)
Bnemx

where A,, and B, depend on the general boundary conditions and for convenience we
choose

A - 1—(=1)"b _
V0al2 41— (=172

(2.17)

and

B — —a
Vlal2 41— (=12

(2.18)

so that |A,|? + |B,|? = 1.
Since the adjoint boundary conditions are also in the family of general boundary

conditions given by (2.2) and (2.3), as in the previous section we have

nh_{go | Prper — P?S,bc*

—0, (2.19)

where

Pn,bc* = / (>‘ - Lbc*)_ld/\
0Dy
and

PY,.. :/ (A — LY.t
’ aD,

Notice that LY . = (L2.)* and Ly = (Lp.)* (see Lemma 3.4 in [4]).
Furthermore, the spectrum of the free operator L subject to periodic boundary
condition is 2Z and each n € 2Z is a double eigenvalue and the corresponding eigen-

vectors are

el(r) = (2.20)

and

e2(r) = E (2.21)

e

Similarly, the spectrum of the free operator L° subject to antiperiodic boundary

condition is 2Z + 1 and each n € 2Z + 1 is a double eigenvalue and the corresponding

11



eigenvectors are obtained by the same formulae (2.20) and (2.21). So, we may write
Ey = Span{e,, ¢,
for all n € Z. Moreover, we may also write

E, = Range(P,) and E° = Range(P?)

for the eigenspaces of the operators L and L, respectively.

12



2.3 Estimates for |u, — \'|

The Dirac operator L = L% + V has two eigenvalues A" and )\, (periodic for even n
and antiperiodic for odd n) in the disc centered at n € Z of radius 1/4 for large enough
|n| (Theorem 17 and Theorem 18 in [5]). We denote by A} the eigenvalue with larger
real part or the one with larger imaginary part if the real parts are equal and we put
Tn = )\TJ;,_ — A,

From Lemma 59 given in [5], for sufficiently large |n|, there is a pair of vectors
fnspn € By, such that

LoAlfall = 1, llenll = 1, (fa, n) = 0
2. Lf, =X\t

3. Lo, = )‘igpn — Ynon +&nfn

and
[6n] < Ayl 4+ 201(z — S(AL)) Pagpn| (2.22)

and
120 = SO Panll < 2160l 4 |ml), (2.23)

where S(\}) : E? — EY is the operator defined in Lemma 21 of [5], and 2 = A\l —n.
Now, let ¢y and ¢; be the functionals from C([0,7]) x C([0,7]) to C, defined as

lo(s) = 51(0) + bsy(m) + asz(0), (2.24)
li(s) = dsi(m) + cs2(0) + sa(m), (2.25)
where
s(z) = s1(x)
s2()

We start with a very crucial lemma which gives us the restrictions on those regular
boundary conditions by which Dirichlet condition in [5] could be replaced. Further-

more, this will also lead to an equation that determines the way we estimate |, — AF|.
Lemma 2.2. If |n| is large enough, then there is vector G,, € E,, of the form
G = snfu+tapn, |Gl = |sa]* + [ta|* =1 (2.26)

such that
l(G,) =0, ((G,) =0 (2.27)

if and only if the general boundary conditions (2.2) satisfy (2.3).

13



Proof. 1t will be enough to prove that the system of linear equations

bo(snfn+tapn) = 0 (2.28)
C(snfn+tnpn) = 0 (2.29)

has a non-trivial solution if and only if b+ ¢ = 0 and ad = 1 — b? hold.

Now, the system can be written as follows

S (0) + tapn (0) + b(s0fo () + tagn (1)) + alsa £ (0) + tag (0)) = 0
d(snf () + tapn (1)) + (50 f7(0) + tagp (0)) + su f(T) + tagp () = 0,

where
1 1
;- fa ond o, = ©n
13 ¢
Then, since f, and ¢, satisfy periodic boundary conditions, we can reduce the
above system to
(1+6)f2(0) +afi(0) (1+6)p,(0) +agn(0)) [ sn 0
df,(0) + (1 + ) f7(0)  diy, (0) + (1 +c)7(0) ) \ tn 0

To have a non-trivial solution, the determinant must be zero, which is

[(1+5)(1 +¢) — ad].[£,(0)¢,(0) — £7(0)¢,(0)] = 0. (2.30)

