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Abstract

Factorization of polynomials over finite fields is a classical problem, going back to
the 19th century. However, factorization of an important class, namely, of permu-
tation polynomials was not studied previously. In this thesis we present results on
factorization of permutation polynomials of Fy, ¢ > 2.

In order to tackle this problem, we consider permutation polynomials F,(x) € F,[z],
n > 0, which are defined recursively as compositions of monomials of degree d with
ged(d,g — 1) = 1, and linear polynomials. Extensions of F, defined by using the
recursive structure of F,,(x) satisfy particular properties that enable us to employ
techniques from Galois theory. In consequence, we obtain a variety of results on degrees

and number of irreducible factors of the polynomials F,(z).



SONLU CISIMLER UZERINDEKI BAZI PERMUTASYON POLINOMLARININ
CARPANLARA AYRILMASI UZERINE

Tekgiil Kalayci
Matematik, Doktora Tezi, Ocak 2019

Tez Danmigmani: Prof. Dr. Alev Topuzoglu

Anahtar Kelimeler: sonlu cisimler, permiitasyon polinomlari, polinomlarin carpanlara

ayrlmasi, indirgenemez polinomlar

(")zet

Sonlu cisimler tizerindeki polinomlarin ¢arpanlara ayrilmasi, 19. yiizyila kadar
uzanan klasik bir problemdir. Buna ragmen, onemli bir sinifin; permiitasyon poli-
nomlarinin ¢arpanlara ayrilmasi daha once ¢alisilmamisti. Bu tezde F,, ¢ > 2 sonlu
cisimleri tizerindeki permiitasyon polinomlarinin ¢arpanlari hakkinda elde ettigimiz
sonuclar sunulmaktadir.

Bu problemi ¢ozebilmek igin, 6zyineli bi¢imde tanmlanan F, € F.[z], n > 0,
permiitasyon polinomlarini ele aldik ki, bu polinomlar, dereceleri dy,...,d, olan ve
ebob(d;,q — 1) = 1, 1 < i < n sartim saglayan bir terimliler ve dogrusal polinom-
larin bilegkesiyle olugsmaktadir. Bu permiitasyon polinomlarinin 6zyineli yapisini kul-
lanarak tanimladigimiz [, cisminin genislemelerinin sahip oldugu bazi 6zellikler Galois
teorisinden teknikleri kullanmamizi miimkiin kilmigtir. Bu sayede F,,(z) polinomlarmin

indirgenemez carpanlarinin dereceleri ve sayis1 hakkinda pek ¢ok sonug elde edebildik.
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CHAPTER 1

Introduction

1.1 Factorization of polynomials over finite fields

Throughout this thesis F, denotes a finite field of characteristic p, hence ¢ = p",
r > 1. Factorization of polynomials over F, is a classical problem. In coding theory,
cryptography or number theory, there are plenty of problems solutions of which depend
in one way or another on the factorization of f(x) € F,[z]. For instance, in coding
theory, a linear code C of length n is cyclic if and only if its generator polynomial
divides ™ — 1, i.e., cyclic codes are determined by factors of 2™ — 1.

Efficient algorithms for factorization are obtained, due to the algebraic structure of
IF,[z]. First factorization algorithms are due to Berlekamp [11], [12]. Some well-known
improvements of Berlekamp’s algorithms can be found in Cantor and Zassenhaus [17],
Kaltofen and Shoup [52], von zur Gathen and Shoup [50].

It is difficult to find criteria for the irreducibility of arbitrary polynomials, however
there are well-known criteria for polynomials of particular types, for instance those of
small weight. The following theorem, which is proven by Serret [81] for finite prime

fields, characterizes irreducible binomials over .

Theorem 1.1.1 [55] Let 2 < n be an integer, a € F;, t be the order of a in the group

F,. Then the binomial " — a is wrreducible if and only if the following are satisfied.
(i) Each prime factor of n divides t, but does not divide (¢ —1)/t,
(ii) if n =0 (mod 4), then ¢ =1 (mod 4).
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Serret [81] also gave the explicit factorization of particular binomials 2" — a € F,[z].
Dickson [31] considered the factorization of 2" —a € F,[x] with n = ¢—1, see also Agou
[3]. Beard and West [10] and McEliece [65] tabulate factorizations of the binomials
x"™ — 1. More recent results on the explicit factorization of 2" — 1 can be found in
Blake, Gao and Mullin [14], Chen, Tuerhong [22], Martinez, Vergara, Oliveria [62] and

Wu, Yue and Fan [92]. As an example, we state the following result.

Theorem 1.1.2 [62] Let n be a positive integer satisfying

(i) ¢ # 3 (mod 4) or8)n,
(ii) rad(n) | (¢ — 1), where rad(n) denotes the product of prime divisors of n,

n _ —1
and set m = P ] and | = m. Then

" —1= H H (zf — &y

t | m1<u<ged(n,g—1)
ged(u,t)=1

is the factorization of ™ — 1 into irreducible factors of Fy|x], where < § >= Iy

The number of irreducible factors of a given binomial is also studied. Rédei [74] gives
a short proof for the following formula of Schwarz |79], see also Agou [2], Butler [16],
Schwarz [7§].

Theorem 1.1.3 (79 Let 2" —a € Fy[x], a € F;, 1 <5 <n, d, = ged(n, p® — 1) and

ds ifp | P 1,
Vs =
0  otherwise.

Then the number of irreducible factors of x™ — a of degree m is
1 m
E zlj M(;)’V&

where the sum runs over all s | m, and p denotes the Mdbius function.

Recently, Heyman and Shparlinski [43], considered various counting questions for irre-
ducible binomials of the form 2" —a € F,[z]. For instance, the following theorem gives
an upper bound for the number of such irreducible binomials for a fixed ¢ averaged

over n < N.



Theorem 1.1.4 [/5] Let I,,(q) be the number of monic irreducible binomials of the

form a™ —a € Fy[x]. For any fived positive B, €, a sufficiently large q and real N with
N > (log(q — 1))1+eBless(@)/loga(a)

one has

Irreducibility criterion for the trinomial z? — x —a € Fy[z] was first given by
Pellet [70]. Irrdeucibility of 2?7 —x — a € F,|x] was already studied by Serret [80], [81].
A decomposition of 29 — z — a € F[z], where a is an element of a subfield of F,, in
terms of trinomials in F, was given by Dickson [32].

The factorizations of various compositions of the form f(g(z)) are also considered.
Varshamov [86], [87] gave a criterion for the irreducibility of the composition f(z? —
r —b), where f € F,[z] is irreducible and b € F,. Factorizations of f(z?" — ax),
f(a” — aa?" — br) and many others for an irreducible polynomial f € F,[z] are
studied, see for instance, Agou [3], [4], Long [55], Long and Vaughan [57], [58], and
Ore [68]. Factorization of polynomials of the form f(z"), with f € F,[z] is irreducible,
is considered in Agou [2], Butler [16], Pellet |70]. Recently, Martinez and Reis [61]

proved the following.

Theorem 1.1.5 [61] Let f(x) be an irreducible polynomial of degree m. If g(x) is

any monic irreducible factor of f(x") and a € F}, has order n, then

is the factorization of f(z™) into irreducible factors.

Factors of polynomials f(L(z)), where f is irreducible and L is a linearized polynomial,
are studied by Agou [4], Long [55], [56], Long and Vaughan [57], [58]. Analogous
problems for the multivariate case are considered in Carlitz and Long [20], and Long
[59)].

Williams [89] gave a factorization of Dickson polynomials. More recent results
in this direction are obtained, for instance, by Chou [23|, Fitzgerald and Yucas [38],
[39], ]40]. In [39], Fitzgerald and Yucas show that irreducible factors of Dickson poly-

nomials can be obtained from particular cyclotomic polynomials, see Tosun [84] for
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a generalization. There are also numerous results on explicit factorization of cyclo-
tomic polynomials, for example, see Meyn [64], Tuxanidy and Wang [85], Wang and
Wang [88], Wu et al. [91]. In the following theorem of Tuxanidy and Wang [85], @,

denotes the n-th cyclotomic polynomial over F,, for n € Z*.

Theorem 1.1.6 (8] Let m,n € N, ged(m,n) = ged(¢p(m),s) = 1, where ¢ denotes

the Fuler’s totient function and s denotes the multiplicative order of ¢ modulo n. If
#(n)/s
Qn = H gj 1is the factorization of Q,(x) over Fy, then

J=1

p(n)/s

an(m) _ H H GjJC (xk)ﬂ(m/k)

j=1 \k|m

is the factorization of Qumn over F,, where G;y, is the minimal polynomial of N . with

n7j
g(An,j) = 0.

The problems concerning factorization pattern of a given polynomial also have
received a lot of attention. Cohen [26], [27] considers the distribution of various fac-
torization patterns among polynomials of the form f(z)+ag(x), when f, g € F,[z] are
given and a € F,. In Cohen [2§], the distribution of factorization patterns in residue
classes modulo a given polynomial or in sets of polynomials of fixed degree with preas-
signed coefficients are studied. An asymptotic formula for the number of polynomials
of fixed degree d over IF, having exactly s irreducible factors of degree e is given by
Williams [90]. Car [18] and Cohen [25] obtain asymptotic formulas for the number of
monic polynomials over F, of fixed degree with a certain factorization pattern. Gogia
and Luthar [41] considered the same problem for the case where the degree is bounded
by a positive integer. Gémez-Pérez, Ostafe and Shparlinski [34] give a lower bound for
the largest degree of an irreducible factor, and an estimate on the number of irreducible
factors of iterates of a polynomial f(z) € F,[z]. Reis [76] studies polynomials of the
form f(g"™(z)), where f, g are of degree at least 1 and ¢ (z) denotes the n-th iterate
of the polynomial g(z). He obtains some improvements of the results in [34]. Recently
in Reis [75], degree distribution of f(L(x)) is given, where f is irreducible and L is
linearized.

As a problem related to factorization, there has been an active interest in finding

roots of polynomials over finite fields. Berlekamp [12] suggested a method to find roots

4



of polynomials when ¢ is large. A root finding algorithm based on the consideration of
affine multiples was developed by Berlakamp, Rumsey and Solomon [13]. Rabin [73]
suggested a different method for the same problem; see also Cantor and Zassenhaus [17].
In Mann [60], the roots of f are given in terms of roots of unity over F, and polynomials
in the coefficients of f, where f is irreducible and of degree not divisible by p. If f
has roots in [, Presi¢ [71] gave an expression of these roots depending on a primitive
element of F,. Feit and Rees |37] obtained conditions for a polynomial over F, to split
in g, Satunovskii and many others studied the same problem for the case of prime
cardinality.

Further information about the algorithms and results concerning factorization of
polynomials over F, can be found in Lidl and Niederreiter |53, Chapter 4], Mullen and
Panario |66, Chapter 11], Shparlinski [82, Chapter 1] and references therein.

1.2 Permutation polynomials

A polynomial f € F,[z] is called a permutation polynomial if it induces a bijection from
F, to F,. Permutation polynomials have been of great interest over the last decades,
due to their applications in coding theory, cryptography and combinatorics.
Permutation polynomials of finite fields of IF,, were first studied by Hermite [42]. The
consideration of permutation polynomials of F; is due to Dickson [33]. It was first noted
by Hermite [42] that any function ¢ from F,, into F, can be represented by a polynomial.
Dickson [33] observed that the same holds for F,, and if the representing polynomial
f satisfies deg f < ¢, then f is the unique such polynomial. Carlitz [19], Dickson [33]
and Zsigmondy [93] pointed out that f can be obtained from an interpolation formula

as follows.

Theorem 1.2.1 (Lagrange Interpolation Formula) For n > 0, let aq, ..., a, be
n+1 distinct elements of Fy, and let by, ..., b, be n+1 arbitrary elements of F,. Then
there exists a unique f € Fy[z], deg f(x) < n such that f(a;) = b;, fori =10,...,n.

This polynomial is given by

P =30 [~ an) ' (= — ax)
=



If ¢ : F, — F, is already given as a polynomial function, say ¢ : ¢ — g(c) with
g € F,[z], then f can be obtained from ¢ by reduction modulo z? — z, due to the

following result.

Lemma 1.2.2 Let f,g € F [z]. The equality f(c) = g(c) holds for all ¢ € F, if and
only if f(x) = g(x) mod(z? — x).

A criterion for f(z) € F,lx] to be a permutation polynomial of F, was given by

Hermite [42]. This result is generalized to polynomials in F,[z] by Dickson [33].

Theorem 1.2.3 (Hermite’s Criterion) A polynomial f € Fy[z] is a permutation

polynomial of F, if and only if the following conditions are satisfied.
(1) f has exactly one root in F,,

(i1) for each integer t with 1 <t < q—2 and p Jt, the reduction of f(x)" mod(z?—x)

has degree < q — 2.

Some well-known examples of permutation polynomials are given in the following

lemma.

Lemma 1.2.4 (i) Every linear polynomial over F, is a permutation polynomial of

F

.
(ii) The monomial x% is a permutation polynomial of ¥, if and only if gcd(d,q—1) = 1.
(iii) The p-polynomial
L(z) = i ax” € F,[z]
i=0
is a permutation polynomial of ¥, if and only if L(x) only has the root 0 in F,.

(iv) The Dickson polynomial

Lk/2]

ZEDEDY k—ﬁ] (k B j) (—a)izh=2,

=0 J

where a € Fy,

is a permutation polynomial of F, if and only if ged(k,¢* — 1) = 1.

The following variation of Hermite’s criterion in terms of combinatorial identities is

obtained in 2006 by Masuda, Panario and Wang [63].



Theorem 1.2.5 [63] Let f(x) = amnax™+ ap12™ 4. .+ a1z +ag € Fylz], deg(f) =
m<q—1, and Sy = {(A1,As,...,Ap) €Z™ © A+ A+ ...+ A, =NA +2-
Ay +...m- A, =0(mod(q—1)), A; >0 for alli, 1 <i <m, and A; = 0 whenever

a; = 0}. Then the following statements are equivalent.

(1) f(z) is a permutation polynomial of IF,.

(i)

0, ifN=12...(q—2),

N! A A A

E ayt-ane. . alm =
oAl AL 2 m

Al. AQ. Am- 17 ZfN q 1.

Permutation polynomials of various forms are studied by Akbary and Wang [5], Charpin
and Kyureghyan [21], Hou [44], [46], [45] and many other researchers, see Hou |47] for
a detailed survey.

For ¢ > 2, permutation polynomials over [, form a group under composition and
subsequent reduction modulo ¢ — , which is isomorphic to .S;. The following theorem

of Carlitz [19] gives a set of generators for this group.

