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ABSTRACT. For weakly regular bent functions in odd characteristic the dual
function is also bent. We analyse a recently introduced construction of non-
weakly regular bent functions and show conditions under which their dual is
bent as well. This leads to the definition of the class of dual-bent functions
containing the class of weakly regular bent functions as a proper subclass. We
analyse self-duality for bent functions in odd characteristic, and characterize
quadratic self-dual bent functions. We construct non-weakly regular bent func-
tions with and without a bent dual, and bent functions with a dual bent func-
tion of a different algebraic degree.

1. INTRODUCTION

For a prime p, let f be a function from F} to F,. The Fourier transform of f is

then defined to be the complex valued function fon Fy

foy= 3 @

z€Fy

where €, = ¢?™/P and b-x denotes the conventional dot product in F7. The Fourier

spectrum of f is the set of all values of ]? We remark that one can equivalently
consider functions from an arbitrary n-dimensional vector space over I, to IF,,, and
substitute the dot product with any (non-degenerate) inner product. Frequently
the finite field F,» with the inner product Tr,(bz) is used, where Tr,(z) denotes
the absolute trace of z € [Fpn.

The function f is called a bent function if |]?(b)|2 = p" for all b € F). The

normalized Fourier coefficient of a bent function f at b € )} is defined by p*”/2f(b).
For p = 2 bent functions can only exist when n is even, the normalized Fourier
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coefficients are obviously +1. For p > 2 bent functions exist for both, n even and n
odd. For the normalized Fourier coefficients we always have (cf. [11])

(1) p*”/zjf(b) _ :I:egi(b) : meven or n odd and p = 1 mod 4;
iieg ® . 5 odd and p = 3 mod 4,

where f* is a function from F} to Fp.
A bent function f: Fy — F, is called regular if for all b € F))

p 2 f(b) = €£*(b).

When p = 2, a bent function is trivially regular, and as can be seen from (1),
for p > 2 a regular bent function can only exist for even n and for odd n when
p =1 mod 4.

A function f: F}) — F, is called weakly regular if, for all b € Fy, we have

PR = ¢ O
for some complex number ¢ with |(| = 1, otherwise it is called non-weakly regular.
By (1), ¢ can only be +1 or +i. Note that regular implies weakly regular.
A function f : IE‘Z — F, is called near-bent if [f(b)|> = p™** or 0 for all b € Fy.

The support supp(f) of the Fourier transform of f is defined by supp(f ) ={be
Fy | f(b) # 0}. By Parseval’s identity we then have |supp(f )| = p"~!. The
normalized non-zero Fourier coefficients of a near-bent function resemble those of
a bent function. Only the condition n even (odd) has to be changed to n + 1 even
(odd), and f* is now a function from supp(f) to F,. The notion of weak regularity
is then also meaningful for near-bent functions.

Weakly regular bent functions always appear in pairs, since the weak regularity
of f guarantees that the function f* which is called the dual of f is also (weakly
regular) bent (see also [11]): For y € F} we get

(2) Z eb yf Z by Z ef(r —ba _ Z 6é‘(m) Z €g(y—ﬂc) :1)7L€£(.7J)7

beF? beFn  z€Fy wEF] bEFn

a special case of Poisson Summation Formula. If f is weakly regular, i.e. f(b) =
Cp/2€) ) with ¢ independent from b, then

pneg(y) — Cpn/Q Z 6:ljj*(b)—i-b-y _ Cpn/Zf*(_y)

bEF?

Consequently
3) Fr=y) = ¢ @

and therefore f* is weakly regular bent. Furthermore we have f**(z) = f(—x) - if
p = 2 forming the dual is an involution - and f****(z) = f(z). A weakly regular
bent function f is called self-dual if f* = f. We observe that self-dual bent functions
must satisfy f(z) = f(—x). A weakly regular bent function f is called anti-self-dual
if f* = f+e for a constant e € F,. As we will see in Remark 4 the latter term is
only meaningful for p = 2 and then we have e = 1.

In Section 2 we analyze a construction of bent functions with respect to their
duals. With this construction one can recursively obtain bent functions of a large
degree in arbitrary dimension and their duals simultaneously. As we will see this
construction also yields non-weakly regular bent functions for which the dual is
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bent as well. Until now the dual of a bent function has only been defined for
weakly regular bent functions. This motivates the definition of a new class of bent
functions, the class of bent functions for which the dual is also bent. In Section 3
we describe the duality properties of quadratic bent functions, and we completely
characterize self-dual bent functions in odd characteristic. In Section 4 we give
a general construction of self-dual non-quadratic bent functions in characteristic
p = 1 mod 4, and some results on self-dual bent functions for p = 3 mod 4. In
Section 5 we use our results and construct examples of bent functions and their
duals with some interesting properties, amongst others non-weakly regular bent
functions for which the dual is also bent, and self-dual bent functions.

2. BENT FUNCTIONS AND THEIR DUALS

In [5] the subsequent construction of bent functions has been utilized to construct
the first infinite classes of non-weakly regular bent functions. We give a short proof
of the correctness of the construction since the dual function f* which will be the
object of our interest implicitly appears in this proof.

Proposition 1 ([5]). Let fo(x), fi(x),..., fp—1(x) be near-bent functions from Fy
to Fp, such that supp(ﬁ) N supp(fj) =0 for0<i#j<p—1. Then the function
F(x,y) from Fyt! to Fy, defined by

F(z,y) = fy(x)
is bent. An explicit formula for F(x,y) is obtained with the principle of Lagrange
interpolation as

F(x,y) _ (p _ 1) i y(y - 1) y (y - (p - 1))fk(37)
k=0

—k

Proof. For a € F)) and b € F;, we have

Fla,b) =Y > ep@mmamt = N 2 F (a).

y€F, z€lfp yeF,
Since a € F) belongs to the support of exactly one fy, y € IFp, for this y we have

P by 7 ntl fr(a)=b
(4) Fa,b) = " f(a) = pF ™"
where ¢ € {+1,+i} depends on y and a. O

Theorem 1. Let fo(z), fi(),. .., fp—1(x) be near-bent functions from ¥} to I, with
Fourier transforms with pairwise disjoint supports, and let F(x,y) : IF;‘H — Iy, be
the bent function defined as in Proposition 1. Then the dual function F*(x,z) :
Fpt!t — Fy of F is given by

F(x,2) = f(z) —yz, whenx € supp(fy),

where the function f supp(fy) — [, is given by

~ ntl f*(z ~
fylx) =&p ) €' (@) for all x € supp(fy).

