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Abstract

Metals and ceramics are the two widely used materials in naval, aerospace, and struc-
tural engineering due to their high stiffness/weight ratio and design flexibility. However,
their vulnerability to the occurrence of micro/macro cracks limits their potential and usage
for the critical engineering applications. One way to improve the capabilities of metals
and ceramics against crack occurrences is the implantation of the local weak zones into
the material. Nevertheless, numerical analysis of such domains become quite challeng-
ing due to the simultaneous interactions of multiple interfaces, discontinuities, and phase
changes. This study aims to systematically analyze the effects of different local weak
zones on the behavior of the crack and the global toughness of homogeneous and graded
materials. The realms of this thesis are assessed in two articles with an improved peridy-
namic formulation for precise modeling of interfaces.

In the first paper, traditional peridynamic formulation is used to simulate the effects
of the shape and locations of stop-holes on crack dynamics in homogeneous materials.
Various combinations of stop-holes are analyzed under tensile and shear loadings while
comparing their toughening effects. In the second paper, an improved formulation of
peridynamic is proposed for graded composites by considering the interface and multi-
scale effects, through introducing the dominancy rate parameter.

Overall, this study provides a unique contribution to the existing state of the art in
terms of proposing a novel peridynamic methodology which can handle modelling of
sharp transitions in material properties as well as suggesting numerically validated new
toughening configurations for different materials.
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Özet

Metaller ve seramikler, yüksek sertlik/ağırlık oranı ve tasarım esnekliği nedeniyle deniz-
cilik, havacılık ve yapı mühendisliğinde yaygın olarak kullanılan iki malzeme çeşididir.
Bununla birlikte, mikro/makro çatlakların oluşumuna karşı dirençsizlikleri, potansiyel-
lerini ve kritik mühendislik uygulamaları için kullanımlarını sınırlar. Metallerin ve seramiğin
çatlak oluşumuna karşı özelliklerinin geliştirmesinin bir yolu ise malzemeye yerel za-
yıf bölgelerinin yerleştirilmesidir. Buna ek olarak, bu tür komplike ortamların sayısal
analizi, çoklu arayüzlerin, süreksizliklerin ve faz değişikliklerinin eşzamanlı etkileşimleri
nedeniyle oldukça zor hale gelir. Bu nedenle, bu çalışma, farklı yerel zayıf bölgelerin
çatlak davranışı ve malzemenin genel dayanıklılığı üzerindeki etkilerini sistematik olarak
analiz etmeyi amaçlamaktadır. Bu çalışmanın içeriği, arayüzlerin hassas modellenmesi
için geliştirilmiş bir peridinamik formülasyonu ile iki makalede değerlendirilmiştir.

İlk makalede, homojen malzemelerde durdurma deliklerinin çatlak dinamiği üzerindeki
etkileri, geleneksel peridinamik kullanılarak analiz edilmiştir. Çeşitli durdurma deliği
kombinasyonları, sertleştirme etkileri karşılaştırılarak çekme ve kesme yükleri altında
analiz edilmiştir. İkinci makalede ise, baskınlık oranı parametresi tanıtılarak, çoklu malzemeli
ortamlarda, yani fonksiyonel olarak kademelendirilmiş malzemelerdeki arayüz ve çoklu
ölçekli etkiler dikkate alınarak geliştirilmiş bir peridinamik formülasyonu önerilmiştir.

Genel olarak, bu çalışma, malzeme özelliklerindeki keskin geçişlerin modellenmesinin
yanı sıra farklı malzemeler için sayısal olarak doğrulanmış yeni sertleştirme mekaniz-
malarını öneren yeni bir peridinamik metodolojisini sunmak açısından mevcut literatür
durumuna benzersiz bir katkı sağlamaktadır.
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1 | Introduction

As the demands for light-weight material has increased in various engineering fields,
toughness enhancement has become quite critical in a wide range of materials that are
either operating at room temperature or elevated thermal conditions. An engineering
component is expected to have enough endurance against any kind of load during its op-
erational life. Nonetheless, depending on the environmental/operational conditions of an
engineering structure, load-bearing components of the structure may experience extreme
loading circumstances, which can lead to the development of the so-called micro-cracks.
The coalescence and growth of these micro-cracks form various macro-cracks, eventually
causing the complete failure. A major concern for such kind of failure is their high growth
speed, which bears a potential risk to human safety and may cause crucial financial losses
[1–3]. Toughening models, such as micro-crack toughening [4–7], internal void features
[8–10], and different material phases[11], are the cheapest and effective ways to reduce
the risk of failure and increase the material toughness against crack propagations [12–14].
However, most of the numerical works on these methodologies are carried out using the
conventional approaches, i.e., models based on classical continuum mechanics (CCM).

CCM formulations are constructed with the assumption of continuity, which concludes
that the body remains continuous as it deforms. Despite its long success in terms of
modeling certain physical phenomena, there well-known drawbacks of CCM exist in the
problems involving damage occurrence(s), discontinuities, internal features and multi-
scale effects. The formulations in CCM are governed by the derivatives of displacement,
which remain unknown at the crack-tip and discontinuity regions, thereby resulting in
crack-tip singularity problems [15]. Even though there are many suggested solutions to
the particular problems of this nature [16–18], they still suffer from dependency to exter-
nal variables and/or extra partial differential equations which cannot mitigate the require-
ment of additional treatments. In complex problems, such as toughening mechanisms
with internal features and different phases, the dependency of the governing equation on
external variables may be problematic and might generate non-physical results. Besides,
a predefined crack is needed in CCM to model the damage propagations, which may not
always be the case. These shortcomings of CCM can be readily addressed by utilizing
the Peridynamic (PD), i.e., a robust non-local approach [19]. The equation of motion
in PD is in the integral forms of displacements, thereby enabling PD to be applicable to
the discontinuity regions with no further treatments. Due to its advantageous capabilities
in modeling fracture and damage propagations, the PD theory has gained notable inter-
est and dedication of researchers in a short period of time and was rapidly developed to
model different kinds of problems, including; application of PD to various homogenous

2



Chapter 1. Introduction

and non-homogenous materials [20–25], Multiphysics [26, 27], optimizations [28–30],
micro-crack toughening models [31] and so on [32, 33]. Despite its extensive usage in
many disciplines and various problems, there no study exists regarding the application of
PD in toughening mechanisms using internal features, such as holes and different material
phases. In addition, no research has been found on the numerical toughening mechanisms
of multi-material media, i.e., functionally graded materials (FGMs).

Numerical modelling of multi-material media and toughening mechanisms of func-
tionally graded materials are quite challenging due to the presence of non-homogeneous
property variation and multiple interfaces. Only recently, Chen et al. [34] proposed a
bond-based peridynamic (BB-PD) model for FGMs to simulate dynamic crack propaga-
tions. The proposed model takes into account the properties of the bonds (elastic relations)
between material points regardless of their decoupled distortional deformation states [19],
thereby restricting its application to materials with Poisson’s ratio of 1/3 only. This issue
was later circumvented with the development of the Ordinary State-Based Peridynamic
(OSB-PD) formulations for FGMs by Ozdemir et al. [35]. Perhaps one of the main issues
of the above two models is the assumption by which the properties of the PD-bonds are
driven. In both models it is assumed that the properties of a bond are equally affected
by the properties of the constituent material points, which may not physically be accu-
rate. Such an assumption also contradicts the multi-scale nature of PD: as the scale of
the problem changes, expectedly the ratio of energy induced by the points on the bonds
should change as well. Furthermore, in the traditional PD formulation for FGMs [34, 35],
the properties of a bond is calculated by taking the arithmetic average of the properties
of the constituent points. However, if a material point is set to represent near-void prop-
erties (with extremely low elastic modulus), the traditional approach would not warrant
a zero strain-energy between the void and normal points. Although the existing models
can capture certain behaviors of low gradient FGMs with an acceptable accuracy, they
fail to handle internal void features, sharp transitions of the material properties or higher
gradient FGMs. As the numerical toughening models in this study contain sharp mate-
rial transitions, phase changes, and interfaces, we shall firstly develop a model which can
simulate these effects accurately.

Therefore, in this thesis, the above gaps in the literature of toughening mechanisms
and peridynamics for homogeneous and functionally graded materials are addressed as
follows:

(i) In the first paper, the traditional OSB-PD formulation is used to introduce a numer-
ical toughening mechanism for brittle homogenous materials under in-plane shear
and tensile stresses. The mechanism is enriched with the linear and non-linear com-
binations of internal features, i.e., stop-holes. The proposed methodology is shown

3



Chapter 1. Introduction

to be highly effective in decreasing the cost and increasing the overall toughness,
given that the presence of a perforation (i.e., stop-hole) can reduce the weight of the
structure and material costs.

(ii) In the second paper, an improved OSB-PD formulation is proposed by considering
the multi-scale effects, high material gradients, interfaces and the sudden changes in
material properties. A dominancy rate parameter is introduced into PD literature to
accurately model the aforementioned effects in FGMs. Moreover, as an application
of the present formulation, a novel numerical toughening model is presented to
enhance the properties of FGMs against crack propagations.

The related publications of this study are provided in Chapter 3 and 4 along with the
shortened relevant literature reviews and conclusions. Moreover, the generalized form
of the improved peridynamic formulation, used in Chapter 4, is given in the proceeding
chapter with the necessary links to Chapter 3.
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2 | Peridynamic Formulations for Multi-material media

Peridynamics (PD) is a mesh-free approach originally introduced by Silling in 2000
[19]. The PD approach is referred to as the non-local form of classical continuum mechan-
ics (CCM) or the shrunken form of molecular dynamics, which uses integro-differential
equations rather than the classical spatial derivatives of stress components, thereby, mak-
ing it ideal for fracture mechanics problems. A continuum in PD is modelled as a set
of infinitesimal volumes (material points) interacting with each other in a non-local form.
The range of the interactions is named as horizon, δ , and the interactions are called the PD
bonds. Horizon is generally taken as δ = 3∆x, in which ∆x is the material point distanc-
ing. All the points located within horizon of a point, e. g., point x, constitute its family,
Nx. For a three-dimensional continuum, Nx is a spherical domain of material points with
a radius of δ , while it reduces to a circular set in a two-dimensional case which can be
written as:

Nx = Hx +Xx +Mx (2.1)

for a multi-material continuum, i.e., functionally graded materials (FGM). Here, Hx, Mx,
and Xx are, in turn, the domain of the points possessing equal, lower, and higher prop-
erties than that of point x in terms of elasticity, as depicted in Fig.2.1. All the bonds
in PD apply pair-wise forces on their dual material points when subjected to a displace-
ment gradient. In bond-based peridynamics (BB-PD) these pairwise forces are assumed
to have opposite directions and equal magnitudes while in ordinary-state-based peridy-
namics (OSB-PD) their magnitudes are taken to be different. This of course enables
OSB-PD to be applicable to more general cases such as problems undergoing volumetric
and decoupled distortional deformations. The governing equation of motion for FGMs in
OSB-PD can be written in the integral form of displacements as follows:

