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Abstract

Increasing (non)stationary Levy processes are widely used in Operations Research
and Engineering. The main areas of applications of these stochastic processes are
insurance mathematics, inventory control and maintenance. Special and well known
instances of these processes are (non) stationary Poisson and compound Poisson pro-
cesses. Since in textbooks (increasing) Levy processes are mostly regarded as special
instances of continuous time martingales the main properties of Levy processes are
derived by applying general results available for martingales. However, understanding
the theory of martingales requires a deep insight into the theory of stochastic processes
and so it might be difficult to understand the proofs of the main properties of increas-
ing Levy processes. Therefore the main purpose of this study is to relate increasing
Levy processes to simpler stochastic processes and give simpler proofs of the main
properties. Fortunately there is a natural way linking increasing Levy processes to
random processes occurring within renewal theory. Using this (sample path) approach
and applying properties of random processes occurring within renewal theory we are
able to analyze the undershoot and overshoot random process of an increasing Levy
process. By a similar approach the (asymptotic) properties of the hitting time at level
r can also be derived. Next to well known results we also derive new results in this
thesis. In particular we extend Lorden’s inequality for the renewal function and the
residual life process to both the expected hitting time and the expected overshoot of
an increasing Levy process at level r.



ARTAN VE DURAGAN LEVY SURECLERI: YENILEME TEORISI ILE
YAKLASIM

Selin Ercil
Endistri Mithendisligi, Yiiksek Lisans Tezi, 2010

Tez Danigmani: Dog¢. Dr. Hans Frenk

Anahtar Kelimeler: Artan Levy Siirecleri, Yenileme Siiregleri,

ézet

Artan duragan (olmayan) Levy siirecleri, Yoneylem Aragtirmasi ve Miihendisliklerde
sikca kullanilir. Bu stokastik siireclerinin temel uygulama alanlarindan bazilari sigorta
matematigi, envanter kontrolii ve bakimdir. Duragan (olmayan) Poisson ve bilegik Pois-
son siiregleri 6zel ve oldukga tamman 6rnekleridir. Kitaplarda, (artan) Levy siirecleri,
siirekli zamanli Martingale’lerin 6zel bir kolu olarak goriildiigii i¢in Levy stireglerinin
temel Ozellikleri, genel Martingale bulgular1 uygulanarak elde edilmistir. Ancak Mar-
tingale teorisini anlamak icin Stokastik siirecler teorisi tizerine derin bir bilgiye sahip ol-
mak gerekmektedir ve dolayisiyla artan Levy siireclerinin temel ozelliklerinin kanitlarini
anlamak oldukg¢a zor olabilir. Bu nedenle bu caligmanin temel amaci artan Levy
siireclerini daha basit Stokastik siireglere benzetmek ve temel 6zellikleri i¢in daha ba-
sit kanitlar saglamaktir. Neyseki Yenileme stirecleri sayesinde, Artan Levy siireglerini
Stokastik stireclere baglayan dogal bir yol vardir. Bu yolu kullanarak ve Yenileme
stireglerinin 6zelliklerini uygulayarak, artan Levy siireglerinin eksik kalan (undershoot)
ve agma (overshoot) rastgele siirecini analiz etmeyi bagardik. Benzer bir yontemle
vurma zamaninin r seviyesindeki asimtotik ozelliklerini de ¢ikarabildik. Bu tezde bili-
nen sonuclara ek olarak yeni sonuglar da bulduk. Yenileme siiregleri ve Artik Yagam
siirecleri icin olan Lorden esitligini hem artan Levy siireclerinin r seviyesindeki vurma
zamanl hemde agma siireci i¢in genislettik.
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CHAPTER 1

INTRODUCTION AND MOTIVATION

The theory of stochastic processes with stationary and independent increments (nowa-
days called Levy processes) are a branch of modern probability theory and cover a
large class of well known stochastic processes such as Poisson processes, compound
Poisson processes and Brownian motion. Nowadays Levy processes serve as a mod-
eling tool in areas such as mathematical finance, risk estimations, optimal stopping
problems, inventory theory and maintenance. These processes are named after the
French mathematician Paul Lévy who played a crucial role in developing the theory
of these processes. In this master thesis we only derive by means of a new technique
the main properties of increasing Levy processes which are processes with stationary
and nonnegative stationary increments. Although a subclass of Levy processes these
processes are also important since they serve as building blocks in inventory control
and maintenance. Most of the contributions of the theory of Levy processes was made
between 1930 to 1940s by Paul Lévy (France), Alexander Khintchine (Russia), Kiyosi
Ito (Japan) and Bruno de Finett (Italy). Despite its importance nowadays there are
only a few recently published books on this topic. The main references are Bertoin
(cf. [1]), Kyprianou (cf. [11]) and Sato (cf. [18]). Since these books cover the general
theory of Levy processes with real increments and this theory is strongly related to
the theory of continuous time martingale understanding these books require a deep

knowledge of martingale theory and are therefore difficult to read.

1.1 Contribution of the thesis.

The primary purpose of this study is to derive the most important properties of in-
creasing Levy processes by an easier technique. Although most of the results presented
in this study are well known properties of increasing Levy processes, it is in general
difficult to understand these proofs. As already mentioned most of these properties

were proved by using martingale theory. In our study, we use a different approach to



verify these properties by approximating a continuous time increasing Levy process
by a sequence of renewal processes and making use of well known results for renewal
processes. This approach is also mentioned in [19] and [2] trying to justify results
for increasing Levy processes by comparing them to the results for renewal processes
without using a firm mathematical foundation. Also by using this approach we derive

some new asymptotic results.

1.2 Outline of the thesis

The thesis is structured as follows. In Chapter 2 the relevant theory of increasing Levy
processes is discussed. We first start in Section 2.1 with some basic definitions and
results. Also in this section we introduce the non-stationary version of an increasing
Levy process. In Section 2.2 we discuss the overshoot and undershoot random process
and the hitting time of level r of a non-stationary and stationary increasing Levy
process. This section is divided into four parts: In Subsection 2.2.1 we show the
sample path relation of the above random variables for a non-stationary increasing
Levy process with the same random variables in its stationary version. In Subsection
2.2.2 the asymptotic behavior of the hitting time of level r is discussed relating it
to a renewal function and in Subsection 2.2.3 the cdf and asymptotic behavior of the
overshoot and undershoot random variables at level r are derived by means of the same
renewal approximation approach. Finally in Subsection 2.2.4 we consider the fractional
part of the hitting time at level r and derive some asymptotic results for this fractional
random variable by means of renewal theory. We end this thesis with a conclusion

listed in Chapter 3.



CHAPTER 2

INCREASING (NON)STATIONARY LEVY PROCESSES

In this study we derive the most important properties of increasing Levy processes.
These properties are proved approximating an (increasing) Levy process by a sequence

of renewal processes and using well known results for renewal processes.

2.1 Basic definitions and results for increasing Levy processes.
In this section we first introduce some basic definitions.

Definition 1 A sequence of random variables X,,,n € N, on a probability space (€2, F,P)
is converging almost surely to a random variable X on (Q, F,P) (notation X, =X )
of

P(w € Q : limppe Xy (w) = X(w)) = 1. (2.1)
If the sequence X,, is a decreasing sequence of random variables on (2, F,P) (i.e X,, >

X,41), then we denote this by X,, 1%° X. A sequence of random variables X,,,n € N,

on a probability space (0, F,P) is converging in probability to a random variable X on

(Q, F,P) (notation X, KN X) if
im0 P(w € 2] X (w) — X(w) [>€) =0 (2.2)

for every € > 0. A stochastic process X = {X(t) : t > 0} is called continuous in

probability if for every s > 0 and every sequence t,,n € N converging to s it follows

that
X(tn) = X(s). (2.3)

We are now able to introduce the definition of an increasing Levy process.



Definition 2 A stochastic process X = {X(t) : t > 0} is called an increasing Levy

process if

1. The process X is continuous in probability.
2. X(0) =0 and X(t) > 0 for every t > 0.

3. The process X has independent and stationary increments.

It is shown in Theorem 14.20 of [4] (see also Theorem 30 of [13]) that there exists
a unique modification of the above process X having right continuous sample paths
with left-hand limits. A stochastic process with sample paths having these properties
is called a cadlag process. In the remainder of this thesis we will use this modification

and additionally assume that

p = E(X(1)) (2.4)

is finite and positive. To start with our analysis we first derive an elementary result
satisfied by an increasing Levy process. Observe 0(Z) denotes the variance of a random

variable Z and

727,

means that the random variables Z; and Z, having the same cdf. Also Ry := [0, 00) and
a function is called continuous on R, if it is continuous on (0, 00) and right continuous

in 0.

Lemma 1 If the stochastic process X is an increasing Levy process satisfying pi =

E(X(1)) is finite and positive, then
E(X(1)) = it (25
for every t > 0. If additionally the second moment s := E(X(1)?) is finite, then
o?(X(t)) = toe*(X(1)). (2.6)

Proof. By the independent and stationary increments of an increasing Levy process it
follows that
X(t+s) L X(t) + X(s) (2.7)



for every s,t > 0 and so
E(X(t +s)) = E(X(s)) + E(X(t)). (2.8)

Since the sample paths of the process X are increasing and X(0) = 0 we obtain
0 < X(t) < X(t+h) for every t,h > 0. This implies using relation (2.4) and (2.8) and
w1 finite that the function ¢ — E(X(¢)) is finite for every ¢ > 0. We will now show that
this function is also continuous on R . By the definition of an increasing Levy process

we know that

X() 5 X(s)(t = )

for s > 0 and

X(t) 5 X(0)(t | 0).