If for all j = 0,...,p — 1 the near-bent functions f; : ¥ — F), are weakly regular,
then the dual F* is a bent function. Moreover F**(x,y) = F(—x, —y), F***(z,y) =

F(z,y).

ADVANCES IN MATHEMATICS OF COMMUNICATIONS VOLUME 7, No. 4 (2013), 425-440



428 AvgA CESMELIOGLU, WILFRIED MEIDL AND ALEXANDER POTT

Proof. From equation (4) we see that the dual function F* of F' is given by F*(x, z) =
f; (x) —yz when z € supp(fy). We suppose that all near-bent functions are weakly
regular and show that F™* is bent: With Poisson Summation Formula (2) we obtain
the equality
D =p > @t fla)=p " Y. e fa)
a€Fy a€supp(f)

~ ~

For a weakly regular near-bent function f, i.e. for a € supp(f) we have f(a) =
p(”“)/QCG{j @) where ¢ is independent from a, this yields
(5) S ke = plnm2e @) L

a€supp(f)
Let a € F; and b € Fp, then

ﬁ(a’b) — Z 65’*(:&2)7@-171)2 _ Z E;bz Z 65*(9:7,2)7@-90

z€Fy,z€F)y z€F, z€Fy
fy(@)—ax —zy—bz flp(@)—aw
=2 2 @ X eV =r ) @
YEFL wesupp(fy) z€Fy z€supp(f_p)

nt1 —a) —
=p Ggfb( )Cb 17
where the last step follows from (5). We remark that ¢, depends on b but is inde-
pendent from a. As can be seen from the last equality, the dual F**(z,y) of F* is
F(—z,—y). O

Let f;,j = 0,...,p — 1, be bent functions from F} to F,, then the functions
fi +jxnt1,5 = 0,...,p — 1, form a set of near-bent functions from IE‘;“H to IFp,
with Fourier transforms with pairwise disjoint supports, see [6]. With this set of
near-bent functions one obtains an interesting special case of Proposition 1. The

resulting bent function F' is then a function from FZH to IFp, and can be described
by

(6) F((E7$n+1,y) = fy(m) + Tn41Y-

Theorem 2. For j = 0,...,p—1 let f; be bent functions in dimension n, and
let F : IF;H‘Q — [, be the bent function defined as in equation (6). Then the dual
function F* of F is given by

(7) F*(2,2p41,y) = f;nJrl(x) — Tp+1yY.

If the dual functions f} of fj, j = 0,...,p — 1, are all bent, then also F* is a
bent function. Furthermore, then f;(x)** = fj(—x) for j =0,...,p — 1, implies
F**($>$n+17y) = F(_x7 —Tn+1, _y) and F****($7$n+17y) = F(‘r7xn+lay)'

Proof. For a € Fy, b, c € F), we have

F\(CL, b, C) Z egy($)+1n+1y*a'$*bain+17cy
zEFp
@y 41,9€Fp
z)—a-xz—c Zni1(y—b) _  —be o) —a-z
N Zegy() ! Z e = pe, Zez{b()
weFn Znt1€Fp EFp
yEFy

—be® nt2 > (a)—b
= pe," fola) = p™F G T
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for some ¢ € {£1,+i} which depends on b and a. Consequently the dual function
F* of F' is described by equation (7).

The function F* in (7) is obtained like the bent function F' in (6), only the dual
functions f; are used as building blocks and the roles of z,,11 and y are interchanged.
Hence if all f7, 0 < j <p—1, are bent, then F* is bent as well. Similarly as above

we also get
o nt2 | f*%(a)+be

F*(a,b,c) =p 2 (ep
for some ¢ € {£1, =i} which depends on ¢ and a. Hence F**(a,b,c) = f*%(a)+bc =
f-c(=a) + bc = F(—a,=b,—c) for (a,b,c) € F) x F x F,. Immediately one then
sees that F**** = F'. O

Remark 1. By a recursive application of Theorems 1,2 a large variety of bent
functions and their duals can be constructed simultaneously, see Section 5. For
instance for the application of Theorem 2 one only needs a set of p bent functions
and their duals as a starting point.

As easily seen, a bent function obtained by the construction described in Proposi-
tion 1 is weakly regular if and only if all near-bent functions used as building blocks
are weakly regular with the same sign in their normalized Fourier coefficients. This
has been utilized in [5] to present the first construction of non-weakly regular bent
functions. Until then only sporadic examples of non-weakly regular bent functions
were known, namely

1. g1 : F36 — F3 with g1 (x) = Tre(£72%®), where € is a primitive element of Fss,

see [11],
2. gy : Faa — F3 with go(z) = Try(aor®?® + 2*), where ag € {££10, ££30} and ¢
is a primitive element of Fsa, see [12],
3. g3 : F3s — F3 with g3(z) = Trz(2?? + 2®), or alternatively gs : F3 — F3 with
G3(1, 22, 3) = w323 + 222 + 2173 + 23, see [19].
4. g4, 95 : F3e — F3 with gy(z) = Tre(Ex20+£6H292), g5(x) = Tre(¢7 214 +£3%270),
where £ is a primitive element of Fzs, see [13].
We emphasize that Theorems 1,2 show that the construction of bent functions F
described as in Proposition 1 yields bent functions which have a bent dual, also if F’
is non-weakly regular. Whereas in the proof of Theorem 1 we use that the near-bent
functions f;, j =0,...,p—1, are weakly regular, in Theorem 2 it suffices that for all
bent functions f;, 7 =0,...,p — 1, the dual bent function exists. However, having
a dual which is bent is not a universal property of bent functions. Using MAGMA
one sees that the duals of the bent functions g1, g2, g5 are not bent, whereas the
duals of g3, g4 are bent functions. This motivates the definition of a new class of
bent functions. We call a bent function a dual-bent function if its dual function is
also bent. The class of weakly regular bent functions is then a subclass of the class
of dual-bent functions, non-weakly regular bent functions can be both, dual-bent
functions or non-dual-bent functions.

