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Abstract

In this paper, we study the structure of R, = (F, + uF,)[Zy;0] where u?> = 0 and
f(u) = —u. As a main result, we prove that this group ring is not Laskerian. Also, we
classify the maximal ideals, prime ideals, and primary ideals and find the ideals that have
primary decomposition. We also find J(R,,), Nil.(R,), Nil*(R,), and Nil(R,) as additional
results.

1 Introduction

We say an ideal I in R has a primary decomposition, if there exists ¢ € N and primary ideals like
Q1, -+, Q¢ such that I = Q1Q2 - - - Q¢. The primary ideals can be defined in different ways for a
non-commutative ring. One of the typical and the most common way to define them is that @
is primary in R, if for each ideals A, B in R such that AB C @, then A C ) or B" C ( for some
n € N. The existence of primary decomposition (i.e. being a Laskerian ring) in the monoid rings
and group rings is very important. Because it can help to study the structure of an arbitrary
ideal in more detail. Some examples of existence of primary decomposition can be found in
[30, 31, 29]. In [34], the author investigates the Laskerian condition over the characteristic
one algebras. This subject becomes very interesting, if applied to the decomposition of ideals
in group rings. There has been increasing attention to the group rings and their properties
when the group is finite. Some examples of such works are [15, 16, 17, 18]. Also, some works
appearing in literature, study the primary decomposition in the graded rings and group rings.
As an example, the author in [32] studies the existence of primary decomposition over a special
ring R & R. Also, in [33], the author aims to find G-primary decomposition for the G-graded
rings, since these rings do not have primary decomposition in general cases. Some finite group
rings are very important in applications Such as coding theory and cryptography. For example,
the group rings of the form R[Z,] ~ W generate the cyclic codes over a ring R with length
n. Some examples can be found in [2, 12, 6, 4, 11, 10, , 13, 7, 14]. Typically, the ring R
is finite in these applications; therefore, the group ring R[ n] is also finite. We know that if a
ring is commutative Noetherian, then the primary decomposition exists. Thus, there exists a
primary decomposition for each ideal of a finite group ring. However, the structure of primary



ideals in special rings such as R[Z,] is very important. This is due the fact that the structure of
primary ideals of a ring can help to develope fast algorithms to find the primary decomposition,
which in turn has a key role in numerous coding and cryptographic applications. Some examples
of these algorithms can be found in [25, 23, 26, 27, 28].

Another interesting topic is the structure of primary decomposition in the monoid rings like
R[Z] ~ R[x]. We know that if R is finite, then R[z] is Noetherian by Hilbert basis theorem. Also,
if S is a totally strictly positively ordered monoid, we also know that R[[S'<]] is Noetherian,
if and only if R is Noetherian and S is finite generated (see [35]). However, these results are
not directly applicable to skew group rings and skew monoid rings. This is due the fact that
these rings are no longer commutative, and therefore they are not necessarily Laskerian. This
means that even existence of primary decomposition in these rings is not guaranteed. Therefore,
proving the existence of primary decomposition and studying the structure of primary ideals in
these rings are not straightforward. There are some previous works on non-commutative rings
or modules to find necessary or sufficient conditions of being Laskerian. As examples of these
works, we refer the reader to [21, 20, 19, 22] and references therein.

In this paper, we aim to show that the rings R,, := (Fp+ulF},)[Zy; 0] and R := (F,+ulF,)[xz; 0]
are not Laskerian, where u? = 0, p is a prime number, 6 is an automorphism of F, + ulF, and
n € N. We also give an explicit form for the prime, maximal and primary ideals of both rings
R, R,. We also find J(R),J(R,) and Nil.(R), Nil.(R,), Nil*(R), Nil*(Ry), Nil(R), Nil(R,)
and Z(R),U(R) as additional results.

2 Over the ring (F, + ulF,)|x; 0]

2.1 The center and units of R

From now on, 6 will denote an automorphism of S of order o(6) = |(0)| = e > 1.
Since R is a non-commutative ring, it is worth to find its center. The following theorem can
be proved as the Theorem in [14].

Theorem 2.1. The center of R = S[x;0] is Fp[z€] for 0 € Aut(S) of order e.

So " — 1 € Z(R) if and only if e[n. The other useful property is division algorithm. The
left and the right division algorithm hold for some elements of R. The proof of the following
theorem is straightforward.

Theorem 2.2. Let f,g € R such that the leading coefficent of g is a unit. Then there exist
unique polynomials ¢ and r in R such that f = qg + r, where r =0 or deg(r) < deg(g).

Now we shall determine, U(R), the set of all unit elements of R. First we shall prove the
following lemma, which is crucial in over studies later on.

Lemma 2.3. For every g(x) € R, there exists g'(x) € Fy[x] such that ug = g'u.

Proof. Let g(z) = Y., giz' € R. Since g; € S for each i, there exist g/ and ¢/ in F,, such that
gi = gi +ug!. So g(x) = > (g} + ug!)x’. Since u? = 0, we have

ug(x) = ulg; +ugl)a’ = ugia' =Y a"lglatu+ ) giatu=g/( (2.1)

efi el

for some ¢'(z) € R. O



Notation. For a fixed element g € R, the element ¢’ € Fp[z] in lemma 2.3 is unique and
hence we call it the partaker of g.

Lemma 2.4. Let A <Fp[z] and A’ C Fylz], such that uA = A'u. Then A" QFp[x].

Proof. Let f,g € A’ and h € R. So there exist polynomials [,k € A such that fu = uk and
gu=ul. So (f+g)u=u(l+k) € uA = A'u. Hence f +g € A’. Also hfv = hvk = uh’k, for
some h' € Fplx]. Since W'k € A, hf € A’. Thus A’ is an ideal of R. O

Note 1. From now on, we shall call A’ in lemma 2.4, the partaker set of A.

First we shall find U(S). Let a +bu € S be a unit. So there exists ¢ + du € S such that
(a+bu)(c+du) =1. So ac =1 and ad+ bc = 0. One can show that these equations have unique
solutions for ¢ and d, if and only if a € IF,. So U(S) = F, +ulF,. In the next step, we try to find
U(R).

Theorem 2.5. U(R) = {a + uh(z)|a € Fy, h € Fy[z]}.

Proof. Let h(z) = Y o hix® € Fplz]. Write h = b+ g(z), where b = hg and g(z) € Fplz]. We
show that a 4 uh(z), where a € F} has the inverse t = (a + bu) ™" — (a 4 bu) tug(a + bu)~'.

