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FOURIER METHOD FOR ONE DIMENSIONAL
SCHRODINGER OPERATORS WITH SINGULAR PERIODIC
POTENTIALS

PLAMEN DJAKOV AND BORIS MITYAGIN

ABSTRACT. By using quasi—derivatives, we develop a Fourier method for
studying the spectral properties of one dimensional Schrédinger operators
with periodic singular potentials.

1. INTRODUCTION

Our goal in this paper is to develop a Fourier method for studying the spectral
properties (in particular, spectral gap asymptotics) of the Schréodinger operator

(1.1) L)y = —y" +v(x)y, x€R,
where v is a singular potential such that
(1.2) v(z) =v(z +7), veHNR).

In the case where the potential v is a real L?([0, 7])—function, it is well known
by the Floquet—Lyapunov theory (see [5l 19, 20 [32]), that the spectrum of L is
absolutely continuous and has a band—gap structure, i.e., it is a union of closed
intervals separated by spectral gaps

(—OO,)\()), ()‘1_7)‘1’—)7 ()‘2_7)‘;_)7 7()‘1:7)‘:)7 .

The points (A\}) are defined by the spectra of (LI considered on the inter-
val [0, 7], respectively, with periodic (for even n) and anti-periodic (for odd n)
boundary conditions (bc) :

(a) periodic ~ Per™:  y(m) = y(0), y'(7) = y'(0);

(b) antiperiodic  Per™ : y(m) = —y(0), ¢'(7) = —¢'(0);

So, one may consider the appropriate bases in L?([0,7]), which leads to a
transformation of the periodic or anti—periodic Hill-Schrédinger operator into an
operator acting in an £>-sequence space. This makes possible to develop a Fourier
method for investigation of spectra, and especially, spectral gap asymptotics
(see [14], 15], where the method has been used to estimate the gap asymptotics
in terms of potential smoothness). Our papers [2, 3] (see also the survey [4])
give further development of that approach and provide a detailed analysis of
(and extensive bibliography on) the intimate relationship between the smoothness
of the potential v and the decay rate of the corresponding spectral gaps (and
deviations of Dirichlet eigenvalues) under the assumption v € L2([0, 7]).

But now singular potentials v € H~! bring a lot of new technical problems
even in the framework of the same basic scheme as in [4].
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First of them is to give proper understanding of the boundary conditions (a)
and (b) or their broader interpretation and careful definition of the corresponding
operators and their domains. This is done by using quasi—derivatives. To a great
extend we follow the approach suggested (in the context of second order o.d.e.)
and developed by A. Savchuk and A. Shkalikov [25] 27] (see also |26 28] 29]) and
R. Hryniv and Ya. Mykytyuk [8] (see also [9]-[I3]). For specific potentials see
W. N. Everitt and A. Zettl [0, [7].

E. Korotyaev [17, 18] follows a different approach but it works only in the case
of a real potential v.

It is known (e.g., see [§], Remark 2.3, or Proposition [l below) that every
m—periodic potential v € H, l_ocl (R) has the form

v=C+Q, where C =const, Q ism — periodic, Q € L}_(R).

Therefore, one may introduce the “quasi-derivative® u = vy — Qy and replace
the distribution equation —y” + vy = 0 by the following system of two linear

equations with coefficients in L} (R)

(1.3) Y =Qy+u, u=(C-Qy-Qu.

By the Existence-Uniqueness theorem for systems of linear o.d.e. with L}, (R)-
coefficients (e.g., see [1,22]), the Cauchy initial value problem for the system (L3])
has, for each pair of numbers (a,b), a unique solution (y,u) such that y(0) =
a, u(0) =b.

Moreover, following A. Savchuk and A. Shkalikov [25] 27], one may consider
various boundary value problems on the interval [0,7]). In particular, let us
consider the periodic or anti-periodic boundary conditions Per®, where

(a*)  Pert: y(m)=y(0), (v — Qy) () = (¥ — Qy) (0).

(b)  Per™: y(r)=—y(0), (y = Qy) (m) = — (¥ — Qy) (0).

R. Hryniv and Ya. Mykytyuk [8] used also the system (L3)) in order to give
complete analysis of the spectra of the Schrédinger operator with real-valued
periodic H~!-potentials. They showed, that as in the case of periodic L%OC(]R)f
potentials, the Floquet theory for the system (L.3]) could be used to explain that if
v is real-valued, then L(v) is a self-adjoint operator having absolutely continuous
spectrum with band—gap structure, and the spectral gaps are determined by the
spectra of the corresponding Hill-Schrodinger operators Lp.,.+ defined in the
appropriate domains of L?([0, 7])-functions, and considered, respectively, with
the boundary conditions (a*) and (b*).

In Section 2 we use the same quasi—derivative approach to define the domains
of the operators L(v) for complex—valued potentials v, and to explain how their
spectra are described in terms of the corresponding Lyapunov function. From
a technical point of view, our approach is different from the approach of R.
Hryniv and Ya. Mykytyuk [8]: they consider only the self-adjoint case and use
a quadratic form to define the domain of L(v), while we consider the non-self-
adjoint case as well and use the Floquet theory and the resolvent method (see
Lemma [3 and Theorem []).
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Sections 3 and 4 contains the core results of this paper. In Section 3 we
define and study the operators Lp.,.+ which arise when considering the Hill-
Schrodinger operator L(v) with the adjusted boundary conditions (a*) and (b*).
We meticulously explain what is the Fourier representation of these operator
in Proposition [0 and Theorem [Tl

In Section 4 we use the same approach as in Section 3 to define and study
the Hill-Schrédinger operator Lp;,(v) with Dirichlet boundary conditions Dir :
y(0) = y(7) = 0. Our main result there is Theorem [I6] which gives the Fourier
representation of the operator Lp;,(v).

In Section 5 we use the Fourier representations of the operators Lp.,+ and
Lpir to study the localization of their spectra (see Theorem [B.1]). Of course,
Theorem [5.1] gives also a rough asymptotics of the eigenvalues A\, A\, u, of
these operators. But we are interested to find the asymptotics of spectral gaps
Yo = Af — A, in the self-adjoint case, or the asymptotics of both ~, and the
deviations p, — (A 4+ X )/2 in the non-self-adjoint case, etc. Our results in that
direction are presented without proofs in Section 6.

Acknowledgment. The authors thank Professors Rostyslav Hryniv, Andrei
Shkalikov and Vadim Tkachenko for very useful discussions of many questions of
spectral analysis of differential operators, both related and unrelated to the main
topics of this paper.

2. PRELIMINARY RESULTS

1. The operator [Tl has a second term vy with v € (LZ). First of all, let
us specify the structure of periodic functions and distributions in H. (R) and

Hi, (R).
The Sobolev space H}. (R) is defined as the space of functions f(z) € L? (R)

which are absolutely continuous and have their derivatives f/(z) € L _(R).
Therefore, for every T' > 0,

T
(2.1) 112, = / (F @) + 1 @) < .
-T

Let D(R) be the space of all C*°—functions on R with compact support, and
let D([-T,T]) be the subset of all ¢ € D(R) with suppp C [-T,T].
By definition, H,,!(R) is the space of distributions v on R such that

(22) VI >03CT): [ve)| <CDl¢llr YeeD((=T,T]).

1Ma,ybe it is worth to mention that T. Kappeler and C. Mohr [I6] analyze ”periodic and
Dirichlet eigenvalues of Schrédinger operators with singular potential” but they never tell how
these operators (or boundary conditions) are defined on the interval, i.e., in a Hilbert space
Lz([0771']). At some point they jump without any justification or explanation into weighted
£?-sequence spaces (an analog of Sobolev spaces H®) and consider the same sequence space
operators we are used to in the regular case, i.e., if v € Lf,er (R). But without formulating which
Sturm—Liouville problem is considered, what are the corresponding boundary conditions, what
is the domain of the operator, etc., it is not possible to pass from a non-defined differential
operator to its Fourier representation.
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Of course, since

T T
| te@pas <7 [P,

-T -T
the condition ([2.2]) is equivalent to
(23)  VT>03C(T): [v,o)| < CON Nr2q-rry Ve € D(-T,T)).
Set
24) DiR)={¢': 9 D®R)}, Di([-T,T))={¢": ¢ e D(-T,T])}
and consider the linear functional
(25) Q((,D/) = _<U7 (10>7 QO, € Dl(R)

In view of ([2.3)), for each T' > 0, ¢(-) is a continuous linear functional defined in
the space Dy([-T,T)) ¢ L?([-T,T]). By Riesz Representation Theorem there
exists a function Qr(z) € L?([~T,T]) such that

T
(2.6) a(¢') = / _Qr(@)¢/(@)ds Vo€ D(-T.T]).

The function Q7 is uniquely determined up to an additive constant because in
L?([~T,T]) only constants are orthogonal to Di([~T,T]). Therefore, one can
readily see that there is a function Q(x) € L? (R) such that

loc
o(¢) = / T Qg (e)dr Ve e D(R),

where the function @ is uniquely determined up to an additive constant. Thus,
we have

(v,0) = —q(¢") = —(Q,¢') =(Q', ¥),

i.e.,
(2.7) v=C@Q.

A distribution v € H;,'(R) is called periodic of period  if
(2.8) (v,0(2)) = (v, p(x —m)) Vo € D(R).

L. Schwartz [30] gave an equivalent definition of a periodic of period w distri-
bution in the following way: Let

w: R—S'=R/7Z, w(x)=z modn.
A distribution F' € D'(R) is periodic if, for some f € (COO(Sl))/, we have
F(z) = f(w(x)), ie., (o, F)=(2,f),

where

o = Zgo(:n — k).

keZ
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Now, if v is periodic and @ € L2 (R) is chosen so that (2.7) holds, we have by
@.3)

/_O; Q(z +m)¢' (x)dx = /_O; Q) (x — 1) = /_Z 0(2)o! (2)dz,

| @@+ - Q@@ =0 v e D)

—00

Thus, there exists a constant ¢ such that

Qz+m) —Qx)=c ae.

