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ABSTRACT

Advanced sealing systems are needed to control parasitic leakage flows to achieve
high turbine engine efficiency and low emissions. Typical extreme turbomachinery
engine operating conditions when combined with rotor excursions do not lend simple
sealing solutions. This work presents an in-depth analysis of a novel robust yet simple
sealing system that is capable of maintaining long life under high speed and high
temperature operating conditions. The proposed seal design is actually a gas bearing
that is carefully tailored, analyzed, and designed to function as a differential pressure
seal. The design involves a simple rigid/semi-flexible seal ring that is attached to a
stationary support plate via flexible metal cloth structure. The seal body is capable of
moving under the effect of aecrodynamic lift force. Therefore, above a certain clearance
limit, which ensures that asperity contact is avoided, the seal follows shaft excursions to
avoid damaging hard rubs.

Applying established working principles for gas lubricated journal bearing,
governing Reynolds equation for compressible gas flow is solved using both finite
difference and finite element methods. The results of these analyses are validated with
other published work in literature. The calculated seal aerodynamic pressure profile is
integrated to obtain the lift force. This force is compared to the frictional drag and other
resistive forces that need to be overcome to move the seal with rotor during transients.
Four different seal designs with varying geometries are studied, and resulting lifting
forces are evaluated. It is verified that necessary lifting force for these designs can be
obtained without exceeding lower limits of seal clearance. Furthermore, to ensure
dynamic stability of the sealing system, natural frequency analyses are conducted.
Results from the analysis under typical operating conditions of a gas turbine indicated
that seal natural frequencies are well above rotor operating speeds. Finally, leakage
analysis of new seal system is performed. Comparison with brush seal leakage
performance rates under typical operating conditions reveals that the analyzed seal
designs show satisfactory leakage performances that are similar to those of brush seals.
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Denklemi
OZET

Gelismis sizdirmazlik sistemleri, yiiksek tiirbin verimliligine ulagsmak ve disari
olan sizintilar1 en aza indirmek igin istenmeyen kagak akislari kontrol etmek
zorundadirlar. En u¢ calisma kosullarinda, rotorun kararsiz hareketleri karsisinda,
turbomakinelerde sizdirmazlik sistemlerinin uygulanmasi basit olmayan c¢oziimler
gerektirir. Bu ¢alisma, yliksek hiz ve sicaklik kosullarinda, uzun siireli calisabilme
ozelligine sahip, dayanikli oldugu kadar basit, yeni bir kege sisteminin detayl: analizini
icermektedir. Ongoriilen kege dizaym esasinda, bilinen gazli yataklarm, farkli basing
ortamlar1 arasinda kullanilan kegeye uyarlanmis halidir ve kege bu sekilde analiz
edilmistir. Kece dizayni basit bir kati/yari-esnek halkanin sabit bir destek levhasina
esnek metal Orgii vasitastyla tutturulmasiyla olugsmustur. Kegce govdesi aerodinamik
kaldirma kuvvetinin etkisiyle hareket edebilme 6zelligine sahiptir. Bu sayede, ylizeyler
tizerindeki piiriizlerin birbirine degmedigini garantileyen belli bir saft-kece yiizeyi
aralig1 lizerinde, kece, kararsiz saft hareketlerini takip edebilecek ve hasar yaratabilecek
sert aginmalar1 Onleyebilecektir.

Bilinen gaz yagh saft yataginin ¢alisma prensipleri uygulanarak, sikistirilabilir gaz
akigint diizenleyen Reynolds denklemi sonlu farklar ve sonlu elemanlar metodlariyla
¢Ozililmiistiir. Bu metodlarla gergeklestirilen analiz sonuglari, literatiirdeki diger
calismalarde elde dilen sonuglarla karsilastirilmis ve sonuglarin birbiriyle uyumlu
oldugu goriilmiistiir. Elde edilen kege aerodinamik basing profilinin, kaldirma kuvvetini
hesaplamak i¢in integrali alinmistir. Elde edilen kaldirma kuvveti, siirtlinmeyle olusan
ve saftin kararsiz hareketleri karsisinda kegenin de hareket etmesine karsi koyabilecek
diger tiim kuvvetlerin toplamiyla karsilastirilmistir. Degisen geometrik sekilleriyle dort
farkli kece iizerinde c¢alisilmis ve bu keceler iizerinde olusan kaldirma kuvvetleri
hesaplanmistir. Bu c¢aligmalarda, yeterli kaldirma kuvvetinin, izin verilebilir en kii¢iik
kece acikliginmi ihlal etmeden elde edilebilecegi goriilmiistiir. Bununla birlikte, kegenin
dinamik olarak kararli yapida oldugunu gostermek i¢in dogal frekans analizi yapilmistir.
Analiz sonuglar, tipik bir gaz turbini ¢alisma kosullarinda, tasarlanan kegelerin dogal
frekanslarinin tiirbin rotorunun ¢alisma hizinin oldukga {istiinde oldugunu gostermistir.
Son olarak, kegeler iizerinde sizdirmazlik analizi yapilmistir. Elde edilen sizdirmazlik
performanslarinin, tipik c¢alisma kosullarinda, firca kegelerin  sizdirmazlik
performansina oldukga yakin ve basarili olduklar1 gézlenmistir.
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1 INTRODUCTION

1.1 Motivation

Gas turbines and other turbomachinery are comprised of different pressure zones
around high speed rotating components. Parasitic leakage flows have pronounced
impact on turbine engine efficiency and emissions. Advanced sealing systems are
developed to control and manage secondary flow circuit in turbine engines. Typical
sealing locations on a gas turbine include compressor discharge, bearing seals, turbine
inter-stage packings and the bucket tips [1]. An aircraft gas turbine engine may have
more than 50 sealing locations [2]. Cumulative effect of leakage on power consumption
and thrust can be significant. Owing to the scarcity in fossil fuel resources, engine
efficiency requirements become more demanding and seal designs are pushed to their
limits.

Main challenge in innovative design features is achieving tighter clearances
between stationary components and rotating shaft. Thermal transients in industrial
turbines, and rotor excursions during landing or maneuver loads in the aircraft engines
put limits on allowable seal-rotor radial clearance. Brush seals avoid clearance related
problems to some extent as they allow contact between bristle tips and rotor surface due
to flexible nature of bristles. However, bristle tip contact creates wear problems and
reduces seal life cycle. Besides wear problems, leakage through and under bristles
reduce leakage performance.

In order to achieve robustness against transient excursions and to keep the
clearances at minimum level, this work presents analysis of a novel seal design which is
held with flexible supports. The seal body, which is attached to the stationary shroud

support with a flexible metal cloth, has the capability of moving with the rotor in



response to the acting aerodynamic lift force. After a certain point, eccentricity between
shaft and seal body remains constant and leakage through the seal is stabilized. The
proposed novel seal design is actually a gas bearing that is carefully tailored, analyzed,
and designed to function as a differential pressure seal. Aerodynamic journal bearings
are commonly used in many daily life equipments such as car engine shaft bearings.
However, here are the main differences with the proposed seal design and a typical
journal bearing:
=  Working fluid in a typical journal bearing is oil whereas proposed seal
works with air or combustion gases. Therefore, compressible flow will
govern, as opposed to simpler incompressible lubrication theory.
= The proposed gas bearing will work against a considerable pressure
difference while common bearings work in a balanced pressure
environment at both ends.
= A typical bearing is fed/pressurized through supply holes embedded within
the journal itself. However, the proposed seal is fed through the gas
entering from high pressure side.

In this work, first a solution procedure has been established for the relations
governing the fluid film in gas lubricated journal bearings. The analysis is validated
with the previous gas bearing work in literature. Then analysis is applied to the
proposed seal design case. The calculated pressure profile is integrated to obtain the lift
force. This force is compared to the frictional drag and other resistive forces that need to
be overcome to move the seal with rotor during transients. A seal stability analysis is
also provided.

As stated earlier, dynamics of the designed seal is governed by lubrication theory
as that of well-known gas lubricated journal bearings. Therefore, it is essential to
understand governing parameters, properties and limiting conditions of gas lubricated
journal bearings in order to gain an insight into the working principle of the designed

seal.



1.2 Gas Lubricated Journal Bearings

1.2.1 Structure of Gas Lubricated Journal Bearings

Gas lubricated journal bearings are used as self-acting machine components to
carry radial loads in many industrial applications. Necessary lifting force in these
components is created by aerodynamic action of the journal (sleeve). Given that the load
carrying capacity of gas lubricated bearings are substantially low, the same journal,
which is utilized as a bearing in light load carrying applications, can be used as a sealing
component to prevent the parasitic leakages resulting from pressure differences. Gas
bearings and the proposed gas seal have the similar structure except that the seal will be
held in flexible supports and maintain pressure difference across. Without loss of
generality, gas film lubrication theory for journal bearings can be adopted to the
proposed novel gas seal design.

In a gas lubricated journal bearing, as the shaft starts to rotate from rest, a thin
layer of gas is pulled through because of viscous drag [3] and is compressed to a great
extent between the bearing surfaces (Figure 1.1). As a result, an adequate pressure force
is created to support the load without any external pumping agency. Figure 1.2

illustrates the typical design parameters for a journal bearing assembly.

Figure 1.1 Gas film formation [4]
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Figure 1.2 Plain journal bearing geometry [5]

Center of the journal is represented by o while o' is the center of the bearing.
Difference in radii of the journal and the bearing is called clearance and represented by
c. Note that journal and bearing are not concentric and the journal is moved around
bearing. Particular position of journal inside the bearing is determined by the
equilibrium of forces created by aerodynamic action. The direction of journal movement
is in the same way as the rotation. The distance between the centers of the journal and
the bearing is called eccentricity and represented by e. When journal touches bearing, e
is equal to c. On the other hand, if the rotor is very light and spinning very fast, journal
rotates almost in concentric position. At this point, e is very close to zero. In addition,
the ratio of eccentricity to clearance defines the eccentricity ratio such that;

e=elc (1.1)
For most bearings ¢/r is between 10™ and 10~ [5]. Based on this, variation of film
thickness can be approximated as
h=c(l1+ & cos(8)). (1.2)
Details of this derivation are presented in [6].
Note that minimum film thickness occurs at & =180" and is given as
h,, =c(l-¢) (1.3)
Another important design parameter for the journal bearing is the attitude angle.

Attitude angle represents the angle between the load axis and the lineo o', and is

displayed by ¢ .



1.2.2 Common Characteristics of Gas Lubricated Journal Bearings

Gases have unique properties which make them superior over liquids as lubricants.
One of the most interesting aspects of gases is their viscosity-temperature relationship.
Viscosity of gases increases with increasing temperature but is moderately affected by
local temperature changes. Therefore, at high temperatures, with the increasing
viscosity, load carrying capacity of gas lubricated bearings is increased. On the other
hand, viscosity of liquids is inversely proportional to the temperature and very sensitive
to local changes. Figure 1.3 demonstrates the viscosity of common gases as a function
of temperature. Air is located at the midrange of gases when the viscosity values are
considered. Viscosities of various gases for a broader range of temperature values are

tabulated in Table 1.1. These air viscosity data are used later for lift force analysis.
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Figure 1.3 Viscosity - Temperature Relationship of Common Gases [7]
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Table 1.1 Viscosity of Various Gases at 14.7 psia [6]

Another interesting aspect of gases is their viscosity-pressure relationship. Unlike

viscosity-temperature relationship, gas viscosity is insensitive to the pressure change.

This can be observed in Figure 1.4. Due to this low dependency on local temperature

and pressure change, viscosity of gases can be considered constant within the

lubricating film for the same ambient conditions.
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The main difference between gas lubricated journal bearings and an oil lubricated
journal bearing is that the lubricating fluid for gas lubricated journal bearing is
compressible. Since the lubricating film is gaseous, density of gas throughout the
lubricating film is related to the pressure variation on the bearing surface. Reynolds
equation for compressible fluids poses a difficult problem, and a closed-form solution is
obtainable for only few special simplified cases. On the other hand, governing equation
for liquid lubricating bearings is simpler to deal with as the density of liquid film is not
affected by pressure changes. The lubrication theory for gas films is explained in great
detail in the 3™ chapter.