In a similar way from the antiperiodic case of f and ¢, we get

[(1=5)(1 = ¢) = ad].[£4(0)¢7(0) — f7(0)¢,,(0)] = 0. (2.31)
The equations (2.30) and (2.31) lead to the result after we prove that
[£2(0)#7(0) = f2(0)¢, (0)] # O

for large enough |n|. To show this we make use of the notation given in (2.41), (2.42)
and (2.43). Then, by Remark 2.6 we have

Fa(0) = i1+ O(ka), (2.32)
fa0) = fua+ O(ka), (2.33)
£n(0) = @p1+O(kn), (2.34)
Pn(0) = @py+ O(kn) (2.35)

14



for some sequence (k,,) converging to zero. Then, due to (2.57), (2.58) and || f°|| = 1
in (2.41) we obtain

Fa(0)27,(0) = f(0),(0) = [(fii1 + O(k)) (2 2 + Olkin))

= n,1%0?z,2 - 72,2902,1 + O(kn
= fg,l(_ 7?,1 + O(kn)) — f2,2
= —(fo1* + 1fnal?) + O(rin

= —1+ O(kn).

Hence, the result follows.

n
As seen by the proof of the previous lemma, we can write G,, as
Gn = Ta(lo(pn) fr — Lo(fn)n), (2.36)
where
1
Ty = .
VIo(pn) 2+ 1o (fo)]?
We also write G,, = s, fn + ton, where s, = 7,,00(¢n) and t, = —7,40(f1)-
Now, since G,, is in the domain of L;. and L, we can continue to write
Ly.G,, = LG, =s,.Lf,+1t,.Ly, = Sn/\:fn + tn()‘:@n — YnPn + gnfn)
= )‘:(snfn +tnpn) + tn(§nfn — Tnn) = )‘:Lan + 0 (Enfr — Tnn)-
So, we have
LG, = MG+ tn(&nfu — Ynn)- (2.37)

*

Let g, be a unit eigenvector of the adjoint operator (L,.)* corresponding to the

eigenvalue fi,, where p, is the eigenvalue of L. in a circle with center n and radius
1/4.
Taking inner products of both sides of the equation (2.37) by g, we obtain

(LG Gn) = Ay (G Gn) + tn(Enlfa Gn) = Yn{@n, Gn))- (2.38)

We also have

<LGn7.€~]n> = <Lchn7§n> = <Gnu (Lbz:)*gn) = <Gn7m§n> = ,un<Gn>§n>- (239)
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The equality of (2.38) and (2.39) leads to

(fn — /\:><Gm Gn) = tn(&alfr, Gn) — YnlPn, Gn))- (2.40)

The equation (2.40) is crucial because the way we estimate |u, — A;| is determined
by this equation. Indeed, our proof of the estimation for |u, — A}| will be based on
the approximations for each remaining term in (2.40). In this section, we present the
technical lemmas in order to obtain the necessary estimations.

Note that for large enough |n|, since f,, € E, and P, is a projection onto FE, we
have P, f, = f.. So,

122 full = 1 Paf = (Po = P)full = Ifull = 1P = Pl = 1= 120 = Pl

Since || P, — P?|| is sufficiently small we have that PYf, # 0.
Now, we introduce notations for the projections of the eigenvectors of Dirac operator

under periodic (or antiperiodic) boundary conditions and adjoint boundary conditions
(bc*) given by (2.10):

fo _ P}z)fn 900 _ Pff% go _ Pg,bc*gn . (2‘41)
ARSI T PRl T 1P el
Also, we may put
fa = Fasen+ froen (2.42)
and
802 = 802,162 + @2,26% (2.43)

Lemma 2.3. There exists a sequence (k,) converging to zero such that
gn = Goll < fny fu = £l < Bony and - lpn — @3l < i
hold.

Proof. Observe that P, pe«Gn = gn since P, .+ is a projection onto the one-dimensional

eigenspace generated by g,. There exists a sequence k,, — 0 such that

n < Kn

HPn,bC* - Po,bc*
by (2.19). Now, we estimate || Py .. 3Jn| as
Hpg,bc*gnu = HPr?,bc*gn - Pn,bc*gn + Pn,bC*gnH

> HPn,bC*gnH - H(Pn,bC* - Pr?,bc*)gnH

> HgnH - ”Pn,bC* - Pg,bc*

21_/{71
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and

|| bc*gnH — || bc*gn - Pn,bc*gn + Pn,bc*gn“

< H( n,bc* T Pr?,bc*)gnH + HPn,bc*gn”

< HPn,bC* - Pg,bc* + ”gnH
<1+ &y,
So, we get that [||[PY,..dnll — 1| < kn. Therefore,
132 = gall < 110 = PaperGull + | Poper G — g0l
= || PapeGn — bc*gnH + I[17, bc*gn” gn 92“

< (Paper = Prpe)Gull + N Popes Gall = 11-[lgnl

< Kp + Kn = 2K,.
Similarly we get the other inequalities. O
Lemma 2.4. |\ —n| — 0.