Since 0 < X(t) < X(t + h) for every t,h > 0 and E(X(t) is finite for every ¢ > 0
the conditions of the dominated convergence in probability theorem hold (see Theorem

1.3.6 of [15]) or the Appendix) and we may conclude
lim; s E(X(t)) = E(X(s))

for s > 0 and
lim, o E(X(t)) = E(X(0)) = 0.

This shows the continuity of the function ¢ — E(X(¢)) on Ry. The continuity of
this function in combination with a standard approximation argument applied to the
so-called Cauchy functional equation in relation (2.8) (see Theorem 1.4 of [6]) finally
yields

E(X(1)) = it (2.9)

for every t > 0 and so relation (2.5) is verified. To verify relation (2.6) we observe by

the stationary and independent increments of an increasing Levy process that
cA(X(t +s)) = c*(X(t) + X(s)) = o*(X()) + o*(X(s)). (2.10)

Since X is continuous in probability it follows for every continuous function f on R,

(cf. [3]) that
P

JFX@) = [(X(s))(t = )



for s > 0 and

This shows for s > 0

X(1)* = X(s)*(t — s) (2.11)

and

X(t)* = X(0)2 =0 (t . 0).

By a similar argument as used before using u; and puy finite and hence o%(X(1)) is

finite we know that the function ¢ — o(X(¢)) is finite. Since
E(X(t)*) = o*(X(t)) + pit’ (2.12)

it also follows that the function ¢ — E(X(#)?) is finite. Now again by the monotonicity
of the sample paths ¢ — X(¢)? and relation (2.11) the conditions of the dominated
convergence in probability theorem hold. Hence we may conclude that the function
t — E(X(t)?) is continuous on R, and so by relation (2.12) the function ¢ — o*(X(t))

is continuous on R, . Again applying Theorem 1.4 of [6] yields relation (2.6). O

Since for any increasing Levy process X with u; positive and finite the process
Y ={Y(¢):t > 0} given by
Y (t) = py ' X(t)

is again an increasing Levy process we may assume without loss of generality that
p1 = 1. In this thesis we always assume that we are dealing with a (cadlag) increasing
Levy process with p; = 1. To discuss some well known properties of the cdf F} of

the random variable X(t) we first introduce for completeness the following definition.

(cf. [19])

Definition 3 A random variable Z is said to be infinitely divisible if for every n € N
one can find some sequence of independent and identically distributed random variables

Z;,1 <k <n such that

72 ZZZI 7



Clearly the property of infinite divisibility is a property of the cdf of a random

variable and so it is also common to call the cdf infinitely divisible. By Definitions 2

03 () 5[

it is clear that for every ¢ > 0 the cdf F; of the random variable X(¢) is infinitely

and 3 and writing

divisible. Introducing the probability Laplace-Stieltjes transform (pLSt) m; : Ry — R,

of the nonnegative random variable X(¢) given by
m(a) = E(exp(—aX(t))) (2.13)

one can show the following well-known result (cf. [19]).

Lemma 2 It follows for every a > 0 and t > 0 that
(o) = m(a). (2.14)
Proof. We will first check that the function
t— Inm(a) = In(E(exp(—aX(t)))

is finite and continuous on R . Since the stochastic process X is continuous in proba-

bility and the function ¢ — exp(—at) is continuous it follows that
exp(—aX(t)) B exp(—aX(s)) (¢t — s)

and

exp(—aX(t)) LN exp(—aX(0)) =1 (¢4 0)

Also for every a > 0
0 <exp(—aX(t)) <1

and so the function t — E(exp(—aX(t)) is finite. By the monotonicity of the sample

paths of the stochastic process X we may conclude that

0 < exp(—aX(t+h)) < exp(—aX(t))



for every t,h > 0 and combining these observations the conditions of the dominated
convergence in probability theorem are satisfied. Hence the function ¢ — m(a) is
continuous on R, and using X(#) is finite with probability one implying m;(«) > 0 for
every a > 0 and ¢ > 0 also the function ¢ — In(m(«)) is continuous on R,. Using now
the independent and stationary increments of an increasing Levy process X we obtain

for t,s > 0 and a > 0 that

In(mpa(a) = W(E(exp(~aX (i +5))))
= (E(exp(~a(X(1) + X(5))
= In(E(exp(~aX())E( exp(—aX(s)) (2.15)
= In(E(exp(~aX(1))+ In(E(exp(~aX(s))))
= In(m(a)) + In(r.(a))

This shows that the function ¢t +— Inm(«) is a continuous solution of the Cauchy
functional equation in relation (2.15) and by Theorem 1.4 of [6] the desired result

follows. .

By investigating in more detail the Laplace-Stieltjes transform o — () one can
show the following informative representation of the pLST m,. To prove this result we

need the following definition (cf. [19], [5]).

Definition 4 A function f : (0,00) — R is called completely monotone if for every
x> 0 the nth derivative f™(z),n € Z, of the function f ewists and (—1)"f™(z) >0

for everyx >0 andn € Z,.

In Definition 4 it is assumed that (—1)° f)(z) := f(z). In the next result we give a
complete characterization of all completely monotone functions. This characterization

is called Bernsteins theorem. A proof of this important result can be found in [5]

or [20].



Lemma 3 A real valued function f: (0,00) — R is completely monotone if and only
if there exists some right continous function H on R satisfying H(x) = 0 for x < 0
satisfying N

o) = [ exp(-a)atiy)

for every x > 0.

It is now possible to prove the following detailed representation for the pLST .

Lemma 4 For everyt >0 and a > 0

m(Q) = exp (—t / h Mdlﬁ(m)) (2.16)

- x
with Ky : R — R a right continuous cdf satisfying Ki(x) = 0 for every x < 0.

Proof. By Lemma 2 we only need to verify for every o > 0 that

mi(a) = exp (— /OO Mdm(@) |

- T

Since m; is the pLST of the random variable X(¢) it follows that the function « — ()

is completely monotone on R, . This shows for every ¢ > 0 that the function
a —gﬁg(a)

is also completely monotone on R, and by Lemma 2

: 1 : _ i («
limyo —zwg(a) = limy o —7t ()7} (a) = — i ) (2.17)

By the continuity theorem for pLST transforms and Lemma 3 it can be shown that the
limit of completely monotone functions is again completely monotone and this implies
by relation (2.17) and —$7(c) is completely monotone that the function p : Ry — R

given by

pla) = — (2.18)

is completely monotone. To write 71 as a function of the completely monotone function

p we observe by relation (2.18) and m(0) = 1 that by standard calculus

Inm(a) = — /Oa p(s)ds.



Hence it follows for every a > 0 and ¢ > 0 that

m(a) = exp (— /0 " p(s)ds) . (2.19)

Applying Lemma 3 to the completely monotone function p we may conclude that
there exists some right continuous increasing function Kj : R — R with K;(z) = 0 for

every z < 0 satisfying

pla) = /OO exp(—ax)dK;(zr) < o0

for every a > 0. Since p; = 1 and by relation (2.18)

it follows that K is a cdf. Combining this with relation (2.19) yields

0) = exp <— /0 ) / h exp(—s:z:)dKl(x)ds). (2.20)

To complete our proof observe by Fubini’s theorem that

I [ exp(=sa)dKy (z)ds = [° [, exp(—sz)dsd K (z)
_ OO_Olexp asz(>

and substituting this in relation (2.20) we obtain relation (2.16). O

The function K in the above representation is called the canonical function associ-
ated with the pLST ;. In the remainder it is always assumed without loss of generality

that the left extremity Ix(i)of the random variable X(1) given by
Ix1y :=inf{x > 0: x is a point of increase of the cdf F1} = 0.
It can be shown (cf. [19]) that

lx) = limgoo p(s) = K1(0).

10



Hence for an increasing Levy process satisfying p; = 1 and Ix1) = 0 we obtain that

K is a right continuous cdf satisfying K;(0) = 0. The next result plays a crucial role

in showing the correctness of our approximation technique using renewal processes.

Lemma 5 If the stochastic process X is an increasing Levy process with p; = 1, then

for every x1,x9 >0

limt 10

Fy(z, + ;th) — Fy(zy) _ /x1+a:2 wLdK (u)

1

with Ky a cdf on Ry. Moreover,

1—-F o
limtw# :/ utdK(u).

Proof. By relation (2.19) and Lemma 2 we obtain
— S vexp(—ax)dF(x) = m(a)
= —tp(a) exp(—t [;" p(s)ds)

= —tp(a)m(a)

= —t [iC exp(—ax)dKy(z)m(a).

with K7 a cdf on R,. Introducing for every ¢ > 0 the function L; : [0,00) —

given by

Li(z) = ! /0 " wdFy ()

it follows by relation (2.23) and Laplace inversion that

Li(z) = / Fi(x —u)dK;(u).
0
for every ¢ > 0. By relation (2.25) the value L;(z) can be seen as

Li(z) = P(X(t) + Z < )

(2.21)

(2.22)

(2.23)

[0,00)

(2.24)

(2.25)

(2.26)

with the random variable X(¢) independent of the nonnegative random variable Z and

P(Z < z) = Ky(z).