((a + bu) + ug)[(a + bu) ™' — (a + bu) tug(a + bu) ™!
=1—ug(a+bu)™ +ugla+bu)~! —ug(a + bu) tug(a + bu) ™!
=1—ug(a+bu)tugla+bu)™ =1 —u’k(z) =1 (2.2)

for some k(z) € Fp[z].
Similarly, ¢ is the left inverse of a + wh(z). Thus a 4+ uh is a unit in R. Conversly, let
f € U(R). Then there exists g € R such that fg =g¢gf = 1. Let f = fi +uf2 and g = g1 + ugs

for fi,g; € Fplz]. So fg = (fi +uf2)(g1 +ug2) = 1 implies that f1g1 = 1 and ufog1 + frugs = 0.
Hence fi is a non-zero constant polynomial. That is, f1 € F,. Thus f = f1 +ufa, where f1 € F),
and fy € Fplz]. O

2.2 The left maximal and prime ideals of R

In this section, we shall determine the sets Max(R) and Spec(R), the set of all left maximal
and prime ideals of R respectively. For the sake of semplicity, from now on, by an ideal of R we
mean a left ideal of R.

First, we shall show that u is irreducible in R.

Lemma 2.6. Ru is a mazximal ideal in R.

Proof. Let u = fg, for some f,g € R. Let f = fi + ufs and g = g1 + ug2. Then fig; =0 and

fiugz + ufagr = w. (2.3)

From fi1g1 = 0, we have that fi =0 or g1 =0. If f; =0, then ufsg1 = u. So fogi = 1. Hence
g is a unit in F,[z]. If g1 = 0, then by equation (2.3), fiugs = u. Let gj be the partaker if go.
Thus fghu = u so figh, = 1. This implies that f = f; +ufs is a unit by theorem 2.5. Therefore,
Rv is a maximal ideal in R. a

Now, to determine the sets Maxz(R) and Spec(R), we shall introduce the following sets,
which in fact are ideals of F},[x].



Definition 2.7. Let A < R. Define

Ay ={f € Fplz]|3g € Fylz] such that f+ug € A}
Ap = {g € Fplz]|3f € Fplz] such that f+ug e A}

Let f € A and f = f1 + ufa, for some f1, fo € Fy[z]. Since fi; € Apy) and fa € Ajg), we conclude
that A C A[l] + ’U,A[Q]

Lemma 2.8. Let A< R. Then Apy and Ajg) are ideals of Fy[z].

Proof. Let fi1, f2 € Apj. Then there exist g1, g2 € Fy[z] such that fi + ugi, fa +ug2 € A. Thus
f+g=_(fi+ f2) +ulg1+g2) € Asince A< R. Hence f1 + fo € Apj. Now for f € Apyj and
g € Fp[z], we show that fg is an element of Ajj). There exists h € Fy[z] such that f; +uh € A.
So g(f +uh) € A. So gh € Apyy and hence Apy) <Fy[z]. Similarly, Apy < Fplz]. O

Lemma 2.9. For A <R, we have
i) uAp) C A.
) If Ap) = Ap = Fplz], then A= R.

Proof. i) By lemma 2.8, A; is an ideal of Fy[z]| and since Fp[z] is a PID, there exists a € Fp[x]
such that Ajy) = (a).

We only show that if f € R and ug € uAp), then fug € udp). Let f = fi + ufs and
ug = uak for some k € Fplz]. Then fug = (fi + ufo)uka = ufika, where f{ is the partaker of
f1. Since fi,k,a € Fy[z], fuak € uAyp;, which shows that uAp) < R.

i) Let uk1 € uApy. Then there exists ko € Ajg such that ki+uks € A. Souky = u(k1+uks) €
A (since A R). So udp C A.

iii) Since Fp[x] is a PID, A = (f) and Ajy = (g) for some f, g € Fy[z]. Thus there exists
h € Fplx] such that g +uh € A. So u(g + uh) = ug € A. Thus g € Ajy). That is, Ay C Apy.

iv) Since 1 € Apj, 1+ ug(z) € A is a unit in R for g(x) € Ay by theorem 2.9. Thus
A=R. O

We showed that A C Apj + uAp. This inclusion can be strict, as the following example
shows.

Example 2.10. Let A = R(u+x). Then A =< z > and Ajp) =< 1 >. We claim that u is not
in A. Otherwise, let u = (fi1 +uf2)(z +u) for some fi, fo € Fy[z]. So zfi = 0 which means that
f1 =0. Thus ufor = u. So xfo = 1, which is not possible. So there is no such f = fi+ufs € R
such that u = f(u + x), which means that u is not in A. However, u € A + udp. So
A ; Apy + udp).

Definition 2.11. Let A < R. A is called a first type ideal of R, if A = Apj + uApy), and it is
called a second type if A G Ap) 4+ udpy).

Example 2.12. This example is a generalization of Example 2.10. We show that A = (f+u)R
is a second type ideal for every 0 # f € Fy[z] which is not unique. Let A = Ajj) + uAjy. Since
fHrueA 1€ Ap. Soue A That is, u = (h1 + uh2)(f + u) for some hq, ha € Fy[z]. Hence
fh1 = 0, which means that h; = 0. So u = (uh2)(f + u) = ufhe. So f is a unit in F,[z] which
is a contradiction. Therefore, A is a second type ideal of [F},[x].
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In the following example, we propose a second type ideal which is not principle.

Example 2.13. In this example, we give a non principle second type ideal A which 2" —1¢€ A
for some n € N. Note that these ideals are so applicable in encoding and decoding which we
discuss later.

Consider A = R((z*—1)+u)+ulF,[z](2"—1). In this ideal, Ay =< 2°—1 > and Ay = Fp[z].
First, we show that A is not first ype ideal. Suppose in contrary, A is a first type ideal. Then
u € A which means that there are f, g, h, k € F,[z] such that

(f +ug)(@® — 1 +u) + (h+ uk)(u(z — 1)) = u (2.4)

So, f =0,g9(x3 — 1) + h/(z — 1) = 1. Hence, x — 1|1 and it is impossible.

Now, we show that there is no generator for A. Suppose that A = R(f + ug) for some
f,9 € Fy[z]. We know that f = a® —1 (Otherwise, Ajj] #< 2® — 1 >). Also, u(x — 1) € A. So
there exists h, k € Fp[z] such that

(h 4+ uk)(z® — 1+ ug) = h(z® — 1) + uk(z® — 1) + uh'g = u(z — 1) (2.5)

So h = 0 and therefor the left side is equal to uk(z® — 1) for some k € Fp[z] which is not equal
to u(z — 1). This contradiction complete the example.