A useful assumption on compressible Reynolds equation can be made consistent
with the surface speeds of rotating shaft. At low relative speeds, the gas-film density
remains nearly constant, so that the fluid film between the bearing surfaces behaves as if
incompressible. Thus, at low relative speeds, incompressible lubrication theory can be
adopted. However, at high speeds, the density of gas-film can change considerably, so
that gas-film properties differ substantially from those of similar liquid films [8]. For
such cases, nonlinear Reynolds equation governing the compressible gas flow must be
solved either by iterative methods or analytically based on a considerable linearization
work.

The main drawback for gas-lubricated journal bearings is their low load carrying
capacity resulting from substantially low viscosity of gases. Viscosity of air is on the
order of 1/1000 of that of liquid lubricants at ambient temperature. Therefore, film
thickness, pressures, and load capacities of gas bearings are reduced in great extent
when compared with a liquid lubricated bearing. Bhushan [5] reports that the pressures
in self acting gas bearings are typically 0.1 MPa, whereas these are on the order of 100
MPa in liquid film bearings. Although this is a significant disadvantage for bearing
applications, for seal designers, load carrying capacity is not the primary concern.
However, for the proposed flexible and compliant seal structure, a lift force is necessary
to avoid the contact between the seal surface and rotating shaft. Required lifting force is
very low in most cases when compared to bearing applications. If seal is properly
designed, necessary lift forces can be produced by the aerodynamic action of gas film.

To sum up, significant advantages of gas-lubricated bearings can be grouped as

follows [4-6], [8], [9]:



1. Viscous resistance of gas film is relatively low.
2. The lubricant is clean and does not contaminate surfaces as in the case of oil.
3. The gaseous lubricant is chemically stable for extremely low and extremely high
temperatures and does not break down from cavitations.
4. Viscosity of gaseous lubricant is increasing with temperature so that the heating
effect tends to increase the restoring force to overcome the overload.
5. The danger of fire is almost none.
6. Because of no fire hazard, gas lubricated journal bearings are more suitable for high
speed applications and more noise-free when compared with rolling-contact bearing.
7. Gas lubricated journal bearings do not require cooling operations.

On the other hand, some former studies indicate the following weaknesses of gas-
lubricated journal bearings:
1. Load carrying capacity of a gas-lubricated journal bearing is many times less than
that of oil-lubricated journal bearing which has the same size.
2. Coefficient of friction of dry contact is higher than that in oil-lubricated journal
bearing. Therefore, the gas lubricated journal bearing must have an extremely fine
surface finish and must be properly aligned.
3. The viscosity of gaseous lubricant is nearly 1000 times less than that of oil lubricant.
Therefore, the separation of contacting surfaces requires speeds which are 1000 times

higher than that of oil-lubricated bearings.

1.2.3 Limiting Conditions for Gas Lubricated Journal Bearings

Although gas-lubricated journal bearings operate according to aerodynamic
lubrication theory, all self-acting gas bearings have physical contact at start-stop
conditions. In that interval, a self-acting gas journal bearing is in the boundary
lubrication regime. Even if the surfaces are coated with a boundary lubricant, the
coefficient of friction is expected to be at least three times larger than that between oil-
lubricated metal surfaces. Consequently, a gas bearing is more vulnerable to wear
damage than an oil-lubricated bearing [9]. For this reason, shaft-bearing assembly and
machining of bearing surfaces are vital processes for a gas-lubricated bearing to

function properly.



The lowest permissible limit of film thickness is a very controversial issue.

“Smallest acceptable film thickness depends on the degree of finish of the
sliding surfaces, on the elastic rigidity of the journal and bearing surfaces, on the
maximum expected thermal distortion of the clearance space due to thermal
gradients, and finally on the expected size of any contaminating particles that may
find their way into the lubricant stream and attempt to pass through the clearance
space and through the minimum film thickness” [4].

Karelitz [10] suggests that the lowest practical limit for fluid film lubrication should be
approximately (0.00005 in.) 1 um. In his test apparatus, the bearing block and the shaft
are placed in contact initially. Then, the shaft is started to rotate and a rapid wearing
away of bearing block is observed. When the wear stops, the clearance between the
bearing surface and the journal is measured. Measured values of minimum films
thickness are identified as 0.000058 in. and 0.000059 in. for two different load
conditions respectively. Karelitz also observes the actual height of the asperities near
the rubbed surface. The distance from peak to valley of the surface roughness is on the
same order of magnitude as the estimated value of minimum film thickness. Not only
Karelitz but also McKee [11] and Stanton [12] observe the minimum film thickness,
and the results are around the same order of magnitude. On the other hand, specifically
for the gas lubricated bearings, Gross [8] states that bearing surfaces may have to be flat
to 5 pin. and have less than 1 pin. rms surface roughness. He proposes that the bearings
should be manufactured from hardened tool steel with surfaces finished optically
smooth so that the surface roughness is no greater than 5 pin. rms. Although they are
finely finished, Fuller [4] emphasizes that the practical minimum fluid film thickness
should not be less than 1 um. For gas film bearings, the clearances are less than that of
liquid lubricated bearings since the friction force is much lower and the contamination
of the dirt particles is rare. Considering the very low film thickness in gas-lubricated
journal bearings, it is crucial to remove all natural frequencies of the bearing from
operating frequencies.

As stated before, in gas-lubricated bearings, the density change as a function of
pressure can not be neglected in the solution of governing equation. On the other hand,
viscosity of gases varies very little with pressure and can be assumed constant.
Similarly, the temperature in between the gas film can be regarded as constant although
the viscous heating can cause local temperature rise. However, for oil-lubricated
bearings, temperature rise is a significant factor that affects the viscosity of the oil film.

Thus, when compared with oil-lubricated bearings, we can state that the complexity of



nonlinear governing equation of compressible gas flow is a bit reduced by constant
viscosity assumption. Analytical solution of the governing equation is obtainable only
for very special cases such as one dimensional steady state flow. Therefore, numerical

solution techniques are commonly used to obtain results for the finite bearing cases.

1.3 Problem Statement

Evolution of innovative design features for gas path sealing applications is parallel
to the reduction of effective leakage clearance. Value of this clearance is strictly related
to the operating conditions of the environment. In a typical gas turbine, increasing
temperature and centrifugal forces can change the diameter and position of the shaft
considerably. Therefore, most shaft seals are mounted with relatively high clearances to
avoid a possible contact between seal and shaft. Labyrinth seals are of the typical
examples and have higher leakage rates compared to their competitors, brush seals.
Brush seals are breakthrough in sealing applications as their structure allows contact
with the bristle tip and rotor surface due to flexible nature of the bristles. In return,
leakage rates are reduced considerably. However, complex pressure-stiffness coupling
and bristle rotor contact introduces problems associated with the brush seal technology
that limit their use at some specific locations and environments. Among the reported
problems, accelerated wear between rotor and bristles during transients, bristles
remaining hang-open by inter-bristle friction after rotor excursions, high heat generation
at rubbing interface during wear-in period, and wires being susceptible to high cycle
fatigue are major concerns [13].

Up to now, for most compliant seal structures in literature, a physical contact and
wear of materials are inevitable and the seal is deteriorated. Thus, in an attempt to
provide an alternate solution, this work proposes a novel gas seal concept coupled with
a flexible metal cloth structure. Metal cloth structure enables relatively rigid seal body
to move freely during excursions with aerodynamic lift force. To understand the
dynamics of designed seal, gas-lubrication laminar flow theory is revisited and
compressible Reynolds equation is solved for general finite bearing cases using finite

difference (FD) and finite element approach (FEA). Developed algorithms for both
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approaches are validated with published results for finite bearings. Then, with the
proper boundary conditions, compressible Reynolds equation is adopted to the proposed
seal, and lifting force is evaluated. Leakage performances of the seal are analyzed
theoretically under steady conditions, and flow rates are compared with other seal
designs. A natural frequency analysis is also conducted to make sure that the seal is

functioning properly in the mechanically stable region.

1.4 Literature Survey

Literature on this work can be studied under two main groups, background on
sealing applications and solution methods for compressible Reynolds equation.
Although there are various seal types available, labyrinth and brush seals are the most
commonly used designs for turbomachinery sealing applications. Labyrinth with sharp
edge teeth design is the traditional and most commonly used configuration to prevent
leakage flows resulting from pressure differences around rotating shafts. Its mechanical
simplicity makes it attractive for various sealing locations. The effectiveness of
labyrinth seals depends on the magnitude of radial clearance, the number of fingers, and
their configuration. Fabrication technology, excursion of the rotor in transient
conditions, bearing dampers and heating effect on the seal determines the value of radial
clearance [14]. Labyrinth seals are effective when radial clearances are small. However,
it loses performance with wear of rubbing surfaces and at large clearances that are
dictated by transient thermal conditions [2]. Because of high labyrinth leakage, there is
a tendency in gas path sealing applications to use brush seals for which the radial
clearance is not a limiting condition due to the flexible structure of bristles.

The invention of brush seal has become a breakthrough in sealing industry. The
compliance of individual bristles gives brush seals the superiority over a labyrinth seal
[15]. Ferguson [16] reports that leakage improvements an order of magnitude over
labyrinth seals are possible in the brush seal applications. Similarly, Carlile [17], and
Chupp [18] present experimental leakage data for brush seals illustrating the increase in
leakage performance compared to annular and labyrinth seals. Parallel to the leakage

improvements, there is also increase in thrust of gas turbine engine equipped with brush
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seals. On the other hand, tests at Allison Gas Turbine Division show that the tolerance
of brush seals to dynamic excursions is also superior [19]. Heat generated in rubbing
contact of dynamic excursions is considerably less than that in labyrinth seal. For
industrial gas turbines, performance improvements in power and heat rate are reported
[1].

Contrary to the advantages, there are also reported problems for brush seal
applications. When coupled with frictional effects, loads created by the leakage flow
and pressure difference become the main sources for the challenges encountered in
application of brush seals [15]. Bristle stiffening, hysteresis and pressure closure are the
three main phenomena which affect the clearance and wear rates of the brush seal
materials [15], [20]. Basu [21], Hendricks [22], and Short [23] developed new brush
seal designs that are capable of reducing these effects. However, test results showed that
these innovative brush seal designs still exhibit substantial hysteresis and pressure
closure [24]. In addition, Aksit [15] states that frequent excursions may still limit the
brush seal life and performance even though superior design features are developed.
Therefore, large industrial turbines, which experience bristle-rotor interference only
during start up or shut down, are more suitable for brush seal applications than aircraft
engines that face much more frequent excursions. Thus, the reliability issues of brush
seals for aircraft engines still remain important.

On the gas bearings side, a recent advancement in bearing technology took place
when foil bearings came into the picture. Excessive radial movement of shaft can be
overcome by the flexible structure of foil bearings. Owing to the flexible structure and
damping capability of top foil and bump foil, a foil bearing can operate in reliable
conditions even if both the rotational speeds and the operating temperatures are very
high. A review of foil bearing technology, [25] reveals that foil bearings can even
operate at clearances which are less than 0.0005 inch for a 2 inch diameter shaft running
at 36000 rpm. Whirl instability and misalignment problems are also resolved by foil
bearings. By the aerodynamic action of the rotating shaft, a gas film is formed and the
top foil is expanded. The clearance for the foil bearing applications is defined by the
magnitude of preload between the top foil and the journal at the mounting period. Radil
et al. [26] investigate the effect of clearance on the performance and load capacity of
foil bearings. Likewise, Dellacorte and Valco [27] have investigated the load carrying
capacity of foil bearings in a wide temperature range, including very high temperatures.