11



This shows that the function z +— L;(x) is a c¢df on R, for every ¢ > 0. Since X has
increasing sample paths it also follows using relation (2.26) that the function ¢t — L;(z)
is decreasing for every fixed x. Finally, by the continuity in probability and X(0) = 0
we obtain applying again relation (2.26) that

limy o Li(x) = P(Z < z) = Ky (2). (2.27)
Hence this shows (as we already know) that the function z — K;j(z) is a cdf and so
/ urdK (u) < oo

for every = > 0. Since for every xq, x5 > 0 it follows by relation (2.24) that

Fy(wy +23) — Fiy(71) mre
t _ / wldLy(u) (2.28)

xr1

we obtain by relation (2.27) and the Helly-Bray lemma (cf. [12]) that

F - F T1+T2 r1+T2
limuo t(xl + :EQt) t(zl) = limwo/ U_lst(u) = / U,_ldK1<U).

xr1 x1

By the above observations and applying the extended Helly-Bray Lemma (cf. [12]) we
also obtain that

1 — Ft(l’l)

limtw f = / UildKl(U)
Z1

and this shows the result. O

To describe non-stationary behavior of an increasing Levy process we introduce a

so-called time transformation function.

Definition 5 A function v : [0,00) — R, is called a time transformation function if

v is strictly increasing and continuous on Ry and it satisfies v(0) = 0 and v(oco) = 0.

For any time transformation function v the increasing inverse function v* : [0, 00)
R is given by (cf. [14])
v (s) :=inf{t >0:v(t) > s}. (2.29)

12



Since v is strictly increasing and continous it follows that v is also strictly increas-

ing and continous and it satisfies
v(v=(s)) =s (2.30)

for every s > 0. To capture non-stationarity in increasing Levy processes we introduce

the next definition.

Definition 6 A stochastic process X, = {X,(t) : t > 0} is an increasing Levy process
with time transformation v if there exists some increasing Levy process X with pp = 1

satisfying

for every t > 0.

By the definition of an increasing Levy process X, with continuous time trans-
formation function v it is easy to see that the stochastic process X, is cadlag, has
independent, non-stationary and nonnegative increments and is continuous in proba-

bility. Also it satisfies X, (0) = 0 and by Lemma 1 we obtain
E(X,(t)) = v(t). (2.31)
and

0> (X, (1)) = v(t)o*(X(1)) = v(t) (2 — 1). (2.32)

In a lot of applications like maintenance and inventory control one is interested in
the so-called hitting time T, (r) at level r of an increasing Levy process with time

transformation function v given by
T,(r) :=inf{t >0:X,(t) > r}. (2.33)

In case we consider the special case of an increasing Levy process this hitting time is
denoted by T(r). Since the sample paths of the (cadlag) Levy process are increasing
and hence the event {T,(r) > t} is the same as {X,(t) < r} we immediately obtain
that the cdf of T, (r) is given by

P(T,(r) > t) = P(X((t)) < r). (2.34)

13



Since the process X is continuous in probability and v is a continuous function this

implies by relation (2.34) that the function

t s P(T,(r) > t)

is also continuous on R, for every r > 0. For any increasing Levy process it is also
known that it is a jump process (cf. [13]) and so the same holds for an increasing
Levy process with time transformation function v. Hence for a Levy process one can
also introduce the so-called overshoot random variable W, (r) and undershoot random
variable V,(r) at level r. The overshoot stochastic process W, = {W,(r) : r > 0} is
given by

W, (r) == X, (Ty(r)) =, (2.35)

while the undershoot stochastic process V, = {V,(r) : r > 0} is given by

V,(r)=r—=X,(T,(r)). (2.36)

The notation X, (T, (r)”) means by definition

X, (T, (r)7) := limp o X, (T, (r) — h). (2.37)

For an increasing Levy process we denote the overshoot at level r by W (r) and the un-
dershoot by V(). In the next section we will study in detail the undershoot, overshoot

and hitting time variables in an increasing Levy process.

2.2  On properties of the overshoot, undershoot and hitting time

To start this section we first relate in the next subsection by means of an elementary
sample path analysis the overshoot, undershoot and hitting time of an increasing Levy
process with time transformation function v to the corresponding random variables
describing these processes in an increasing Levy process. At the same time we identify
an embedded partial sum process within an increasing Levy process which enables us to
use well-known properties of renewal processes in analyzing the overshoot, undershoot

and hitting time of an increasing Levy process.
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2.2.1 Sample path properties of the overshoot, undershoot and hitting

time

To start our discussion of the properties of the undershoot, overshoot and hitting time
random variable at level r of an increasing Levy process with time transformation
function v we show in the next lemma that without loss of generality we may restrict

ourselves in our analysis to the same random variables in an increasing Levy process.

Lemma 6 For any Levy process X,, with time transformation function v and r > 0

we have

T,(r)=v"(T(r)) (2.38)

and

W, (r)=W(r),V,(r) =V(r). (2.39)

Proof. To verify relation (2.38) it follows applying relation (2.30) and v* is strictly

increasing that
T,(r) = inf{t >0:X(v(t)) >r}

= v-(nf{r(t) > 0: X(v(t)) >r})

= v-(inf{t > 0: X(t) > r}).

To show the second equality we observe by the definition of W, (r) in relation (2.35)
and applying relations (2.30) and (2.38) that

W, (r) = X, (= (T(r)) —r

This shows the first part of relation (2.39). To prove the result for the undershoot we
observe by the definition of V,(r) in relation (2.36), again relation (2.30) and (2.38)
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the strict monotonicity and continuity of v that
V,(r) = r—limpo X, (T,(r) —h)
= 7 —limy o X, (v (T(r)) — h)
— =l X (v (T(r) — b))
— r—X(T(r))
and this shows the second part of relation (2.39). O

To analyze the behavior of the random variables T(r) belonging to an increasing
Levy process X we consider for any h > 0 the Levy process X sampled at the times

nh, n € Z,. Introduce for this sampled version the hitting time of level » > 0 given by
Ty(r) :=inf{nh : X(nh) > r} = hinf{n € Z, : X(nh) > r}. (2.40)

To relate T (r) to T(r) it is easy to see using the monotonicity of the sample path of
the process X that
T(r) = h|T(r)h | +h (2.41)

with |.| denoting the lower entier function. This shows

Th(r) —h <T(r) < Ty(r) (2.42)
for every h > 0.
h 2h 3h
s N
Tu(r)~h  T() Tn(r)

Figure 2.1: Hitting time at level r of an increasing Levy process
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Also for v a time transformation function and hence v* is increasing it follows by

relations (2.38) and (2.42) that
v (Th(r) —h) < T,(r) <v™(Th(r)). (2.43)

To relate the random variable T} (r) to a renewal process we observe the following.

Clearly it follows for every n € Z, that

X(nh) = Z::o Y. (h) (2.44)

with
Y (h) = X(kh) — X((k = 1)h) (2.45)

for every k € N and Yy (h) = 0. Introducing
Fi(z) :=P(X(t) < x) (2.46)

and using the definition of an increasing Levy process it follows that the random
variables Yy (h), k € N are independent and identically distributed with cdf Fj,. Con-
sidering now the renewal process Ny, := {N(¢) : t > 0} generated by the independent
and identically distributed random variables Y (h) given by

Np(t) = sup{n € Z,: X(nh) <t}
(2.47)
= sup{n €Z;:> ;_,Yi(h) <t}
we obtain by relation (2.40) that
Ty(r) = h(Np(r) + 1). (2.48)

In the next subsection we will derive some properties of the hitting time T, (r).

2.2.2 On the behavior of the hitting time T,(r) as r T cc.

In this subsection we will derive asymptotic results for the hitting time T(r) by relating
these random variables to the random variables T4 (r),h > 0. By relation (2.40) it

follows for every r > 0 that the random variables To-n (1), m € N are decreasing in m
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and this implies for every m € Z, that
0 < Tom(r) < Ti(r).

Also by relation (2.42) it is clear that

a.s

Ty (r) T T(r)(m 1 00) (2.49)
and hence by Theorem 25.2 of [3]
To-n(r) B T(r)(m 1 00) (2.50)

Finally by relation (2.48) and using E(IN(r)) is finite for every r we know that E(T(r))
is finite for every r. Hence the conditions of the dominated convergence in probability

theorem hold and we may conclude that
limy 400 E(To-m (1)) J E(T(r)). (2.51)

Using the monotonicity of the random variables Ty-m(r),m € N we could have also
applied directly the dominated convergence theorem of Lebesgue to justify relation
(2.51). By a similar argument using v is strictly increasing and continuous, relation

(2.43) and Lemma 6 we obtain that
lim, 1o E(v™ (To-m(r)) L E(T,(r)). (2.52)

In the next result we first analyze the first order asymptotic behavior of the hitting

time T(r) of an increasing Levy process.