Now we are in a position to give a chacterization of maximal ideals of R.

Theorem 2.14. Let A< R. Then A is a mazimal ideal of R if and only if

i) Ap) =< f >, for some irreducible polynomial f € Fp[x].

ii) A = Fyla].

i) A is of the first type, that is, A = Ay + ulFy[z].
Proof. =) i) We show that Ap is maximal in Fylz]. Let Ay & B G Fplz]. Then A C
Apy+uFy[z] & B+ulFy[z] & R, which is a contradiction. So Ap is maximal in F)[z] and hence
is generated by an irreducible polynomial f € Fp[x].

ii) Suppose that Apy G Fp[x]. We know that Ap is maximal in Fy[z]. Let B = Ap) + ulFp[z].
Then AG B G R (since u € B — A and 1 € Fy[z] — B), which is a contradiction.

iii) Let A # Ap)+uAp). Then A G Apy + uFp[z] & R, which is a contradiction.

<) Since A is a proper ideal, there exists a maximal ideal B containing A. By hypothesis
A[Q] = Fp[ﬁ] Since A C B, A[Q] = Fp[:c] - B[Q} That is, B[Q} = Fp[x] Also Am - B[l] Since
B is proper in R, By # Fy[z] by lemma 2.9(iv). But Ay =< f >, where f is irreducible in
Fp[z] and if Bpy; =< g >, then g|f, which implies that f = ug, for some unit u € Fj[z]. Hence
By = Apy.

Finally By = App =< f >, and Bjg = Apy = Fylr]. So by Theorem 2.14, we have
B C By + uBpp) = Ay + uAjg = A, as required. g

Lemma 2.15. For A, B < R, we have
ANB= (A[l] N B[l]) + U(A[Q} N B[Q])

In particular, the intersection of two first type ideals is again a first type ideal.



Proof. Let Apyy = aiFy[z], Ay = a2lFplz], Bpy = 0iFp[z] and By = bolFy[z]. Since a1 € A
and by € B, lem(a1,b1) € AN B. Similarly, lem(ag,b2) € AN B. Thus lem(aq, b)Fplz] +
uFp[z]lem(ag, ba) € AN B. Hence

(A[l] N B[l]) + U(A[Q} N B[Q]) C AnB. (2.6)

Now, let f € ANB. If f = f1 4+ ufo, for some fi, fo € Fplz], then fi = aih, fi = big, fo = agh’
and fo = bag'.

So lem(ay,b1)|fi and lem(az,b2)|f2. Hence, fi € Apy N By and fo € A N By So
fe (Am N B[l]) + u(A[Q] N B[Q}), as required. O

Corollary 2.16. J(R) = ulF,[z].

Proof. By lemma 2.15 and Theorem 2.14, we have

JR)= (] M= N <[> FuFy[z] = J(Fp[z]) + ulFpl] = ulFp[z]
M<amR frrreducibleinFp |z

O]

Now, we shall find the set of all left prime ideals of R. Note that for any A < R, the equation
<u>A=<uA > holds.

Lemma 2.17. Let Spec(A) be the set of all left prime ideals of R. Then Spec(A) C Max(R)U
ulFp[z].

Proof. Let P be a prime ideal of R. We shall show that P;; € P. We know that uP)) is an
ideal of R such that uPy; C P by lemma 2.9. Also we know that < u >< Pj;; >C< uP; >C P.
So<u>C Por < Py >CP which means that v € P or Py CP. Assume that v € P. Then
let f € Pyj. So f +ug € P for some g € Fy[z]. Since u € P, f € P which means that P;; C P.

We show that Py is prime in Fp[z]. Let BC C Py, for some ideals B,C in Fy[z]. Thus
uB(C +uC) C P. SouB C Por C+uC C P. Hence uB C P or C C Py

If uB C P, then (C +uC)(B +uB) = (BC +uBC)+ CuB C P+uP +CP C P. So
B+wuB C Por C+uC C P, which implies that B C Pj;) or C C Py}. So in any case B C Py
or C' C Py, which means that Py is prime in Fp[z]. But Fy[z] is a PID, so Py;j is maximal or
the zero ideal. By lemma 2.9(iii), P;j € Pjg). So we can have three cases.

i) Py = Py maximal in T, [z].

ii) P = Fp[z].

iii) Py = 0, that is, P = uPpy).

Suppose that P; = Plg) = () for some irreducible polynomial 7 € Fy[z]. Let k € Fy[z] be an
irreducible polynomial in F),[z] which is different from 7. Then (0+ ukF,[x])(7Fp[z] 4+ ulF,[x]) C
uknFp[z] C unFp[z] € P. But neither ukFp[z] C P nor nlFy[z] 4+ ulF,[z], since k # . So P is
not prime in this case.

Suppose that Py = Fy[z] and Py = (7) for some irreducible 7 € Fy[z]. So 7 + us € P
for some s € Fp[z]. Thus u(m + us) = ur € P. We show that < u >< 7+ u >C P. Let
a €<u><7m+u>. Then

a=>Y (fi+ug)vk; +uli)(m+u) =Y fiukim €< ur >C P. (2.7)
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Hence < w >C Por < m4+u >C P. If u € P, then by Theorem 2.14, P is maximal,
since 7 € Pq; € P and hence P = 7l [z] + uF,[z] = Py + uPy. But if 7 +u € P, then
ur = u(r+wu) € P and so < ur >C P. Since < u >< 7® >C< ur >C P, < u >C P or
< 7w >C P, in each case P is maximal.

Finally, let ;) = 0. Then P = uPy). Thus P = uplF,[z], for some non-zero p € Fy[z]. We
show that p is a unit. P can not be zero, as u?> =0 € P, but u ¢ P. So

(uFp[2]) (pFp2] + upFp[z]) C vpFpla] = P. (2.8)

Thus (pFp[z] + upF,lz]) C P or uFy[z] C P. So p+ uh € P for some h € Fy[z] or u € P. Since
p € Py = 0, which in impossible as p # 0. Hence u € P. So 1 € Py (since 0 +u.1 € P)
and hence Py = Fp[x] = pFp[x]. That is, p is a unit. Therefore, P = ulF)[x] is required in this
case. Ul

Lemma 2.18. The ideal P = uFy[z] is prime in R.

Proof. Suppose that AB C P for A, B < R. So AjByy) C Py) = 0. Hence, Aj;) =0 or By = 0.
Thus A = uAp or B = uBp. Therefore, AC P or B C P. O

Now by the above results we can give a characterisation of all left prime ideals of R.
Theorem 2.19. Spec(R) = Max(R) U u(F,[z]).