Consider the function
c

@(33) =Q(z) — ;x;

then we have Q(z 4+ 7) = Q(x) a.e., so Q is mperiodic, and

v=0Q + <.
T
Let
(2.9) Qz) = Y q(m)e™
me27

be the Fourier series expansion of the function Q € L?([0,7]). Set
(2.10) V(0) = p V(m) = tmg(m) for m # 0.
All this leads to the following statement.

Proposition 1. Every m—periodic distribution v € Hl_ocl (R) has the form
.€.

(2.11) v=CHQ,  QEli(R), Q@+ Q)
with

1 s
(2.12) o(0) == /0 Qa)dz =0,

and can be written as a converging in Hl_ocl (R) Fourier series

(2.13) v = Z V(m)e™*

me2z
with
(2.14) V(0)=C, V(m)=1img(m) for m#Q0,
where q(m) are the Fourier coefficients of Q. Of course,

V 2
(2.15) 1@ omy = 3 AIE

m
m#0
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Remark. R. Hryniv and Ya. Mykytyuk [8], (see Theorem 3.1 and Remark 2.3)
give a more general claim about the structure of uniformly bounded H, l_ocl (R)-
distributions.

2. In view of (2.2), each distribution v € H l_ocl (R) could be considered as a
linear functional on the space H} (R) of functions in H. (R) with compact sup-
port. Therefore, if v € H l_ocl (R) and y € H} (R), then the differential expression
(y) = —y" + v -y is well-defined by

(" +vy,0) =0,¢)+ @y 9
as a distribution in H. l;cl (R). This observation suggests to consider the Schrodinger
operator —d?/dz? + v in the domain

(216)  D(L(v) = {y € HL(®)NI*R) : —y'+v-yeL’(R)}.

Moreover, suppose v = C + @', where C is a constant and @ is a m—periodic
function such that

1 K
(217) Qe (o). o0 =7 [ Q0.
0
Then the differential expression ¢(y) = —y” + vy can be written in the form
(2.18) (y)=— (/' —Qu) — Qv + Cy.

Notice that

ly)=— (¥ —Qy)' —Qy +Cy=fecL*R)
if and only if

u=1y - Qy e W ;(R)

and the pair (y,u) satisfies the system of differential equations
y'=Qy+u,
u'=(C—-Q%y—Qu+tf.
Consider the corresponding homogeneous system

Yy =Qy+u,
u'=(C—Q%y - Qu.

(2.19)

(2.20)

with initial data
(2.21) y(0) =a, u(0)="0.

Since the coefficients 1,Q,C — Q?* of the system (2.20) are in L}, (R), the stan-
dard existence—uniqueness theorem for linear systems of equations with L}, (R)-
coefficients (e.g., see M. Naimark [22], Sect.16, or F. Atkinson [I]) guarantees
that for any pair of numbers (a,b) the system (2.20) has a unique solution (y,u)
with y,u € Wf’loc(]R) such that ([2.21]) holds.

On the other hand, the coefficients of the system (2.20]) are m—periodic, so one
may apply the classical Floquet theory.
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Let (y1,u1) and (y2,u2) be the solutions of (Z20) which satisfy y1(0) =
1,u1(0) = 0 and y2(0) = 0,u2(0) = 1. By the Caley—Hamilton theorem the

Wronskian
yi(z) ya(x)) _
det =1
‘ <u1<x> us ()
because the trace of the coefficient matrix of the system (2.20) is zero.
If (y(z),u(x)) is a solution of (2.20]) with initial data (a, b), then (y(x+7), u(x+
7)) is a solution also, correspondingly with initial data

y(m) a yi(m)  ya(r)
=M M = .
<u(7r)> <b> ’ <u1(7r) ug(m)
Consider the characteristic equation of the monodromy matriz M :

(2.22) PP—Ap+1=0, A=uy(n)+us(n).

Each root p of the characteristic equation (2.22)) gives a rise of a special solution

(p(z),¢(z)) of [220) such that

(2.23) plx+m)=p ), YE+)=p 9(z)
Since the product of the roots of ([2:22]) equals 1, the roots have the form
(2.24) pt =", r=a+if,

where 3 € [0,2] and a = 0 if the roots are on the unit circle or o > 0 otherwise.
In the case where the equation (Z22) has two distinct roots, let (oT, %) be
special solutions of (2:20]) that correspond to the roots ([2:24)), i.e.,

(o™ (@ +7), 0" (z + 7)) = p* - (¢ (), (2)).
Then one can readily see that the functions
G (z) = T (z), PF(x) =TT (x)
are m—periodic, and we have
(2.25) p(z) = e TE(x),  Pr(x) = e (a).

Consider the case where (2.22) has a double root p = +£1. If its geometric mul-
tiplicity equals 2 (i.e., the matrix M has two linearly independent eigenvectors),
then the equation (2.20) has, respectively, two linearly independent solutions
(¢*,¢T) which are periodic if p = 1 or anti-periodic if p = —1.

Otherwise, (if M is a Jordan matrix), there are two linearly independent vec-

+ J—
tors <Z+> and (Z_) such that
(2.26)
- + — - -
W) (). 5 () olp) o () oo

Let (¢, ¢T) be the corresponding solutions of (Z.20). Then we have
(2.27)

(FER) - (BE) (R - () e (20,
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Now, one can easily see that the functions ¢~ and ¢~ given by

() - (6) -5 (26)

are m—periodic (if p = 1) or anti-periodic (if p = —1). Therefore, the solution
<(p_(a:)> can be written in the form
¢ (x)
v (x) @‘(@) KT <90+(<17)>
2.28 oy (8 LR 7
(229 () = (5-0) + = (8
i.e., it is a linear combination of periodic (if p = 1), or anti-periodic (if p = —1)

functions with coefficients 1 and kz /7.
The following lemma shows how the properties of the solutions of (2I9]) and
(Z20)) depend on the roots of the characteristic equation (2.22]).

Lemma 2. (a) The homogeneous system (2.20) has no nonzero solution (y,u)
with y € L?(R). Moreover, if the roots of the characteristic equation (2.23) lie
on the unit circle, i.e., a = 0 in the representation (2.24), then (2220) has no
nonzero solution (y,u) with y € L?((—00,0]) or y € L*([0, +o0)).

(b) If a = 0 in the representation (2.23), then there are functions f € L*(R)
such that the corresponding non-homogeneous system (2.19) has no solution (y,u)
with y € L*(R).

(¢) If the roots of the characteristic equation (Z.22) lie outside the unit circle,
i.e., o > 0 in the representation (2.24), then the non-homogeneous system (2.19)
has, for each f € L*(R), a unique solution (y,u) = (Ri(f), Ra(f)) such that
Ry is a linear continuous operator from L*(R) into W} (R), and Ry is a linear
continuous operator in L?(R) with a range in WllJ oe(R).

Proof. (a) In view of the above discussion (see the text from ([2.22) to (2.28))),
if the characteristic equation (Z22) has two distinct roots p = e*™™, then each
solution (y,u) of the homogeneous system (2:20]) is a linear combination of the
special solutions, so

y(@) =CTe™ " (z) + C7e ¢ (),

where @+ and ¢~ are mperiodic functions in H'.

In the case where the real part of 7 is strictly positive, i.e., 7 = a+1i3 with a >
0, one can readily see that e™@™ (x) & L2([0,00)) but e™@ " (z) € L*((—00,0]),
while e=™*¢~ () € L%([0,00)) but e "¢~ (x) ¢ L?((—0o0,0])). Therefore, if y # 0
we have y ¢ L?(R).

Next we consider the case where 7 = i3 with 8 # 0,1. The Fourier series of
the functions T (z) and ¢~ (z)

. St ik - s— ik
e D gt T~ ) et
ke2Z ke27
converge uniformly in R because ¢+, »~ € H'. Therefore, we have

y(x) —Ct Z (’Zzez(k—l—ﬁ)x + O~ Z @]Zei(k—ﬁ)x’
k€27 ke27
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where the series on the right converge uniformly on R. If 3 is a rational number,
then y is a periodic function, so y ¢ L?((—o0,0]) and y & L?([0,0)).
If 8 is an irrational number, then

I :
(2.29) Jim / y(z)e BTy = CEGE Yk € 2.
— 00 0

On the other hand, if y € L?([0,0)), then the Cauchy inequality implies

LT —itktB)s g | < L (/T >1/2 </T 2 >1/2 - 91l 22(0,00)) .
'T/o y(x)e dz| < 7\, 1-dx ; ly(x)|*dx < Nis

But, in view of ([229), this is impossible if y # 0. Thus y ¢ L%*([0,0)). In a
similar way, one can see that y ¢ L?((—o0,0]).

Finally, if the characteristic equation ([2.22]) has a double root p = +1, then
either every solution (y,u) of (220 is periodic or anti-periodic, and so y ¢
L%([0,00) and y ¢ L*((—o0,0]), or it is a linear combination of some special
solutions (see (2.28]), and the preceding discussion), so we have

y(@) = Cto' (a) + 075" + 0" p* (a),

where the functions ¢ and ¢~ are periodic or anti—periodic. Now one can easily
see that 3y ¢ L?([0,00) and y ¢ L?((—oc,0]), which completes the proof of (a).

(b) Let (pF,9%) be special solutions of ([Z20) that correspond to the roots
[224) as above. We may assume without loss of generalities that the Wron-
skian of the solutions (¢, 1™) and (=, ™) equals 1 because these solutions are
determined up to constant multipliers.

