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Abstract

For an n' order linear recurring sequence over the finite field F,, the largest possible
period is p” — 1. When such a sequence attains this upper bound as its period, it is
called a maximal period linear sequence, or m-sequence in short. Interest in such
sequences originated from applications. Indeed, there is an interaction between m-
sequences, coding theory and cryptography via the relation with cyclic codes, Boolean
functions, etc. One of the main goals is to construct a pair of binary m-sequences whose
crosscorrelation takes few values, preferably with small magnitude. By a theorem of
Helleseth, the crosscorrelation function takes at least three values. Hence, existence
and construction of sequences with 3-valued crosscorrelation is of particular interest.
This is also the main theme of our work.

The aim of this thesis is to introduce foundational material on m-sequences, explain
the relations with other topics mentioned above, and to present proofs of three con-
jectures on the existence/nonexistence of 3-valued crosscorrelation functions for binary
m-sequences. These conjectures are due to Sarwate-Pursley, Helleseth and Welch and
were proved by McGuire-Calderbank, Calderbank-McGuire-Poonen-Rubinstein and
Canteaut-Charpin-Dobbertin respectively.



MAKSIMUM PERIODLU DOGRUSAL DIZILER VE CAPRAZ ILINTI
FONKSIYONLARI

Canan Kagikc
Matematik, Yiiksek Lisans Tezi, 2006

Tez Danigmani: Yar. Do¢. Cem Giineri

Anahtar Kelimeler: m-dizisi, capraz ilinti, devirsel kod, McEliece’in teoremi, dogrusal

olmayan fonksiyon.

Ozet

Mertebesi n olan ve sonlu [, cismi {izerinde taniml bir dogrusal yinelemeli dizi i¢in
miimkiin en biiyiik period (p™ — 1)’dir. Periodu bu iist simira egit olan boyle dizilere
maksimum periodlu dogrusal diziler ya da kisaca m-dizileri denir. Bu tip dizilere
olan ilgi uygulamalardan kaynaklanmigtir. Gergektende m-dizileri, kodlama teorisi
ve gifreleme konular1 devirsel kodlar, Boole fonksiyonlari, vb. iligkilerle yakin temas
halindedirler. En 6nemli amaclardan biri capraz ilinti fonksiyonlar az sayida, ve terci-
hen kiiciik, degerlere sahip ikili m-diziler ingsasidir. Helleseth’in teoremine gore capraz
ilinti fonksiyonu genelde en azindan {i¢ tane degere sahiptir. Dolayisiyla 3-degerli
capraz ilinti fonksiyonlarinin varhigi ve insas1 ¢ok ilgi uyandirir. Bu ayni zamanda
bizim calismamizin da ana temasidir.

Bu tezin amaci m-dizilerinin temel konularina giris yapmak, yukarda bahsi gecen
diger konularla olan iligkileri agiklamak ve 3-degerli ¢apraz ilinti fonksiyonlarinin varligi
lizerine yapilmig ii¢ farkli 6nsavin ispatlarini vermektir. Bu onsavlar Sarwate-Pursley,
Helleseth ve Welch’e ait olup ispatlari sirasiyla McGuire-Calderbank, Calderbank-

McGuire-Poonen-Rubinstein ve Canteaut-Charpin-Dobbertin tarafindan verilmigtir.
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CHAPTER 1

INTRODUCTION

In this section, we present foundational material on m-sequences, cyclic codes and
the relations between two subjects. For m-sequences, our references are [11] and [13],
whereas we refer to [16] for coding theory parts. We assume basic knowledge on finite
fields. Therefore, other than recalling the definition and basic properties of the trace

function, we do not give further information on finite fields.

1.1 Linear Recurring Sequences and m-Sequences

We start with recalling the absolute trace map between finite fields. Let p be a prime,

n > 1 be an integer. The trace map from F,. to F, is defined by

n—1

Tr(z) =z +a + 27 + ... +a”

Note that the trace map is Fp-linear and surjective. It is balanced in the sense that for

n—1

every c € [F), there exist p"~" preimages in .

Definition 1.1.1. Let n be a positive integer, and let ¢y, ..., ¢,, be elements of F,. A

sequence Sy, s1... of elements of ), satisfying the recurrence relation
Sy = C184—1 + CaSt_9 + ... + CpSi_p, (1.1)

for all t > n is called an n'*-order linear recurring sequence over F,. The terms
S0, S1, ---, Sp—1 Which determine the rest of the sequence together with the recurrence

relation are called initial values.

Given a sequence (s;), the least positive integer r for which s;,, = s, for all ¢ > 0 is
called the period of (s;). Sequences for which such a number r exists are called periodic.
It is easy to see that an n'* order linear recurring sequence is "ultimately periodic"

(i.e. there exists t,,r such that s;,, = s, for all t > t,) with period r < p™ — 1.



Definition 1.1.2. Given the recurrence relation (1.1) the polynomial f(z)

2

f@)=a"—cia" ' — " ? — ... —¢, € F,z] (1.2)

is called the characteristic polynomial of the corresponding linear recurring sequence.
Characteristic polynomial yields a trace representation for its recurring sequence:

Theorem 1.1.1. If the characteristic polynomial f(z) is irreducible of degree n, then
for any 0 € Fpn, the sequence (s;) defined by sy = Tr(0at), where « is a root of f(x),
satisfies the recurrence relation (1.1). Conversely, given a sequence (s;) satisfying the
linear recurrence relation (1.1), there exists a unique 6 € Fyn such that s, = Tr(6a’)

holds.

Proof. Since « is a root of the characteristic polynomial we have

n

o = g ca .

i=1
Counsider

sy = Tr(0a') = Tr(0a'"a™) = Tr(fa'™" Z o) = Z Tr(c;0a'™)
i=1

i=1

n n

= Z ciTr(fa'™") = Z CiSt—i-

i=1 i=1

Thus s; = Tr(fa’) satisfies the recurrence relation. For the converse, first note that
there are exactly p™ distinct solutions corresponding to the p™ choices for the initial
values sg, S1, ..., Sp—1. There are also p™ solutions to the recurrence (1.1) in the form
s = Tr(6al) corresponding to the p™ choices for §. We have to show that these p"
solutions are distinct. Suppose that for distinct 6,60, € Fpn, we have Tr(0a') =
Tr(fsat) for all ¢ or equivalently Tr((6; — 69)a’) = 0 for all ¢. Since {1, o, 2, ..., "1}
is a basis for F,» over [, having 6; # 0, implies that the trace map is identically zero.

This is a contradiction. So, the sequences must be distinct. O

Definition 1.1.3. Two solutions s; and v; of the linear recurrence relation are cyclically

equivalent if there exists ¢ > 0 such that v, = s;1; for all t > 0.

Remark 1.1.1. When the characteristic polynomial of the recurrence relation is irre-
ducible we have s, = Tr(fat) and v, = Tr(#'at). Then cyclic equivalence of s, and v,
implies that T7(0'at) = Tr(0al*?), that is Tr((0" — 6a)at) = 0. Hence §' = o’ and

the elements 6, " which produce cyclically equivalent sequences must be contained in



the same coset of the subgroup H = {1,a,a?, ..., a1} of .. So the number of
equivalence classes (with respect to cyclic equivalence) is equal to [Fy. : H| = %.
Thus, when the characteristic polynomial is primitive all solutions to the recurrence

are cyclically equivalent.

Theorem 1.1.2. Let sg, 51, ... be a nonzero linear recurring sequence over F,. Suppose
that the corresponding characteristic polynomial f(x) is irreducible over F, with f(0) #
0. Then the sequence is periodic with period ord(f(x)), where ord(f(x)) is the least

positive integer e such that f(z) divides x° — 1.

Definition 1.1.4. A nonzero linear recurring sequence sy, s1, ... over I, whose charac-
teristic polynomial is a primitive polynomial over I, is called a mazimal period linear

sequence (m-sequence) over IF,,.

Note that by Theorem 1.1.2, the period of an n' order m-sequence over F, is p" — 1.

Also note that an m-sequence (s;) can be represented as
sy = Tr(0~") (1.3)

where 6 € Fy. and v is root of the characteristic polynomial of (s;). Hence, v is a

primitive element of Fn.

Theorem 1.1.3. There exist w mazimal linear sequences of n'® order which are

not equivalent under cyclic shifts.

Proof. We observed that the solutions of a recurrence relation which has a primitive
characteristic polynomial are cyclically equivalent, that is two maximal linear sequences
with period p™ — 1 will be cyclically equivalent if and only if they are the solutions of
the same n'" order linear recurrence relation over F,. Thus the number of maximal

linear sequences will be the number of primitive polynomials of degree n over F,. [

Definition 1.1.5. Given a sequence (s;) and any integer d > 1.A d** decimation of
(s¢) is a sequence (r;) which is obtained by taking every d* term from (s;), i.e. r; = s

for all ¢ > 0.

Theorem 1.1.4. Let (s;) be an m-sequence of period p" — 1. Then (siq) is an m-

sequence if and only if (d,p" — 1) = 1.

Proof. Since (s;) is an m-sequence, we have s, = Tr(67"), where 6 € 5, and (y) = ..
Note that 7, = 5,9 = Tr(07'?) is an m-sequence if and only if <'yd> = 7., which holds
if and only if (d,p" — 1) = 1. ]



Theorem 1.1.5. Let s; and v, be two different m-sequences of period p* — 1. Then

there exist integers k and d where (d,p" — 1) = 1 such that viy, = Sg-

Proof. After suitable shifts for both s, and v, we can obtain, s, ., = s, = Tr(y})
and vy, = v, = Tr(B") where 7, 3 are the roots of the corresponding characteristic
polynomials. Now choose (d,p” — 1) = 1 such that 3 = ¥%. Then we have v, = s,

which implies vy, = Sgi+ar,- Now replacing ¢ by ¢t — 7, we will have sy = v4_r, 47y O

Remark 1.1.2. For many purposes, shifting a given sequence cyclically is not impor-
tant. Therefore, Theorem 1.1.5 essentially says that two m-sequences are related via a

suitable decimation d.