ρ(x)ü(x, t) =
�

Nx

[
tP (u′

N
−u,x′

N
−x, t)− t′

P
(u−u′

N
,x−x′

N
, t)
]

dNx +b(x, t) (2.2)

in which, ρ(x) is the density of the point initially located at x with the vectors u, ü(x, t),
and b(x, t) being its displacement, acceleration, and external body force at the instant
of time, t. The terms t ≡ t(u′− u,x′− x, t) and t′ ≡ t′(u− u′,x− x′, t) are called the
pairwise force density vectors acting from material point x′ on material point x and from
material point x on material point x′, respectively. The index P 3 {X ,H ,M } shows
the category of the interacting pairwise forces. As the behavior of a bond between two
material points in PD is similar to the ones of elastic springs, the following relations would
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(a) Homogeneous materials

(b) Non-homogeneous materials (FGMs)

Figure 2.1: Undeformed state of PD continuum

be safe to write:

tH − t′
H

tX − t′
X

tM − t′
M

=



[
∂W (x)

∂

(∣∣∣y′
H
−y
∣∣∣) −

∂W (x′
H

)

∂

(
|y−y′

H
|
)
]

ê[
∂W (x)

∂

(∣∣∣y′
X
−y
∣∣∣) −

∂W (x′
X

)

∂

(
|y−y′

X
|
)
]

ê[
∂W (x)

∂

(∣∣∣y′
M
−y
∣∣∣) −

∂W (x′
M

)

∂

(
|y−y′

M
|
)
]

ê

=


βH ê
βX ê
βM ê

(2.3)

where ê = (y′−y)/|y′−y| is the unit vector aligned with the direction of the deformed
bond between material points x and x′, as depicted in Fig.2.2. The parameter W (x) is
called the strain energy density arisen from the summation of micro-potentials caused by
the incremental change in the length of the bonds in Nx. For a homogeneous isotropic
material, where Nx = Hx, the equation for strain energy density is given in Ref.[36].
However, to account for the complexity of FGMs in terms of their gradient and interface
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effects, the strain energy density for any point x should be modified as follows:

W (x) =WHx(x)+WXx(x)+WMx(x) (2.4)

where

WHx(x) = γ
2
Hx

+
6µx

πhδ 3

�

Hx

(∆l)2

|∆x|
dHx (2.5a)

WXx(x) = γ
2
Xx

+
6

πhδ 3(ψ +1)

�

Xx

(ψµx +µx′)
(∆l)2

|∆x|
dXx (2.5b)

WMx(x) = γ
2
Mx

+
6

πhδ 3(ψ +1)

�

Mx

(µx +ψµx′)
(∆l)2

|∆x|
dMx (2.5c)

Here, the γ terms are the amount of energy attributed by dilatation of the points and are
calculated as:

γHx
=

√
2φx

πhδ 2

�

Hx

∆l
|∆x|

Λ dHx (2.6a)

γXx
=

√
2

πhδ 2√ψ +1

�

Xx

√
ψφx +φx′

∆l
|∆x|

Λ dXx (2.6b)

γMx
=

√
2

πhδ 2√ψ +1

�

Mx

√
φx +ψφx′

∆l
|∆x|

Λ dMx (2.6c)

Herein, the parameters h and ∆l = (|∆y|− |∆x|) represent the thickness and the change in
the length of the bond with ∆y = (y′− y) and ∆x = (x′− x) being the relative final and
initial positions of the constituent points, respectively. ψ , named as the dominancy rate,

Figure 2.2: Deformation state of PD continuum
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is the newly introduce parameter which plays an important role in realistic modeling of
FGMs that encounter any possible high/low material gradients or any jump in the structure
including; interfaces, defects, degraded material regions, and void contents. The effects
of the dominancy rate on such cases will extensively be investigated for various gradients
and defects in Chapter 4 of this study. Accordingly, other parameters can be defined as:

Λ =
∆y
|∆y|
· ∆x
|∆x|

(2.7)

φ = κ−2µ (2.8)

where κ and µ are the bulk and shear modulus of the related points, respectively. It should
be noted that the strain energy density terms of each domain in Eq.(2.5) is a function of
the related domain only, thereby, resulting in a zero partial derivative with respect to other
domains. Hence:

∂W (x)
∂
(∣∣y′

H
−y
∣∣) = ∂WHx(x)

∂
(∣∣y′

H
−y
∣∣) +0+0 (2.9a)

∂W (x)
∂
(∣∣y′

X
−y
∣∣) = 0+

∂WXx(x)
∂
(∣∣y′

X
−y
∣∣) +0 (2.9b)

∂W (x)
∂
(∣∣y′

M
−y
∣∣) = 0+0+

∂WMx(x)
∂
(∣∣y′

M
−y
∣∣) (2.9c)

After substituting for W (x) and W (x′) in Eq.(2.3) from Eqs.(2.4-2.9) and taking the asso-
ciated partial derivatives, the scalar terms βH , βX , and βM in Eq.(2.3) can explicitly be
defined as:

β
H = 2α (δSµx +Θφx) (2.10a)

β
X =

2α

ψ +1

[
(δS−Θ)(ψµx +µx′)+

1
2

Θ(ψκx +κx′)

]
(2.10b)

β
M =

2α

ψ +1

[
(δS−Θ)(µx +ψµx′)+

1
2

Θ(κx +ψκx′)

]
(2.10c)

where S is the stretch of the bond between x and x′ which is calculated as:

S =
∆l
|∆x|

(2.11)

The other parameters in Eq.(2.10) are defined as:

α =
12

πhδ 4 (2.12)

8



Chapter 2. Peridynamic Formulations for Multi-material media

Θ =
δ 2

12|∆x|
Λ(θx +θx′) (2.13)

in which, θx and θx′ are the dilatation of the points x and x′, respectively, and are calcu-
lated as follows:

θx =
2

πhδ 2

�

Nx

∆l
|∆x|

Λ dNx (2.14a)

θx′ =
2

πhδ 2

�

Nx′

∆l
|∆x|

Λ dNx′ (2.14b)

It is worth mentioning that by setting the value of ψ to 1 in Eqs.(2.5-2.10), one can easily
achieve the FGM models suggested in Refs.[34, 35]. It should also be noted that for an
isotropic material, where the material properties are constant (i.e., X = M = 0), the
model yields to the one of isotropic materials given in Ref.[36].

2.1. Peridynamic discretization

In PD and so any other mesh-free approach, in order to numerically implement the
integro-differential equations, the body is discretized into uniformly distributed material
points having discrete volumes, V . these volumes are then grouped into material point
families, as depicted in Fig.2.3. The interaction of any material point in PD is set to exist
with the points within its family, only. However, some points may not completely fall
inside the family of a specific material point, thereby, resulting in a volume truncation,
as seen in Fig.2.4. Therefore, in such cases a linearly approximated correction factor is
calculated as follows to determine the truncated volumes [36]:

V (i)( j)
f ac =

δ +∆x/2− r(i)( j)

∆x
(2.15)

Here, r(i)( j) ∈ [δ−∆x/2,δ ] is the distance between point i and its neighbour point j. Then
the equation of motion in PD for any point i 3 [i ∈N ] can be written in its discrete form
using the corrected volumes, V ′ =Vf acV , as follows:

ρiüi =
NH

i

∑
j=1

(tH(i)( j)− tH( j)(i))V
′
( j)+

NX
i

∑
j=1

(tX(i)( j)− tX( j)(i))V
′
( j)+

NM
i

∑
j=1

(tM(i)( j)− tM( j)(i))V
′
( j)+b(i)

(2.16)
or

ρiüi =
NH

i

∑
j=1

β
H
(i)( j) ê V ′( j)+

NX
i

∑
j=1

β
X
(i)( j) ê V ′( j)+

NM
i

∑
j=1

β
M
(i)( j) ê V ′( j)+b(i) (2.17)

9
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where NH
i , NX

i , and NM
i are the number of neighbours of point i with equal, higher, and

lower material properties, respectively. After substituting for the terms βH
(i)( j), βX

(i)( j), and
βM
(i)( j) the equation of motion can be achieved in its final form as:

ρiüi = 2δ

NH
i

∑
j=1

[
αµ(i)S(i)( j)+

φ(i)

πhδ 3

Λ(i)( j)

|∆x(i)( j)|
(θ(i)+θ( j))

]
ê V ′j

+
2δ

ψ +1

NX
i

∑
j=1

[
α(ψµ(i)+µ( j))S(i)( j)+

(ψφ(i)+φ( j))

πhδ 3

Λ(i)( j)

|∆x(i)( j)|
(θ(i)+θ( j))

]
ê V ′j

+
2δ

ψ +1

NX
i

∑
j=1

[
α(µ(i)+ψµ( j))S(i)( j)+

(φ(i)+ψφ( j))

πhδ 3

Λ(i)( j)

|∆x(i)( j)|
(θ(i)+θ( j))

]
ê V ′j

(2.18)

with the dilatation terms discretized as follows:

θ(i) =
2

πhδ 2

N(i)

∑
p=1

S(i)(p)Λ(i)(p) V ′(p) (2.19a)

θ( j) =
2

πhδ 2

N( j)

∑
k=1

S( j)(k)Λ( j)(k) V ′(k) (2.19b)

in which N(i) and N( j) are the total number of points in the family of point i and j, respec-
tively.

2.2. PD corrections

One of the major drawbacks of non-local approaches is the truncation of the non-
locality range, i.e., horizon. In a PD domain, this truncation effect can either arise from
geometric (Type-G) or material (Type-I) discontinuities, as shown in Fig.2.5. In tradi-
tional PD, as the formulations fail to address the interface effects with enough accuracy,

Figure 2.3: Discretized PD domain
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Figure 2.4: Volume truncation effect

a correction is applied to both Type-I and Type-G truncations [36]. However, the present
formulation only requires a correction on Type-G truncations, given that the interface ef-
fects are modeled by the ψ parameter with enough sensitivity. A general approach, based
on the comparison of the results obtained from classical continuum mechanics (CCM)
with the ones of PD [36], is adopted here for Type-G corrections which is applied only to
the points of the boundary regions. The correction factors are calculated for both dilata-
tion and strain energy density of the points as follows:

SEDcor
i =

4µ(i)ε
2

WX(i)
+WH(i)

+WM(i)

(2.20)

DILcor
i =

2ε

θ(i)
(2.21)

in which ε is the deliberately applied displacement amount in x and y direction.