Finally, we try to find Nil(R), Nil.(R), Nil*(R).
Corollary 2.20. Nil,(R) = Nil(R) = Nil*(R) = ulF,[x]

Proof. Since Nils(R) = (\pespec(ry I It is easy to see that Nil,(R) = uFp[z] by corollary 2.16
and Theorem 2.19. Thus

uF,[z] = Nil,(R) C Nil(R) C Nil*(R) C J(R) = uF,[x].

So the result follows. O

2.3 The primary ideals of R

In this section, we shall give some characterisations of left primary ideals of R. Recall that
a left (respectively, right) proper ideal @ is called primary if for each left(respectively, right)
ideals A and B such that AB C @, then A C @ or there exists n € N such that B™ C Q.
(respectively, B C @ or A™ C @ for some n € N), see, for example, [?]. First, we shall show
that the irreducible polynomials of F)[x] are irreducible in R.

Lemma 2.21. An element f € Fy[z] is irreducible in R if and only if f is irreducible in Fp[x].

Proof. =) Let f € Fp[z] be irreducible in [, [z], but f = gh, for some g,h € R. Let g = g1 +ugs
and h = hy + uha, where f;, gi, h; € Fp[z] for i = 1,2. Then f; = g1hi. So g1 or hy is a unit in
F,[z] and hence g or h is a unit by Theorem 2.5.

<) Obvious. O

Note 2. Recall that if R is a UF D and 7 is an irreducible element of R, then < 7w > is a prime
ideal and < 7™ > ;n > 1, is a primary ideal, with radical < m >. Conversely, every primary
ideal @ whose radical is < m > is of the form < 7™ > , n > 1. (see, for example, [1], P.155.)



Lemma 2.22. Let S be a PID. Then Q <1 S is primary if and only if for each ideals B,C < S,
if BC C Q, then B C /Q or C C Q.

Proof. =) Obvious.

<) Let Q = Hle P, the prime factorization of @ into prime ideals of S. If k > 1, then
Hle P C @, but neither P{"* ¢ HlePi = /@ nor Hfﬁ P ¢ HlePi = /@, which is
a contradiction with hypothosis. So £ = 1 and hence @ is primary, since @ is a power of a
maximal ideal in S. O

Theorem 2.23. Let QQ be a left primary ideal of R. Then only one of the following cases
occures.

i) There exists a prime ideal P <TF,[x] with partaker P', where P' C P and positive integers
a,b such that a > b, Q) = P* and Qg = Pb.

ii) There exists a prime ideal P I Fy[z] and integer a > 0 such that Q) = P* and Q) =

Fpla].
i1i) Q = ulFp[z]
iv) Q =0.

Proof. First, we show that Q) is a primary ideal of Fy,[z]. Note that Q[ is a proper ideal of Q
since otherwise, @) = R by lemma 2.9(iv).

Let BC C Qp for B,C JFylr]. One can see that uB(C' +uC) C Q. So uB C Q or
(C 4+ uC)™ C Q for some n € N, since @ is primary and uB,C + uC < R. If (C +uC)" C Q
for some n € N, then C" € Qpj. If uB C Q, then < u >< B >C (vB) € Q. Sou € Q or
< B >™C @ for some m € N, which implies that B™ C Q). So we have proved that u € @
or B" C Qpj or C™ C Qpy). Now, we show that u € Q leads to B C /Qpj or C C /Qp. Let
u € Q. Suppose that k € BC' C Qy. So there exist K e Q[z) such that k + uk’ € Q. Since
uk! € Q, k € Q. That is, BC C Q. Now (B +uB)(C +uC) C Q. Hence B+ uB C Q or
(C+uC)™ C Q for some n € N. Thus B C Q) € /Qp or C € /Qpy as required.

Therefore, we have shown that if BC' C Q) for B, C' QFy[z], then B C /Qpj or C C \/Qp)-
Since Fy[z] is a PID, lemma 2.22 shows that Q[ is a primary ideal of Fy[x]. Hence |/Qpy) = P
is a prime and hence maximal or zero by Theorem 2.19. Thus Q) = P* or Q) = 0 for some
positive integer a and a non-zero prime ideal P < F,[z], by Note 2.

First, suppose that Q) = P?. Since Qi) € Qg), S0 Qo) = P? for some b < a. If b= 0, then
(1) does hold. Let b > 0. We show that if P’ + P = F,[z]|, where P’ is the partaker of P, then
@ is not primary. So let P 4+ P’ = Fp[z], and P = (m), where 7 is an irreducible polynomial in
F,[x]. Let k # m be another irreducible polynomial in Fj[z]. Then

(ukFp[x]) (7 Fp[z] + ulFy[z]) = uknFplr] C unFylz] C uP* = uQp) C Q. (2.9)

However, ukFp[z] € Q. So let (7F,[z] + uF,[x])" C Q for some r € N. Hence (7% 4 u)" € Q for
some r € N. Thus

(ﬂ_a + u)r = 79 4 u,ﬂ_a(r—l) + uﬂ,a(r—Q)(ﬂ_l)a 44 u(ﬂ_/)a(r—l) €Q (210)

where 7’ is the partaker of 7. So (7/)*"=1) ¢ Pb since um®"=%(x/)% ¢ Pb = Q). But P and
P’ are coprime, and hence (7’,7) = 1. So 7/%"~1 ¢ P® would be impossible. Hence P’ C P
(otherwise, P + P’ = F,[z] since P is maximal in F,[z]).

Now, suppose that Q[I] =0. Then Q = Q[l] + UQ[Q} = UQ[Q} So

uQg) = ulFp[z](Qpg + uQpg) C uQpy = Q. (2.11)
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Hence ulF,[z] C Q or (Q[Q] —i—uQm)" C @ for some n € N. Thus Fy[z] C Q) or (Q[Q] —i—uQ[Q])” C
Q. If Fplx] C Qg), then Qo) = Fy[x] and (i74) is satisfied. However, if (Qg) + uQ[2))" € Q, then
QE] C Qpy = 0. So Qg = 0. Therefore, Q = 0 and (iv) is satisfied. O

Now, we prove the converse of Theorem 2.23.

Theorem 2.24. Any proper first type ideal Q@ of R which satisfies each one of the following
cases, 1S primary.

i) Q = P*+ ulF,[z] for some prime ideal P of Fplx] and some positive integer a.

ii) Q = P+ uP® for some non-zero prime ideal P which contains its partiner P' and for
some positive integer a,b such that a > b.

i1i) Q = ulFp[z]

iv) @ =0.