Let £ be a primitive complex p'* root of unity. Recall that the canonical additive

character of Fyn is defined as
X(z) = €7
where z € F,». Properties of the trace function implies that,

x(@ +y) = x(x)x(y) and x(2") = x(z).

Another well-known fact is the following:

S xary =4 "

a € Fyn 0 otherwise.

" ifx=0

Definition 1.1.6. Let (s;) and (v;) be sequences over F,, with period ¢, and let £ be a
primitive complex p* root of unity. Then the crosscorrelation function ©,, between
the sequences s; and v, is defined for [ =0,...,e — 1 as

e—1

Ou(l) =y €

t=0

Remark 1.1.3. For binary sequences s; and v; of period ¢ we have

which is the number of agreements minus the number of disagreements between the

bits of s;_; and v; over the period e.

From now on we assume that the sequences (s;) and (v;) are m-sequences of period

p" — 1. We can assume that after suitable shifts, s; = Tr("), where 7 is a primitive



element of Fy., and v; = s4 for an integer d with (d,p” — 1) = 1. Then the crosscorre-
lation function between s; and v; will be denoted as ©4(1) for [ =0, ...,p" — 2 and we

have

p"—2 p"—2

O4(l) = grreH=Triv™) = grre ") = Z ¢rrive—at) Z Y(yz — 29

t=0 t=0 J:EIE';;n xeF;n

where y is the canonical additive character and y = v~

Remark 1.1.4. Since which of the sequences is shifted relative to the other does
not matter, and replacing the element y with —y will not change the values of the
crosscorrelation funcion, we also have
Oul) = Y x(z—yz?) = Y x(z+yz?)
xEF;n xeF;n

where y = y~4.

Remark 1.1.5. When we have d = 1, that is (s;) and (v;) are the same m-sequences,
©1(1) = > ,cp- X(x(1 —y)) denotes the autocorrelation function. By the properties of
pVL

canonical additive character we have

pt—1 ify=1
©1(l) =

-1 otherwise

—dl

Since y = v~ %, we have

p"—1 if I =0mod (p" —1)
©1(l) =

—1 otherwise
1.2 Cyclic Codes

Let [, denote the finite field with g elements. Let F be the n-dimensional vector space
whose elements are the n-tuples (co,cy, ..., ¢,—1) Where ¢; € F,. A linear code C is a
subspace of F. The elements of C' are called codewords. The length of C'is n and the
dimension of C' is its dimension as a vector space over F,. A linear code of length n
and dimension k over F, is denoted by [n,k],. For any linear code C' C [y, we define

the dual code C+ C [, by
Ct={deF}:dc=0,VceC}.

Note that C* is an [n,n — k], linear code. Now, we introduce a metric on Fy, which

will be used to define another important parameter of a linear code. For x = (x1, ..., ;)

5



and y = (y1, ..., Yn), define the Hamming distance by

dlz,y)= {1 <i<n:z; £y} .

The Hamming weight w(zx) is the number of nonzero coordinates of z. For a given

linear code C' in IFZ we define its minimum distance as
d(C) =min{w(c) : c € C\ {0}}

Let C be an [n, k], code. The sequence Ay, Ay, ..., A, is called the weight distribution
of C', where
A=z € C: w(z) =1}.

Another way to present weights of C' is by forming the polynomial
Wel(z) =) A,
i=0
Definition 1.2.1. A linear code C' in Fy is called cyclic if (co,C1y-ery Cno1) € C implies
(Cnfl, Coy -eny Cn,Q) eC.

Considering the isomorphism between F and F,[x]/(2" — 1) given by

n—1
a = (ap,ay,...,ap_1) — a(x) = Zaixi

we can view any code C' as a subset of F,[x]/(z" —1), where the codeword a is identified

by the polynomial a(z).

Theorem 1.2.1. A linear code C in Fy is cyclic if and only if C' is an ideal of
Fql]/(2" —1).

Since Fy[z]/(z™ — 1) is a principal ideal ring every nonzero ideal C' is generated by

a monic polynomial g(x) of lowest degree in the ideal. Note that g(x) divides z™ — 1.

Definition 1.2.2. Let C' = (g(z)) be a cyclic code. Then ¢(z) is called the generator

" —1
9(z)

polynomial of C and h(x) =
dim(C) = n — deg(g(x)).

is called the parity check polynomial of C. We have

It is easy to see that the dual code of a cyclic code ia also cyclic. One can easily

zFh(z—1)

Ry > Where h(x) is the parity check

show that the generator polynomial of C* is

polynomial of C' and k& = deg h. Throughout this thesis we will assume that (n,q) = 1.
In fact we will usually have n = ¢™ — 1 where m > 1. This implies that 2™ — 1

(and hence g(x)) is separable. If (o) = F}.., then 2" — 1 = [] .4 mMaqs(7), where the

6



product is taken over a set S of representatives of the g-cyclotomic cosets modulo n,
iLe. Mmas(2) = [lice.(z — a*) where Cs = {s,5q,5¢°,...,5¢""'} (mod n) and r is the
smallest integer such that sq¢” = s (mod n). Therefore, g(z) is the product of some of
these minimal polynomials, whose indices come from a subset I of S. Then {a: i € I}
is called the set of basic zeros of the cyclic code C, whereas the set {a' : i ¢ I} will be
the set of basic nonzeros of C. From the generator polynomial of Ct, it is clear that
{a~%:i ¢ I} is the basic zero set of C+. We obtain the zero (resp. nonzero) set of C
by listing all of the basic zeros (resp. basic nonzeros) together with their F -conjugates.

We finish our survey on cyclic codes with an important result of McEliece which
puts constraints on possible weights in a cyclic code. This theorem will be frequently

used in Chapters 3 and 4. We refer to [12] for the proof.

Theorem 1.2.2. Let C be a binary cyclic code, and let | be the smallest number such
that | + 1 nonzeros of C (with repetitions allowed) have product 1. Then the weight
of every codeword in C is divisible by 2!, and there is at least one weight which is not

divisible by 2!71.

At the end of this section, we will explain an equivalent form of this theorem for

certain cyclic codes of interest.

1.3 Relations Between Binary m-sequences and Cyclic Codes

To begin with let a be a primitive of Fom. Let m;(z) be the minimal polynomial of
2’”—171
mi(x)

code C; of length n = 2™ — 1 with generator polynomial m;(x), i.e. cyclic code with

T

a; and set h;(z) = and h} = zdeehip,;(z=1). We will consider the binary cyclic

the basic zero a’. Note that dim C; = n — d; where d; = deg(m;(z)). The dual code

Ci+ of consists of codewords which are multiples of h?.

Definition 1.3.1. Binary cyclic code C; of length n = 2™ — 1 with generator poly-
nomial my(z) is called the Hamming code. The dual code C{ is called the simplex

code.

We note that C; is an [n,n —m, 3|y code and ever nonzero codeword in the simplex
code has weigth 2771, In fact, any cyclic code with the parameters mentioned above is
"equivalent" to the Hamming code, i.e. can be obtained from the Hamming code by a
permutation of coordinates. We refer to [[16], Section 1.8] for the proofs of these facts.

Hence if (i,n) =1, C; = (m;(x)) can also be considered as the Hamming code.



Cyclic codes have a natural trace representation, which make the relation with m-
sequences and their crosscorrelation possible. We refer to [|20], Proposition 2.1| for the

proof of the following theorem:

Theorem 1.3.1. Let C be a q-ary cyclic code of length ¢™ — 1 such that {a™, ..., o'
is a basic zero set for C+, where « is a primitive element of Fym. For every codeword

c € C, there exist Ay, ..., \s € Fym such that if f(t) = Mt™ + ... + \t%, then,

¢ = (Tr(f(a%), Tr(f(a")), Tr(f(0)), . Tr(f(a”" ")) (L4)

m—1

where Tr denotes the trace map from Fym to Fy defined by Tr(a) = a+a?+ ...+ a?

If the use the notation (Tr(Az™ 4 ... + A\;a*)), g  for the codeword ¢ in 1.4, then
q77L

Theorem 1.3.1 implies that

C = {(Tr(klscil —l—...—l—)\sxis)) DAL, e A G]qu}.

mGF;m

Note that the trace representation of the binary simplex code is
oL — {(TT()\x))zeF;m tAE FQm} :

By Equation 1.3, we establish the first relation between binary m-sequences and cyclic

codes.

Proposition 1.3.1. For n = 2™ — 1, a period of an n'" order binary m-sequence is a

codeword of the binary simplex code of length n.

The second relation will be between the crosscorrelation function and the weight
distribution of a certain binary cyclic code. For this let d > 1 with (d,2™ —1) =1 and
consider the code Cy 4 with the generator polynomial m, (x)mg(z). Then, C{, has the

following trace representation:

Ct, = {(Tr(Alzv Fhorh)) A€ FQm} (1.5)

T€FSm

Now, consider the binary m-sequences u and v, differing by d** decimation, with
u; = Tr(fia?) and v; = Tr(Ba'?), where a = (F3.), 1 € Fi. and d is the same as

above. Then,
@uﬂ)(l) = Z (_]‘>ui+vi+l

— Z (_ 1)T7'(51ai+51&dlaid) )

=0



Note that as [ runs through the period, 5o runs through all nonzero elements of F3,,.

Also note that

Ous(l) =04(l) =n — 2w ((Tr(ﬁla: + 51adlxd))zeF§m> : (1.6)

So, the values of the crosscorrelation function decides the weights of (2™ — 1)-many
codewords in Cﬁd with A\; # 0, A\ # 0 in the notation of 1.5. Since changing (; only
causes u to be cyclically shifted, the crosscorrelation remains unchanged. Hence, all
other codewords in 1.5 with any A\; # 0, Ay # 0 will have weight which are related to
O, via 1.6, i.e. nonzero values of the crosscorrelation and the nonzero weights of any
codeword in Cf’d with \; # 0 # )y are in one to one correspondence. Finally, when
A1 =0 or Ay = 0, the resulting codewords in Cf,d belong to the simplex code and their

mel

weight is . Hence, we have the following:

Theorem 1.3.2. Deciding the crosscorrelation spectrum of two binary m-sequences
related via decimation d is equivalent to computing the weight enumeration of the binary

cyclic code Cf .