Figure 2.5: Type-G and Type-I truncations in PD
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2.3. Damage modeling in FGMs

In PD the propagation of a crack is controlled by breakage of the bonds, where a bond
is assumed to be broken if the stretch, S, exceeds the critical stretch, Sc. With the inclusion
of the dominancy rate, the equation of the critical stretch value for any bond i j in a two-
dimensional case should be updated as follows:

Sc
(i)( j) =



√
2G(i)

c
32δ

9π2 φ(i)+αµ(i)
i f j ∈Hi√

2(ψG(i)
c +G( j)

c )
32δ

9π2 (ψφ(i)+φ( j))+α(ψµ(i)+µ( j))
i f j ∈Xi√

2(G(i)
c +ψG( j)

c )
32δ

9π2 (φ(i)+ψφ( j))+α(µ(i)+ψµ( j))
i f j ∈Mi

(2.22)

where Gc represents the critical energy release rate. Furthermore, a damage criterion is
introduced as in Eq.(2.23) to account for the total damage of a point:

ϕ(i) = 1−
∑

N(i)
p=1 λ(i)( j)V ′( j)

∑
N(i)
j=1V ′

( j)

(2.23)

Herein, λ(i)( j) is the piecewise control function over the breakage of the bond i j. Hence:

λ(i)( j) =

{
1 i f S(i)( j) ≤ Sc

(i)( j)

0 otherwise
(2.24)

Finally, a forward-step integration scheme is adopted to explicitly integrate the equation
of motion with respect to time. For which, the optimum time-step size can be calculated
using the standard Von Neumann stability analysis [37] as:

dtc = 0.8
√

χmin

παδ 3 (2.25)

where χmin is the minimum possible value of ρ(i)/µ(i) such that i ∈N .

2.4. PD implementation and algorithms

The overall PD algorithm is mainly composed of two modules, a preprocess and a
time integration module, as shown in Algorithm 1. The program starts by acquiring the
necessary inputs and assigning initialized storage IDs for field variables. Although, the
row-storage method is generally preferred because of its faster access speed, herein, a
matrix-storage system is used due to its easier accessibility in complex sub-region do-
mains. Hence, throughout this study the [i, j] notation refers to the point located at ith
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row in x- and jth row in y-directions. The left bottom corner of the geometry is taken
as the zero-reference point while discretizing the domain into material points, as shown
in Algorithm 2. The major blocks in pre-process module are the determination of family
members (Algorithm 3) and calculation of correction factors (Algorithm 4). The mem-

bers, NoM, and address arrays are used to store PD interactions, number of interactions
per each family, and address of the first interaction for each family in members array,
respectively. The type array is used to store the type of the material domain of the neigh-
boring points. Hence, it is, in turn, 0, 1 and -1 for H , X , and M domains. Furthermore,
for the cases bearing pre-existing cracks with different orientations, an easily compre-
hended methodology, given in Algorithm 5 is adopted, in which fail_flag array is used to
store the healthy and broken bonds as 1 and 0 values, respectively.

The time integration module is consisted of a single step routine, as given in Algorithm
6, and a result output step. It should be noted that these routines are given for dynamic
loading conditions. For a static case one may change the sequence of solution by taking
the force boundary conditions out of the time integration loop and applying a faster con-
vergence methodology such as adaptive dynamic relaxation [38]. The flow chart of the
overall solution procedure for the proposed formulations in this thesis is given in Fig.2.6.

Algorithm 1 PD solver
<Preprocess>

1: B Get input
2: B Discretize domain
3: B Apply material sub-regions (if exist)
4: B Apply holes (if exist)
5: B Determine PD families
6: B Calculate PD correction factors
7: B Apply pre-existing crack(s) (if exist)
8: <Time integration>
9: for t← 1 to Total time-steps do

10: B Do singel step calculations
11: B Write results
12: end for

13
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Figure 2.6: General solution procedure of PD

Algorithm 2 Discretize PD domain

1: tpx← Length/∆x
2: tpy←Width/∆x
3: for j← 1 to tpy do
4: for i← 1 to tpx do
5: xcord [i,j]← (i−1)∆x+∆x/2
6: ycord [i,j]← ( j−1)∆x+∆x/2
7: end for
8: end for
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Algorithm 3 Determine PD families
1: initialize→ count, members, NoM, address, type
2: tpy← Number of points in y-direction
3: tpy← Number of points in x-direction
4: for j← 1 to tpy do
5: j0s = max(1, j−δ/∆x−1)
6: j0f = min(tpy, j+δ/∆x+1)
7: for i← 1 to tpx do
8: i0s = max(1, i−δ/∆x−1)
9: i0f = min(tpy, i+δ/∆x+1)

10: xcordi← xcord(i,j)
11: ycordi← ycord(i,j)
12: for j0← j0s to j0f do
13: for i0← i0s to i0f do
14: xcordj← xcord(i0,j0)
15: ycordj← ycord(i0,j0)
16: r=

√
(xcordi− xcord j)2 +(ycordi− ycord j)2

17: if r ≤ δ then
18: members[count,0]=i0
19: members[count,1]=j0
20: NoM[i,j]=NoM[i,j]+1 . Sum number of members
21: if E[i0, j0] = E[i, j] then type[count]=0
22: elseif E[i0, j0]> E[i, j] then type[count]=1
23: else type[count]=-1
24: count=count+1;
25: end if
26: end for
27: end for
28: address[i,j]← count-NoM[i,j]
29: end for
30: end for

Algorithm 4 Calculate PD correction factors
1: B Apply displacement increments in x- and y-direction
2: for j← 1 to tpy do
3: for i← 1 to tpx do
4: for k← 0 to NoM(i,j) do
5: i0← members[address[i,j]+k,0]
6: j0← members[address[i,j]+k,1]
7: neighbour point← point [i0,j0]
8: B Calculate volume correctin factors from Eq.2.15
9: B Calculate dilatation correctin factors from Eq.2.21

10: B Calculate SED correctin factors from Eq.2.20
11: end for
12: end for
13: end for
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Algorithm 5 Apply pre-existing crack
1: fail_flag← 1
2: xcs← x start of the crack
3: ycs← y start of the crack
4: xcf← x finish of the crack
5: ycf← y finish of the crack
6: cslope← slope of the crack
7: for j← 1 to tpy do
8: for i← 1 to tpx do
9: xbs← xcord[i,j]

10: ybs← ycord[i,j]
11: for k← 1 to NoM[i,j] do
12: i0← members[address[i,j]+k,0]
13: j0← members[address[i,j]+k,1]
14: xbf← xcord[i0,j0]
15: ybf← ycord[i0,j0]
16: bslope← slope of the bond
17: if cslope 6= bslope then
18: xint← x intersection of bond and crack
19: yint← y intersection of bond and crack
20: if xbs ≤ xint ≤ xbf and ybs ≤ yint ≤ ybf then
21: if xcs ≤ xint ≤ xcf and ycs ≤ yint ≤ ycf then
22: fail_flag[(j-1)tpx+i,k]=0
23: end if
24: end if
25: end if
26: end for
27: end for
28: end for
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Algorithm 6 Single step calculations for dynamic solution in PD
1: B Apply force boundary conditions
2: B Apply displacement boundary conditions
3: B Calculate dilatations from Eq.2.19
4: for j← 1 to tpy do
5: for i← 1 to tpx do
6: B initialize dB
7: for all family members do
8: if bond is not broken then
9: bndn← address[i,j]+k

10: i0← members[bndn,0]
11: j0← members[bndn,1]
12: dtype← type[bndn]
13: neighbour point← point[i0,j0]
14: Calculate stretch, S
15: If S > Sc then break the bond
16: if dtype=0 then
17: dB← Eq.2.10a
18: else if dtype > 0 then
19: dB← Eq.2.10b
20: else
21: dB← Eq.2.10c
22: end if
23: internal force [i,j]← internal force [i,j]+dB
24: end if
25: end for
26: end for
27: end for
28: for j← 1 to tpy do
29: for i← 1 to tpx do
30: B Calculate accleration[i,j]
31: B Calculate velocity[i,j]
32: B Calculate displacement[i,j]
33: end for
34: end for
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Overview of Part II

Part II of this thesis includes the numerical implementations of toughening mecha-
nisms in homogeneous and functionally graded materials (FGMs) each corresponding to
a chapter. The present OSB-PD formulations are implemented as an in-house code using
the C++ programming language. A linear-elastic and plane stress condition is assumed
for the study cases throughout this thesis.

In the first chapter of this part, a published article is presented in which traditional
OSB-PD is used to introduce toughening mechanisms for homogeneous materials. The
toughening model comprises various combinations of void internal features which are
exemplified by stop-holes. In this chapter, the effects of the position and shape of stop-
holes on toughness enhancement of brittle homogeneous materials are investigated under
different loading and fracture mode conditions. Here, it is revealed that how an optimum
enhancement effect can be achieved by changing the distance, shape and combinations of
stop-holes.

The second chapter of this part addresses the shortcomings of traditional peridynam-
ics in modeling interfaces and high gradient FGMs. This chapter mainly focuses on the
effects of the newly introduced peridynamic parameter, the dominancy rate, in modeling
gradient transitions and jumps in the material properties under dynamic and static loading
conditions. The accuracy of the model is investigated for 0.1 up to 1000 times order of
magnitudes of the change in material properties. Herein, it is shown that how the proper-
ties of a bond are affected by the properties of its constituent points and how their relation
with the dominancy rate parameter should be. This chapter further presents numerically
validated toughening models with the help of which the strength of FGMs against crack
propagations can highly be enhanced.
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3.1. Abstract

In this paper, the ordinary state-based peridynamic (OSB-PD) is used to simulate and
study the effects of different-shaped stop-holes with different combinations on crack dy-
namics in brittle materials in order to establish a detailed knowledge about the toughening
effect of internal features that can be in the form of holes and pores. Using the traditional
OSB-PD analyses, a new easy-to-apply technique is introduced to toughen the materials
against crack propagations. As a first case study, the high accuracy of peridynamic ap-
proach in damage prediction is demonstrated through solving a collection of numerical
and experimental benchmark problems. Moreover, the bi-hole, parabolic, branched, bi-
parabolic, and mixed-parabolic combinations of stop-holes under tensile loading, and the
T-shape, I-shape, bi-linear, linear, and linear-parabolic combinations of stop-holes under
shear loading are suggested for notably enhancing material toughness and are practically
and functionally compared with each other. In general, the suggested geometries are
proven to be highly effective on toughness enhancement of materials with a relative ease
of implementation, in comparison to other internal features such as micro-cracks. Addi-
tionally, a further case study is carried out on the effects of the distance of stop-holes from
the initial crack-tip on crack dynamics and material toughness, in which it is observed that
every hole has a specific µ-range, and thus, the crack dynamics are affected by the hole
if and only if the crack enters this range. Overall, the arrestment and accelerating effects
of the stop-holes on crack dynamics are carefully explained in numeric and conceptual
perspectives, which will help engineers and designers to maximize the positive effects
of stop-holes on material toughness and design a tougher micro-structural material using
easily applied defects.

Keywords: Peridynamics; fracture mechanics; non-local approaches; stop-holes; mate-
rial toughening.

