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Abstract—Quadrotor is a rotary-wing UAV, which has a simple
structure but highly nonlinear dynamics. Controlling a hovering
quadrotor subject to external disturbances is a crucial task in
many applications. In this paper, periodic disturbances have
been tackled and novel disturbance observers (DOB) have been
developed to estimate the total disturbance acting on the vehicle.
It is especially difficult to reject periodic disturbances in low as
well as in high frequency region due to the bandwidth limitations
of the low-pass filter utilized in conventional DOB. As the cutoff
frequency of the low-pass filter is critical, increased bandwidth
reduces the robustness which degrades the disturbance rejection
performance in the presence of noise. In addition to the low-
pass filter, the new structure also consists of a bank of band-pass
filters and a high-pass filter. Since the total disturbance acting on
the vehicle is compensated by the proposed DOB, PD controllers
with feedforward terms are utilized for stabilizing both position
and attitude dynamics. Simulation results show the improved
robustness obtained by the proposed method.

Keywords—Quadrotor, hover, periodic disturbance, disturbance
observer, hierarchical control

I. INTRODUCTION

Vertical take off and landing (VTOL) vehicles, especially
quadrotors have greatly attracted researchers due to their
civilian and military applications such as precision farming [1],
city monitoring [2] and surveillance [3]. Hovering control of a
quadrotor at a desired altitude in an unconstrained environment
is a challenging task due to its highly nonlinear dynamics.
Robust hovering control of a quadrotor in an unsupervised
manner against the external disturbances has gained great
interest in the unmanned air vehicle community and many new
solutions have been proposed for various problems inherent to
the exploitation of its dynamics. Bouabdullah et al. [4] utilized
a linear model of a quadrotor and results for PID controller
were compared with LQ controller, which showed stability
issues in the presence of disturbances. Waslander and Wang
[5] used Dryden wind to model wind velocity experienced by
the quadrotor and estimated disturbance was used to improve
the positioning accuracy. Robust control of a rotary-wing
UAVs using a hierarchical structure were considered [6] -
[9]. It consists of two parts: upper level control is used for
the positional dynamics which generates virtual controls and
lower level control is used to for the attitude dynamics which
provides tracking according to desired angles computed from
virtual controls. Desired or reference angles were obtained
through analytical formulas. More recently adaptive nonlinear
hierarchical control of a tilt-wing quadrotor was developed in
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[10] and [11]. Vision based approaches have also been utilized
to improve the hovering and positioning performances of UAVs
[12]. Bin et al. [13] exploited the optical flow technique for
hovering control of a nano-quadrotor where it is used in a PD
controller to obtain position and velocity feedback signals.

Periodic disturbances in a high frequency region such as
harmonics are one of the main serious issues in the motion
control. In many industrial applications, conventional distur-
bance observer (DOB) is used to reject the disturbances due
to its simple structure [14] - [15]. Estimated signal which
includes uncertainties and external disturbances is fedback as
a compensation signal to cancel the disturbance. Disturbances
can be estimated if they stay within the bandwidth of the low-
pass filter of DOB. In conventional DOB, bandwidth needs
to be large enough to suppress all the disturbances within
the frequency range. As the cutoff frequency of the low-
pass filter (Q filter) is very sensitive, periodic disturbance
suppression is difficult to achieve with the conventional DOB
structure due to noise and robustness constraints [16]. Infinite
order disturbance observer (IFDOB) has been proposed for
high frequency periodic disturbance rejection in [17], but it
is difficult to suppress the low frequency disturbances with
this structure. In response to IFDOB, Enhanced Infinite order
disturbance observer (EIFDOB) has been presented recently to
remove the disturbances in low as well as in the high frequency
region [18].