We will end this section with the equivalent statements of McEliece’s theorem
for the cyclic code C’LdL. Now the nonzeros of C’Ldl are the elements o™, o~ for
i €{1,2,4,....2™" '} where « is a primitive element of Fym. Subsets of these nonzeros
will have product 1 when corresponding exponents sum up to zero modulo 2™ — 1. To
see this clearly, [ + 1 nonzeros of C’LdL will have product 1 if and only if

H a =1

kel Ul

where I; C Cl(1) and I, C Cl(d) with || + |I2] = [+ 1, where
Cl(a) = {a, 2a,2%a..., Qm“_la},
where m,, is the smallest integer such that 2"*a = a mod (2™ — 1), which implies

> k=0 (mod2™—1).

kelUI2

Considet the binary expansions of the positive integers u and v

m—1 m—1
5 u;2" and E ;2"
i=0 i=0

Suppose that
1 if 2°d mod(2™ — 1) € I,
U; =
0 otherwise



1 if 2 mod(2™—1) €
V; =
0 otherwise
Then we will have

m—1 m—1
k= wu2d + ) 12 =0(mod 2" — 1)
1=0 1=0

k€L UI

Thus, if for all (u,v) such that 0 < u,v < 2™ —1, and ud+v = 0 mod (2™ — 1), we
have w(u) +w(v) > I+ 1 and writing v < 2™ —1 as v = 2™ — 1 — ud, we have the other
equivalent statement, if for all u such that 0 <u < 2™ — 1, w(ut) < w(u) +m—1-—1
holds then by Thm.1.2.2 all the weights in C’LdL are divisible by 2! yet there is at least

one weight which is not divisible by 2+

10



CHAPTER 2

PROPERTIES OF CROSSCORRELATION FUNCTION

This section is devoted to some important properties of the crosscorrelation function.
The main result (Theorem 2.2.1) states that the crosscorrelation function takes at least
3 values. This theorem and other results are due to Helleseth (see [8]).

Other than Helleseth’s paper [8], we refer to PhD dissertations of Niho and Tracht-
enberg ([15], [19]) for more foundational material on m-sequences. For a more recent
account of the current state of research on the topic, we refer to the PhD thesis of
Rosendahl, [17]. We note that the crosscorrelation with exactly three values will be

our main focus in the remaining chapters.

2.1 Preliminary Identities

We start with a theorem which states basic properties of the crosscorrelation function.
Theorem 2.1.1. We have

(1) ©4(1) is real valued for all 1 =0,....,p" — 2.

(ii) The values and the number of occurrences of each value of ©4(l) are independent

of the choice &.

(iii) ©upi(l) = ©4(l), i.e. crosscorrelation takes the same value on the p-cyclotomic

coset of d.

(iv) ©4(lp?) = ©4(l), i.e. crosscorrelation is the same for those shifts which are in the

same p-cyclotomic coset.

(v) S5 0ult) = 1.

Proof. (i) ©a(l) = X % ¢~ For p = 2, £ = —1 and hence the result follows,

For p > 2, p" — 1 is even. Assume that s; = Tr(a') for all ¢, where « is primitive in

11



—1
F,n. Then, s Bl = Tr(ata”z ) = =Tr(at) = —s;. Hence we have s, = LS

v = n_1. Thus, the first half of the period is the negative of second half relative

t+P

to any starting point. So,

p"—1
0ul) = Y e
t=1
P” 1
— Z§Stlvt+ Z fstlvt
t= P'L+1
p"—1
_ St—]—Vt —Sp_1+vt
= § +¢
t=1
p —1
= ZfStlvt—‘l_ >5tl'Ut
P _1
2

= 2Re ) &
t=1

(ii) Let s, = Tr(fa’), where 6 € Fy,, and « is a primitive element of Fy.. Set § = o,
then we have s, = Tr(a'*). For integers k with 1 < k < p, consider ks; = Tr(kfalt).
Letting k6 = '™, we obtain ks; = Tr(a'™7) = s;,,, which implies that multiplying
an m-sequence with an integer k gives a cyclic shift of the same sequence. In ©4(1) =

pn_2 g1 replace € with ¢* where 1 < k < p. Then

pr—1
@d(l) — Z é—k‘(stflfvt)
t=1

p"—1

_ Z gkst_l—kvt

t=1

pr—1
— § £St7l+7'_vt+a
t=1

= O4(I') where I'=l40—T.
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(iii) For s,y = Tr(v"") and v, = Tr(y%) = s4 where ~ is primitive in F,n, consider
p"—2

@dpj<l> = Zé‘stfl*’ut
t=0

p"—2
— E gst—l_sdpjt
t=0

pn _9

- Z fTT(vt‘l)—Tr(wdpjt)
=0

pr—2

_ Z gTr(vt*l)—TT‘(vdt)

t=0
pt—2

_ Z o=t san

t=0

= 04(0),
since Tr(z) = Tr(aP).

(iv) For s, = Tr(y'7") and v, = Tr(y%) = sq where ~ is primitive in F,., consider

Qully) = 3 g

pn )

> ¢Tr =)= Tr(y")
t=0

pr—2

_ Z 5TT‘(7t”)—TT('ydt)

t=0

= 04(0),

since Tr(z) = Tr(xP).

(v) Assume that s, = Tr(a') and v, = s,y = Tr(a'?), where « is primitive in Fn.
Then
pr—2ph—2 pr—2pi—2
é’st—l_vt — Z Z é&Tr(at_l—atd)
=0 t=0 I=0 =0

- Z Z gTrwe==Y where y = o

yEF;n :EGIF;TL

_ Z fTr(xd) Z STr(ya:)

mEIF;n ye]F;n
_ E fTT(a:d) E gTr(yac) -1
CEEF;n yeF,n

13



_ Z é-Tr(xd) pn—l Z gTr(y1) 1

:EG]F;n y1€Fp
= > &y
CEE]F;n
_ Z £TT(.Z’) _ Z STT(ac) -1
xEF;n z€F,n
_ _pn—l Z éTr(x) —1=1.
z€el,

Note that we used the fact that the absolute trace function is balanced, the powers of

d

a primitive p root of unity sum up to zero and the map f(z) = 2% is one to one since

(d,p"—1)=1.
[l

The following theorem and its consequences will be of great use in computing cross-

correlation values.

Theorem 2.1.2. We have
pn_2

Z Ou()O4(1 +71) .04l + Tpp1) = —(p" — D)™ L 4 2(=1)" 71 4 ((TTm=1) 2
1=0

where ¢, T Tm=1) s the number of solutions to the following two equations:
o +a P+ t+a ™ 1 +1=0

.Tld+132d+ ...—|—$m,1d+1 =0

where x; € Fy. fori=0,1,...,m — 1.
Proof. Consider the following sets:

. *
K L0, L1, ooy Te) 1 2 € Fo )

d

mo,xl,...,xm_l) € leod+l’1d+l’2d+...+l‘m_1 :0}

= {{
K, = {(xo,xl,...,xm_l) € Kiogog+a "oy +a Pag+ ... +a ™ e, :O}
Ky = {(

Recall that the crosscorrelation function is,

Ou(l) = Y £,
IEF;n
where ¢ = a7 for some primitive element o € Fyn and € # 1 is a complex p* root of

unity. So, for i =1,...,m — 1 we have

Oull+m)= 3 grrte et

T EF[*),I,

14



For simplicity let S(y) = 77| then

pr—2
> 0a(1)Ou(l +71)..04(l + Tru1)
1=0
p—2
= Z Z S(a™'eg — 20 | ... Z Sl Wmm=g  — 2, 1)
=0 \zo€F5n Tm-1€F
pr—2
= Z Z Slalwy — zoh)...S(a =Dy, — 1)
=0 K
pr—2
= Z Z S(a~lwy — xot + ...+ a WFTm-t)g Tr_1?)
pr—2
= Z Z Sla™(zo+a ™ w + .+ o ) — (w2l )
=0 K
pr—2

= Z Z Sla Yz +a a + .. +a ™ ayg) — (zed + 2+ F e 1))

= Z Z S(y(zo+a "y + .o+ ™ ay, ) — (xod +rd 4+ xi_l)).
K ye]F;;n

Using the sets K, K1, K5, seperate the sum into four parts as follows:

= Z Z S LL’O —|—Oé 1’1 + ... +Fa m= 1«Tm 1) (x0d+x1d+ +'rg7,71>>
(K1UK2) ZJGIF n

+ Z Z S(—(wo + 1%+ ..+ )

—Ka yeFr,

+ > Y Seta e+ AT a )+ > Y S0

Ko—K1 yeFy, KiNKz yeFy,

In the first sum, set
a; =ro+ao i+ ... +a ™ e, 1 #0 and

by =z + 214+ .+ 2 ? £0.

Then we have

Z Z S(ya, —b,) = Z Z £Tr(yas)=Tr(b:)

K*(KlUKQ) yE]F;n K*(KluKz) yEIF;n
_ E gTr(—bz) 2 STr(yaz)
K*(KluKz) yGF;n

Since a, # 0, as y runs through Fy,. so does y; = ya,. Thus, for the inner sum, we

have

Z gTT(yﬂ — Z fTr(yl) —1=p"! Z g _1=—

y1€F7, y1€Fyn y2€Fy

15



Note that we used the fact that the absolute trace function is balanced and the powers
of a primitive p'* root of unity sum up to zero. If (x¢,...,2,_1) € K — (K, U K5) and
z € Fy., then (220, ..., 22,,-1) is also contained in K — (K; U K3). So consider the sum

Z S(— (2w + ...+ 22 1Y) = Z S(—z @+ ...+ 2 1D)).