The standard method of variation of constants leads to the following solution
(y,u) of the non-homogeneous system (2.19I):

(2:30)  y=v(2)¢"(x) +vT(2)¢ (), u=v(2)YT(z)+v (@)Y (2),
where v+ and v~ satisfy

dv™ dv™ dv™ dv™
2.31 e TG Lyt ol —

(2.32)  vt(z) = — / Lo WF0dt+ O, v () = / ot (0t + O
0 0

Assume that the characteristic equation (2.:22) has roots of the form p =
e 3 € [0,2). Take any function f € L?(R) with compact support, say supp f C
(0,7T). By (2.30)) and (2.32), if (y,u) is a solution of the non-homogeneous system
(219), then the restriction of (y,u) on the intervals (—o0,0) and [T,00) is a
solution of the homogeneous system ([Z.20). So, by (a), if y € L?(R) then y =0
on the intervals (—oo,0) and [T, 00). This may happen if only if the constants
C* in ([2.32) are zeros, and we have

T T
/ o (1) (t)dt = 0, / o) F (0t = 0.
0 0
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Hence, if f is not orthogonal to the functions ¢*, on the interval [0, 7], then
the non-homogeneous system (ZI9) has no solution (y,u) with y € L?(R). This
completes the proof of (b).

(c) Now we consider the case where the characteristic equation (222 has
roots of the form (Z24)) with o > 0. Let (%, %) be the corresponding special
solutions. By (Z30)), for each f € L*(R), the non-homogeneous system (Z.19)
has a solution of the form (y,u) = (Ri(f), Ra(f), where
(2.33)

Bi(f) = v (2)p" (x) + v (2)p ™ (x), Ro(f)=v"(2)d" (x) + v (2)¥ (2),
and (2.31)) holds. In order to have a solution that vanishes at +o0o we set (taking

into account (2.25]))
(2.34) vh(x) = /OO e e () f(t)dt, v (x) = /r e @t () f(t)dt.

—00

Let C+ = max{|¢™(z)| : z € [0,7]}. By @25]), we have
(2.35) lpE(2)] < Cy - eFo.

Therefore, by the Cauchy inequality, we get

) 2 00 0
P sc| [Tespom] <2 ([Tema) - ([Terarar).
SO
C2 00
(2.36) |v+(:v)|2§je_°‘m/ e o f(t)2dt.
Thus, by ([2.35)),
[e%S) 0202 [e'e) [e'e)
[Pl e s S [ e [T e popa
—0o0 a —0o0 xr
030_2,_ * 2 ! a(x—t CEC—%— 2
<S5 [T hop ([ et ) a= SN R,
In an analogous way one may prove that
L2 -2 C2C?
| @F e @f de < S 1

In view of (2.30), these estimates prove that R is a continuous operator in L%(R).
Next we estimate the L?(R)-norm of y = ‘L Ry (f). In view of [Z31), we have

, do™ _oy deT
y'(@) =v'(2) 7= (2) + v (2) - 7= ().

By 2.23),
d + d~+
vt () - & (r) = aw™ (2)pT + v+(:n)eax£ .
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Since the L?(R)-norm of v* (x)¢™ has been estimated above, we need to estimate
only the L?(R)-norm of v*(z)e®®d@t /dx. By ([2.306), we have

00 2 [e'9) 00
/ |v+(:n)eamd¢+/dx‘2d:£§ %/ |d¢+/dw|2eaz/ e f(t)|Pdtdx

_e () </t |d<,5+/da:|zea(x—t)dx> dt.

« — 00

Firstly, we estimate the integral in the parentheses. Notice that the function
dp* /dx (and therefore, d@*/dx ) are in the space L2([0,7]) due to the first
equation in (Z20). Therefore,

™ d(ﬁi 2
(2.37) K3 = /0 T ()| dr < oo
We have
/ ‘d<p+/dx‘2 2= tdZL'_Z/ 5+t) eagdﬁ
— (n+1)m
S K? K?
< K2 . T = -+ 1 _+
-0 Z_;)e 1 —exp(—am) < (1 +am) am

Thus,
0o C2 K2
| o @emag jasf o < 1+ am) 2P

In an analogous way it follows that

/_OO‘U (x)e Ir

so the operator Ry act continuously from L?(R) into the space W (R).

The proof of the fact that the operator Ry is continuous in L?(R) is omitted
because essentially it is the same (we only replace o with ¢ in the proof that
R; is a continuous operator in L?(R)). O

I£11%,

C? K?
do < (1 + am)—5—
QT

We need also the following lemma.
Lemma 3. Let H be a Hilbert space with product (-,-), and let
A: D(A)—~H, B:D(B)—H
be (unbounded) linear operators with domains D(A) and D(B), such that
(2.38) (Af,9) = (f,Bg) for f e D(A), g€ D(B).

If there is a A € C such that the operators A — X and B — X\ are surjective, then
(i) D(A) and D(B) are dense in H;
(ii) A* = B and B* = A, where A* and B* are, respectively, the adjoint
operators of A and B.
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Proof. We need to explain only that D(A) is dense in H and A* = B because
one can replace the roles of A and B.

To prove that D(A) is dense in H, we need to show that if h is orthogonal to
D(A) then h = 0. Let

(f,h)=0 VYfeD(A).
Since the operator B — X is surjective, there is g € D(B) such that h = (B — \)g.
Therefore, by (2Z38]), we have

which yields g = 0 because the range of A — X is H. Thus, h = (B — \)g = 0.
Hence (i) holds.
Next we prove (ii). If g* € Dom(A*), then we have

where w = (A* — X)g_* Since the operator B — ) is surjective, there is g € D(B)
such that w = (B — \)g. Therefore, by (2.38]) and ([2.39), we have

which implies that g* = ¢ (because the range of A — X is equal to H) and
(A* — N)g* = (B — \)g*, i.e., A*g* = Bg*. This completes the proof of (ii).
0

Consider the Schrodinger operator with a spectral parameter
L(v) — A= —d?*/dz® + (v — 1)), MeC.

In view of the formula (ZI1] in Proposition [II we may assume without loss of
generality that

(2.40) C=0, v=@,
because a change of C results in a shift of the spectral parameter A.

Replacing C' by —\ in the homogeneous system ([2.20), we get

y'=Qy+u,

2.41
(241) = (=2 - Q%y - Qu.
Let (y1(x;A),u1(x;A)) and (ya2(x; A),u2(x; A)) be the solutions of (2.41]) which
satisfy the initial conditions y;(0; A) = 1, u1(0; A) = 0 and y2(0; A) = 0, u2(0; \) =

1. Since these solutions depend analytically on A € C, the Lyapunov function, or
Hill discriminant,

(2.42) A(QA) = y1(m; A) + ua(m; A)

is an entire function. Taking the conjugates of the equation in (2.41]), one can
easily see that

(2.43) A(Q,\) = AQ, \).
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Remark. A. Savchuk and A. Shkalikov gave asymptotic analysis of the func-
tions y;(m, A) and w;(m, A), j = 1,2. In particular, it follows from Formula (1.5)
of Lemma 1.4 in [27] that, with 22 = A,

(2.44)

y1(m, A) = cos(mz)+o(l), wya(m, A) = %[sin(ﬂz)+o(1)], ug(m, \) = cos mz+o(1),

and therefore,

(2.45) A(Q,)\) =2cosmz +o(1), 2% =),
inside any parabola
(2.46) P,={AeC: |[Imz]<a}.

In the regular case v € L?([0,7]) these asymptotics of the fundamental solutions
and the Lyapunov function A of the Hill-Schrédinger operator could be found
n [21], p. 32, Formula (1.3.11), or pp. 252-253, Formulae (3.4.23'), (3.4.26).

Consider the operator L(v), in the domain
(2.47)
D(L(v)) ={y € H'(R): o' —Qy € L*(R) N W{,,.(R), Lo(y) € L*R)},
defined by
(2.48) L{v)y = Lo(y), with Lo(y) = (/' — Q)" — QY
where v and @) are as in Proposition [I1

Theorem 4. Let v € lecl(R)) be m—periodic. Then

(a) the domain D(L(v)) is dense in L?(R);

(b) the operator L(v) is closed, and its conjugate operator is
(2.49) (L(v))" = L(v);

(In particular, if v is real-valued, then the operator L(v) is self-adjoint.)
(c) the spectrum Sp(L(v)) of the operator L(v) is continuous, and moreover,

(2.50) Sp(L(v))={AeC| 30e€[0,2m): A(N) =2cosb}.
Remark. In the case of L?—potential v this result is known (see Rofe-Beketov

[23, 24] and V. Tkachenko [31]).

Proof. Firstly, we show that the operators L(v) and L(7) are formally adjoint,
i.e.,

(2.51) (L(v)y,h) = (f,L(v)h) if y € D(L(v)), h € D(L(v)).

Since 3’ —Qy and h are continuous L?(R)-functions, their product is a continuous
L(R)-function, so we have

tim inf |(y/ — Qu)F| () = 0.

Therefore, there exist two sequences of real numbers ¢, — —oo and d,, — o©
such that

((y/ - Qy)ﬁ) (cn) — 0, ((y/ - Qy)ﬁ) (dp) — 0 as n— oo.
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Now, we have

o0 dn _
(L)y,h) = | Llo(y)hde = lim [ (=@ = Qy)'h— Qy'h) dx
_ dn dn _ dn _
= Jim (/= Q|+ [ - QuErds— [ Qyhs

—o0+ / (47 — Quit — Qy'F) do.

—00

The same argument shows that

|- Qo - @y da = . LM,
which completes the proof of (Z5T]).

If the roots of the characteristic equation p? — A(Q, \)p+ 1 = 0 lie on the unit
circle {e? 0 € [0,27)}, then they are of the form et so we have

(2.52) A(Q,\) = + e = 2cos 6.
Therefore, if A(Q,\) € [—2,2], then the roots of the characteristic equation lie

outside of the unit circle {e¥ 6 € [0,27)}. If so, by part (c) of Lemma B the
operator L(v) — A maps bijectively D(L(v)) onto L?(R), and its inverse operator

(L(v)) =N~ : LA(R) — D(L(v))
is a continuous linear operator. Thus,
(2.53) A(Q,N\) € 1-2,2] = (L(v) — N\~ : L*(R) — D(L(v)) exists.