Acceleration feedback control has gained great interest in
the control community due to fast response and disturbance
rejection performance with more robustness. Jeong et al.[19]
proposed an acceleration based disturbance observer (AbDOB)
for the attitude control performance of a quadrotor where
angular acceleration signals were estimated through the dif-
ferentiation of the gyro readings. Then the disturbance was
estimated by the difference between the nominal control input
torque and the estimated control input torque computed from
angular acceleration signals. To counteract the bandwidth prob-
lem of a disturbance observer, Katsura et al.[20] presented a
position acceleration integrated disturbance observer (PAIDO)
where an acceleration sensor is implemented to improve the
control performance. Recently, novel acceleration feedback
control method for robust hovering was presented in [21]
where AbDOB was designed for positional dynamics and
a nested position, velocity and inner acceleration feedback
control structure was developed for attitude dynamics. Hybrid
structure was presented in [22] for the quadrotor manipulation
system which consists of the acceleration/velocity based dis-
turbance observer in the inner loop. Total disturbances were
estimated through linear accelerations and angular velocity
measurements and canceled by the DOB in the inner loop.
Velocity based disturbance observer (VbDOB) has also been
utilized in [7] and [8], especially in the attitude dynamics of



a UAV due to lack of availability of reliable angular accelera-
tions. Total disturbances which include external disturbances,
nonlinear terms and parametric uncertainties are taken into
account. As the utilization of the disturbance observer results
in linear dynamics, linear model with nominal parameters was
considered and only PID type simple controllers were designed
for position and attitude control.

In this work, acceleration/velocity based disturbance ob-
servers are developed and utilized in a hierarchical control
structure to hover a quadrotor type UAV. Acceleration based
disturbance observer (AbDOB) is designed for the positional
dynamics and velocity based disturbance observer (VbDOB)
is used for the control of the attitude dynamics. The proposed
new structure of a DOB consists of a high-pass filter (HPF),
low-pass filter (LPF) and a bank of band-pass filters (BPF).
Difference of two first order low-pass filters with different
cutoff frequencies has been used to obtain a band-pass filter.
An additional low-pass filter has been added at the end of
a bank of band-pass filters in order to remove the phase
shift produced due to the combination of band-pass filters.
Since the total disturbance is estimated by the proposed
DOB and compensated in the control, simple PD controllers
with feedforward compesantion are utilized in the hierarchical
control system. The proposed control method is verified by
numerical simulations performed on a high fidelity model
where measurement noise and parametric uncertainties have
also been taken into account. Results show the effectiveness
of the proposed method in terms of increased robustness.

This paper is organized as follows: Section II presents
the quadrotor dynamics. Section III explains the conventional
DOB and develops the proposed DOB. Section IV details the
controller design. Section V provide the simulation results and
related discussions. Finally Section VI concludes the paper
with some remarks and indicate possible future directions.

II. QUADROTOR DYNAMICS

Quadrotor consists of a cross structure with four propellers
connected to the motors at each edge. The crossed configura-
tion shows robustness even the mechanically linked motors are
heavier than the frame[23]. Two frames of references are used
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Fig. 1: Quadrotor dynamics (Adapted from [24])

to describe the motion of a quadrotor, one of which is fixed and
called inertial frame and the other one which is moving, called
body frame. The quadrotor positional dynamics is expressed
in the world frame (XE , YE , ZE) and attitude dynamics is

expressed in the body frame. Considering the quadrotor as
a rigid body, its dynamics can be written as

Mρ̇+ C(ρ)ρ = G+O(ρ)ω + E(%)ω2 +D(ρ, %) (1)

where ρ defines the linear velocities in world frame and angular
velocities in body frame as

ρ = [Ẋ, Ẏ , Ż, p, q, r]T (2)

Position and attitude angles are

% = [X,Y, Z, φ, θ, ψ]T (3)

Left hand side of (1) consists of the mass-inertia matrix M
and Coriolis terms C which are given as

M =

[
m[I3x3] [03x3]

[03x3] diag(Ixx, Iyy, Izz)

]
(4)

where m is the mass, Ixx, Iyy and Izz are the moment of
inertia of the quadrotor about x, y and z axis respectively.