K—(K1UK2),Z€[F;" K—(K1UK2),Z€F;.,L

Since b, = 0% + 1% + ... + 2,_1¢ # 0, 2%, Tuns through F7. as z runs through Fy..

d

Moreover, the map f(z) = 2% is one to one since (d,p" — 1) = 1. Combining these we

obtain the following:

> S(—z%,) = > S(z%) = > S(2)

K—(K1UK>),2€F K—(K1UK3),2€F;, K—(K1UK3),2€F;
= E S(z)—1= E —1.
K—(KluKz),ZE]Fpn K—(K1UK2)

So for the first sum we have

Z Z S(y(xo +o T+ .+ Oé_T’"*lxm—l) - (Iod + x1d + ...+ xfﬁ&))
K—(K1UK>2) yelFyn

|K| = | K1 U K
pr—1

For the second and third sums the above arguments also apply. So we obtain respec-

tively,
" — 1)K — Ky|(—1
Z S Sl +m ot = P U 1 2l(=1).
K2y€]F b=
Z ZS (wo+a Mw + .+ ) = Z —1.
K1y€]F K27K1
Therefore,
p"—Q
> 04(1)0u(l +71)...04( + Toy1)
1=0
K| - |Ky UK " —1DI|K — Ky|(—1
_ |K| — |K) 2\_'_(2? ) 2| ( )+|K2—K1|(—1)+(p”—1)|K1ﬂK2|7
pr—1 pr—1
1
= o (1] = (") (| K| + [ Ka]) + ()| K1 N K) -

Note that |K;| = |K;| since (d,p™ — 1) = 1 and (yo, .., Ym—1) € K; if and only if

d=1 *Tm—ld_l

(Yo* ...,
have |K;| = |K3| = | Ky N Ky|. Thus, we obtain,

ym_ld_l) € Ky. Ford=1land =7 =..="7,_1 =0, we will

pr—2

> 00" = g (K] =25+ 0 ).
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The left hand sum corresponds to autocorrelation function. For [ =0, ©,(]) = p" — 1

and ©;(l) = —1 otherwise. So we have,

(MJWH4WW4)ZP (" =)™ = 2p" | Ky| + (p")?|Kul)

n 1)m71 + (_1)m
pn

K| = @ -

Therefore, by substituting the values for |K| and |K;|, we have

p"—2
Z O4(1)Oq(l + 70)..04(1 + Tppr) = —(p" — D)™ +2(=1)" 1 + (p")Qu;m—_Klﬂ,
1=0
where 'iﬁﬁff"" is the number of solutions of the following equations
a v+ a Pro+ .+ ™, 1 +1=0
e+ a1t +1=0
with z; € F,. for ¢ = 0,1,...,m — 1. This concludes the proof. O

Corollary 2.1.1. We have

p"—2

> 0104l —7) =

p* —p*—1 when 7=0 (mod p" — 1)
—(p™+1) when 7#0 (mod p" — 1)
Proof. By Theorem 2.1.2 we have

ph—2

D 04104l = 7) = —(p" — 1) +2(=1) + p*"c,"

where ¢,(™ is the number of solutions to @ "2; +1 =0 and z;¢+ 1 = 0 with z; € ]F;n.
These two equations imply that a9 = 1 and thus dr = 0 mod (p" — 1). Since
(d,p" —1) =1, we have 7 = 0 mod (p" — 1). Therefore, if 7 = 0 mod (p™ — 1) we have

co” = 1, and otherwise ¢y” = 0. ]

Corollary 2.1.2. We have

(o)

pt—2
(©all) +1)" = p*"by

=0

where bs is the number of solutions of the equations
r+y+1=0,
z? 4+ yd +1=0
with x,y € Fpn.
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Proof. Using Theorems 2.1.1 and 2.1.2, we have

Y (@) +1° = > (041)*+3> " (04(1)*+3 ) (0q(1) + Y 1
1=0 1=0 1=0 1=0 1=0

= —(p" =124+ 24 ™00 £ 3(p* —p" — 1)+ 3+ (p" — 1)
= pn (2+C3(0’0’0))

(0,0,0

where c3 ) denotes the number of common solutions of the equations

i+ re+1=0and 2174+ 2,74+1=0

for z1, x5 € F},. Considering the number of solutions corresponding to the cases z; = 0

and x5 = 0, which is 2, and setting b3 = c3(®%% + 2 we obtain the result. O

2.2 On the Values of the Crosscorrelation Function

The following is the main theorem of this chapter and it is due to Helleseth([[8], The-
orem 4.1])

Theorem 2.2.1. O4(l) has at least three distinct values for | = 0,1, ...,p" — 2 if and
only if d ¢ {1,p,....,p" '},

Proof. Suppose d € {1,p,...,p" '}. Then ©,4(l) takes on only two values —1 and
p" — 1 which are the values of the autocorrelation function since ©:(l) = ©,;(l) for
j=1,2,...,n—1, by Theorem 2.1.1. So, we assume d ¢ {1,p,...,p" '}. Suppose on the
contrary that ©4(l) takes on two values a and b with occurences r; and 7, respectively.

Recall the following

pn72 p'n72

D Ou(l)=1and Y ©4(1)* =p™ —p" -1,
1=0 1=0
(cf. Theorem 2.1.1 and Corollary 2.1.1). Using the above equations we obtain,
ity = pt—1,
ria+mrb = 1,
ra? +rb? = p —pt —1.
By eliminating r; and r, we obtain
ab(p" —1)—b = a—p"+p"+1,
ab(p" —1)* = (b+a)(p" —1) = (" - 1(=p" +p" +1),
(" = Da—-1(E"-1b—-1) = p™(2-p"),
(P'a—(a+1))(p"b—(b+1)) = p"(2—p") (2.1)

18



Since ¢ is a primitive p™ root of unity, the ring of integers of Q(&) is Z[¢] ([|10] Proposi-
tion 13.12.10]). Since {1,&,&?, ..., P72} forms an integral basis for Q(¢) and a, b € Q(€),

we have
p—2 p—2
a= E u; & and b = E v;&"
=0 i=0

where u;,v; € Z. Note that we must have |u;| < p® — 1 and |v;| < p" — 1 for i =
0,1,...,p— 2 because of the definitions of ¢ and b. Let 7 = 1 — &, and note the obvious
equality of Z[¢] and Z[r]. By [[10]Proposition 13.2.7], the ideals (p) and (7)P~! coincide.
In the following, 7"||(a + 1) will mean that a + 1 € (7)" — (7)™ . Suppose 7"||(a + 1)
and 7°||(b + 1) for some r and s. We consider the following three cases:

Caselr>n =(p—1)nors>n, =(p—1)n.

Then a+1 € (7)" C (x)®~V" = (p)*, which implies that a + 1 = p"a; with
ar = co+ 1€+ ...+ 2872 € Z[€]. Thus,

a=p'co—1+p" (1€ + ...+ cpalP?).

Note that we must have p"cy —1 < p" — 1 and p"¢; < p" —1for¢ =1,....,p — 2.
Hence, ¢y = c; = ... = ¢p—2 = 0 and ¢y = 1. Thus, we have a = p" — 1 but this value
corresponds to the value taken by the autocorrelation function, that is we must have
d € {1,p,...,p""'}. This is a contradiction to our hypotheses. Similar argument works
if s >ny = (p—1)n, too.

Case2r<n;=(p—1l)nand s <n; =(p—1)n.

Since a+1 € (7)" — (7)™ and b+ 1 € (7)* — (7)*™! we have a + 1 = 7"a; where
a; ¢ (m) and b+ 1 = 7°b; where by ¢ (7). Similarly since the ideals (p) and (m)P~!
coincide, we have p"™ = 7"z, where 2z; ¢ (7). Now substituting these values in (2.1)

we obtain

7TT+S(7TR17T216L - CL1>(7Tnliszlb — bl) = 7T2n1212(2 — pn)
Since r + s + 1 < 2ny, we have (7)* C (7)"™*™!. Note that the left hand side of the
equation belongs to (7)™ — (7)"™**1 and right hand side belongs to (7)?". This is a
contradiction to ()%™ C (m) Tt

Case3a+1=0o0orb+1=0.

From (2.1), for a = —1 we obtain b = p™ — 1. This gives the same contradiction as
in Case 1. Similarly for b + 1 = 0 case.
O

We have seen in Theorem 2.1.1 that the crosscorrelation function is real valued.

The following decides when it is integer valued.
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Theorem 2.2.2. O4(1) € Z for 1 =0,1,....,p" — 2 if and only if d =1 (mod p — 1).

Proof. Define the function
p"—2

Clz) =) O4()',
1=0
Let 3 # 1 be a complex (p™ — 1) root of unity. By inversion, we have
1=

0Q4(1) = o S o@)p.

=0
Now that C(5") belongs to Q(£53), since O4(1) € Q(§). We are going to show that
C(6") belongs to Q(B) if and only if d = 1 (mod p — 1). Let « be a primitive root of

p"—1

the characteristic polynomial of the m-sequence. Then o »=T is a primitive element of
F,. The elements of Q(3) are exactly the elements in Q(£3) which are fixed under the
automorphisms

p"—1

=
o =&

fori=0,1,....,p — 2. We have,
p"—2
Mam>=a«§xmmﬂ
1=0

pt—2p"—2
= o (Z Z é-Tr(alaj—adj)ﬁtl>

=0 ;=0
pro2pt-2 oy . )
_ E E 50/ p—1 Tr(a’loﬂfad])ﬁtl
=0 j=0
P2 P2 s =1 . :
S S e
=0 7=0

n

. p=1
Since ao -1 € ), we have

p"—2  p"-2 P

o(C(B) = Y gty e

1=0 §=0

n
pM—1 | .
_alip—l +dg)

Set

djy = dj + %

| mod (p" — 1)

from which we obtain

Pt =1 n
]Ejl—Zdlpj mod (p" —1).