Lemma 7 For any increasing Levy process X satisfying p1 = 1 it follows

T a.s
lim, o Q & (2.53)

and

kSl PSRN [} (2.54)
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Proof. By relation (2.48) and inequality (2.42) applied to h = 1 we obtain
Ni(r) < T(r) < Ny(r) + 1. (2.55)

Using Kolmogorovs strong law of large numbers it can be easily shown that

N,y (r) as

; E(X(1))' =1. (2.56)

limrToo

and this applied to relation (2.55) yields relation (2.53). To prove the second asymptotic

expectation result we observe by relation (2.55) that
E(Ni(r)) < E(T(r)) < E(Ny(r) +1) (2.57)

Applying in relation (2.57) the weak renewal theorem (cf. [9]) to the renewal process

N; and using E(X(1)) = p1 = 1 the result in relation (2.54) follows. O

The above first order asymptotic results can be easily extended to E(T(r)?P) for any
p € N. Observe we need to use this extension to prove first order asymptotic results
for increasing Levy processes with a so-called regularly varying time transformation
function v. It can be shown by standard techniques from renewal theory that E(INy(7)?)
is finite for every r > 0 and

E(N, (r)")

lim
r1oo rp

~ 1. (2.58)
(see Exercise 16 and 17 of Chapter 5 of [9]). Since by relation (2.42) we know
(To(r) = P < T(r)” < Ta(r)?

this shows

E((T(r) = 1)") <E(T(r)?) <E(Ty(r)").
Applying now relations (2.58) and (2.48) yields

E(T(r)")

lim
rfoo o

=1 (2.59)
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Up to now we did not give an explicit integral representation for the expectation
E(T,(r)). Using
E(X) = / P(X > t)dt
0

for any nonnegative random variable X and relation (2.34) we obtain

E(T,(r)) = /0 TR () > )t — /0 T BX (1) < r)dt. (2.60)

Using this representation and ¢ — P(X(v(t)) < r) is a decreasing function one can also
give an alternative calculus derivation of relations (2.51), (2.52) and (2.54). Observe

the function

T /000 exp(—qt)P(X(t) < r)dt

is called within the theory of Levy processes the g-potential measure (cf. [11]) and so

for ¢ = 0 using relation (2.60) we obtain E(T(r)).

In the above lemma we gave a first order asymptotic result for the hitting time
T(r) of an increasing Levy process. To extend this result to the hitting time T, (r) of
a increasing Levy process with time transformation function v, it follows by relation
(2.38) that we need to analyze the behavior of the random variable v (T(r)). To
analyze in the next result the expected asymptotic behavior of the hitting time T, (r)
for a subclass of the increasing Levy processes with time transformation function v,

we introduce the following class of functions well known within extreme value theory.

(ct. [6], [8])

Definition 7 A function f : Ry — R s called regularly varying at infinity if for every

x>0
[t _
f()

for some a € R. The number « is called the index of reqular variation and the class of

lime (2.61)

reqularly varying functions with index o is denoted by RV .

For regularly varying functions the following two fundamental results exists. The
first result is called the uniform convergence theorem for regularly varying functions,
while the second is called the representation theorem for regularly varying functions.

For its proof we refer to [6] or [8].
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Lemma 8 If the function f : Ry — R is a reqularly varying function with index o € R,
then the convergence in relation (2.61) to its limit holds uniformly for any x € |a, b

satisfying 0 < a < b < oo.

The representation theorem is given by the following result.

Lemma 9 If the function f : Ry — R is a regqularly varying function at infinity with

inder o € R, then there exist measurable functions a : Ry — R and ¢ : Ry — R with
limyoo €(t) = 0,0 < ¢g < 00 and limpe a(t) = « (2.62)

and tog > 0 such that for every t >t

F(t) = c(t) exp ( /t: @ds) . (2.63)

Conversely, if relation (2.63) holds with a and ¢ satisfying (2.62), then the function

f Ry — R is a regularly varying function at infinity with indez .

It is now possible to show the following first order asymptotic results for the hitting
time T, (r) of an increasing Levy process with a regularly varying time transformation

function v.

Lemma 10 If the stochastic process X, is an increasing Levy process X, with time

transformation function v regularly varying at infinity with inder 0 < a < oo then

1 oo jTE:; = (2.64)
and

. E(T,(r)

lng; o) 1. (2.65)

Proof. 1t can be shown (cf. [8]) for any strictly increasing and continuous function v
regularly varying at infinity with index 0 < a < oo that v is a regularly varying
function at infinity with index a~!. By relations (2.38) and (2.53) and the uniform

convergence theorem for regularly varying functions we therefore obtain

ey v ()
v (r) rtoo V(1)

S

.S 1

im0
Teo ),

ve(r)

= limTTOO
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This proves relation (2.64). To verify relation (2.65) it follows by relation (2.64) and
lemma of Fatou (cf. [21]) that

E(T
lim inf 1o fﬁ—%n > 1. (2.66)

To show the desired result it is now sufficient to prove that

E(T,() _

ve(r) —

(2.67)

lim sup, .4,

To verify this we observe the following . Since v* is regularly varying with index
0 < a! < oo it follows by relation (2.62) and (2.63) that for any z > 1 and k > o~}

with k € N there exists some 7, satisfying

< 2P

for every r > ry. This implies using v is increasing that

v (T(r) v (r+T(r)

1\
) S ) <2 (1 + T(r)r )

Considering now for r > ry the nonnegative random variables
2(1+T(r)r )" — v (T (r)"
we obtain by Fatou’s lemma and relation (2.53)
2F 1 < liminfqe (2E((1 + T(r)r—H)*) — (2.68)
By relation (2.59) it follows that

lim, oo E((1 + T(r)r—)F) = 2

and so
lim inf, 400 2E((1 4+ T(r)r1)%) — E (v (T(r))v*(r) )

= 2M1 —limsup, o  E (v (T(r)) v (r)™ ).
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This implies using relation (2.68) that
lim sup,...o E (v (T(r))v*(r)™!) <1

and by relation (2.38) we obtain

E(T, E(v" (T
lim sup, .+, M = lim sup, .+, M <1
ve(r) ve(r)
This verifies relation (2.67) and we have shown the result. a

To prove stronger asymptotic results we first need the following definition (cf. [4]).

Definition 8 The nonnegative random variable X is said to be distributed on some
lattice Ly = {nd : n € Z} with d > 0 if > 2 \P{ X = nd} = 1 and there is no
smaller lattice having this property. The corresponding cdf F of X is then called a
lattice distribution. If the nonnegative random variable X is not distributed on a lattice

Ly for any d > 0 its associated cdf is called non-lattice.

Without proof we now mention the following characterization result for a lattice
distribution in terms of its characteristic function. A proof of this result can be found

in Lemma 3. Chapter 15.1 of [20] or in Corollary 3.6.3 of [10]).

Lemma 11 If X is a nonnegative random variable and ¢ : R — C its characteristic
function given by

p(u) = E(exp(iuX))

then the cdf of a nonnegative random variable X is a lattice distribution if and only if

there exists some ug > 0 satisfying ¢(ug) = 1.

Using Lemma 11 it is now easy to derive the following result.

Lemma 12 [If X is an increasing Levy process then the cdf Fy of the random variable
X (1) is non-lattice if and only if the cdf F; of the random variable X(t) is non-lattice

for every t > 0.

Proof. By a similar proof as for the probability Laplace-Stieltjes transform (see
Lemma 2) it can be shown (cf. [19]) for an increasing Levy process X with ¢ (u) :=
E(exp(iuX(t)) that

pe(u) = g1 (u)f (2.69)
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Using relation (2.69) and Lemma 11 the desired result follows. a

Using Lemma 12 together with relation (2.42) one can now show the following

refinement of Lemma 7.

Lemma 13 If X is an increasing Levy process with non-lattice cdf Fy then for every
>0

lim oo E(T(r +s) — T(r)) = s
and for uy finite

2(X(1
lim, oo ET(r) — r = %()).
Proof. Since F} is non-lattice it follows by Lemma 12 that F}, is non-lattice for every
h > 0. This shows by the strong renewal theorem for non-lattice distributions (cf. [4],
[20]) that

lim, oo E(N4(r + 5)) — E(Ny(r)) =

= o

Applying relation (2.48) we obtain for every h > 0 that
lim, 400 dp(r, ) = 5 (2.70)

with dp(r,s) := E(Tp(r +s)) — E(Tx(r)). Since by relation (2.42) it follows for every
h > 0 that
dp(r,s) —h <E(T(r+s)) —E(T(r)) <dp(r,s)+h

we obtain by relation (2.70) that the function r — E(T(r + s)) — E(T(r)) has a limit
r and this limit satisfies s —h < k < s+ h for every h > 0. Hence k = s and the result
is proved. To show the other result we observe by relation (2.42) and (2.48) that for

every h > 0
h(E(Ny(r)) —rh™') <E(T(r)) —r < h(E(Ny(r)) —rh™") + h. (2.71)

Since it is well known (cf. [17], [20]) for F}, non-lattice and having a finite second
moment that for every h > 0
E(X(h)?) _ o*(X(h) 1

lim, o0 E(N —rh7t = = el
mypoc E(Na(r)) =rh ™ = Sp e = a2 T 2
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we obtain by Lemma 1 that

o*(X(1))

lim, oo E(Np(r)) — A1) = 5%

!
2

This implies by relation (2.71) that the function r — E(T(r)) — r has a limit ¥ and

this limit satisfies

h <9<
Hence by letting h | 0 we obtain the desired result. a

Looking at the above result one might also be interested in the strong asymptotic
behavior of the hitting time of an increasing Levy process with time transformation
function v and so we need to analyze under which conditions one can analyze the

asymptotic behavior of the difference
E(T,(r+s)) — E(T.(r))

for r T co. By relation (2.38) this boils down to analyzing the asymptotic behavior of
the difference

E(@™(T(r +s)) = E(" (T(r))

This behavior is not investigated in this thesis and will be a topic for future research.
It is conjectured for a(t) = v* (t) the derivative of a regularly varying function v with

index 0 < a < 1 and F} non-lattice that the following result holds.