Proof. i) Suppose that Q = P* + ulF,[x], where P is a prime ideal of Fp[z] and a € N. Let
BC C Q. Then By;Cy) € Qpp = P Since P? is primary, By € P or Cpyp € VP = P. If
Bm C P%, then

B - Bm =+ ’LLB[Q] C P® + qu[l'] = Q (212)

However, if Cj;) C P, we show that (P + ulF,[z])* C @ for some a € N. Let f; € P+ ulF,[z] for
i < a. Then [, fi € P*+ ulFp[z] = Q. Hence, (P + ulF,[z])* € Q. We assumed that Cpjj C P.
So C% C (Cpy +uClg))* € (P + uFp[x])* € Q. Thus Q is primary in this case.

ii) Let Q = P®+uP? for some prime P which contains its partaker P’ and for some a,b € N
with a > b. Let AB C Q = P* + uP?, for some A,B < R. So (AB)y = AyBp) € P
Hence A[ll C P% or B[l] C P. Suppose that B[l] C P and let y; = by;m + uby; € B, where
b17i71' S Bm C P and bQ,i S B[Q}

H Yi = H(blviﬂ- + Ubgﬂ')

i<a i<a
= H by + H bl,m“*lubgji + H bl7i77“72ub17i7rbgyi 4+ 4 H U(blﬁ’ﬂ')ailbgﬂ‘
i<a i<a i<a i<a

Since P’ C P, there exists t € F,[x] such that 7’ = ¢t7. So there exists b’ € Fp[x] such that
[Tvi =[] orim® + ut't*n® € 7°Fp[a] + un’Fpla] = P* + uP® = Q.
i<a i<a

Hence [[,., v € Q. That is, B* C Q.

Now, let Ay € P If Ay € PP, then A C P* + uP” = Q, which is done. So let Ay ¢ P2
Hence there exists s € NU {0} such that s < b, 7°h € Ajg) with ged(m, h) = 1. So there exists
r € Fp[z] such that r7® 4+ ur®h € A.

Let y = by + uby € B. Then

(rm® + un®h)y = ro®by + raubs + un®hby € AB C Q = P* + uP?.
Now, there exists | € Fp[z] such that ra®uby = uln®by. Hence

(rr® + ur®h)y = rn%by + uln®be + un®hby € P* + uP?.



So um®hby € vP?, which does hold provided that b; € P. But, this implies that By € P, which
we get that B™ C @ for some n € N, as required.

Let Q = uFp[z], then by lemma 2.18, @ is prime, and hence primary.

Let @ = 0. suppose that AB C Q). Then A By € 0. Hence Apyp = 0 or By = 0. Thus
A =uAp or B =uBj. Let A =uAp. Then uAp B =AB C0. So Agy =0or By =0. If
A =0, then A = 0. Else, B = uBy. So B*> = uBpjuBy = 0. O

Note: Let f € Fplz]. Then it can easily be proved that there exists h € Fp[z] such that
ug = hu. We note h by f and call it inverse partaker of f.

Lemma 2.25. Let AR and A is second type. Then, there exists a first type ideal B <R such
that B C A. In particular, if Ay = (f), Ap) = (9), then (ff) +u(f) C A.

Proof. Let f4+uh € Afor some s € Fp[z]. Souf € A. Also, f(f+uh) € A. Hence, ff+ufh e A
and this results in ff € A. So (ff) + u(f) C A. O

Lemma 2.26. Let < m > be a prime ideal of Fp[z]. Then, (7, 71) = 1.

Proof. Let 7|#. Then, mh = #. Let m = > 1" pia’, # = > pix’ and h = YI_ hiz'. So for
m+1<r<r+m, Y piath,_; =0.

We have r equations and r undetermined, and equations are independent. This results in
h = 0. So # = 0 which means that 7u = u® = 0. So w = 0, which is impossible. O

Theorem 2.27. There is not a second type primary ideal in R.

Proof. Let BC C Q). One can prove that B™ C @ or C™ C Q oru € Q for some m,m' €N
in similar to Lemma 2.22.

Ifu € Qand Q) = (f), f € @ by the fact that f+uq € Q for some g € Q3. Hence, @ must
be of the first type ideal. So Qi is in the form of P! = (r)! for some irreducible polynomial in
Fplz]. Let Qg = (m)!=% = P!=%. Also one can see that

() +u(m)' =) (1) + uFp) C (a°7") + u(n)! + uln'm)! C (rd)! +u(m)! C Q. (2.13)

So (r) +u(m)=% C Q or ({m)* +uF,[z])™ C Q. If (r7)! +u(m)! =% C Q, then un'~* € Q and so
7t € Q. Thus Q becomes a first type ideal of R, which is impossible. So (m® 4+ u)™ € @ which
results in (7/)*("= 4 1w € Q) for some w € Fy[z]. Hence, there exists some k € Fp[x] such
that (7/)*(m=1D 4+ mw; = 7!=%k. So m|n’ or | —s = 0. =w|n’ is not possible by previous lemma.
Thus, Q[Q] = Fp[x]

Let L € Fy[z]. So for each c,d € F,[x], there exists wy € Fp[x] such that (714! + ur’)(c +
ud)(m 4+ ul) = w'ei! + unlwy € Q. One can see that '™t ¢ Qpy, so Alx! ™t + u7rl ¢ Q. So
(m+ul)™ € @ for some m € N. So there exists m1, mg € N such that (m+u)™, (7+2u)"2 € Q.
Let m = max{mi,ma}. Hence, (7 + 2u)™ — (7 + u)™ € Q. Thus

m—1 ) m—1 m—1
4 2u( YA )T A (YA )T =e ) A e (214)
=0 =0 1=0

Let r = min{alur® € Q@ for B>a}. Soa"tud ", Lri(r'ym=i=1 € Q. Considering un” € Q,
we have un" (7)™~ € Q.
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Since (m, ) = 1, there exists 21,22 € Fp[z] such that (7/)™ 121 + 729 = 1. We know that
un” € Q, so Zoun” € Q. Thus,

urn™ = un™ (2 (7)™ 4 m2g) = u(zm" (7)™ 4 2pn”) = Zun” @)™ 4 un” € Q.
This is a contradiction by definition of 7. O

According to the above results, we could characterize first type primary ideals. We will study
more about the role of the first and the second type primary ideals in primary decomposition
as follows. First we prove the following lemma.

Theorem 2.28. If A< R is a second type ideal and has a primary decomposition, then at least
one of its components in primary decomposition of A must be of second type.