Remark 2. By the properties P1-P4 below and Theorem 1 in [6], EA-equivalence
transformations on a bent function f imply EA-equivalence transformations on the
dual f*. Hence the class of dual-bent functions is invariant under EA-equivalence.
For bent functions, CCZ-equivalence, see [2], is the same as EA-equivalence, see [8].
The existence of non-weakly regular dual-bent functions f for which the dual f* is
weakly regular is an open problem (in this case f** must be weakly regular as well,

and f***** — f*)
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3. QUADRATIC BENT FUNCTIONS AND THEIR DUALS

In some sense the simplest bent functions are quadratic bent functions. In order
to be able to use quadratic bent functions as a starting point to construct bent
functions and their duals in higher algebraic degree, we describe the duals of qua-
dratic bent functions in the following. First we collect the effect of EA-equivalence
transformations to the Fourier coefficients of a function f from F to F, which com-
pletely describes the effect of these transformations to the dual of a bent function:
Let b,u,v € F;; and e € [}, then we have

~

PL: (f+e)(b) = 55 (b), o
P2: if f,(x) = f(z) +v -z then f,(b) = f(b—v),

P3: fz +u)(b) = & f(b),

P4: if A € GL,(F,) then f(Az)(b) = f((A™1)Tb), where AT denotes the transpose
of the matrix A.

Remark 3. If p is odd, a further EA-equivalence transformation is the multipli-
cation of f by a nonzero constant of IF,. The effect of this transformation to the
Fourier coefficients is somewhat more involved. For details we refer to [6, Theorem
1] and its proof.

Remark 4. If f : F) — F, is bent, then with Property P1 we have (f+e)* = f*+e.
If f is a weakly regular anti-self-dual bent function then with f* = f +e, e € F},
we have f = f*** = f + 4e, which implies p = 2.

As it is well known, every quadratic bent function from FZ to Fo is EA-equivalent
to the function Q(z) = x1x2+x324+" - -+ Ty 12, which is a self-dual bent function,
see [3, 14]. With Properties P1-P4 this describes the duals of all quadratic bent
functions when p = 2.

We remark that Properties P1-P4 imply that self-duality of bent functions is
not invariant under EA-equivalence transformations. As one can further see, self-
duality is invariant under the transformation described in P4 if the matrix A is
orthogonal, see also [3, Theorem 4.6]. For a complete characterization of self-dual
and anti-self-dual quadratic bent functions from F% to Fy we again refer to [14].

We now consider the case of quadratic bent functions from Fy to F, for odd
primes p. Using the Properties P1, P2, we can omit the affine part and restrict
ourselves to the determination of the duals of quadratic bent functions of the form
f(ZL') = f(iEl, - ,{En) = Zlfiﬁjfﬂ« AijTiTj5, A5 € Fp.

We utilize the fact that every quadratic function f of this form can be associated
with a quadratic form

f(z) = 2T Ax

where 27 denotes the transpose of the vector z, and A is a symmetric matrix with
entries in F),. Every quadratic form can be transformed into a diagonal quadratic
form by a coordinate transformation, i.e. there exists an invertible matrix C' over
F, and a diagonal matrix D = diag(ds,...,d,), such that D = CTAC, see [17,
Theorem 6.21]. Moreover, the corresponding function f(x) is bent if and only if
the quadratic form is nonsingular, i.e. d; # 0,4 =1,...,n (cf. [5, Theorem 4.3]).
Therefore it is sufficient to determine the dual of quadratic functions of the form

(8) Qz) = dle + dgmg 44 dnxi
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for some d; € Fy,, i = 1,...,n. We follow the proof of [5, Theorem 4.3], where the

expression of the dual is also implicitly given (see also the proof of Proposition 1 in
[11]).

Proposition 2. The dual of the quadratic bent function Q : Fy — F, given by
Q(z) = d12? + doz3 + - - + dp2? is

2 2 2
AL B Tn
@ (x) = Ad;,  Ad, Ad,

Proof. For the function Q(z) = dz? on F, we have by [17, Theorem 5.33]
~ 2
Q)= > " =n(d)G(nx1)
zelF,

where x; is the canonical additive character of F,,, 7 denotes the quadratic character
of F,, and G(n, x1) is the associated Gaussian sum. Consequently,

~ 2 b o 242 _p2
Qb) = 37 et = 37 a0 ) 0/ Gy ()G, 1),
z€F), z€F,

and with [17, Theorem 5.15] we obtain

2
) dpée_b /(4d) p = 1mod 4;
o) an-4 ",
ndyivtes p=8modd,

which shows the correctness of the assertion for n = 1.

For two functions g; : F}' — F;, and g2 : F)) — F;,, the direct sum g1 & g2 from
][F;,]’)x Fpt =T to Iy, is defined by (91 @ g2)(%,y) = g1(x) + g2(y). Then (see also
4

(10) (91 @ 92)(u,v) = g1(u)g2(v).
The assertion for arbitrary n follows then from (9) applying (10) recursively. O

As a consequence of Proposition 2 we can also characterize self-dual quadratic
bent functions in odd characteristic, which adds to the results of [3, 14] for the case
that p = 2.

Corollary 1. Let f : F} — F), be a bent function given by f(z) = zT Az for a
symmetric matriz A over F,. Then f is self-dual if and only if A> = —4711.

Proof. We can write A as A = CTDC for a nonsingular matrix C' and a (non-
singular) diagonal matrix D = diag(ds,...,d,). Equivalently, f(z) = 27 Az =
2TCTDCx equals fi(Cz) with fl(:c) = I'TDxN. From Proposition 2 we know that
the dual of fj is given by f;(x) = 2T Dx where D = diag(—1/(4dy),...,—1/(4d,)) =
—4-1p-1,
With Property P5 we get for the dual f*(x) of f(x) = f1(Cx),
) = fie ) =(CcH)a)" D) e
1

- 1
= xTC’_ljD_l(C_l)Tx =27 (CT(-4)DC) 'z = xTTA_lx.

Consequently f is self-dual if and only if for all z € F}} we have
-1
2T Ax = xTTA_lx.
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Since by assumption A and hence also %A*I is symmetric, and the representation
of a p-ary quadratic function with a symmetric matrix is unique, f is self-dual if
and only if A = _TlA_l or equivalently A% = _71[. O

Remark 5. A weakly regular self-dual bent function satisfies f(z) = f(—x), hence
(quadratic) self-dual bent functions do not have linear terms. Consequently Corol-
lary 1 describes all p-ary self-dual quadratic bent functions.

Remark 6. As it follows immediately from Corollary 1, the quadratic function
Q(z) = diz? + dezd + - -+ + dp2? is self-dual if and only if d? = —4~! € F,, for
i=1,2,...,n. In particular, Q(z) can only be self-dual if p = 1 mod 4.