One of the main advantages of foil bearings over brush seals occurs in the area of
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coating. The foil structure contacting with the journal at the startup is more suitable for
coating even if the operating temperatures are substantially high. Dellacorte et al. [28]
evaluate the performance and durability of foil bearings under a wide range of loads at
temperatures from 25°C to 650°C. Owing to the above mentioned advantages, foil
bearings are finding increasing use in high speed engine applications. However, high
manufacturing and maintenance costs of foil bearings limit the application areas. The
assembly of foil and housing structures require a precise machining and a well defined
production process. It is an apparent necessity for the turbo machinery industry to
develop a foil like structure that shows the similar damping and stiffness characteristics
but simpler in design and easier to manufacture.

Flexibility in sealing components has been extended with the introduction of metal
cloth structure into sealing applications. It is a challenging issue for turbomachinery seal
designers to maintain flexibility with extended service life in high-temperature, high-
pressure sealing applications. Integration of flexible metal cloth to the sealing
applications provides a means to tolerate thermal misalignments and shows the promise
to extend the service life at high temperatures [29]. Metal cloth seals are utilized in
various applications in industrial gas and steam turbines [30], [31]. Application areas
are generally the junctions between stationary components where the vibratory motion,
thermal growth and misalignment are possible to occur. Up to now, the application of
metal cloth seals remains limited between stationary components. In this study, a design
of seal ring coupled with flexible metal cloth is developed to provide dynamic sealing
around rotating shafts. Unlike the traditional dynamic seal designs, new seal has the
capability of moving freely under the action of aerodynamic lift force.

As stated earlier, dynamics of gas film around the proposed seal is governed by
the compressible Reynolds equation. A complete analytical solution to the governing
equation set is unobtainable. However, some semi-analytical solution procedures are
available for gas bearings in literature [32], [33]. These analytical procedures are limited
to some specific ranges of eccentricity ratios. Fully numerical solutions to the
compressible Reynolds equation are widespread in literature [34], [8], [35]. Application
areas of these solutions are limited by either very high or very low compressibility
numbers. Raimondi [36] presents the most comprehensive numerical solution for gas
journal bearings as the results are applicable for a large set of compressibility numbers
and eccentricity ratios. However, the precision of his results are limited by mesh/grid

size since digital computers had low performance during mid 20" century. Largest
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mesh/grid size presented in Raimondi’s study is 40x32. In this study, solution to the
governing Reynolds equation has been obtained for mesh/grid sizes extending to
500x600. However, there is no major change in the results as the mesh/grid size
increases. It is a common procedure in literature to demonstrate the obtained results in
non-dimensional design charts with respect to the value of compressibility number [4],
[6]. The results are published for comparison purposes at certain length-to-diameter
ratios which are varying between 'z, and 2. There is no published numerical code in the
literature. Solution of the pressure distributions for bearing designs having length-to-
diameter ratios different than the published plots requires interpolation to the nearest
available result or developing a numerical code applicable to all design combinations. In
this study, a special numerical code is developed, therefore, the compressible Reynolds
equation can be solved for any bearing design. However, there are still limitations to the
application of numerical solution procedure. Effective implementation of numerical
procedure is parallel to finding the appropriate mesh/grid size. When length-to-diameter
ratio B/D, eccentricity ratio €, and compressibility number A are increased above a
certain point, required mesh/grid size to converge a solution increases exponentially.
For excessively high values of stated parameters, setting the appropriate mesh/grid size
in finite difference approach requires a considerable effort. However, for a typical gas
turbine seal, these parameters are not excessively high and solution to the governing
Reynolds equation is obtained without so much computational effort. These parameters
are presented in chapter 5. On the other hand, finite element code generated by
commercial software COMSOL Multiphysics is capable of converging a solution even
if values of mentioned parameters are fairly high. Therefore, for special design cases
having extremely high B/D, &, and A, finite element code generated by COMSOL
Multiphysics can be used effectively.

There are also other solution procedures for the gas-lubricated plain journal
bearing such as the interior collocation method presented by Arakere and Nelson [37].
Recently, Belforte et al. [38], [39] have put extensive effort to analyze the static and
dynamic characteristics of self-acting gas bearings with rotating shafts by developing
mathematical models to derive analytical relations and transfer functions for gas-film
coefficients. Since metal cloth structure is highly flexible compared to rotor shaft, in
this work, dynamic stability of designed seal is investigated by assuming that rotating

shaft is totally rigid.
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Literature survey demonstrates that the major problem in sealing applications is
wear of materials on contacting surfaces. Traditional seal designs, such as brush seal,
reduce wear related problems to some extend but an increase in leakage rate is observed
as operating time increases. The aim of this study is to avoid shaft-seal contact in a
typical gas turbine except start-stop conditions, and to stabilize the leakage flow around
acceptable ranges. The idea to pursue this goal is to develop a gas seal coupled with
metal cloth which can move freely during shaft excursions under the effect of
aerodynamic lift force. Proposed design is similar to typical aecrodynamic gas journal
bearing except that it is held with flexible supports. Designed seal is explained in detail
in chapter 2. Governing theory of compressible gas flow and its application on the

designed seal are investigated in the succeeding chapters.
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2 FLEXIBLE GAS SEAL DESIGN

Most annular seals, including labyrinth and brush seals, are mounted rigidly.
Turbine parts expand and distort under thermal and pressure loads during operation at
high temperatures and pressures. These deformations are predominantly in the form of
relative thermal growth in industrial gas turbines, although shaft deflection due to heavy
rotor weight is also present. In aircraft engines, limiting shaft deflections occur due to g-
forces caused by maneuver loads or bad landing instances in addition to thermal
distortions. Common engineering practice is to calculate/estimate possible rotor
excursions in operation, and provide a preset rotor-seal clearance to accommodate worst
case conditions. Eccentric rotor-seal operation has to be endured. In such situations,
radial distance between the rotor and the annular seals can be very close. If the
mounting clearance between the seal and the shaft is not sufficient to prevent physical
contact, severe damage may occur leading to eventual engine failure. Therefore,
mounting clearance between rigid labyrinth seals and rotor is left relatively high to
avoid or limit so-called “hard rubs” during worst case conditions. When the eccentric
rotation of the shaft coupled with this predefined annular gap is taken into account, the
amount of leakage flow for labyrinth seals can be an order of magnitude higher
compared to that of brush seals.

On the other hand, brush seals have flexible bristles that can be allowed contact
with rotor during excursions. When dynamic rotor excursions occur, bristles can take
relative position with respect to the rotor and reduce the actual gap. Therefore, for brush
seal, leakage rates show stable characteristics for a range of clearances. However,
accelerated wear between rotor and bristles during transient excursions poses a
challenging problem for brush seal applications which limits the life-cycle. Pressure
closure may accelerate seal wear while other issues such as bristle stiffening and
hysteresis may limit seal leakage performance. It is also reported that brush seal

performance may degrade at high differential pressures due to the fact that bristles bend
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under back plate and actual clearance increases. In addition, cost of brush seals increase
drastically as seal size increases while careful handling is required due to delicate nature
of bristles.

The presented seal design provides a low cost, simple, easy to manufacture and
robust alternative that will provide similar leakage performance as brush seals with
higher pressure and temperature capability. As illustrated in Figure 2.8 the seal design
involves a seal ring that is coupled with a flexible metal cloth to provide the ring the
capability of following the rotor in all radial directions. The ring will be semi-flexible in
radial direction while being infinitely rigid in axial direction for high pressure load
capability. Flexible shroud attachment will allow aerodynamic lift force to push seal
ring around avoiding rotor contact except for start-stop conditions. This will allow

extended seal life without performance degradation.

2.1 Structure and Properties of Metal Cloth

The proposed seal design is based on coupling a semi-flexible seal ring with a
flexible metal cloth attachment. Therefore, the whole seal structure has many degrees of
freedom. A cropped view of the metal cloth clamped on the seal ring and on the shroud
wall is illustrated in Figure 2.1. Metal cloth is originally a woven wire mesh. Wire mesh
can be manufactured from any metal/alloy that can be drawn into wire form. Most
commonly used materials for the weaving of wire cloth are steel, stainless steel, copper
alloys, aluminum alloys and nickel alloys. Each of these materials is classified into sub-
groups according to the percentage of the additives included. Chromium and nickel
additives in the stainless steel make it resistant to corrosion and strong at high
temperatures. Stainless steel is also resistant to the oxidation at high temperatures. Since
the operating temperatures are extremely high, around 550°C (1000°F), in turbo
machinery, stainless steel or Nickel/Cobalt super alloy wires are more favorable due to

their superior performance against oxidation and corrosion.
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Figure 2.1 Cropped View of the Seal Ring — Metal Cloth Assembly

Wire cloth is also classified based on weave type, wire diameter and mesh number
per linear inch. Plain weave, plain Dutch weave, twilled weave and twilled Dutch weave
are some common weave types. Figure 2.2 illustrates the structure of plain Dutch weave
for two different mesh sizes. In a plain weave structure, each shute wire passes over one
warp wire and under the adjacent warp wire, that is one over and one under. Wires are
crimped in the weaving operation. Plain Dutch weave is similar to regular plain weave
except that warp wires are larger than shute wires. This construction allows shute wires
to be spaced more closely to provide a higher density weave with wedge shape
openings. Figure 2.3 explains plain Dutch weave terminology and demonstrates this

weaving style in detail.

Figure 2.2 Plain Dutch Weave

Besides the weaving style, mesh number per linear inch is also an important
parameter to define the wire cloth characteristics. Since the diameters of warp and shute

wires are different, it is a common procedure for Dutch weaves to express mesh number
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along the width and the length separately. Mesh number can increase up to 80x700 in a
plain Dutch weave. It should be also noted that increase in the number of wire mesh

generally results in the reduction of wire diameter.

Figure 2.3 Plain Dutch Weave Terminology

2.2 Test Results of Plain Dutch Weave

In search of a proper metal cloth for the new seal design, a market research has
been conducted to identify domestically available stainless cloth weaves. Three plain
Dutch weaves which have different in mesh numbers per linear inch were selected as
candidates for the cloth structure to connect the seal ring to the stationary shroud wall as
in Figure 2.1. Wire mesh numbers for these cloths are 24x110, 30x150 and 50x250.
Samples of these three wire meshes were prepared and subjected to tensile test to
determine stiffness values for each weave. The purpose of this tensile test is to get an
insight about the flexibility of the metal cloth in the seal assembly illustrated in Figure
2.8. The collected metal cloth pieces were cut into samples in such a way that wrap and
shute wires are diagonally oriented, i.e. 45° with respect to the pulling direction. When a
force applied on a cloth weave in diagonal orientation, it causes mesh to distort before
pulling on wrap or shute wires, thereby reducing the stiffness. Therefore, diagonal use
of metal cloth weave is preferred in applications. Deformation of the samples after the

tensile test is demonstrated in Figure 2.4.
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Figure 2.4 Deformed metal cloth samples after tensile tests

Force-deformation results obtained from the tensile test are illustrated in Figures
2.5,2.6 and 2.7. Red and green curves on each graph stand for the two different samples
of the same cloth mesh. Two samples of each cloth type were subjected to tensile test,
and an average of the elastic modulus results is taken. Elastic modulus values are
illustrated in Table 2.1. It is observed that the elastic modulus at the beginning of the
tensile test is lower than the elastic modulus obtained when the elongation is about 8-
10% of the original length. It is also observed that the elastic modulus of the metal cloth
is on the order of 100 MPa while the elastic moduli of common steel alloys are around
200 GPa. The results draw attention to the fact that metal cloth is very flexible and
would produce very small resisting force against the aerodynamic lift action of the fluid
film. Due to frictional wire mesh interactions, metal cloth weave is expected to keep
the overall system mechanically stable as it has a good damping property. Natural

frequency analysis of the seal design is carried out in Chapter 5.
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Figure 2.7 Stress-strain curve for 24x110 wire mesh
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Elastic Modulus | Elastic Modulus
F(2.1%) | F (3%) F (8%) F (10%) (2.1% - 3%) (8% - 10%)
MPa MPa MPa MPa MPa MPa
W1 50x250 3,39 5,61 21,03 27,22 222,29 309,5
% 30x150 1,35 2,46 12,17 16,75 123,37 229
5) 24x110 2,96 4,04 13,03 17,76 120,37 236,5

Table 2.1 Tensile test results of metal cloth samples

Table 2.1 illustrates that the cloth sample with 50x250 wire meshes has the highest
elastic modulus. However, cloth thickness of the same sample is around 0.3 mm. Cloth
seals manufactured from thin wires are more vulnerable to oxidation at high
temperatures. The other two cloth samples have similar values of elastic modulus. Their
thickness values are 0.5 mm. and 0.71 mm. respectively for 30x150 and 24x110 wire
mesh sizes. Taking into account that the oxidation rates are increased at high
temperatures, 24x110 wire mesh will be more durable against oxidative wear due to its

larger wire size. Thus, 24x110 wire mesh is selected as the metal cloth for our gas seal

assembly.