Proof. Consider the eigenfunctions e’ and e? of the free operator with periodic condi-

tion and antiperiodic condition. Now, we have

A::(fm €i> = (L fn, 6'}L> = <L0fm e}:,> +(V fo, eb

and recalling that LY is self-adjoint

<L0fm€;> = <fn7L061> <fnan€ ) = n(fn, n>

From these two equalities, we can write

()‘: - n)<fn76711> = <me 6111>
In a similar way, we get

(Ar = n){fasen) = (V fus €n).
The last two equalities lead to

IAr = (s end P+ [(Fns ) [P) = KV fos en) [P 4+ [V fs €0) (2.44)

Now,
<fn7e:1,> - <fn - 376111> +< 376711>'
Since

[{fo = Faren)| < I fu = £l < o,

17



by Lemma 2.3, we have

(furen) = fra + Olsin).
A similar argument gives

(faren) = faz + O(kn).
We obtain that

[{fo ) [* + [ )P = 1P+ 1l = 1

as n — 0.

Now, if we consider the equation (2.44), it is clear that for large enough |n|
Ay = nl* < 2KV fus ) + [V fay €n) ). (2.45)

We obtain an estimation for the first term of the right hand side of the above

inequality as follows

(Vinen) = (V(fasen) en) + V(o = fasen) )

0

_ ﬂ/ Pla)e™"dw + (fu = f, Vien) + (fa — e, Ven).
0

T
Since
<f72 - 2,26317 V*€711> = ( 7(1),167117 V*Q}J =0
and
[(fo = Fas Ve < Mlfu = FRllIVerll < mn 1P,
we have

(V far en)| < [p(0)] + (1P|, (2.46)

and in a similar way, we can get

(V fur e < la(=n)| + 1 Q|| (2.47)

where p(n) and ¢(n) are the Fourier coefficients of P and Q. Hence, from (2.45),(2.46)
and (2.47) we get |\ — n| — 0 since the Fourier coefficients p(n) and ¢(n) tend to
zero. [

The next proposition gives estimates for [¢;(f,, — f°)| and |€;(p, — ¢0)|, i = 0, 1.
The technique used in the proof of the proposition is based on a method developed by
A. Batal (see Proposition 2.9 in [1] and Proposition 10 in [2]).

Proposition 2.5. In the notation used above, there exists a sequence (k,) such that
Kn — 0 and

[lo(fo = )] < Fon,y (2.48)
[lo(pn — )| < Fon (2.49)

18



Proof. To obtain a clear notation, we fix and suppress the notation n for the eigenvec-
tors and put
f=te =1 ¢=¢
and
S T $1 o1
f = Y fo = 0 ) ()0 = Y 900 = 0
f2 2 Y2 Y2

Now, it will be enough to find a sequence (k,,) converging to zero such that

1£i(0) = f(0)] < K (2.50)

and
|0:(0) = 7 (0)] < ki (2.51)

fori=1,2.
We have Lf = At f, and i(f?)" = nf?. Subtracting these equations, we obtain

n(fi— f1) =i(fi — f{))/ +Pfo— 2z f,

where 2zt = A\t —n.

Now, we assume that n is even, then we have periodic eigenfunctions in the equation.
We multiply both sides by e'™*t1)* and apply integration by parts on the first term of
the right side. Then, we obtain

2i(fi — f)0) = L + I + I, (2.52)

where

= [ "= e, T [P o)

and -
Iy = —/ 2tV (2)d.
0

For I, by Cauchy-Schwarz inequality and Lemma 2.3 we have

ILL< = A< = Ol < fne

To estimate I, recall that fy = C%™* for some constant C°. Since || f°]| = 1, we get
|C° < 1. Then, we have

Ll < [ 1P E, - P @+ | [P s
0 0
< PR = P +1C° [ 0P o)
0

The last term is a Fourier coefficient of the L?—function P(x) which tends to zero as

n — o0.
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To obtain similar result for I3, we immediately see that |I3] < |zF| = |\F —n| and
zF — 0 asn — oo due to Lemma 2.4. Hence, by (2.52) we get that |(f; — f2)(0)| tends
to zero.