Proof. Let there exists m primary ideals in decomposition of A. We prove the case m = 2. The
general case is followed by induction. Let A = @ NT for some primary ideals @) and T of R. If
both of @ and T are of the first type, then by lemma 2.15

A=QNT = (Qp +uQ) N (T + uTjy) = (Qu N Thy) + u(Qp N Tig)
Which is a first type ideal. So A is a first type ideal which is a contradiction by assumption. [

Corollary 2.29. The second type ideals of R do not have primary decomposition. In another
word, the ring R is not Laskerian.

Proof. According to the Theorem 2.28, if a second type ideal has a primary decomposition, one
of its components should be second type. But there is not any second type primary ideal by
Theorem 2.27. O

3 Over the ring (F, + uF,)[Z,]

Our goal in this section is to show the equivalence of ideals of R,, (or the skew cyclic codes over
F, + uF},) and the ideals of T;,. In the first step, we prove that 6’ is well-defined. We know

0 - Fp[x] . Fp[x]

: 01)=1,0@) =a'7 F,
<zt —1> <gzgn—1>7 (D) =10(@@) =a"=, @€ lp

Also, O(a) = O(#') (ie. O(a)|n). Let h,g € Fp[z] such that h = g. So 2™ — 1|h — g. More-
over, 0/(F) = 03, ua') = 3o et () = 3, et and 8(g) = (S, giw®) = X0, 58 (2 =
3 GiaT T
We know 2™ — 1| >°.(h; — gi)xt, so (a™tz)® — 1|3 °.(h; — gi)(a ). Since a™ = 1, 2™ —
1> (hi — gi)a™tat. So S, hia™ @ =" gia™"z". So ¢'(h) = 0'(g). Thus ¢ is well-defined.
Furthemore, ' is a ring homomorphism. Suppose that f,g € Fyla] Then, if f =", fi@,

. <zn—1>"
_ ——1
g= Zz gix,

0'(Fg) =0/ (ST )3 g') = 0> 3 Figia™)

i

=D figh @™ =) ) figia™ Iz
i g g
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=) fia ) _gia®) = 6'()6(9)-
i i
Hence, the ring T;, is well-defined by the definition of #’. Now, it is turn to prove the isomorphism
between T),, R,,.
Theorem 3.1. T,, ~ R,,.

Proof. Let ¢ : R, — T, be as follows

(O (fi +uliz’) + R(a" — 1)) = (O _(fiz) + Fpla](z" — 1)) Zl o+ Fyla)(z" — 1))+ < u? > .
First, we prove that 1 is well-defined. Let Y, (f;+uliz')+R(z"—1) = >, (gi+uk'z’)+ R(z" —1).

So x™ — 1| 3°,((fi — i) + u(l; — ki))z". Hence, there exists v, w € <55E€]1>, such that

(@" = Do +u@" —Dw=> (fi —g)r' + uZ(li — ki)

i

Thus, 2" — 1] Y,(fi — gi)2® and 2™ — 1| 3°.(I; — ki)x'. So Y, fiz® + Fy[z](a" — 1) = >, gix® +
Fylz](z™ — 1) and Y, iz® + Fylz](z" = 1) = 3, kixt + Fylz](z™ — 1). So ¥(3_;(fi + ul;)x’ +
R(z™ —1)) =¢(3>_,(9i + uk;)z* + R(2™ — 1)). This proves that v is well-defined.

Second, we prove that v is a ring homomorphism. Let s(z) = (f +ul) + R(z" — 1) € R,
and v(x) = (g + uk) + R(z" — 1) € R,,. One can see

S(z)v(z) = ((f +ul) + R(a" — 1)) ((g + uk) + R(z" — 1)) = (fg + ulg + uf'k) + R(z™ — 1).
So
P(s(2))(v(x))
=((f + Fpl2](a" = 1)) + (L + Fp2) (2" = D)u+t < v? > )
((g + Fplz](z™ — 1)) + (k + Fplz](z" — 1))ut+ < u? > )
—(fg+ Fylal(a" — 1) + (/& + Bylal(e” — D)u+ (g + Fylal(@” — D)ut < >

Hence, 1(50) = 1(3)1(v). Also, ¥(5+7) = ¥ (3) + ¢(v) is easy to prove.
Third, we prove that psi is an injective map. Let ¢(>;(fi + ul;)z® + R(z" — 1)) = 0. So

(Zf,:c’ + Fplz](z" — 1)) + U(lewl + Fylz](z" — 1))+ < u* >=0.

Thus, s(z)(z" — 1) = Y, fiz®, w(z)(a" — 1) = 3, l;z* for some s,w € F,[z]. Hence, (s(z) +
ww(z)) (@™ — 1) = >, (fi + uly)z’. So > (fi + ul)z’ + R(z™ — 1) =0+ R(z" — 1).

Finally, we prove that v is surjective. Let s(x) = h(z) + Fplz]|(z™ — 1) + (I(z) + Fplz])u+ <
u? >€ T),. It is easy to see that

Y(h(z) +ul(z) + R(z" — 1)) = s(z).

12



3.1 Prime ideals of T,

Let A9 R, 2" =1 € A. So =4 < Ry Thus, A = 1(
)) (h+F[ J(z" _1))U+<U >. Now, define

W) AT, Let f = (g—i—Fp[x](x"

A =g + Fplal@” ~ DIk + Be](" - 1) € <mF[_]1>

6 g+ Fyla)@" = 1) +ulh+ Byla] @ — 1)+ <’ >) € — an_ -
Am:%+@M@MJHyHMmﬂ_DG<;%ﬂy

W g+ Fyla](@” — 1) + u(h + Fyla](a" — 1)+ <u®>) € <;an—1>}

Theorem 3.2. If A < R is a first type ideal, and z™ —1 € A, then ¢(W) Z[l} +Z[2]U+ <
u? > (Consider A[l], A[Q] as subrings of Ty, ).

Proof. Let Ay =< f > and Ay =< g >. So f +ug € A. Hence, ¥(f + ug + R(z" — 1)) €
W(—A—)=A. So

<z"—1>
(f + Blz](z" — 1)) + (g + Fplz] (2" — 1))ut < u? >€ A.

It is enough to show that Ay =< f >, Ajgj =< g >. Let k € Aand k = (h+Fplx](z" 1))+ (I +
Fylz)(z™ — 1))u+ < u? >. Hence, (k) = h + ul + R(z™ — 1). Thus, there exists v, w € F,[z]
such that

h+ul + (2" — 1)(v + uw) € A.
So h(z) +u(x)(z™ — 1) € Apj and I(z) + w(x)(2™ — 1) € Apy. This means that f(z)|h(z) +

u(x)(z™ —1) and g(x)|l(x) + w(x)(2™ — 1). Considering the fact that f|z"™ — 1, g|z™ — 1, f|h, g|l.
So h = fh1 and | = gly.