E(T,(r +s)) — E(T,(r))

a(r) =h

llmtToo

Next to the above asymptotic results one can also prove an extension of Lorden’s
inequality for renewal functions to increasing Levy processes with time transformation
function v. These inequalities give an upperbound and lower bound on the expectation

of the hitting times for all values of r and are useful in applications.
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Lemma 14 If the stochastic process X is an increasing Levy process and the second

moment iy of the random variable X (1) is finite, then for every r >0
r <E(T(r)) < r+ o*(X(1)).

Moreover, if X, is an increasing Levy process with a convex time transformation func-

tion v and the second moment of the random variable X, (1) is finite, then
E(T,(r)) < v (r+o*(X(1)))

while for v concave

E(T,(r)) > v (r).

Proof. By Lorden’s inequality for the renewal function (for different easy proofs see [7]

or [17]) we know that

Hence by relation (2.48) and Lemma 1 we obtain for every h > 0
r <E(Txn(r)) <r+c*(X(1)) + h.
Applying now relation (2.42) yields for every h > 0 that
r—h <E(Ty(r)) — h <E(T(r)) < E(Ty(r)) <7 +0*(X(1)) + A

Letting h | 0 shows the desired result. To show the second result we first observe that

v convex implies v is concave. Applying now Jensen’s inequality and relation (2.38)

E(T,(r)) = E(w™(T(r)) < v* (E(T(r)))

Applying now the first part yields the desired result. A similar proof using Jensen’s
inequality and the first part applies to the last formula. O
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Finally we list in this section a so-called central limit theorem for the hitting time

T(r) of an increasing Levy process. To do so we need the following definition (cf. [4]).

Definition 9 The sequence of random wvariables Z,,n € N with cdf F, converges in

distribution to the random variable Z (notation Z,, KN Z) if
limppo Fu(z) = F(2)

at all continuity points x € R of the cdf F' of the random variable Z.

Since any distribution function F' on R is nonnegative and bounded above by 1 and
increasing it can be shown that the set of discontinuity points of the cdf F' is at most

countable (cf. [20], [4])

Lemma 15 For any increasing Levy process X satisfying uy = 1 and po = E(X(1)?)

1s finite it follows that
T(r)—r 4
—_—

(2.72)
r(pe —1)
with Z a random variable having a standard normal distribution.
Proof. Since p; = 1 it follows by Lemma 1 that
0*(X(h)) = h(uy —1) > 0
Substituting this in Theorem 7.1 of [9]) we obtain
hN —
MNur) =7 a (2.73)
r(p2 —1)
By relation (2.42) we also know that
ANy (r) —r < T(r)—r < hNy(r)+h—r (2.74)

Ve —=1) 7 r(pe—1) — y/r(ue—1)

and since from relation (2.73) it is also easy to show that (a special case of Slutsky

theorem (cf. [15])) that

hNh(T)+h_ri>Z
r(pe—1)
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the desired result follows from combining the previous inequalities. O

Looking at the above result one might also be interested in the distributional con-

vergence of the normalized random variable

To show a result for this random variable we probably need to apply a Lindeberg-Feller
type central limit theorem (cf. [20]), [4]). One might also use a central limit theorem
for martingales. This question will be a topic of future research. In the next subsection
we will investigate the properties of the overshoot and undershoot of any Levy process

with or without time transformation function v.

2.2.3 On the overshoot and undershoot stochastic process in an increasing

Levy process

In this subsection we will first prove an important sample path result for the overshoot
at level r of an increasing Levy process (with p; = 1) relating it to the overshoot
generated by a renewal process. This result turns out to be crucial in justifying our
approximation technique. Remember in relation (2.35) the overshoot of an increasing

Levy process X, with time transformation function v is given by

WV(T) = XV(TV(T)) =T (275)

W, (r) = W(r) (2.76)

we know that we can restrict ourselves to the overshoot at level r in an increasing
Levy process. To approximate the overshoot random variables introduce for any r the
overshoot Wp,(r) at level r of an increasing Levy process sampled at the time points
nh,n € Z, given by

Wy (r) == X(Twp(r)) —r (2.77)

It is now easy to show the following result.
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X(Tn(r)) Wil

Tu(r) —h T(r) Th(r)

Figure 2.2: Overshoot at level r of an increasing Levy process

Lemma 16 For every increasing Levy process X and r,h > 0 it follows that
W(r) £ Wa(r) < W(r) + X(T(r) + b) — X(T(r)) (2.78)

with the random variable X(T(r) 4+ h) — X(T(r)) independent of W (r) and
X(T(r) + h) — X(T(r)) £ X(h). (2.79)

Proof. Since the process X has increasing sample paths and by relation (2.42) we know
that
Th(r) —h <T(r) < Ty(r)

for every h > 0 it follows that

W(r) < X(Th(r)) —r = Wy(r). (2.80)

To show the other inequality we observe using again the monotonicity of the sample

paths and the above inequality for the hitting times that
W, (r) = X(Tp(r)) —r < X(T(r)+ h) —r. (2.81)

Since T(r) is a F-stopping time of the Levy process X and each Levy process renews

itself at a finite stopping time (see theorem 32 of [13]) it follows that

X(T(r)+h)—r = W(r)+X(T(r)+h) — X(T(r))
(2.82)

N

W(r)+Y(h)
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with Y (h) < X(h) independent of W(r). Applying relations (2.81) and (2.82) yields

the result. O

In the next result we prove a weaker sample path result for the undershoot at level r.
Also this result is crucial in justifying the correctness of our approximation technique.
Remember in relation (2.35) the undershoot of an increasing Levy process with time

transformation function v, X, is given by
V,(r)=r—X,(T,(r)") (2.83)

and since by lemma 6

V,(r) = V(r) (2.84)

we know that we can restrict ourselves to the undershoot at level r in an increasing Levy
process. To approximate these random variables introduce for every r the undershoot
V. (r) at level r of an increasing Levy process sampled at the time points nh,n € Z,
given by

Viu(r) :=r — X(hNy(r)) (2.85)

with INj, the renewal process associated with the arrival times X(nh),n € Z,. By

relation (2.48) we know that
Th(T’) —h= hNh(T’)

and so it follows that

Vi (r) =r—X(T,(r) — h). (2.86)
One can now show the following sample path result.

Lemma 17 For every increasing Levy process X and r,h > 0 it follows that
V(r) < Vu(r) <r—X(T(r) — h). (2.87)
Proof. Since by relation (2.40) it is obvious for every h > 0 that

X(Ty(r)—h)<r
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Vh(r)
X(Th(r)—h

Tu(r) —h T(r) Tu(r)

Figure 2.3: Undershoot at level r of an increasing Levy process

we obtain by the monotonicity of the sample paths of an increasing Levy process X,

the definition of T'(r)~ and relation (2.42) that
T(r)” > Tp(r) —h>T(r)— h. (2.88)

Applying again the monotonicity of the sample paths of the stochastic process X and
the definition of the undershoot it follows using relation (2.88) that

Vir)=r—=X(T(r)") <r—X(Tu(r) — h) <r—X(T(r) — h).