20

https://doi.org/10.1016/j.ijmecsci.2020.105773 


Chapter 3. An OSB-PD Mod. for Tou. Enh. of Bri. Mat. thr. Drilling Stop-Holes

3.2. Introduction

Making a perforation, i.e., stop-hole, at the vicinity of the growing cracks is one of the
widely used toughening models to reduce the crack growth rate in brittle materials. The
existence of a hole has two major effects on dynamics of the crack in a body, namely as
arresting and accelerating effects. Any growing crack tends to accelerate towards the hole
located in the vicinity of its tip or along its original propagation path. On the other hand,
when a crack joins the hole, the hole arrests the growing crack for a significant amount
of time causing the crack to release its strain energy accumulation, thereby resulting in
a longer crack growth life [39]. Among early studies available in literature, Broek [13]
experimentally investigated the accelerating effects of stop-holes on crack dynamics in a
continuum by allocating a stop-hole on propagation path of the crack. Miyagawa et al.[14]
later demonstrated the arresting effects of holes by extending Broek’s investigation to two
and four hole combinations. Several researchers have investigated the arresting effect
of stop-holes drilled at the vicinity of the pre-existing crack and have suggested drilling
stop-holes as a repairing technique for the cracked parts of structures. For instance, Fu
et. al.[40] investigated the effects of one and two drilled stop-holes on the fatigue life of
steel bridge deck. The evidence of their study indicated an increase in the fatigue life with
a directly proportional relation to the diameter of the drilled stop-hole. Ghfiri et al.[41]
used the hole-expansion method to introduce residual stresses that can reduce the effective
stress around the crack tip under axial fatigue test. Similarly, Song et. al.[42] used stop-
hole drilling procedure to improve the fatigue life of aluminium alloys and stainless steel.
Aside from these experimental works, Ayatollahi et al.[43] numerically investigated the
effects of drilling one stop-hole based on classical fracture mechanics model, in which
their main variable was the size of the stop-hole. As is evident, most of the works on
stop-holes have been focused on the effects of a singular hole. Only recently, Ferdous
et al.[9] investigated the effect of four uniformly distributed stop-holes on fatigue life of
specimens.

Although several of the above researchers have numerically/experimentally studied the
effects of one circular stop-hole on crack propagation path and fatigue life, to the best
of authors’ knowledge, no literature has been dedicated to the investigation of the effects
of the “linear” and/or “non-linear” combinations of more than one stop-hole on material
toughness under “tensile” and “shear” loadings. Hence, the main novelty of the current
study is to present a detailed knowledge about the various toughening effects of stop-
hole combinations through the OSB-PD analyses, while introducing a new approach of
implementing linear and/or nonlinear combinations of stop-holes as a material toughening
technique.
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3.3. Numerical Examples

3.3.1. Homogeneous plate with holes under dynamic loading

This problem was originally solved in [44] using dynamic phase field method (DPF)
and was compared with experimental results. The authors investigated the effects of cir-
cular holes on crack propagation path, which are placed in a parallel combination to a
pre-existing crack with a length of l = 2mm in a poly methyl methacrylate (PMMA) plate
with dimensions LxW = 50mmx25mm. The material properties of PMMA are given in
Table 3.1. Four different geometries were considered for the plate and were subjected to
a uni-axial loading, as shown in Fig.3.1). Herein, the problem is solved using traditional
OSB-PD approach to validate the present algorithm and its implementation on similar
cases. The plate is uniformly discretized using 200x100 material points along the length
and width directions, respectively, leading to uniform particle spacing of ∆x = 0.25mm.
In order to reduce the computation time, the cross-head velocity boundary condition is
applied as 300mm/s and is deployed on a virtual boundary of three layers (of material
points) at the top and the bottom boundaries of the plates having a thickness equal to ∆x.

Consequently, the crack in geometries a, b, c, and d starts to propagate after approx-
imately 2900th time-step. To gain a foreknowledge of the crack propagation paths and
understand physical interface of the crack growth, we investigate the displacement and
strain energy distributions in the geometries at an instant of time before propagation ini-
tiation, i.e., 2600th time-step. Accordingly, the x and y displacements of geometries a, b,

Figure 3.1: Geometric properties of homogeneous plates under dynamic loading with
2R=3L/100 and D=L/9
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Table 3.1: Material properties of homogeneous plate under dynamic loading

E v ρ Gc

3.24 GPa 0.35 1190 Kg/m3 200 J/m2

c, and d at 2600th time-step are presented in Fig.3.2, where the spatial variation of the
displacement contours precisely matches with the expected physical/mechanical response
of the tensile loading. Moreover, a high vertical displacement jump is observed in the re-
gion of the pre-existing crack demonstrating the crack opening in this region which finally
leads to a mode-I fracture loading. In fact, any increase in relative displacement of two
adjacent material points causes an increase in strain energy density of the bond between
these points. If the strain energy density (or stretch) of a bond exceeds the critical strain
energy density (or critical stretch), the bond breaks. Fig.3.3 shows the distribution of the

Figure 3.2: Displacement in a) x-direction, u [m], and b) y-direction, v [m], of geometry
a, b, c, and d at 2600th time-step
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Figure 3.3: Strain energy densities, W [J/m3], of the geometries at 2600th time-step

strain energy density over the plate at 2600th time-step for each geometry. As can be
seen, micro-cracks are likely to be born from perimeter of the holes in geometry b, c and

Figure 3.4: Comparison of the results obtained from a) experiments [44], b) DPF [44]
and c) OSB-PD analyses where the first row represents geometry a; second row

represents geometry b; third row represents geometry c and fourth row represents
geometry d
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d since the strain energy densities of the points near the holes are relatively higher than the
ones located in the far field. However, the experimental results demonstrate no generation
of new cracks from the holes ( Fig.3.4). This may be attributed to the increased fracture
toughness of cut-out surfaces of the holes due to the drilling process [45]. To comply with
such phase change of material, the critical stretch value for two material layers around the
holes are doubled for all geometries. This prevents the generation of micro-crack forma-
tions around the hole, thus resulting in a more elastic material properties in this region.
Moreover, if the spacing between material points is small enough (a finer mesh), the re-
gion with increased elasticity becomes very small, thus, providing a negligible effect on
behavior of the main crack.

The above results of OSB-PD analyses are compared with those of DPF analysis and
experiment [44] in Fig.3.4. A superior prediction of the crack paths in geometries a and
b is obtained using the traditional OSB-PD implementation. OSB-PD was able to capture
the branching effect of the crack in geometry a, which is much similar to the experimental
result where the branching effect is seen after the third and the fifth holes (Fig.3.4). On
the other hand, a small amount of crack branching is also predicted in other regions of the
crack propagation path in geometry a, which may be attributed to the different velocity
boundary conditions applied herein [46]. Furthermore, the results obtained for geometry
b using OSB-PD approach sufficiently indicates the higher accuracy of the prediction of
the crack path by OSB-PD analyses. In geometry b, the propagation path predicted by
DPF eventually joins the holes whereas the OSB-PD method predicts an almost parallel
propagation path to the horizontal, which is quite similar to the real propagation path of
the crack observed in experiment.

3.3.2. Diagonally Loaded Square Plate (DLSP)

To further indicate the accuracy and robustness of present algorithm, a fracture test
configuration, named as the “DLSP (Diagonally Loaded Square Plate) specimen [47]”, is
solved under pure mode-I, pure mode-II, and mixed mode I-II fracture loading conditions
and is validated against the experimental results. The modeled geometry has the following
dimensions and crack orientations: side length of 2w = 150mm, thickness of h = 5mm,
and a crack with an initial length of 2a = 45mm located at the center of the plate with an
angle of α . The material properties of the plate are given in Table 3.2. A set of numerical

Table 3.2: Material properties of the DLSP test specimen

E v ρ Gc

2.94 GPa 0.38 1200 Kg/m3 602 J/m2
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Figure 3.5: Geometric properties of DLSP specimen

configurations is analyzed under the velocity boundary condition of V = 10−8 m/s to
achieve a quasi-static loading condition. The velocity condition is applied to three layers
of material points around the upper and lower circular cut-outs of the plate as depicted

Figure 3.6: Comparison of the final crack path of the experiments and OSB results for
DLSP specimens
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Figure 3.7: Comparison of the Failure load of the experiments and OSB results for
DLSP specimens

in Fig.3.5. The DLSP domain is discretized into 150x150 points with particle spacing of
∆x = 1mm. The quasi-static displacement solution is achieved using adaptive dynamic
relaxation method [38]. The analyses are run for a total of 40000 time-steps with a time-
step size of dt = 1s. Fig.3.6 shows a comparison of the final crack path obtained from
OSB analyses with the experimental ones for α values of 0o, 15o, 30o, 45o, and 62.5o.
The specific value of α = 0o corresponds to the pure mode-I loading condition. The angle,
α = 62.5o with a/w = 0.3 corresponds to a pure mode-II loading whereas the α values
between 0 and 62.5 leads to the mixed mode I-II. The failure loads are monitored by
summing the forces over the interactions passing through the line AB and are compared
with the experimental results in Fig.3.7. The results obtained from the OSB-PD analyses
are in a good agreement with the ones of experiments in terms of both the final crack path
and internal forces. Hence, it can be stated that the algorithm used herein is able to model
the crack dynamics reliably under any in-plane loading conditions.

3.3.3. Stop-hole combinations under uniaxial loading

In this section, different combinations of stop-holes are applied to a PMMA plate,
with dimensions LxW = 50mmx50mm and material properties given in Table 3.2, to
strengthen the plate against crack propagation under tensile loading condition. A pre-
existing crack with a length of 25mm is located at the left-middle part of all geome-
tries (Fig.3.8). The geometries are then subjected to a velocity boundary condition with
a cross-head velocity of 5m/s, representing a uni-axial loading at the top and bottom
boundaries. All the analyses are performed for the differential time-step of dt = 4.0e−8 s,
which is lower than the stable dt value proposed in Eq.(2.25). To obtain a fine PD model,
500x500 material points are used in the discretization of the plate domain. Firstly, the ge-
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Figure 3.8: Geometric properties of stop-hole combinations under shear loading with
r = 1mm

ometry with no hole (Fig.3.8a) is solved to have a reference on the dynamics of the crack
and to determine the time-steps for the start of crack propagation and complete rupture.
As a result, the crack propagation is observed to start approximately after 500th time-
step and eventually causing the complete rupture to happen after nearly 1650 time-steps,
which are considered as the reference of crack propagation interval for the following anal-
yses. Six different combinations of stop-holes, namely the No-hole, Bi-hole, Parabolic,
Branched, Bi-parabolic and Mixed-parabolic cases, are considered in the plate domain
for toughness enhancement (Fig.3.8). A similar case to the Bi-hole combination was also
solved in Ref.[48], where the authors used two horizontal micro-cracks in order to inves-
tigate the influence of micro-cracks on main-crack dynamics. When the diameters of the
applied holes are significantly small, holes and micro-cracks behave geometrically alike
each other. However, if the diameters of the holes are large enough, the strain energy
concentration is dispersed along the perimeter of the holes, which is in contrary to the
case of micro-cracks, where the strain energy concentration occurs at the singular crack-
tips. Therefore, stop-holes can cause a decrease in the average velocity of the main crack
propagation as opposed to the particular case in Ref.[48], where two parallel micro-cracks
near the main crack tip accelerated the crack propagation.
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Figure 3.9: The graph of crack propagation vs time-step for No-hole, Bi-hole, Parabolic,
Branched, Bi-parabolic and Mixed-parabolic stop-hole combinations