One example of a quadratic self-dual bent function in characteristic p wi

th
3 mod 4, is the function f : F2 — F3 given by f(z) = 27 Az with A = ( ? } )

4. SELF-DUAL BENT FUNCTIONS IN ODD CHARACTERISTIC

As pointed out, for p = 2 quadratic self-dual (and anti-self-dual) bent functions
have been completely characterized in [14]. Some results on self-duality for some
primary and secondary constructions of bent functions from F3 to Fy are presented
in [3]. In general it seems not to be easy to construct self-dual bent functions
of degree other than 2. Some examples in [3] are self-dual partial spreads bent
functions and bent functions arising from a secondary construction presented in [1]
which is limited to the case p = 2 (see [3, Theorem 4.9]). In the following we present
a construction of self-dual bent functions from F) to F,, p =1 mod 4.

The idea is to use self-dual bent functions in the construction (6), where we may
use quadratic functions given as in Corollary 1. The resulting bent function is not
yet self-dual, but one may try to use Property P4 to transform this function into a
self-dual bent function with an appropriate coordinate transformation. We will use
the following Lemma.

Lemma 1. Let © : IE‘Z — F), be defined by © ((i)) = zy. The matriz
a b
B= ( c d

satisfies

(11) (0 1 )B(Z) =(k 0 )(Bl)T<y>

and

o e

for ally,z € Fy if and only if k> = —1,d € Fp, b= k/(2d), and a = kb, ¢ = Fkd,
where different signs have to be chosen for a and c.

Proof. To satisfy condition (11) the transpose of the inverse of B has to be of the

form
(B_l)T _ < k‘_lc k_ld )

U v
which yields the conditions
(i) ak~te+ bk~ td =1, (i) cu+dv =1,
(#41) au + bv = 0, (iv) 2 +d? = 0.
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Furthermore, by condition (12) we require (ay+bz)(cy+dz) = —(k~tey+k=1dz) (uy+
vz). Comparison of the coefficients yields

(v)a=—k'u and (vi)b=—k"tv.

Using (v), (vi), from (i), (ii) we obtain k* = —1. We note that then k=1 = —k and
we arrive at the conditions
Ia?+b*=0,ie a==+kb (from (iii)),

I c2+d?>=0,ie c=Fkd (from (iv)),

IIT ac+bd =%k (from (i)).
Observe that I and IT also imply that a,b,c,d # 0. With I, 11, equation III yields
b = k/(2d), where we remark that the signs for a and ¢ in equations I and II have
to be chosen different such that the left side of III does not vanish. For an arbitrary

choice of d € F; (and a choice of k with k* = —1) the value for b is uniquely
determined, which then also determines the pair (a, ) ambiguously. O
Theorem 3. For a prime p = 1 mod4 let k be a square root of —1, and let

fos f1,--, fp—1 be (quadratic) self-dual bent functions from Ty to F, such that
fi=f; wheni= jk! mod p for some 0 <1< 3. Let F(x,y,z) be the corresponding
bent function (6) in dimension n+2, A an orthogonal n X n. matriz over F, and B
a 2 X 2 matriz as described in Lemma 1, and let L(x,y,z), x € Fp,y,2 € Fp, be the
linear transformation given by the matriz

A 0
A= ( . )
Then F(L(x,y,z)) is a self-dual bent function in n + 2 variables.
Proof. Since L(z,y,z) = (Az, B(Y)), from (6) we obtain

F(btone = FanB(2)) = fan v (5(7)

h=(0 1 )B(‘Z).

Using (A=1)T = A, Property P4 and equation (7) we get

Fbta.) = 377 (1)) = ) - 0 (a7 (1))

z

where

where
h=(1 0 )(B—l)T(Z)

As B is chosen such that the conditions in Lemma 1 are satisfied we have h = kh
by condition (11) and then by condition (12)

Fr(dz)— 6 <(B—1)T(:Z>) = fu(Az) + O (B(Z)) .

By assumption we have f};, = fxn = f, which completes the proof. O

Remark 7. Starting with quadratic self-dual bent functions, Theorem 3 can be
applied recursively to obtain self-dual bent functions from F} to Fp, p = 1 mod 4,
with high algebraic degree.
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The construction in Theorem 3 requires that p = 1 mod 4. The question arises
naturally when self-dual bent functions exist for p = 3 mod 4. A quadratic example
in dimension 2 was given in Section 3. We start with a non-existence result.

Corollary 2. Self-dual weakly regular bent functions f : F — F,, do not exist when
p=3mod 4 and n is odd.

Proof. If f(z) is a weakly regular self-dual bent function we have f*(z) = f(z) and
f(z) = f*(x) = f(—=). By equation (3), for any b € F}}, the Fourier coefficients of
f(z) and f*(x) can be written as

Fb) = 2B, Fr(=b) = ¢71pn/2e ).

o~

Using these two equations and f(—b) = f(b), one sees that (? = 1 and hence ¢ # i,
which by equation (1) contradicts p = 3 mod 4 and n odd. O

We remark that equation (3) was obtained under the assumption that f is weakly
regular. On the other hand, self-dual non-weakly regular bent functions from F}
to Fp, p = 3mod 4 and n is odd exist: By MAGMA we see that the function
g3(z) = Trz(2?? 4+ 2®) from F3s to F3 is self-dual. As a consequence, for any self-
dual bent function h on F3» with n even, for which the existence is guaranteed by
Proposition 3 below, also the function f on Fss X F3» defined by

fz,y) = gs(z) + h(y)
is bent and by the fact that f* = g3 + h* also self-dual. Finally we remark that
using weakly regular bent functions as building blocks in our construction - which at
least insures that the resulting function is dual-bent - we cannot find such self-dual
functions since equation (3) holds then.

We finish this section with an example of a ternary bent function which shows
that for n even and p = 3 mod 4 (weakly regular) nonquadratic self-dual bent
functions exist. The example arises from bent functions from Fs» to F3 presented
n [11]. In the following proposition Kj(a) denotes the Kloosterman sum (see [17,

Definition 5.42])
Ki(a) = 3 egreleres,
a:eIE‘;k
Proposition 3 ([11, Theorem 2]). Let n = 2k and t be a positive integer satisfying
ged(t,p* +1) = 1 and p* > 3. Then the function f(z) = Trn(axt(pk_l)) from Fpn to
F, is bent if and only if K,’f(ap:H) =-1. If Kk(apkﬂ) = —1 then f(x) is reqular
—~ _ oP ptP©—1)

bent and f(b) = pFe, Tra(a™ b )

Remark 8. In [11] the existence of bent functions given as in Proposition 3 has
been shown for p = 3. The existence of such bent functions in the general case was

left as an open problem. It was shown in [15, Corollary 3] that bent functions of
this form cannot exist for finite fields of characteristic p > 3.