This shows the result. O

Since for fixed r > 0 the random variables Ty-m(r), m € N are decreasing in m
it follows by the increasing sample paths of the increasing Levy process X that the

overshoot random variables
WZ*’"L (T) = X(Tzf’m (T)) — T
are decreasing in m and so
0 < Won(r) < Wy(r)

for every m € Z,. Moreover, by relation (2.78) and X(T(r) + h) — X(T(r) = 0
(h | 0) we obtain that the sequence Wy-m(r) converges a.s to W(r) and hence we
have verified that

Waon(r) L W(r)(m 1 ) (289)
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This shows by Theorem 25.2 of [3] that

Wo-n(r) S W(r) (m 1 oo) and Wo-m(r) < W(r) (m 1 o0).
Since Wa-n(r), m € N is a sequence of decreasing random variables we know addi-
tionally
B(W;n(r) < ) 1 B(W(r) < ) (m 1 o0) (2.90)

for any continuity point x of the cdf of the random variable W (7). This monotonicity
property might be interesting from a computational point of view. Moreover, by a
standard application of Walds identity within renewal theory or by the unicity of the
solution of a renewal type equation (cf. [9]) it follows that E(W(r)) is finite and so

the conditions of the dominated convergence in probability theorem hold. This shows
limy 100 E(Wo-m (1)) L E(W(r)) (2.91)

Again we could have applied directly the dominated convergence result of Lebesgue to
justify relation (2.91). To show a similar result for the undershoot process we observe

for every m € N that by relation (2.47)
27" Ng-m(r) =2""sup{n € Z, : X(27"n) <r}

and this shows by the increasing sample paths of the Levy process X that the random
variables 27™Ny-m () are increasing in m. Hence it follows that the undershoot random
variables

Vom(r) =r — X(27"Ng-n(r))

are decreasing in m and by Lemma 17 we obtain
Vaon(r) L V(r) (m1o0) (2.92)
Hence by Theorem 25.2 of [3] it follows

Voon(r) B V(r) (m 1 o0) and Vau(r) % V(1) (m 1 00)
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and by the monotonicity property of the random variables Vo-m(r), m € N we addi-
tionally obtain

P(Vo-m(r) <z) 1t P(V(r) <z) (2.93)

for every continuity point x of the cdf of the random variable V (r). The conditions of
the dominated convergence in probability theorem again hold and so for the undershoot

random variable we may also conclude that

im0 E(Va-m (7)) L E(V(r)). (2.94)

To determine the joint cdf of the random vector (V(r), W(r)) for r fixed we observe
using Vo-m(7) }** V(r) and Wo-m(r) }** W (r) that

{V(r) > 2, W(r) >z} = Npen{Va-n(r) > 2, Wo-n(r) > z} (2.95)

for every r > z and z > 0. It can now be easily shown by means of a sample path

approach (cf. [9] or Figure 2.4) that

{Vom(r) > 2, Wym(r) > 2} = {Wym(r — 2) >z + 2z}

Also by a similar argument as used in relation (2.95) we know that

Nmen{Wo-m(r —2) >z + 2} ={W(r—2z) >z + z}. (2.96)

Hence by relations (2.95) and (2.96) we obtain the important set relation

{V(r) > 2, W) >z} ={Wlr—2)>x+z}. (2.97)

To determine the cdf of the overshoot W (r) and undershoot V(r) of an increasing
Levy process at a given level r it is by relations (2.90) and (2.93) natural to determine
first the easier cdf of the overshoot Wo-m (7) and undershoot Vo-m (r) of the embedded
renewal process at the time points n27™ and then compute its limit for m 1 oo. This
approach is mathematically more simpler than applying the compensation formula for
predictable processes applied to the predictable Levy jump process AX as done in [1].
Also the results mentioned in Lemma 16 and 17 are sufficient to determine that the

stochastic under and overshoot process are converging in distribution to a limiting ran-
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X(Tn(r))
rhx T %m) S ‘;

Figure 2.4: The relation between the overshoot and the joint distribution of overshoot
and undershoot

dom variable and at the same time determine the form of these limiting distributions.
The way to do this is to use asymptotic results for renewal processes, the extended
continuity theorem for Laplace-Stieltjes transforms and Lemmas 16 and 17. Observe
such a approximation procedure is also mentioned in [2] to justify the form of the limit
distributions (reversing limit operations r 1 oo and h | 0) without giving a correctness
proof of the proposed procedure. Actually the authors suggest in [2] that justifying this
reversal is not straight forward. In [2] it is then later proved that the suggested forms
are correct by using the mathematical much more difficult compensation formulas for
predictable processes and asymptotic expansions. This observation was one of the in-
centives to start the present study on increasing Levy processes. A similar approach
is also followed in Section 5 of Chapter 7 of [19] without a proper mathematical proof.
Observe also that understanding increasing Levy processes is important due to the
range of applications of these processes to applied oriented Operations research and
Engineering applications like maintenance (see for example [16], insurance mathemat-
ics and inventory control [17]. In the next result we will first identify the cdf of the

undershoot V,(r) and overshoot Wp,(r) at level r.
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Lemma 18 Let X be an increasing Levy process and introduce for h > 0 the renewal

function Usp, : Ry — R given by
Use(y) = ENu(y)) = 3 P(X(nh) < )
1. If for a given x > 0 the function gy : Ry — Ry is defined by
go(2) =1— Fp(z + x),
then it follows that

PW, (1) > 2) = | gulr = y)dUaly). (2.98)

2. If for a given x > 0 the function g; : Ry — R, s defined by

0 if 2 <x

91(2) = ,
1—Fu(z) ifz>x

then it follows for r > x that

P(V()> ) = [ ol = Ua(s)
while P (Vy, (r) > x) =0 forr < z.

Proof. To derive the first equation we first observe by the total law of probability and
the renewal argument applied to the regenerative overshoot process Wj, = {W,,(r) :

r > 0} with regeneration points X(nh),n € N that
P(W,(r)>z) = P(W,(r)>z,X(h) <r)+P(W,(r)>z,X(h) >r)
= [TP (W, (r) > 2|X(h) = y) dFy (y) + P (Wy, (r) > 2, X(h) > 7)
— [TB(W, (r—y) > 2)dF, (y) + P (W, (r) > 2, X (h) > )

(2.99)
Observe if the event X (h) > r happens then clearly Tj,(r) = h and this shows

W, (r) = X(Tp(r)) —r=X(h) —r
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Hence it follows that
{Wj, (r) > z,X(h) >r} ={X(h) —r > z,X(h) > r} ={X(h) > r+z}

and so

go(r) =P(Wy (r) >2z,X(h) >7r)=1— Fy(r +z)

Hence by relation (2.99) the function v(r) = P (W, (r) > x) satisfies the renewal type

equation

v(r) = / " = y)dFu(y) + go(r)

By Theorem 4.1 of [9] this renewal type equation has a unique solution and it given by

o) = [ 9or = 9dUs(v) = [ (= Fulr 2 = )iy
To determine the undershoot we observe again by the renewal argument that
P(Vu(r) >xz) = P(Vp(r) >z, X(h) <7r)+P(Vi(r) >z, X(h) >r)
= Jo P(Vi(r—y) >2)dFy (y) + P (Vi (r) > 2,X(h) > 1)
It follows in case X (h) > r that V}, (r) = r and this shows that
0 ifr<ux

n(r) =P (Vy(r) > 2,X(h) >7r) = |
1—Fy(r) ifr>z

Hence the function o(r) = P(V,(r) < x) satisfies the renewal type equation

o(r) = / “o(r — y)dFy (y) + (1)

Again we obtain by the unicity of solution of the renewal-type equation that

o) = [ i — y)dUnn(y)

and this proves the result. O

From Lemma 18 and applying the strong renewal theorem for non-lattice distribu-

tions the following well known result for the over and undershoot stochastic process in
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renewal theory is easy to derive.

Lemma 19 If X s an increasing Levy process with non-lattice cdf Fy and puy = 1,

then for every h > 0 there exists some random variables Wy (00) and Vp(00) satisfying

Wi (r) & Wi, (00)(r — 00), Vi(r) = Vi(00)(r — 00)

and

P(Vi(o0) > 2) = P(W(00) > ) = % / T = By, (2.100)

Proof. By Lemma 12 the cdf F}, associated with the renewal function x — Uy () is
non-lattice for every h > 0. Since it is easy to see that the function gy in Lemma 18 is
directly Riemann integrable (cf. [9]) we obtain by the strong renewal theorem (cf. [9])
using E(X(h)) = h that

limypoe [5_ 90(r = 9)dUssn(y) = =y Jo 90(2)d2

= 1 [Z1— Fu(2)dz.

By a similar argument it follows that

im0 fo 91(r = )V n(y) = gy Jo. 91(2)dz
= + [71—Fy(2)dz
Applying now Lemma 18 yields the desired result. O

We will now use Lemma 16 and the previous lemma in combination with the con-
tinuity theorem for Laplace-Stieltjes transforms (see Appendix) to show that under
certain conditions the limit distribution of the overshoot process W of an increasing

Levy process exists and at the same time identify its form.

Lemma 20 IfX is an increasing Levy process with non-lattice cdf Fy and E(X (1)) =1,

then there exits some random variable W (oo) satisfying

and

P(W(o0) < ) :/Ox /:Ou_ldKl(u)dz.
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Proof. By Lemma 16 it follows for every a > 0,h > 0 and r > 0 that
E(exp(—aW (r))E(exp(—aX(h))) < E(exp(—aW(r)) < E(exp(—aW(r)).
and so

E(exp(—aWy(r)) < E(exp(—aW(r)) < E(exp(—aWy(r)E(exp(—aX(h)))™
(2.101)
Since by relation (2.19)

E(exp(—aX(h)) = exp(—h /0 " o(s)ds) (2.102)

it follows using relation (2.101) that

E(exp(—aW,(r)) < E(exp(—aW(r)) < E(exp(—aW,(r)) exp (h /a p(s)ds)
T G103)
In the remainder of the proof we will show that lim, ;. E(exp(—aW (r) exists and
identify its limit. Applying Lemma 19 and the continuity theorem for pLST (cf. [19]
or Appendix) we obtain

_1- E(exp(—ozX(h))‘

lim, 1o, E( exp(—=aWy(r))) = E(exp(—aW;(0))) o

(2.104)

Introduce now for every a > 0 the functions
L() == limsup,;, E( exp(—aW(r))

and

L(a) := liminf, ;o E(exp(—aW(r))