The six different cases are compared with each other by means of crack growth rate for
every 50 time-steps in Fig.3.9. It is clear from the graph that almost every combination of
holes caused a delay in crack initiation time. The slopes of the lines in the graph imply the
average velocity of crack propagation with the unit of mm/time-step. A relatively higher
average propagation velocity is seen for some combinations of stop-holes at the portions
of the graph near the crack tip. A higher crack propagation velocity indicates that the
crack experiences a time-dependent acceleration between the adjacent time-steps due to
the presence of the nearby holes. In fact, the presence of a hole in a body has two major
effects on crack dynamics: (1) the accelerating effect, and (2) arresting effect. When
a crack gets close enough to a hole, it tends to run towards the hole with a continuously
growing velocity until it joins the hole. This can be referred to as the “accelerating effect”.
Once the crack joins a hole, it relaxes for a while by releasing its accumulated energy. This
relaxation causes a decrease in the average propagation velocity of the crack, which can
be referred to as the “arresting effect”. The accelerating and arresting effects of stop-holes
can be seen between 400th and 550th time-steps for the No-hole, Bi-hole and Parabolic
geometries in Fig.3.9b. The holes are located 1mm ahead of the crack tip in Bi-hole
geometry, which affects the crack in this region to accelerate towards the hole for the
1mm distance. Hence, in this region the crack propagation velocity of Bi-hole geometry
is higher than the one encountered in No-hole geometry. On the other hand, in Parabolic
geometry the first two holes are adjacent to the crack tip, which allows no distance for the
crack to accelerate. Therefore, only the arresting effect of the holes exists in this region,
causing a decrease in average velocity of the crack propagation.
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Figure 3.10: Crack length and branching effects of the geometries under tensile loading
after 800th, 1200th and 1600th timesteps

Fig.3.10 shows the evolution and the length of the cracks along with the branching ef-
fects at 800th, 1200th and 1600th time-steps for the listed geometries. The geometries are

30



Chapter 3. An OSB-PD Mod. for Tou. Enh. of Bri. Mat. thr. Drilling Stop-Holes

zoomed into the failure zone, given that no failure has been detected in other regions of
the plate. As is seen, stop-holes can also affect the propagation angle of the cracks located
in its neighborhood. This effect is extremely seen in the case of parabolic geometry, in
which the crack has propagated towards the fourth hole with an angle of almost 90o, while
the rest of the crack propagation is almost horizontal. Furthermore, the Branched combi-
nation of stop-holes, so far, has proven to have the highest impact on material toughness
(Table 3.3). Although the average propagation velocity between 800th and 1600th time-
steps of the Branched combination is the same with the one in No-hole combination,
the branched combination has a higher effect on delaying the initiation time of crack
propagation (almost 50%). This effect is the opposite in Bi-hole and relatively lower in
Bi-parabolic and Mixed-parabolic combinations. In the Bi-hole geometry, despite its ear-
lier initiation time, the average velocity of the crack propagation is much lower than that
of No-hole geometry, leading to a high toughening effect. On the other hand, Mixed-
parabolic combination causes a relatively higher average propagation velocity between
the previously mentioned time-steps. However, the total arresting effects in this geometry
is higher than the total accelerating effects, which literally causes an increase in material
toughness. Moreover, the parabolic combination results in a relatively higher delay in
initiation time of the crack propagation and causes the lowest crack propagation velocity,
leading to a second-high toughening effect. Nevertheless, the precise implementation of

Table 3.3: Summary of the crack dynamics of the geometries under tensile loading

No-
hole

Mixed-
parabolic

Bi-
hole

Bi-
parabolic

Parabolic Branched

Crack propagation
initiation time-step

480 580 450 580 540 720

X-coordinate of the crack
tip at 800th time-step [mm]

5.55 3.25 3.85 3.25 3.95 2.45

X-coordinate of the crack
tip at 1600th time-step [mm]

24.25 22.85 22.25 21.95 21.65 21.15

Average velocity between
800th and 1600th steps
[mm/step]

24.25 22.85 22.25 21.95 21.65 21.15

Difference in average velocity
with respect to No-hole

- 4.81% −1.60% 0.0% −5.35% 0.0%

Delay in crack initiation time
with respect to No-hole

- 20.8% −6.25% 20.8% 12.5% 50.00%

Difference in crack length
after 1600 steps

- −5.8% −8.3% −9.5% −10.7% −12.8%
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Table 3.4: Comparison of the geometries under tensile loading

this geometry can be challenging. On the other hand, the branched geometry is much
easier to implement. In summary, it can be stated that the Branched geometry has the
highest effect on material toughness and the lowest material cost with an average rate of
reproducibility (Table 3.4).

3.3.4. Stop-hole combinations under shear loading

In this section, a plate of dimensions 50mmx50mm is analyzed under velocity shear
loading of 5m/s at the upper boundary, while the lower boundary is fixed. The material
properties of the plates are same as the ones used in the previous case. A pre-existing
crack with the length of L/4 (12.5mm) is located at the central left portion of the plate,
as shown in Fig.3.11. For all the analyses carried out in this section the time step size
is taken as dt = 1.064e−7s which is the stable time step size calculated from Eq.(2.25).
The breakage of the bonds is permitted under both tension and compression conditions
with the equal magnitude of the critical stretches. To account for total failure of the body,
we consider the crack propagation lengths in both x- and y-directions. The contours of
the displacements and failure are shown in Fig.3.12 for No-hole geometry after 1350
time-steps. Two new crack branches are formed in the body during the loading process,
namely the lower and upper branches (Fig.3.12a). The lower crack branch is due to the
internal tensile force caused by the boundary condition, whereas the upper crack branch is
formed because of the compression effect of the loading on upper portion of the plate. The
crack propagations in No-hole, T-shaped, I-shaped, Bi-linear, Linear and Linear-parabolic
geometries are shown in Fig.3.13. In order to have a reference failure state for toughness
enhancement comparison, we define two different failure scale parameters: (1) total split
length of material and (2) total failure length of material. To measure the total split length,
the length of the split surface between different parts of plate is considered. Herein, this
includes the length of the propagated crack as well as any other defect where the split
surface passes through (e.g., the length of the first three upper holes in Linear and Linear-
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Figure 3.11: Geometric properties of the plates under shear boundary condition, with
t = 2mm

parabolic geometries). In other words, a total split length can be considered as a measure
of the global failure of a material for which all defects existing in the body are taken into
account. On the other hand, a total failure length can be considered as the total length
of the surface where the bonds between material points has failed due to exceeding the
critical stretch (i.e. local failure). The variation of the above failure parameters against
every incremental 50 time-steps are plotted in Fig.3.14 for each geometry. A summary
of the crack dynamics in the above geometries is also given in Table 3.5, from which it

Figure 3.12: Counter-plot of a) damage, b) displacement in x-direction [m] and c)
displacement in y-direction [m] of No-hole geometry at 1350th time-step
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Figure 3.13: Crack surface and propagation length of the geometries under shear loading
at 1350th time-step

can be seen that all the listed geometries have caused a significant amount of increase
in the strength of the material. This toughening effect can be seen in the shape of a
decrease in the average propagation velocity and/or a delay in the propagation initiation
time. It is worthy to notice that almost every linear combinations of the circular stop-holes
have a decreasing effect on the average velocity of the propagation, eventually causing a
relatively higher toughness enhancement. However, the toughness enhancement in the T-
shaped and I-shaped geometries are largely seen in the form of the delay in initiation time
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Figure 3.14: Graphs of a) total split length and b) total failure length of material vs
time-step for the geometries under shear loading

of the propagation. The toughening effect is the highest in Linear-parabolic combination
due to the presence of both of the situations mentioned above. Furthermore, the Bi-linear
combination of stop-holes causes the highest decrease in material cost, with a second-high
toughening effect. In fact, the implementation of the Bi-linear combination of stop-holes
is more economic and much easier than that of the Linear-parabolic combination, as seen
in Table 3.6.

Table 3.5: Summary of the crack dynamics in geometries under shear loading

No-
hole

T-
shaped

I-shaped Bi-linear Linear
Linear-
parabolic

Crack initiation
time-step

950 1050 1050 950 850 1100

Total split at initiation
time-step [mm]

2.19 6.5 6.81 5.54 5.54 8.27

Total split at 1400th

time-step [mm]
40.05 37.53 40.014 37.086 38.101 30.428

Average velocity of the
propagation [mm/step]

0.0841 0.0887 0.0949 0.0701 0.0592 0.0739

Delay in crack
initiation

- 10.5% 10.5% 0.0% −10.5% 15.8%

Difference in average
velocity

- 5.4% 12.8% −16.7% −29.6% −12.2%

Difference in crack
length after 1400 steps

- −6.3% −0.1% −7.4% −4.9% −24.0%

35



Chapter 3. An OSB-PD Mod. for Tou. Enh. of Bri. Mat. thr. Drilling Stop-Holes

Table 3.6: Comparison of the geometries under shear loading

3.3.5. Effects of the distance of stop-holes from the crack-tip on crack

dynamics

In this section, the effect of the distance of stop-holes from the crack tip is investigated
under the tensile loading. For this purpose, a plate with LxW = 50mmx25mm dimensions
having a pre-existing crack with a length of L/5 (10mm) located at its central left part is
analyzed. The material properties of the plate are given in Table 3.1. The distance between
material points, dx, is taken as 0.25mm. The plate is subjected to a uni-axial velocity
boundary condition of +150mm/s and −150mm/s at its upper and lower boundaries,
respectively. As a first approach, a circular hole of diameter D = 2mm is applied to the
plate at a distance of d from the crack tip (Fig.3.15a). Eq.(2.25) is used to ensure a time-
step size smaller than the stable one. Fig.3.16 shows the position of the crack-tip plotted
versus every 10 time-steps for various values of d. As is seen, the presence of the hole
has caused the crack to have a position dependent velocity. Depending on initial relative
position of the crack-tip from the hole, the average propagation velocity of the crack can
either be increasing, decreasing or constant. A singular stop-hole causes a decrease in

Figure 3.15: Geometric properties of the plate with a) one and b) two holes under
uniaxial tension
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Figure 3.16: Graph of the change in position of the crack tip vs time-step for various
values of d for the plate with one hole

average propagation velocity of the crack if it is implemented to the material in such a
way that the relative position of the crack tip falls inside the perimeter of the hole (i.e.,
|d| ≤ D/2). This effect is the highest when the hole is located ahead of the crack at the
exact tangency of the crack tip (i.e., d = −D/2). However, when the distance between
the hole and the initial crack tip gets higher (i.e., d ≥ D/2), the hole affects the material
toughness in a negative manner by increasing the average crack propagation velocity.
Interestingly, this effect is recorded as a decreasing function of d after a certain distance
(e.g. d ≈ 2D for the present case). Thus, it can be concluded that a certain constant
influence range of µ exists for a hole such that; whenever a crack enters the µ-range it

Figure 3.17: The graph of the change in position of the crack tip at 2800th time-step vs d
for the plate with one hole
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accelerates whereas for any distance beyond this range, the effect of the hole on crack
dynamics is zero. The position of the crack-tip with respect to d (plotted in Fig.3.17 as
two-dimensional graph) can be approximated through the curve fitting with a function of:

F(d) =
14.3d2−39.73d +37.68

d2−3.448d +3.823
(3.1)

where F(d) denotes the position of the crack tip at an instant of time (2800th time-step
in the present case). If the distance, d, is significantly large, i.e., d → ∞, the function
approaches to the constant value of F(d) = 14.3 [mm]. This reveals the fact that if the
hole is located far enough from the crack tip, the hole, independent from its position, will
accelerate the crack for a constant distance if and only if the crack enters the µ-range.
This distance can be related with the µ-acceleration as follows:

14.3−Xc =
1
2

aµt2
µ (3.2)

where Xc is the position of crack tip at the same instant of time for the situation in which
no stop-hole exists in the body (13.44mm for the present case). The parameters aµ and
tµ are so-called the µ-acceleration (the acceleration caused by the hole) and µ-time (the
time interval of µ-acceleration), respectively. Hence, the F(d) function may be used to
measure the amount of the accelerating effect of the stop-holes on crack propagations.