C(ρ) =


[03x3] [03x3]

[03x3]
0 Izzr −Iyyq

−Izzr 0 Ixxp
Iyyq −Ixxp 0

 (5)

Right hand side of (1) consists of gravity term G, gyroscopic
term O and moment matrix E which are given as

G = [0, 0, 0,−mg, 0, 0, 0]T (6)

O(ρ)ω =


[03x1]

−JT qΩ
JT pΩ

0

 (7)

where JT is the total moment of inertia around the propeller
axis and Ω is given as

Ω = ω1 − ω2 − ω3 + ω4 (8)

where ω1, ω2, ω3 and ω4 are rotor speeds as shown in Fig1.

E(%)ω2 =



(cφsθcψ + sφsψ)U1

(cφsθsψ − sφsψ)U1

(cφcθ)U1

U2

U3

U4


(9)

where
U1 = b(ω2

1 + ω2
2 + ω2

3 + ω2
4)

U2 = lb(−ω2
2 + ω2

4)

U3 = lb(−ω2
1 + ω2

3)

U4 = d(−ω2
1 + ω2

2 − ω2
3 + ω2

4)

(10)

where l, b and d are length of rotor arm, thrust factor and drag
factor respectively. The following transformation matrix is
used to relate angular velocities (η) of the quadrotor in body
frame to the Euler rates (Ω) in world frame for attitude control.



E(Θ) =

1 sφ.tθ cφ.tθ
0 cφ −sφ
0

sφ
cθ

cφ
cθ

 (11)

η = E(Θ)Γ (12)

where Θ = [φ, θ, ψ]T , Γ = [φ̇, θ̇, ψ̇]T and η = [p, q, r]T .
D(ρ, %) in (1) is the periodic disturbances acting on the the
quadrotor.

D(ρ, %) = [FX , FY , FZ , τφ, τθ, τψ]T (13)

III. DOB STRUCTURES FOR PERIODIC DISTURBANCES
REJECTION

The block diagram of the conventional DOB has been
shown in Fig. 2, which consists of a simple low-pass filter
(Q filter). D is the added disturbances and D̂ is the estimated
disturbances. G−1n (s) is the inverse of the nominal plant. ξ(s)
represents the sensor noise.

Fig. 2: Conventional DOB based controller

Fig. 3: Realizable DOB loop

From Fig. 2, the transfer function from the inputs (u,D, ζ)
of the DOB loop to the output (y) can be written as

y(s) = GDyD +Guyu(s) +Gζyζ(s) (14)

where GDy, Guy and Gζy are given as

GDy =
GGn(1−Q)

Q(G−Gn) +Gn
(15)

Guy =
GGn

Q(G−Gn) +Gn
(16)

Gζy =
PQ

Q(G−Gn) +Gn
(17)

From above transfer functions when Q ≈ 1, it follows that
GDy ≈ 0 and Guy ≈ Gn. Therefore the total disturbance
acting on the system is suppress in the low frequency region
and the system is linearized with a nominal transfer function.
But at the same time Gζy = 1 and noise will pass unattenuated.
When Q = 0, noise will be blocked, but disturbances will not
be rejected and Guy will not be equal to the nominal plant.
In order to make the disturbance observer loop realizable,
Q cannot be constant. As in motion control, disturbances
are considered as low frequency signals, therefore low-pass
filter is used for disturbance rejection with carefully adjusted
cutoff frequency. Periodic disturbances have generally higher
frequency harmonics which are difficult to remove with the
help of this structure because of limited bandwidth. Increasing
the bandwidth can cause stability issues as it decreases the
phase margin of the system.