20



By substituting these values we obtain
pn—2 pr—2

—l4jp—id~ 1p 1+zp T _qdin
0i(C(B") = Z " Z g )

p"—2 p"—2 M1, 1 )
_ Z ﬁtl Z é'TT(a +i p71 La=1—1))+4; —adit)
Jj=

pn )

= Zﬁ”@ l—i—z (d- —1)).

By setting
o =1 pn -1 n
Lh=l+id" —1) mod (p" — 1)
p—1
and substituting for [, we get
pn_2 -
- _
oi(C(B) = Y Oul)d IR
11=0
pr—2
= Y o)t
11 =0
= pHETDES o),

Then, 0;,(C(B")) = C(B") if and only if d~' = 1 (mod p — 1) which holds if and only if
d =1 (mod p — 1). Therefore C(3*) belongs to Q(5) if and only if d =1 (mod p — 1).
Assume that ©4(() is an integer for [ = 0,1, ...,p" — 2. Then
pr—2
=Y 0"

1=0
is contained in Q(f3) for all ¢ = 0,1, ...,p™ — 2. This implies d = 1 (mod p — 1) by the
result we just observed.

Conversely assume that d = 1 (mod p — 1). Then C(5") belongs to Q(3), which
implies that

1 A=,
— Yl
Oull) = Z C(3)s
is contained in Q(5)NQ(£) = Q. By definition, ©4(1) is also an integer in Q(&). Hence,
04,0 €eZENnQ=2,for I =0,1,....,p" — 1. ]

In the remaining parts of this section, we will state some further general results on

the crosscorrelation function.

Theorem 2.2.3. Let m > 2, then we have

p"—2

Z (@d(l) + 1) (@d(l + 7'1) + 1) (@d(l + Tm—l) + 1) =0 (mod an).
=0
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Proof. Opening up the product, we have

pr—2

> (Ba(l) +1) (Oa(l +71) +1) .. (Ou(l + Topy) + 1)

=0

p"—2 p"—2 p"—2 p"—2
=) 1+ ) 0D+ D Oull+Tmr) + Y Oa(1)O4(1+ 1) + .t
1=0 1=0 1=0 1=0
pr—2 pr—2
> 0a(1)Ou(l +1)Ou(l +72) + ..+ Y Ou(1)Ou(l + 71)...0a(l + Ton1).
=0 =0

Using Theorems 2.1.2, 2.1.1 we have

m

= -0+ ()0 - 0P 20+ ()08 - 120
- (?)(—(pn 1?4212 4k (

Simplifying, we obtain

j=1 j=1 J
) —-1 0" -1
= (" —1)— 2
(" —1) P a—
pr—1
1 — n\m—2
= p pip_)l =0 (mod p™).

Note that the previous theorem fails for m = 1 yet we have

p"—2

Y (©a) +1)=p"

=0

by Theorem 2.1.1.

Theorem 2.2.4. The polynomial

pr—2

P(z) = [] (@ = (©u(l) + 1))

=0

has integral coefficients all of which are divisible by p, except the leading coefficient.

Proof. Let y; = (©4(1) + 1) and consider the polynomial,

H (x—wy) = " 4 ap”fopn_Z + ...+ aT + ao.
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Let E), denote the corresponding coefficient of 27" ~'=% and define S; as

Now using Newton identities, we have
Sl - E1 = Sl — Clpn_g = 0,
SQ — SlEl + 2E2 == SQ - Slapn_g + 2apn_3 = 0,

Sg — SQEl -+ SlEz — 3E3 = Sg — SQCLpn,Q -+ Slapn,g, — 3apn,4 =0

: .
Spr1 = = (Z(—l)jspnlej> — (=P = D) By

j=1
p"—2
= - <Z(—1)]5pn—1—japn—1—j> — (" = Dao.
j=1
Now for all £ > 1, using Theorem 2.2.3 we obtain
pt—2 pt—2
Se= D ()" =D (0ul) +1)" =0 (mod p").
1=0 1=0

Therefore, combining the above result with Newton identities we conclude that a; =

0 (mod p) fori =0,1,...,p" — 2. O

Theorem 2.2.5. 04(l) = —1 (mod 7).

Proof. Recall the polynomial
pr—2

P(z) = [] (@ = (€a(D) + 1))

1=0
for y, = ©4(1) + 1 we have P(y;) = 0, that is

y” T+ ap"—2yzpn72 + ...+ ay +ao=0.

From Theorem 2.2.4, we have a; = 0 (mod p) for i = 0,1,...,p" — 2, which implies
y,”" ! = 0(mod p). Therefore 3, = 0 (mod 7), and hence O4(l) = 3 — 1 = —1(mod 7).
O

Corollary 2.2.1. If ©4(l) € Z, then ©,4(]) = —1 (mod p)
Proof. The result follows from Theorem 2.2.5 and using the fact that every rational
integer which is divisible by 7 is also divisible by p. O

We finish this section by noting that a recent Ph.D. Thesis of Rosendahl, contains a
list of decimations for which the values of the corresponding crosscorrelation functions
and their frequencies are known. It is interesting to see how small the list is which

shows the difficulty of the problem (see [[17], Section 2.2]).
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CHAPTER 3

CONJECTURES OF HELLESETH AND SARWATE-PURSLEY

As seen in Theorem 2.2.1, the crosscorrelation function between a pair of distinct m-
sequences must take on at least three values. In this chapter, we are going to present
the impossibility of exactly 3 values for certain cases. Namely, a conjecture made by
Sarwate and Pursley [18] suggests that if m = 0 (mod 4), then there are no "preferred"
pairs of binary m-sequences with period n = 2™ — 1 (i.e. a pair of m-sequences with
3-valued crosscorrelation function which assumes the values —1, —1 + 2L07+2)/2]) " We
present a proof of this conjecture which is to due to McGuire and Calderbank [14].
Secondly, Helleseth claimed in [8| that if m is a power of 2, then there are no pairs
of binary m-sequences with a 3-valued crosscorrelation function. In [1|, Calderbank,
McGuire, Poonen, and Rubinstein proved this conjecture conditionally. We will also
present their work. The proofs are similar in spirit and in both of the proofs McEliece’s
theorem on divisibility of weights in cyclic codes will play a major role. We remind

that all sequences are binary in this chapter.

3.1 A proof for the Sarwate-Pursley Conjecture

As mentioned before in Theorem 2.2.1, the crosscorrelation function between two binary
m—sequences takes on at least three distinct values. For a pair of binary m-sequences
the crosscorrelation function is said to be preferred if it takes on exactly three values
where the values are —1, —1 £2Lm+2)/2} (see [13, Chapter 11]). The aim of this section
is to show the nonexistence of preferred pairs of binary m-sequences in certain cases,

thereby proving a conjecture of Sarwate-Pursley. Here is the result:

Theorem 3.1.1. If m = 0 (mod 4), then there are no preferred pairs of binary m-

Sequences.

Proof. Let C' be the binary cyclic code of length n = 2™ — 1 whose dual is generated

by h(z) = mq(z)m(z), where (t,n) = 1. Note that the nonzeros of C are the elements
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whw " fori € {1,2,4,...,2" 1}, where w is a primitive element of Fon. Suppose that
4 divides m and C is a 3-weight cyclic code of length n = 2™ — 1, with weights w; =
om=1_9m/2 4y, = 2m=1 g = 21 42™/2 e, those weights corresponding to preferred
crosscorrelation values. Since (¢,2™ — 1) = 1, ¢ is not congruent to {0, 3,5,6,9,10, 12}
mod15. The remaining possible values of ¢ are considered in two cases with respect to
the cyclotomic cosets that they belong to.

Case 1t =1,2,4,8 (mod 15) Suppose that the frequencies of weights wy, ws, w3 in

C are Ny, Ny, N3 respectively. Then the weight enumerator of C is
B(z) = 1+ Nyz™' + Nyz™ + N3z,

Let > A;2% be the weight enumerator of C. When we write the first 5 Pless power

moments for n = 2™ — 1 (see |[16], Section 7.2]), we obtain

Ni+Ny+ Ny +1 = 2*™
1+U}1N1+U}2N2+U}3N3 = 227”71(71—141),
14+ wi?Ny +wo? Ny +ws? Ny = 22" 2[n(n+ 1) — 2nA; + 24,],

1+wi® Ny + wo? Ny + w3 Ny = 2273 [n(n + 3) — (3n* + 3n — 2)A; + 6ndy — 64;] .

Note that since my(x)|mi(z)ms(z), C*+ is a subcode of the binary Hamming code
generated by mq(x), whose minimum distance is 3. Therefore A; = Ay = 0. Hence the

first three equations above become,

N+ Ny + Ny = 22m 1,
1+ w1N1 -+ U)QNQ + w3N3 = 22m7177/,

1 —|— U}12N1 —|— w22N2 + w32N3 = 22m_2n(n —|— 1)

Solving this system for Ny, Ny, N3, and substituting the results in the 4" Pless power
moment, we obtain As = 2. Since C* = (my(x)my(z)), for any codeword c(x) =
S eirt € OF, we have c¢(w) = 0 and c(w') = 0. Hence ¢ = (c, ..., ¢n_1) belongs to

C* if and only if

|_|

Z cw' =0 and Zcz . (3.1)

=0
Knowing that A; = % > 1, we conclude that d(CL) = 3. A codeword of weight 3 in C*

is a cyclic shift of a codeword of weight 3 with a 1 in the first coordinate. So, ¢ € C*

has nonzero coordinates in ¢y, ¢;, ¢; where i # j. Then, from (3.1), we have
1+ w' 4+w =0and 1 4+ w" +w't =0.
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Letting © = w® and y = w?, we conclude that the equation
l+2'+y'=1+2"+(z+1)" =0 (3.2)

has a solution z = w® in Fom such that x # 0,1. We claim that elements of F, are
solutions of zf + (z + 1)" = 1, for all t = 1,2,4,8 (mod15). To see this, let a € Fom
with the minimal polynomial 2+ + 1 over Fy. Hence Fy = {0, 1, o, @®}. Let us write
t =i+ 15k with = 1,2,4,8. Since o = 1, we have of = of for any ¢, as above. If
t =1, then

o +a+1) =a+(at+1)=1.