The crack dynamics may also be altered by the number of holes in the body. In order to
have a better insight on such effects, a second stop-hole is placed at a distance of di j from
the first hole (Figure 18b). For this purpose, a rupture corresponding to 80% of the plate
(equivalently, the crack tip reaches the coordinate of x = 15 mm) is taken as the basis of
comparison. Fig.3.18 clearly indicates that the toughening effect is the highest for the
values of di ∈ [0−1mm] and di j ∈ [0−1mm]. Furthermore, for the higher values of di and
di j a decrease in the strength of the material is observed. This weakening effect, however,
approaches a constant value when di and di j get larger. Additionally a strengthening
effect from the small values of di and an abating weakening effect from the high values
of di j ∈ [4−10mm] is clearly noticeable in Fig.3.19, hence leading to a higher toughness.
This also indicates that the toughening effect of a hole placed near the crack tip is much
higher than the weakening effect of a hole located in far-hand regions. On the other hand,
for larger values of di, the variation of di j has a very low impact on the strength of the
material. This well agrees with our previous findings on the µ-ranges of stop-holes where
it was stated that for any large value of d, any stop-hole regardless of the distance d will
accelerate the crack propagation for a constant distance. It should be noted that the above
conclusions were made only by taking into account the horizontal relative positions of
the initial crack-tip and holes. A more detailed study should be carried out as the crack
dynamics is not only affected by the horizontal distance of the holes but also the vertical
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Figure 3.18: Graph of the change in time-steps of the 80% rapture of the plate with two
holes vs di and di j

distance and the diameter, D, of the holes as well as the initial pre-existing crack length,
which are beyond the extents of this paper.

Figure 3.19: The variation of the time-step of the 80% rupture vs di j of the plate with
two stop-holes

3.4. Conclusions

In the scope of this study, the effects of various linear/non-linear combinations of stop-
holes on toughness enhancement in brittle materials are investigated under tensile and
shear loadings by performing traditional ordinary state-based peridynamic (OSB-PD)
analyses. The numerical algorithm is assessed by solving benchmark cases with various
fracture modes while comparing the results with the experimental-numerical finding of
literature. It is demonstrated the OSB-PD can predict very similar final fracture patterns
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observed in the experiments for mode-I, mode-II, and mixed mode I-II loading condi-
tions. Additionally, the accuracy of present approach is further validated with respect
to experiments and dynamic phase-field method for crack propagations in porous media.
The OSB-PD is shown to produce superior final fracture pattern than that of phase-field
method. Furthermore, Broek ([13]) and Miyagawa et al. ([14]) reported in their experi-
mental studies that a crack is attracted towards any nearby hole in a porous media. This
important physical phenomenon is accurately captured by our numerical implementations.

Having validated the proposed algorithm and its numerical implementation on various
challenging problems, we have studied further complex problems that involves various
stop-holes combinations for toughness enhancement under tensile and shear loadings.
The toughening effects of the proposed stop-hole configurations are evaluated referring to
the total split and failure lengths. These stop-holes combinations are shown to be highly
effective in decreasing the total split lengths, the total failure lengths and the average
propagation velocity of the cracks, hence increasing the material toughness. The effect of
the distance of multiple stop-holes from the crack tip is also investigated. It is observed
that every stop-hole has an influence domain (i.e., the µ-range) beyond which the crack
dynamics is not significantly affected. It is shown that when the stop-hole intercepts the
crack-tip, the material toughening is maximized. On the other hand, if the stop-hole is
located in the far field from the crack tip, the material toughness decreases. Additionally,
it is concluded from the analysis with two stop-holes that the toughening effect is max-
imized when both of the stop-holes are placed near the crack tip. Which elaborates that
depending on the distance between the holes, the material toughness can be tailored. Fi-
nally, the influence of drilling stop-holes on labour and material cost is also compared for
different stop-hole configurations, which can provide valuable information for addressing
time-cost-trade off problems
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4.1. Abstract

This study proposes an enhanced formulation of Ordinary-State based peridynamic
which can model functionally graded materials (FGMs) with sharps jumps in material
properties through introducing a novel peridynamic parameter, referred to as the dom-
inancy rate. The current formulation takes into account the multi-scale nature of peri-
dynamics as well as the material transition (interface) effects. As a result of extensive
comparison efforts with FEM literature, traditional peridynamics, and ANSYS, this study
reveals that the properties of a PD-bond should not be equally affected by the properties
of the constituent points in modeling FGMs. Additionally, it is found that the correctness
of the results is negatively influenced if the bond properties are determined using only one
of the weaker or stronger constituent point. Furthermore, a better accuracy is achieved,
specially at the material transition regions, through considering that the properties of the
bonds are mostly dependent on that of the weaker constituent point. To demonstrate the
capability of the proposed model, a numerically validated toughening mechanism against
crack propagations is presented for FGMs. It is found that the local toughness of FGMs
can be effectively enhanced by tailoring the location and material properties of the sub-
regions.

Keywords: Ordinary State-Based Peridynamics, Functionally graded materials, High
gradients, Material transitions, Interface modeling, Toughness enhancement.
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4.2. Introduction

In many engineering problems one may come across to situations in which incongru-
ous properties of materials are needed. For example, in most of the machinery and au-
tomobile industries, a part is needed to be ductile as well as hard. The other desired
material attribute is of course the minimal weight. As traditional engineering materials
fail to exhibit such combined behaviors [49–51], Functionally Graded Materials (FGMs)
have been developed. Unlike conventional composites, in FGMs, the properties of the
constituent materials vary smoothly and continuously thereby circumventing the sharp
interfaces between the layers which might lead to delamination failure [52]. Moreover,
the smooth variation of the properties in FGMs play an important role in preventing stress
singularities and reducing residual stresses at material interfaces. Such characteristics
of FGMs attracted an uncommon interest of researchers in a short period of time [53–
56] and widened the usage of FGMs to many engineering and medical fields [57–60].
The experimental works on mechanical and thermomechanical properties of FGMs have
fairly been widened. Much works were carried out investigating the optimum material
compositions [57, 58, 61], thermal and mechanical residual stresses [55, 62] and fracture
mechanics [63, 64] of FGMs. Although these works form the fundamental knowledge to
generalize specific properties, it is practically impossible to experimentally identify which
variable dominates the overall properties of interest, given that there are quite many pa-
rameters interrelated to each other. This basically requires additional data generation that
can easily be handled by both modeling and numerical perspectives. There an obvious in-
creasing trend in modeling FGMs is seen within the past few decades. Among the earlier
researchers, for example, Fukui et al. [65] numerically and analytically studied the effects
of gradation of components on the strength and deformation of FGM tubes under internal
pressure. Berezovski et al. [66] and Hedayatrasa et al. [67] investigated the elastic wave
propagations in FGMs using different finite element approaches. One other most signifi-
cant discussion in FGMs is the fracture occurrences, which has extensively been studied
through the years.

Numerical modeling of imperfection formations (e.g., cracks, damage, holes, material
interfaces) in FGMs are quite challenging due to the non-symmetrical property variations.
This has been an object of researches since the 1980s [68]. Studies have indicated that the
stress field of the crack tip is mostly influenced by the inverse-square-root-singularities, in
which the elastic variation has a significant role while the role of Poisson’s ratio is negli-
gible [69]. Therefore, in complex medias such as FGMs, the variation of elastic modulus
may result in complicated damage propagations. Moreover, in FGMs in situations where
the crack is not parallel to the gradient direction or the circumstances where the loading
is not symmetrically applied with respect to the crack surface, a mixed-mode fracture oc-
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curs. There have been quite valuable efforts on modeling such fracture occurrences of
complex nature. To name a few, Kirugulige et al. experimentally [70] and numerically
[71] investigated this type of crack propagations under dynamic loadings by utilizing co-
hesive zone finite element method. Abotula et al. [72] used asymptotic approach to model
the stress field at the crack-tip. Hirshikesh et al. [73] and Doan et al. [74] modeled the
dynamic crack propagations by utilizing various Phase Field methods. As is seen, most
of the efforts regarding the wave and fracture modeling in FGMs are carried out using the
traditional methods based on classical continuum mechanics formulations (CCM). Only
recently, Chen et al. [34] and Ozdemir et al. [35], in turn, proposed a Bond-Based (BB-
PD) and Ordinary State-Based Peridynamic (OSB-PD) models for simulating dynamic
crack propagations in FGMs. But yet, due to the assumptions in driving the bond prop-
erties, these models fail to address the material transitions, interfaces, and multi-scale
effects.

Hence, by introducing a novel PD parameter, the dominancy rate (ψ), we propose an
improved formulation of PD for FGMs to account for transition and interface effects. We
systematically evaluate the proposed model for the behavior of FGMs under wave propa-
gations, static loadings, and dynamic fractures. Moreover, as an application of the present
formulation, we present a novel numerical toughening model to enhance the properties of
FGMs against crack propagations. Even though, there a wide range of numerical toughen-
ing models exist for different material types, to the best of authors’ knowledge, no study
has been dedicated to the numerical toughening mechanisms of FGMs. Recently, a simi-
lar model was proposed by authors [75] in which stop-holes were implemented to plates
in order to increase the toughness of isotropic materials. Herein, the model is further
developed for FGMs by introducing homogeneous and flipped sub-regions consisting of
slightly or highly different material properties. With the help of the recent developments
in the area of additive manufacturing [76], the proposed toughening model in this effort
may be useful to further enhance the FGM capabilities against crack propagations by
employing considerably negligible changes to the geometry.
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4.3. Numerical Examples

4.3.1. Mixed-Mode Dynamic Crack Propagations in FGMs Under Three-

Point Bending

The OSB-PD model proposed in this study is validated through revisiting the complex
benchmark problem solved in [70], which involves the mixed-mode damage occurrence.
A plate with the length L = 152mm, and width W = 43mm, given in Fig.4.1, is subjected
to three-point bending stress of σ0 = 25MPa with a rump-up and rump-down time of
30 µs and a total loading duration of 200 µs (Fig.4.2). The load is applied asymmetrical
to crack surface to ensure a mixed-mode damage propagation. Since the experimental
loading profile is not provided in Ref. [70], the loading conditions used in this test case
is given in Fig.4.2 in accordance with Refs.[34, 35, 74]. Two different scenarios are
considered: 1) the plate with the pre-existing crack length of a = 8.6mm located on the
stiff side, and 2) the plate with the pre-existing crack of the same length located on the

(a) Crack located on the stiff side

(b) Crack located on the compliant side

Figure 4.1: Geometric properties of FGM plates under three-point bending test
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Table 4.1: Material properties of the plate under three-point bending test

Elastic Modulus Density Poisson’s ratio KIc

Best fit (Fig.4.3) Best fit (Fig.4.3) 0.33+0.000465y 2.2−0.0186y

Figure 4.2: Rump-up-down loading profile of the plate under three-point bending test

compliant side. The material properties of the plate (given in Table 4.1 and Fig.4.3) are
obtained by digitizing the experimental data in Ref.[70]. The plates are discretized into
152x43 points with a material point spacing of ∆x = 1mm and horizon size of δ = 3∆x.
The incremental time-step size is taken as dt = 20ns which is selected in accordance with
the stability condition (Eq.2.25). The analyses were explicitly carried out for a total time
of 300 µs.