Next we apply Lemma Bl with A = L(v) and B = L(7). Choose A € C so that
A(Q,N) € [-2,2] (in view of (245]), see the remark before Theorem [ A(Q, \)
is a non—constant entire function, so such a choice is possible). Then, in view
of ([Z43)), we have that A(Q,\) & [~2,2] also. In view of the above discussion,
this means that the operator L(v) — A maps bijectively D(L(v)) onto L?(R) and
L(D) — X maps bijectively D(L(7)) onto L?(R). Thus, by Lemma B} D(L(v)) is
dense in L?(R) and L(v)* = L(v), i.e., (a) and (b) hold.

Finally, in view of (Z53]), (c) follows readily from part (b) of Lemma 2

O

3. Theorem M shows that the spectrum of the operator L(v) is described by
the equation (2.50). As we are going to explain below, this fact implies that the
spectrum Sp(L(v)) could be described in terms of the spectra of the operators
Ly = Ly(v), 0 € [0,7], that arise from the same differential expression ¢ = (g
when it is considered on the interval [0, 7] with the following boundary conditions:

(2.54) y(m) = €%y9(0), (¥ —Qy)(w) =€’ (y' — Qy)(0).
The domains D(Lg) of the operators Ly are given by

(2.55) D(Lg) ={y € H' : o —Qy e W([0,7]), @54) holds, {(y) € HO},
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where
H'= HY([0,7]), H°=L3([0,7]).
We set
(2.56) Lo(y) = U(y), y € D(Lo).

Notice that if y € H!([0,7]), then lgo(y) = f € L*([0,7]) if and only if u =
Y — Qy € W{([0,7]) and the pair (y,u) is a solution of the non-homogeneous

system (2.19]).

Lemma 5. Let <31> and <Z2> be the solutions of the homogeneous system
1 2

(2.20) which satisfy

23 ()= () (26) - 6)

If

(2.58) A =y (m) + ug(m) # 2cos 0, 6 € [0, ],

then the non—homogeneous system (Z.19) has, for each f € HY, a unique solution
(y,u) = (R1(f), Ra(f)) such that

()-~(8)

Moreover, Ry is a linear continuous operator from H® into H', and Rs is a linear
continuous operator in HY with a range in Wi([0,7)).

Proof. By the variation of parameters method, every solution of the non-homogeneous
system (2.19]) has the form

) (02) = (1) +0 ()

where
(2.61) vi(z) = — /Ox ya(x) f(t)dt + C1, wva(x) = /Ox y1(x) f(t)dt + Cs.

We set for convenience
iy

(262)  m(f) = — /0”y2<t>f<t>dt, ma(f) = / () (1)t

0

By (2:60)—([2.62), the condition (Z359) is equivalent to
yi(m) ya(m)\ _ o (C
(2.63) (m1(f) + C1) (ui (77)) + (ma(f) + C2) (ui(w)) = it <C;> :

This is a system of two linear equations in two unknowns C7 and Cy. The corre-
sponding determinant is equal to

y1 () — et? Yo () _ 20 A 0 i -
det( uy () ug(m) — e =1l+e A-e” =¢€"(2cos0 — A).
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Therefore, if (2.58) holds, then the system (2.63) has a unique solution <gl> )
2

where C1 = C1(f) and Cy = Cy(f) are linear combinations of my(f) and ma(f).
With these values of C1(f) and Cy(f) we set
Ri(f)=vi-y1+va-y2, Ro(f)=v1i-u+v2 us.

By (261]) and (2.62)), the Cauchy inequality implies
o1 ()] < /0 () f(O)ldt + |CL(F) < A-If]l, Joa(2)] < B [I£],

where A and B are constants. From here it follows that Ry and Ry are continuous

linear operators in H?. Since
d _dy dyo duy dug
al:an(f)_v1 dx L dx’ Ra(f) = v dx L dx +f

it follows also that R; acts continuously from H° into H!, and Ry has range in
W([0, 7]), which completes the proof.
0

Theorem 6. Suppose v € Hl_oc1 (R)) is m—periodic. Then,

(a) for each 6 € [0, 7], the domain D(Lg(v)) € (Z53) is dense in HY;

(b) the operator Lg(v) € (2220) is closed, and its conjugate operator is
(2.64) Ly(v)* = Ly(v).
In particular, if v is real-valued, then the operator Lg(v) is self-adjoint.

(c) the spectrum Sp(Lg(v)) of the operator Lg(v) is discrete, and moreover,
(2.65) Sp(Le(v)) ={Ae€C : A(X) =2cosb}.
Proof. Firstly, we show that the operators Lg(v) and Lg(v) are formally adjoint,
ie.,
(266 (Lo()y.h) = (f, Lo(@h) if y e D(Lo(v)), h € D(Ly(D)).

Indeed, in view of ([2.54)), we have

1 [" — 1 — _

(Lo(v)y, h) = ;/0 lo(y)hdx = —/ (= — Qy)'h — Qy'h) dx

™
™ Jo

(L B S .
— /= Q|+ > [~ Quds ~ [ Qyhds

1 /M, — — —
:0+;/ (y'W — Qyl — Qy'h) da.
0

The same argument shows that

1 / (/7 — QY — Qy'R) de = (y, Lo(B)h)

™

which completes the proof of (2.66]).

Now we apply Lemma [B] with A = Ly(v) and B = Ly(7). Choose A € C so
that A(Q, \) # 2cos @ (as one can easily see from the remark before Theorem [4]
A(Q, \) is a non—constant entire function, so such a choice is possible). Then, in
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view of (Z43]), we have that A(Q, \) # 2cos  also. By Lemma[5, Lg(v) — A maps
bijectively D(Lg(v)) onto H° and Lgy(T) — X maps bijectively D(L ( )) onto HO.
Thus, by Lemma3, D(Lg(v) is dense in H? and Lg(v)* = Ly(7), i.e., (a) and (b)
hold.

If A(Q,\) = 2cosf, then e? is a root of the characteristic equation (Z22)), so
there is a special solution (p,1) of the homogeneous system (2.20) (considered
with C' = —)\) such that (Z23)) holds with p = €. But then ¢ € D(Lg(v)) and
Lo(v)p = Ap, i.e., A is an eigenvalue of Ly(v). In view of Lemma [0 this means
that (2.65]) holds. Since A(Q, ) is a non—constant entire function (as one can
easily see from the remark before Theorem [I1]) the set on the right in ([2.65]) is
discrete. This completes the proof of (c). O

Corollary 7. In view of Theorem. [4 and Theorem [6, we have

(2.67) = |J Sp(Lo(v
0e[0,7]

In the self-adjoint case (i.e., when v, and therefore, @) are real-valued) the
spectrum Sp (L(v)) C R has a band—gap structure. This is a well-known result
in the regular case where v is an L? (R)-function. Its generalization in the
singular case was proved by R. Hryniv and Ya. Mykytiuk [§].

In order to formulate that result more precisely, let us consider the following
boundary conditions (bc):

(a*) periodic  Per™: y(m) =y(0), (v — Qy) (7) = (¥’ — Qy) (0);

(b*) antiperiodic ~ Per™: y(m) = —y(0), (' — Qy) (7) = — (¥ — Qy) (0);

Of course, in the case where @ is a continuous function, Per™ and Per—
coincide, respectively, with the classical periodic boundary condition y(7) =
y(0), ¢'(7) = ¢/ (0) or anti-periodic boundary condition y(7) = —y(0), v/(7) =
—y/(0) (see the related discussion in Section 6.2).

The boundary conditions Per® are particular cases of (259]), considered, re-
spectively, for # = 0 or # = w. Therefore, by Theorem [0l for each of these two
boundary conditions, the differential expression (2.I8]) gives a rise of a closed
(self adjoint for real v) operator Lp,+ in H° = L%([0,7]), respectively, with a
domain

(2.68) D(Lpe+)={yeH": y —QyeWi([0,7]), (a*) holds, I(y) € H},
(2.69) D(Lpe,—)={yecH': o/ —Qye Wll([O,ﬂ]), (b*) holds, 1(y) € H°}.

The spectra of the operators Lp,,+ are discrete. Let us enlist their eigenvalues
in increasing order, by using even indices for the eigenvalues of Lp.,+ and odd
indices for the eigenvalues of Lp,,.— (the convenience of such enumeration will be
clear later):

(2.70) Sp (Lpert) = {005 Ay, A3, AL A A, Ad s - - 1
(2.711) Sp (Lper-) = {>‘1_7/\ii_7/\3_’>‘§_’>‘5?7/\;_ .
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Proposition 8. Suppose v = C + Q', where Q € L? (R)) is a m-periodic real

loc
valued function. Then, in the above notations, we have

(2.72) A< AT SAT <A <A <A <A <A SA <A <A<

Moreover, the spectrum of the operator L(v) is absolutely continuous and has a
band—gap structure: it is a union of closed intervals separated by spectral gaps

(=00, A0), (ATLAT), (A3, A9), -+ (A D), -+

n»’ 'n

Let us mention that A. Savchuk and A. Shkalikov [25] have studied the Sturm-—
Liouville operators that arise when the differential expression {g, @ € L?([0,1]),
is considered with appropriate regular boundary conditions (see Theorems 1.5
and 1.6 in [27]).

3. FOURIER REPRESENTATION OF THE OPERATORS Lp,,+

Let LY. denote the free operator L® = —d?/dz* considered with boundary
conditions be as a self-adjoint operator in L2([0,7]). It is easy to describe the
spectra and eigenfunctions of Lgc for bc = Per®, Dir :

(a) Sp(LOPeT+) = {n?, n=0,2,4,...}; its eigenspaces are E0 = Span{e
for n > 0 and EJ = {const}, dimE? =2 for n > 0, and dim EJ = 1.

(b) Sp(L?Der,) ={n? n=1,3,5,...}; its eigenspaces are E? = Span{e*"*},
and dim EY = 2.

(c) Sp(LY,.) = {n? n € N}; each eigenvalue n
normalized eigenfunction is V2sin nz.

Depending on the boundary conditions, we consider as our canonical orthog-
onal normalized basis (o.n.b.) in L?([0,7]) the system wuy(z), k € I'y., where

:I:in:c}

2 is simple; a corresponding

(3.1) if bc = Per™ up = exp(ikz), k€ Tpe+ = 2Z;
(3.2) if bc = Per™ up = exp(ikx), k€ Tlpy- =1+ 2Z;
(3.3) if bc = Dir up = V2sinkz, k€ Tp, =N.