Similarly o? satisfies (3.2). If £ = 2, 4,8, then
(a1 =d+(a+1)=a+a'+1=1,

since the characteristic is 2. Similarly one can show that o satisfies (3.2) for £ = 2,4, 8.
So all the elements of [Fy satisfy (3.2) for the given t values as above. Note that we
can choose @ = w3 since w is a primitive n'* root of unity, i.e. ¥ = w3 in (3.2). This
means there is a codeword ¢ = (¢, ..., ¢,—1) € C+ with ¢y = Cn = Cam = 1. Note that

c has exactly % shifts and A3 = %. Therefore, all of the weight 3 codewords in ct

5
must have coordinates in F,. Equivalently, there exists no x € Fom\F, which solves
(3.2) for any ¢t = 1,2,4,8 (mod15). However, foe a primitive elements 3 for Fig with
p* = B+ 1 (hence 3 € Fi6\Fy), it is easy to show that 3 is solution to (3.2) for all
t=1,2,4,8 (mod15), which gives a contradiction.

Case 2t =7,11,13,14 (mod15) Note that each of the weights w; = 27! — 2m/2,

wy = 21wy = 21 4 2™/2 in C is are divisible by 2% . Using McEliece’s theorem,
we will show the impossibility of this. Let us take m = 4k. The nonzeros of C are the
elements w= w=% for i € {1,2,4,...,2™ 1} where w is a primitive element of Fym. So

if we can find 7 = 2k integers in the set
{1,2,4,...,2m72 2™ ¢ 2¢,4¢, ..., 2" 't}

that sum up to 0 mod (2™ — 1), we will conclude by McEliece’s theorem that the
highest exponent of 2 that can divide all of the weights in C'is (%3 —1). Note that the
congruence 2"t = —1 (mod 15) has a unique solution for ¢ since (2%,15) = 1. Here are
the solutions:

For u =0 (mod4), t = 14 (mod15),
For u =1 (mod4), t =7 (mod15),
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For u =2 (mod4), ¢t = 11 (mod15),

For u = 3 (mod4), t = 13 (mod15).

Consider the following sum of 3 = 2k integers,

1424498 ¢ 4 9Mk=1) | guy y gutdy | guisy 4 gutd(k—1)y

= (142u)(1+2" 428 + ... 4 21k70)
2% 1

=1)

0 mod (2™ — 1)

= (1+2u)(

provided that 2%t = —1 (mod15).
Choosing v = 0,1,2,3 (mod 4) and ¢ = 14, 7,11, 13 (mod 15) respectively we obtain

the desired result for each ¢ in this case. O

3.2 On Helleseth’s Conjecture

In his classical paper [8] from 1976, Helleseth conjectured that if m is a power of 2,
then there are no pairs of binary m-sequences with a 3-valued crosscorrelation function.
Equivalently, there is no binary cyclic code C' of length n = 2™ — 1 which contains the
simplex code and which has 3 weights of the form 2m~! — A 2m~1 9m=1 1 B 1In this
section, we will present a proof for this conjecture in the case A = B, i.e. symmetric
weights or correlation values. The proof is due to Calderbank, McGuire, Poonen, and

Rubinstein (|1]). Before, we need a definition.

Definition 3.2.1. Let a = > a;2" and b = >_ b;2" be the binary expansions of a and
b. Two binary expansions (a;), (b;) are said to be disjoint if (a;,b;) # (1,1) for any i
and binary expansion of (a;) covers (b;) if (a;,b;) # (0,1) for any i.

Remark 3.2.1. For two disjoint binary expansions (a;), (b;) we have w(a+b) = w(a)+
w(b), where w(a) and w(b) is the number of nonzero terms in the binary expansion of

a and b respectively.

Theorem 3.2.1. If m is a power of 2, then there are no pairs of binary m-sequences

of length n = 2™ — 1 with crosscorrelation values —1,—1 + 2D .

Proof. Let C' be the binary cyclic code of length n = 2™ — 1 whose dual is generated

by h(x) = mq(xz)m(x), where (t,n) = 1. Assume that the crosscorrelation function
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assumes the values —1, —1 + 2D which implies that the corresponding cyclic code C
has weights w; = 2™ ! — D, wy, = 2™ 1 w3 = 2™ 1 + D. Let Ny, Ny, N3 be the number
of codewords with weights w;, wo, w3 respectively. Then the weight enumerators of C
and C* are

B(z) = 14 Nyi2"* + Npz"? + N3z and > A2".

When we write the first 4 Pless power moments for n = 2™ — 1, we obtain

N1+N2+N3+1 = 22m’
1—|—w1N1+w2N2—|—w3N3 == 22m_1(n—A1),
1 + w12N1 + U)22N2 + w32N3 = 22m—2 [n(n + ]_) — 27’LA1 + 2142] s

14+ wiB Ny +wo Ny + w3 Ny = 22m=3 [nQ(n +3) — (3n® 4+ 3n — 2)A; + 6nAy — 6A3} .

We have A = Ay = 0 for C* since C* is a subcode of the binary Hamming code,

whose minimum distance is 3. Hence,

Ni+Ny+ Ny = 221,
1 + w1N1 + w2N2 + ngg = 22m_17’L,

1+ wi>Ny +wo? Ny + ws? Ny = 22" n(n +1).

After finding Ny, No, N5 and substituting in the 4" Pless power moment we obtain

(27— 1)(D? — 27Y)

A =
’ 3. gm-1

This implies that 2™~ divides D?. Since m is even, we conclude that 2% divides D.
So all the nonzero weights w; = 2™ 1 — D, wy = 2™ 1wy = 2771 + D in C will be
divisible by 2%. (Note the similarities with the Case 1 in the proof of theorem 3.1.1).
Now McEliece’s theorem will be used to derive a contradiction to this conclusion. That
is we will find at least one weight in C which is not divisible by 2% . To show this we
need to find % integers from the set S = {1,2,4,...,2™71 ¢, 2t 4t,...,2™ 't} that sum
up to 0 mod (2™ —1).

Let m = 2°. In fact it is enough to find 2 < r < s and elements «; € S with
i=1,...,2""! such that

oy + g+ ...+ a1 =0 mod (2% —1).
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To see why, note that for r < s, if

a4+ g+ ... + a1 = 0mod (2% — 1),

s—1
then (H(QQJ + 1)) (a1 4 g + ... + agr—1) = 0 mod (225 ).

j=r
Note that this product expresses 0 as a sum of (25717"H1)(2771) = 2571 = 2 elements

from the set S.

Let M = 277! denote the power of 2 such that t = 2/ mod (2™ — 1) for some j,
but t Z 2! mod (22 — 1) for any . From the previous observation we need to find
M = 2~V integers oy, o, ..., ayy from the set S such that

M

> a;=0mod (2 —1).
=1

For the positive integers a and b with binary expansions
Z aiQi and Z b12’,
i i

assume that the following holds:

1 if 2%t € {ay,q9,...,q90-1}

0 otherwise

1 if 20 € {041,@2,...,@2r—1}
0 otherwise.

This implies that

M
Y ai=> a2t+) b2 =0mod (2°M —1).
=1

Thus we have at +b =0 (mod 22" —1). After these observations, it will be enough to
find integers a, b with at+b = 0 (mod 22" —1) and w(a)+w(b) = M, to apply McEliece’s
theorem to show that there is at least one weight in C' which is not divisible by 2% . The
integers a, b will be represented with the binary vectors (a;), (b;) respectively. Since the
code C' is determined by the cyclotomic coset Cl(t), by replacing ¢ with 22"=7¢ we may
suppose that t = 1 mod(2" — 1). Thus,

t=1+k2Y +1) mod(2* — 1)
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for some 1 < k < 2™ 4+ 1. Consider the first M terms in the binary expansion for k — 1
and 2 — 1 — (k — 1), then we have
M-1

M—1
Z ;2" and Z(l —¢;)2'
=0 =0

respectively, that is the first M terms in the binary expansion of £ — 1 are the com-
plements of the first M terms in the binary expansion of 2 — 1 — (k — 1). Since
kE—1<2™ —1, the 1’s in the binary expansion of k — 1 occur in the first M terms.
From

kM — 1) =2k -1+ 2" -1 - (k- 1)),

we observe that the binary expansions of 2™ (k — 1) and (2 — 1 — (k — 1)) are disjoint
and since multiplying (k — 1) with 2™ will just shift the terms ¢; to ¢, we have
w(k(2M — 1)) = M. After this observation it will be enough to find a and b with

disjoint binary expansions, such that
a+b=Fk2" —1) and k(a+ 1) = 0 mod(2™ +1).
Disjoint binary expansions of a and b will imply that
w(a+b) = wk2M - 1)) = w(a) + w(b) = M.
Moreover k(a + 1) = 0 mod (2" + 1) will imply,

at +b a+b+ak(2” — 1) mod (22 —1)

k(2™ —1)(a+ 1) mod (2°M — 1)

0 mod (2** —1)

Now let 2" be the highest power of 2 dividing k — 1. The integers a and b are chosen
as a =2M+h 4 9" — 1 and b = k(2™ — 1) — a. Then first of all we have

k(a+1) = k2"(2M™ 4+ 1) = 0 mod (2™ +1).