Theorem 1.2.6 [19] If ¢ > 2 is a prime power, then every permutation of F, is the

composition of permutations induced by x97% and by linear polynomials over F,.

Therefore, by this theorem of Carlitz, if F'(z) is a permutation polynomial over F,,
then there exists an integer n > 0 and A = (a, ag, ..., a,) € FZ*Q, where ag, a,+1 € F,

a,ai,...a, € Fy, satistying

Fz)=FY2) =(...((ax+a0)" > +a1) ">+ ... +a, 1) +a,, (L1)

see Cesmelioglu, Meidl, Topuzoglu |30]. The representation in is not unique and n
is not necessarily minimal. In Aksoy et al. [6], the Carlitz rank of F' is defined to be the
smallest integer n > 0 satisfying F(z) = F)(x) for some A € IF;‘“. Various problems
concerning Carlitz rank and its applications are studied, see, for instance Aksoy et
al. [6], Anbar et al. [7], [8], Gémez-Pérez, Ostafe, Topuzoglu [35], Isik, Topuzoglu,
Winterhof, [48], Isik, Winterhof [49], Pausinger, Topuzoglu [69] and Topuzoglu [83].



The cycle structure of various types of permutation polynomials is studied; see
Ahmad [1] for monomials, Lidl and Mullen [54] for Dickson permutation polynomials,
and Cegmelioglu, Meidl, Topuzoglu 30| for polynomials of the form (1.1}).

We refer to Lidl, Niederreiter [53, Chapter 7], Mullen, Panario [66, Chapter 8], and
Shparlinski [82, Chapter 8] for a large variety of further results about permutation

polynomials, and their applications.

1.3 Overview

Although factorization of polynomials over [, is a classical problem, factorization of
permutation polynomials has not been studied so far. In this thesis, we are concerned
with factorization of a class of recursively defined permutation polynomials, as defined
below.

Let n > 1, a € ¥y, ag, a1, ...,a, € Fy, dy, ..., d, be integers satistying
d; >2 and ged(d;,g—1)=1 for 1<i<n, (1.2)

and d = lem(dy, ..., d,), the least common multiple of dy, ..., d,. We set
Fy(z) == ax+ap and Fj(z) := F;_1(2)% + a; (1.3)

for 1 < i < n. By Lemma m F;(x) are permutation polynomials for 0 < j <
n. Moreover, by Theorem m, it is known that every permutation of F, can be
represented as polynomials of the form ((1.3). The definition of the polynomials F,
enables us to use techniques from Galois Theory.

We present our results on the degrees of the irreducible factors of F,(z) in Chapter
2, where we assume ¢ = 1 in , since the value of a does not effect the degree of an

irreducible factor of F),(z). We also assume that
ged(di,q) =1 for 1<i<n (1.4)

because if d; = p¥ - e; for some 1 < i < n, then it is possible to write F,(z) = H,(x)?",
where H,(z) is of the form (1.3]).

The first two results in Section 2.1 together, yield the set of possible degrees of
the irreducible factors of F,,(x). Naturally, degrees of the irreducible factors of F,(x)



depend on the coefficients a; in , for 1 < i < n. Consequently, we introduce the
following notation.

Let A = (ag,ay,...,a,) € FJ*, D = (dy,...,d,) € Z7 such that dy, ..., d, satisfy
and . We put Fi(A’D) = Fi(x), for 0 <1 <n.

We define the set AL to be the set of possible degrees of the irreducible factors of
FAP) (x), for an arbitrary A € F g“. Similarly, A denotes the set of the degrees
of the actual irreducible factors of Fi™*" (x). In Section 2.2, we investigate the relation
between the sets AY”) and AY?). More precisely, we first observe that for fixed ¢ and
D, there may not exist any A € IFZ“ such that AP = AP Afterwards, we give a
necessary condition on D and ¢, for the existence of A € ]FZ“, satisfying AP = AP
It is also shown that this condition is not sufficient.

When AYH?) - AP for some g and D and for all A € IFZ‘“ we may try to eliminate
some elements of A%D), which are not in AY"?) for any A. In Section 2.3, we give some
results in this direction, i.e., on the elimination of certain elements of A;D), under some
conditions. Furthermore, using the procedure of proofs of these results, we obtain an
algorithm to eliminate a subset of A%D), when D and ¢ are fixed. Section 2.4 consists
of some existence results, i.e., we show that some m € A%D) are necessarily in A;A’D).

In Chapter 3, we define consecutive permutation polynomial sequences {Fy(LA’D)}nZO
associated to the sequences A = {a,}n>0 and D = {d,},>1, where a, € [F; and
d, € 7" satisfy and , in such a way that the n-th term of the sequence equals
FiP) (x), where B (x) is defined as in Chapter 2. This definition is motivated by
the definition of consecutive polynomial sequences given by Gémez-Pérez, Ostafe and
Sha in [36]. The authors of [36] studied various questions concerning factorization of
consecutive polynomial sequences, including the largest degree of irreducible factors
and the number of irreducible factors. We consider similar problems for consecutive

permutation polynomial sequences in Chapter 3.

1.4 Preliminaries

Here, we list well - known results from the theory of finite fields that we use in the
next chapter.

Let d be a positive integer such that ged(p,d) = 1, and ¢ be a primitive d-th root



of unity over F,. Then the polynomial
Q)= [ =-¢) (1.5)

is called the d-th cyclotomic polynomial over F,,.

Lemma 1.4.1 (i) Suppose ged(p,n) = 1. Then 2" — 1 = H Qa(z),
d|n

(i) If ged(p,d) = 1, then Qq factors into ¢(d)/m distinct monic irreducible factors

over IF, of the same degree m, where m = ordy(q).

As we mentioned in Section 1.1, the factorization of ™ —1 has received a lot of attention.
By Lemma[1.4.1}] it is linked with the factorization of cyclotomic polynomials. Further
research on explicit factorization of ™ — 1 and cyclotomic polynomials can be found
in [22], [40], [62], [64], [85], [88], [91].

In the next chapter, we need some classical results from Galois Theory, in particular,

we use the following.

Lemma 1.4.2 (Kummer extensions) Let L D M be finite extensions of K = F,.
Suppose that L = M(a) with o € M for some d which is relatively prime to q.
Assume moreover that M contains all d-th roots of unity. Then L/M is called a

Kummer extension and [L : M] | d.

Lemma 1.4.3 Let Ly, Ly be finite extensions of K and let L = L1 Lo be the compositum
Of Ll and LQ. Then [L : Ll] = [Lz : (Ll N Lg)] and [L : Ll] | [LQ : K]

We also use the theory of characters in the next chapter. We first recall definitions.

Definition 1.4.1 Let G be a multiplicatively written finite abelian group of order |G|
with the identity element 1. A character x of G is a homomorphism from G into the
multiplicative group U of complex numbers of absolute value 1. That is, a mapping

X : G —= U is called a character of G if it satisfies

x(9192) = x(91)x(g2) for all g1,90 € G (1.6)

Let x be a character of G. Since y is a group homomorphism, we have x(1g) = 1.

Furthermore,
(x(9)“" = x(¢'“N) = x(1¢) =1

10



for every g € G, so that the values of x are |G|-th roots of unity. Note that

xX(@)x(g™") =x(gg™") =x(1le) =1

and hence x(g7") = (x(g))~" = x(g) for every g € G, where the bar denotes complex
conjugation.

If x: G — U is a map such that x(g) = 1 for all g € G, then y is called the trivial
character of G. We denote trivial character of G by xo.

If y is a character of GG, there exists a character which is called the conjugate character
associated to x and denoted by y and it is defined by x(g) = @ for all g € G.
Given finitely many characters xi, ..., x, of G, one can define the product character
X1:----Xn by setting x1-...-xn(9) = x1(9)--. . xu(g) forallg e G. Ilf xy; = ... = x» = X,
we denote the product character by ™. Let us denote the set of characters by G.
Obviously, G forms an abelian group under this multiplication of characters. As the

values of characters of G are |G|-th roots of unity, we know that G is finite.

The following well-known results can be found, for instance, in [53].

Theorem 1.4.4 If x is a nontrivial character of the finite abelian group G, then

(i) Y x(g) =0,

geG

(1) If g € G with g # 1g, then Z x(g) =0.

xX€G

Theorem 1.4.5 The number of characters of a finite abelian group is equal to |G|.

Corollary 1.4.6 (Orthogonality Relations) Let x and i be characters of G. Then

o forxzw

(i) ﬁ S x(9)ilg) = *
9eaG \ 1 forx =1.
— o forg#n

(i) g oo =4
ve@ \1 for g = h.

Consider the characters of [F,. Since [, contains two finite abelian groups mainly,
the additive group and the multiplicative group, we have to consider their characters
separately. Therefore, a character of the additive group of I, is called additive character

and a character of the multiplicative group of IF, is called multiplicative character.

11



Theorem 1.4.7 /53] Let g be a fized primitive element of F,. Foreachj =0,1,...,(¢—
2), the function v; with

¥i(g*) = ™ for k=0,1,..., (¢ - 2)

defines a multiplicative character of Fy, and every multiplicative character of F, is

obtained in this way.

Corollary 1.4.8 [53] The group of multiplicative characters of Fy is cyclic of order
qg—1.

Multiplicative characters of IF;, can be extended to be defined at 0 as follows.

]-7 for X = Xo,
x(0) = (1.7)
0, for x # xo-

Theorem 1.4.9 /53] Let x be a multiplicative character of F, of order s > 1 and let
G(z) € F,[z] be a monic polynomial of positive degree that is not an s-th power of a
polynomial. Let r be the number of distinct roots of G(x) in its splitting field over IF,,.

Then for every a € F, we have,

For the next two results, we refer to Cohen [29).

Lemma 1.4.10 Let u,t,n be positive integers such that u | t, t | n andl =n/t. Then

Z% S bl =W,
u |t v |l
ged(u,l/v)=1

where W (t) denotes the number of square-free divisors of t.

Lemma 1.4.11 Let k> 1,t | ¢*—1 and | = qkt—_l. The characteristic function w(x)

of elements x € IF*k of order t is

Z“Z > X

v |l =u-v
gcd(u,l‘/v)zl Ol"d(x)—

q—l

Here, p denotes the Mobius function, ¢ denotes the Fuler’s totient function, and the

inner sum runs through the multiplicative characters of F;k of order u - v.
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CHAPTER 2

Factorization of a class of permutation polynomials

Chapter 2 contains our main results on the degrees of the irreducible factors of a
large class of permutation polynomials. Some of the results in this chapter are from [51],

obtained jointly with H. Stichtenoth.

2.1 Degrees of irreducible factors of F),(z)

We start by stating one of our main results.

Theorem 2.1.1 /51 If Q(z) € Fy[z] is an irreducible factor of F,(x), then
deg Q(x) divides dy-ds- ... d,_1-ordg(q).

Proof: Let Q(z) € F,[z] be an irreducible factor of F,,(z). We may assume deg Q(x) >
1. Now let A € K be a root of Q(z), then degQ(z) = [K()\) : K]. Let L = K({),
where ¢ € K is a primitive d-th root of unity, and set M = L N K (\). This gives

deg Q(z) = [K(A) : M] - [M : K].
By Lemma [[.4.1] (ii), [L : K] = [K(¢) : K] = ordy(q). Since M C L, we obtain
M : K] | orda(q).
Since [K(\) : M] = [L(\) : L] by Lemma [[.4.3] it suffices to show that
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To this end, we set \; = Fj(\), for i = 0,...,n. Since Q(A) =0 and Q(z) | F,,(x), we
have A, = F,,(A\) = 0. Moreover, using (1.3) we get

A = Fo(N) = Fott(N)™ + an = A, + a,

)\n—l = Fn—l()\> = Fn_g()\>dn71 + Ap—1 — )\271721 + Apy—1-

Continuing in this way, we obtain

o=\, —a, = —an,
)\Z":gl = Ap—1 — Qn_1,
(2.2)
A2 = g — ag,
A =\ —a.

Now, consider the field extensions K; = K(\,_;) and L; = L(\,—;), for 0 <i < n. As
deg Q(z) > 1, there exists an index 1 < j < n such that
K=FKy=...= K, ;S Ky js1 C...K, = K()). (2.3)
We have K,,_;+1 = K(\j_1) and
AP =)\ —a;e K=F,

by equation (2.2)). Since d; is relatively prime to ¢ — 1 and K G K,,_j41, there exists
b € F; such that \; —a; = b%. If we let = X\;_1/b, then we obtain

K G Ky jp=K\1) = K(u), p=1. (2.4)

By assumption, d; divides d, which gives p € K(({) = L and consequently \;_; € L.
Hence we see that

L=L,CL;C...CL,.
For each 4,1 <i <n — 1, the extension L,,_;1/L,_; is defined by the equation
)\?11 = )\1 —a; € Ln—i-

As d; divides d, L contains all d;-th roots of unity for 1 < i < n. Therefore, L,,_;1/L,_;
is a Kummer extension. Hence by Lemmam [Lp—iv1 : Ln—] = [L(Ni—1) = L(N)]

divides d; for i = 1,...,n — 1. This proves (2.1) and finishes the proof. a
The following result shows that each divisor of dy - ... - d,_; - ordg(q) does not

necessarily occur as the degree of some irreducible factor of F,(z).
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Theorem 2.1.2 [51] If Q(z) € F,[x] is an irreducible factor of F,(x) satisfying
deg Q(z) > 1, then there exists some j € {1,2,...,n} and a prime number { | d;
such that ord,(q) divides the degree of Q(x).

Proof: Let j be the index satisfying K = K,,_; G K,_j;1 € ... K,. By (24), K &
K ji1=K(\_1) = K(u), where u% = 1. Let e be the order of x in the cyclic group
of d;-th roots of unity over [F,. Then

K (A1) : K] = [K () : K] = ord, (q).

for some divisor e of d;. Let ¢ be a prime divisor of e. Since ord,(q) | ord.(¢) and

orde(q) | degQ(x), we get ord,(q) | degQ(z). O

Example 2.1.1 Let g =11, n=2,d, =9,dy, = 9. ag=4, a1 =5, ap = 1. 9 = 32,
ords(11) = 2. Using Theorem and Theorem we conclude that possible

degrees of the irreducible factors of the corresponding Fy(x) are
1,2,6,18,54. (2.5)

Using the computer algebra system MAGMA [15], we can explicitly factorize Fy(x),
and see that the degrees of the irreducible factors are as in . On the other hand,
if we take ag = 6, a; = 2, as = 10 over the same field with the same d;, 1 = 1,2,
the explicit factorization of the corresponding Fj(x) shows that the degrees of the

irreducible factors are 1, 2, 6, 18.

