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Abstract

We propose a scheme for perfect transfer of an unknown qubit state via the
discrete-time quantum walk on a line or a circle. For this purpose, we introduce an additional coin operator which is applied at the end of the walk. This
operator does not depend on the state to be transferred. We show that perfect
state transfer over an arbitrary distance can be achieved only if the walk is
driven by an identity or a ﬂip coin operator. Other biased coin operators and
the Hadamard coin allow perfect state transfer over ﬁnite distances only.
Furthermore, we show that quantum walks ending with a perfect state transfer
are periodic.
Keywords: quantum walk, quantum state transfer, quantum state revival
(Some ﬁgures may appear in colour only in the online journal)
1. Introduction
Quantum state transfer from one location to another is a signiﬁcant problem for quantum
information processing systems. A quantum computer, which consists of different processing
units, requires the quantum states to be transferred between its parts. Therefore, quantum state
transfer will be an important part of quantum computer design. There are various ways of
achieving this task depending on the technology at hand [1]. In this article, we consider two
related ﬁelds of research, quantum state transfer and quantum walks on one-dimensional
lattices.
Quantum communication through a spin chain was ﬁrst considered by Bose [2] and since
then it has been studied in depth [3–10]. This procedure consists of interacting spins on a
chain, whose dynamics is governed by Heisenberg, XX or XY Hamiltonians. Perfect state
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transfer (PST) through a spin chain, in which adjacent spins are coupled by equal strength,
can be achieved only over short distances [11, 12].
Quantum walks (QWs) have been introduced as a quantum analogue of classical random
walks. The continuous-time QW has been suggested by Farhi and Gutmann [13] as a quantum
algorithm to reach the nth level of a decision tree faster than the classical random walk. The
discrete-time QW has been introduced by Aharonov et al [14] where the walker has a larger
average path length than its classical counterpart. These properties of QWs have allowed
development of new quantum algorithms [15]. Many experimental systems for QWs have
been implemented [16–32].
The time-evolution of qubit state transfer through a spin chain can be interpreted as a
continuous-time QW and PST is possible over a spin chain of any length with pre-engineered
couplings [11, 12]. Furthermore, this interpretation can be extended to discrete-time QW with
a position-dependent coin operator [33]. PST in quantum walks on various graphs has been
studied more speciﬁcally for the continuous-time model [34]. High ﬁdelity transfer of speciﬁc
quantum states on variants of cycles has been reported for the discrete-time QW [35] without
considering the internal coin state.
In this article, we show the perfect transfer of an unknown qubit state from one site (A) to
another (B) on one-dimensional lattices in discrete-time QW architecture. We treat the coin as
our qubit whose state we aim to transfer. The coin is an internal degree of freedom of the
walker, e.g., polarization, 2-energy levels, angular momenta or spin, which moves on discrete
lattice sites. At the end of the walk, we apply one more coin operator (recovery operator) to
achieve PST. The recovery operator is independent of the initial coin state and it can be
determined before the walk once a coin operator is chosen. We study the periodicity of each
case where PST occurs and show that for all PST cases the quantum walk is also periodic.
Moreover, we show that redeﬁnition of the shift operator which amounts to a change in the
directions in which the walker can move, may lead to PST with appropriate choices of the
coin operator.
This article is organized as follows. In section 2, we present a brief review of discretetime QW and introduce spatial and local approaches to the deﬁnition of directions for the
walker. We deﬁne the boundary conditions (N-lines and N-cycles) of the walk. In section 3,
we discuss the transfer of the walker between sites A and B without considering the coin state.
In section 4, we introduce the recovery operator and give a precise deﬁnition of PST for
discrete-time QWs. In sections 5 and 6, we obtain the cases where PST occurs for N-lines and
N-cycles. In the conclusion section, we summarize our results.