Remark 9. In [16, Corollary 4], it was shown that the binary Dillon bent function
f(z) = Try(ax?* 1) is self-dual bent if and only if Kj(a) = —1.

From Proposition 3 we see that if f(z) = Trn(aa:t(3k_1)) is bent, then its dual
is the function f*(z) = fTrn(agkzt(gk’l)). Consequently f(x) is a self-dual bent
function if and only if a satisfies the conditions

A. Kk(a3k+1) = -1, B. «* =—a.
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3k41

Let o € F3» be a primitive element of F3». Then a = o« 2 satisfies condition

k k
B. We note that ¢3! = o™= "1 .= "™ and observe that w = o® 1 is
k
a primitive element of Fsx. We may hence write Kk(a3k+1) = Kk(w%) and

ok .
therefore, f(z) = Trp(a” 2" 2tG" D) from Fyn to Fs is self-dual bent if and only if
kg
Kk(w3 h ) = —1. Using MAGMA one can confirm that for £ = 3,5,7 and some
choices of the primitive element « this condition is satisfied.

Consequently for k = 3,5,7 there exist self-dual bent functions f with f(z) =

ok .
Tro(a” 2+1xt(3k_1)) from Fsn to F3, n = 2k.
k
When k is even then f(z) = Try(a” 2‘Hsct(3k_1)) is never bent. In this case
ELES . . . c e
w2 cannot be a square in F3r since w is a primitive element of Far, and then
ELEST

Kip(w =2 ) # —1 due to a divisibility result in Theorem 1.4 of [9] (see also [10,
Corollary 1]).

5. EXAMPLES

In this section we highlight our main achievements with examples of bent func-
tions obtained with the procedure described in Section 2.

5.1. CONSTRUCTING BENT FUNCTIONS AND THEIR DUALS SIMULTANEOUSLY, p =
2. We apply construction (6) to the quadratic bent functions fy = z122 + z324 and
f1 = 2123 + 2914 from F3 to Fo, which are both self-dual, to obtain Fy : F§ — Fo,
and its dual F}* by equation (7). We may then recursively continue the procedure
for instance using the obtained bent functions and their duals. With Lagrange
interpolation principle we obtain the algebraic normal form of F) as
Fy (56‘1, e ,:176) = (.’176 + 1)(.’1715(}2 + 1‘3.’174) + .’176(371.’173 + X9y + 56‘5)
= Z1T2%g + T1X3Tg + ToX4Xg + T3T4Tg + T1X2 + T3T4 + T5X6.
With (7) we similarly obtain
Fl* (.’L‘l, R ,x(j) = T1T2x5 + T1X3%5 + LoL4Xs + T3T4Ts + T1X2 + T3X4 + TsTg.
Using F3y and F} as building blocks we then obtain
Fy(w1,...,28) = 21222508 + T122T6T8 + T123T528 + T123T628 +
ToT L5 + To2L4Texy + T3TL4T5L8 + T3X4TELY + T1X2Tg + T1L3T6 +
T2X4Te + T3T4Te + T122 + T3T4 + TsTe + T
and the dual
FQ* (,231, . ,338) = T1X2X5T7 + T1X2XgX7 + T1T3T5T7 + T1X3TeL7 +
T2XT4T5T7 + T2T4TeT7 + T3T4T5XT7 + T3T4TeT7 + T12205 + T123%5 +
ToX4X5 + T3TaTs + X122 + T3Ta + TsXe + T7Ts,

both bent functions in dimension 8 with algebraic degree 4.

5.2. CONSTRUCTING BENT FUNCTIONS AND THEIR DUALS SIMULTANEOUSLY, WEAK-
LY REGULAR. By using the quadratic functions fo = 2%, f1 = 422, fo = 422, f3 =
22, f4 = 2% from F5 to Fs, we obtain F; by construction (6):

2.4, 2.3 2
Fi(z1, 29, x3) = daixs + xixs + 2] + Tox3.
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The functions fo, f1, fa, f3, fa are self-dual bent. Then with (7) we similarly obtain
Fi(x1, 29, 3) = 323x5 + 22 + 4wo3.

As the coefficients of 27 are squares in F5 for all f;, i = 0,--- ,4, the bent function
Fy (and also FY) is weakly regular, see [5, Section 5].

By putting fo = f1 = fo = Fy and f3 = fy4 = 4F;, we may continue the
construction of bent functions. Since we multiply F; by squares only, to obtain our
functions f;, i = 0,--- ,4, we use for the construction, the resulting bent function
and its dual will be weakly regular again. For details we again refer to [5]. We get

24,4 | 2.4 4 2.3 4
Fy(zy, 29,73, 74, T5) = w32 + 230508 + 3iwsws + dviey + dviadal

+dxtaied + 20tades + 232 + 2235wt + 20twsad
+ 2ixzrs + 3riws + 4x1x5 + 4:51:105 + 22325 + 22

+ 41:2373955 + 4$2x3m5 + 2x9x375 + Tox3 + T4T5,

Fi(on s,y 2) =43 P00 DD =) g
=0 Ty —J
= dafasa] + Axdxad + 2atahay + 3xixd + 22taa]
+ 203a5as + piaday + wivon] + atwext + 3xizony
+ a2 + 4a2as + 222y + 22 + xoxsa) + Tow3TH
+ 3xox324 + 4023 + T4T5.

Here the dual (4F;)* is given by

To — 2)(%2 — 3)(%2 — 4)
Ty —j

4
—1)(
(4F)" (21,2, 23) 42“ :
Jj=

((4£5)" (21) + jaa).

As indicated in Remark 3, a direct way to obtain the dual of cF, ¢ € F}, from the
dual F* of F is shown in the proof of [6, Theorem 1].

5.3. CONSTRUCTING BENT FUNCTIONS AND THEIR DUALS SIMULTANEOUSLY NON-
WEAKLY REGULAR. Consider the bent functions fo = 22, f1 = 22%, fo = 22 from Fs
to 3, then by Proposition 2 their duals are fi = 222, fi = 2%, f5 = 22%. Using the
principle of Lagrange interpolation, from construction (6) we get the bent function
Fl(.’ﬂl,xz,l’g) = 2((%3 — 1)(1’3 72)1’% +l’3(.’£3 72)(2£B%+$2)
+z3(z3 — 1) (2] + 222)) = 22723 + 22i2s + 223 + 27
With (7) we get its dual bent function
F} (z1,20,23) = 2((1‘2 —1)(z2 — 2)23:? + xo(x0 — 2)(361 —x3)
+xo(22 — 1) (227 — 233)) = x723 + 2wy + 2203 + 227,

As the coefficient of 27 is the square 1 for fo and fo, but the coefficient of 22 in f;
is the non-square 2, the bent function F; (and also Fy') is non-weakly regular, see
[5, Section 5].