Hence, k = (fh1 + Fplz](z™ — 1)) + u(gl + Fplz](2" — 1))+ < u? >. Thus, Z[I] =<
[+ Fplz](z™ — 1) >, Ay =< g + Fplz](z™ — 1) >. Considering the fact that (f 4 Fp[z](2" —
1) +u(g + Fplz](z" — 1))+ <u2 > A, A = Apy 4 udpg+ < u? > O

Theorem 3.3. Let AR, 2" —1€ A and A= Z[l] + uZ[Q]—I— <u?>. Then A is a first type
ideal of R.

Proof. Let Ay =< f > and Ajgy) =< g >. Suppose that (h + Fplz](z" — 1)) + (k + F}[z] (2"

Dut < u2 >€ A. So h+ uk + R(z" — 1) € <an i=- Hence, there exists l1,l2 € R such
that flh + l1(2™ — 1) and g|lk + la(z™ — 1). Thus f|h and glk. If h = hyf, k = k:lg, (h1 +
Ep[x](m” —D)(f + Eplz](@™ — 1)) + (k1 + Fplz](z" — 1)) (g + Fplz](z" — 1))u+ < u® >€ A. So
Ay =< f+ Flz](z" = 1) >, Ay =< g+ Fp[az](w” — 1) >. This means that (f + Fp[z](z" —
1) + (g + Eplz](a"™ — 1)u+ < u? >€ A (Otherwise, A # Ap) + Agju+ < o? >) Hence,
f+ug+R(@" —1) =y~ ((f + Fpla](@" — 1)) + (g + Fplz](a" — )ut <u? >) € W So
there exists [; € R such that f 4+ ug + {1(z" — 1) € A. Considering the fact that 2™ — 1 € A,
[ +uge A So A= Ay + Apu. Hence, A is first type. O
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We call A is a first type ideal of Ty, if A is a first type ideal of R. Hence, A is first type, if
and only if A= A[l} + Amu—k < u? >. We show it by A= A[l] + A[2]u for simplicity reasons.

Theorem 3.4. Let A< R, 2™ — 1€ A. Then A[l],Am are ideals of Fylz]

<zn—1>-

Proof. Let f+Fy[z](z"—1) € Ay and g+ Fplz](z"—1) € el 3o there exists k+Fylx](z" —

<n—1>>
1) € <f,’j[_x]1> such that

A
<zt —1>

Hence, f +uk+ R(z™ —1) € ﬁ. So ((g+ R(z™ —1))(f + uk + R(z" — 1))) € ﬁ. So
fg+ukg+ R(z" —1) € Thus

U + Fyla)(a™ = 1) + u(k + Fylz](@" — 1)+ <u? > ) €

A
< 1>
U(fg+ukg+ R(a™ —1)) € A.

Hence, fg+ Fp[z](z" —1) € Ay which means that (f + Fp[z](z™ —1))(g + Fplz](z™ — 1)) € Ap.

Thus Z[l} is an ideal of <§§’[ﬂ>. In similar way, one can see that Z[g] is an ideal of <f£[f}1>. ]
Theorem 3.5. Let A< R, 2" —1 € A. Then ¢(uAp)) = <[u¢9} < T,. Moreover, [QE‘Q’Z]“ C
A

Proof. Let f+Fy[z](z"—1) € Apjandu = (g+Fp[m](m"—l))—|—(k—|—F [z] (2" —1))u+ < u? >€ Ty,
It is enough to show that @((f + Fp[z](z™ — 1))u+ < u? > ) € <Lu2 T . Since, Ay < <§’j[ﬂ>
and f + Fplz](z™ — 1) € Ay}, fg € Apy. So (¢'f + Fpla] (2™ — 1))u+ < u? >e€ %. Hence,

((f + Bplz] (2" — D)u+ < u? > ) ((g + Fplz](a™ — 1)) + (k + Fplz] (2" — 1)u+ < u? > )

A [u, §'|u
— n 2 (1]
So Z[i@»i’}u < T,,. Also, let f+ Fylz](z™ — 1) € Z[l]' So there exists h + F,[z ]( n_1) e

<f,’j[_x]1> such that Y71 ((f + Fplz](z™ — 1)) + (h + Fplz](a™ — 1))u+ < u? > ) € W Thus
f+uh+ R(z" — 1) € —2A-—. Hence, (u+ R(z" — 1))(f + uh + R(z" — 1)) € —2=. So

<zh—1> <z —1>
uf + R(@" — 1) € A= So (f + Fylz](a" — 1))ut < u2 >€ A. Thus A[g[i‘” C A O
Theorem 3.6. Let A< R, 2" —1€ A. Then Z[l] C Z[Q].
Proof. Let f + Fplx](z™ — 1) < Apy. So there exists h + F, [ J(z" —1) € <§’§’[x}> such that
VH(f+ Fpla](a™—1)) + (h+F[ ](x —1)ut <u?>) e W Thus f+uh+ R(z"—1) €
A

15 S0

(uw-+ RG" ~ D)(f + b+ R ~ 1)) =uf + R~ 1) € —— "

u x u x =u x ~ 1S

Thus ¥(uf + R(a" — 1)) € A _This means that (f + Fplz](z" — 1))ut+ < u® >€ A. So
f+ Fp[SU](ZL‘n — 1) S A[Q] Hence, A[l] - A[Q] U
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Theorem 3.7. If P < R is a prime ideal and ™ — 1 € P, then Pisa prime in T,,.

Proof. Let ABCP and A, B are two arbltrary ideal of T;,. Hence, 1/) (A\E) - @Z)_l(ﬁ). Since 1
is 1somorphlsm, Pp~1(A )w 4B ) Pp~1(A ) So ¢~ (A)@D(B) - W Thus, TADMB ; €
—. So AB C P. This implies A C P or B C P (Since 2™ —1 € A, B). So @ZJ(W) CPor
w(W)CP Hence, ACPorBCP. O

Theorem 3.8. Let P is a prime ideal of Ty, then P is a prime ideal of R.

Proof. Let ABC P,A,B<R. Suppose that A* —< A,z" —1>and B* =< B,2" —1 >. Since

a"—1€ P, A*B* C P So e =B € . So A*B* C P. This implies that A* C P
o P B* P

or B* C P. So P 1> C 1= s C > Hence, A* C P or B* C P. This

means that A C P or B C P. So P is a prime ideal of R. L]

Corollary 3.9. Let P < R, 2" — 1 € P. Then P is a prime ideal of R, zﬁﬁ 18 a prime ideal
of T,,.