Example [2.1.1] shows that the degrees of the irreducible factors depend on the
coefficients of F,(z). To emphasize this dependence, we recall the following notation.
Let A = (ag,a1,...,a,) € IFZ‘“, D = (dy,...,d,) € Z7 such that d; satisfy and
, forall 1 < j <mn, FZ-(A’D) = Fi(z), 0 <i <n. Then

APP) —{degQ(x) : Q(z) is an irreducible factor of Fi™) ()}
AP =m<diody. . ody o m | dydy . dyey - ordg(q) (2.6)
and ord(q) | m for some prime ¢ | d} U {1}.

2.2 The relation between the sets A%D) and A%A’D)

In terms of the notation given by (2.6]), Theorem 2.1.T] and Theorem [2.1.2] tell us that
AP ¢ A%D), for each A € Iﬁ‘g“. Example [2.1.1| shows that, there exists A € F3,
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satisfying AgD) = AgA’D), where D = (9,9). The following example shows that this is

not always the case for an arbitrary D.

Example 2.2.1 Letq =101, D = (39,39), then ords(101) = 2, ord;3(101) = ordse(101) =
6. Therefore,
AP = {1,2,6,18,26, 78,234}

Using MAGMA one can see that as A runs through Fg, AgA’D) is one of the following
sets.

{1}, {1,2,6},{1,6,78},{1,2,6,78},{1,2,6,234},
{1,2,6,78,234},{1,2,6,18,234},{1,2,6,18,78,234}.
That is, 26 € A but 26 ¢ AL for any A € 3.
In fact, Example is a special case of the following result.
Theorem 2.2.1 51| Suppose that n > 2, d =lem(dy, dy, ..., d,) = p1-p2 for distinct

prime numbers pi, ps and

ord,, (¢) < ord,,(q).

Then ps - ord,, (q) ¢ AL for any choice of A € Fp+t,

In order to prove this result, we need the following lemma.

Lemma 2.2.2 Let d = py-ps, for distinct prime numbers p; and py and m = ord,, (¢) <
ord,,(q). Then the following hold.

(i) ged(ps,ordy, (q)) = 1.
(i) ged(ps, orda(q)) = 1.
(1i1) ged(pa, g™ —1) = 1.

Proof:

(i) Suppose the contrary, i.e., py | ord, (¢). This implies ord,,(q) < ord,, (¢) since
ord,,(¢) < p2, which contradicts the assumption that ord,, (¢) < ord,,(q).

(ii) By a direct consequence of the Chinese Remainder Theorem, we have ord,(q) =
lem(ord,, (¢), ord,,(¢)). Since ord,,(q) | p2 — 1 by Lagrange’s Theorem, we have
ged(pa, ord,,(q)) = 1. Since we also have ged(ps,ord,, (¢)) = 1 by part (i), the

result follows.

16



(iii) Suppose the contrary, i.e., ps | ¢™ — 1. This means that

ordm (q) | Ordpl (Q)v

again, contradicts the assumption that ord,, (¢) < ord,,(q).

O

Proof of Theorem m : If py-ordy, (q) ¢ AP) | then there is nothing to show.

Now, assume that p, - ord,, (¢) € AP Note that if py | dy, then ps - ord,, (q) € AP,

for all n > 2. Suppose that there exists A € Fi*" satisfying p; - ord,, (q) € AND),

i.e., there exists an irreducible factor Q(z) € F,[z] of F{*P)(2) = F,(z) such that

deg Q(x) = py-ordy, (¢). Asin the proof of Theorem , let A € K be a root of Q(x),
Ni = F,(\), K; = K(A\—i),0 <i <mn. Since deg Q(x) > 1, we know that

K=K, ;1S K,_;, forsomeindex 0<j<n-—1
By Theorem [2.1.2] we have
[Kn—j: Kn_j1] = orde;,,(q) for some ey | dji. (2.7)
Since [K,_; : K] divides [K,, : K], we conclude that
orde,,,(q) | p2 - ord,, (q) for some eji; | dji1. (2.8)

Now, we will show that e;; is necessarily p;.

If ej+1 = pa, then from (2.8), we get

ord,,(q) | p2 - ordy, (q).

Since ged(pa, ord,, (¢)) = 1, we get ord,, (q) | ord,, (¢), which contradicts the assumption
that ord,, (¢) < ord,,(q).
Similarly, assuming e;1; = d, from (2.8)), we get

ordg(q) | p2 - ordy, (q).

Since ged(ps, ordy(q)) = 1 by Lemma (i), we get ord,(q) | ord,, (¢). But this is not
the case, since ord,(q) = lem(ord,, (¢),ord,,(¢)) and ord,, (¢) < ord,,(q). Therefore,
ej+1 = p1, and hence by (2.7), K,_; contains all primitive p;-th roots of unity. We
know K,_;+1 = K(\;_1), and
d;
>\j71 = )\j — aj - Kn—j~ (29)
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by equation (2.2). Now, we will show that [K,,_j1 : K,—;] = 1 for the cases d; = py,

p2, d.

Case 1 : Assume d; = p;. Since K,,_; contains all p;-th roots of unity, together
with , we conclude that K,,_; /K, _; is a Kummer extension. Therefore, [K,,_;1 :
K,_;] is 1 or py. If the latter holds, then we get

P Ordpl (Q) | b2 - Ol"dp1 (Q)’

which is a contradiction. Hence, [K,_j+1 : Kn—j] = 1.

Case 2 : Assume d; = ps. By equation , Aj_1 is a root of the polynomial
2% —\j+a; € K,_j[z]. Lemmam (iii) implies that there exists u € K,,_; satisfying
pdi = \; — a;, which shows that the polynomial z% — X; + a; is reducible over K,,_;.

That is, [Kn—ji1 : Kn—j| <pe. If [Kp_ji1: Kn—j] =k > 1, then we get

k- OI'dp1 (Q) | P2 Ordpl (Q),

which is a contradiction since 1 < k < p,. Hence, [K,_j11: K,—;] = 1.

Case 3 : Assume d; = d. Consider the element § = A, and note that K, ; C
K,_;(0) C K,_j+1. Equation (2.9) implies

ot = )\j — a; S Kn—j (210)

Since K,,_; contains all primitive p;-th roots of unity, together with , we conclude
that K,_;(0)/K,—; is a Kummer extension. Therefore [K,_;(d) : K,_;] is 1 or py. If
the latter holds, we obtain a contradiction in a similar way to the proof of Case 1.
Therefore, K,,_;(0) = K,—;. Now, \;_; is a root of the polynomial 27> — ¢ € K,_;[z].
Using Lemma m (iii), one can show that the polynomial 27> — ¢ is reducible as in
the proof of Case 2. That is, [K,_j+1 : K,—;] < po, and hence [K,_ji1 : K,—j] > 1

gives a contradiction. Therefore
deg Q(z) = [K, : K] = ord,, (q),

when n = 2, which is impossible.
If n > 2, one can similarly consider these three cases where m is replaced by [K,_j4; :

K] and d; is replaced by d;_;11, for each 2 <4 < j and conclude that
Kn =K, jn1=...=K,.
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Therefore,
degQ(z) = [K,, : K] = ord,, (q),
again, a contradiction. Hence there is no A € Fit! with p, - ord,, (¢) € AP, O
We generalize the idea of this proof for the case of an arbitrary integer d, and give a
necessary condition on ¢ and d, for the existence of A € IFZL“ satisfying AP = AD

for n > 2. We need the following lemmas.

Lemma 2.2.3 Let u € Z satisfying ged({,u) = 1 for a prime number €. Then

(i) If ged(u — 1,0) = £, then u € Zy, for any k € Z*. Moreover, if k > 2 then
ordg (u) | 0571,

(i) If ged(u — 1,€) = 1, then u € Zj, for any k € Z*. Moreover, if k > 2, m; =

ordg(u), mg = ordp.(u™), then ordp(u) = my - ma.
Proof:

(i) Since ¢(¢) | ¢(¢%), where ¢ is the Euler’s totient function, there is a ring homo-
morphism ¢ : Zj, — Zj. If u = 1(mod ), then clearly u € Zj, for any k € Z*
and u € Ker(¢), where Ker()) denotes the kernel of the ring homomorphism .
We will show that Ker(¢)) has £*7! elements, that is |[Ker(¢))| = 1. If k = 1, then
it is clear. If k£ > 2, then

Ker()| = {u:u=0-v+1, 0<l-v+1< "}

05 —1
=Huiu=>l-v41,0<0 < ——}

L
=Huiu=>L-v+1,0<0 <5 =7}

k
={u:u=0-v+1, O§v<%}|:€k_1.

By Lagrange’s Theorem, the order of any subgroup of Ker() divides the order
of Ker(¢)). Thus, ordg(u) | ¢¢71.

(i) Since uTde® = 1 (mod ¢%), uTde® =1 (mod ¢). Thus my | ordu(u). Since

_ ord,;, (v)
ged(my,ord, (u

my | €871 by part (i).

Mo 5 and my | ordg(u), we get ordg(u) = my - mg. Note that
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Lemma 2.2.4 Letd € ", dp = {¢ : (| d,{ is a prime}. Put O = {ord,(q) : (€
dp}. Suppose that ry denotes the integer satisfying €"||d for any ¢ € dp. If |O] > 2,
let m be the smallest element in O, with m = ordy, (q), {1 € dp, and ly be the largest

element in dp, satisfying m < ordg,(q). Then
(i) ged(ly,m) = 1.
(i) If e | d and m ford.(q), then ged(e, g™ — 1) = 1.
(iii) If e | d and ord.(q) = m, then ged({y,e) = 1.
(iv) If € € dp, € # 5 and ordy(q) > m, then ged(ls, orde(q)) = 1.
(v) ordég2 (¢™) = my - ma, where my > 1, ged(ly,my) =1 and my | E;lz_l

Proof:

(i) Suppose that ¢5 | m. Then we get orde,(¢) < ¢2 < m, which contradicts the

assumption that ordg,(q) > m.

(ii) Suppose that ged(e, ¢™—1) > 1. Then there exists a prime divisor ¢ of e such that
¢ | g™ —1. The latter implies ordy(q) | m and hence, we obtain that ord,(q) = m,
as m is the smallest element of O. But then ord,(q) | ord.(¢q), which contradicts

the assumption.

(iii) Suppose that ¢ | e. Then, we have ordy,(q) | orde(q), which implies ordy, (¢) < m,

contradicting the assumption that ordy,(q) > m.

(iv) Suppose that 7, =1 and ¢, | ords(q). Then we get
ordy,(q) < f2 < ordy(q) < ¢.

But this gives a contradiction to the assumption on /s, being the largest prime
divisor of d satisfying ord,(q) > m. Hence, ged (¢, ord,(q)) = 1. Now, let r, > 2.
Since

order (q) = mg - orde(q)

for some my | €7~ by Lemma [2.2.3] (ii), we get ged(fa, ord}’(q)) = 1.
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(v) Suppose that 7, = 1. We have 1 < m; since

_ Ol"de (Q)
ged(ordy, (q), m)

my = ordy, (¢™)

and ordy,(q) > m. We also have ged(fy,my) = 1, since my | bo — 1. If rp, > 2,

then again by Lemma|2.2.3/(ii), we have ord,rs, (¢™) = my-ma, where ms | lye
2

O
Theorem 2.2.5 Letn > 2, D = (dy,ds,...,d,), d =lem(dy, ds,...,d,), dp = {{ :
0| d, ¢ is a prime}, and
O ={ordy(q) : ¢ € dp}. (2.11)
IF AP = AP for some A € F+t, then either
(1) |0] =1, or
(i) |O| > 2, and by f dy-dsy-...-d,_q1-0rdg(q), where 5 is the largest element in

dp with ordy,(q) > m, and m is the smallest element in O.

Proof: We use the notation of Lemma above and prove the contrapositive of
this statement.

Suppose that the set O has at least two elements, m = ordy, (q) is the smallest
element of O and /5 is the largest prime divisor of d satisfying ordy,(q) > m. Suppose
also 0y | dy - dy - ... d,_q-ordg(q). This implies that ¢y - m € AP We now show
that ¢ - m ¢ A%A’D), for any choice of A € IFZH. Suppose the contrary, i.e., there
exists A € F;™' such that ¢, - m € AP)and an irreducible factor Q(z) € F 4] of
FéA’D)(x) = F,(z) satisfying deg Q(z) = ¢5 - m. As in the previous proofs, take a root
A € K of Q(z) and set \; := F;(\), K; = K(\,_;), for 0 <i <n. As degQ(x) > 1, let

0 < 7 < n be the index satisfying

K=K,=K, ;,,CK,

—J

As K,y = K(\;) and X7 = Ay — a1 € K(\j1) = Kojoy = K by (2.2), we
have [K,_; : K] = ord,,,,(q) for some e;41 | dj;1 by Theorem 2.1.2| Therefore,

orde,,,(q) | o - m. (2.12)
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First, we assume ged(fy,ord,,,,(¢)) = f2. By Lemma (i), (iii), (iv) and Lemma
2.2.3| (ii), we deduce that £ | ord,, ,(q) for some 2 < r < ry,. Together with (2.12),
we get

orde (q) | £z - m, (2.13)

for some m’ | m. By using Lemma (ii), we obtain that ordy,(q) | m’, which
contradicts the assumption that ordy,(¢q) > m. Therefore ged(fy, ord.,,,(¢)) = 1. Then,

Equation (2.12) implies ord,,.,(q) | m, which means
orde,,,(q) = m, (2.14)
as m is the smallest element of O. Now, we will show that

[K(Aj-1) : K(A)] = [Kn—jr : K] = 1,
. : : d;
by examining three different cases for d;, since ;| = A\j—a; € K()\;) = K,,_; by 1'

Case 1 : Assumem [ ordy(q). By Lemma (ii), we have ged(d;, g™ —1) =1,

hence we know the existence of p € K,,_; satistying
d; d;
n o= /\j—l = )‘j —a; € Kn—j~ (215)

Equation (2.15) tells us that A;_; is a root of the polynomial 2% — \; + a; € K,,_;[7]
and we may write

d;
% — Aj+a; = zh — pt = (2) -1 (2.16)
By Lemma [1.4.1] [K,_j1 : K] = 1 or ord,,(¢™) for some e; | d;. If £5 | e; for

some 1 <7 < ry,, then by Lemma (v) we have

my -my | [Kn_ji1 1 Kjl,

where ged(ly,my) =1, my > 1, mo | E;ﬁfl. Therefore, we get

ml'm2'm|p2'm7

where m; > 1 and ged(f2, my) = 1, a contradiction.
If ¢, ) e;, then by Lemma [2.2.4] (iv), we obtain a contradiction in a similar way.
Case 2 : Assume m | ordg,(¢) and ord,, (¢q) > m for all e; | d;.