In order to remove the periodic disturbances in the low and
high frequency region, a new structure has been presented in
this work to show more robustness. Q filter of the proposed
structure is based on the combination of a high-pass filter
(HPF), a low-pass filter (LPF) and a bank of band-pass filters
(BPF) as shown in Fig 4. Band-pass filters are created through
the difference of two first order low-pass filters. Q filter of the
modified DOB is given by

Q(s) =
g

s+ g
+

s

s+ g
Q1(s) (18)

where Q1(s) is given by

Q1(s) =
( n∑
i=1

gi+1

s+ gi+1
− gi
s+ gi

)
+

g′
s+ g′ (19)

In the proposed structure, difference of two LPFs produces
some phase lag, therefore an extra low-pass filter has been
added to counteract this problem.

IV. CONTROLLER DESIGN UTILIZING
ACCELERATION/VELOCITY BASED DISTURBANCE

OBSERVERS

Hierarchical control is a useful control technique for UAVs
that allows one to design separate controllers for the position
and attitude dynamics. The control scheme consists of high
level control and low level control. High level controller is
used to get necessary desired generalized command signals.
Analytical formulas are used to get the desired reference angles
(φd, θd, ψd) for low-level attitude control. In order to get robust
hovering control, PD controllers along with the estimated
disturbance are used as high and low level controllers as shown
in closed loop control structure of Fig. 5.

A. Position Control Utilizing Acceleration Based Disturbance
Observer

In order to reject the disturbances acting on the positional
dynamics of the quadrotor, acceleration based disturbance ob-
server (AbDOB) has been utilized. AbDOB is used to estimate
the total disturbances which include external disturbances,
nonlinear terms and parametric uncertainties. The following



Fig. 5: Closed loop control system

nominal plant has been used in AbDOB.

Gn(s) =


1

ms2
0 0

0
1

ms2
0

0 0
1

ms2

 (20)

From the positional dynamics of quadrotor in (1)

Ẍ = (sinψ sinφ+ cosψ sin θ cosφ)
U1

m
+ FX

Ÿ = (− cosψ sinφ+ sinψ sin θ cosφ)
U1

m
+ FY

Z̈ = −g + (cos θ cosφ)
U1

m
+ FZ

(21)

where U1 is the control input, FX , FY and FZ are the periodic
disturbances. Errors are defined as

eX = Xd −X, eY = Yd − Y, eZ = Zd − Z (22)

Error dynamics can be formulated as

ėX = Ẋd − Ẋ ⇒ ëX = Ẍd − Ẍ (23)

ėY = Ẏd − Ẏ ⇒ ëY = Ÿd − Ÿ (24)

ėZ = Żd − Ż ⇒ ëZ = Z̈d − Z̈ (25)

From the positional dynamics, Ẍ can be defined as

Ẍ = µX + FX (26)

Therefore error dynamics in (23) becomes

ëX = Ẍd − µX − FX (27)

where µX is given as

µX = Ẍd +Kd,X ėX +Kp,XeX − F̂X (28)

PD is used as the feedback controller. F̂X is the estimated
disturbance which is used as feedforward term along with the
Ẍd. Similarly µY and µZ are given as

µY = Ÿd +Kd,Y ėY +Kp,Y eY − F̂Y
µZ = Z̈d +Kd,Z ėZ +Kp,ZeZ − F̂Z

(29)

U1 can be calculated from µx, µy and µz as [7]:

U1 = m
√
µ2
X + µ2

Y + (µZ + g)2 (30)

In order to calculate the desired attitude angles of the aerial
vehicle from desired the acceleration vector, yaw angle (ψ)
is assumed to be some fixed value (ψ∗). Desired angles are
calculated as:

φd = − arcsin(
µY
U1

) (31)

θd = arcsin(
µX

U1 cosφd
) (32)

B. Attitude Control Utilizing Velocity Based Disturbance Ob-
server

Translational motion of the aerial vehicle depends upon
the behavior of the roll, pitch and yaw angles, therefore
attitude control is an important part for the motion control of
the quadrotor. Note that attitude dynamics is fully actuated.
With three inputs (U2, U3, U4) to control three degrees of
freedom motion, separate controllers can be designed for each
angular motion. Since it is difficult to obtain reliable angular
acceleration, velocity based disturbance observer (VbDOB)
has been utilized to tackle the disturbances acting on the



Fig. 4: Proposed DOB structure

attitude dynamics. The following nominal plant has been used
in the proposed DOB structure.