2. The discrete-time quantum walk
One-dimensional discrete-time QW involves two discrete Hilbert spaces. One of them is the
position space P spanned by the basis states { ∣ x〉: x ∈ Z}, and the other one is the coin
space C spanned by basis states { ∣ ↑ 〉, ∣ ↓ 〉 }. These spaces correspond to the position and
the internal states of the walker. The total quantum state of the walker is determined by both
its coin and position degrees of freedom. In other words, the whole space, C ⊗ P , is
spanned by the tensor product of base states which are denoted by ∣ c, x〉. Time evolution of
the walk is governed by a unitary operator which is applied in discrete time intervals (socalled discrete-time) to form the steps of the walk. One step is deﬁned by two subsequent
unitary operators, coin operator which only affects the coin space and shift operator which
affects both the coin and the position spaces. Thus, one step is given by the unitary operator
U = S. (C ⊗ I), where S, C and I are shift, coin and identity operators, respectively. The
2
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most general unitary coin operator can be written as

⎛
ρ
1 − ρ ei θ ⎞
⎟,
C = ⎜⎜
iϕ
i ( θ + ϕ) ⎟
⎝ 1 − ρe − ρe
⎠

(1)

where ρ gives the bias of the coin, i.e., where ρ and 1 − ρ are probabilities for moving left and
right, respectively. Here, θ and ϕ are the parameters deﬁning the most general unitary
operator up to a U(1) phase. The parameters (ρ , θ , ϕ) are chosen arbitrarily at the beginning
of the walk and they remain constant during the walk. For ρ = 1 2 and θ = ϕ = 0 , we obtain
the well-known Hadamard coin operator (unbiased case). The shift operator is given as

S= ↑

↑ ⊗

∑x+1

x + ↓

↓ ⊗

x

∑x−1

x ,

(2)

x

where the sum is taken over all discrete positions of the space. The shift operator forces the
walker to move in a direction determined by its coin state. The position Hilbert space is not
necessarily inﬁnite and it can be restricted to a ﬁnite number of sites N by choosing
appropriate conditions for the boundaries. In this case, a different deﬁnition for the shift
operator is required. In ﬁgure 1, two boundary conditions for the walk are presented and these
are the ones that we will use throughout the article. In ﬁgure 1(a), the lattice with N sites and
reﬂecting boundaries (N-line) is represented. Self loops at the boundaries indicate that the
wave function is reﬂected after the shift operator is applied, similar to the approach used by
Romanelli et al for the broken links model [36]. The shift operator is of the form

S= ↑

↓ ⊗ 1 1 + ↓

↑ ⊗ N N

N −1

+ ↑

↑ ⊗

∑

N

x+1 x + ↓

↓ ⊗

x=1

∑

x−1 x ,

(3)

x=2

where the left (right)-going part at the ﬁrst (last) site is diverted to the right (left)-going part at
the same site to keep the ﬂux conserved. Thus, the shift operator remains unitary. In
ﬁgure 1(b), the lattice with even N sites and periodic boundaries (N-cycle) is represented.
Here, we simply connect the ﬁrst and the last sites with one more edge.
For the walker, directions of motion can be deﬁned in two ways. In the ﬁrst one, which
we shall call the spatial approach, the same coin state corresponds to the same spatial
direction at every site. Without loss of generality, one can choose the up (down) coin state to
correspond to the right (left) spatial direction or clockwise (anti-clockwise) rotation. In the
second approach, which we shall call the local approach, we assign two orthogonal coin
states to the two edges of every site in a self-consistent manner. The discussion here could
equivalently be done by redeﬁning the shift operator as well. These approaches are summarized in ﬁgure 2.
A walk can start with any initial state. We will use only localized initial states of the form
∣ Ψ0 〉 = ∣ ψ0, x 〉 ⊗ ∣ x〉, where ∣ ψ0, x 〉 = α0, x ∣ ↑ 〉 + β0, x ∣ ↓ 〉 is the arbitrary initial coin state.
The ﬁrst and the second indices denote the number of steps and site, respectively. After t
steps, the initially localized state disperses in the position space and the quantum state of the
walker becomes

Ψ0

Ut

⟶ Ψt =

∑ ( αt, x

↑

+ βt, x ↓

)⊗

x .

(4)

x

At the end of the walk, the probability of ﬁnding the walker at site x is given by summing the
probabilities over the coin states
3
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Figure 1. The position space where the quantum walk takes place with (a) reﬂecting
boundary (N-line) and (b) periodic boundary (N-cycle) conditions. Outermost sites are
labelled with A and B. Site A is the initial position of the walker and site B is the
position where we aim to transfer the coin state.