We have ged(dj, ¢™ —1) = 1, because otherwise, there exists a divisor e; of d; such that
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e;j | ¢™ —1. As m is the smallest element of O, we get ord,,(q) = m, which contradicts

the assumption. Therefore, as in the proof of Case 1, we get [K,,_;j+1 : K,—;] = 1.
Case 3 : Assume m | ordg,(q) and ord,,(¢q) = m for some e; | d;.

If ordg,(¢) = m, then K,_;1/K,_; is a Kummer extension, which implies [K,_;i; :

K] | d;. Since ged(la,d;) = 1 by Lemma [2.2.4] (iii), we get [K,—j1 : K,—j] = 1.

If m is a proper divisor of ordy;(q), let e; | d; satisfying ord.,(q) = m. As ordg,(q) # m

by assumption, there exists s; > 1 such that d; = ¢; - s;. Now, consider the element

0= )\;j_l and notice that K,_; C K,,_;(6) C K,_j11. By 1' we know that

0% = ()\Sj )ej = )‘j — aj € anj (217)

-1
Equation tells us K,,_; contains all e;-th roots of unity, as ord,, (¢) = m. Together
with equation we have K,,_;(0)/K,—_; is a Kummer extension. Hence [K,_;(0) :
K,—;] | ;. By Lemmal[2.2.4] (iii), we know that ged(ls, ¢;) = 1. Hence K,,—;(6) = K,_;.
If ordy;(q) = m, then K, _j;1/K, ;(6) is a Kummer extension. Similarly, we obtain
Ky j1=K,_j(0) = K,—; by Lemmam (iii).

If ordy, (q) > m, there are two subcases.

If ged(s;,¢™ —1) = 1, then, as in the proof of Case 1, there exists an element p € K,,_;

such that
P =sekK, ;. (2.18)
Since § = A}, Aj_1 is a root of the polynomial 2% — ¢ € K, _j[z]. Together with
equation (2.18)), we obtain that \;_; is a root of the polynomial
z\%
9 —§=a% — ¥ = (—) —1e K, [z (2.19)
i
Therefore, [K, ji1 : K,—j] = 1 or ordy(¢™) > 1 for some s | s;. The latter gives a
J

contradiction by Lemma [2.2.4] (iv) and (v).

If ged(s;,¢™ — 1) > 1, then similarly one can show that K,_;; contains a field ex-
tension, which contains K,,_;(0) = K,_; and has degree relatively prime to ¢, over
K,_j, since ordy,(¢q) and m are not equal. Continuing in this way, we conclude that
K,_j = K,_j1, as d; has finitely many divisors.

If n =2, we get [Ks: K] =degQ(x) =m, a contradiction.

If n > 2, one can similarly consider these three cases, where m is replaced by [K,_;; :

K] and d; is replaced by d;_;41, for each 2 < ¢ < j, and obtain that
Kn =K, jn=...=K,,
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and hence [K, : K| = deg@Q(z) = m, again, a contradiction. Therefore, there is no

A€ FrH with AP = A, O

Remark 2.2.1 Note that if n = 1, then A = {ordc(q) : e | di} U{l}. Let A =
(ag, a1) € F2. Then

F1(A7D)(l’) = Fl(x) = (J,’ + ao)dl + aq.

If a; # 0, then there exists b € F; salisfying bl = —ay since z™ is a permutation

polynomial by Lemma[L.2.4] (i) , and hence

T+ ao\™
F1<m>=<x+ao>dl+a1:< bo) -t

By Lemma LA, we have Al = AP,

Remark 2.2.2 Note that the conditions on m and {5 are necessary. If m is not the
smallest element of O, then it is possible that m = ordy(q) and if this is the case, it
is possible that ord,,,, (q) = orda(q) in . That is, K,_; contains all d-th roots of
unity. Therefore, it is possible that

(K, : K| = [Ky_jy1 : K] ={ly-m = {y-ordy(q),

since Kp_j11/Kn—j is a Kummer extension. If {5 is not the largest prime factor of d
satisfying ordy,(q) > m, then it is possible that {s | ordy(q™) for some prime divisor

Uy # 0 of d. Hence, it is possible that [K,, : K| = {y-m as above.

The necessary condition given by Theorem [2.2.5]is not sufficient, as the following

example indicates.

Example 2.2.2 Let ¢ = 29, n = 2, D = (15,5), then d = 15 = 3 -5. We have
ords(29) = ords(29) = ordy5(29) = 2. Thus by Theorem 211l and Theorem 21.2,
AéD) = {1,2,6,10,30}. Calculations show that, if A € FZ, then AgA’D) is one of the
following:

(1}, {1,2},{1,2,6}, {1,6},{1,2,10}, {1, 2, 30}.

That is, there is no A € F} such that AéA’D) = AéD).

Remark 2.2.3 Note that for fixed q, one can always find dy = dy = ...d, = £, where
¢ is a prime number satisfying (1.2) and (L.4)), so that the condition given by Theorem
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(1) is satisfied. On the other hand, if D is fized, consider d = lem(dy, ds, ..., d,) =
ARV .-KZ‘“ for distinct primes €;, 1 < i < k. Since (1.2) and (1.4]) implies that d is

odd, we have 1 # —1 (mod 6?1'), for all 1 <11 < k. Consider the system of congruences

z = —1 (mod £;"),

= —1 (mod £,?),

z=—1 (mod £*).

By the Chinese Remainder Theorem, there exists a unique solution s = —1 (mod d).
Dirichlet’s Prime Number Theorem tells us that there are infinitely many prime num-
bers q satisfying ¢ = —1 (mod d). Note that since ord e, (q) = 2 and 1 # ordy,(q) | ord,; (q),
we have ordy,(q) = 2 for all 1 <i < k. That is, for jzixed D, there are infinitely mm;y
prime numbers q such that condition (i) of Theorem is satisfied.

2.3 Elimination of some degrees

In the proof of Theorem , we actually eliminated ¢5 - m from the set AgD), as one
can see from the following corollary of the proof of Theorem We use the notation
of Lemma 2.1.7] and Theorem 2.2.5

Corollary 2.3.1 Let n > 2. Suppose that
(i) |O| > 2, and
(ii) by | dy-ds-...dy_1-o0rdy(q).
Then by -m € A, but 6, -m ¢ AP for any choice of A € F*+1.

We use a similar technique to prove that it is possible to eliminate other elements of

A%D), under certain conditions.
Theorem 2.3.2 Let n > 2 and suppose the following hold.
(i) ged(d,ordy(q)) =1, and

(i) there exists k | ordy(q), where 1 < k < ordy(q) such that ord.(q) # k for alle | d.
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Thenr -k € AP but r-k ¢ AP forallr | dy-dy-...d,—1 and for any choice of
AeFptt

Proof: Clearly, r - k € AP, We now show that there is no A € IFZ“ such that
roke AP Suppose the contrary, i.e., there exists A € ]F”q1+1 such that r-k € AP
Then, F\*P) (z) = F,(x) has an irreducible factor Q(z) € F,[z], where deg Q(x) = r-k.
Using the notation of Theorem we let 0 < j to be the index satisfying

K = Kn—j—l ; Kn—j c...C Kna

as deg Q(z) > 1. By Theorem 2.1.9] [K,_; : K] = m = ord,,,, (q) for some e;41 | dj11
and hence m | - k. Since ged(d,ordy(q)) = 1, we have ord.,,,(¢q) | k. Note that
m = orde,,,(q) # k by assumption. Therefore, j = 0 gives [K, : K] = m < k, a
contradiction. Thus 1 < j and we consider [K,_ji1 : K|. As we know, K,,_j11 =
K(\;j—1) and )\j'il =\ —aj € K,

Case 1 : Assume ordg(q) / m. We have two subcases.
If ged(d;, g™ — 1) = 1, then there exists u € K,,_; satisfying u% = \; — a;. Therefore,

Aj_1 is a root of the polynomial

d

d;
it = (E) —1le K, x|

Thus, [Kp—j41 : Kn_j] equals 1 or ord,,(¢™) > 1 for some e; | d;. Note that ged(ey, ej41) =

d; _
xﬂ—)\j—i—aj—x

1, since ged(d;, ¢™ — 1) = 1. Now, we will show that [K,,_;1 : K] = m-ord., (¢™) # k.
Suppose that

_ m-ord,, (q)
- ged(m, ord,, (q))

k=m-ord.,(¢™) = lem(m, ord,, (q))-
Since ged(ej, ej41) = 1, we have e; - e;41 | d and

orde,.e,,,(q) = lem(ord,, (q), orde,, (¢)) = lem(m, ord,,(q)) = F,

which contradicts our assumption. Therefore, [K,_;1 : K] is a proper divisor of r - k.
Now, assume ged(d;,¢™ — 1) = f; > 1. As f; # d; by assumption, there exists
s; > 1 such that d; = f; - s;. Consider the element ¢ = /\?i/lfj = A7, and notice that

anj g Kn,]((S) g Kn,jJrl. We know that
8 = (A7) =N —aj € K\ (2.20)
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Since f; | ¢™ — 1, K,_; contains all f;-th roots of unity. Together with (2.20),

K,_;(8)/K,—; is a Kummer extension. That is,
[Kn—j(0) : Kyj] = f; for some f; | f;. (2.21)

We have ged(fj, k) = 1 by assumption. Hence [K,,_;(0) : K,_;] = fj is relatively prime
to k.

Now, \;_; is a root of the polynomial 2% — ¢ € K,,_;(d)[z].

If ged(s;, qffl"m—l) = 1, then as in the proof of the first subcase, there exists p1 € K,,_;(0)

such that u% = ¢ and hence

Sj
=0 =2 — ¥ = (f) -1
u

Therefore, [K,, ;41 : K,_;(8)] equals 1 or ord, (¢/i™) for some st | sj. In a similar way
J

to the proof of the first subcase, consider
[Knjir: K] = fj- ord (¢fi™) - m. (2.22)

Since ged(f}, ord,q) = 1 by assumption, we have
J

B m - ordsQ (q) _omy ordf]( (q)
ged(m - fi,ordy(q))  ged(m, ordy (q))

Similar to the proof of the first subcase, we have ged(e;j11, s;) = 1 and hence e; -5} | d

ordsl_(qff'm) -m = lem(m, ordy (¢)). (2.23)
J J

and ordy.; , (¢) = lem(m, ordS;(q)). Therefore, [K,,_j11 : K] = f]’--ords;(qfﬂl"m)-m must
be a proper divisor of r - k.

If gcd(sj,qul"m — 1) > 1, then similarly one can show that K,_,.; contains a field
extension, which contains K,,_;(0) and has degree relatively prime to k over K,,_;(J).
Continuing in this way, we obtain [K,_; ;1 : K] as a proper divisor of r - k, since d; has
finitely many divisors.

Case 2 : Assume ordg(q) | m. Then K, j,1/K, ; is a Kummer extension.
Therefore, [K,_j+1 : K] | d;. By assumption, [K,_;+1 : K,_;| is relatively prime to
k and hence [K,_;.; : K] is a proper divisor of 7 - k.

If n =2, we get [Ky: K] =degQ(z) <r-k, a contradiction.

If n > 2, then one can similarly consider these two cases, where m is replaced by
[K,—j+i © K] and d; is replaced by d;_;+1, for each 2 < ¢ < j. One obtains that
K, : K] = degQ(z) < r -k, again, a contradiction. Therefore, there does not exist

A€ IFZ“ such that r - k € AW, O
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Theorem 2.3.3 Let n > 2 and suppose the following hold.

(i) r|dy-dy-...-dp1,1<r and

(i) there exists a prime divisor ¢ of r such that ged(¢,ordg(q)) = 1, and
(ii) orde(q) fr - k, where k | ordg(q), 1 < k.
Thenr -k e AP but r -k ¢ A%AD), for any choice of A € IFZ“.

Proof: Clearly, r - k € AP We now show that there is no A € FZ“ with
r-k € Aq(lA’D). Now, suppose the contrary, i.e., there exists A € FZH such that
rke AP Then, F,gA’D)(:U) = F,(z) has an irreducible factor Q(x) € F,[x], where
deg Q(z) =r - k. As in the proof of Theorem [2.3.2] let 0 < j be the index satisfying

K == anjfl ; anj Q Q Kn

Then, in a similar way to the proof of Theorem , we get m | r - k, where m =
(K : K] = ord.,,,(q) for some e;41 | dj1. Note that m = ord,,,,(q) # - k, since
ged(?,ordy(q)) = 1. Therefore, j = 0 gives [K,, : K| = m < r-k, a contradiction. Thus
1 < j and we consider [K,_;+1 : K].

Now, we will show that [K,_;11 : K,_;] is relatively prime to ¢. As we know,
K, jy1=K(\-1) and )\;lil =\ —a; € K,_;.

Case 1 : Assume ordg(q) / m. We have two subcases.
If ged(d;,¢™ — 1) = 1, then we get [K,_j11 @ K,_j| equals 1 or ord.,(¢™) > 1 for
some e; | dj, as in the first case of the proof of Theorem m By assumption,
ged(f, orde; (q)) = ged(4,ord,(¢™)) = 1. Hence [K,_j;1 : K,_j] is relatively prime to
l.
Assume ged(d;, ¢ — 1) = f; > 1. As ordg,(q) # m are not equal by assumption, there
exists s; > 1 such that d; = f; - s;. Consider the element ¢ = )\;-li/lfj = A;”,. Then we
have K,,_; C K,,_;(0) C K,_;j11 and K,,_;(9)/K,—_; is a Kummer extension. That is,
(K (0) : Knj] = f} for some f} | f;. We have ged((, f;) = 1, since ord,(q) /7 - k by
assumption.
Now, A;_; is a root of the polynomial 2% — ¢ € K,,_;(0)[z].
If ged(s;, qffl"m—l) = 1, then as in the proof of the first subcase, there exists p1 € K,,_;(0)

such that ;% = ¢ and hence [K,_;11 : K, ;(0)] equals 1 or ord (¢/7"™) for some s | 8.
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By assumption, ged(¥, ordsj(qfﬂl"m)) = 1. That is, [K,—j41 : K,—;(0)] is relatively prime
to /.