Since binary expansion of a = 2M+h 4+ 2" — 1 is covered by k(2™ — 1), a and b have
disjoint binary expansions which implies w(a+0b) = w(a) +w(b) = w(k(2™ —1)) = M.
To sum up we found M = 27! elements o, s, ..., apr from the set S which sum up to

zero modulo 2" — 1, then these M elements are used to obtain the congruence

(ﬁ(22j + 1)) (Oél + Qg+ ...+ 042,,.,1> =0 mod(zzs _ 1)

j=r
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which expresses zero as a sum of % elements of S. Thus, by using McEliece’s theorem we
conclude that there must be at least one codeword in C' whose weight is not divisible
by 2% which is a contradiction to the fact that all the nonzero weights in C are

wy =271 — D wy = 2™ wy = 2™ + D are divisible by 2% . O
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CHAPTER 4

THE WELCH CONJECTURE

Two of the most important conjectures on m-sequences were finally proved in the
beginning of this century. These are Niho and Welch conjectures. Both of them are
about decimations yielding 3-valued crosscorrelatin function. Namely, Niho conjecture
states that for odd n, say n = 2m +1 and d = 2" +2" — 1, where 4r +1 = 0 (mod n),
the crosscorrelation function between a binary m-sequence of length 2" — 1 and its
decimation by d takes on the three values —1, —142""1 whereas the Welch conjecture
states the same conclusion for n = 2m + 1 and d = 2™ + 3. Niho’s conjecture was
proved by Hollmann and Xiang in [9]. In this paper they also gave a proof of the
Welch conjecture. Independently, Canteaut, Charpin, and Dobbertin proved Welch’s
conjecture in [2]. In this chapter we will present the latter proof of the Welch conjecture.
In fact Canteaut, Charpin and Dobbertin proves that the powers functions z¢ on Fan are
maximally nonlinear which is equivalent to Welch conjecture. Therefore, by presenting
this proof we will be able to relate the crosscorrelation of binary m-sequences to yet
another topic.

As in the proofs of the conjectures in Chapter 3, McEliece’s theorem plays a major
role in the proof of the Welch conjecture. The proof also relies on some earlier work of
the authors. We particularly refer to [3], [4], [7] for a more comprehensive understand-
ing of the subject. Finally throughout this chapter T'r represents the trace map from
Fy» to Fy where n = 2m + 1.

4.1 Maximally Nonlinear Power Functions
In this section we introduce the basic notions and facts that are needed to for the proof
of the Welch’s conjecture.

Definition 4.1.1. A mapping F : Fon — Fon is called almost perfect nonlinear (APN)
if every equation

Fla+t)+ F(t)=b(ae F, be Fan)
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has at most two solutions ¢ in Fyn.

Note that if F(a +t,) + F(t,) = b, then F(a + (a +1t,)) + F(a +t,) = b as well.

Hence the above equation has either no solution or exactly two solutions.

Definition 4.1.2. The Walsh transform f" of a Boolean function f : Fon — Fy is
defined by

fW(a) _ Z (_1)Tr(f($)+TT’(a$))'

z€Fon

The values f(a) are called the Walsh coefficients of f.

Remark 4.1.1. If | f"(a)| is "large" the values of f(z) agree with Tr(az) (if fV(a) >
0) or Tr(az)+1 (if fV(a) < 0) for many x € Faa. In other words, f is well approximated

by a linear function.

This remark motivates the following notion:
L(f) =max{|f"(a)| : a € Faon}

Note that if £(f) is "small", the Boolean function f is far from being linear, i.e. it is

nonlinear. Now, we define the similar notions for a function F': Fon — Fan.

Definition 4.1.3. The Walsh transform of F' : Fon — Fon is the collection of all Walsh
transforms of fs(x) = Tr(sF(x)), s € F;..

Furthermore, we set
L(F)=max{L(fs):s € F3.}.

Definition 4.1.4. The function F' : Fon — Fan is said to be maximally nonlinear if it

attains the minimal possible value for L(F).

For n = 2m + 1 this minimum is known to be 27! Furthermore we have the

following (see [5], [6]).

Theorem 4.1.1. Forn =2m + 1, F : Fon — Fon is mazximally nonlinear if and only
if the set of values attained by the Walsh transform W(F) = {0, £2™}. Moreover, if

F' is maximally nonlinear then F is APN.

In the remaining of this section we will show the relation between the Walsh spec-
trum of power functions and the crosscorrelation of binary m-sequences. Consider the
Walsh transform of the power function F(x) = 2% where (d,2" — 1) =1,

= 3 (e,

z€Fon
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Since (d,2" — 1) = 1, s = (s')? for some s € F5,. Thus we have sx? = (s'z)?. Now
by writing ax = as'(s') "'z, and setting a(s')! = b, we have ax = bs'z. As z runs

through Fan, so does y = s z. Therefore by substituting y instead of s'z, we have

f¥(a) = D (=)o

yE]FZn

where b = as’ = a/s € Fon. Note that for b = 0, fV(b) = 0. Recall the crosscorrelation
function between an m-sequence and its d* decimation is given by

2" -2

Ou(l) = Y (~1)Tre = e {0,1,..,2" 2}

i=0
where avis a primitive element of Fon. Note that as [ runs through the set {0, 1, ..., 2" — 2},

o' runs through all the nonzero elements in Fon. Hence

1+ 04(1) = ¥ (a),
for a = a!\/s € Fyn. Hence we have proved the following:

Theorem 4.1.2. Let ' : Fon — Fan be the power function F(x) = 2%, where (d,2" —
1) = 1. Then the Walsh spectrum of F and the crosscorrelation function between a

binary m-sequence of length 2" — 1 and its d* decimation are related by
{Oal)+1: 1=0,...2" =2} ={f(a): a,s €Fom}.

Thus, Theorem 4.1.1 can be revised for power functions as follows:

Corollary 4.1.1. A power function F(z) = x¢

18 mazimally nonlinear if and only
iof the crosscorrelation function between a binary m-sequence of length 2™ — 1 and its

decimation by d takes on exactly the three values —1, —1 & 2™ where n = 2m + 1.

4.2 Proof of the Welch Conjecture

In 1968, Welch conjectured that the power function z? for d = 2™ + 3 is maximally
nonlinear or in other words the crosscorrelation function between a binary m-sequence
u of length 2" — 1 and its decimation v by d = 2™ + 3 takes on exactly the three values
—1,—142m* In this section, we will present a proof of this conjecture which is due
to Canteaut, Charpin, and Dobbertin [2]. The power functions z¢ where d = 2™ + 3,
m odd are called Welch power functions. An important step towards the verification

of Welch’s conjecture is an earlier result of Dobbertin [7]:
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Theorem 4.2.1. Welch power functions are APN.

Recall that APN property was implied by maximal nonlinearity. Exact converse
of this statement is not true. However, with an extra condition we will be able to write

an almost-a-converse statement to this fact. First we need a lemma.

Lemma 4.2.1. If 2¢ is APN then the sum of fourth powers of all Walsh coefficients

of Tr(z?) is equal to 237+,

Proof.

Z (f" (a))* = Z ( Z (_1)Tr(aac+xd)>4

a€lFgn a€Fon zE€Fon

— Z ( Z (_1)TT(JCd-I—yd—i-zd-‘rwd+a(ac+y+z+w)))

a€lFon  z,y,z,wEFon
_ Z (_1)Tr(:vd+yd+zd+wd+a(a:+y+z+w))

a,x,y,2,weFan

— Z (_1)TT(xd+yd+zd+wd) Z (_1)T'r(a(x+y+z+w)).

z,y,z,wEFon a€lFon
If z+y+2z+w # 0 then as a runs through the elements of Fan so does a(z+y+ z+w).

By the properties of canonical additive character, we have

Z(—l)ﬂ(“(”“”“’)): 0 fex4+y+2z4+w#0
a€Fan 2" fr+y+z+w=0

Hence replacing w with x + y + z, we obtain
N B W
a€lFon z,y,2€Fon

Splitting this sum into two parts for the cases z = 0 and z # 0, we get

Z (fw(a))4 =2" ( Z (_1)TT(Zd+yd+(:c+y)d)>

a€Fon z,y€Fon

4on Z Z(_1)Tr(zd((w/z+y/z+1)d+(:v/z)d+(y/z)d+1))

xvyeFQ'" ZE]FS’II

— on ( Z (_1)Tr(zd+yd+(m+y)d) . 2271) +on < Z (_1>Tr(zd((u+v+1)d+ud+vd+1))>

z,y€Fon u,v,z€F9n

where u = £ and v = £. Now (u+v+ 1) +u? +v?+1 = 0 if and only if either u = v

d d d d
1 1 U U
+1) + = +1) +
uU—+v u—+v U—+v U+ v
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which is obtained by dividing all terms by (u + v)d. Since the power function 29 is

APN (z + 1)¢ + 2¢ = ¢ will have at most two solutions. However for ¢t = u_-lw and

t1 = 445 we would have 4 different solutions, so we must have either u = 1 or v = 1.

The number of pairs satisfying u = v oru=1orv=1is3- (2" — 1)+ 1. So, we have

D (Tl — gz (20— 1) + 1)

u,v,2€Fn

Similarly, split the following into two sums depending on y = 0 or y # 0

Z (_1)Tr(xd+yd+(x+y)d) _ Z(_1>Tr(2:cd)+ Z (_1)Tr(y‘i(1+(§)d)+(1+§)d)

z,yEFon zE€Fon z€Fgn,y€Fy,
d d d d
_ 2 : (_1>Tr(21 ) on 4 2 : (_1)Tr(y (1+u®+(14u)?))
IEFQTL u,yE]FQn

where u = #. Now since 2% is APN the equation u” + (1 + u)? = 1 has at most two

solutions for v which are u = 0, 1. Therefore

Z (_1)Tr(acd+yd+($+y)d) — 2n+1 and Z (fW(CL))4 _ 23n+1.

x,yEan aeFQ"

]

Remark 4.2.1. This result can also be obtained by replacing f"(a) by 6,.,(l) + 1
and calculating 37 ?(04(1) + 1)* as in Chapter 2.

Now we are ready to prove the "converse" of the Theorem 4.2.1.

Theorem 4.2.2. For an APN power function x? if all Walsh coefficients of Tr(x?)

are divisible by 2™, then x? is mazimally nonlinear.