2.3 Structure of Shaft-Seal Assembly Coupled with Cloth Metal

The proposed seal is meant for applications where pressure zones are present
around rotating bodies. Figure 2.8 demonstrates the shaft-seal assembly mounted on a
stationary wall representing a shroud feature that acts as a barrier between high and low
pressure cavities. The seal ring is located at the high pressure side of the stationary

support. Cross section of the seal assembly without a shaft can be seen in Figure 2.9.
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Figure 2.8 Trimetric view of shaft-seal assembly

Figure 2.9 Trimetric view of the seal cross section

Mounting clearance between the shaft and the seal ring is around 50 um. Since the
ratio of the clearance to the shaft diameter is on the order of 0.001, this clearance can
not be noticed from the figures. In fact, a clearance does exist and an aerodynamic force

is developed by the relative motion of the rotating surfaces. A detailed cross sectional
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view of the shaft-seal assembly can be seen in Figure 2.10. Metal cloth layer connects
the seal ring to the backing plate as illustrated in this figure. There is no direct coupling
between the seal ring and the backing plate. When both sides of the seal are exposed to
the same ambient pressure, there is no axial force acting on the seal ring assembly
which can move freely in response to the dynamic movement of the rotor. When a
differential pressure load is applied, seal ring is axially loaded against the backing plate
as illustrated in Figure 2.10. In this case, the movement of the seal ring is resisted by the
friction force between the seal ring and the backing plate. If the aerodynamic force
acting on the seal ring is equal or higher than this frictional resistance, seal ring can
move with rotor in the radial direction and possible rotor damage can be avoided. This
force balance is analyzed in detail later in Chapter 5. Eccentricity ratio of the shaft to
create the required lift force to push the seal in the direction of motion is evaluated.
Calculations for seal ring axial width to satisfy minimum film thickness requirements

are presented.

Figure 2.10 Side view of the shaft-seal assembly

For a typical shaft diameter of 5.1 in., i.e. 13 cm, a technical sketch of the seal
assembly is presented in Figure 2.11. Although the width of the seal ring is represented
as 3 cm, it can vary depending on the shaft size and operating conditions. Thickness of
the seal ring is 3 mm. Metal cloth is modeled as a solid structure, and the cloth thickness
is equal to 0.71 mm. Mounting clearance between the shaft and the backing plate is 2
mm. However, these values are for a sample case, and can change according to
application limitations. Application limitations are dependent on temperature, pressure

and free place around the shaft.
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Figure 2.11 Technical sketch for a sample seal
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3 ANALYSIS OF AERODYNAMIC LIFT PRESSURE DISTRIBUTION

There are common solution procedures for the pressure distribution of oil
lubricated journal bearings in the literature. Closed form analytic solutions are
obtainable for short-bearing and long-bearing assumptions when the sealing medium is
oil. If length-to-diameter ratio of oil bearings is less than 'z, short bearing assumption is
applicable to solve the governing equation. Similarly, if length-to-diameter ratio is
higher than 2, long bearing assumption is valid. By applying one of these assumptions,
the governing equation is put into a reduced form that gives way to a closed form
analytical solution for the oil lubrication problem. For the oil lubricated finite journal
bearings, where length-to-diameter ratio is between %2 and 2, analytical solutions to the
governing Reynolds equation are not normally available, and numerical methods are
required [40]. Governing equation for finite journal bearings is often solved by using a
relaxation method. The key point in relaxation methods is to replace the derivatives in
Reynolds equation by finite difference approximations. Raimondi and Boyd [41]
present solution procedures for oil lubricated finite journal bearings. They illustrate
various performance charts for different length-to-diameter ratios. For the finite journal
bearing, the results of performance parameters such as load capacity, attitude angle and
friction force are presented as a function of operating parameters.

Governing equation for oil lubricated bearings assumes the use of incompressible
fluids. However, in gas lubricated bearings, the lubricant is compressible. This leads to
a modified nonlinear Reynolds equation for the gas lubricated journal bearings.
Analytical solutions to the modified Reynolds equation for gas lubricated journal
bearings exist only for extremely low and high surface speeds assuming no side flow
[6]. Approximate analytical solutions to the full Reynolds equation of gas lubricated
journal bearings are also available in the literature. Linearization of nonlinear terms is
common procedure in these works. Ausman [32] uses a perturbation approach to solve

the nonlinear Reynolds equation. Another approach to solve the nonlinear Reynolds
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equation analytically is the linearized ph approach [33]. However, both of these
approaches are limited in the sense that the results are in good agreement only for
specific ranges of eccentricity ratios. Numerical approaches are required to get a
complete solution of the nonlinear Reynolds equation for gas lubricated journal

bearings.

3.1 Derivation of Reynolds Equation for Gas Lubricated Journal Bearings

3.1.1 Solution to Continuity and Navier-Stokes Equations

Nonlinear partial differential elliptic equations for gas lubricated journal bearings
are originated from continuity and Navier-Stokes equations of compressible Newtonian
fluids. The velocity gradient in Newtonian fluids is linearly related to the shearing
stress. Almost all lubricating fluids are Newtonian.

Continuity and Navier-Stokes equations for compressible Newtonian fluids are

expressed in vector form as:

P v.(pV)=
—HV(pV) =0 3.1)

p(%—\;+V-VV]=—VP+yV2V+F+(y+yb)V(V-V) (3.2)

where pand ¢, stand for dynamic viscosity and bulk viscosity respectively and F
represents body forces. Mass density is p, absolute pressure is P, time is ¢, and velocity
isV =iu+ jv+kw. Last term on the right hand side of equation (3.2) is an addition for
compressible fluids to the Navier Stokes equation of incompressible flow (3.3):

p(%—\;+V-VV]:—VP+,uV2V+F (3.3)
Stokes makes an idealization for compressible fluids and assumes that pressure is
independent of dilation. As a consequence, a relation between dynamic viscosity and

bulk viscosity can be stated as follows:

2u+3u,=0 (3.4)
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Based on this relation and neglecting the body forces, which are negligible in a
lubricating film, the equations (3.1) and (3.2) can be written explicitly for 3 spatial
dimensions as follows:

op 8 o o
—— 4+ +— +— =0 3.5
= o (pu) & (pv) % (pw) (3.5)

ou Ou Ou ou oP 20 ou [(Ou Ov ow
pl—tu—+v—+w— |=——+—— Y| 3——| —F+—+—
ot ox Oy oz ox 30x ox \Ox 0Oy 0Oz

(3.6)
0 ou Ov 0 (8w 6uj
+— Ul —+— | |[+—| y| —+—
8)[ [ay 8xﬂ 82{ ox 0Oz
ov ov ov ov oP 20 ov (Ou oOv ow
pl —+u—+v—+w— |=——+=— y| 3— | —+—+—
o ox Oy oz oy 30y oy \(ox 0oy 0Oz 3.7)
o[ (ov owY] o[ (ou ov '
+— |y —+— | |+—| | —+—
0z 0z Oy ox oy Ox
ow ow ow ow) oOP 20 ow (ou v ow)]
pl—+tu—+v—+w—|=——+——3 Y| 3——| —+—+—
ot ox Oy 0z 0z 30z oz \dx oy 0z )] (35)

0 (8w 8uj 0 ov ow
t—| | —+— | |[+=| py| —+—
ox ox Oz oy 0z Oy

Considering that ideal gas law holds for the lubricating gas film, density of gas
can be expressed in terms of film pressure as follows:

PV=NRT—>PV=(M/MG)RT—>,0=%=P(M“) (3.9)

RT

M, V and N are related to the quantity of the gas. However, for a specific gas in a
steady environment, M,, R, and T are independent of gas quantity and can be taken as
constant. Therefore, for a specific gas, such as air, a direct relationship between the
density and the pressure can be defined. This relation reduces the number of unknowns
in momentum equations to four, which are P, u, v and w. As a result, we have four
equations, including the continuity equation, and four unknowns, and therefore the
problem is well posed in mathematical terms. Although the problem is well posed,
nonlinear, second order, partial differential structure of Navier-Stokes equations makes
it very difficult to get exact solutions except in a few special instances. A series of

simplifications to these Navier-Stokes equations must be performed to solve the gas
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film lubrication problem. Simplification of the equations requires order of magnitude
analysis on the variables.

In order to start the order of magnitude analysis, we must first note that the
vertical component of the velocity, w, is very small when compared with the horizontal
components, u, and v. The ratio w/u has the same magnitude as the inclination between
the bearing surfaces. Due to the fact that there is a slight inclination between the bearing
surfaces, vertical component of the velocity is expected to be very low and can be
ignored from the equations. After removing the terms related to w from the equations
(3.6), (3.7) and (3.8), these equations can be written in a more compact and simple form

as

(au ou 8u] OP [1 o>v 40u du du
o, +v + u

-— — +— + + 3.10
ox 3oxdy 30x° 0y 822] (3-10)

ov ov 0Ov oP 1 0°u 40y v 0
pl—+u—+v— |=——+u| - to St 5t (3.11)
o ox oy oy 3oxoy 30y oOx° Oz
2 2
0=, Lfou oV (3.12)
0z 3\ Ox0z 0Oyoz

For a typical finite journal bearing, the dimensions of bearing geometry can be
scaled as follows

L, B>>h (3.13)

where L is the circumferential length and B is the width/axial length of bearing.

A scaling between L and B for a journal bearing is not obvious because of the
fact that infinitely many design combinations can be created varying L and B values.
However, for a finite journal bearing, these two variables are almost in the same order
of magnitude. An order of magnitude difference between L and B does not create a
dilemma for the simplification of the momentum equations because of the fact the
determining factor for the order of magnitude test is the ratio of fluid film gap distance,
h, to the other variables. Magnitude of fluid film gap, 4, is extremely small with respect
to other dimension variables. Typical scale factors of 4 with respect to other variables
are
%~104,%~10‘3 (3.14)
If we apply order of magnitude analysis on the second order partial differential

operators, following scaling relations are obtained.
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o° 1

Py (3.15)
2
% ~% (3.16)
o0 1
2
o L (3.18)
oxoy LB
Order of magnitude test indicates that
2 2 2 2
o° o0 0 0 (3.19)

2° 4 27 <3
ox” 0y~ Ox0y Oz

0’u 0'u O*u 0*v d*v v

So the terms, —,—, W EPNE
Ox”~ 0Oy° OxOy Ox° 0Oy° 0OxOy

in the equations (3.10) and (3.11) are

2 2

. 0
very small with respect to P anda—‘; , and can be neglected.
z Z

0

0 0

T T
3.20
ou Ou Ou OP 10 40u ou ou (320)
ol —+u—+v— |=——+pu| - ot +—
ot ox Oy ox 30x0y 30x Oy 0Oz
0 0 0
T T
3.21
ov. ov  Ov oP 1 0°'u 40v ov v ( )
pl —+u—+v—|=——+u| - t—— St —
o ox oy oy 3oxoy 30y oOx° Oz