If gcd(sj,qffl"m — 1) > 1, then similarly one can show that K,_j;; contains a field
extension, which contains K,_;(d) and has degree relatively prime to ¢ over K,_;(9).
Continuing in this way, we conclude that [K,_;1 : K,_;] is relatively prime to ¢, since
d; has finitely many divisors.

Case 2 : Assume ordg(q) | m. Then K, j,1/K,_; is a Kummer extension.
Therefore, [K,—j+1 : Kn—j] | d;. By assumption, [K,_;+1 : K,—;| is relatively prime to
0. If n =2, we get [Ky: K] = degQ(x) is relatively prime to ¢, a contradiction.

If n > 2, then one can similarly consider these two cases, where m is replaced by
[K,—j+i © K] and d; is replaced by d;_;+1, for each 2 < ¢ < j. One obtains that
K, : K] = degQ(x) is relatively prime to ¢, again, a contradiction. Therefore, there

isno A € IFZ“ such that r - k € AW, O

Example 2.3.1 Let ¢ = 97, n = 2, D = (95,95). Then d = 19 -5, ords(97) = 4,
ordq9(97) = 18, ordg5(97) = 36, hence

AP = {1,4,12,18,20, 36,60, 76, 90, 180, 228, 342, 380, 684, 1140, 1710, 3420}.

In order to see whether it is possible to eliminate some elements of the set AgD), we

factorize its elements.

4 =2-2=ords(q) 12=2.3 18 =3%-2=ordp(q) 20=2*-5

36 =22-3% =ordgs(q) 60=2%-5-3 76 =194 90=3%-5-2
180 =32-2%.5 228 =2%.19-3 342 =3%-2-19 380 =2%-19-5
684 = 3%-2%.19 1140 =2%*-19-5-3 1710 =32-19-5-2 3420 =3%-19-5-2

Theorem implies that
(i) 12 with k =12, r = 1,
(ii) 60 with k =12, r =5,
(iii) 228 with k = 12, r = 19,

(iv) 1140 with k =12, r = 95,
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are not in AéA’D) for any choice of A € IFZ’. Theorem implies that
(i) 76 with k =4, r = 19,
(ii) 90 with k =18, r = 5,
(iii) 380 with k =4, r = 95,
(i) 1710 with k = 18, r = 95,
are not in AéA’D) for any choice of A € IFZ’. Therefore, we obtain the set
AP) = {1,4,18,20, 36, 180, 342, 684, 3420}

Calculations by MAGMA show that AéA’D) is one of the following, as A runs through
3.
{1},{1,4,18,36},{1,4, 18, 36, 342,684}, {1, 4, 18, 20, 36, 180, 684},

(1,20, 180, 342, 684, 3420}, {1, 4, 18, 36, 180, 342, 684}, {1, 4, 18, 20, 36, 180, 3420},
{1,4,18,36,342, 684, 3420}, {1, 4, 18, 20, 36, 180, 684, 3420}, {1, 4, 18, 20, 36, 180, 342, 684},
{1,4, 18, 36, 180, 342, 684, 3420}, {1, 4, 18, 20, 36, 180, 342, 684, 3420}.

Therefore, for every m € AéD), there exists A € Fy, with m € AéA’D).

Remark 2.3.1 Let r - k be an arbitrary element of AP, Using the notation in the
proofs of Theorem 2.3.2] and Theorem 2.3.3], we need to assume the following, in order

to eliminate r - k from the set A%D).
(i) ord.(q) # 1k for all e | d.

(1) If f | d such that ord¢(q) | mq, for some my | vk, then ged(f,r-k) =1, so that
[ - ma, where f} is given by (2.21)), is not equal to r - k.

(ii) If my | r -k, ords(q) | my for some f | d and ordy(q/ ™) | r -k for some s | d,
then ged(f,ords(q)) =1, so that ged(fj,ordy (q)) = 1, in (2.22), and hence we
obtain (2.23)).

Remark 2.3.2 Observe that there are three different cases in the proofs of Theorem
2.3.2 and Theorem 2.3.3l. But, there may exist D such that some of these cases do not
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occur. Suppose we know D explicitly and orders of q modulo d; for all 1 < 1 < n.
Then it may be possible to eliminate further elements of the set AP of the form r -k,
where v | dy - dy - ...dp,_1 and k | ordy(q), although conditions of these theorems or
conditions given by Remark 23] are not satisfied. We have the following consequence

of the proofs of Theorem [2.3.2] and Theorem [2.3.3l

Algorithm 2.3.1 Let m € A and E = {d; : ord.(q) | m for some e; | d; 1<
Jj <n}. Foreach d; € E, let M; = {m; : m; = ord,(q) | m for some e; | d;}. If
1 < j, then consider ged(d;_;, ™ —+) = hj_;, for 1 <i<j—1,

(1) If hj—; = 1, set mj_; = t-mj_i41 for some fixred t, where t € {t :t =
ordc(¢"=*1) for some e |d;—;} U{l}

(1t) If hj_; = d;_;, then set m;_; = e -m;_;+1 for some fized e | d;_;.

(ZZZ) [fl < h]',i < dj,i, let fo = hjfi; Uy = S0 Myj—i+1, fOT’ some ﬁxed S0 ‘ fo, lo = djfi-
Let 0 < k, l1q = b where fr = ged(lg, ¢**= — 1) with ug = S - ug_1, for some

E}
fized si | fr-

If fx =1 for some 1 < k, then set mj_;1; = w1 - t, for somet € {t : t =
ord.(q"-1) for somee | [} U{1l}.

If fi =l for some 1 <k, then set mj_; = .

If my # m, for all possible values for my, then m ¢ A%A’D), for any choice of A € F;‘“.

Proof: We follow the steps of the proofs of Theorem and Theorem [2.3.3] Note
that in part (iii), fi equals 1 or [, for some 1 < k since d;_; has finitely many divisors

forall1 <:<j—1. O

2.4 More on the set A%A’D)

Our next result shows that there is some symmetry among the degrees of the irreducible

factors of F,(z).

Theorem 2.4.1 [51] Let Q(x) be an irreducible factor of FT(LA’D)(x) = F,(z) for some
fired A € T+, satisfying deg Q(x) = s > 1. Suppose e | di, 1 < e and m = ord.(q).

31



Then there ezists an irreducible factor R(x) of F,(x) satisfying

1
deg R(z) = —cm(}n, S),
for some integer f | ged(m, s).

In order to prove Theorem [2.4.1] we need the following lemma.

Lemma 2.4.2 Let o, 3, v be non-zero elements of K = F, satisfying K(a, B,7) =
K(a,v) = K(B,7) = K(a, ). Let [K(a): K] = s, [K(B) : K] =m. Then

for some f | ged(m, s).

Proof: Set L := K(o,8,7), K1 == K(a) N K(y), Ky := K(B) N K(v), g :==
ged(m, s). Consider the following diagram.

L=K(an) =
AN

K()
/ / SN\

Ky = K(a)nK(y) | K(B)NK(v)

L

Using Lemma (ii) on the left hand side of the diagram, we get

Ky

lem(m, s)

s
L: K =K Kl=-=— 2.24
[ (V)] = [K(a) : Ki] J - (2.24)
If we use Lemma[l.4.2] (i) on the right hand side of the diagram, we get
lem(m, s m
L5 K(9) = [K(): R = ) 2 (2.25)

If [;: K] =wuand [Ks: K] =wv for some u | s, v | m, then combining (2.24)) and
(2.25)), we obtain

[K(y): K] = — = —. (2.26)

: (2.27)



for some k € Z, which yields [K(v) : K] =
Using (2.27)) we get

————. Now we will show that & | g.

p=9v_9v (2.28)
m S

Since u | s and v | m, there exist integers k; and ks such that s = ky -u and m = ks - v.

Substituting these into Equation (2.28)), we obtain

which shows that &k | g. By all above we get

m-s lem(m,s)
K(vy): K| = = ,
[K(): K= 7
for some f | g. a
Proof of Theorem m : Let A € K be a root of F/*?) (x) = F,(z). Suppose

that [K(\) : K] =s, 1 <s. We firstly show that the following holds.

(z + ag)™ — (A + ag)™ | F,(z) (2.29)
To show this, we make a change of variable y = (z + a¢)?*. Then
Fux)=Sy)=(..(y+a)®+ ...+ an_1)™ + a,.

Since F,(A\) =0, S(A+ag)®) =0, thus y — (A +ag)® | S(y). Hence we obtain .
By this divisibility relation, we conclude that F'(6) = 0, where 0 = (A + ag) — ag, and
( is a dy-th root of unity. Since we assumed that 1 < s, A 4+ ag # 0 and hence we get
K(¢,N) = K(¢,0) = K(\,0). If welet @ =X+ag, 8=¢, v=0in Lemma2.4.2 we
conclude that F),(x) has an irreducible factor R(x) € F,[x] satisfying

lem(m, s)

7

where m = ordy, (¢) and f is some divisor of ged(m, s).

deg R(x) =

Corollary 2.4.3 [51] Let A € F}™" such that FT(LA’D)(—aO) = F,(—ap) # 0. Then

orde(q) € A%A’D) for every e | dy, 1 < e.

Proof: As F,(x) is a permutation polynomial, it has a unique root in F,, say A. By
assumption A # —ag and hence A + ag # 0. Therefore, as in in the proof of Theorem
2.4.1] if we take  as a d;j-th root of unity, = ((\ + ag) — ag, then we conclude that

ord.(q) € AP for all e | di, 1 <e. O
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Example 2.4.1 Letn =2, q=159, D = (357,357) and hence d = 17-7-3. ords(q) = 2,
ord;(q) = 6, ordy7(q) = 8. Using Theorem 1.1l and Theorem 212, we see that

AP ={1,2,4,6,8,12,14, 18, 24, 28, 34, 36, 42, 56, 68, 72, 84, 102, 126, 136, 168, 204,

238,252, 306, 408, 476, 504, 612, 714, 952, 1224, 1428, 2142, 2856, 4284, 8568 }

In order to see whether it is possible to eliminate some of the elements of AgD), we

factorize its elements.

2=2 4=2.2 6 =3-2=ordy(q)

8 =2 =ords(q) 12=2%-3 14=7-2

18 =3%.2 24 = ordssr(q) = ordyg(q) =2%-3 28 =22.7
34=17-2 36 = 22 . 3 42=7-3-2

56 =2%.7 68 = 2% .17 72 =23 .32
84=2%.7.3 102=17-3-2 126 =3%-7-2

136 = 2% .17 168=2%.7-3 204 =22-17-3
238 =17-7-2 252 =23%.22.7 306 = 3%-17-2
408 =2%.17-3 476 = 2% 177 504 =2°.3%.7
612 =3%.3%.17 7T14=17-7-3-2 952 =2%.17-7
1224 =23 .3%.17 1428 =22.17-7-3 2142 =23%.17-7-2
2856 =2%-17-7-3 4284 =3%.2%.17-7 8568 =2%.3%.17-7

Theorem [2.3.3] implies that
14 withr =17, k=2,
28 withr =7, k =4,
34 withr =17, k = 2,
56 withr =7, k =8,
68 with r = 17,k = 4,
84 withr =7, k=12, orr =21, k =4,
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102 with r =17, k=6, orr =51, k = 2,
204 with r =17, k=12, orr =51, k =4,
238 with r = 119, k = 2,

306 with r =51, k =6,

476 with r =119, k = 4,

612 with r =51, k =12,

714 with r =119, k =6, orr =357, k = 2,
952 with r =119, k = 8,

1428 with r =119, k =12, orr = 357, k =4,
2856 with r = 357, k = 8,

4824 with r = 357, k =12,

are not in AéAD) for any choice of A € IFZ. In addition, since we know D explicitly
and all of the orders of ¢ modulo d;, for 1 < i <n, by Algorithm 231, we eliminate 4,
12, 36, 252 from the set AéD). Therefore, our set of possible degrees, AQD), is reduced

to the following set:
AP = {1,2,6,8,18,24, 42, 72,126, 136, 168, 408, 504, 1224, 2856, 8568}

Calculations by MAGMA show that for each m € AgD), there exists A € Fg such that
m € AéA’D). Now let us show how one uses Theorem [2.4.1] to see which elements of the
set lie together in AgA’D) for some fixed A € Fg. Using the notation of Theorem 2.4.1,

we have m = 24.

(i) If s =2, we have

lem(m,s)  lem(2,24)

;S 1 ged(2,24)
f f
Hence, if 2 is in AéA’D) for some fived A € F3, then 12 or 24 is also in AgA’D).
Since we know that 12 cannot be in AgA’D), we get 24 € AgA’D). Hence, using
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Theorem 24T, we find a new element of AgA’D) without referring to explicit fac-

torization of F2(A’D) ().

(i) If we take s = 6, similarly we obtain 4, 8, 12 or 24 is in AgA’D). Only 8 and 2/
1s in the reduced form A;D). Calculations show that if 6 € AéA’D) for some fixed
A€ IFS’, then 24 € AgA’D), but 8 ¢ AgA’D). Hence, not every integer, which is
obtained by using Theorem 241 lies in AgA’D), even though it is an element of

the reduced form AgD).

(111) If we take s =8, then we obtain 6, 12, 24. Only 6 and 24 are in the reduced form
AgD). Calculations show that if 8 € AgA’D) for some fired A € F3, 6,24 € AgA’D).
This shows that every integer obtained by Theorem 241l which lie in A;D), may

also be an element of AgA’D).

(v) If we take s = 24, then we obtain 1, 2, 3, 4, 0, 8, 12, 24. Only 1, 2, 6, 8 in the
reduced form AgD). Calculations show that if 24 € AgA’D) for some fized A € Iﬁ‘g,
then 6 € AgA’D) . Note that if 6 € AgA’D), then 24 € AgA’D) by (ii). The same
is true for 8 by (iii). On the other hand, the converse does not hold, i.e., 8 is

an integer which is obtained by using Theorem 2.4.1] and lies in the reduced form

AgD), however 8 ¢ AéA’D) for any A satisfying 24 € AgA’D).

(v) If we take s = 42, then we obtain 28, 56, 168. Only 168 is in the reduced form
of AgD). Hence, using Theorem 2.4.1], we find a new element of AéA’D) for some

fized A € Fg without referring to the explicit factorization of F2(A’D) (x).

(vi) If we take s = 168, then we obtain 7, 14, 21, 28, 56, 84, 168. Only 1068 lies in
the reduced form of A;D). Hence there may be integers in the set AgA’D) for some

fized A € Fg such that, Theorem 241, does not yield a new element of AéA’D).

Although Theorem gives some degrees, which occur together in the explicit

factorization, we can not obtain the whole set Aﬁ;“’), by using a few known elements
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of A;A’D), as we see in Example .