Estimation method for (fs — f9)(0) can be continued by multiplying both sides of
the equation

n(fo = f3) = =ilfo = f3) + Qfs = 55 fo
by e~“"+17 "and all the remaining argument is similar. So, this proves (2.48).
Now, we recall that

LQO - )‘+90 — Tnp + gnf
and
Logpo = ngpo.
We can subtract the second equation from the first equation and write the equation of

the first components
i(p1 — )) + Pz = n(pr — @) + 2501 — M1 + Enfr- (2.53)
After multiplying both sides of (2.53) by e!"*)? we integrate and write
—2i(p1 — N(0) = Jy + Jo + J3 + Jy + Js,

where

A=—/4W“w_ww@w,k=‘/4mmﬂwmmw,
0 0

J3 = Z;:/ ei(nﬂ)m%(x)d% Jy = —%/ 6i(n+1)m901($)d$
0 0
and

Js = £n/ ei("“)xfl(x)da:.
0

The estimations for J;, Jo and J3 are very similar to those for I, I, and I3 respectively.
Lemma 40 together with Proposition 35 in [5] gives that 7, — 0, additionally
Lemma 59, Lemma 60 and Proposition 35 in [5] imply that &, — 0 as n goes to
infinity. So, J4 and J5 are also dominated by a sequence converging to zero. Hence,
(o1 — ¢9)(0)] tends to zero.
To estimate |(y — ©3)(0)|, we follow similar calculations using e~*"*1)* instead of
e!"t Dz Furthermore, the way we prove the result for the case when n is odd is also

similar. O

Remark 2.6. In view of (2.50) and (2.51)
£2(0) = fail < hnand |9, (0) — ¢l < ki (2.54)
fori=1,2, where k,, — 0.
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Due to the arguments on pages 699 and 700 in [5], there are functionals a,(V; 2)
and $E(V; 2) defined for large enough |n|, n € Z and |z| < 1/2 such that A = n + z is
(periodic if n is even or antiperiodic if n is odd) eigenvalue of L if and only if z is an

eigenvalue of the matrix

an(Viz) B, (V;2)
Bi(Viz) an(V;2)

+

Furthermore, zX = A — n are the only solutions of the basic equation

(z— an(V;2)) = B, (V5 2)B (V5 2),

where |z] < 1/2.
By Lemma 21 in [5], if Lf, = \if, then f° is an eigenvector of the operator
LY+ S(A\)) : EY — EY with a corresponding eigenvalue A

n’

and one may write the

following system

- =5 ) () (o) 055
—Bi(z) A (=) )\ fea 0
So, we get
(2 = an(2))? = By (27) B (1) (2.56)
We put
On = 902,16711 + 902,2@721-
Let
on = cifn +ea(f)
where
) = fhaen — foaca
Then,
cr = (@, fu) = (o0 = @n, fa) + (0, fol = fu) = Olkn),
and

leal = /1 — |12 = 1+ O(ky).

Hence, without loss of generality we may write

Pna = 2+ O(kn) (2.57)
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and
802,2 = _fg,l + O(Kn).

(2.58)

We have 30 = e?g® for some 6, indeed, without loss of generality, we can put

g% = g% because the eigenspace of the free operator under general boundary conditions

is one dimensional as stated in Theorem 2.1.

The following two equations are due to Proposition 2.5:

lo(fn) = bo(£3) + O(kn)

lo(ion) = Lo()) + O(kn)

By Lemma 2.3, we also obtain other estimations as

|<fnv§n> _< 2a92>| < |<fn_ 2a§n>|+|< r?agn_ggﬂ

< Ifn = Fall-lgall + 1211130 — gall

< 2Kn,

where x,, — 0. Similarly, we get

Hence, one may write

(fus Gn) = {f g0y + O(in)
and
(fns Gn) = (&5 9n) + O(#n).

Now, let us write ¢° as

@ = Anel + B,e?.
Together with (2.59) and (2.60), we have

lo(ipn) = (14 (=1)"b)d | + agh 5 + O(kn)

and

bo(fu) = (L+ (=1)"0) oy + afny + O(kn).