Let us notice that {ug(z), k € 'y} is a complete system of unit eigenvectors of
the operator Lgc.

We set
(3.4)

Hppo ={feH" : f(m)=f0)}, Hp,-={feH: f(r)=-f(0)}
and
(3.5) Hp, ={feH": [(r)=f(0)=0}.

One can easily see that {¢?**, k € 2Z} is an orthogonal basis in H}JGT+, {e?** ke
1+ 27} is an orthogonal basis in H}Der,, and {v/2sinkz, k € N} is an orthogonal
basis in Hll)”.

From here it follows that

(36)  Hp=4f@)= > frur(@) : |fllm = D A+E)|fil> < oo

kel kelpe
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The following statement is well known.

Lemma 9. (a) If f.g € L'([0,7]) and f ~ Xy con fue™, g ~ Fyecon gre’™
are their Fourier series respect to the system {e’** k € 2Z}, then the following
conditions are equivalent:

(i) [ is absolutely continuous, f(m) = f(0) and f'(x) = g(x) a.e.;

(i)  gr =ikfr Yk e 2Z.

(b) If f.g € LY[0,7]) and f ~ Zkeuzszeikma 9~ Yperson gre™t are
their Fourier series respect to the system {e’** k € 1+ 2Z}, then the following
conditions are equivalent:

(i*)  f is absolutely continuous, f(w) = —f(0) and f'(z) = g(x) a.e.;

(i*) gy = ikfy Vke 1+ 2Z.

Proof. An integration by parts gives the implication (i) = (ii) [or (¢*) = (i3*)].

To prove that (i) = (i) we set G(z) = [ g(t)dt. By (ii) for k = 0, we have
G(m) = [y g(t)dt = wgy = 0. Therefore, integrating by parts we get

1 (7 , 1 [ _.
gk = —/ glz)e *edy = —/ ek dG(z) = ikGy,
0

T ™ Jo

where G = £ o € " G(x)dx is the k—th Fourier coefficient of G. Thus, by (ii),
we have Gy = fi for k # 0, so by the Uniqueness Theorem for Fourier series
f(z) = G(z) + const, i.e.(i) holds.

Finally, the proof of the implication (i*) = (i*) could be reduced to part
(a) by considering the functions f(z) = f(z)e* ~ Y okel4oz fr—1€™* and g(z) =
g(x)e®® +if(x)e™. We omit the details. O

The next proposition gives the Fourier representations of the operators Lp,,+
and their domains.

Proposition 10. In the above notations, if y € Hll%ri’ then we have y =
ZFP . yre®® € D(Lpey+) and £(y) = h = EFP N hie®® ¢ HY if and only

if

(B7)  he=he(y) =Kyt D> V(E—m)ym+Cyr, Y |hil? < o0,

meFPeri
1.€.,
(38)  D(Lpes)={y€Hpps: (m(W)ier,, s € (Cpos)}
and
(3.9) Lpe=(y)= Y hi(y)e™™.
kerPe'ri

Proof. Since the proof is the same in the periodic and anti—periodic cases, we con-
sider only the case of periodic boundary conditions. By ([2.68]), if y € D(Lpe,+),

then y € ngeﬁ and

(3.10) l(y) = -2 —Qy + Cy=he L*0,n]),
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where
(3.11) z:=vy —Qye W([0,7]), z(m)=z(0).
Let

y(x) = Z yke““, z(x) = Z zkeikx, h(z) = Z hye'®®

ke27 ke2Z ke2Z

be the Fourier series of y,z and h. Since z(7w) = z(0), Lemma [0 says that the
Fourier series of 2/ may be obtained by differentiating term by term the Fourier
series of z, and the same property is shared by y as a function in H?! Thus,

Pert:
(3I0) implies
(3.12) —ikze — Y q(k = m)imym + Cy = hy.

m
On the other hand, by [B11]), we have 2z, = ikyx, — >, ¢(k — m)ym, so substi-
tuting that in (3.12]) we get

(313)  —ik |ikye — Y qlk —m)ym | — > q(k — m)imym + Cyx = hy,
m m
which leads to (37) because V(m) = imgq(m), m € 2Z.

Conversely, if (8.7) holds, then we have ([BI3]). Therefore, (812]) holds with
2 = tkyr — >, (kK — M) Y.

Since y = Y ype’t® € H}JGT+, the Fourier coefficients of its derivative are
ikyk, k € 27Z. Thus, (zi) is the sequence of Fourier coefficients of the function
z=y —Qy e L'([0,7)).

On the other hand, by (BI2]), (ikzx) is the sequence of Fourier coefficients
of an L'([0,7])-function. Therefore, by Lemma [0 the function z is absolutely
continuous, z(m) = z(0), and (ikzx) is the sequence of Fourier coefficients of its
derivative z’. Thus, (3I0) and EII)) hold, i.e., y € D(Lpg+) and Lpg,+y =
l(y) = h. O

Now, we are ready to explain the Fourier method for studying the spectra of
the operators Lp,,+. Let

F:H— €2(Fpe,¢)

be the Fourier isomorphisms defined by corresponding to each function f € H°
the sequence ( f) of its Fourier coefficients fi = (f,ux), where {ug, k € I'p.,+} is,
respectively, the basis (3.1 or (3.2). Let F~! be the inverse Fourier isomorphism.

Consider the unbounded operators £y and £_ acting, respectively, in £2(T p,,+ )
as

(314) Li(2) = ((2per,, o+ w(z) =Fz+ > V(k—m)zn + Oz,

mEFPer'i
respectively, in the domains

(315) D(ﬁi) = {Z € E2(|k|7FPeri) : ‘C:I:(Z) € Ez(FPeri)}y
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where (2(|k|,T pg,+) is the weighted ¢>-space

E2(|k|7rPeri) = {Z = (zk)kerperi : Z(l + |k|2)|zk|2 < OO} :

k
In view of (B.6) and Proposition [I0} the following theorem holds.

Theorem 11. In the above notations, we have

(3.16) D(Lpey+) =F 1 (D(L2))
and
(3.17) Lpg+ = FloLyoF.

If it does not lead to confusion, for convenience we will loosely use one and
the same notation Lp,,.+ for the operators Lp,,+ and L.

4. FOURIER REPRESENTATION FOR THE HILL-SCHRODINGER OPERATOR WITH
DIRICHLET BOUNDARY CONDITIONS

In this section we study the Hill-Schrodinger operator Lpg.(v), v = C + @',
generated by the differential expression ¢g(y) = —(y' — Qy)' — Qy’ considered on
the interval [0, 7] with Dirichlet boundary conditions

Dir: y(0)=y(7) =0.

Its domain is
(4.1)
D(Lpir(v)) ={y € H': o —QyeWi(0,7]), y(0)=y(r)=0, lo(y) € HO} ,

and we set

(4.2) Lpir(v)y =Lo(y).

Lemma 12. Let Zl and <52> be the solutions of the homogeneous system
1 2
(2:20) which satisfy

(49 (@)=6)  (=6)=0)
If

(4.4) ya(m) # 0,

then the non—homogeneous system (Z.19) has, for each f € H, a unique solution
(y,u) = (R1(f), Ra(f)) such that

(4.5) y(0) =0, y(m)=0.

Moreover, Ry is a linear continuous operator from H® into H', and Ry is a linear
continuous operator in H® with a range in WL([0,7]).
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Proof. By the variation of parameters method, every solution of the non-homogeneous
system (2.19]) has the form

(169) o0 (52) 0 (1)
where

46) (@)= /O " (@) f(B)dt+ Oy va(w) = /0 (@) (D)t + O

By (@3]), the condition y(0) = 0 will be satisfied if and only if C; = 0. If so, the
second condition y(7) = 0 in (£5]) is equivalent to

m1(f)yi(m) + (ma(f) + C2)yz(m) = 0,

where
T

ma(f) = /Oﬂyz(w)f(t)dt, ma(f) = /0 () f(0)dt.

Thus, if y2(7) # 0, then we have unique solution (y,u) of (ZI9) that satisfies
(£3), and it is given by (4.6) with C; = 0 and

(4.7) Cao(f) = —Z;Egml(f) —ma(f).
Thus, we have <Z§g> = <g;g§;> , where

()= (- [ @) - @ + ([ n@ioi ) me
and

Ruf) = (— I yz(x)f(t)dt> (o) + ( [ w@rwa+ Cz(f)> ().

It is easy to see (compare with the proof of Lemma [B]) that Ry is a linear con-
tinuous operator from HY into H', and R is a linear continuous operator in H°
with a range in Wi ([0, 7r]). We omit the details. O

Now, let us consider the systems ([2.19) and (220) with a spectral parameter
. _ y1(z, A) ya(z, A) .
A by setting C' = —\ there, and let <u1 (z, /\)> and <u2 (2, \) be the solutions
of the homogeneous system (2.20)) that satisfy (43]) for x = 0. Notice that
(48) yg(ﬁ,m,X) = y2(v;$7A)‘

Theorem 13. Suppose v € H l_ocl (R) is m—periodic. Then,

(a) the domain D(Lp;(v)) € ([{-1) is dense in HY;

(b) the operator Lp;,(v) is closed, and its conjugate operator is
(4.9) (Lpir(v))" = Lpir(D).

In particular, if v is real-valued, then the operator Lp;.(v) is self-adjoint.
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(c) the spectrum Sp(Lpi-(v)) of the operator Lp;.(v) is discrete, and moreover,
(4.10) Sp(Lpir(v)) ={X € C : ya(m, A) = 0}.