Therefore, for an integer m in the reduced form AgD), one of the main problems is to

find A € ]FZH, such that m € Aq(@A’D), for n > 2. Note that Corollary [2.4.3| guarantees

the existence of A € F;*! such that m = orde(q) € AP for every divisor e | dy,
1 < e. In order to see this, fix some B = (by, b1, ...,b,) € Fott. If FrgB’D)(—bo) =0,
then consider A = (ag,ay,...,a,) € IFZ“, where a; = b; for 0 <i:<n-1, a, =b, + 1.
In this case

FAD (—qp) = FBD) (—p) +1 £ 0.

Hence by Corollary , ord.(q) € ALA’D), for every e | dy, 1 <e.

Now, let n =2, m € AgD). Now, we will find some conditions on ¢ and D, which
imply the existence of A € FZ satisfying m € AéA’D). I would like to express my
gratitude to Giorgos Kapetanakis for his valuable comments on this part.

If m = ord.(q) for some e | dy - da, 1 < e and A = (0,0, az), where a; € F, then
clearly m € AgA’D). For the remaining elements m of AgD), we now observe that, in
order to show the existence of A € FZ’ satisfying m € AgD), one can assume without

loss of generality that A = (0,1, az), with ay € F}.

Lemma 2.4.4 If A = (ag,a,as) € F3

q’

where a; # 0, then there exists B = (0,1, by) €
F3 and c € F}, such that

FUD) () = s | p(B0) (M) | (2.30)
C

Proof: Let ¢ be the unique element of F} satisfying ¢ = ay. Let by be the unique

element of F, such that by - ¢?%> = ay. Then

F2(B,D) (:U + aO) _ C—(dl.dg)((l, + ao)dl + Cdl)dg + b2 . Cd1-d2.
C

That is,

Tr+a —(dy-
B ( c 0) = MR ((2 4 ag)™ + ar)® + ag

= ()

Y

hence the result follows. O

Remark 2.4.1 If A € F} and a; = 0, then FQ(A’D) (z) = (x4 ag)™ ™ + ay, and hence
AgA’D) = {1} U{orde(q) : e | dy-ds}, when ay # 0, and AgA’D) = {1}, when ay = 0.
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If A € Fg’, where a1 # 0, then by Lemma 244, there exists B = (0,1,by) € JFg such
that Equation (2.30) is satisfied. That is, if

FPP)(2) = Ry(x) - Ro() - ... - Rpn(x),
where Ry, ..., Ry, are irreducible over ¥y, then

() = e Ry (Ha0> R, (““0) R (“ao) ,
c C Cc

where c is the unique element of I, satisfying ¢ = ay. That is, we may assume without

loss of generality that A = (0,1, as).
We consider the set
{r-k :r|dy, k|ords(q),r k€ AgD)}. (2.31)
By Theorem and Algorithm [2.3.1 we know that if ged(d, orda(q)) = 1 and
(i) k # ord.(q) for all e | d or,
(ii) ord,(q) J k, when 1 < r,

then r - k ¢ AéA’D), for any choice of A € F2. Therefore, we assume k = ord.(q) for
some e | d and if 1 < 7, then ord,(¢) | k = ord.(¢q). In order to see whether there
exists A € FJ satisfying 7 - k € AP we assume A = (0, 1, az) € F}, with ay # 0. The

following lemma characterizes the roots of Fy(z).

Lemma 2.4.5 Let A= (0,1,az) € F3 with ay # 0. Then the set of zeros ofFQ(A’D) (x) =

Fy(z) is equal to the following set:
C={\eF,: \* — (a—1) =0 where a® + a3 = 0}. (2.32)

Proof: If A € C, then Fy(\) = (A" +1)% + a3 = a® + ay = 0. This shows that every
element of the set C' is a root of Fy(z). Now, suppose ay # —1. Since ged(dy,q) = 1
and « # 1, the polynomial z% — (o — 1) has d; distinct zeros in F,, for each zero o of
the polynomial 2% + a,. Since ged(ds, ¢) = 1 and ay # 0, there are do distinct zeros of
the polynomial % + ag in Fq. Therefore, the set C' has d; - dy elements. Now, we will
show that gcd(Fy, Fy) = 1, so that Fy(z) is separable. The formal derivative of Fy(x)
1s

Fy(x) =dy - dy - (z¥ + 1)1 gh—L (2.33)
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Since

Fy(z) = (2™ +1)% + ay, ay # 0, (2.34)

we have ged(Fy(x), Fy(x)) > 1 if and only if 0 is a root of Fy(z). As ay # —1, we have
F5(0) # 0. Therefore, Fy(x) is a separable polynomial over [F, of degree d; - da, hence
it has d; - dy distinct roots. Therefore, the set of zeros of Fy(x) is equal to C.
If ay = —1, then clearly, C has d; - (dy—1)+1 distinct elements, and Fy(0) = Fy(—ag) =
0. By (2.29), we see that 0 is a root of Fy(z) with multiplicity at least d;.Therefore,
by and , 0 is the only root which has multiplicity greater than 1, and the
multiplicity is dy. Hence, Fy(z) has d; - (dy — 1) + 1 distinct roots and the set of zeros
of Fy(x) is equal to C. O
Lemma yields that in order to show the existence of A € Fg satisfying r - k €
Aé“’), where r - k is given by , we have to show the existence of « — 1 = ¢

satisfying the following conditions.

(ii) (14 &) € F; for some e | dy,
(iii) There exists A € F, such that A = £ and [F(\) : F ] = r.

Note that when (14 &)¢ = 1, for some e | dy, then it is possible that £ = 0, therefore we
also assume that (14 §)° # 1 for all e | da. In the following lemma, N /() denotes
the norm of 1 € Fyr over Fy, and if n € F,, ord(n) denotes the order of 7 in the cyclic

group sz .

Lemma 2.4.6 Letk>2,¢g>2, andt | ¢*—1,2<t, e | ¢"—1. Then the following

statements are equivalent.

(i) There exists £ € F7, such that ord(§) =t and (1+ &) € Fy \ {1}.

(it) There existsn € Ky, such that Ny (1) # 1 and ord(n—1) = ¢, where s = efl(];:ll).

Proof: Suppose that there exists an element § € Fy,, ord(&¢) = t, where t > 2 and
(1 +¢&)° € F; \ {1}. Then there exists an element, n € Fg such that Ny () =
(1+&)° # 0,1, since Ngx, is onto. Hence n € F;k. Conversely, suppose that there
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exists 77 € 7, such that Nyeyo(n) # 1 and ord(n® — 1) = ¢ > 2, where s = e?(z:ll). Let

ke
n® — 1 = €. Substituting s, we get 778?1@*11) = ¢ + 1. Therefore, we get

k

Ngt/g(m) =07t = (1+)° € F2\ {1},

by assumption and hence the result follows. O

Remark 2.4.2 We note that the characteristic function for elements x € sz with

Ny jq(z) = B, where 3 € F}, is given by

Qs(r) = —= ) X(B)x(x), (2.35)

where the sum runs through the multiplicative characters of F,, X stands for the inverse
of x and x for the lift of x to a multiplicative character of ¥, that is, for v € F,
X(7) = x(Ngr/(2)). This follows immediately by Corollary (i) implying that

1, Zquk q(ZL‘) = ﬁ,
Q) = / (2.36)

0, otherwise.
Lemma 2.4.7 Let 2 <k, 2<q t|¢"—1,2<t, e| gt —1, 1= If

¢ -1

€>lW(t)qkT,

then there exists an element & € K, , where ord(§) =t and (1+ &) € Fy \ {1}

Proof: Lemma implies that to find an element & € sz with the desired proper-
ties, it suffices to find some n € F},, with Ny« /() = 8 € Fy \ {1} and ord(n* — 1) =1,

where s = eq(k:i . We note that such g exists since ¢ > 2. Now, let | = =1 The
(¢-1) t

characteristic function for elements of IF:;,c7 of order t is

o(t) p(u)
u |t v |l Ord(x):wv
ged(u,l/v)=1
see Lemma [1.4.11] By Remark the characteristic function for elements € I,
with Ny o(2) = B, where 3 € F; is given by (2.35)).
Fix some 8 € F \ {1}. Let N; be the number of elements of n € F},, such that
ord(n® — 1) =t and Ny o(n) = B. From the above, it follows that

No= > w@ —1)Q(x).

ZEFqk
z,z%—1#0
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Note that x = 0 implies that * — 1 = —1, which has order 2 # t. Also, if z° — 1 = 0,
we get that Nyk o (z) =1 # 3, i.e., Qg(x) = 0. Hence

Ny= ) w(® = 1)Qp(x).

xEFqk
The latter implies

0 i(u) e e
N, = @ —1)- (=1 Z uzt (@) Z Z X1 ( 1)X2(8)Xa(z)

OI'd(Xl):wv X2 EIT‘%

t U ]
B (¢" — fb)( )(q -1) /;Eui Z Z Z X2(P) Z x1(z® — 1)X2(2).

v |1 ord =u-v XQGE/T: z€F i
ged(u,l/v)=1 () K 7

(2.37)
Now consider

S et — D)xa(a) (2.39)

xGFqk

and suppose that x; is non-trivial. As the group of multiplicative characters of IF, is

cyclic by Theorem , let x, be a generator of this group. Then there exists u; and

U

uy such that x; = xj

tand (x2) = xy2. Then (2.38)) becomes

D (et = xg™ (@) (2.39)

Since X' (z° — 1) = xg((2° — 1)") and xy?(z) = x,(2"2), substituting into (2.39), we
get

D xo((@ =M )xg ()| = | D xl(a® = 1)"a)) <s-¢"%  (240)

xEFqk acEIFqk

where the last inequality follows from Theorem [I.4.9] When x; is trivial, Theorem

and Equation (1.7)) give

~ ¢, if xo is trivial,
2 (@) =

o€F ) 0, otherwise.

By standard properties of characters, we have that |x2(8)| = 1 for every x, and 5 # 0.

In addition, there are exactly ¢(u - v) multiplicative characters of order u - v. Now,
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we separate the term that corresponds to trivial x; in (2.37)), plug in the bound from

(2.40)), use Lemma |1.4.10], to obtain

Ne-(¢"=1)-(¢—1)
¢(t)

The latter implies that N, # 0, if

— " <s-1-W(t)-(g—1)-¢"~

qk/2>s-l-W(t)-(q—1).

Substituting s = %, we get

(2.41)

We refer to Schwarz [79] for the proof of the following lemma.

Lemma 2.4.8 [79] Let r > 2, a € F}, s = ged(r,q — 1). Then there exists b € F;

satisfying b" = a if and only if a5 = 1.

Theorem 2.4.9 Let2 < q, D = (dy,ds), k = ord.(q) for some e | dy, ged(dy, ¢* —1) =
u, and | = u - f for some f | ¢* — 1 wz’thQ#t:qkT_leZ. If

(i) ordi(q) = k, and

(ii) e > 1-W(t) - L,

q~/

then there exists A € F2 such that {k} U {k-ord,(¢") : r|di,1 <r}C NG

Proof: Since 2 # ¢, by Lemma W, there exists an element & € IFZk of order t
satisfying (14¢)® € F; \ {1}, by (i) and (ii). Let (1+&)* =be F;/{1}, A= (0,1,a9) ,
where —b%/¢ = q, € F/{1}, and consider F2(A’D) (). By Lemma [2.4.5, the set of zeros
of FQ(A’D) (x) is equal to C, where C'is given by . Note that we have x¢—b | 2%+ as,

s0, there exists a root A € F, of F2(A’D)(x) such that X is also a root of 2% — £. Note

that [F,(&) : F,] = k, since { has order ¢, and ord;(q) = k by assumption (i). Since

t= qkl—_l, by Lemma [2.4.8 there exists v € F x such that y4 = £ Then we get

dy
{L‘dl - '7d1 == (z) —1= H Qr (E) )
v T v

where @), denotes the r-th cyclotomic polynomial over IF . O
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Theorem 2.4.10 Let2 < q, D = (dy,d3), 1 <r, dy =r-s, h =gecd(e, s), ord,.(q) | k,
where k = ord.(q) for some e | dy and f is a divisor of ¢* — 1, satisfying ged(r, f) = 1,

[=1ts 02 =d21 pf

(i) ord(q) = k and

(ii) e >1-W(t) - Lot

q

then there exists A € F3 such that r -k € AgA’D).

Proof: As in the proof of Theorem[2.4.9] there exists £ € F» with the same properties.
Now, consider FQ(A’D) (z), where A = (0,1, a3), as = (1 + £)%, and 2% — ¢. By Lemma

2.4.8| there exists v € F» such that A= ’y% = £. Since

we get 2" — ’ﬁ | 2% — £, Note that

fs
“h

ord(’)/%) = ord(y") -gcd(ord@%),s) =t-s for some s |s.

Hence the conditions of Theorem are satisfied. That is, the polynomial x" — 'y£ is

irreducible over F . So, there exists a root of A of Fy(x), such that [Fy(X) : Fy] = - k.
O

Corollary 2.4.11 Let g > 2. Suppose that the following hold.

(i) ord,(q) =k for all r | di,

(i1) k| ke, where ke = ord.(q), for all e | d,

(7ii) there exists e | dy such that k = ord.(q) = ke,

(iv) the conditions of Theorem 2.4.9] and Theorem 2. 410 are satisfied for all e | ds.
Then there exists A € Fg such that AgA’D) = AéD).

Proof: Assumptions (i) and (iv) imply that there exits A = (0,1,a;) € F2, where
as # 0,1, such that {k.} U {ke-ord,(¢") : r|di} €A™ for all € | d, by Theorem
. Similarly, assumptions (ii) and (iv) imply that - k. € AP for each r | dy and
k. = ord.(q) for all e | dy. Note that by assumption (iii), there exists e | dy such that
k. = ord.(q) = k, and hence k = k. and r- k. = r- k are in AMP) . By (i), we conclude
that AYY?) = AP, O
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Example 2.4.2 Let ¢ = 3, n = 2, D = (11,121). Then ord;;(3) = ord2:(3) = 5.
Using notations of Theorem 2410, we have k =5, r =11, s=h=11. Welet f =1
and obtain t = 3% — 1. We observe that

3P -1

5

and hence by Theorem ZATQ, there exists A € F3 such that 11-5 =55 € AP Note
that conditions (1), (ii), (iil) of Corollary2Z4TTl are satisfied. Then AgA’D) = AgD), since
we need not to check whether conditions of Theorem are satisfied, as ord;;(3) =
ordy21(3). By MAGMA, one can see that if A = (1,2,2), then AgA’D) = {1,5,55}.