Corollary 3.10. Let P AT, bea prime ideal. Then there are two cases.

i) P= w(w) where f € Fylx] is an irreducible polynomial such that f|z™ — 1.

<x"—1> "
Fp| n—1
ZZ) P = w( px](xxn )1‘;“ p[x})
Proof. The proof follows from Corollary 3.9 and Theorem 2.19 O

Proposition 3.11. J(R,) =< []t.reducivie [ > +Hulp[z].

Fplz]
<x"—1>

Proof. According to correspondence theorem for PID, the maximal ideals of
spondent to the maximal ideals of Fj[x] which contains 2™ — 1. So

M= () m= (1 s

z"—1em

are corre-

According to Theorem 2.14, every maximal ideals of R are in the form of < f > 4ulF,[z] where
f is irreducible. Since 2™ — 1 € m, f|z™ — 1. On the other hand, "™ — 1 does not have any
repeated root, so

< Hf:z"rreducible f > ‘l—qu [x]

_ m_ fle" =1
J(Bn) = ﬂ <zhm—1> <zn—1>
mn R
" —1lem

Proposition 3.12. Nil(R,) = F”[x](iZ;PIZUFP[x}

Proof. Let f+ < 2™ —1 >€ Nil(R,). So there exists m € N such that (f+ < 2" — 1) = 0.
Thus f™ €< 2™ — 1 >. Hence 2™ — 1| f{". Since 2" — 1 does not have any repeated root in its
split field, ™ — 1|f;. So fi+ < 2™ —1 >=< 2™ — 1 >. This means that f = ufo+ < 2" — 1 >.

Hence Nil(R) C C Fplol _I)J;UF” 2l The converse is easy. O

Corollary 3.13. Nil.(R,) = Nil(R,) = Nil*(R,).
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Proof. According to Corollary 3.10, we have

Nil.(R,)= () P
PeSpec(Ry)
_ Fplz)f + uFp[x] Fplz](z" — 1) + ulbpz]\  Fplz](z" — 1) + uly[]
_< M« <z —1> )>m( <a"—1> )= <a"—1>

frirreducible

Since Nil(R,) is an ideal, Nil(R,) = Nil*(R,). This and Proposition 3.12 completes the
proof. O
3.2 The primary ideals of T,

First, we start with some lemma to find an equivalence theorem between primary ideals of T},
and some of primary ideals in R.

Lemma 3.14. Let A< R,z" — 1€ A. Then (¢ 1(A))™ C ¢~ 1(A™).

Proof. Since ¢ is an isomorphism, Y~ HB)yY~H(C) C »~1(BC) for each ideals of T;, like B,C.
So g~ H(A)™ CyTHA™). 0

A )m

Also, one can prove that easily that —% m1> = (s

Theorem 3.15. Let Q < R, 2" — 1 € Q. IfQ is a primary ideal of T,,, then Q) is a primary
ideal of R.

Proof. Let AB C Q. Suppose that A* =< A,2" — 1>, B* =< B,2" —1>. So A*B* C Q and
this results in <m;L4 > <x" > < <an > Hence, w(<m" 1>)¢(<x§ 1s) C w(%) Thus
A*B* C Q This means that A* C Q or (B*)m C Q for some m € N. Hence, ¢~ 1(A%) C v~ 1(Q)

or v~ 4B B ) C Q). So <a:" = C <an = or (<an;>)’” - <an,1> for some m € N by

lemma 3.14. So A* C Q or (B*)™ C @ for some m € N. So @ is primary. O
Theorem 3.16. Let Q I R, 2™ — 1 € Q be a primary ideal of R. Then @ is a primary ideal of
Th.

Proof. Let AB C Q. So ¢~ (Z)wfl(A) wil(z@@) - 1/1(@) So ‘iﬁf 1;1 - <an =~ Hence,
< AB,z" — >C Q. Thus AB C Q which results in A C @ or B™ C @ fr some m € N.
So Y(zrs) C vlmmds) or v(ZHEE) = (W)™ C vlzmds) for some m € N.
Hence, AcC Q or B™ C Q for some m € N. Thus Q is a primary ideal. O

Corollary 3.17. Let Q@ < R, 2" —1 € Q. Theﬁ Q is a primary ideal of @Q, z'jj‘@ s a primary
ideal of T,,. In particular, every primary ideal Q) in T, is the first type ideal and exactly in one
of the following forms.

i) w(w) where f € Fplz] is an irreducible polynomial such that f*z" — 1 and

<z"—1>
a> 0.
ii) w(%ﬁ[x]fb) where f € F,[z] is an irreducible polynomial such that f°|z™ — 1 and
a>b>0.
iii) 0.

Theorem 3.18. Let A R,z" — 1€ A. Iff/l\ has a primary decomposition such that all of its
primary coefficients in decomposition are first type, then A is a first type ideal.
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Proof. Let g be a second type ideal. iMso A= @1 N @2 n---N @t for some primary ideals @Z
Then ¥ H(A) = 1 Q1) N NY Q. So A= = =Z =N N, Asa” — 1€ Q;

, <z"—1> <gn—1>"
forsome 1 <i<t, z"—1¢€ ﬂ§:1 Q;. So <InA_1> = gﬁl_?; Hence, A=Q1N---NQ¢. Thus A
should be a first type ideal by lemma 2.28. So A s a first type ideal by lemma 3.2. O

So if A is a second type ideal and has a primary decomposition, then there exists at least
one second type primary coefficient in its decomposition. But finding a second type ideal is not
easy and from the computation view, it seems demanding.

: ~ ~ = — . F

Assume a first type ideal A. So A = Ay + uApL Slgce <I5[_x}1>
ring, the unique primary decomposition exists for Ay}, Ap.So

A=(N2) +u(Y) (3.1)

is a Notherian commutative

P[]
<z"—1>"

where Z;,Y; are primary ideals of
T,.

So there is a characterization for first type ideals of

Proposition 3.19. There is no second type primary ideal in R, .

Proof. According to the Theorem 3.15 and Theorem 3.16, A < R, 2™ — 1 € A is primary, if and
only if A< R,. Let A be a second type primary ideal in R,. Then A should be a second type
primary ideal according to Theorems 3.2,3.3. This is impossible according to Theorem 2.27. So
there is not any second type primary ideal in R,. 0

Corollary 3.20. The second type ideals of Ry, do not have primary decomposition. In particular,
R,, is not Laskerian.

Proof. The proof follows by the Proposition 3.19 and Theorem 3.18. 0
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