Proof. Firstly, we show that the operators Lp;.(v) and Lp; () are formally
adjoint, i.e.,

(4.11)  (Lpir(v)y,h) = (f, Lpir(@)h) if y € D(Lpir(v)), h € D(Lpir(V)).
Indeed, in view of ([d.1]), we have

(Lo (0 1) = = [ toiide =~ [ (/= QuYT - @u/F) ds

L —

™

1 s o s -
o= / (v — Qy)h'dx — / Qy'hdx
m™Jo 0

1 (™, = — —
=0+ — / (W — QylW — Qy'h) dx.
T Jo
The same argument shows that

= | 6= Qo — Q) do = (5. Lo (o)1),
which completes the proof of (£IT]).

Now we apply Lemma [B] with A = Lp;,(v) and B = Lp;(v). Choose A € C
so that yo(v;m,\) # 0 (in view of (2.44]), see the remark before Theorem [I1]
y2(v;m, ) is a non—constant entire function, so such a choice is possible). Then,
in view of (&), we have yo(7; 7, \) # 0 also. By Lemma @2, Lp;-(v) — A maps
bijectively D(Lp;.(v)) onto H® and L p;, (D) — X maps bijectively D(L p;-(7)) onto
H°. Thus, by Lemma B, D(Lp;-(v)) is dense in H° and (Lp(v))* = Lpi(7),
ie., (a) and (b) hold. If yo(v;m, A\) = 0, then X is an eigenvalue of the operator
Lpir(v), and yo(v; 2, A) is a corresponding eigenvector. In view of Lemma[I2] this
means that that (4.I0]) holds. Since ya(m, \) is a non—constant entire function,
the set on the right in (4.I0]) is discrete. This completes the proof of (c). O

Lemma 14. (a) If f,g € L*([0,7]) and f ~ S 32, frv/2sinkz, g ~ go +
Py gpV2coskx are, respectively, their sine and cosine Fourier series, then
the following conditions are equivalent:
(i)  f is absolutely continuous, f(0) = f(w) =0 and g(x) = f'(z) a.e.;
(i) go=0, gr=kfx VkeN

() If f,g € LY([0,7]) and f ~ fo+> re; frv/2coskz and g ~ > o0 | gpV/2sin kx
are, respectively, their cosine and sine Fourier series, then the following condi-
tions are equivalent:
(t*)  f is absolutely continuous and g(z) = f'(z) a.e.;
(ZZ*) g, = —kfr keN.

Prgof. (a) We have (i) = (ii) because gy = %fow g(z)dz = L(f(m) — £(0)) =0,

9k = — /7r g(x)V/2 cos kxdr = lf(:z:)\/ﬁcos kx
0 T

™

—|—E/ f(z)V2sin kxdr = kfy,
0 T Jo
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for every k € N.

To prove that (ii) = (i), we set G(z) = [ g(t)dt; then G(r) = G(0) =
because gg = 0. The same computatlon as above Shows that gr = kG Vk € N,
so the sine Fourier coefficients of two L!'-functions G and f coincide. Thus,
G(z) = f(zx), which completes the proof of (a).

The proof of (b) is omitted because it is similar to the proof of (a). O
Let
(4.12) Q~ Z k)V2sin kx

be the sine Fourier expansion of Q. We set also
(4.13) V(0)=0,  V(k)=kjk) forkeN.

Proposition 15. In the above notations, ify € H}m, then we havey = > ;2| ypsinkx €

D(Lpiy) and £(y) = h =32, hgv2sinkx € HO if and only if
(4.14)

hi, = hi(y) = Kyt 12 Z ( (|k —ml) = V(k +m)) ym+Cyr, Y hil? < oo,

1.€.,
(4.15)

D(Lpi)={y€ Hpy: ()T € AN}, Lpily th )V/2sin ka.

Proof. By @), if y € D(Lpr), then y € H},,;, and
ly) = —=' = Qy + Cy =h e L*([0,7),
where
(4.16) 2=y —Qy € Wi ([0,]).
Let

o o o
waym/?sink:m, zNszﬁcoskx, hNthﬁsinkx

k=1 k=1 k=1
be the sine series of y and h, and the cosine series of z. Lemma, [14] yields

2~ Z(—k‘zk)\/isin kz, y ~ Z k‘yk\/ﬁcos kzx.

k=1 k=1
Therefore,
(4.17) hi = kzr — (QY' )k + Cyr, k€N,
where (Qy');, are the sine coefficients of the function Qy’ € L([0, 7]).

By (@I6), we have
2k = kyk — (Qu)k,
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where (Qy)x is the k-th cosine coefficient of Qy. It can be found by the formula

/ Q(z)y(x)V2cos kxdr = Z A~ Ym,
with
/" . (" ) )
am = am (k) = ;/ Q(x)V2cos kxv/2 sin madr = %/ Q(x)[sin(m+k)x+sin(m—k)z|dz
0 0

gm+k)+qm—k), m>k

).
gm+k)—qgk—m) m<k.
Therefore,
(4.18)
[e9) k—
1
:—Z(j(m+k‘)ym —Z (k —m)ym + Z (m—k)y
\/5 m=1 \/_ m=1 \/_ m=k+1

In an analogous way we can find the sine coefficients of Q' by the formula
/ Q(x)y' (x)V2sin kxdr = Z bin - MY,

where b, are the cosine coefficients of Q(z)v/2sin kz, i.e.,
b, = b (k) = l/ Q(z)V2sin kzv/2 cos mx = l/ Q(x)[sin(k+m)x+sin(k—m)x|dx
™ Jo ™ Jo

g(k+m)+q(k —m), m <k,

1
= — q 2]{j s - k:,
vz e "
gk+m)—qgm—%k) m>k.
Thus we get
(4.19)
1 ’“Zl 1 f:
QY ) = Z (m~+k)mym+ (k—m)mym——= G(m—k)mym,.
\/_ 2 m=1 \/i m=k+1
Finally, (418) and (£19), imply that
Ky, — KQy)r — (Qy)x
1 9] 1 k— 1
= k%y (m+k)G(m+k)+ m—k)q
\/_ Z ( ) \/5 m:zk:—i-l( 2 m:l

Hence, in view of #13]), we have
hy = Ky + —= Z( (Ik —ml) — (k‘+m))ym+0yk,

i.e., (4I4) holds.
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Conversely, if (414]) holds, then going back we can see, by (@I7), that z =
y' — Qy € L?([0,7]) has the property that kz;, k € N, are the sine coefficients of
an L'(]0, 7])-function. Therefore, by Lemma [I4] z is absolutely continuous and
those numbers are the sine coefficients of its derivative z’. Hence, z = 3y — Qy €
W([0,7]) and £(y) = h, i.e., y € D(Lpj») and Lp;-(y) = h. O

Let

F:H® — 2(N)
be the Fourier isomorphisms that corresponds to each function f € HY the se-
quence (fi.)ren of its Fourier coefficients fj, = (f, v2sinkz), and let ! be the
inverse Fourier isomorphism.

Consider the unbounded operator £y and acting in £?(N) as
(4.20)

La(2) = (he(=)pens  e(2) = Koot Z( (Ik — ml|) — (k:+m))zm+czk

mEN
in the domain

(4.21) D(Lq) = {z € (|k|,N): Lq(z) € *(N)},
where ¢2(|k|,N) is the weighted £2-space

C(|k|,N) = { (2k ke Z |k?|2e)* < OO}

In view of (B.6) and Proposition [I5] the followmg theorem holds.

Theorem 16. In the above notations, we have

(4.22) D(Lpir) = F~1 (D(£La))
and
(4.23) Lpir =F 'oLgoF.

If it does not lead to confusion, for convenience we will loosely use one and
the same notation Lp;. for the operators Lp;. and L.

5. LOCALIZATION OF SPECTRA
Throughout this section we need the following lemmas.

Lemma 17. For each n € N

2log6n
1 ;
(5.1) > W <
k#+n
4
(5.2) Z ‘nz k2\2 n2’
k#+n

The proof is elementary, and therefore, we omit it.
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Lemma 18. There exists an absolute constant C > 0 such that
(a) if n € N and b > 2, then

1 logb
(5.3) - |n?2 — k2| +b C\/B7

(b) if n >0 and b > 0 then

(54) Z T 22 12 = (2 2 L A
ol In k\ +02 7 (n2 +b2)1/2(nt + 12)1/
A proof of this lemma can be found in [4], see Appendix, Lemma 79.
We study the localization of spectra of the operators Lp,,+ and Lp;, by using
their Fourier representations. By (B.I4]) and Theorem [I1], each of the operators
L = Lp,,+ has the form

(5.5) L=L"+V,

where the operators L° and V are defined by their action on the sequence of
Fourier coefficients of any y = prer . Ypexpika € H}Deri :

(56) L (yk) - (k2yk)7 k € I'pep+
and
(5.7) Vi (ym) = (1), 2= V(E=m)ym, k,meTpez.

(We suppress in the notations of L° and V the dependence on the boundary
conditions Per®.)

In the case of Dirichlet boundary condition, by (£.20) and Theorem [I6] the op-
erator L = Lp;, has the form (B.5]), where the operators L% and V are defined by
their action on the sequence of Fourier coefficients of any y = > yrV2sin kx €
Hbir :

(5.8) L°: (yp) — (K®yx), keN

and
(5.9)

Vi (ym) — (2), 2k = 7 Z ( (Jk —m|) = V(k+ m)) Ym, k,m €N.

(We suppress in the notations of L° and V the dependence on the boundary
conditions Dir.)

Of course, in the regular case where v € L?([0,7]), the operators L and V
are, respectively, the Fourier representations of —d?/dz? and the multiplication
operator y — v -y. But if v € Hl;cl(R) is a singular periodic potential, then
the situation is more complicated, so we are able to write (0.5 with (5.6) and
B), or (B.8) and (5.9), only after having the results from Section 3 and 4 (see
Theorem [IT] and Theorem [16)).
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In view of (5.6) and (5.8) the operator L? is diagonal, so, for A\ # k2, k € T,
we may consider (in the space £2(T'.)) its inverse operator

z
(5.10) RY: () — <A_’“k2>, k € The.