Proof. Let W; denote the sequence of absolute values of Walsh coefficients occuring in
the Walsh spectrum of Tr(z?) for i = 0,1,...,k — 1. Now by assumption all Walsh
coefficients of Tr(z?) are divisible by 2m*1. So let W; = 2™V, where V; = 1 since
+2m~1 is in the Walsh spectrum of F and V; > 1 for 1 < i < k. Suppose that each W;

occurs ); times. Now if ¢ is APN, then by Lemma 4.2.1 we have

Z )\ZVVZ4 _ Z )\i24m+4%4 _ Z /\i22n+2‘/i4 _ 23n+1.
i<k i<k i<k

By Theorem 2.1.1 and Corollary 2.1.1,

i (04(1) +1)* = i (©4(1)* +204(1) + 1)
o



Thus, we have

Z)\zm2 _ Z)\iQn+1‘/i2 _ 2277,‘

i<k i<k

YAV =D AV

i<k i<k

Therefore,

or equivalently

>NVt -V =o.

1<i<k
Since V;* — Vi > 0 for all 4 > 1, we must have \; = 0 for all i > 1. Thus W (z%) =

{0,4£2™*1} and hence 2% is maximally nonlinear by Theorem 4.1.1. [l

To prove Welch’s conjecture it remains to show that all Walsh coefficients of T'r(z¢)
are divisible by 2™ %1, This is equivalent to showing that ©4() + 1 is divisible by 2™
forall { =0, ...,2" — 2, for a binary m-sequence of length 2" — 1 and its d** decimation.
Hence the weights of every nonzero codeword ¢ € Cid will be divisible by 2™, where
Ch.q is the cyclic code of length 2" — 1 with the generator polynomial my(z)ma(z).

Using McEliece’s theorem this corresponds to showing for all nonzero a < 2" — 1,
wy(a) + wy(—ad) > m+1

is satisfied. Now for a = a'mod (2" —1) we have w,(a) = w(a’) where w(a') denotes the
the Hamming weight of binary expansion of a’. Hence, to show that the Welch power

4 is maximally nonlinear, we have to verify that for all nonzero a < 2" — 1,

function
we have

wy(a) + wy(—ad) > m + 1.

Since for all nonzero z, we have w,(—x) = 2m + 1 — w,(z), the above statement is

equivalent to

wy(ad) — wy(a) < m. (4.1)

We can assume that w,(a) < m. In fact, there exists a pair of integers i, 7 +m (mod n)
such that a; = a;,,, = 0, since otherwise we would have w,(a) > m + 1. Represent the
element ¢ in the form

a=>b+2""c

where b < 2™ and ¢ < 2™, We have

ad = 2™ (b + 6¢) + 3b + 22" t¢,
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that is
ad = (3b+¢) +2"(b+ 6¢) mod (2" —1).

Also recall that for arbitrary integers z, v,
w(z +y) < w(z) +w(y),

where equality holds in the case x and y have disjoint binary expansions. This state-
ment also holds for w,, with x,y < 2" — 1. Define a function H for arbitrary integers

(finite bit strings) B, C' as
H(B,C)=wBB+C)+w(B+6C)—w(B)—w(C).

By the choice of integers b < 2™ —1 and ¢ < 2™~ ! —1, b and 2™ "¢ have disjoint binary
expansions. Therefore

wp(a) = w(b) + w(c).

For ad = (3b+ ¢) + 2™(b + 6¢) mod (2" — 1), we have
wp(ad) < w(3b+ c) +w(b+ 6c).
Hence, (4.1) can be written as
wy(ad) —w,(d) < H(b,c). (4.2)

We will try to prove (4.2) in the rest of this section. First technical lemmas are needed.

We refer to |2] for their proofs.

Lemma 4.2.2. Let
B = B5B4BgBQBlBO and C = 050403020100.
be bit strings of length 6, that is integers less than 64.

i) Then there is some nonzero r < 6 such that

H(Br_l...Bo, OT—I"'CO) S T.

ii) If By = Cy = 1 then there is some nonzero r < 6, such that

H(B7._1...Bg, CT_l...O()) <.

For 7-bit strings B = BgBsB4B3sByB1 By and C = CsC5C1C3C,C1Cy,
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iii) If (By, Co) = (1,0) then there is some nonzero r <7, with
H(By_1...By, Cy_1..Co) < 7,

or there is some nonzero r < 6 with
H(B,_1...By, Cy_1..Co) =7

and (B, C,) # (1,0).

Lemma 4.2.3. Let s > 1. Let
B - Bsfl...Bo

C - Cs—l-'-CO

be bit strings of length s, that is integers less than 2°.

i) Then
H(B,C) <s+2

and H(B,C) = s+ 2 implies By = 1, Cy = 0.

ii) If Bs-1 =1 and Cs_1 =0 then
H(B,C)<s+1

and H(B,C) = s+ 1 implies By # Cy.

iii) If s > 2, Bo.1 =1, and Cs_1 = Cs_5 =0, then H(B,C) = s+ 1 implies By = 1,
Co=0, and 3B + C < 25+1,

We are ready to finish the proof of Welch’s conjecture.

Theorem 4.2.3. For the Welch power functions x%, all Walsh coefficients of Tr(x?)

are divisible by 2m+1,

Conclusion of the proof of Theorem 4.2.2. Recall that we reduced the proof to
proving (4.2). We study 4 cases:

Case 1 Assume for b,c we have 27! < b < 2™ and 272 < ¢ < 2™ !, Since
b<2"—1and ¢ < 2™ ! —1 we have b,,_; = 1 and ¢,,_; = 0 which corresponds
to the case (ii) in the Lemma 4.2.3, so we have H(b,c¢) < m + 1. Now suppose that

H(b,c) =m + 1. Since b > 2™ and ¢ > 2™72, b+ 6¢ > 2™ we have
ad = (b+ 6c— 2™1)2™ + (3b+ ¢+ 1) mod (2™
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which implies that
wy(ad) < w(b+6c— 2™ + w3b+c+1)

Moreover since 2™ < b+ 6¢ < 2™+2 we have w(b + 6¢ — 2™) = w(b + 6¢) — 1. By
the same lemma case (ii) for H(b, ¢) = m + 1 we have by # ¢y, which implies that 3b+¢
is odd. Thus, w(3b+ c+ 1) < w(3b+ ¢). For H(b,c) = m+ 1, by combining above
results we obtain

wy(ad) < w(b+6¢) — 1+ w(3b+c)
and since H (b, c) = w(b+ 6¢) + w(3b+ ¢) — w,(a) we have
wy(ad) < H(b,¢) + wy(a) — 1,
which implies
wy(ad) —wy(a) < H(b,c) —1 < m.

Case 2 Assume for b, ¢ we have 21 < b < 2™ and ¢ < 2™ 2. Now since b < 2™ — 1
and ¢ < 22 — 1 we have b,,_1 = 1 and ¢,,_1 = ¢,,_2 = 0. This corresponds to case
(iii) in Lemma 4.2.3, thus we have H(b,c) < m+ 1. Suppose that H(b,c) = m + 1,
then the same case implies that by = 1, ¢y = 0 and 3b+ ¢ < 2™+, For the values b and
c given, we have 3b 4 ¢ > 2™, thus w(3b + ¢ — 2™) = w(3b + ¢) — 1. Since by = 1 and
co =0, b+ 6¢ is odd. Therefore w(b+ 6¢+ 1) < w(b+ 6¢). By writing,

ad = (b+6¢c+1)2™ + (3b+c—2™) mod (22! — 1),

we obtain

wy(ad) <w(b+6c+1) + w(Bb+c—27).

By using the above results we have
wy(ad) < w(b+6¢) + w(3b+c¢) —1,

wy(ad) < H(b,¢) + wy(a) —1,

and thus

wp(ad) — wy(a) < m.

Case 3 Assume for b,c we have b < 2™ ! and ¢ < 2m~2. Now if also b < 2m2,
by case (i) of Lemma 4.2.3, we have H(b,c¢) < m and since w,(ad) — wy(a) < H(b,c)

we are done. If for b we have 2™ 2 < b < 2™~!  then b,,_» = 1 and ¢,,_» = 0 which
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corresponds to the case (i) of Lemma 4.2.3, where we have H(b,c¢) < m, and by
wp(ad) —wy(a) < H(b, c) we obtain the result.

Case 4 Assume for b, ¢ we have b < 2™~ 1 and 2™ ! < ¢ < 2. Now define ¢  as
a = 2" "a mod (27! — 1) = 2™ 4+ 2c.
Now for 2¢, we have 271 < 2¢ < 2™, Set 2¢ = [. Consider
a'd= 02>+ + 2™ (1 + 6b) + 3
and the congruence
ad=(b+3l—2m) + 2™(1+6b+1).

Since b < 2™~ and 2™7! <[ < 2™ we have b,,; = 0 and [,,_; = 1, so by case (ii)
of Lemma 4.2.3 we have H(l,b) < m + 1. Suppose that H(l,b) = m + 1, by the same
case we have by # co, which implies that [ + 6b is odd, thus w(l 4+ 6b+ 1) < w(l + 6b).
Note that we have b+ 30 > 2™ so w(b+ 3l —2™) = w(b+ 3[) — 1. From the congruence

above we obtain,
wy(a'd) < wb+31—2™) + w(l+6b+1).
When we combine the results stated above we have,
wy(a'd) < w(b+3l) +w(l+6b) —1.

Recall that H(I,b) = w(3l 4 b) + w(l + 6b) — w(b) — w(l) and @’ = b2™*+! + 1. We have

wy(a’) = w(b) + w(l) since the binary expansions of b2™+! and [ are disjoint. Thus,

wn(a/d) < H(l,b) + wn(a/) -1,

!/

wy(a'd) — wy(d) < m.

Finally using the relations,

!

) = wy(a)

wy(a'd) = wy(ad) and wy,(a
we conclude that
wy(ad) — wy(a) < m.

Combining Theorem 4.2.3 with the fact that Welch power functions are APN, and
using Theorem 4.2.2, we conclude that Welch power functions are maximally nonlinear.

As explained before this is equivalent to the validity of Welch’s conjecture.
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