Gn(s) =


1

Ixxs
0 0

0
1

Iyys
0

0 0
1

Izzs

 (33)

Errors are defined as

eφ = φd − φ, eθ = θd − θ, eψ = ψd − ψ (34)

Similarly error dynamics are defined as

ėφ = φ̇d − φ̇ ⇒ ëφ = φ̈d − φ̈ (35)

ėθ = θ̇d − θ̇ ⇒ ëθ = θ̈d − θ̈ (36)

ėψ = ψ̇d − ψ̇ ⇒ ëψ = ψ̈d − ψ̈ (37)

In order to develop controllers for attitude control, we first
recall the attitude dynamics of the quadrotor.

ṗ =
Iyy − Izz
Ixx

qr − JT
Ixx

+
U2

Ixx
+ τφ (38)

q̇ =
Izz − Ixx
Iyy

pr +
JT
Iyy

+
U3

Iyy
+ τθ (39)

ṙ =
Ixx − Iyy

Izz
pq +

U4

Izz
+ τψ (40)

w0here τφ, τθ and τψ are the disturbances. For controller
design, attitude dynamics can be linearized around hover
conditions i.e. φ, θ, ψ ≈ 0 and φ̇, θ̇, ψ̇ ≈ 0. Angular
accelerations in body and world frames will be approximately
equal after linearization i.e. ṗ ≈ φ̈, q̇ ≈ θ̈, ṙ ≈ ψ̈ [7]. Resulting
attitude dynamics in (38) can be expressed as

φ̈ =
U2

Ixx
+ τφ (41)

By utilizing the estimated disturbance τ̂φ, DOB based con-
troller is designed as in [7]. Therefore (41) becomes

φ̈ = φ̈d +Kd,φėφ +Kp,φeφ − τ̂φ + τφ (42)

where U2 is designed as

U2 = Ixx

(
φ̈d +Kd,φėφ +Kp,φeφ

)
(43)

Similarly, U3 and U4 are designed by utilizing the correspond-
ing estimated disturbances as

U3 = Iyy

(
θ̈d +Kd,θ ėθ +Kp,θeθ

)
(44)

U4 = Izz

(
ψ̈d +Kd,ψ ėψ +Kp,ψeψ

)
(45)

where Kp,i > 0 and Kd,i are proportional and derivative gains
respectively for i = φ, θ, ψ.

V. SIMULATION RESULTS

In this section disturbance rejection performance of the
proposed disturbance observer (DOB) structure is investigated
using acceleration based disturbance observer (AbDOB) for
positional dynamics and velocity based disturbance observer
(VbDOB) for the attitude dynamics. During the simulation,
parametric uncertainties and noise are also taken into account
to check the robustness of the proposed DOB structure. Fol-
lowing periodic disturbances have been added to the system.

DFX ,FY ,FZ =

5∑
l=1

(2sin(2πl10t)) (46)

Dτφ,τθ,τψ = sin(t) +

5∑
l=1

(2sin(2πl5t)) (47)

Plots for periodic disturbances have been shown in Fig. 6
and Fig. 7. Conventional DOB has also been investigated
to compare the results with the proposed disturbance observer.
For numerical simulations, parameters are given in the Table
I.