So, we conclude that

lo(en) = (L+ (=1)"0) [R5 — afl; + O(rn)

22
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bo(fu) = (L4 (=1)"0) friy + afyz + O(kn) (2.64)

(s Gn) = Anfgz - an??,l + O(kn) (2.65)

<fna §n> = A_nfg,l + B_nfy(z),2 + O(/fn). (266)

We now get a nonzero approximation for (G, g).

Lemma 2.7. 7, Y(G,,, §,) = C + O(k,,) for some constant C # 0, where C' depends on
the general boundary conditions given by (2.3) with the restriction ad # 0.

Proof. Recall (2.36) as

7o {Gs Gn) = €o(0n) (fu, Gn) = Lo(fu) (s Gn)-

We substitute all the estimations found by (2.63), (2.64), (2.65) and (2.66) into the
equation above, and after an easy calculation, obtain

T Gy Gn) = (L4 (=1)"0) [ — affy + O(wa).[Auf s + Bufia + On)]
— [+ (=1)"0) far + afn o + O(kn)|[AnfR 2 — Bufiy + O(kn)]
[(1+ (=1)"0) B, — ady]|fo, [ + [(1+ (=1)"0) By — ady]| fof* + O(kn)

= (1+ (=1)"b)B, — ad, + O(x,).

If we consider the one-dimensional eigenvectors of the general boundary conditions
which have the coefficients given by (2.17) and (2.18), we have

7 NG, Gn) = (1 + (=1)"b)B,, — aA, + O(k,)

—a 1—(=1)"b
=1+ (=1)"b —a + O(ky,
al®+|1—(=1)" al*+ |1 —(=1)"
(1 (1)) e : -+ Olr)
—2a

— + O(Ky,).
V= comp O

So, the result follows because a # 0. O

Proposition 2.8. There are constants Dy, Dy > 0 such that for n € Z with large
enough |n|,
[ttn = Al < Dilm| + Dao(|By |+ By 1),

where BT = f£(z]).
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Proof. We consider the equation (2.40). We assume that 0 < x,, < % We multiply
both sides of the equation (2.40) by 7,,! and get

T;1<Nn - >‘1er)<Gn7 Gn) = Trjltn(én<fna Gn) = Ynl®n; Gn))- (2.67)

Lemma 2.7 guarantees that we may divide both sides of (2.67) by 7,, '(G,,, gn). We also

have the inequality
[6nl < 4]l +2(1B 1 + 1B, ) (2.68)

due to Lemma 59 and Lemma 60 in [5].

Note that since |A,|> + [Bp|* = 1 and |f) > + |f7,]* = 1, by Cauchy-Schawrz
inequality [A,f2, — B, fo | < 1 and [A,f2; + B,f2,| < 1. Then, we obtain the
following inequality by using the estimations (2.63), (2.65), (2.66) and (2.68):

|Tn_1th(€n<fna Gn) = Yn{Pn;s Gn))|
|7 G Gn)|
_ 1o (fr) 16 (frs Gn) — YnlPns Gn))]
|7 (G, Gn)|
_ (Gl + Fn)[lnl ([ Anfis + B_nJ|C33|| + 6n) + [l ([An fR 2 = Bufial + k)]
- C| — Ky,

L+ (1)) 2, +afl,] + &

2
c
2,1 + af2,2| + %)

el
2

|ﬂn_)‘:|:

<

" ('(1 + (1) (14 )l

1+ 0] + |a] + & 11+ b] + |a| + &
el 2 )1+ O]l + & = (14 |C)) |yl

2
14 10| + |a] + <!
ICI

) (1+ C1) (4] +2(B2| + |B2])

1+|b|+|a|+@
) (L 1CD ]

2

+

IN |
G/\/\/\

1l + Da(|B,| + 1B, ),

where

14 10| 4 |a| + &
Dy =5+ (g (e
2

and

1+ 16| +|a| + £
D2:2-< & (1+]C)).
2

Apparently, D; and Dy depend on the general boundary conditions. O
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2.4 Estimation for |u, — \I| + A7 — A

We start with a generalized version of Proposition 63 in [5].

Proposition 2.9. Let M > 1 be a fized number, then for n € Z with sufficiently large
In| if

1
—|B7| < |Bf| < M|B- 2.69
Ml L < By < M|B,| (2.69)
then LM
18, (o) + 16,5 (25)] < |Vl
NiTi

where BYX = BE(zF) and z¥ = (A} + X\.)/2 —n in the case of simple eigenvalues and

+ _
zr = N\ —n otherwise.