Figure 2. Two different approaches which specify the directions in the position space.

(a) Spatial approach: ∣ ↑ 〉 (∣ ↓ 〉) state corresponds to the +x (−x ) direction for each
site. (b) Local approach: Adjacent edges are labelled by different basis states of the
coin space in a self-consistent manner. Thus, the walker found at site n takes a step
towards n+1, and vice versa, if its coin state is ∣ ↑ 〉.

Pt, x = αt, x

2

2

+ βt, x .

(5)

Time evolution which is given in (4) can be written as an iterative map which gives the
coefﬁcients of ∣ ↑ 〉 and ∣ ↓ 〉 at any time for any position. First, consider the effect of the coin
operator on the wave function projected on a given position state ∣ x〉 :

Ψt′

C⊗I
⟶ ⎡⎣ αt, x ρ + βt, x 1 − ρ eiθ

(

(

)

↑

+ αt, x 1 − ρ eiϕ − βt, x ρ eiθ eiϕ

)

↓ ⎤⎦ ⊗ x .

(6)

Coefﬁcients of ∣ ↑ 〉 and ∣ ↓ 〉 are the right-going and the left-going probability amplitudes,
respectively. Thus the time evolution in (4) can be written as the map
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Figure 3. The probability of ﬁnding the walker at the antipodal site B on (a) 4-cycle, (b)
4-line, (c) 6-cycle and (d) 6-line for the Hadamard walk, ρ = 1 2 . The initial coin state
is chosen as ∣ ψ0, A 〉 = (1 2 )[ ∣ ↑ 〉 + i ∣ ↓ 〉 ] in each case. Long-time behaviours for
(e) 6-cycle and (f) 6-line reveal the recursive behaviour of the probability at site B. The
lower parts of (e) and (f) are clipped.

αt + 1, x = αt, x − 1 ρ + βt, x − 1 1 − ρ eiθ ,
βt + 1, x = αt, x + 1 1 − ρ eiϕ − βt, x + 1 ρ eiθ eiϕ ,

(7)

which is very useful to keep track of the probability ﬂux on the lattice.
3. Transfer of the walker after a limited number of steps
For classical random walks, recurrence is deﬁned as the return of the walker to the origin and
characterized by Pólya number [37]. In the QW case, the same deﬁnition is used and fullrevival of the initial quantum state is not necessary [38, 39]. Here, we consider the transfer of
the walker from site A to site B after a limited number of steps without considering its coin
state. In other words, we expect that the condition Pt, B = 1 is fulﬁlled after t steps where t is an
integer comparable with the number of lattice sites.
In ﬁgure 3(a), for a 4-cycle, we see that the walker appears recursively at site 3 with a
period of 8 steps for the 4-cycle. In ﬁgure 3(b), we also observe recursive behaviour for a 4line but the probability never reaches 1. It means that it is impossible to transfer the walker
from site 1 to 4 because Pt,4 repeats itself in every 22 steps with 0.625 maxima. For a 6-cycle
(ﬁgure 3(c)) and a 6-line (ﬁgure 3(d)), neither can the walker be transferred within the given
time intervals, nor is recursive behaviour observed. However, further analysis for long-time
behaviour reveals repetitive patterns which display irregular periodicity [40]. In ﬁgure 3(e),
we observe that peak values oscillate with quasi-periods of 2412 and 2698 steps. The
maximum value is 0.57 and therefore transfer of the walker is impossible. In contrast,
ﬁgure 3(f) demonstrates that it is quite probable (≈0.99) to ﬁnd the walker at site 6 with quasi5
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periods of 6416 and 6016 steps. In this manuscript, we omit this kind of approximate transfer,
which appears after a very large number of steps because of its unpredictability and
experimental inconvenience. Instead, we consider the cases where exact transfer of the walker
(e.g., ﬁgure 3(b)) is possible in a speciﬁc limited time. In ﬁgure 3, we consider the Hadamard
walk only for the initial coin state ∣ ψ0, A 〉 = 1 2 [ ∣ ↑ 〉 + i ∣ ↓ 〉 ]. For PST, we expect to
obtain the same behaviour for all initial coin states. Thus, we deﬁne our ﬁrst criterion which
we use in our numerical work for PST as follows: For a given coin operator, the walker has
to be transferred to the antipodal site of the lattice after a speciﬁc number of steps for all
initial coin states. We examine coin operators whether they satisfy this criterion or not. Once
this criterion is satisﬁed then we examine the ﬁnal coin state for its similarity to the initial coin
state. A precise deﬁnition for PST is given in the following section.
4. Recovery operator and PST
The walker is initially localized at site A. We are interested in the perfect transfer of the
walker’s coin state from site A to site B. For this purpose we deﬁne the ﬁdelity at time t and
site B by