Hovering performance has been studied in the presence
of periodic disturbances and measurement noise. Position
tracking performances have been depicted in Fig. 8, Fig. 9
and Fig. 10. Attitude tracking results have been shown in
Fig 11, Fig. 12 and Fig. 13. These results showed better
performance in both positioning and attitude tracking for
the proposed DOB based controller as compared to classical
DOB. From the attitude plots it can be deduced that proposed
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Fig. 6: Periodic disturbances acting on the positional dynamics
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Fig. 7: Periodic disturbances acting on the attitude dynamics

TABLE I: Simulation Parameters

Symbol Description Magnitude

m Mass of vehicle 1 kg
Ixx Moment of inertia along x axis 1e-01 kgm2

Iyy Moment of inertia along y axis 1e-01 kgm2

Izz Moment of inertia along z axis 15e-2 kgm2

g gravity 9.8 m/sec2

l length of the rotor arm 0.25 m
Kp,x x proportional gain 3
Kd,x x derivative gain 2.75
Kp,y y proportional gain 2.75
Kd,y y derivative gain 4.25
Kp,z z proportional gain 1.9
Kd,z z derivative gain 20
Kp,φ φ proportional gain 2.55
Kd,φ φ derivative gain 1.95
Kp,θ θ proportional gain 7.55
Kd,θ θ derivative gain 8.95
Kp,ψ ψ proportional gain 10.25
Kd,ψ ψ derivative gain 3.25

DOB showed smoother results than classical DOB with less
peak amplitudes and fluctuations. Position Errors for hovering
control at a certain altitude have been depicted in Fig. 14. Table
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Fig. 8: X Cartesian position of the quadrotor vs Time (De-
sired=blue, Proposed DOB=red, DOB=green)
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Fig. 9: Y Cartesian position of the quadrotor vs Time (De-
sired=blue, Proposed DOB=red, DOB=green)
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Fig. 10: Z Cartesian position of the quadrotor vs Time (De-
sired=blue, Proposed DOB=red, DOB=green)

II summarizes the hovering and attitude performance of the
quadrotor in terms of root mean square (RMS) and maximum
values of the errors.
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Fig. 11: Roll angle φ (Proposed DOB=red, DOB=green)
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Fig. 12: Pitch angle θ (Proposed DOB=red, DOB=green)
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Fig. 13: Yaw angle ψ (Proposed DOB=red, DOB=green)

VI. CONCLUSION

In this paper, a new structure of DOB based on acceleration
and velocity feedback has been presented to suppress the
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Fig. 14: Position errors (Proposed DOB=red, DOB=green)

TABLE II: Hovering and Attitude Performances

Criteria DOB Proposed DOB

RMS(ex)(m) 0.4298 0.145
max(|ex|)(m) 0.7683 0.2677
RMS(ey)(m) 0.4821 0.2487
max(|ey|)(m) 0.9 0.4419
RMS(ez)(m) 0.3074 0.1865
max(|ez|)(m) 0.6220 0.6290
RMS(eφ)(deg) 3.05 1.293
max(|eφ|)(deg) 9.33 2.944
RMS(eθ)(deg) 3.21 0.64
max(|eθ|)(deg) 17.67 2.29
RMS(eψ)(deg) 0.22 0.1042
max(|eψ|)(deg) 1.89 0.97

periodic disturbances acting on a quadrotor. Proposed DOB
structure consists of a bank of band-pass filters, a low-pass
filter and a high-pass filter. Hierarchical control is used as a
closed-loop control structure. PD with feedforward compen-
sation is used as a high level controller for the positional
dynamics along with acceleration based disturbance observer
to obtain desired generalized command signals. Reference
angles for the attituede control are calculated analytically from
these generalized command signals. PD is also used as a
low level controller along with the velocity based disturbance
observer for attitude control. Periodic disturbances have been
considered to evaluate the efficiency of the proposed DOB in
the presence of noise. From simulation results it is clear that
the new DOB structure shows better hovering performance
than conventional DOB by suppressing the periodic distur-
bances more effectively.

As a future work, the proposed method will be extended
to the 2D and 3D Cartesian trajectory tracking control of a
quadrotor. Other structures of DOB for periodic disturbance
rejection will also be taken into account for more detailed
comparison. The proposed DOB structure will also be tested
on a physical system to evaluate the performance in a real
environment.
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