However, orders of magnitudes of the differential terms,

2 2

\% . .
and——, in equation
0y0z

Ox0z

(3.12) are comparable so that none of the terms are removed from the equation. Thus,

the momentum equations reduce to

ou ou ou oP ou
L L 3.22
p[@t “ox vayj o Mo (.22)
2
P (AL L T s (3.23)
o oOx Oy oy 0z
2 2
0=_9P,  Lfou oV (3.24)
0z 3\ Ox0z 0Oyoz
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The equations above can be expressed in non-dimensional form by normalizing
film velocities with respect to surface velocities along the corresponding directions,

distances with respect to corresponding bearing dimensions, pressure with respect to

UL . .
y7 and time with respect to L/U such that;

u~U — u*=l and u =Uu
U
V~UE - v*=1-£ andv=@v*
L U B L
=2 5 x=Lx
L
* y *
y B Yy =Dy
N P UL _.
e
f=—— — t=—t
L/U U

Applying the normalization factors to Equations 3.22 to 3.24 the following

equations in non-dimensional form are obtained:

2 * * * * 2"
pu_[au oo }:ﬂ%(ﬁiﬁ“ j (3.25)

* + * * *
L \ ot ox oy ox’ oz

UB(ov'  .ov .oV UL oP°  UB 0V
P 2 —tu TtV x |TH 2 —tu 2 ) (326)
L \ ot ox oy h”B Oy hL Oz
* 2 % 2 *
0o U_3L@P* +l,u£ 8*u . a*v * (3.27)
h> 0z 3" Lh\ox0z oOyoz

In the final form above, the coefficients are still dimensional. To get rid of these

dimensional terms, equations (3.25), (3.26) and (3.27) are divided respectively

L . . .
by ,u% , ,uﬁ and /1(2—3 . The resultant equations are fully non-dimensional:

oP" o'
= (3.28)

pUh h(ou .ou" .ou
— —tu TtV :
u L\ ot Ox oy

pUL h 8\/* y ﬁv* . 8\/* =—L—Zai*+ 0 \*/2 (3.29)
u L\ ot ox oy B oy oz
O__@P* lh_z o’u N o (3.30)
oz 3\ oxer oyer '
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The term,p—Uh, located at the leftmost of the equations (3.28) and (3.29)

y7,
corresponds to the Reynolds number for which the characteristic length is the
aerodynamic lift clearance of the journal bearing. For a gas turbine journal bearing
operating at high temperatures and high ambient pressures, the following typical
parameters can be defined:

T=1000 7°

P =00 KFPa

o=04363 kg (m’

H=3751e—5 N—siw’

B=150 tom

D=51in. — L=2ar =0407 m

w=10000 rpe =1047 rad (s — U=6806T m/s

Then, we obtain

Re =~ 39 <2300
ensuring that the flow is laminar. Also, the scaled Reynolds number becomes

e PURD 15 3026 0 0048 <<1
L u L 7

R

Since the scaled Reynolds number is very small with respect to unity, inertial

2
terms on the left side of the equations (3.28) and (3.29) can be neglected. Also,

r
,which is located at the right hand side of (3.30) is very small, and the term multiplied
with it can also be neglected. Therefore, the remaining simplified non-dimensional

equations are

or"
2 * 2 %
02—%21*+2 - (3.32)
y Z
0 ‘;’: : (3.33)

Finally, reduced Navier-Stokes equations (3.31), (3.32) and (3.33) can be
expressed in dimensional form as
oP o’u
—-—+

0=-24 2%
o o

(3.34)
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OP o’y

O=—"—tpu=— 3.35
& K (3.35)
0=2P (3.36)

Oz

One last step is needed to derive the governing equations for gas film lubrication.
Velocities on the bearing boundaries are determined according to the results of flow

regime analysis.

3.1.2 Analysis of Flow Regime

The next step is to obtain the velocity profiles in x and y directions from the
equations (3.34) and (3.35). In order to solve the equations 3.34 and 3.35 for the
velocity profiles, boundary conditions should be properly defined. Characteristics of
film velocities at the boundaries of a bearing/seal/shaft are related to the flow regime of
the fluid film. The application of continuum flow theory requires no-slip conditions at
the boundaries. If no-slip conditions are valid, fluid velocity at the boundaries of
bearing is equal to the driving surface velocity. In other words, there is no relative
difference between the fluid velocity and surface velocity. If the gas film flow takes
place in the slip region, velocity of gas molecules on the boundary surfaces are not
equal to the driving surface velocities, and there exists a slip velocity. In such a case,
additional velocity relations are required to define the slip velocities on the boundaries.
Film velocity across the boundary surfaces is not distributed linearly, and continuum
flow theory fails.

To determine whether the flow is in slip region or not, we should evaluate the
Knudsen number, Kn. Knudsen number is a measure of average number of collisions of
gas molecules in a given length, and defined as

Kn=p/h (3.37)
where
S = molecular mean free path of gas molecules
h = film thickness
When the mean free path of molecules becomes comparable to the film thickness,

the fluid does not behave as a continuous fluid but rather exhibits some characteristics
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of its molecular chaos. The criteria for the boundaries of flow regimes with respect to
Knudsen number can be defined as follows [42]:

No-slip (continuum) flow: Kn < 0.01

Slip flow: 0.01< Kn <3

Transition flow: 3< Kn, Kn/(Re)"* <10

Free-molecular flow: 10 < Kn/(Re)"?

Gas lubrication with-ultra thin films may exhibit slip flow [42], [43]. Moreover,
Bhushan [5] states that, in the slip-flow regime, the flow may still be treated by
conventional continuum theories but with modified boundary conditions. In other
words, in the slip-flow regime, the flow can still be governed by continuum flow
theories but instead of vanishing velocities at the boundaries, slip velocities should be
introduced. Burgdorfer [44] investigates the effect of molecular mean free path on the
performance of gas lubricated bearings. He suggests that the continuum theory can be
applied for slip-flow regime unless the minimum film thickness is lower than the mean
free path of the gas. Moreover, Burgdorfer emphasizes that the load carrying capacity of
bearing and friction coefficient of gas film decrease with increasing value of Knudsen
number in slip-flow regime.

In order to identify the flow regime of gas film for the journal bearing for which
the operating conditions are illustrated above, we should first evaluate the molecular
mean free path of air. The molecular mean free path can be defined by various models

as follows [45]:

Y2
B=k
Model k PNRT
16
~1.277
HS 527 0.032x10°°
2
= ~0.798
MM \/; 0.02x10°°

Table 3.1 Mean free path calculation with HS and MM Models

HS and MM stand for hard sphere and Maxwell molecules models respectively.
Mean free paths of various gases can be evaluated using these two models. For an air
film at1000 °F and 700 KPa , values of mean free paths are demonstrated in Table 3.1.
There are other models such as VHS (variable hard sphere) and VSS (variable soft
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sphere) to evaluate the mean free path. Kandlikar et. al. state that the HS and the MM
models may be considered as the limits of VHS model. Therefore, in our application,
mean free path of air using VHS model would be varying between the values illustrated
in Table 3.1 On the other hand, Kanlikar et. al. [45] indicate that VSS model leads to a
correction of the mean free path calculated by VHS model. He points that the correction
introduced by the VSS model in the mean free path and in the collision rate remains
limited, less than %3. Therefore, values of mean free path of air calculated by HS and
MM methods are sufficient to determine the characteristic of flow regime.

To evaluate the Knudsen number, gas film thickness is needed as the second
parameter. For our journal bearing configuration, film thickness, 4, is variable along the
circumferential direction due to the eccentricity of journal. A constant nominal value of
film thickness should be determined for use in the formulation of Knudsen number.
Hence, mounting clearance of bearing, ¢, which is equal to 50 um, is taken as the
nominal value of film thickness, 4. Knudsen numbers with the mean free path values

obtained from two different models are calculated as follows:

-6

Knys = fHS — Knyg =%= 6.4x10™ <0.01 (3.38)
-6

Ky, =Pwt K, :%:4x104 <0.01 (3.39)

nom

Resultant Knudsen numbers reveal that no-slip condition occurs at the boundaries
and continuum flow theory can be adopted without any complications. To make a local
analysis of flow regimes, instead of calculating Knudsen number for nominal film
thickness, we can calculate the Knudsen number at the minimum film thickness. For the
same journal bearing which has a 50 um mounting clearance, an eccentricity ratio of 0.9
(eccentricity ratio of 1 means physical contact between journal and bearing) results in a
minimum film thickness of 5 um. In this case, Knudsen numbers are still below the
limiting number, 0.01, but the difference is considerably reduced. As a result, it is
realized that no-slip boundary conditions can be applied for our problem, and velocity

profiles along x and y directions can be obtained accordingly.
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3.1.3 Application of Boundary Conditions and Resulting Reynolds Equation

Assuming no-slip conditions and laminar flow, boundary conditions for equations

(3.34) and (3.35) can be defined as

0—_6_P_|_ a_zu

o Mo
z=0,u=U (3.40)
z=h(x), u=0

oP ov
O=—+pu—

oy 0z
z=0,v=0 (3.41)
z=h(x), v=0

By solving the equations in the sets (3.40) and (3.41) with the defined boundary

conditions, velocity profiles in x and y directions are obtained as

u =ia—P(22 —zh)+U(l—£) (3.42)
24 Ox h
v=ia—P(22 —Zh) (3.43)
2u Oy

Now, we can plug the resulting equations into the continuity equation (3.3).
Integration of continuity equation with respect to z yields,

"Olop o d 0 B
! {EJra(PU)Jrg(PV)JFE(PW)} =0 (3.44)

In steady state conditions, plugging equations (3.42) and (3.43) into (3.44) and
taking the integration yields the Reynolds equation for our compressible flow,

3 3 a h
ofph op) o[ ph P _ o 0(ph) (3.45)
ox\ u ox) oy\ u oy ox

The above equation governs the characteristics of compressible, laminar, steady
state continuum flow with no-slip assumption on the boundaries. As stated before, the
equation is highly nonlinear. While the film thickness is dependent on x variable only,
pressure and gas density (which can also be defined as a function of pressure) are a

function of both x and y dimensions. Multiplication of these terms makes the equation
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(3.45) nonlinear. On the other hand, (3.45) is a general equation that governs the
characteristics of fluid film in a finite steady journal bearing. No further simplification
is made on the equation associated with short-bearing or long bearing theory. Closed
form analytical solution to this equation is not available. In the next section, equation
(3.45) is solved by using numerical methods, and corresponding pressure profiles are

presented.

3.2 Solution to the Governing Reynolds Equation

As stated before, there are 3 dependent variables in Equation (3.45). Variance of

viscosity, £, is very small for gases so it is taken equal to the ambient viscosity.
Density, p, which is dependent on position, can be defined as a function of pressure.
Figure 3.1 illustrates the unwrapped view of journal bearing geometry and the variation
of film thickness (Equation 1.2) in the circumferential direction.

As stated before, density can be related to the pressure by multiplying it with a
constant term. Therefore, all density terms in (3.45) are replaced by pressure and the
constant multiplication terms are dropped. As a result, following equation is obtained.

3 3 O(Ph
O|(Pr op +£ Ph” oP :6UM (3.46)
ox\ u ox) oyl u Oy ox

Equation (3.46) can be written in non-dimensional form by normalizing x and y
variables with respect to journal radius r, similarly P with respect to ambient pressure

P,, and / with respect to clearance c.

o(PH
i(pn]-ﬁa_PjJrﬁ an3ﬁ =64 (" ) (3.47)
00 00) oo op 00

where

2
Hzf,(p:X,P :£,H:ﬁ andﬂ.:(ﬁj £o
r P c
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Figure 3.1 Unwrapped film shape of journal bearing

3.2.1 Finite Difference (FD) Approximation for Governing Reynolds Equation

In this section, a finite difference approximation to the Reynolds equation (3.47) is
derived. To make it more appropriate for finite difference approximation, equation

(3.47) is reformulated as,

2 2 Oo(PH
li H3ai JrlH3i ai =641 ( L ) (3.48)
200 00 2 op\ Op 00
where
2
or, =2P or, (3.49)
00 00
2
oF, =2P or, (3.50)
op op

H is not dependent on ¢, and can be taken out from the partial derivative term.
However, the first term is dependent on #, and must be kept in the partial derivative
form.