We end this chapter with the following remark.
Let D = (dy,...,d,), A € IFZH. Consider the permutation o of F, induced by

£ (). Ifdy-dy-... d, < q—2, then PP (x) is the unique polynomial which

represents o by Theorem . In general one would expect FT(LA’D) to be a polynomial

with large weight when ¢ is large. However, we can express the same polynomial in the
form ([1.3) with only n + 1 coefficients ag, a1, . .., a,. The two examples below exhibit

the cycle structure of such polynomials in the case n = 2.
Example 2.4.3 Consider the following permutation
c=(0179523461038)

of Fy11. By Theorem [L21], there exists a unique polynomial F(x) of degree less than
11, satisfying F(c) = o(c) for all ¢ € Fy;. We have

F(r) =24+ 42® + 27 + 72% + 62° + 2* + T2 + 2 + 1,
with weight 9. However,
Fy(x) = ((z+9)* + 10)* + 4 = B\ (),

where A = (9,10,4) € F3, and D = (3,3). Therefore, degrees of the irreducible factors
of F(x) = Fy(x) lie in AgD) ={1,2,6}, since ords(11) = 2. Note that

F(z) = FQ(A’D) (z) = (z +3)(2® 4+ 22 + 6) (2 + 102° + 52 + 92 + 72? + 10x + 8),
so that AgA’D) = AéD).
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Example 2.4.4 Consider the following permutation
c=(04387609)

of Fy11. By Theorem [L21], there exists a unique polynomial F(x) of degree less than
11, satisfying F(c) = o(c) for all ¢ € Fy;. We have

F(x) = 2" + 2% + 927 + 82°% + 62° + Ta* + 22° + 222 + 52 + 4,
with weight 10. However,
Fy(x) = ((z +5)° +8)* + 3 = Fy*(x),

where A = (5,8,3) € F3,, and D = (3,3). Therefore, degrees of the irreducible factors
of F(x) = Fy(x) lie in AgD) ={1,2,6}, since ords(11) = 2. Note that

F(z) = FP)(2) = (x + 2)(2? + 22 4 5) (2 + 82° + 2* + 102° + 922 + 32 4 7),

so that AgA’D) = AgD).
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CHAPTER 3

Consecutive permutation polynomial sequences

In this chapter we first consider the so-called consecutive polynomial sequences,
recursively defined by Gémez-Pérez, Ostafe, Sha in [36].

Similarly we recursively define a sequence of permutation polynomials. Consider
a sequence A = {a,}n>0 of elements of F; and a sequence D = {d,},>1 of elements
of Z* satisfying and . The sequence F = FAD) = {F,S,A’D)}nzo is called a
consecutive permutation polynomial sequence in F,[z], associated to the sequences A

and D, if
Fo(z) = EAP)(2) = (.. (apz + a)™ + a)® + ... + an)® + apy1. (3.1)

The authors of [36] studied various questions on irreducible factors of terms of consec-
utive polynomial sequences. Our aim is to study analogous questions for consecutive
permutation polynomial sequences. Our methods are completely different from that

of 36].

3.1 Consecutive polynomial sequences
In van der Poorten [72] it is observed that the numbers
19,197,1979, 19793, 197933, 1979339, 19793393, 197933933, 1979339339

are all prime numbers. After this observation, van der Poorten came up with the
following question: Is there such an infinite chain of prime numbers in some base b7

This question is related to the existence of the largest truncatable prime in a given base
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b. We recall that a prime number is called a truncatable prime if it gives a sequence
of prime numbers when the digits are removed always from the left or always from the
right. Observe that the above integer 1979339339 is not a truncatable prime. Angell
and Godwin [9], give heuristic arguments for the length of the largest truncatable prime
in base b and compute the largest truncatable primes in base b, where 3 < b < 15.
Mullen and Shparlinski [67] asked an analogous question about polynomials over

finite fields. They consider polynomials of the form f, € F,[z] satisfying deg f,, = n,
fn:anxn+fn—l7 n > 17 (32)

and denote by L(q), the largest L such that fi, fo, ..., fr are irreducible. Mullen and
Shparlinski [67] posed the problems of finding upper and lower bounds for L(g), in
terms of ¢. Chow and Cohen [24] give a lower bound for L(q).

log g

Theorem 3.1.1 [24] (i) If ¢ # 3, then L(q) > 2loglog g

(ii) L(3) = 3.

In [36], the following definition is given, motivated by the question of Mullen and
Shparlinski [67] above. Consider a sequence a = {a,}n>o of elements of F;. The
sequence f = {f,}n>1 is called a consecutive polynomial sequence in F,[z], associated
to the sequence a, if f,(x) = a,z" + ...+ a1z + ag, n > 1. If all polynomials f,, n > 1
are irreducible, then f is called a consecutive irreducible polynomial sequence and a is
called a consecutive irreducible sequence.

Consider a consecutive permutation polynomial sequence f. In [36], the authors

introduce the following notation;
(i) D(fn) : the largest degree of the irreducible factors of f,;
(ii) w(fy): the number of distinct monic irreducible factors of f,;
(iii) In : the number of consecutive irreducible polynomial sequences of N elements.

They considered the problems of finding upper and lower bounds for D(f,,), w(f.), In
and L(q).
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Theorem 3.1.2 [36] Let f be an infinite consecutive polynomial sequence. For any

log((n+1)/2)

ogqg s Oone has

integers n > 2q — 1 and s satisfying 0 < s <
log((n + 1)/2) 4 loglog ¢ — loglog((n + 1)/2)

HlaX{D<fn), D(fn+s>} > lqu (33>
Moreover, if pt (n+1) or pts, then
mac{D(f), D fura)} > 2D/, (3.4

log ¢
As a corollary of this result, an asymptotic bound for D(f,) is obtained in [36].

We recall that for functions g(n) and h(n), the assertion h(n) > g(n) is equivalent to

lg(n)| < ¢+ h(n) for all n, where 0 < ¢ is a constant.

Corollary 3.1.3 [36/ If [ is an infinite consecutive polynomial sequence, then for

almost all integers n > 1,
logn

logq’

D(fn) >

Theorem 3.1.4 36/ There exists a consecutive polynomial sequence f over F, of N

elements, if
N = [v2(¢—1)+3/2]

such that all the terms in the sequence are pairwise relatively prime.

3.2 Consecutive permutation polynomial sequences

In this section, we consider problems of the previous section for consecutive permuta-
tion polynomial sequences. Let F' be a consecutive permutation polynomial sequence.

As in the previous section, we use the following notation:

(i) D(F},,): the largest degree of the irreducible factors of F,;

(ii) w(Fy,): the number of distinct monic irreducible factors of F,.

Each term of F'is a permutation polynomial and hence is reducible over [F,. Therefore,
it is not possible to consider questions regarding irreducibility for consecutive permuta-
tion polynomial sequences. We give lower and upper bounds for D(F},) in the following

result. We first recall the definition of the set O, in (2.11]).

O = {ordy(q) : ¢ is a prime divisor of d = lem(dy, ds, ..., d,)}.
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Theorem 3.2.1 Let F = FAP) be o consecutive permutation polynomial sequence.
Then
m <D(F,) <dy-dy-...-dy_q-ordyg(q), (3.5)

where 1 < m is the smallest element of the set O given by (2.11)).

Proof: Each term of F' is a consecutive permutation polynomial sequence, hence has
a unique root in F,. We have 1 < D(F,,), since we have assumed A is a sequence of
elements of F; and ged(d;,q) = 1 for all terms d; of the sequence D. By Theorem
and Theorem , degrees of the irreducible factors of F, lie in the set AL,
The smallest element 1 < m of the set A is the smallest element of the set O given
by (2.11)). Thus, m is a lower bound for D(F,). The upper bound for D(F,) directly
follows from Theorem R.1.7] O

Remark 3.2.1 We recall that that if n = 1, the upper bound for D(F,gA’D)) 18 attained
for every choice of A and D, by Remark 221 Suppose n = 2 and D is a sequence
such that the conditions of Theorem 240l are satisfied for r = dy, and k = ordg,(q).
Then Theorem implies the existence of a sequence A such that the upper bound
for D(FygA’D)) is attained.

Lemma 3.2.2 Let F = F4P) be o consecutive permutation polynomial sequence, s >

2 and put
Go(z) = (o (%2 4 Gpp3) P 4 Apyd) ™+ F )™ F G- (3.6)
Then the following hold.
(i) ged(Fy,, Fris) =1 if and only if Gs(an12) # 0.
(ii) ged(F,, Foys) > 1 4f and only if F&+ | F, ..
Proof:

(i) First of all, observe that
Gs(Fn+1 (I)) = ( .. (ng{Q +an+3)d"+3 +.. .+an+s)d”+s +an+8+1 = Fn+s($). (37)

Substituting
Fr = F% 4 a,,, (3.8)
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into (3.7)), we see that F,,, is a polynomial in F},, with constant term Gg(a,42).
Therefore, for an irreducible factor Q(x) of F, (), we have Q(z) | F,4s(x) if and
only if Gs(a,42) = 0. Equivalently, ged(F,,, F,,.+5) = 1 if and only if Gs(a,42) # 0.

(ii) If ged(F,, Fots) > 1, then Gg(an42) = 0 by part (i). Hence, the result follows by

and . O

Remark 3.2.2 We have ged(F),, Fry1) = 1 for alln > 0 by (3.8), since a2 € F}.

Theorem 3.2.3 If N < q, then there exists a consecutive permutation polynomial
sequence F' of N elements such that all the terms in the sequence are pairwise relatively

prime. Moreover, the number of such sequences is
(Z) (q - 1)N+17 fOT' N = 17 2.

(i) (¢ —1)* 12, (g —19), for 3< N < q.

Proof: By Remark the result holds for N = 2. We will show that for fixed D
and 3 < N < ¢, there exists a sequence A such that the condition given by Lemma
3.2.2| (i) is satisfied for each n and s with 2 < n+ s < N, so that ged(F,, F,1s) = 1
for all 2 <n+s < N, by Lemma [3.2.2] (i).

Fix ag, a1, a; € F,. Consider Fy = apr+ay, Fi = F(§h+a2. We have ged(Fo, Fy) =1
by Remark . If there exists a3 € I, satisfying

aP +az #0, (3.9)

and Fy = F® +-ag, then Gy = (a2 +a3) # 0. By Lemma, we have ged(Fp, Fy) = 1.
Note that ged(F}, F») = 1, by Remark . There are g — 2 different choices for the
element a3 to satisfy condition , since there exists only one element b € F} such
that

aP +b=0.

Now, let us fix as. If there exists a4 satisfying

ags + aq # 0,

(3.10)
(a2 + as)® +ay #0.

and Fy = Fy® + a4, then Gy(as) # 0 and Gs(ag) # 0. Again by Lemma [3.2.2, we
have ged(Fy, F3) = ged(Fy, F3) = 1. Note that ged(Fy, F5) = 1 by Remark again.
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Since az € Fy, the conditions in (3.10]) are different and hence there are ¢ — 3 different
choices for the element a,. Now, we fix a, and continue in this way. Then, we have only
one choice for the element a,, where F, | = F, qdﬁ; + a4 so that ged(Fy,, Fj) = 1 for all
0 < h < j<q—1. This shows the existence of a consecutive permutation polynomial
sequence of N elements, where 1 < N < ¢, such that all terms in the sequence are
pairwise relatively prime. Note that as there will be ¢ — 1 different conditions for the
number a, 1, where F, = qufl + ag41, we have ged(Fy, F;) > 1 for some 0 < j < ¢—1.

In order to find the number of such sequences, we follow steps of the proof above:
We have (g —1)? different such sequences of 1 element, (¢— 1) different such sequences
2 elements and (¢ —1)*- (¢—2) - (¢ —3)-...- (¢ — N + 1) different such sequences of
N elements, where 3 < N < gq. |

In [36], an irreducible polynomial Q(z) € F,[z] is called a primitive irreducible
divisor of f,,,if @ | f, but Q1 f; for all j < n, and the following problem is posed: Can
one show that almost all terms of a consecutive polynomial sequence have primitive
irreducible divisors? This problem has not been solved so far. In order to solve it in the

case of consecutive permutation polynomial sequences, we need the following lemmas.

Lemma 3.2.4 Let F be a consecutive permutation polynomial sequence. Then F,(z)

is separable if and only if gcd(F;, F,) =1 for all0 < j <n—1.
Proof: The formal derivative of F, (z) is;

Fl'(z)=dy-F&7 od, - F& 7 dy - FB 7Yy, (3.11)
Hence the result follows. O

Lemma 3.2.5 Let F' be a consecutive permutation polynomial sequence.

If ged(F,,, Fs) > 1 for some s > n+ 2, then F,, divides Fs with multiplicity [, where
(Z) dn—H ‘ l; and
(1t) there exist divisors d;,,...,d;, of l, satisfyingn+1 <i; <s—1, i;41 #i; + 1.

Proof: Let s > n+2. Suppose that ged(F,, Fy) > 1. Then Fé*! | F, by Lemmam
(ii). Let [ be the multiplicity of F), in Fy. In order to find I, we consider the formal
derivative of Fy(z). We have

Flz)=dy FET o dy - F&3 7 dpyy - Fn =l dy - F gy, (312)
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Equation (3.12)) shows that d,4; is a proper divisor of [ if and only if F, | F,, and
F,, | Fs for some n + 2 < h < s. Therefore, (3.12) implies that [ is a product of d;’s,
for some n + 1 < i < s — 1 which are non-consecutive, since consecutive terms of the

sequence are relatively prime by Remark [3.2.2] O

Lemma 3.2.6 Let ' be a consecutive permutation polynomial sequence. Then the

following hold.
(1) If ged(F}, Fy,) > 1 for some j < n, then ged(Fjiq, F,) = 1.

(1) If ged(Fy, Fy,) > 1 and ged(Fy, Fy,) > 1 for some h < n, h # j, then ged(Fy, F;) >
1.

Proof:
(i) Suppose that gcd(F}, F,,) > 1 for some j < n. Then by Lemma [3.2.2) (i), we have
Groj(ae2) = (oo (@75 + aj4a) 5+ + aja) ¥ 4+ o 4 )™ + appr = 0.
Note that
Guojor(@j43) = (. (@75 + @) + o4 @)™ + aupy #0,

since G_j(aj4+2) = 0 and aji9 # 0. Therefore, gcd(Fj41, F,) = 1 by Lemma
0.2.2

(ii) Suppose that ged(F}, Fy,) > 1 and ged(Fy, F,,) > 1 for some h < j < n. By
Lemma [3.2.2] we have

d
Gnj(aja)  =(. (a5 +a;3)5% + .+ ap)™ + any =0,

dp 4+ . .
Gn_h(a/h_l’_Q) :(. . (ah+2 —|'_ ah+3)dh+3 + “ .. + a]+1>dj+1 + a]+2>d-7+2 .. + an)d" + an+1 pr— 0.