Figure 4.3: Elastic modulus and density variation of the FGM plate under three-point
bending test
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(a) Crack located on the stiff side (b) Crack located on the compliant side

Figure 4.4: A comparison of the final crack path in plates under three-point bending with
the experimental [70] and Phase field [74] results

Fig.4.4 shows a comparison of the final crack path obtained by the OSB-PD analyses
with the ones of experiments [70] and Phase Field model [74]. As seen in Fig.4.4a, in the
plate with crack located on the stiff side, the OSB-PD approach successfully predicts the
experimentally observed behavior of the crack with negligible fluctuations. It is observed
that these fluctuations become larger in the plate with crack located on the compliant
side (Fig.4.4b). This can be attributed to the missing experimental loading profile as well
as the different support conditions assumed in the analyses stage. In the experimental
configuration, the beam is supported by two blocks of soft putty while the simulations
are conducted under free-free end boundary conditions, thereby preventing the support
reactions, which are known to have an important effect on fracture behavior [70, 74].
The accuracy of the proposed OSB-PD model in predicting the crack path can be seen
for both configurations, the plate with the crack located on stiff side and the plate with
crack located on compliant side. The analyses are carried out for different values of the
dominancy rate, ψ . However, the ψ values are observed not to change the final results.
This is due to the smoothness of FGM properties between the neighboring points. Because
of the small material gradient in a given horizon (i.e., δ = 3mm), different values of ψ

result in approximately the same inter-family bond properties. Thus, in order to see effects
of ψ on the results, a high material gradient or a sudden change (jump) in the material
properties between the neighboring points should exist. Therefor, in the proceeding case
study, we will investigate the effects of ψ on FGMs by introducing a region with notably
different material properties, referred to as the sub-regions.

4.3.2. Wave propagations in FGMs of high gradient

The original form of this problem was firstly solved in [66] and reproduced in [34,
35, 67, 77] for the FGM plate with dimensions L = 49mm and W = 24.5mm (200x100
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points). The upper portion of the plate is consisted of ceramic (alumina) with high elas-
ticity (named as Phase 1) while the lower portion is made of metal (aluminum) (named as
Phase 2). Three different material gradients were considered, namely, Case A, C and D,
utilizing the gradient function z = z0(y/W )d . In which y and W is the vertical position
of the point and width of the plates, respectively. In Case A, the value of z0 and d are in
turn taken as 0.36 and 0, which result in a plate with homogeneous properties. The value
of z0 in Case C and D is taken as 0.6 with d being equal to 0.25 and 4, in the given order.
Such a setting leads to a low material gradient for Case C and slightly higher material
gradient for Case D. The effective material properties, Pe f f , for any point in FGM region
are then calculated as:

Pe f f = Pphase1z+Pphase2(1−z) (4.1)

In all of the above cases, the change in the material properties between the neighboring
points is considerably small to observe the effects of ψ on the solution. Thus, to bet-

(a) Geometry S (smaller subregion)

(b) Geometry L (larger subregion)

Figure 4.5: Geometric properties of FGM plates under sinusoidal impact loading

47



Chapter 4. An Imp. PD Formulation for Mod. FGMs with Sharp Interface Trans.

Table 4.2: Material properties of the plate under three-point bending test

Phase 1 (top)
Ceramic (Alumina)

Phase 2 (bottom)
Metal (Aluminum) MsrH MsrL

E[GPa] 420 70 100 10

ρ[Kg/m3] 3200 2800 3000 1200

Poisson’s
ratio

0.17 0.3 1/3 1/3

ter reveal the capabilities of the current approach, we implemented two different circular
sub-regions with diameters of 4mm (Geometry S) and 8mm (Geometry L) into the central
portion of the original FGM plate, as shown in Fig.4.5. This modification can simply
demonstrate the sharp interfaces and can safely represent the effects of material transi-
tions in FGMs with high gradients, given that the FGMs are formed by combinations of
small micro-blocks of sub-regions having different material properties. In other words, an
FGM plate with a high gradient can be assumed as the set of sub-regions with gradually
increasing properties, whereas the material properties may vary significantly. Accord-
ingly, Two different materials are considered for the sub-region in Geometry S, namely,
Geometry S1 with MsrH and Geometry S2 with MsrL properties, whereas due to the ex-
pected similar effects, only MsrL properties are applied to the sub-region with Geometry
L (Table 4.2). All the geometries in this section are subjected to an impact-sinusoidal
loading of σ = 125sin2(π(t − 1.5)/1.5) which is applied to the 12.5mm central-upper
portion of the plate, while the lower corners are supported in x- and y- directions, as de-
picted in Fig.4.5. The total loading duration is considered as 1.5 µs reaching a peak of
σp = 125MPa in 0.75 µs, as seen in Fig.4.6. The analyses are carried out for 3 µs with
dt = 1ns. The effects of ψ are investigated for three different material gradients in
three different geometries which in total make nine different scenarios. Among these, the
cases of Geometry S2 are the most critical ones with the highest percent differences due
to the high change of the material properties in a small region. Hence, for the brevity of
the study, the contours of the displacements (Fig.4.7) and percent differences (Fig.4.8)
with respect to ANSYS are shown for Geometry S2 only. The percent differences (PE)
depicted in Fig.4.8 are calculated as:

PE(i) =
|U (i)

ANS−U (i)
PD|

Umax
ANS

(4.2)

where Umax
ANS, U (i)

ANS, and U (i)
PD are maximum displacement of the plate, displacement of

point i obtained by ANSYS, and present OSB-PD analysis, respectively.
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As can be seen from Fig.4.8, by increasing the values of ψ , the maximum PE in the
maximum displacement direction (y-direction) decreases from almost 14% to 6% for the
cases A and C, and from 7.5% to 4.8% for Case D. Although the maximum PE is seen to
be more than 5% in some cases, such an error stays in an acceptable range considering
that the comparison is made between local and non-local continuum methods. It should
also be noted that the maximum PE is only seen for a small portion of the plate (5-10
material points) while for the rest the PE is only around 2%. To examine the accuracy of

Figure 4.6: Loading profile of the impact on plate with sub-regions

Figure 4.7: Contours of horizontal, u(x) and vertical, v(y), displacements obtained from
ANSYS and OSB-PD analyses (with ψ = 100) after 3 µs (end of simulation) for

Geometry S2
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Figure 4.8: Contours of percent differences for horizontal, u(x), and vertical, v(y),
displacements after 3 µs (end of simulation) in Geometry S2

the results more quantitatively for changing values of ψ , the average PEs are calculated
at the maximum displacement portions and are listed in Table 4.3. Note that the max-
imum displacement portion corresponds to the central circular region of the plates with
a diameter of 10mm. It can readily observed from Table 4.3 that the average PEs be-
tween ANSYS solutions and PD predictions become less than 1.5% by leveraging larger
values of ψ , thereby demonstrating the higher accuracy of the present approach over the

Figure 4.9: A schematic representation of the dominancy rate (ψ)
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Table 4.3: Average percent differences for u and v displacements in Geometries L and R
under impact loading

Traditional PD ψ = 10 ψ = 100

u 1.40% 1.35% 1.31%
Case A

v 0.73% 0.71% 0.70%
u 1.22% 1.11% 1.04%

Case C
v 0.42% 0.42% 0.43%

u 0.77% 0.77% 0.77%G
eo

m
et

ry
S1

Case D
v 1.59% 1.59% 1.59%

u 1.85% 1.49% 1.21%
Case A

v 1.35% 1.33% 1.34%

u 2.13% 1.91% 1.53%
Case C

v 0.98% 0.97% 0.89%
u 1.21% 1.20% 1.29%G

eo
m

et
ry

S2

Case D
v 1.62% 1.52% 1.44%

u 2.14% 1.62% 1.18%
Case A

v 1.62% 1.60% 1.40%
u 2.54% 2.02% 1.36%

Case C
v 1.84% 1.79% 1.55%
u 1.45% 1.28% 1.25%G

eo
m

et
ry

L

Case D
v 1.20% 1.18% 1.10%

traditional PD. As it is seen, average percent differences have been decreased in almost
every scenario by increasing the value of ψ . This is physically what is expected. If the
bond between two material points is considered as an elastic rope between two person
with different strengths, then the tension in the rope would be dominated by the weaker
person’s strength, as shown in Fig.4.9. This similar physics is applicable for all the sce-
narios involving more than one material type as in the case of FGMs. Accordingly, it
can be conspicuously inferred that, in problems with material transitions, the properties
of a bond are mostly dependent on the properties of the weaker point and, thus, Eq.(2.18)
should be used with the large values of ψ (ψ ≥ 100) to accurately model these transi-
tion effects. It is worth mentioning that a value of ψ ≥ 100 roughly results in the bond
properties calculated as the harmonic average of the constituent points.

4.3.3. High gradient FGMs under static loading

In this case study, an FGM plate with dimensions of L = 80mm and W = 40mm

(200x100 points) is subjected to a linearly distributed static load of 300kN/m (Fig.4.10).
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Figure 4.10: Geometric properties of FGM plate under static loading

The left and right ends of the plate are constrained in x- and y-direction by four layers of
fictious material points. The material properties of the plates are taken the same as Case
D of the previous problem. A square sub-region with the side length of 16mm, a density
of ρ = 2800Kg/m3 and Poisson’s ratio of v = 0.3 is defined in the central portion of the
plate. The elastic modulus of the sub-region is taken as Esub = ErEmin. Herein, Er is the
ratio of the elastic modulus of the sub-region to the minimum possible value of the elastic
modulus in the plate, Emin. The analyses are carried out for different values of Er and ψ

by utilizing the adaptive dynamic relaxation method [38].