In order to continue with the finite difference approximation, standard basic
difference relations could be utilized. Forward, backward and central difference

approximations of first order derivatives are represented as,

f'(x)~ St hz =/ () (forward difference) (3.51)
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e A i =M backward difference) (3.52)

f(x+h)—f(x—h)
2h

Second order derivatives can be approximated by central difference as,

f(x+h)—2f(x)+f(x—h)
h2

()=

(central difference) (3.53)

f'(x) = (3.54)

The domain and boundary conditions of Reynolds equation for which the finite
difference approximation applied are displayed in Figure 3.2. Similarly, Figure 3.3
illustrates the same domain and boundary conditions in non-dimensional form. Since
the domain is a representation of unwrapped bearing surface, we can use a rectangular
grid to adopt finite difference approximation. Non-dimensional location of each point in

the grid can be presented in 6 and ¢ directions as follows:

6, =ib, for i=0,1,2,...,n+1 (3.55)
@, = ja, for j=0,1,2,..,m+1 (3.56)
The step sizes are b=27/n and a = B .
r(m+1)
ONONONONORONONONONORONNNG)
e+ttt + 4+
+++++++4++++ +
++4++++++++ Fooo4 O<— boundary nodes
B +4+4++++++++ Fooot =+-<€— inferior nodes
+ + + + + + + + + + +° ° °+ Boundary Condifions
:—+++++++++++ + P(x,0) =PI
"“+++++++++++ + P(x,8) = Ph
+++++++++++ + o=
__. ? OCO0O00O0O0 ?Lﬂ) O ﬁ?] periodic boundary
1Y N H
5 | L |

Figure 3.2 Mesh grid for finite difference approximation (dimensional)
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Figure 3.3 Mesh grid for finite difference approximation (non-dimensional)

In preparation for introducing finite difference approximations, we evaluate the

Reynolds equation (3.48) at (Q,(pj) to obtain

13(}1(3)3M}+1H(Q)3i£aﬂ (Hn(ﬂj)z12616(1’,1(91.,40}.)}1(9))

206 "

06 2 o o 06
. ~ ) - ~ J - J
(3.57)
1% term 2™ term 3" term

When we use central difference scheme to approximate the derivatives, this gives

us
1* term:
§H2(0) H(Hi+l)_H(Hi—l)'Pnz(HHl)(oj)_Pnz(Hl;],@j)
2 i 2b 2b
2 5 5 (3.58)
+1H3(Hl)[e’ (91'*'1’?/)_231 (fj’¢j)+f; (HZI,Q/.)\]
2 b
2" term:
%H%Q)(Pf(a,(pjﬂ)ZP"Z(?’(pJ‘)JFPnz(Hw(le)] (3.59)
a
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3" term:

Writing these three terms in compact form gives us the following finite difference

approximation to the governing Reynolds equation

3
WHE (Hi+1 _Hi—l)'((Pn )z'2+1,j _(Pn )1'271,_/)
1
o (), -2(B) +(B))
3.61
1 3 2 2 2 ( )
+ 242 H, ((Rz )i,j+1 _2(R1 )i,j +(Rl )i,j—l)
B 64

Z_b[(Pn )i,j (Hz'+1 —H,, ) +H, ((P" )”1’-/' _(R’ )i’l"i)J =0

Note that there are as many equations as there are points (Q.,go_ ].) in the region.

Due to the periodicity boundary condition (rectangular shape is an unwrapped

representation of circular bearing surface), P, (0,¢) =P, (27,9), two sets of vertical

points located at i =1 and i =n+1 have the same pressure values. Similarly, pressures
at the boundary nodes on the bottom line (downstream pressure) and on the top line
(upstream pressure) are known. Therefore, there is no need to solve for the pressures at
these nodes. As a result, mxn equations (excluding one set of vertical points due to the
periodicity) need to be iteratively solved. Then, each point, which is defined by both i
and j components, in the grid is renumbered. Fig 3.4 shows the renumbering of points in
the grid for a representative case where m=5, n=9. Note that, periodic nodes are
given the same number. Bottom and top boundary nodes are not numbered since their
pressure values are known. This numbering scheme is known as a lexicographic

ordering [46], and can be formulated as

[=(j-Dn+i
where
i=12,3,..n
j=12,3,..m
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Figure 3.4 Numbering scheme of the mesh grid

With the given ordering of the grid points, the finite difference equation (3.61)

now becomes

o () (R (R

1 > _2(PY+(PY
+2Z1)2 ’(( n)1+1 ( n)z +( n)l—l) (3.62)
2 Hf(( s, —2(B); +( '1)12—n)

64

There are exceptional cases for the numbering of periodic nodes which make
coding a challenging problem. Solutions to the finite difference equation (3.62) are
obtained by applying Gauss-Seidel iteration. Details of the coding scheme are available

in appendix.

3.2.2 Finite Element Analysis (FEA)

Results from finite difference solution are validated by a separate finite element
analysis. Finite element method was applied to the problem using a commercial code,

COMSOL Multiphysics. A sub-module called “film damping” is utilized to solve
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compressible gas flow within a very narrow gap. Considering the large aspect ratio of
channel geometry, a modified Reynolds equation which is very similar to the equation
(3.46) is solved for the defined bearing geometry. Since the pressure variation across the
film thickness, 4, is neglected, 2D solution for the pressure variation on the
bearing/journal surface is sufficient to obtain the pressure variation for the entire
channel.

The channel flow can be modeled either on the boundary of the journal, or on the
bearing surface itself. If journal is selected, then the region of the journal spanned by the
bearing should be identified, and boundary conditions on the edges of this journal
should be defined. Figure 3.5 shows boundary conditions, and a typical journal
geometry on which the bearing is settled. Since the effect of gas film thickness on the
radius of bearing is ignored, we expect the pressure variable on the bearing and journal

surfaces to have the same magnitude applied in opposite directions.

Figure 3.5 Representation of bearing ring in COMSOL Multiphysics

Entire procedure to solve the modified Reynolds equation using COMSOL can be

summarized by the following flowchart,
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Select the boundaries

Draw the model Define the . .
on which modified
geometry pressure boundary .
g Reynolds equation is
conditions
solved
A 4
Set the deformation Set the channel Set the initial film
on the moving base deformation thickness
structure
A 4
Set the properties Mesh the structure Run the analysis
of gas film

Figure 3.6 Meshed view of journal (shaft)
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4 PRESSURE DISTRIBUTION RESULTS FOR BEARING CASE AND
COMPARISON WITH OTHER WORK IN LITERATURE

In the previous section, finite difference approximation and finite element
methods are introduced to solve the governing Reynolds equation for the gas film flow.
The aim of these two methods is to get the pressure distribution on the bearing surface.

Integrating the distributed pressure values, lifting force, F,, acting on the bearing can be
calculated. Under steady conditions, lifting force, F,, is equal to the load, W, that is

carried by the bearing. Ratio of z component of the load, -, to the x component, W, is
employed to estimate the attitude angle. Similarly, using the pressure data, friction force
acting on the bearing surface and frictional torque can be estimated. All of these
concepts can be illustrated in non-dimensional form in design charts corresponding to
certain B/D ratios, eccentricity ratio, €, and compressibility ratio, A.

In this section, starting from pressure distributions, calculated values of these
parameters are illustrated for two bearing ratios, B/D = % and 1. For comparison
purposes, two specific cases of pressure distribution obtained from finite difference and
finite element methods are presented. Then, the results of both methods are compared;
and it is confirmed that both methods converge to the same result.

After comparison and matching of finite difference and finite element analysis
results, obtained data is compared with previous literature work for validation.
Literature work consists of pressure solutions to the bearing cases which are subjected
to the same ambient pressures at the inlet and exit of the bearing. In order to make a
comparison with the published work, load capacity, attitude angle and friction force are
evaluated for bearing cases which are subjected to same ambient pressures at inlet and
exit. In this section, important design parameters for a bearing design such as load
capacity, attitude angle and friction force are evaluated for bearing cases which have the

same ambient pressures at both sides.
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4.1 Effect of Compressibility

The solution of governing equation for compressible case differs from the solution
of incompressible case such that the results are function of an additional dimensionless
design parameter called the compressibility number A,

X y P h r z,ua)
=—,p=—,P=—,H=—andA=| - | — 4.1)
r r P c c) P

a a

and P, being the ambient pressure. It is a common procedure in literature to express the
compressibility number as 6 times A. However, in this thesis, for comparison with
Raimondi’s work [36], A4 is used as the compressibility number. Raimondi states that
compressibility number can be regarded as the index which reflects the elasticity of the
lubricant, A =0 corresponding to an incompressible fluid, and A = oo corresponding to
an extremely elastic (compressible) fluid. Thus, for very low velocities @, gas flow can
be governed by the incompressible flow theory. On the other hand, when the
compressibility number becomes very large with increasing speed or reducing ambient
pressure, compressibility effects become very significant. In Figure 4.1, Raimondi
demonstrates the difference between the load carrying capacity of liquids and gases in
relation to bearing number. Similarly, Figure 4.2 illustrates an experimental
demonstration which shows the relationship between load carrying capacity W and A
for an aerodynamic gas-lubricated journal bearing. In this experiment, speed, viscosity
and eccentricity ratio are held constant while the ambient pressure is reduced gradually.
Reducing ambient pressure increases compressibility number. It is noticed that when the
ambient pressure is reduced to 9%, the load carrying capacity is lowered by 40%.
However, as noticed from the Figure 4.1, load carrying capacity of incompressible fluid

is independent of ambient pressure.
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Figure 4.2 Relationship between load-carrying capacity and compressibility ratio.
Speed, viscosity and eccentricity ratio held constant. Ambient pressure varied [47].
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4.2 Pressure Distributions Obtained from Finite Difference Method

For B/D =1 ande =0.4, Figure 4.3 and 4.4 presents the effect of compressibility
number on the pressure distribution obtained from finite difference method, in

dimensionless# and ¢ directions respectively. Figure 4.3 shows the pressure
distribution along @ direction at cross section ¢ = B/(2r). Similarly, Figure 4.4
illustrates the effect of compressibility on pressure distribution along ¢ direction at

cross section &= . Note that all data in these figures are dimensionless. In other
words, any journal bearing which has the bearing ratio B/D =1 and eccentricity
£ =0.4 would give the same result for pressure distributions regardless of the actual
length and diameter. It is noticed from the figures that increasing A affects pressure
distribution radically. Figure 4.3 shows that as the compressibility number gets larger,
pressure distribution becomes symmetrical with respect tod = . On the other hand,
Figure 4.4 illustrates that pressure distributions are symmetrical with respect to

@ = B/(2r) irrespective of compressibility number. Moreover, it is noted from Figure
4.4 that a saddle point forms along the ¢ direction when the compressibility number

gets very large. This is a valuable indication for the fact that the load carrying capacity
of journal gas bearings, which operate with the same ambient conditions at both ends,

converges to a steady state value as the compressibility number goes to infinity.

Effect of Compressibility on Pressure Distribution

80 - 2 [rad]

Figure 4.3 Compressibility effect on pressure distribution along 6 direction; B/D=1,
e=0.4
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Figure 4.4 Compressibility effect on pressure distribution along ¢ direction; B/D=1,
e=0.4
Figure 4.5 below shows the solution to the 3D pressure distributions of a gas-
lubricated journal bearing obtained from finite difference scheme. The figure presents a
specific case where B/ D=1, £€=0.2, and A=2. For the same design parameters,

pressure distributions along € and ¢ directions are presented consecutively in Figures

4.6 and 4.7.
30 Presgure Digtribution
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Figure 4.5 3D pressure distribution on bearing surface; B/D=1, €=0.2, A=2 - (FD)
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Figure 4.6 Pressure distribution along 6 direction; B/D=1, ¢=0.2, A=2 - (FD)
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Figure 4.7 Pressure distribution along ¢ direction; B/D=1, ¢=0.2, A=2 - (FD)
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Similarly, Figure 4.8 is a representation of 3D pressure distribution for the bearing
design parameters B/D = 15, ¢ = 0.2 and A =2. Figure 4.9 and Figure 4.10 demonstrate
2D views of the same pressure distribution in € and ¢ directions respectively. Note that
pressure distribution curve in Figure 4.10 is more concave with respect to that in Figure
4.7. The reason behind is that the B/D ratio in figure 4.7 is 2 times the B/D ratio in
Figure 4.10 so that the bearing is more close to infinitely long bearing assumption. If
B/D ratio goes to infinity (long bearing assumption), pressure distribution along ¢
attains a flat structure which means that the pressure distribution on the bearing surface

is characterized totally by the pressure distribution along the & direction.