ft, B =

ΨB Ψt ,

(8)

where ∣ ΨB 〉 = ∣ ψ0, A 〉 ⊗ ∣ B〉 and ∣ Ψt 〉 is the quantum state of the walker at step number t. ∣ ψ0, A 〉
is the coin state at t = 0 and site A. PST occurs if ft, B = 1. Thus, we are looking for a class of
time evolutions of the form [43]

ψ0, A ⊗ A → ψ0, A ⊗ B .

(9)

Since we assume that our initial coin state is unknown, for a given coin operator, the required
number of steps to transfer the coin state have to be the same for all ∣ ψ0, A 〉ʼs (see the criterion
in section 3). The condition, A = B and ft, B = 1, implies that the walk is periodic, which
means that the initial quantum state is completely recovered after t steps up to a phase
constant. Periodicity has been ﬁrst discussed by Travaglione and Milburn [16] for the 4-cycle.
They have shown the full-revival of the initial quantum state ∣ Ψ0 〉 = ∣ ↑ 〉 ⊗ ∣ 0〉 after 8 steps
with a Hadamard coin. Later, Treggenna et al have extended this result by showing that,
except the 7-cycle, all N-cycles with N < 11 manifest periodicity with appropriate choices of
(ρ , θ , ϕ) for every initial coin state [41]. Dukes has analysed the periodicity of N-cycles in
detail and presented the general conditions for periodicity [42]. Here, although our main aim
is to achieve PST, we will also study the periodicity for each case under consideration. We
consider a QW to be periodic, if it is periodic for all initial coin states as in [41].
As we have discussed in section 3, for a given number of steps, the walker may appear at
B with probability 1. However, its coin state (∣ ψt, B 〉) can be different from the initial one
(∣ ψ0, A 〉). Since (1) includes all possible rotations for a two-dimensional coin, one can transform ∣ ψt, B 〉 to ∣ ψ0, A 〉 with suitable parameters, ( ρ′, θ′, ϕ′). Let us denote this coin operator with
primed parameters as C R = C′ ⊗ I (recovery operator) to distinguish it from the one which
governs the walk. Since the initial coin state is unknown, the recovery operator has to be
independent of the initial coin state. We deﬁne this condition as our second criterion for PST
as follows: For a given coin operator and lattice, there should be only one recovery operator
which transforms the ﬁnal coin state to the initial coin state. In sections 5 and 6, we show that
all cases which satisfy the ﬁrst criterion (in section 3) also satisfy the second one. Thus, once
we decide on the coin operator which we will use for the walk, we can also determine the
6
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Figure 4. Fidelities of the initial coin states on 2-line. 1st and 2nd sites are chosen as A

and B, respectively. The (θ b, ϕb ) plane represents the initial coin states on the Bloch
sphere and f is the maximum ﬁdelity over time. (a) Identity coin operator is used.
Independent of ϕb , the coin states θ b = 0 and θ b = π are transferred perfectly. (b)
Hadamard coin operator is used and no PST is observed within a limited time interval.

recovery operator which will be applied at the end of the walk to achieve PST. This PST
scheme can be summarized as

ψ0, A ⊗ A

Ut

⟶

ψt , B ⊗ B

CR

⟶

ψ0, A ⊗ B .