Proof. We mainly follow the proof of Propositon 63 in [5].
The case BY = B, = 0 is explained in the proof of Proposition 63 in [5]. Assume
BB, #0 and ~, # 0. Since t,, = 5] ¢ (47, M], we have

~Ba|
VM — /T,
Vi M

VM =V, >

\/7

VAR

Wi 2/

1+1, _1+M

+tn

which leads to

In Lemma 49 in [5] we take

- v M
"1+ M

for sufficiently large |n|, then

N o
141, — 6n) (|8, (z)| + 165 (23)])

> (2 L o (el + 185 2D,

Vn] > (

which gives us the result.
Now, if BB, # 0 and ~, = 0, then z; is the only root of the equation (2.56) or

zero of the function

ha(2) = (Ga(2))* = B (2)B, (2)
in the disc D = {z : |z| < 1/8}, where (,(z) = z — a,(2). The functions h,, is analytic
on D since BF(z) and «a,,(z) are analytic funtions on D (see Proposition 28 in [5]). We

also have
|hn(2)=2%] = |22+ an(2)?—2200(2) =B, (2) 8,1 (2)=2°| = |an(2)* =220 (2) =B, (2) B (2)].
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By Proposition 35 in [5], the maximum values of |a,(2)| and |5, ()| on the boundary

of D converge to zero as |n| — oo, hence we may write for sufficiently large |n|
sup |h,(2) — 22| < sup |2?].
oD oD

By Rouché’s theorem, z* is a double root of the equation h,(z) = 0 which leads to
h! (2%) = 0, so the following holds

da gt _ ds,,
Y1 Yy P 4y + oty YPn o+
2u(+%) - (L= () = T () B () + () ().
If we consider the upper bounds
day, o 1 s, . 1
< <
dz(z)—m(Mﬂ)H’ ’dz(z)‘\/ﬁ(MH)H

for sufficiently large |n| by Proposition 35 in [5], then triangle inequality gives

1 1

\/M<M+1)+1)< m(MH)H(!B:H!B;D,

21¢a ()1 =

where |(,(27)| = \/|B;F B;;| by the basic equation (2.56). Hence, we have

< Bal +1B,| _ VM(M +1)|B,|
- VIBYB, | +/IB. B,

by (2.69) and the above inequality, which gives a contradiction 2 < 1. Hence, the proof

2(VM(M +1))

is complete. O

Now, we consider the complementary cases

(i) M|B;| < |B,|, (ii) M|B,| <|B,]. (2.70)
Lemma 2.10. If (i) in (2.70) is true and |n| is sufficiently large, then the followings
hold .
0
<
|fn,2‘ — M+ 17
102 =
=M+ 1

0
> ——(1—
|90n,2| \/m
1
0
0| < —— + 4/,
|§0 ,1| \/m

where (ky) is a sequence of positive numbers such that K, — 0.
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Proof. We follow the proof of Lemma 64 in [5].
Let M > 1 and suppose M|B;| < |B;|. By (2.55), we have the followings

& foa + By fn2 =0, (&))" =B, By,

which gives

B ol = €410l = V1B BEll faal.

VAL

Then, we obtain

0| _ 150 | < 0
|fn,2| \/ﬁ ‘fn,1| — m|fn,l|
and
(M‘i“ 1)|f2,2|2 < |f£,1|2 + |f3,2|2 =1,
SO )
S [ 2.71
£22] € o .1
And also we get a lower bound for |f),|
| fual® M+1
1= |f7?,1|2 + |f£,2|2 < |f7?,1|2 + ]\41 |f7(’21|2
hence
M
0> ———— 2.72
2z 2.1

Now, we need to find bounds for |¢) || and |} ,|. Noting that f, Ly, we obtain

[{fs em)] < [Fn = fasom)| + [{Fay € = )| < ILfu = Falllonll + 1 allllon — @nll < 265

since || fn — f2 < ky and ||, — 2]] < K, by Lemma 2.3. On the other hand,

|< n7¢n>| - |f7(1)190n1 +f7(1)230n2| < 2’%717

which leads to
|f7?,1‘:02,1| < |f73,2‘;02,2| + 2Kp.
Then, by (2.71) and (2.72),
|f7?2| |909z,2| +2/€n M+1