30 Pressure Distribution

36 £ {dn)

Brn
s

@ =y ¢ (dimensionless
¥/t (dimensionless) 8 [rad)

Figure 4.8 3D pressure distribution on bearing surface; B/D=1/2, e=0.2, A=2 - (FD)
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Pressure Distribution, Cross section view at ¢*= B /[2r)

Figure 4.9 Pressure distribution along 6 direction; B/D=1/2, ¢=0.2, A=2 - (FD)
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Figure 4.10 Pressure distribution along ¢ direction; B/D=1/2, ¢e=0.2, A=2 - (FD)
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4.3 Pressure Distributions Obtained from Finite Element Method

In the previous section, results of finite difference approach were illustrated for
some specific bearing designs. In this part, finite element solutions to the governing
equation (3.46) obtained from the analysis code COMSOL are illustrated. For
comparison purposes, finite element analyses are conducted with the same bearing
design parameters.

Figure 4.11 presents the 3D pressure distribution on the journal for

whichB/D=1,£=0.2 andA=2. Color bar on the right side shows the values of

dimensionless pressure, i.e. P = P/P, . Using the same design parameters as in the
previous section, pressure distributions along & and ¢ directions are presented

consecutively in the Figures 4.12 and 4.13. The results indicate that the pressure
distributions obtained from finite element method are almost the same as the ones
obtained from finite difference approach. Relative error in between is around 0.1 %. The
same scenario is valid for Figures 4.14, 4.15 and 4.16. These figures present the
pressure distributions obtained from finite element method for the bearing design
parameters B/D = 72, & = 0.2 and4 =2. As in the finite difference case, Figure 4.14
presents the pressure distributions in 3D while the others are 2D representations of

pressure distribution in @ and ¢ directions respectively. Again, the results are in good
agreement with the ones obtained from finite difference method.

30 Pressure Distribution - Boundary : Pn Ma: 1,31

125

q11.15

111

105

0.95

D.85

Win: 0838

Figure 4.11 3D pressure distribution on bearing surface; B/D=1, e=0.2, A=2 - (FEA)
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Figure 4.12 Pressure distribution along 6 direction; B/D=1, ¢=0.2, A=2 - (FEA)

Fresure Distribution, Cross section view at theta = pi
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Figure 4.13 Pressure distribution along ¢ direction; B/D=1, £¢=0.2, A=2 - (FEA)
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Figure 4.14 3D pressure distribution on bearing surface; B/D=1/2, e=0.2, A=2 - (FEA)

Fresure Distribution, Cross section view at phi = B/ (2r)
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Figure 4.15 Pressure distribution along 6 direction; B/D=1/2, ¢e=0.2, A=2 - (FEA)
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Pressure Distribution, Cross section view at theta = pi
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Figure 4.16 Pressure distribution along ¢ direction; B/D=1/2, e=0.2, A=2 - (FEA)

Although the figures show that the results of both methods are in good agreement,
in order to make a numerical comparison, results are tabulated in Table 4.1 and Table
4.2 respectively for finite difference and finite element method. The data obtained from

finite difference method consists of load ratio P./P,, attitude angle¢, Sommerfeld

number S, maximum pressure ratio /P , minimum pressure ratio P,

> /P, relative
error for the convergence, # of iterations until convergence and node numbers, m and n,
in the mesh grid. On the other hand, for the finite element approach, in addition

toP /P ,¢ and S, friction force variable F,/F, and time to convergence are also
evaluated. These are commonly presented parameters in literature work. In order to

make a comprehensive comparison with literature work, all these parameters are

tabulated in this study. Theoretical relations for these parameters are as follows:

P =W /(2rB) (4.2)
rY @
S= (Zj y(ﬁ] (4.3)
F. =2xuUrB/ ¢ — friction force for concentric (¢=0) case 4.4)
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See the list of symbols for the definitions of remaining parameters.

Data in Table 4.1 and Table 4.2 are also used to create design charts for gas
lubricated journal bearings (Figure 4.17 through Figure 4.19). In the following section,
by using these design charts, solution to the governing equation is validated with

Raimondi’s results.

4.4 Numerical Validation with Other Published Work

Figure 4.17 through Figure 4.19 are the design charts that illustrate the change of
load ratio, attitude angle and friction force variable with respect to compressibility ratio
when B/D = Y. Again, all of these design parameters are dimensionless. Load ratio is

the ratio of load per unit projected area, P =W /(2rB), to the ambient pressure, P, .
Friction force variable is the ratio of the actual friction force F, to the friction force F,

that is calculated by assuming that the journal is concentric within the bearing. Attitude

angle @ represents the angle between the minimum film thickness location and the

resultant load axis, shown in Figure 1.2. For bearing ratios B/ D = ', and eccentricities
ranging from 0.1 to 0.8, these design parameters are plotted with respect to Ain the
Figures (4.17 - 4.19). See Appendix B for the same parameters solved and validated
with published work for B/D = 1. Appendix B also contains tabulated data of finite
difference and finite element solutions to the governing Reynolds equation for
comparison purposes in between.

For high compressibility numbers, it is noticed that the load ratio converges to a
constant value. This implies that, for the same ambient condition, a substantial increase
in the rotor speed would not increase the load capacity after a certain value. Also,
design chart for attitude angle (Figure 4.18) demonstrate that the attitude angle starts
with 90° at low compressibility numbers, and reduces gradually to 0 degrees when the
speed of the journal increases. It is also realized from Figure 4.19 that the friction force
variable is higher for low compressibility numbers. However, this does not mean that
the actual friction force is also high. Depending on the friction force at concentric

case F, actual friction force can still be small.
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Design charts are also utilized to validate the results with the previous work in
literature. Data obtained from finite element and finite difference methods, both of
which point to the same values, are compared with the results of Raimondi [36] for the
same bearing design parameters. Tabulated data of his finite difference solution is
plugged into these design charts. Small circles on the figures represent the data retrieved
from Raimondi’s work. It is seen that our results are in good agreement with
Raimondi’s work validating that the presented finite difference and finite element codes
are functioning properly. Relative difference in between is on the order of 0.01
demonstrating that results are fitting well to each other. Therefore, developed analyses
can be used to solve the gas-lubrication problems for any bearing ratios, eccentricity
ratios and compressibility numbers. In other words, these solution procedures will be
applied to the proposed seal design to obtain the design parameters such as load ratio,
attitude angle and friction force. The next chapter includes the results of these design
parameters for the new seal design. Leakage flow analysis and frequency analysis are

also carried out in the next chapter.
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Figure 4.17 Load ratio vs. compressibility no; B/D=1/2
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B/D =1/2

e=0.1

Compressibility Number, A

0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
P,/P, 0,007177| 0,014292| 0,028055| 0,034597| 0,040858| 0,05244| 0,062698| 0,096501| 0,119885| 0,127209| 0,130858| 0,133284( 0,140129
D 86,76184| 83,53218| 77,2418 74,22168| 71,30452| 65,81362| 60,81023| 42,46542| 25,66749| 18,82909| 15,31778| 13,19654| 8,705419
S 2,217437| 2,227187| 2,269155]| 2,300138| 2,337208| 2,428002| 2,538435| 3,298521| 5,310248 7,5068| 9,729943| 11,94103| 22,71554
P,/ P, 1,007011| 1,014019| 1,027843| 1,034484| 1,040864| 1,053122| 1,063971| 1,101903| 1,128071| 1,133495| 1,133444| 1,131919| 1,126305
Pin/P, 0,993072| 0,986293| 0,973463| 0,967602 0,962 0,952166| 0,943605| 0,918685| 0,905126| 0,903287| 0,903793( 0,905654| 0,910185
relative err 5E-08| 4,99E-08| 4,99E-08| 4,96E-08| 4,99E-08| 4,97E-08| 4,98E-08 5E-08| 4,97E-08| 4,98E-08| 4,99E-08| 4,98E-08| 4,99E-08
# of iterations 911 1006 1098 1123 1138 1156 1194 1254 1314 1340 1360 1392 3982
m 36 36 36 36 36 36 36 36 36 36 36 36 60
n 40 40 40 40 40 40 40 40 40 40 40 40 40

B/ID=1/2 - £¢=0.2
Compressibility Number, A

0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
P,/P, 0,014904| 0,029629| 0,057895| 0,071216] 0,083908| 0,107296( 0,128009| 0,197667| 0,248652| 0,265099| 0,27321| 0,278498( 0,293074
D 86,26133| 82,56981| 75,54037| 72,25861| 69,14787| 63,43885| 58,37684| 40,50611| 24,45678| 17,91826| 14,55562| 12,52559| 8,245399
S 1,067873| 1,074335| 1,09961| 1,117406] 1,138067| 1,186663| 1,24331| 1,610333| 2,560288]| 3,602169| 4,660298| 5,714758( 10,86106
P,/ P, 1,015542| 1,031267| 1,062259| 1,077303| 1,09202| 1,119325| 1,144554| 1,234062| 1,299662| 1,316002| 1,316864| 1,314745( 1,302262
Pin/P, 0,984897| 0,970313| 0,944046] 0,932622| 0,922096| 0,904455| 0,890304| 0,852723| 0,83543| 0,833964| 0,835775| 0,839168( 0,847617
relative err 4,98E-08 5E-08| 4,98E-08| 4,97E-08| 4,98E-08| 4,98E-08| 4,97E-08| 4,97E-08| 4,97E-08| 4,96E-08| 4,96E-08| 4,97E-08| 4,99E-08
# of iterations 1011 1112 1198 1212 1216 1231 1278 1326 1379 1408 1422 1444 4017
m 36 36 36 36 36 36 36 36 36 36 36 36 60
n 40 40 40 40 40 40 40 40 40 40 40 40 40
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B/ID=1/2 -

e=04

Compressibility Number, A

0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
P,/P, 0,034948| 0,068996| 0,132463| 0,16165| 0,189196| 0,239704| 0,284663| 0,444421| 0,579424| 0,626905| 0,649883| 0,664155( 0,701518
D 83,51924| 77,46363| 67,3268| 63,19006| 59,55554| 53,46396( 48,5371| 33,10479| 20,0443]| 14,65798| 11,86007| 10,16741| 6,654686
S 0,455401| 0,461345| 0,480602| 0,492281| 0,50473| 0,531171| 0,559099| 0,716235| 1,098712| 1,523246| 1,959182| 2,396351| 4,537443
P,/ P, 1,046151| 1,094172| 1,185842| 1,229662| 1,270814| 1,345516| 1,414035| 1,656562| 1,860094| 1,912654| 1,927591| 1,926344( 1,893283
Pin/P, 0,957383| 0,920713| 0,865599| 0,845466| 0,829403| 0,805859| 0,790539| 0,759169| 0,752067| 0,754386| 0,759125| 0,763788| 0,77826
relative err 4,97E-08 5E-08| 4,97E-08| 4,97E-08| 4,97E-08 5E-08| 4,99E-08| 4,95E-08| 4,99E-08| 4,98E-08| 4,99E-08| 4,96E-08 5E-08
# of iterations 1130 1228 1266 1258 1245 1259 1321 1323 1401 1419 1425 1430 13297
m 36 36 36 36 36 36 36 36 36 36 36 36 120
n 40 40 40 40 40 40 40 40 40 40 40 40 80