By relations (2.103) and (2.104) we obtain for every h > 0 that
E(exp(—aWj,(0))) < L(a) < L(a) < E(exp(—aW,,(0))) exp(h/ p(s)ds).
0
This shows taking A | 0 in relation (2.104) that

o " p(s)ds < L(a) < T(a) < a! / " p(s)ds.
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Hence lim, 1o, E( exp(—aW},(r)) exists for every aw > 0 and

lim,oo E(exp(—aWy (1)) = a™! /Oﬂf p(s)ds. (2.105)

Since by relation (2.19)
p(s) = / exp(—sz)dKq(x) (2.106)

and K7 is a cdf on Ry (see lemma 5) we obtain that the function p is right continuous

in 0 satisfying p(0) = 1 and continuous on (0, c0). This implies

lim, 0 a_l/ p(s)ds = p(0) =1
0

and we have verified that
o al/ p(s)ds
0

is right continuous in 0. To identify the cdf with pLST a +— a™! [* p(s)ds we observe
by Fubinis theorem that

at [Tpls)ds = ot [ [ exp(—sx)dKy(x)ds

. CY_I OOO 1— exp —ax) dK ( )
= J5° Jy exp(—aw)dvatdKy (z)
= JJ exp(—aw) [ a7 dKy (2)dv

Hence the cdf F' with density f(v) = [~ 2 'dK;(x) has pLST

a oz_l/ p(s)ds
0

and the conditions of the continuity theorem are satisfied. Using now relation (2.105)

the desired result follows. O
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We now show a similar result for the undershoot process.

Lemma 21 IfX is an increasing Levy process with non-lattice cdf Fy and E(X (1)) =1,

then there exits some random variable V(00) satisfying
V(r) = V(o0)

and

P(V(o0) < 7) = /0 ' / AR ().

Proof. Tt follows by Lemma 17 that
P(V(r) > z) < P(Vy(r) > z)
for every h > 0. This shows by Lemma 19 that
) L[
limsup,o, P(V(r) > z) < E/ 1 — Fu(y)dy
for every h > 0. Taking h | 0 and using Lemma 5 we obtain
lim sup,4o, P(V(r) > x) < / / u tdKy (u)dy = P(W(c0) > 1)
x Yy

To show that
liminf, 4o, P(V(r) > ) > P(W(00) > )

and hence prove the result we observe using relation (2.97) that for every z, A > 0 and

r>x+h
P(V(r)>z) > P(V(r)>az+h)

v

P(V(r) >z +h,W(r) > z) (2.107)

= P(W(r—x—h)>z+h+2)

Since by Lemma 20 the cdf of the random variable W (oo) is continuous and W (r) N

W (00) it follows by relation (2.107) for every z, h > 0 that
liminf o P(V(r) > z) > liminf4o P(W(r—az —h) >+ h+ 2)

(2.108)
= P(W(c0) > 2+ h+2).
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Again by the continuity of the cdf of W(oo) we obtain
lim, 40 P(W(o0) > 2+ h+ 2) = P(W(c0) > x)
and this shows by relation (2.108) that
liminf, 4+ P(V(r) > z) > P(W(o0) > z),

thus showing the desired result. a

Applying Lemma 5 and 18 one can show the following formula for the overshoot
and undershoot of an increasing Levy process with time transformation v. In this
approach we avoid the more common and mathematically more difficult approach using
the complicated compensation formula for predictable processes applied to the jump
process AX of the Levy process X as discussed without proof in Section O5 of [1] (see
also Section 5.2 of [11])

Lemma 22 [If X, is an increasing Levy process with time transformation v, then

P(W,(r) > z) = /0 ' / :_yu‘ldKl(u)dUoo(y)

and
0 ifr<ux

P(V,(r) >z) = e |
[, u K (W)U (y) i 7> 2

0-

with
Uly) = / T P(X(1) < y)dy = E(T())

Proof. By Lemma 6 we only need to show the result for an increasing Levy process X.
It follows from relations (2.42) and (2.48) and the random variables 27" Ny-m (y) are

increasing in m that for every y > 0

limo0 2" Us g () = 100 2" E(Noo (3)) 1 E(T(y) = U ()

Also by Lemma 5 we obtain for every x > 0 that

limmToo 2m(1 — Fgfm(.ﬁlf)) = / UildKl(U).
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This implies by relation (2.90) and Lemma 18 that for every > 0
P(W(r) >z) =] limyte P(Wo-m(r) > )
= limppeo fy_ 2™(1 = Fo-m (r + 2 — 4))2 " dUso 2-m ()

= forf froo utdK (u)dUs (y)

+z—y

To prove the result for the undershoot we observe for r > z using relation (2.93) and

again Lemma 18 that
P(V(r) >z) =] limye P(Va-m(r) > x)
= limppee foo  2™(1 = Foom(r — 9))2 " dUnc o-m(y)
= f:_oy utdK (u)dUs (y)
and this shows the result. O

Using relation (2.97) and by Lemma 22 the cfd of the random variable W(r) is
continuous on (0, c0) we obtain immediately from Lemma 22 the joint distribution of

the overshoot and undershoot at level 7.

Lemma 23 [t follows for any Levy process X, with time transformation function v

that forr > z

POV, (r) > 2, W, (r) > 2) = / o /f_ w K (1)U (3).

We next continue with expectation results. An alternative way to verify the first
result is by observing that T(r) is a stopping time of an increasing Levy process X and

the process M = {M, : t > 0} given by

is a martingale. Apply now to this martingale Doob’s optional sampling theorem for

continous time martingales (see Theorem 14.12 of [4].)
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Lemma 24 It follows for the overshoot process W, = {W,(r) : r > 0} that for any

r>0

Proof. By Lemma 6 we may restrict ourselves to the overshoot of an increasing Levy

process. Applying lemma 16 we obtain
E(W(r)) S E(Wx(r)) <EW(r)) +h
and so
E(W(r)) —h <E(W(r)) < E(Wh(r)) (2.109)

for every h > 0. By relations (2.45) and (2.48) it follows

k=1

E(W,(r)) = EX(h(Ny(r)+ 1)) —r =E (ZN’L(”“ Yk(h)) —r

Since Ny (r) + 1 is a stopping time with respect to the sequence Yy (h), k € N we may
use Wald’s identity (for an alternative proof using the renewal argument see page 167
of [9]) and so

E(Wy(r)) = RE(Ny(r) +1) —r

Finally
E(Nu(r) +1) =E (ZH 1{X<kh)9«}) =, PX(kh) <7)

and so we obtain by relation (2.109)
hzkzl P(X(kh) <7) —r <E(W(r)) < hzkzo P(X(kh) < 1) —r (2.110)

for every h > 0. Since the process X is continuous in probability this yields taking

h | 0 in relation (2.110) and using relation (2.60) that

This shows the desired result. O

By Lemmas 24 and 13 it follows immediately for F; non-lattice and puo finite that

lim E(W, () = “2—1

i 5 (2.111)
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Also by Lemmas 24 and 14 we obtain for every r > 0 that
0<EW,(r) <p —1 (2.112)

Finally we like to determine the joint distribution of the overshoot and the hitting

time. To compute this we first need the following result.

Lemma 25 If X is an increasing Levy process with E(X(1)) = 1, then

B(T(r) <t W(r) <) = 7 [707 um I, (u)dU ()

r—x

with Uy(z) = [} F,(z)dv.

Proof. By relations (2.41) and (2.78) we obtain for every t > 0,y > 0
limy o P(Th(r) < h([th™'] +1),Wi(r) <y) = P(T(r) <t, W(r) <y)

To analyze the probability P(Ty(r) < h(|th™|+1), W(r) < y) we observe by relation
(2.40) that

P(Ty(r) < A([th™] + 1), Wi(r) <y) = P(N,(r) < [th™], Wy(r) <)
= T BN () =k, W) < o)
To analyze the above sum we observe for k = 0 that
P(Ny(r) =0, Wp(r) <y} = Pr<X(h)<r+y)
Moreover, for k > 1 we obtain
P(N,(r) =k, Wy(r) <y) = PX(kh) <r,r<X((k+1)h) <r-+y)
= [TP(r <o+ X((k+1)h) — X(kh) < r +y)dFy(2)

= [iP(r—a <X(h) <r+y—a)dFu(x)

Introducing now for every h > 0 the set of measures Uy, given by
Upn(z) = B Flo)
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we obtain that

P(Ty(r) < h([th '] +1), W, (r) <y) = [ BrmeXO<rtvs) gy, (o)

By a simple monotonicity argument using the increasing sample paths of the standard

Levy process it follows

t

limpyo Upp(z) = [, Fo(z)dv = Uz)

Applying now Lemma 5 yields

limy o P(Th(r) < h([th™] + 1), Wi(r) <y) = limy, [ X020 gr7 (o)

= [0 [TV AR (u)dU (2)

and hence we have shown the following result. a

For any Levy process X, with time transformation v we obtain by relations (2.38)

and (2.39) that
P(T,(r) <t,W,(r) <y) = P(T(r) <v(t),W(r) <y) (2.113)
and applying Lemma 25 yields

P(T,(r) <t, W,(r) <y) = [I [2 " u 1 dK, (u)dU, ¢ () (2.114)