One of the technical difficulties that arises for singular potentials is connected
with the standard perturbation type formulae for the resolvent Ry = (A — L —
V)7L, In the case where v € L?([0, 71]) one can represent the resolvent in the form
(e.g., see [], Section 1.2)

(5.11) Ry=(1-RV)™'R} =) (RV)"RY,
k=0

or

(5.12) Ry=R3(1-VRY) ™' => RY(VRY)"
k=0

The simplest conditions that guarantee the convergence of the series (B.11]) or
(GI12) in £ are

[ROV| <1, respectively, |VRY| < 1.
Each of these conditions can be easily verified for large enough n if ReA €
[n — 1,n + 1] and |\ — n?| > C(||v]|), which leads to a series of results on the
spectra, zones of instability and spectral decompositions.

The situation is more complicated if v is a singular potential. Then, in general,
there are no good estimates for the norms of RgV and VR())\. However, one can

write (B.1)) or (512) as

(5.13) Ry =R+ RYVRS + RAVRAVRS + - = K3 + Y K\(K\VE)\)"Ky,
m=1

provided

(5.14) (K\)? = RS.

We define an operator K = K, with the property (5.14]) by its matrix represen-
tation

1
(5.15) Kjm =

WCSjma Jym € Dy,

where ' '
A2 = \fre?l? i 2 =re, 0< o< 2m.

Then R) is well-defined if
(5.16) |K\VE)y : £2(Ty) — 2 (The)| < 1.

In view of (2I4), (57) and (5.I5]), the matrix representation of KV K for
periodic or anti-periodic boundary conditions bc = Per® is

V(ji—m) _i(j—m)q(j —m)

(A — j2)1/2()\ _ m2)1/2 - (A — j2)1/2()\ _ m2)1/2’

(5.17) (KVE)jm =
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where j,m € 27Z for bc = Per™, and j,m € 1 + 2Z for bc = Per~. Therefore, we
have for its Hilbert-Schmidt norm (which majorizes its £2-norm)

. 2 . 2
5.18 KVEK|2c = (G =m)*laG —m)|*
(5.18) IKVEls = > 5 pp—me

jJneFPeri

By (£13), (59) and (B.I5]), the matrix representation of KV K for Dirichlet
boundary conditions bc = Dir is

1 V(lj —ml) 1 V(j +m)
1) (VI = B 200 )72 VB (h— )08 w7
L Gomlalim) 1 GmaGtm)

CVZO AP0 mA)E V(= B m2)
where j,m € N. Therefore, we have for its Hilbert—-Schmidt norm (which ma-
jorizes its #2-norm)

(5.20)
m)*|g(lj — m])[? ( +m)?q( +m)?
IKVK|}s <2 Z 2 5 T2 2 P
Py TR i ey T
We set for convenience
(5.21) G(0) =0, 7(s)=4q(ls|]) for s#0, secZ.
In view of (520) and (5:2I]), we have
m)?|7 (5 —m)|?
(5.22) IKVE|%g < .
s = ];Z 3w

We divide the plane C into strips, correspondingly to the boundary conditions,
as follows:

if bc = Per™ then C = HyU Hy UH4U -+, and

if bc = Per” then C= H{UH3UH;U---,

where
(5.23) Hy={\N€C:ReX<1}, Hy ={\€C:Re)<4},
(5.24) H,={\eC: (n—12?<ReX<(n+1)?%}, n>2;

- if bc = Dir, then C= Gy U G2 UG3 U - -+, where

(525) Gi={A:ReA <2}, Go={A:(n—1)n<ReA<n(n+1)}, n>2.
Consider also the discs

(5.26) D,={\eC: |A\—n?|<n/4}, neN,

Then, for n > 3,

1 logn 1 Ch

2 — <O —— — < = A€ Hp\ Dy,

(5.27) Z |)\_;€2|—C1 n Z N — k22~ n2’ VA€ Hp \
ken+27 ken+27
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and
logn 1 Cl
5.28 VA e Gy \ Dy,
62 Splmeat S ln<f wean
keZ

where (' is an absolute constant.

Indeed, if A € H,,, then one can easily see that

A =K% > |n? —k%|/4 for ken+2Z.

Therefore, if A € H, \ Dn, then (5.1) implies that

1 8  8logbn logn
ZP\ k‘2_ +Z|n2 k:z__+ n SCln’
ken+27 k#+n
which proves the first inequality in (5.27]). The second inequality in (5.27]) and
the inequalities in (5.28)) follow from Lemma [I7] by the same argument.

Next we estimate the Hilbert—Schmidt norm of the operator K,V Ky for bc =
Per® or Dir, and correspondingly, A € H, \ D,, or A € G, \ D,,, n € N.
For each (?>-sequence x = (z(j));jez and m € N we set

1/2

(5.29) En(@) = | D [«

lj|>m
Lemma 19. Let v = @', where Q(z) = 3oy ¢(k)e*® =32 | G(m)v/2sinma

is a T-periodic L*([0,7]) function, and let

q=(q(k)ke2z, 7= (4(M))men

be the sequences of its Fourier coefficients respect to the orthonormal bases {e“m, ke
27} and {v/2sinmax, m € N}. Then, for n > 3,

(5.30) KAV EAlms < C (Eyala) + lal/VR), A€ Ha\ Do, be= Per,
and

(5:31)  IEaVElas < C (€@ + 1dll/vn), A€ Ga\Da, be= Dir,
where C' is an absolute constant.

Proof. Fix n € N. We prove only (5.30) because, in view of (5.21]) and (5.22]), the
proof of (5.31]) is practically the same (the only difference is that the summation
indices will run in Z).

By BIS),

52
32) |KVEK|%g < 2=+ %+ X
(53) H ”HS—ES:(;’)\_mgu)\_(m_’_s)g‘)‘Q(S)‘ 1+ 22+ 23,
where s € 2Z, m € n + 2Z and

(5.33) Sp= Y o, Sa= > e, Nz= Y oo

Is|<+/m Vn<|s|<4n |s|>4n
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The Cauchy inequality implies that

1 1
.34 < _
D L ST Dy

men+27 men+27

Thus, by (5.28) and (5.29)),

635 Ti< Y Il < (i
Is|<v/n

Cy Cy
—3llall* = —llall*, A € Hn\ Dn,

(5.36) < Z lq(s)|? = 16Cy (Eﬁ(q)>2, A€ Hy\ D,.
* v

Next we estimate X3 for n > 3. First we show that if |s| > 4n then
2

s
%: A —m2||A — (m+ s)?
Indeed, if |m| > |s|/2, then (since |s|/4 > n > 3)
IN—m?| >m? - |Re\| >s?/4— (n+1)? > s*/4— (]s|/4 + 1) > 5%/8.
Thus, by (5.27),
52 Cilogn
<8

> T =2 =
misTal/2 A —m2||]A— (m+s)? A= (m+ s)? n
for A € H, \ D,,. If |m| < |s|/2, then |m + s| > |s| —|s|/2 = |s|/2, and therefore,

IAN—(m+5)% > (m+s)?—|Re) >s%/4—(n+1)* > s?/8.
Therefore, by (5.27)),

52 8 Cilogn
< <
D P LI TE L P et

Im|<]s|/2 m

for A € Hy, \ D,,, which proves (5.37]).
Now, by (5.37),

C1logn C1logn
(5.38) Es 1620 37 [g(s)]? = 16— (€ (@)’
|s|>4n

Finally, (5:32), (535)), (5306]) and (5:38) imply (©30).

a1
<1612 e H,\ D,.
n

(5.37)

Let HY denote the half-plane
(5.39) HYN ={AeC: ReA<N?*+N}, NEeN,
and let Ry be the rectangle
(5.40) Ry={\e€C: —N<ReA<N?+N, |Im) <N}.
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Lemma 20. In the above notations, for bc = Per® or Dir, we have

log N
(541) sup {|E2V K s, AeHN\RN}scr(%HquM( >>

where C' is an absolute constant, and q is replaced by ¢ if bc = Dir.

Proof. Consider the sequence r = (r(s))secz, defined by

0 for odd s,
(5.42) r(s) = {max(|q(8)|, lg(—s)|) for even s,

Then, in view of (5.42]), we have r € £2(Z) and ||r| < 2|q]|-
If bc = Per®, then we have, by (5.15),
; 2. 2
(5.43) | KV < %;Z PRIy w——"

On the other hand, if bc = Dir, then (5.22]) gives the same estimate for || KV K||%¢
but with r replaced by the sequence 7 € (5.21]). So, to prove (5.41), it is enough
to estimate the right side of (5.43) for A € HV \ Ry}.

If ReA < —N, then (5.43) implies that

|N+J2||N+m2|
]mEZ
On the other hand, for b > 1, the following estimate holds:
(j —m)*|r(j —m)? ol 47
5.44 <4 _
(5:44) .ZZ e mz < A

Indeed, the left—hand side of (5.44]) does not exceed
3 2052 + m?)|r(j —m)|?

|02 + 52([6? + m?|

7, mEZL

1 .
<Y g 2\2'7" 22 e G P

1« 1+7
2 _ 2 2
< 47| <b2 +2/ 7T da:) Al < + 3) <Al ;o
Now, with b = vV N, (5.44]) yields

2
5.45 KVK|%4g < CM if Rel < —N,
(5.45) | s < /N <

where C' is an absolute constant.
By (543)) and the elementary inequality

A —m?| = /(@ —m2)? +y? > (o —m?| + |y))/V2, A=z +iy,
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we have
(5.46) |K\V Ky ||3g < Za(ﬂfa?J;S)‘T(S)‘Za
SEZL
where
(5.47) o(x,y;s) = Z 25" :
(lz = m?| + [y (|z — (m + 5)? + |y])

meZ
Now, suppose that A =z +iy € HY \ Ry and |y| > N. By (5.25) and (5.39),
gV c | Gy,
1<n<N
so A € G, for some n < N. Moreover,
(5.48) o(z,y;s) <160(n? N;s) if A€ G,, |y > N.