This implies that
Ginlansa) = (- (@455 + anss) ™ + .+ aj) 5+ =0,

equivalently F;Lih“ |F; by Lemma . If j < h, then one can similarly show
that E7* | B,
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Theorem 3.2.7 Let F' be a consecutive permutation polynomial sequence. Then each

term of F' has a primitive irreducible divisor.

Proof: If n = 1, then the statement follows from Remark [3.2.2] Let n > 2 be fixed
and consider F,,. If ged(Fj, F,) = 1, for all 0 < j < n, then the result follows. If

ged(F;, Fy,) > 1 for some 0 < j <n — 1, then by Lemma |3.2.5( we have Fjdj+1 | F,. By
Lemma [3.2.6) (i), F; and Fj; do not divide F, simultaneously. Therefore, in order to

show the existence of a primitive divisor of Fj,, we consider the case, where
(i) ged(F;, F,) > 1 for some of the non-consecutive j’s, for 0 < j <n —1, and
(ii) if there exists h # j such that Fj, | F,,, then ged(F),, Fj) = 1.
But (ii) does not hold by Lemma [3.2.6] (ii). We thus consider the case
F™' | F,, and F"™"' | F,_, (3.13)

for the maximum number of h’s, where 0 < h < n — 2, since Fj,_5 has the highest
degree among the possible divisors F}; of F},. Consider

R(z) = m.

We have deg R(z) > 1, since deg(F";') < deg(F,), as d; > 2. By || and Lemma
3.2.2| (ii), ged(F};, R) = 1 for all j < n. Hence, there exists an irreducible factor Q(z)
of F,(x) such that ged(Q, F;) =1forall 0 <j <n-—1.

We now obtain an upper bound for the number of irreducible factors of F,.

Theorem 3.2.8 Let F' be a consecutive permutation polynomial sequence. Then
[[,di—di 9(e)
2 < Fn < -=L " - —,
<w(r) < |[HEnmt >4
€ 1

forn > 1, where 1 < m is the smallest element of the set O in (2.11) and ¢ denotes

the Euler’s totient function.

Proof: Let n > 1 and consider F,,. For the minimum number of distinct irreducible
factors of F,,, we consider the case where F}, has an irreducible factor of () of degree r,

where 7 is the maximum element of ASLD). Since 1 < r and F}, has a linear factor also,
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we have 2 < w(F,). Note that the multiplicity of the linear factor can be greater than
1.

For the maximum number of distinct irreducible factors of F),, we consider the
following case. Suppose that the root A € F, of F, () satisfies apA + a; € F;;. Using a

similar argument that we used to obtain ([2.29)), we get
(apr + a))™ — (agh + a1)™ | Fu(x). (3.14)

Since agA + a; € [y, we have

(%ﬂ‘l)d 1 Fy(a), (3.15)

where b is the unique element of IF; satisfying b4 = ag\ + a;. By Theorem m (i),

dy
apx + ap _ apx + ap
() e e ().

e | di

we have

We also have that each term in the above product factors into ¢(e)/ord.(q) distinct
irreducible factors and 2 < ord.(q) by the assumption that ged(dy, ¢ — 1) = 1. There-

fore, the divisor in ([3.15]) has at most 1 < ), | dr @ distinct irreducible factors. Note

that if ag\ + a1 = 0, then relation (3.14)) gives only one irreducible factor of F,,. Now,

we continue with the quotient

(apx + ay)® — (ag\ + ay)h’

S(z) =

If n = 1, then S(z) = 1. If n > 1, then F,(z) has maximum number of dis-
tinct irreducible factors when S(x) factors into irreducible polynomials of the small-
est possible degree. We know that F,, has a linear factor which already divides

(apz + a;)®™ — (apA + a;)®. Hence the result follows. O

Remark 3.2.3 If D is a fized sequence, by Dirichlet’s Prime Number Theorem, there
are infinitely many prime numbers q such that the upper bound is attained for n = 1.

Obuviously, the same holds for the lower bound.

The lower bound in (3.5) can be improved under special conditions.

Corollary 3.2.9 Let q be odd, n > 4, D = {d;};>1, k = ord.(q) for some e | ds.
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(i) Suppose that the conditions of Theorem are satisfied. Then there exists a
sequence A = {a;}i>0 such that lem(k,ord,(q)) < D(FTEA’D)), for every r | dy,

1<r.

(ii) Suppose that the conditions of Theorem [ZAT0 are satisfied v | dy, 1 < r. Then

there ezists a sequence A = {a;}i>0 such that r -k < D(F,(LA’D)).
Proof:

(i) By Theorem W, there exists B = (bo, b1, by), where b; € F} for i = 1,2,3 such
that {k} U {k-ord.(¢*) : r|di,1 <r} C AgB’D). Now fix b; € F;, where
3<i<mn+1,17+#4 and consider the polynomial

Ty(x) = (... (2™ +b5)% + ...+ b)) + by € Fyz].

Note that T’ (x) is a permutation polynomial of F, since ged(d;,¢ — 1) = 1 for
all i > 1. Therefore, T1(z) has a unique zero in F,, say by. If by € [y, then let
A = {a;}i>0 such that a; = b; for 0 < i < n + 1 and consider the consecutive
permutation polynomial sequence {Fi(A’D)} of F,[z]. Then T(x) = G4(z), with
s =mn — 2, where G4(z) is given by for s > 2. Since T} (a4) = G—2(aq) =0,

by Lemma [3.2.2] we have
F (@) | P ().

Hence k - ord,(¢*) = lem(k, ord,(q)) < D(F,(LA’D)). If by = 0, then let a; € F; such
that a; = b; for 0 < i < mn, i # 4, and a1 = by + 1. If by +1 = 0, then

consider a1 = by — 1 € Fy, since g is odd. Now, consider the polynomial
To(z) = (23 +as)® + ...+ ap)™ +ap = Ti(z) £ 1.

Again, since ged(d;, ¢ — 1) = 1 for all ¢ > 0, Tz(x) is a permutation polynomial
of F,. Therefore, T5(x) has a unique zero in F,, say a4. Note that ay € [y, since
T5(0) = T1(0) £ 1 = £1. Now, let A = {a;}i>o and consider the consecutive
permutation polynomial sequence {Fi(A’D)} of F,[z]. Then Ty(x) = G4(z), with
s =mn — 2 again. Since Ty(a4) = G5_2(as) = 0, by Lemma [3.2.2]

E (@) | B (@),
and hence lem(k, ord,(q)) < D(FygA’D)).
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(ii) By Theorem [2.4.10} there exists B = (bo, b1, b2), where b; € F; for i = 1,2, 3 such
that r - k € AéB’D). The method of proof of (i) can be used again to obtain the

result.

O
We have shown in Corollary that the lower bound in (3.5) can be improved
under some special conditions. The Corollary|3.2.12|and Corollary [3.2.13|below present

improvements under different conditions. We need the following lemmas.

Lemma 3.2.10 Let F' = {Fi(A’D)} be a consecutive permutation polynomial sequence
and n > 2 be fizred. Consider the n-th term of a given consecutive permutation polyno-

mial sequence F and set
Ho(l') — g + ap+1 Hz(x) = gn—i + Qp_it1 — Q—1, (316)

where o = o € F,, satisfies Hy(ap) = 0 and H;(oy) = 0, for 1 <i <mn. Then F; | F,

for some j < n —2if and only if H,_;_, is not separable.

Proof: By Lemma/3.2.2) F; | F,, if and only if G,,_;(a;42) = 0. Now, consider H,_; 1 =

2+ + aj 0 — q_j_o. Since ged(d;, q) =1, for all 1 <4 <n, H,_;_; is not separable

if and only if aj19 = ay,—j_2. Since ay,_j_9 is a oot of H,_;_ o9 = xdive @43 — Qp_j_3,
i+2

. . .d o
aj42 is a root of it aj+3 — Qp_j—3. That is, ajyy + aj13 = Qn_j—3. Continuing in

this way, we get H,,_;_; is not separable if and only if G,_;(a;+2) = 0.

In the following, we use the same notation as in Lemma [3.2.10]

Lemma 3.2.11 Let ' = {Fi(A’D)} be a consecutive permutation polynomial sequence.

Let C be the set of roots of F,(x) for a firted n > 2 and consider

C, ={\e€ I_Fq : AN+ ay — a9 = 0, where o s a root of (3.17)
HZ(.CL’) = xd"—i + Ap_jr1 — OG_1, 1 < 7 <n-— 2, aO” S ]F:;} ‘

Then C = C,,.
Proof: Clearly, every element A € C,, is a root of F,(z), that is, A € C. We now
show that the sets C' and C,, have the same number of elements. First, suppose

F, is separable. Then the set C' has d; - dy - ... - d, elements. By Lemma [3.2.4]
ged(F;, Fy,) = 1 for all 0 < j < n. Using Lemma [3.2.10, we have H,_;_; is separable
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for all 0 < 57 < n — 1. Therefore, the set C, has d; - ds - ... - d, elements. Now,
assume F,, is not separable. By Lemma [3.2.4] F; | F, for some 0 < j < n — 2.
Then Lemma implies that H,_;_; = z%+. If ged(F),, F,) = 1 for all h < n,
h # j, then H, ,1 is separable for all h < n, h # j, and hence the set C,, has
djt1-(di-do-...d;j-djio-...-d, —1)+1 elements. Note that in this case, shows
that F}, has dj1-(dy-dy-...dj-djso-...-d, —1)+1 distinct roots. If ged(F}, F,) > 1
for some h < n, h # j, then similarly one can show that the set C' and C), have the

same number of elements, and the result follows. O

Corollary 3.2.12 Let 2 < ¢, 2 < n, D = {d;};>1, k = ordc(q) for some e | d,,
ged(dp_1,¢" — 1) =wu and l = u - f for some f | ¢* — 1 wéthQ#t:CﬁT‘leZ. If

(i) ordi(q) = k, and

(ii) e >1-W(t) - Lk,

q

then there exists a sequence A = {a;}i>o such that lem(k,ord,(q)) < D(FT(LA’D)), for

every r | d,, 1 <.

Proof: Suppose (i) and (ii) hold. Then there exists & € F, such that [F,(¢) : F,] = k,
with (14 &)® = c € F; \ {1}, by Lemma. Let a; € F;, for 0 <i <n—1,a, =
1,a,41 = —cn/e and A = {a;}i>0. Consider the consecutive permutation polynomial
sequence {Fi(A’D)}Z-zo, and Hy(z) = a9 — ¢¥/e = % 4 q,,; as in . We have
¢ — ¢ | Ho(r) and hence 1 + & € Fyr is a root of Hy(x). Now, let ap = 1 4§,
Hy(z) = 291 +1—qp = 2%~ — £. Then there exists A € F, such that H;(\) = 0 and
[F,(\) : F] =k - ord,(¢*) = lem(k, ord,(q)), for every r | d,, 1 < r, by Theorem m
Lemma implies that lem(k, ord,(q)) < D(F,). O

Corollary 3.2.13 Let2 < q,2<n,1<r,d, 1 =715, h =ged(e,s), ord.(q) | k,
where k = ord.(q) for some e | d,, and f is a divisor of ¢* — 1, satisfying ged(r, f) = 1,

[=1L2 02¢=021 ff

(i) ordi(q) = k and

(ii) e>1-W(t)- L7,

then there exists a sequence A = {a;}i>o such that r -k < D(FéA’D)).
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Proof: We use the same notation as in Corollary [3.2.12, Suppose (i) and (ii) hold.
Then here exists A € F, such that H;(\) = 0 and [F,()\) : F,] = r - k, by Theorem
2.4.10l Hence, r -k < D(F,), by Lemma [3.2.11]

Remark 3.2.4 Here we show that D(F,) is not a strictly increasing function of n,
when F' 1s a consecutive permutation polynomial sequence.

Consider distinct prime numbers d;, 1 < i < n, and integers 2 < l; such that
(i) ordg, (l;) = my,
(11) miq | my, my # mipq, for 1 <i<n-—1.
Now consider the system of congruences

r = ll (mod dl),
x =ly (mod dy),

x =1, (mod d,).

The Chinese Remainder Theorem tells us that this system has a unique solution
modulo d, where d = dy -dy - ...+ d, =lem(dy,...,d,). By Dirichlet’s Prime Number
Theorem, there exists a prime number q such that ¢ =1 (mod d). Moreover ordy(q) =
my since my = lem(my,...,m,). Now, consider a sequence A of elements of Fy
D = {d;}i>1, and the consecutive permutation polynomial sequence F' = {FZ-(AD)}.

We have D(Fy) = my and we now show that D(F,)) < m;. Note that
AP = APV G ek e | dy s dp k| my,r k€ AP

That is, D(F,) > my if and only if there exists an irreducible factor Q(z) € Fy[x] of
F,.(z) such that deg Q(x) =71 -k withr | dy-...d,—1,1 <1,k | m;. We now assume
that such Q(x) exists. Using the notation of Theorem 232, there exists 1 < j < n

such that K = K,,_;_1 & K,

i1 S C...C K, [Kynj: K] =mj = ordg,, (q) since

—J
djt1 is a prime. Then we consider [K,_;+1 @ K|. We recall that K,,_j1 = K(X\;_1)
and )\;lil =\ —a; € K(\;) = K,_;. We have ged(d;,¢™+ — 1) =1, as mjp; < m;

.1 ) e . Mip1 — m;j —
and dj is a prime, hence [K,_j1 : Kn_j] equals 1 or ordg,q Sl = m

as in the proof of Theorem 232l That is, [K,—j41 : K| equals mjy orm;. If n =2,

mj
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then [Ky : K] <r-k, and we get a contradiction. If n > 2, one can similarly show that

K, : K] is at most my, a contradiction. Hence D(F,) < m;.

The following example shows that D(F,,) is not a non-decreasing function of n.

Example 3.2.1 Let ¢ = 29, D be a finite sequence of 3 elements with d; = 5,dy =
17,d3 = 3. A be a finite sequence of 5 elements with ag =1, a; =9, as = 1, a3 = 2,
ay = 6. Consider the associated consecutive permutation polynomial sequence of 4

elements {FéA’D)}. Explicit factorization shows that D(Fy) = 80, but D(F3) = 16.
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