In our calculations, A and B are chosen as the outermost sites on the lattice. These are 1st
N
and Nth sites for the N-line, 1st and ( 2 + 1)th sites for the N-cycle with even N, respectively.
We do not analyse N-cycles with odd N for PST, since we cannot assign a unique A and B
pair. First we have numerically determined all cases where the walker is found with probability 1 at B for all Bloch states (the ﬁrst criterion). We have restricted the lattice size to
N < 11 if ρ ≠ 1. Without loss of generality, we have also restricted the coin operator to
ϕ = 0 [41]. Then, we have analytically studied these cases for their aptness to periodicity and
PST (the second criterion), by using (7).
For PST, without any knowledge about the initial coin state, one should be able to
transfer all coin states with ft, B = 1. However, an arbitrary coin operator and an arbitrary
lattice do not provide QWs which allow PST in general. In ﬁgure 4, two speciﬁc examples are
demonstrated. These are the numerical analyses of ﬁdelity distributions over initial coin states
for the 2-line. In ﬁgure 4(a), it can be seen that only a limited number of initial coin states are
transferred perfectly for the identity coin operator. In ﬁgure 4(b), a Hadamard coin is used and
there is no PST at all. Further analysis for the other coin operators and lattices give similar
results except the 4-cycle which will be explained in section 6.

5. PST on N-lines
5.1. Case: ρ ≠ 1

In table 1, the cases where the walker is found with probability 1 on the 2-line are given. The
cases with coin state ∣ ψ0,1 〉 manifest periodicity. To achieve a PST, we consider the other
cases where the total state is
7
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Table 1. For the 2-line, these are the cases where the walker is found with probability 1.
The other parameters of the coin operator are chosen as θ = ϕ = 0 .

ρ
1
4

1
2
3
4

{
{

Steps (t)

Site (x)

Coin state

6
12

2
1

−β ∣ ↑ 〉 + α ∣ ↓ 〉
∣ ψ0,1 〉

4
8

2
1

−β ∣ ↑ 〉 + α ∣ ↓ 〉
∣ ψ0,1 〉

6

1

∣ ψ0,1 〉

Ψt = ⎡⎣−β ↑

+ α ↓ ⎤⎦ ⊗ 2 .

(10)

After t-steps, we apply an appropriate recovery operator, (ρ′, θ′, ϕ′) = (0, 0, −π ), on (10). In
this way, we obtain the initial coin state and hence PST. The overall process can be written as

ψ0,1 ⊗ 1

CRUt

⟶

ψ0,1 ⊗ 2 .

Thus, any coin state can be transferred on the 2-line perfectly with appropriate (ρ , t ) values
given in table 1. We note that the recovery operator is constant for a given coin operator and it
provides PST for all initial coin states. In each PST case, the QW is periodic. For example,
after 4 steps of the walk with ρ = 1 2, if the walker proceeds 4 more steps, the initial
quantum state is recovered. There is also a case with ρ = 3 4, where the 2-line is periodic but
it does not lead to PST. PST requires the total state to localize more than one sites in turn and
this process naturally gives rise to periodicity.
After applying the recovery operator, we initialize the walker with the initial coin state at
a different site. For example, when ρ = 1 2, if the walker is acted on by a sequence of
operations, such as C R U 4C R U 4 , it will be initialized on sites 1 and 2 alternatingly. The
sequence of initializations which keeps the initial coin state unchanged, suggests to us to
deﬁne a new classiﬁcation for discrete-time QWs, which we call n-periodicity. We can deﬁne
one step of the walk for the example above as U′ = C R U 4 . Then, after each step, the coin
state will be conserved and the only change will occur in the position space. In other words,
U′ is same as that of I ⊗ ( ∣ 2〉〈1 ∣ + ∣ 1〉〈2 ∣ ). Since the walker is localized on two sites in an
alternating manner, the QW under consideration becomes 2-periodic. In general, the number n
gives the total number of sites where the initial coin state is localized during the time
evolution. If QW is periodic, we will call it 1-periodic, i.e., well-known periodicity concept
becomes a member of the general n-periodicity class. Thus, N-line or N-cycle allow maximum N-periodicity. This deﬁnition is useful because it generalizes the periodicity deﬁnition
so that it includes the PST too.
For ρ ≠ 1, reﬂecting boundaries ensure that there will always be a non-zero probability
for ﬁnding the walker at A, independent of t, if there is no destructive interference. However,
the dimension of the position space for 2-line allows the wave function to vanish at A and
gives rise to the cases given in table 1.
5.2. Case: ρ ¼ 1

When we restrict the coin operators to ρ = 1, independent of the initial coin state, the walker
is transferred from A to B and B to A at intervals of N steps for all N-lines. In general, the
walker is at the position B or A if t = N (2l − 1) or t = 2Nl steps are taken, respectively.
8
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Table 2. For the 4-cycle, these are the cases where the walker is found with probability
1. The other parameters of the coin operator are chosen as θ = ϕ = 0 . The overall
phase eiπ for ρ = 1 2 appears if θ = π .