0
nil S + <
Pual < 7o ena \fg,lr N

and

0 |2 2 0 /
©@n 4r2(M +1 4 Pn2lkn M+1
| :2| n( ) | ,2’ 0 |2

1= 1+ 1eh ol < v v M Pn2
- \90272\2 o Fn(M+1)++vM+1 402
-~ M n M (pn,Q
0 12 0 |2
0 (M +M)+M+M n
ol | M AM) EMAM o o [Pl g0 2
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Now, we have

VM

Ol > ———/1— 16k, 2.73
‘QOn,2| \/m at ( )

On the other hand,

1= |902,1|2 + |<P91,2|2 > |‘Pg,1|2 +

1— 16k,),
T fin)

which leads to
1+ 16Mk2

> |2 %
Since we have /& +y < \/x + /y for any z,y > 0, we may write as follows

1 +4\/Mw//<;n > | 0 |
M1 el — b

which gives
1
0
il < + 4y/K,. 2.74
[% ,1| VS| ( )

]

An analogy of the previous lemma can be given for the case (i) in (2.70) which has

a very similar proof.

Lemma 2.11. [If (ii) in (2.70) is true and |n| is sufficiently large, then the followings

hold .
0
<
|fn,1|— M—Fl,
|f7?2|2 M )
’ M+1

VM

0
>———(1—ky,),
|90n,1| m( )

1
0
< ——= +4\/kn,
‘(pn,2’ \/m

where (k) s a sequence of positive numbers such that K, — 0.

The next lemma gives an estimation for the ratio % in the two cases (i) and
() in (2.70).
Lemma 2.12. Suppose b # £1. If |n| is sufficiently large and one of the cases (i) and
(1) in (2.70) is true for

M > maz{4(Jal/|1 +b])* 4(|al /|1 = 0])?, 4(|1 + b/|a])?, 4(|1 = bl /]a])*},  (2.75)

then there are constants D3 > 0 and Dy > 0 such that

wO(fn)’

Dg < < Dy (276)
holds.
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Proof. We mainly follow the proof of Lemma 64 in [5].

Suppose the case (i) in (2.70) is true. Now, in order to get the inequality (2.76) we
have to find lower bounds and upper bounds for both |¢y(f,)| and |¢y(¢,)|. We easily
get upper bounds as

1o (f)] < lo(fO)] + kn < 1+ |b| + |a| + Kn (2.77)
and
[£o(on)] < 1lo( @) + Fin < 1+ 16| + |al + n (2.78)

by (2.59) and (2.60).
We continue to get lower bounds for |¢y(f,,)| and |¢y(¢,)| by using the results coming

from Lemma 2.10 as follows

[lo(f)| = [o(fa)] = Fn
= (14 (=1)"b) 7?,1 + afn0,2’ — Kn
> [|[(1+ (=1)"b) f 1] = lafyoll = kn

> (L4 (=1)"D)[|fol = lall fr 2] = Fn

VM 1
AT A
(14 (=1)"b)[VM —|a|

= n-

M+1

> [(1+ (=1)"0)]

Then, since M > 4(|a|/|1 F b])? by (2.75) we get

la|
lo(f)] > ——e — k.
R s v

We also obtain the inequality

MO(SDn)’ > |€0<902)‘ — Kn
= (14 (=1)"b)p , + ay 5| — kn
> ||(1+ (=1)"0)h 1| — |agy of | — Kin

> lal-lon ol = [(1+ (=1)"b)]-lonal — #in

> |a|%<1 = ) = (0 ()P g+ AR) = B
Since M > 4(|1 F b|/]al|)? by (2.75) we get
et = I Sy, s 1yl
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In case when n is even, we have

|al
Co(f)] > —mt
bolful 2 5 M+1

and
|14 0|

2vVM +1
for sufficiently large |n|. Hence, by (2.77) and (2.78) we may conclude that

[lo(n)| =

la]

it |b(fa)l L4 b+ |a] + Ky
TPl + ol mn Tl = L
which leads to (2.76) with
la|
D3: 2/ M1 D4:1—|—|b|+|a|—l—/{n.
L+ 10|+ |a] + K 2‘1_;;11

Similar result holds in the case when n is odd. Also, the proof for the case (ii) in
(2.70) is the same as the proof for the case (i) in (2.70).
O

We give an analogue of Proposition 65 in [5] with its similar proof.
Proposition 2.13. If (i) or (ii) in (2.70) holds for
M > maz{4(|1 —bl/|a])* 4(|1 + bl/la])*, 4(|al /|1 — b])*,4(lal/|1 + 0])*},

where b # F1 (or equivalently ad # 0), then there are constants Dg > 0 and Dy > 0
such that
|Bf| + |B,, | < Ds|va| + Do, — A (2.79)

holds.