ADVANCES IN MATHEMATICS OF COMMUNICATIONS VOLUME 7, No. 4 (2013), 425-440



ON THE DUAL OF BENT FUNCTIONS 437

We may recursively continue for instance putting fo = Fi, fi = 2F}, fo = F; and
obtain the non-weakly regular bent function Fy and its dual Fj from F3 to F3

Fy(zq,...,25) = 2((305 — (x5 —2) fo + x5(xs — 2)(f1 + 24)

+  as(xs — 1)(f2 + 224))

= x%x%x% + m?x%a% + Qxfwg + m%xgxg + 22x3xs 4 20223

+ 233‘%5(}% + 21’?3?5 + ZC% + 237233335% + 2xox3%5 + Tox3 + 425,
Fy(z1,.m5) = 2((xa — 1)(2a = 2) f5 + za(za = 2)(f7 — 75)

+ aa(xa = 1)(f5 — 225))

2,2 2 22 2, .2 2 2.2 2 2,2
TITHTY + TIT5T4 + X]T2xy + TIT2x4 + 2272575 + 2272374

2,2 2. .2 2 2 2 2
+  2xix3 + 2x{z3Ty + 2070374 + 22723 + x] + 2x0737]
+ 29374 + 22073 + 22475.

Here the dual of ff(z1,22,23) = (2F1)*(x1, x2, z3) is given by the formula

2F)*(x1,20,23) = 2((x2 — 1) (22 — 2)2? + 22(z2 — 2) (227 — x3)

+3o(z2 — 1) (2} — 223)) = 22723 + 2xi2s + 22073 + 27,

5.4. BENT FUNCTIONS WITH DUALS OF DIFFERENT ALGEBRAIC DEGREE. We choose
the bent functions fo = 22, fi = 22, fo = 222, f3 = 23, f4 = 422 from F5 to F5, then

by Proposition 2 their duals are f§ = 23, fi = 23, f5 = 322, f; = 22, f = 4a3.

With (6) and (7) we obtain the bent function F and its dual F* as

2 4 2.3 2 2 2
F(z1,22,23) = xjr5+ xias + 3virs + 27 + 2223,

2,3 22 2 2
F*(x1,m9,23) = dajxs+ dajzs + 2xixs + x7 + dasxs.

We observe that F' has algebraic degree 6 whereas F™* has algebraic degree only 5,
and thus F and F* are inequivalent. We remark that in the construction of F™*
the term of degree 6 cancels, which results from the fact that the coefficients of the
functions f; add to 0, i.e. Z?:o f = 0. Moreover, as the coefficients for some
fi (fF) are squares and some are non-squares in Fj, the bent function F (F*) is
non-weakly regular.

The following example is a weakly regular bent function in characteristic 7 with
a dual of different algebraic degree. Let gy = 22,91 = 22,90 = 22,93 = 12,94 =
227, g5 = 42?, g6 = 422 bent functions on Fr, then their duals are g§ = 527, g7 =
57,95 = b5a3, 95 = ba?, gi = 62,9 = 322,95 = 3z3. Note that the functions g;
are chosen so that Z?:o g; = 0. With (6) and (7) we obtain the weakly regular
bent function G of degree 7 and its dual G* of degree 8

G(z1,22,23) = 6((w3—1)(z3 —2)(z5 — 3)(x3 — 4) (w3 — 5)(z3 — 6)go
+  3(zs —2)(2s — 3) (w3 — 4) (x5 — 5)(z3 — 6)(g1 + 22)
+ a3(zs — 1) (x5 — 3)(z3 —4)(z3 — 5) (23 — 6)(g2 + 222)
+ z3(ws — 1)(z3 — 2)(w5 — 4)(x3 — 5)(x3 — 6)(gs + 32)
+ a3(zs —1)(z3 — 2)(z3 — 3)(z3 — 5) (w3 — 6)(ga + 4x2)
+  3(zs —1)(23 — 2) (23 — 3) (x5 — 4) (23 — 6)(g5 + 5z2)
+  w3(ws — 1)(23 — 2)(z3 — 3) (x5 — 4) (w3 — 5)(g6 + 612))

2.5 2.4 2.3 2.2 2 2
dxixs + dxixs + dxxs + x5 + 6773 + 2] + T2z,

ADVANCES IN MATHEMATICS OF COMMUNICATIONS VOLUME 7, No. 4 (2013), 425-440



438 AvgA CESMELIOGLU, WILFRIED MEIDL AND ALEXANDER POTT

G*(w1,22,23) = 6((x2 —1)(z2 — 2)(z2 — 3)(x2 — 4) (w2 — 5)(z2 — 6)go
+  za(z2 — 2)(22 — 3)(22 — 4)(x2 — 5)(z2 — 6)(91 — 23)
+ xo(xa — 1)(x2 — 3)(x2 — 4)(z2 — 5)(z2 — 6)(g2 — 223)
+ za(w2 — 1)(z2 — 2)(z2 —4)(z2 — 5)(z2 — 6)(g3 — 323)
+ zo(xo — 1) (22 — 2)(x2 — 3)(x2 — 5) (w2 — 6)(g4 — 4x3)
+ xa(me — 1) (w2 — 2) (w2 — 3) (w2 — 4)(z2 — 6)(g5 — Hx3)
+  za(we — 1) (w2 — 2)(22 — 3)(z2 — 4)(z2 — 5)(g6 — 6x3))

2.6 2.5 2.4 2.3 2.2 2 2
3ziTe + 4xiTy + 2iTy + 22775 + 220775 + 22720 + ] + 67273,

5.5. NON-DUAL-BENT FUNCTIONS. To obtain more bent functions for which the
dual is not bent, we have to employ one of the known non-dual-bent functions
for our construction. An algebraic normal form for the non-weakly regular bent
function go(x) in Section 2 for ag = £!0 € Fa4 is as follows:

2,.2 2 2 2,2 2 2,.2 2 2
fo=x725 + x1xexs + 22 Toxy + 725 + 1T32T4 + 72 + 2210504 + 2012275

2 2.2 2 2,2 2 2

+ 1227324 + 22123 + 22124 + 2257374 + 237 + 275 + xox3 + 3Ty + 5 + 277,

Using the quadratic bent functions f; = 2% + 23 + 2% + 23, fo = 223 + 23 + 23 + 23
together with fy we obtain the following bent function:

2.2 2 2,2 2 2 2 2 2 2
F =2zx{z50g + 2775 + 2212223T6 + T1T2%3 + T]T2TaTg + 2272224

2,22 2,2 2 2 2 2,22 2,.2
+ 2x{x3T6 + T1T5 + 221XT3T4TE + TIT3T4 + 27T TG + TIT]

2 2. .2 2 2.2 2 2
+ 27T6 + T125T4TG + 2212574 + T1XT2T3Tg + 2T1T2T5 + 2T1T2X3T4 TG

2 2 2 2 2
+ 21292374 + T1T3T5 + 22123 + T1T4TG + 20124 + TRT3TATE 4 225T3T4

2.2 2 22 2 2 2.2 2 22
+ 2x5xyTg + 15Ty + x5 + 2x0waTg + T2xa + 225X TG + T3TY

2,.2 2 2 2.2
+ 2z325 + 225 + 2232425 + T34 + TYTE + T

Using MAGMA one can confirm that the dual of this function is in fact not bent.

5.6. SELF-DUAL BENT FUNCTIONS. In order to satisfy the conditions of Theorem 3
we choose the quadratic functions fy = 2%, fi = fo = f3 = f1 = 422, from F5 to Fs,
which are self-dual bent functions. With the construction (6) we obtain the bent
function

F(21, 22, 13) = 32323 + 27 + x023.
2 1

3 ), and we obtain the matrix

According to Lemma 1 we may choose B = (

A:

OO =
w N o

0
1
1
as described in Theorem 3. Applying the coordinate transform defined by this

matrix to the bent function F' we then obtain the following self-dual bent function:

T
FA| =2 |)=F(x1,222 + 23,322 + 23)
x3

2.4 2.3 2,2 2 2. 2 2.4 2 2 2
= 377y + 4rixyes 4+ 2x{rws + vix223 4+ 32w + 7 + x5 + 25,
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T
Note that the dual of F(A | z2 |) is

zs3

F*(xq, (Bfl)T < ij )) = F*(x1,429 + 3x3, T2 + 33)

and F*(z1, %9, 13) = 32305 + 23 + 4wo73.
We finish the article with a remark on bent functions and strongly regular graphs.
In [7, 18] it is shown that for weakly regular bent functions f : ]F]%” — F), satisfying

(13) f(tz) =t*f(z) for all t € F,,
for a constant k£ with ged(k — 1,p — 1) = 1, the sets

Ds = {zeF,)": f(z)is a nonzero square in F,},
Dy = {xz€F)": f(x)is a nonsquare in F,},
Dy = {zeF,"\{0}: f(x) =0},

are partial difference sets of IE‘%". Their Cayley graphs are strongly regular. In [7]
it is pointed out that the sets Dg, Dy, Dg for the non-weakly regular bent function
g1(z) = Tre(£72°8) defined in Section 2, which satisfies (13) for k = 2, are not partial
difference sets. As this counterexample is a non-weakly regular bent function which
is not dual-bent, one may ask the question if the condition of being dual-bent is
already sufficient for obtaining partial difference sets. We looked at the following
non-weakly regular but dual-bent functions obtained as described in Theorem 2,
starting with some quadratic functions. All are in even dimension and satisfy (13)
for k = 2:

Fy

(1,22, 23, y) = 23y” + 2] + 25 + 23y € Fa[w1, 29, 73,9,
Fy(21, 2013, y) = 205 + 205y* + 223 + w3y € F3[x1, 29, 23,y] and
(

Fy (21,22, 23, y) = 3aiy* + 27 + 4a3y" + 223 + 23y € Fs[z1, 22, 23, 9],
Fy(w1, w2, 23,y) = 227y + o7 + 23 + 23y € F5[21, 22,23, 9.

With MAGMA we obtained that for all four functions none of the sets Dy, Dy, Dg
are partial difference sets, and conclude that in general the weakly regular condition
is needed to obtain strongly regular graphs.

ACKNOWLEDGMENTS

We would like to thank the referees very much for their valuable comments and
suggestions, in particular for pointing to the existence of non-weakly regular self-
dual bent functions in characteristic p = 3 mod 4 and odd dimension.

REFERENCES

[1] C. Carlet, On the secondary constructions of resilient and bent functions, in Coding, Cryp-
tography and Combinatorics, Birkhduser Basel, 2004, 3—28.

[2] C. Carlet, P. Charpin and V. Zinoviev, Codes, bent functions and permutations suitable for
DES-like cryptosystems, Des. Codes Cryptogr., 15 (1998), 125-156.

[3] C. Carlet, L. E. Danielsen, M. G. Parker and P. Solé, Self-dual bent functions, Int. J. Inform.
Coding Theory, 1 (2010), 384-399.

[4] C. Carlet, H. Dobbertin and G. Leander, Normal extensions of bent functions, IEEE Trans.
Inform. Theory, 50 (2004), 2880-2885.

ADVANCES IN MATHEMATICS OF COMMUNICATIONS VOLUME 7, No. 4 (2013), 425-440


http://www.ams.org/mathscinet-getitem?mr=MR2090638&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1658423&return=pdf
http://dx.doi.org/10.1023/A:1008344232130
http://dx.doi.org/10.1023/A:1008344232130
http://dx.doi.org/10.1023/A:1008344232130
http://dx.doi.org/10.1023/A:1008344232130
http://www.ams.org/mathscinet-getitem?mr=MR2772905&return=pdf
http://dx.doi.org/10.1504/IJICOT.2010.032864
http://dx.doi.org/10.1504/IJICOT.2010.032864
http://www.ams.org/mathscinet-getitem?mr=MR2097009&return=pdf
http://dx.doi.org/10.1109/TIT.2004.836681
http://dx.doi.org/10.1109/TIT.2004.836681

440 AvgA CESMELIOGLU, WILFRIED MEIDL AND ALEXANDER POTT

[5
6
7

8

9

[10

[11
[12
13
14
15

[16
[17

[18

[19

| A. Cesmelioglu, G. McGuire and W. Meidl, A construction of weakly and non-weakly regular
bent functions, J. Comb. Theory Ser. A, 119 (2012), 420-429.

| A. Cesmelioglu and W. Meidl, A construction of bent functions from plateaued functions,
Des. Codes Cryptogr., 66 (2013), 231-242.