Indeed, then one can easily see that
1
@ = m* +lyl = J(In* =m®| + N), m ez,

which implies (5.48]).
By (5.47) and (5.4])), if A=z + iy € G,, \ Ry and |y| > N, then

(5.49) IV K} <> o(n?, Nis)lr(s)? < 5y + 5 + 5,
S
where
= Z a(n®, N;s)lr(s)?, S2= Z e, Mg = Z
|s|<4vN 4V N<|s|<4n s|>4n
If |s| < 4v/N, then the Cauchy inequality and (5.4]) imply that
1 C 32C
2
N:s) < 32N - < 32N < .
o(n”,Nis) < %: In2 —m2|2 4+ N2 = N(nt+ N2)V/4 = /N
Thus
32C
5.50 ¥ < = |r|%
(5.50 L= 2l
If 4y/N < |s| < 4n then the Cauchy inequality and (5.4)) yield
1 C
2 Ar. 2 2
o(n® N;s) < 32n Em: R TN S 3 Ry ey < 32

because n < N. Thus

2
(5.51) s < 320 - (54\@(7«)) .
Let |s| > 4n. If |m| < |s|/2 then |m + s| > |s|/2, and therefore,
n? — (m+5)| 2 [m+ s|* = n® > (s]/2)* — (s|/4)* = s7/8.
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Thus, by (5.3),

2 log N

2 : <> i < golelN
iy (72 = M2+ N)(In? = (m + 5)?| + N) = £ In? —m?| + N VN

If |m| > |s|/2, then we have the same estimate because m? — n? > (|s|/2)? —
(1s|/4)? > s%/8, and therefore, again by (5.3)),

52 8 log N

< < 8C .

|m|>zs|/2 (In2 —m?2| + N)(In2 — (m +s)?| + N) — zm: In?2 —(m+s)?|+ N — VN
Thus o(n?, N;s) < 32C(log N)/v/N, so we have
log N
VN’
Now, in view of (5.42)) and (5.2I]), the estimates (5.45) and (5.50)—([E52) yield
(E4T)), which completes the proof. O

(5.52) 5 < 320 |r||?

Theorem 21. For each periodic potential v € Hl_ocl(R), the spectrum of the
operators Ly.(v) with bc = Per®, Dir is discrete. Moreover, if bc = Per® then,
respectively, for each large enough even number N* > 0 or odd number N, we
have

(5.53) Sp(Lpet) CRy=U ) D,
neNE4+2N

where Ry is the rectangle [5.40), Dy = {)\: |A\ —n?| <n/4}, and
(5.54)

2Nt 41
# (Sp (LPeri) N RN:‘:) = {

o N . #(Sp(Lpe=)NDy) =2 for n€ NE42N,

where each eigenvalue is counted with its algebraic multiplicity.
If be = Dir then, for each large enough number N € N, we have

(5.55) Sp(Lpir) CRyU ) Da
n=N+1
and

(5.56) # (Sp(Lpir) NRx) = N+1, #(Sp(Lpir)) N Dy) =1 for n> N.

Proof. In view of (513]), the resolvent R) is well defined if | KV K|| < 1. There-
fore, (5.53]) and (5.55) follow from Lemmas [[9 and 200

To prove (5.54]) and (5.56]) we use a standard method of continuous parametriza-
tion. Let us consider the one-parameter family of potentials v, (x) = Tv(x), T €
[0,1]. Then, in the notation of Lemma [I9, we have v, = 7- @', and the assertions
of Lemmas [19 and 20| hold with ¢ and ¢ replaced, respectively, by 7-¢ and 7 - q.
Therefore, (5.53) and (5.53]) hold, with Lp. = Ly.(v) replaced by Li.(v;). More-
over, the corresponding resolvents Ry (Ly.(v;)) are analytic in A and continuous
in 7.
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Now, let us prove the first formula in (5.54) in the case bc = Per™. Fix an
even N1 € N so that (5.53]) holds, and consider the projection

1 _

(5.57) PN(r) = — / (A= Lper+(v:)) 1 dA,
21 JxeoRy

The dimension dim (PN (7')) gives the number of eigenvalues inside the rectangle

Ry . Being an integer, it is a constant, so, by the relation (a) at the begging of

Section 3, we have

dim PN (1) = dim PV (0) = 2N * 4 1.

In view of the relations (a)—(c) at the begging of Section 3, the same argument
shows that (5.54)) and ([5.56]) hold in all cases. O

Remark. It is possible to choose the disks D, = {\ : |\ —n?l < r,} in
Lemma [[9 so that r,/n — 0. Indeed, if we take r,, = n/p(n), where ¢(n) — oo
but p(n)/v/n — 0and p(n)€ (W) — 0, then, modifying the proof of Lemmal[l9]
one can get that |K\VK,|lgs — 0 as n — oo. Therefore, Theorem 2] could
be sharpen: for large enough N* and N, (553)-(53508) hold with D, = {\ :
A —n?| <r,} for some sequence {r,} such that r,/n — 0.

6. CONCLUSION

The main goal of our paper was to bring into the framework of Fourier method
the analysis of Hill-Schrédinger operators with periodic H, l_ocl (R) potential, con-
sidered with periodic, antiperiodic and Dirichlet boundary conditions. As soon as
this is done we can apply the methodology developed in [15] 2], 3] (see a detailed
exposition in [4]) to study the relationship between smoothness of a potential
v and rates of decay of spectral gaps v, = A — A and deviations ¢, under
a weak a priori assumption v € H~!. (In [I5, 2, 3, 4] the basic assumption is
v € L2([0,7]).) Still, there is a lot of technical problems; we present all the details
elsewhere. But now let us give these results as stronger versions of Theorems 54
and 67 in [4].

Theorem 22. Let L = L% + v(z) be a Hill-Schridinger operator with a real-
valued w—periodic potential v € Hl_ocl (R), and let v = () be its gap sequence. If
w = (w(n))nez is a sub—multiplicative weight such that

(6.1) W\O as n — oo,
then, with

Q= (om), om ="
we have !
(6.2) v € (N, Q) = v e H(Q).
If Q) is a sub—multiplicative weight of exponential type, i.e.,
(6.3) lim 2820

n—oo n



36 PLAMEN DJAKOV AND BORIS MITYAGIN

then there exists € > 0 such that
(6.4) v e (N,Q) = v e H(EM).

The following theorem summarizes our results about the Hill-Schrédinger op-
erator with complex—valued potentials v € H~1.

Theorem 23. Let L = L° + v(x) be the Hill-Schridinger operator with a m—
periodic potential v € Hy,(R).

Then, for large enough n > N (v) the operator L has, in a disc of center n® and
radius T, = n/4, exactly two (counted with their algebraic multiplicity) periodic
(for even n), or antiperiodic (for odd n) eigenvalues A} and \;,, and one Dirichlet
etgenvalue fiy,.

2

Let
(6.5) A= N = AT+ A =l 0> N(w)
then, for each sub-multiplicative weight w and
Q= (@m). om ="
we have
(6.6) ve H(Q) = (A,) € 2(Q).

Conversely, in the above notations, if w = (wW(n))nez s a sub—multiplicative
weight such that

(6.7) M\O as n — o9,
then
(6.8) (A,) €2(Q) = ve H(Q).
If w is a sub—multiplicative weight of exponential type, i.e.,
1
(6.9) lim 1289
n— oo n
then
(6.10) (Ap) € 2(Q) = Fe>0: ve H(EM.

2. Throughout the paper and in Theorems 22] and 23] we consider three types
of boundary conditions: Per® and Dir in the form (a*) , (b*) and (¢* = c)
adjusted to the differential operators ([LI)) with singular potentials v € H™'. It
is worth to observe that if v happens to be a regular potential, i.e., v € L%([0,7])
(or even v € HY, o > —1/2) the boundary conditions (a*) and (b*) automatically
become equivalent to the boundary conditions (a) and (b) as we used to write

them in the regular case. Indeed (see the paragraph after (2.67))), we have
(@) Per®: y(m) =y(0), (y = Qy)(x) = (y - Qy) (0).
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Therefore, with v € L?, both the L?—function @ and the quasi-derivative u =
1y’ — Qy are continuous functions, so the two terms 3’ and Qy can be considered
separately. Then the second condition in (a*) can be rewritten as

(6.11) y'(m) = y'(0) = Q(m)y(m) — Q(0)y(0).
But, since @ is m—periodic (see Proposition [II),
(6.12) Q(m) = Q(0),

and with the first condition in (a*) the right side of (€.11) is Q(0)(y(7w)—y(0)) = 0.
Therefore, (a*) comes to the form

(@) y(m)=y(0), y'(m)=1y/(0).

Of course, in the same way the condition (b*) automatically becomes equivalent
to (b) if ve H*, a> —1/2.

A.Savchuk and A. Shkalikov checked ([27]), Theorem 1.5) which boundary
conditions in terms of a function y and its quasi—derivative u = 3’ — Qy are
regular by Birkhoff-Tamarkin. Not all of them are reduced to some canonical
boundary conditions in the case of L?-potentials; the result could depend on the
value of Q(0). For example, Dirichlet—Neumann bc

y(0) =0, (¥ —Qy)(m)=0
would became
y(0) =0, ¥ (m)=Q(r)- y(m).

Of course, one can adjust @ in advance by choosing (as it is done in [28])

Qz) =— /qu(t)dt if ve L2

But this choice is not good if Dirichlet—-Neumann bc is written with changed roles
of the end points, i.e.,

(¥ = Qy)(0) =0, y(m)=0.

We want to restrict ourselves to such boundary conditions with v € H~! that if
by chance v € L? then the reduced boundary conditions do not depend on Q(0).
We consider as good self-adjoint bc only the following ones:

Dir: y(0)=0, y(r)=0
and
y(m) = €“y(0)
(¥ — Qy)(m) = (4 — Qu)(0) + Bey(0),
where 6 € [0,27) and B is real.

Observations of this subsection are quite elementary but they would be im-
portant if we would try to extend statements like Theorem 23] by finding other
troikas of boundary conditions (and corresponding troikas of eigenvalues like
{A", X7, u}) and using these spectral triangles and the decay rates of their di-

ameters to characterize a smoothness of potentials v with a priori assumption
ve H! (or even v € L2([0, 7).
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