Proof. We prove the cases when n is even and n is odd simultanously. Assume the
case (7) in (2.70) for the given M in the hypothesis. We know that ¢y(G,) = 0 where
G = Snfn + tan, 50 [Lo(fn)l/|lo(@n)] = |tnl/|sn| and by Lemma 2.12

0 < D3 < [tu|/|sn| < Dy

and
1= s,]* + [ta)]* < |t”|2+yt &
n n — D% n b
so we obtain
D2
t] > 5 >0. 2.80
il >\ T (2:30)
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Furthermore, the inequality M|B;f| < |B, | and its consequence with Lemma 2.10 give
the following estimation to get a lower bound for |(f,, §,)| by making use of (2.66) and
the coefficients in (2.17) and (2.18) as

’<fm§n>| > ’< 2792” — Rn

= |A_nf21 +B_nf7?,2| — Kn
o, a :
el fn - fn — Rp
TP = e ™ T e = o e
- (1)) VAT a |

S VP - (=P VM1 P+ i— (=R VM1 fin
a
- Vial? + 11— (|—|1)"b|2~\/M+1 o
So, for large enough |n| we get
[(fnsGn)| = D5 >0 (2.81)

where

Dy = min{ la a }
2¢/lal2 +]1 = b]2.vV/M +1 ’ 2¢/]al> + 14+ b2 vV/M +1

Similarly, the case (i) in (2.70) also gives the existence of a positive lower bound for
(fon )]

Now, we consider the equation (2.40). First, we note that ¢, = —7,.0o(f,) and
o (fn)] = 10o(f2)] — Ky > Co — ki, where Cy is a positive number depending on general
boundary conditions and x,, < Cy/2. We also have that |(f,, g.)| > D5 > 0. Hence, we
may divide both sides of the equality (2.40) by 7, 't,(fn, gn) and get that

Tr;l(y’n _ )\;)<Gn7 §n> + Tr;ltn’}/n“pna §n>
T ' tn{fns Gn)

Then, due to (2.65), (2.80), (2.81) we have

N

€n| = 7o (= A3 )Gy Gn) + T tnYn (P Gn)
' 7 ol fus )
o = ATACT D) + Dl o (fa) [ An o = Bafaa +1]

B | = bo(fo)l-[{fn: Gn)|
<l = AN(CT+ 1) + 3] -(1+ [b] + [a + 1)

So, we obtain
|§n| S DG’Un - )\r+1| + D7‘7n|7 (2'82>
where O 41
D6 == @D5



and

3.(2+ bl + |a
P ICEIUEU]
5 s
We also have |
§(|BI| +[B]) < l(zF = SO\ Brell (2.83)

for sufficiently large |n| by Lemma 60 in [5]. Moreover, we have
Iz = SO Poell < 2(1€al + [7nl) (2.84)

for sufficiently large enough |n| by Lemma 59 in [5]. Hence, by (2.82), (2.83) and (2.84)

we obtain
1By + B, | < 4l&] + 4val < Dslpn — A+ Dol val,
where Dg = 4Dg and Dg = 4D7 + 4. This completes the proof. O

In the above results, the analogues of Proposition 62, Proposition 63 and Proposi-
tion 65 in [5] (which are used in the proof of Theorem 66 in [5]) are given as Proposition
2.8, Proposition 2.9 and Proposition 2.13, respectively. Hence, as in Theorem 66 in [5]
we get the proof of Theorem 1.3 which claims that for n € Z with large enough |n|
there are constants K; > 0 and K5 > 0 such that

Ey(1B7 ()l + 185 (zo)l) < I = A |+ Ly = NET < Ko (187 ()] + 187 (20)1)-

Theorem 1.1 and Theorem 1.2 now follow from Theorem 1.3 due to the asymptotical

equivalence of the sequence (|87 (z%)| + |5, (2%)|) with each of the sequences (4A,) and
(A%).
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