] Y. M. Chee, Y. Tan and X. D. Zhang, Strongly regular graphs constructed from p-ary bent
functions, J. Algebr. Comb., 34 (2011), 251-266.

| Y. Edel and A. Pott, On the equivalence of nonlinear functions, in NATO Advanced Research
Workshop on Enhancing Cryptographic Primitives with Techniques from FError Correcting
Codes, Amsterdam, 2009, 87-103.

| K. Garaschuk and P. Lisonék, On ternary Kloosterman sums modulo 12, Finite Fields Appl.,
14 (2008), 1083-1090.

| F. Gologlu, G. McGuire and R. Moloney, Ternary Kloosterman sums modulo 18 using Stickel-
berger’s theorem, in Proceedings of SETA 2010 (eds. C. Carlet and A. Pott), Springer-Verlag,
Berlin, 2010, 196-203.

| T. Helleseth and A. Kholosha, Monomial and quadratic bent functions over the finite fields
of odd characteristic, IEEE Trans. Inform. Theory, 52 (2006), 2018-2032.

| T. Helleseth and A. Kholosha, New binomial bent functions over the finite fields of odd
characteristic, IEEE Trans. Inform. Theory, 56 (2010), 4646-4652.

| T. Helleseth and A. Kholosha, Crosscorrelation of m-sequences, exponential sums, bent func-
tions and Jacobsthal sums, Cryptogr. Commun., 3 (2011), 281-291.

] X. D. Hou, Classification of self dual quadratic bent functions, Des. Codes Cryptogr., 63
(2012), 183-198.

| K. P. Kononen, M. J. Rinta-aho and K. O. Vdénénen, On integer values of Kloosterman sums,
IEEE Trans. Inform. Theory, 56 (2010), 4011-4013.

] N. G. Leander, Monomial bent functions, IEEE Trans. Inform. Theory, 52 (2006), 738-743.

] R.Lidl and H. Niederreiter, Finite Fields, Second edition, Cambridge Univ. Press, Cambridge,
1997.

] Y. Tan, A. Pott and T. Feng, Strongly regular graphs associated with ternary bent functions,
J. Comb. Theory Ser. A, 117 (2010), 668—682.

| Y. Tan, J. Yang and X. Zhang, A recursive approach to construct p-ary bent functions which
are not weakly regular, in Proceedings of IEEE International Conference on Information
Theory and Information Security, Beijing, 2010, 156-159.

Received July 2012; revised March 2013.

E-mail address: cesmelioQovgu.de
E-mail address: wmeidl@sabanciuniv.edu
E-mail address: alexander.pott@ovgu.de

ADVANCES IN MATHEMATICS OF COMMUNICATIONS VOLUME 7, No. 4 (2013), 425-440


http://www.ams.org/mathscinet-getitem?mr=MR2860602&return=pdf
http://dx.doi.org/10.1016/j.jcta.2011.10.002
http://dx.doi.org/10.1016/j.jcta.2011.10.002
http://dx.doi.org/10.1016/j.jcta.2011.10.002
http://dx.doi.org/10.1016/j.jcta.2011.10.002
http://www.ams.org/mathscinet-getitem?mr=MR3016566&return=pdf
http://dx.doi.org/10.1007/s10623-012-9686-2
http://dx.doi.org/10.1007/s10623-012-9686-2
http://www.ams.org/mathscinet-getitem?mr=MR2811149&return=pdf
http://dx.doi.org/10.1007/s10801-010-0270-4
http://dx.doi.org/10.1007/s10801-010-0270-4
http://dx.doi.org/10.1007/s10801-010-0270-4
http://dx.doi.org/10.1007/s10801-010-0270-4
http://www.ams.org/mathscinet-getitem?mr=MR2762230&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2457548&return=pdf
http://dx.doi.org/10.1016/j.ffa.2008.07.002
http://dx.doi.org/10.1016/j.ffa.2008.07.002
http://www.ams.org/mathscinet-getitem?mr=MR2830724&return=pdf
http://dx.doi.org/10.1007/978-3-642-15874-2_16
http://dx.doi.org/10.1007/978-3-642-15874-2_16
http://dx.doi.org/10.1007/978-3-642-15874-2_16
http://dx.doi.org/10.1007/978-3-642-15874-2_16
http://www.ams.org/mathscinet-getitem?mr=MR2234462&return=pdf
http://dx.doi.org/10.1109/TIT.2006.872854
http://dx.doi.org/10.1109/TIT.2006.872854
http://dx.doi.org/10.1109/TIT.2006.872854
http://dx.doi.org/10.1109/TIT.2006.872854
http://www.ams.org/mathscinet-getitem?mr=MR2807349&return=pdf
http://dx.doi.org/10.1109/TIT.2010.2055130
http://dx.doi.org/10.1109/TIT.2010.2055130
http://dx.doi.org/10.1109/TIT.2010.2055130
http://dx.doi.org/10.1109/TIT.2010.2055130
http://www.ams.org/mathscinet-getitem?mr=MR2847298&return=pdf
http://dx.doi.org/10.1007/s12095-011-0048-0
http://dx.doi.org/10.1007/s12095-011-0048-0
http://dx.doi.org/10.1007/s12095-011-0048-0
http://dx.doi.org/10.1007/s12095-011-0048-0
http://www.ams.org/mathscinet-getitem?mr=MR2891666&return=pdf
http://dx.doi.org/10.1007/s10623-011-9544-7
http://dx.doi.org/10.1007/s10623-011-9544-7
http://www.ams.org/mathscinet-getitem?mr=MR2752481&return=pdf
http://dx.doi.org/10.1109/TIT.2010.2050806
http://dx.doi.org/10.1109/TIT.2010.2050806
http://www.ams.org/mathscinet-getitem?mr=MR2236188&return=pdf
http://dx.doi.org/10.1109/TIT.2005.862121
http://dx.doi.org/10.1109/TIT.2005.862121
http://www.ams.org/mathscinet-getitem?mr=MR1429394&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2645184&return=pdf
http://dx.doi.org/10.1016/j.jcta.2009.05.003
http://dx.doi.org/10.1016/j.jcta.2009.05.003

	1. Introduction
	2. Bent functions and their duals
	3. Quadratic bent functions and their duals
	4. Self-dual bent functions in odd characteristic
	5. Examples
	5.1. Constructing bent functions and their duals simultaneously, p=2
	5.2. Constructing bent functions and their duals simultaneously, weakly regular
	5.3. Constructing bent functions and their duals simultaneously, non-weakly regular
	5.4. Bent functions with duals of different algebraic degree
	5.5. Non-dual-bent functions
	5.6. Self-dual bent functions

	Acknowledgments
	References