ρ

{
{

1
4
1
2
3
4

Step(t)
6

Site(x)
3

Coin state
∣ ψ0,1 〉

12

1

∣ ψ0,1 〉

4

3

(eiπ ) ∣ ψ0,1 〉

8

1

∣ ψ0,1 〉

6

1

∣ ψ0,1 〉

Here, l ∈ + speciﬁes the number of ‘round trips’ of the walker within the lattice. To ﬁnd the
coin state of the walker at t, we have derived the total quantum states

ΨN (2l − 1) = ei (l − 1) Θ [− βei (θ + ϕ)
Ψ2Nl = eilΘ [α ↑

↑

+α ↓ ]⊗ N ,

+β ↓ ]⊗ 1 ,

(11)

where Θ (θ , ϕ, N ) = (θ + ϕ) N + μπ and θ , ϕ are the parameters of the coin operator. Here,
μ is a function which adds the phase π for odd N and it can be deﬁned as
μ (N ) = [1 − (−1)N ] 2 . It is shown in (11) that the total state is periodically localized at
opposite sites which agrees with the numerical results. Furthermore, the walk is periodic with
a period of 2Nl steps up to an overall phase. After N steps, we apply recovery operator
(ρ′, θ′, ϕ′) = (0, 0, −θ − ϕ − π ) for PST. The recovery operator is a function of θ and ϕ
which means that for all coin operators with ρ = 1, there is always a corresponding recovery
operator. Hence, step operator U′ = C R U N makes N-line 2-periodic for ρ = 1.
6. PST on N-cycles
6.1. Case: ρ ≠ 1

For the 2-cycle, full evolution can simply be written in matrix form as
t
⎛
ρ
1 − ρ ei θ ⎞
⎟ ⊗
U ↔ ⎜⎜
iϕ
i ( θ + ϕ) ⎟
⎝ 1 − ρe − ρe
⎠
t

t

( )

0 1 .
1 0

(12)

In (12), we see that, the shift operator swaps the position of the walker independent of its coin
state. At t = 1, the total state becomes (6) with x = 2. Since the coin operator is unitary,
C R = C† ⊗ I leads to PST after the ﬁrst step. If we deﬁne the one-step as
U′ = (C† ⊗ I) S (C ⊗ I), QW becomes 2-periodic and it keeps the initial coin state
unchanged. In other words, the initial coin state bounces back and forth between two sites.
In contrast to the 2-line, the 2-cycle allows PST for all coin operators with the aid of
appropriate recovery operators. We note that, if we choose θ = ϕ = 0 , without any recovery
operator, the walk is naturally periodic with a period of 2 steps for ρ ∈ [0, 1] which
generalizes the ρ = 1 2 condition in [41].
A special case for PST on circles is the 4-cycle. In this case, we achieve PST by using the
well-known Hadamard coin operator (in 4 steps) or the biased coin operator ρ = 1 4 (in 6
steps) without any recovery operators. These results are given in table 2 and ﬁgure 5. We see
9
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Figure 5. PST on 4-cycle. This is the only case where discrete-time QW allows PST

with a Hadamard coin operator or with a biased coin, ρ = 1 4 , without any recovery
operators. Black (hollow) dots indicate Pt, x = 1 (Pt, x = 0 ).

that for each PST case the walk is also periodic. In [41], it has already been shown that the 4cycle has a period of 8 steps for ρ = 1 2. We extend this result by showing that it also has a
period of 12 steps for ρ = 1 4 and a period of 6 steps for ρ = 3 4.