— Ar—x

By using the cumulative distribution function of the overshoot it is easy to deter-
mine the joint distribution of the overshoot and the undershoot. Finally we determine

the joint distribution of the overshoot, undershoot and the hitting time

Lemma 26 If X is an increasing Levy process with E(X (1)) = 1, then it follows that

P(V(r)>z,(W(r)>y,(T(r)<t) = [5 f::y_a utdK (u)dUy(z)

with Uy(z) = [

o Fo(z)dv.
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Proof. By relation (2.97) it is easy to see that
{V(r) >z, W(r)>y,T(r) <t} ={W(r —z) >z +y, T(r) <t}
which implies,
P(V(r)>z,W(r)>y,T(r)<t) = P(W(r—z)>x+y,T(r) <t)
Now by relations (2.41), (2.78) and (2.87) we obtain for every t > 0,y > 0
limp o P(Th(r) < A([th™' | + 1), Wi(r—z) >z +y) = P(T(r) <t, W(r—z)>z+y)

To analyse the probability P(T,(r) < h([th™']+1), W,(r) > y) we observe by relation
(2.40) that

P(Typ(r) < h([th™Y] +1),Wy(r —z) >x+y) = PNu(r) < [th™ |, Wy(r —z) > 2 +y)
-1
= 3y PPNW(r) = b Wi(r —2) > w4 y)
To analyse the above sum we observe for k = 0 that

P(Nu(r) =0, Wyu(r —x) >2+y) = P(Nu(r) =0, Wy(r) >y)
= PXy(h) >r+y)

Moreover, for k£ > 1 we obtain, if r —x > S,
P(Nu(r) =k, Wy(r—z)>z+y) = P(X(kh) <r—z,X((k+1)h)>r+y)
= forfx Pla+ X((k+1)h) — X(kh) > r + y)dFyp(a)

= [T"P(X(h) > +y — a)dF(a)

Introducing now for every h > 0 the set of measures Uy, given by

1
Upn(a) = hZ,Etio Jszh(a)

we obtain that

P(Tu(r) < h([th™'] + 1), Wi(r —a) >a +y) = [ " EEXEErva gy, ()

46



By a simple monotonicity argument using the increasing sample paths of the standard

Levy process it follows

t

limpjo Upp(z) = fo F,(z)dv = Ux)
Applying now Lemma 5 yields
limyo P(Th(r) < h([th™'] + 1), Wi(r —2) > y+a) = limy f; "EEE0=0 g7, (q)

h

= [y L, u K (u)dU ()

and hence we have shown the following result. a

For any increasing Levy process X, with time transformation v we obtain by rela-

tions (2.38) and (2.39) that

P(T,(r) <t,W,(r) >y, V,(r)>z) = P(T(r) <v(t),W(r) >y, V(r)>x)
(2.115)

and applying Lemma 26 yields

P(Ty(r) <, Wo(r) >V, (r) > 2) = [§ [y, o dE1(w)dUss () (2116)

In the next subsection we are considering the cdf of the fractional h-part of the

hitting time T(r).

2.2.4 On properties of the Fractional Part

Introduce now for every x > 0 and h > 0 the fractional h-part
Fu(x) = x—h|lzh™]
Clearly 0 < Fp(x) < h and by its definition

T(r) = Fu(T(r)+ h|T(r)h"] (2.117)
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Figure 2.5: Fractional h-part of the hitting time

Also by relations (2.41) and (2.48) it follows that
h|T(r)h™t| = Tu(r)—h = hNy(r)

For the h-fractional part one can now show the following result.

Lemma 27 If N, = {Ny(¢) : t > 0}, h > 0 is the renewal process generated by the
partial sum process S,, = X(nh),n € NU{0} then forr >0

P(Fu(T(r) <t) = [_(1 = F(r —2))dUy()

for every 0 < t < h with U(z) = E(Ny(2)) = > pey FF*(x) the well-known renewal

function.

Proof. By the definition of F,(T(r)) we obtain for every 0 < ¢ < h that
P(Fn(T(r)) <t) = PUpc{kh <T(r) <kh-+t}) = > P(kh <T(r) <kh+t)
Since the cdf of T(r) is continuous it follows
{kh <T(r)<kh+t} £ {kh<T(r)<kh+t} = {X(kh)<r < X(kh+t}
and so

PUZ {kh < T(r) < kh+t) = Y32 P(X(kh) <r < X(kh +1). (2.118)
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Using now X(kh +1t) < X(kh) + Z(t) with Z(t) < X(t) and Z(t) independent of X
yields

P(X(kh) <r < X(kh+1t) = P(X(kh) <r < X(kh) + Z(t))
= [TPX(kh < r < X(kh) + Z(t)|X(kh) = z)dF}*(2)
= [TP(r < x+ Z(t)dF (2)
= [TP(Z(t) > 1 — 2)dF (2)
= [T1—F(r—2)dF(x).

Finally applying relation (2.118) it follows that

P(Fu(T(r) <t) = X0 Jy 1 = Filr —2)dFy*(x)
= Jo 1= Fulr — 2)d 302, Fy*(x)
= Jo 1= Fi(r — z)dUy(z).
and this shows the desired result. a

Using the strong renewal theorem and E(X(h)) = h it follows for F, non-lattice
that by Lemma 27

lim, oo P(Fr(T(r)) <t) = lims for (1-— Ft(r — x))dUp(x)
i fo ))dx

EX(1)]
h

S+

Hence this shows for r 1 oo that the random variable F;, (T (7)) converges in distribution

to a random variable uniformly distributed on (0, k).
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CHAPTER 3

CONCLUSION

In this thesis we derived some important properties of increasing Levy processes useful

in applications and proved these properties by making use of well known results for

renewal processes. For some of these properties these proofs are easier than the already

known proofs using martingale theory, while other results appear to be new.
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APPENDIX

In this appendix we collect some important definitions and results used in this
thesis. In the next definition we use the convention that the infimum of an empty set

is +o00.

Definition 10 If f : R, — R is a nondecreasing function on Ry the inverse function
of f is given by
foy)=inf{s>0: f(s) 2 y}. (1)

Lemma 28 Ifv is a time transformation function then the function v is convez if and

only if the function v is concave.

Proof. If v is convex, then clearly for every t1,t, and 0 < o < 1 we obtain using

v(v<(s)) = s for every s > 0 that
v(ar=(t) + (1 —app™(ty)) < av(v™ () + (1 - a)p(v= (L))
= at1 + (1 —a)ty

This implies using v is increasing for any increasing function v and v (v(s)) = s for

every s > 0 that
av () + (1 —a)v(ta) = v (v(av®™(t1) + (1 — a)v<(t2)))
< v5(aty + (1 — a)ty)

and we have verified that v is concave. A similar type of proof can be given to the

reverse implication. O

A very important convergence result called the dominated convergence in probabil-

ity theorem is listed in the next result.

Lemma 29 If |X,| < |Y| for everyn € N, E(]Y]) < 0o and X, B X, then

limoe B(| X, — X [) = 0 (2)
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Proof. We first show that |X| < Y| a.s. Since |[Y| > |X,,| for every n € N it follows

for every 0 > 0 that

{IX > Y [+0} S X [>] Xy [ 40} S {| X = X, | +0}.
By the above inclusions we obtain

P(X[>[Y[+06) <P([X]| > [Xqp] +6) <P (X = X,| >0)

and using X,, = X and & > 0 is arbitrary, this shows P (IX]| > [Y|) = 0. Hence we
have shown that

X| < Y] as. (3)

To show relation (2) we introduce for notational convenience the random variables

Y, =X, — X. Now it follows for any given € > 0 that

E(|Ya]) = E( Yal Ly, mom) TE( Yol 1oy, jcomy) T E( Yol Ly, <o)

< E(] Yol Ly, jsomy) +2mP([ Yo [>€) + e

for any and m € N. Looking at the first term in relation (4) we observe by relation (3)

and our assumption that
Y, |<I X[+ ]X,[£2]Y |as.
Hence it follows that | Y., | 1iy,>2m} < 2| Y | 1{jy|>m} and this shows
E( Yo [ 1v,z2my) < 2E(1Y | Lgyizm)) (5)

for every n € N. Since E(| Y |) is finite one can now find some my € N satisfying

E(|Y | 1{jyjzmo} < 5 and this shows by relation (5) that

E(] Yo | Tyy,z2mey) < € (6)

for every n € N. Looking finally at the second term in relation (4) and using Y, 2o

one can find some ny € N such that for every n > nyq if holds that
2moP( | Y, |>¢€) <€ (7)
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for every n > ng. Combing the above two terms in relations (6) and (7) and substituting
this in relation (4) we have shown for every € > 0 that there exists some ngy such that

that for every n > ny it follows that E(|Y,, |) < 3e. This shows the desired result. O

We finally mention the continuity theorem without proof. For a proof the reader is

referred to [20])

Lemma 30 Continuity Theorem Forn € N let X,, be a random variable with pLSt
T

(i) If X, % X asn — 0o then limy,_yo M (s) =7x(s) fors>0

(11) If lim,, o m, (s) = 7 (s) for s > 0 with © a function that is (right-) continuous

at zero, then m is the pLSt of a random variable X and X, 4 X asn— oo
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