Fig.4.11 and Fig.4.12, in turn, show the vertical and horizontal displacements along the
vertical and horizontal lines, for different values of Er and ψ . As can be seen from the
figures, for the value of Er = 1 (low gradient), the accuracy of the result is not affected by
the change in the value of ψ . However, for larger change in the material properties (i.e.,
Er = 10,0.1,0.01, ...), the value of ψ is observed to have high impact on the prediction
capability of the model, specially at the transition regions, i.e., sub-region boundaries
where the plate encounters a high gradient (a sudden jump in material properties). At these
boundaries, the displacement values predicted by traditional PD show an abnormal trend,
while the present formulation delivers a higher precision (Fig.4.11). Another important
observation from the figures is that the properties of a bond should not completely be
dependent on the properties of a single point. In other words, the value of ψ should not
completely neglect the effects of the point with higher material properties. Otherwise the
accuracy of the model is negatively affected, as is observed, for example, in the graphs
of Uy (maximum deformation direction), for the value of Er = 0.01,0.005,0.002,0.001.
In such cases, for high values of ψ the dominancy rate of the point with lower material
properties become so high that the effects of the point with higher material properties
approach zero, resulting in a lower accuracy (Fig.4.11). It is worthy to mention that the
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Figure 4.11: Vertical displacement, Uy, of the vertical central line in FGM plates under
static loading

53



Chapter 4. An Imp. PD Formulation for Mod. FGMs with Sharp Interface Trans.

Figure 4.12: Horizontal displacement, Ux, of the horizontal central line in FGM plates
under static loading
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Figure 4.13: Graph of horizon-convergence for different values of ψ

size of horizon, δ , does not significantly affect the dominancy rate parameter but it does
affect the overall PD accuracy, as is seen in Fig.4.13 in which different values of ψ as
well as the traditional PD have yield to the same final results. This is because the change
in the material properties of the neighboring points is independent of the non-locality
range. However, the effects of the ψ become more obvious in the problems where the
distance between material points, ∆x, is significantly large. Fig.4.14 shows a comparison
of the current approach with the traditional PD for different mesh resolutions with δ =

4∆x. As is seen, the accuracy of the traditional approach has significantly decreased with
increasing values of ∆x, while current formulation has delivered good precision for even
very high particle distancing.

4.3.4. Toughness enhancement of FGM plates using homogeneous sub-

regions

In this section, we present a novel numerical toughening model to enhance FGMs
against crack propagations. For this purpose, a circular sub-region with a diameter of
7mm is implemented into a plate made of FGMs with material properties given in Table
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Figure 4.14: Graph of ∆x-convergence for different values of ψ

4.1. The dimension of the plate is LxW = 43mmx43mm which leads to a discretiza-
tion of 100x100 points. The elastic modulus of the sub-region is set to be E = 2.94GPa

which is lower than the minimum value of E in the original FGM plate. The density,
Poisson’s ratio, and fracture toughness of the sub-region is ρ = 1200Kg/m3, v = 0.38
and KIc = 1.33MPa

√
m, respectively. The plate is subjected to a cross head velocity

boundary condition of 200mm/s in x-direction which is applied to three fictious layers of
material points at each end, as shown in Fig.4.15. The propagation of the crack is inves-
tigated for two different cases. In one of which, a pre-existing crack with the length of
8.5mm is located on the stiff side while in the other one, the pre-existing crack is posi-
tioned on the compliant side. Fig.4.16 shows the evolution of the crack with respect to
time for the value of ψ = 100 in the plate with the pre-existing crack located on stiff side.
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(a) Crack on stiff side

(b) Crack on compliant side

Figure 4.15: Geometric properties of the plate with a circular homogeneous sub-region

Due to the change from brittle region to elastic one, in the pristine plate, the propagation
of the crack located on stiff side starts at an earlier stage of the loading than that of the
compliant side. Because of the more elastic behaviors of the upper portions, at the later
time-steps, the crack propagation stops for a while and continues with a relatively lower
velocity. This phenomenon is even more obvious in the plate with a sub-region of slightly
lower elastic modulus. As can be seen from Fig.4.16, the presence of the sub-region stops
the crack propagation for a significant amount of time. This is because, when the crack
enters into the sub-region with lower elastic modulus, it requires higher displacement or
strain energy for further propagation, thereby putting the crack into a relaxation mode
(between 400µs− 600µs) which prolongs the complete rupture time of the FGM plate,
as shown in Fig.4.17.
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Figure 4.16: Tip evolution of the crack located on stiff side in pristine (normal) plate and
the plate with sub-region

The effects of similar toughening mechanism are relatively smaller in the FGM plate
with the pre-existing crack located on compliant side, as shown in Fig.4.18. This is be-
cause the location of the crack in higher elastic regions causes a delay in the crack initia-
tion time. By the time the propagation starts, the stretch of the bonds in more brittle areas
as well as in the sub-region would have already become close to their critical values. This

Figure 4.17: A comparison of the propagation length of the crack located on stiff side in
pristine (normal) plate and the plate with sub-region
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Figure 4.18: Tip evolution of the crack located on compliant side in pristine (normal)
plate and the plate with sub-region

results in a rapid propagation towards more brittle regions with a continuously increasing
velocity. That is why, the presence of the sub-region at the later stages of the propagation
would not provide effective increment in the toughness. Nevertheless, there still a small
toughening increase is seen due to the higher energy absorption of the sub-region. Over-
all, it can be stated that the presence of a small sub-region constituting geometrically 2%
of the plate can be highly effective in increasing the total rupture time and decreasing the
average crack propagation velocity.

4.3.5. Toughness enhancement of FGM plates using sub-regions of flipped

properties

In this case study, the geometry, material properties, and loading condition of the previ-
ous case study are used to investigate the effects of the sub-regions with flipped properties.
To this end, a square region (namely the sub-region) with the side lengths of 7mm is lo-
cated at a y-distance of d from the crack tip. The properties of the sub-region is flipped
from its central axis in y-direction, as shown in Fig.4.19, where two different scenar-
ios are considered with the crack locations on stiff and compliant side. Fig.4.20 shows
the evolution of the crack with respect to time in the pristine plate (with no sub-region)
and the plate with flipped sub-regions (colored graph) for different values of d. A two-
dimensional representation is also given in Fig.4.21. The regions of the colored graph
which remains on the upper side of the shaded graph indicate the amount of enhancement
against crack propagation. For instance in Fig.4.20a, at an instant of 560 µs, the crack
tip reaches a distance of 35mm in the plate with the sub-region located at d = 13mm,
whereas a complete rupture is observed in the pristine plate. Specifically, the presence
of the sub-region has caused an almost 10mm decrease in the final length of the crack.
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(a) Crack on stiff side

(b) Crack on compliant side

Figure 4.19: Geometric properties of the plate with square flipped sub-region

However, this toughening effect is noted to be irregularly varying with respect to time
and the sub-region’s location, d, in plate with crack located on stiff side. This irregular
variation can be attributed to the irregular ex-change of the brittle properties of the lower
portion of sub-region with the more elastic ones on the upper portion. In this geometry,
the variation of the critical energy release rate, Gc, through the width of the plate has a
sinusoidal profile, as seen in Fig.4.22. It is known that the profile has a maximal, minimal
and inflection point (where d ≈ 13mm). By introducing the sub-region at a distance of
d = 13mm, a highly distinguishable change in the profile of Gc emerges, thereby resulting
in a longer relaxation for the crack propagation. Moreover, a converse effect is captured
for the values of d = 3mm and d = 5mm, in which the crack relaxation begins later and
lasts shorter. On the other hand, because of the symmetry existed around the maximal
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and minimal points, flipping the geometry in these regions would not significantly affect
the material properties, and thus resulting in negligible toughening effects. Although the
same variation of Gc is present in the geometry with crack located on compliant side,
the enhancement effect is observed to be regularly decreasing with increasing values of
d. This is because the initiation of the crack propagation starts at an instant in which
the stretch of the bonds is closer to their critical value. Due to the high velocity of the
crack-propagation, the presence of sub-regions at the late stages remains incapable of suf-
ficiently decreasing the propagation rate. Therefore, in the geometry with crack located
on the compliant side, the sub-region is only effective when its located near the crack tip
(at a 0− 10mm distance from the tip). Such effects have been observed in the previous
case studies as well. Hence, it can be concluded that the implementation of toughening

(a) Crack on stiff side

(b) Crack on compliant side

Figure 4.20: A 3D representation of the evolution of the crack with respect to time for
different values of d
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mechanism requires more attention for the case of pre-existing crack located on the com-
pliant side. It is also important to note that where the shaded area in Fig.4.20 remains
above the colored graph, inclusion of the sub-region accelerates the local speed of the
crack propagation. Consequently, it is crucial to properly design the material properties
of the sub-region and optimize its distance to obtain a superior toughening effect. Accord-
ingly, this study sheds a light on viable design of toughening mechanisms in FGMs by
providing the necessary guidelines with the comprehensive results depicted in Fig.4.20.

(a) Crack on stiff side

(b) Crack on compliant side

Figure 4.21: The 2D representation of the evolution of the crack with respect to time for
different values of d
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Figure 4.22: Gc variation in pristine (normal) plate and the plates with flipped sub-region

4.4. Conclusions

In the scope of this study, a comprehensive formulation of Ordinary-State based peri-
dynamic (OSB-PD) approach is presented for accurate modeling of Functionally Graded
Materials (FGMs) with high material gradients and/or a jump in the material properties.
An important contribution of the current formulation is its adjustable nature through in-
troducing the dominancy rate parameter, ψ , into PD literature for FGMs, which enables
handling complex problems involving different length-scales. To this end, this paper indi-
cates that the properties of a PD-bond should not be affected by that of constituent material
points equally under different circumstances. The overall numerical methodology is cor-
roborated by solving various test cases involving FGM plates with high gradients under
dynamic/static loading conditions. In these test cases, sub-regions are introduced to ex-
emplify the sharp and sudden transitions of the material properties in high gradient FGMs.
It is demonstrated that the current model better captures the experimental and numerical
crack behaviors if compared with phase field, FEM, and other existing peridynamic lit-
erature. It is indicated that different values of ψ yield to the same results when solving
FGMs with low material gradients. However, the accurate selection of ψ is shown to be
important for FGMs with higher gradients where the properties of the material points con-
stituting a PD-bond can differ significantly. It is proved that the properties of a PD-bond
should be dependent mostly on the properties of the weaker material point, i.e., ψ ≈ 100
which roughly corresponds to the harmonic average properties of the points. It is also
observed that the accuracy of the results is adversely affected if the properties of a bond
is computed using the properties of only one of the weaker or stronger constituent points.
Overall, a more realistic FGM-PD model is constructed by considering the multi-scale
nature of PD as well as material transition effects.

Furthermore, as a particular application of the current formulation, a numerically val-
idated toughening model is proposed to increase the toughness of FGMs against crack
propagations. For this purpose, the propagation of the crack is investigated under two
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different set-ups, namely, the FGM plates enhanced with homogeneous and with flipped
sub-regions. While the former one requires a change in the material properties, the latter
one necessitates a modification in the manufacturing procedure only. It is demonstrated
that upon implementing either or both of the above approaches, the toughness of the
FGMs can be increased notably. It is also observed that in the case of the flipped sub-
region, the toughening effect is the highest if the flipping of the sub-region is performed
at the regions near to the infliction point(s) of the Gc variation. Overall, this study pro-
vides a unique contribution to the existing state of the art in terms of proposing a novel
PD methodology which can handle modeling of FGMs with sharp transitions in material
properties as well as suggesting numerically validated new toughening configurations for
FGMs.
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