6.2. Case: ρ ¼ 1

Now, we consider the N-cycles with even N and θ , ϕ ≠ 0 . Since the coin operator is diagonal, ∣ ↑ 〉 and ∣ ↓ 〉 terms do not mix, and generate propagations in opposite directions. After
N 2 steps, we ﬁnd the walker at B with probability 1. We note that the coin operator adds the
phase ei (θ + ϕ + π ) to the coefﬁcient of ∣ ↓ 〉 in each step. Thus, after N 2 steps, the total state
becomes

ΨN

2

⎛
= ⎜α ↑
⎝

NΘ

+ βei 2

⎞
N
↓ ⎟⊗
+1 ,
⎠
2

where Θ = θ + ϕ + π . Without loss of generality, one can choose θ′ = 0 and use the
recovery operator (ρ′, θ′, ϕ′) = (1, 0, −[NΘ 2] + π ) to achieve PST. The step operator
U′ = C R U N 2 makes the walk 2-periodic. If N is odd, the wave function does not localize at
any site except the initial one. The total state after N steps is

(

ΨN = α ↑

+ βeiNΘ ↓

)⊗

1 .

An appropriate choice for the recovery operator can be given as
(ρ′, θ′, ϕ′) = (1, 0, −NΘ + π ) at t = N. The step operator U′ = C R U N makes the walk 1periodic.
We have shown that the coin operator which is restricted to ρ = 1 allows PST on Ncycles. Although it has not been indicated in the discussion about N-cycles above, a spatial
approach has been used intrinsically, i.e., clockwise rotations correspond to ∣ ↑ 〉. If the walk
is driven by the coin operator (ρ , θ , ϕ) = (0, 0, 0) (the ﬂip coin operator), we deﬁne the
directions with the local approach for PST (see ﬁgure 2). When N is odd, the N-cycle is illdeﬁned since we have to label at least two edges with the same basis state. Therefore, we
consider N-cycles with even N only. If we label all edges as in ﬁgure 2(b), after N 2 steps, the
total state becomes
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ΨN

2

⎧
N
+1
⎪ ψ0, in ⊗
⎪
2
=⎨
⎪ ⎛⎜αeiϕ ↓ + βeiθ ↑ ⎞⎟ ⊗ N + 1
⎪
⎠
2
⎩⎝

for even N 2
.
for odd N 2

Both cases have the overall phase ei ⌊N 4⌋ (θ + ϕ) where ⌊⌋ is the ﬂoor function. The ﬁrst case
shows that PST is achieved after N 2 steps. Also, it is clear that we can use
(ρ′, θ′, ϕ′) = (0, −ϕ, −θ ) to recover the second case and make the walk periodic. However,
N-lines do not have the same property, i.e., PST is not possible if we use the ﬂip coin operator
with a local approach. We can demonstrate this fact by evaluating the ﬁrst two steps as
follows:
U

U

U

Ψ0 = α ↑ 1 + β ↓ 1 ⟶ α ↑ 1 + β ↓ 2 ⟶ α ↑ 1 + β ↓ 3 ⟶ ⋯
where U involves the ﬂip coin operator. We see that after each step, the ﬁrst term in the
summation is stuck at site 1 because of the periodicity condition. For an N-line, after N steps,
the second term will be stuck at site N as well. Thus, neither PST nor periodicity is possible.
7. Conclusion
We have proposed a PST scheme by introducing recovery operators in discrete-time QW
architecture on N-lines and N-cycles. We have shown that by using an identity or a ﬂip coin
operator, an unknown qubit state can be transferred to an arbitrary distance perfectly with the
aid of the appropriate recovery operator. The 2-cycle is the only lattice which allows PST for
all coin operators up to N = 10. Also, the Hadamard coin and biased coin ρ = 1 4 allow PST
on 2-line. We have shown that the 4-cycle is a special case where PST occurs if the walk is
driven by the Hadamard coin operator or the biased coin operator ρ = 1 4, without any
recovery operators. Moreover, we have introduced new periodic discrete-time QWs on Nlines and also extended periodicity cases, which was already known for 2-cycle and 4-cycle
[41]. We have shown the strong relation between the periodicity and PST.
Since recovery operators are just additional coin operators and PST occurs after a small
number of steps (which is comparable with the lattice size), it seems that the experimental
realization of our scheme is quite feasible with today’s technology.
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