B/ID=1/2 - £¢=0.6
Compressibility Number, A

0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
P,/P, 0,072005| 0,141088| 0,266832| 0,32362| 0,376766| 0,473414| 0,559006| 0,868642| 1,157407| 1,268887| 1,323038| 1,35548( 1,437169
D 74,14491| 62,78178| 49,50968| 45,29821| 41,95494| 36,89557| 33,16439| 22,62528| 13,9975| 10,28256| 8,299842| 7,08604| 4,601044
S 0,221035| 0,22561| 0,238584| 0,245898| 0,253455| 0,268948| 0,284711| 0,366446| 0,55004| 0,752573| 0,962361| 1,174159| 2,214839
P,/ P, 1,141786| 1,283147| 1,526996| 1,629784| 1,729369| 1,905224| 2,056182| 2,576946| 3,036211| 3,190905| 3,238801| 3,246815( 3,179181
Pin/P, 0,891053| 0,825263| 0,764806| 0,745914| 0,736388| 0,723231| 0,716265 0,7085| 0,717692| 0,726306| 0,731861| 0,737067( 0,755168
relative err 4,98E-08| 4,98E-08 5E-08| 4,96E-08| 4,97E-08| 4,98E-08| 4,97E-08| 4,97E-08| 4,99E-08| 4,98E-08 5E-08]| 4,98E-08 5E-08
# of iterations 1202 1262 1271 1254 1232 1201 1297 1304 1373 1374 1387 1396 89219
m 36 36 36 36 36 36 36 36 36 36 36 36 350
n 40 40 40 40 40 40 40 40 40 40 40 40 140
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B/ID=1/2 -

€=0.8

Compressibility Number, A

0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20

P,/P, 0,201728| 0,391898| 0,701659| 0,831481| 0,94923| 1,156675| 1,335445| 1,968995| 2,590147| 2,856584| 2,98766| 3,065202| 3,269485
D 42,91814| 32,26677| 24,33491| 22,21103| 20,5945| 18,22505| 16,51329| 11,70447| 7,567085| 5,645371| 4,565328| 3,888201| 2,479358
S 0,078896| 0,081223| 0,090731| 0,095706 0,1006| 0,110078| 0,119178| 0,161661| 0,245785| 0,334291| 0,426166| 0,519232| 0,973578
P,../ P, 1,656169| 2,143499| 2,837438| 3,11807| 3,375588| 3,819322| 4,193978| 5,482489| 6,681551| 7,12587| 7,288619| 7,339299| 7,193438
Pin/P, 0,74954| 0,707678| 0,687965| 0,690672| 0,683738| 0,684503| 0,688923| 0,697629| 0,715671| 0,724873| 0,731341 0,7376| 0,755788
relative err 4,96E-08| 4,97E-08| 4,95E-08| 4,96E-08| 4,99E-08| 4,98E-08| 4,99E-08| 4,96E-08| 4,97E-08| 4,99E-08| 4,99E-08| 4,98E-08 5E-08
# of iterations 1192 1245 1257 1242 1218 1171 1200 1212 1269 3331 3459 3460 160023
m 36 36 36 36 36 36 36 36 36 60 60 60 500
n 40 40 40 40 40 40 40 40 40 40 40 40 150

Table 4.1 Analysis results of finite difference method when B/D =
B/ID=1/2 - £=0.1
Compressibility Number, A

0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20

P,/P, 0,007217( 0,014362| 0,02818 0,0347 0,041 0,05265| 0,062942| 0,096779| 0,120127| 0,127439| 0,13109| 0,133524 0,140267
D 86,73 83,49 77,19 74,16 71,24 65,75 60,74 42,38 25,62 18,8 15,31 13,21 8,7
F,/F, 1,005038| 1,005038( 1,005038( 1,005038| 1,005038| 1,005038| 1,005038| 1,00538| 1,00538| 1,00538| 1,00538| 1,00538 1,00538
S 1,006184| 1,006173| 1,006131| 1,006102| 1,006068| 1,005993| 1,005912| 1,005557| 1,005244| 1,005147| 1,005107| 1,005086 1,005055
time (sec.) 29 31 140 128 156 144 162 212 211 253 293 315 423
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B/ID=1/2 -

e=0.2

Compressibility Number, A

0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
P,./P, 0,014976| 0,029762| 0,058137| 0,071505| 0,084238 0,1077] 0,128475] 0,198236| 0,249177]| 0,265602| 0,273717| 0,279026 0,293383
D 86,23 82,53 75,49 72,2 69,09 63,37 58,31 40,44 24,41 17,9 14,55 12,54 8,25
F,/F, 1,025377( 1,025317| 1,025099( 1,024955| 1,024795( 1,024452 1,0241] 1,022667| 1,02144| 1,021054| 1,020894| 1,020813 1,020688
S 1,062 1,069 1,095 1,112 1,133 1,182 1,238 1,605 2,554 3,595 4,651 5,703 10,84
time (sec.) 158 188 217 186 207 185 212 215 323 417 396 465 527
B/ID=1/2 - ¢=04
Compressibility Number, A
0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
P,./P, 0,035075| 0,069228| 0,132856| 0,162111| 0,18972| 0,240353| 0,285435| 0,44563| 0,580868| 0,628396| 0,651428| 0,665767 0,70177
D 83,48 77,42 67,28 63,15 59,52 53,43 48,51 33,09 20,03 14,66 11,87 10,19 6,64
F,/F, 1,113 1,113 1,111 1,11 1,109 1,107 1,105 1,099 1,094 1,092 1,092 1091 1,091
S 1,113275( 1,112596| 1,110594( 1,109505| 1,108438| 1,106452( 1,104703| 1,098834( 1,094257| 1,092777( 1,092156| 1,091839 1,091348
time (sec.) 61 121 148 156 162 150 145 172 300 348 399 409 540
B/ID=1/2 - £¢=0.6
Compressibility Number, A
0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
P,./P, 0,07209| 0,141191| 0,266969| 0,323808| 0,37703| 0,473893| 0,55977| 0,871039 1,161| 1,274041| 1,328585] 1,36131 1,437115
D 741 62,76 49,54 45,35 42,01 36,96 33,23 22,685 14,063 10,316 8,333 7,121 4,586
F,/F, 1,316 1,31 1,298 1,294 1,29 1,284 1,279 1,266 1,256 1,253 1,252 1,251 1,25
S 0,22 0,225 0,238 0,245 0,253 0,268 0,284 0,365 0,547 0,749 0,958 1,169 2,214
time (sec.) 169 161 75 211 225 244 312 205 280 307 351 386 512
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B/ID=1/2 -

€=0.8

P,./P,
D

F,/F,

S

time (sec.)

Compressibility Number, A

0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
0,200467| 0,390025| 0,700709| 0,831459| 0,950265| 1,159986| 1,341089| 1,985193 2,619] 2,886371| 3,019543| 3,098145 3,268
43,09 32,47 24,51 22,37 20,74 18,35 16,63 11,78 7,61 5,67 4,58 3.9 2,471
1,841 1,799 1,759 1,747 1,738 1,724 1,715 1,692 1,677 1,672 1,67 1,669 1,667
0,079 0,081 0,09 0,095 0,1 0,109 0,118 0,16 0,24 0,33 0,421 0,513 0,973
208 194 221 230 221 244 222 258 328 312 412 453 530

Table 4.2 Analysis results of finite element method when B/D =%
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S FORCE FREQUENCY AND LEAKAGE ANALYSIS

In the previous chapters, while introducing the lubrication theory, the term
“bearing” was widespread throughout the text. The reason behind is that the lubrication
theory is generally used for calculating load carrying capacity of bearings in literature.
For gas lubricated journal bearings, it is not viable to carry heavy loads such as the ones
in gas turbine applications. This work demonstrates that gas journal bearing structure
can also be utilized as a high speed rotary sealing component once provisions for axial
load supports and flexible radial attachments are properly developed. Taking into
account that the load carrying capacities of gas films are substantially low, the proposed
seal should have two important characteristics:

- it should be light and compliant in radial direction to avoid rotor hard-rubs

- it should be stiff in axial direction to bear sealing pressure loads

Geometric details of designed seal are explained in Chapter 2. Lubrication theory
and the governing equations for the journal bearing and the designed seal are the same.
The differences between the journal bearing and designed seal can be stated as follows,

- Journal bearings are rigid and have fixed supports. On the other hand, our seal
have flexible supports and it can move radially around the journal.

- In a shaft-bearing assembly, aerodynamic force created between the journal
and bearing surface is utilized for carrying the rotor assembly, whereas the lift
force is functional for moving our seal radially around the journal.

- A bearing generally operates in an environment which has the same ambient
pressure at both ends. However, seals are buffering components between
different pressure levels. So, a seal has upstream and downstream pressures
which affect the boundary conditions and solutions for the governing
equations of lubrication theory.

- For a shaft-bearing assembly, the main concern is to carry the rotor with the

externally exerted forces. On the other hand, for a shaft-seal assembly, the
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main concern is to resist to the pressure load acting on the seal as well as to

over come the seal ring weight and backing plate friction.

5.1 Application of Governing Reynolds Equation to the Designed Seal

In theory, the only difference between a bearing and a seal is the changing
pressure boundary conditions across the seal assembly. Upstream, the seal is governed
by high pressure, £,, while the downstream side is occupied by low pressure, P . Note
that in (3.47), we normalized the pressure variable with respect to ambient pressure P,
since the same ambient pressure conditions are valid around the journal bearing. For the
flexible seal design (Figure 5.5), both sides are occupied by different pressures;

therefore ambient pressure P, is taken equal to downstream pressure (low pressure) B .

Based on this assumption, equation (3.47) is reformulated for the flexible seal as

o(PH
i(pn]_ﬁa_Pj_,_i p}fﬁ% :6,1M (5.1)
00 00) Op op 060
2
0=", =2 p =L y-" anas1=t" (5.2)
r r P c Pc
where
P =P (5.3)
Also, non-dimensional boundary conditions become,
P, =land B, =B,/F, (5.4)

Solving Equation (5.1) for these boundary conditions, various design parameters
such as lifting force acting on the seal, friction force, and attitude angle can be
evaluated. In addition, using the lifting force and minimum film thickness, stiffness of
the fluid film and natural frequency of the seal assembly can be calculated. Once
minimum film thickness is known, leakage flow through seal can be estimated. All of
these concepts are important to evaluate the overall performance of the flexible seal.

The region in which the seal is most likely to operate was determined and design
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parameters were chosen accordingly. Therefore, for the seal analysis results presented in

this section following design parameters and boundary conditions are used:

15 20 25 30
1301307130130

2=0.01-0.21
£=0.7-0.95
P/P=10/7

B/D

5.2 Evaluation of Seal Load Ratio Variation

Figures (5.1-5.4) present the variation of load ratios with respect to these design
parameters. Note that all these figures contain dimensionless design parameters as in the
figures of previous chapter. There are two limiting conditions to calculate the load

capacity. The first one is the ratio of pressures at the boundaries, P,/ P . The second

limitation is the length to diameter ratio, B/ D, of the seal. The design charts below are

plotted for the particular, P,/F which is 10/7, and for the certain B/Ds, which are

ranging from 15/130 to 30/130. Any seal design which has the stated non-dimensional
design properties and pressure boundary conditions would show the load ratio
characteristics defined in the following figures corresponding to the selected
eccentricity ratiog and compressibility number A. Load ratio is the non-dimensional

representation of lifting force and evaluated from the results of FEA.
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These figures represent a general design case which is specialized by the ratio of
boundary pressures and length to diameter ratio of the seal. Variation of load ratio on
the flexible seal can be obtained for certain compressibility numbers from these figures.
When the designed seal has a different compressibility number than the certain values
displayed on the figures, one can make an approximation to the load ratio of the nearest
compressibility number. Therefore, for various compressibility numbers, the magnitude
of lifting force acting on the seal can be evaluated.

Until now, load ratios have been demonstrated as non-dimensional data with
respect to eccentricity ratio and compressibility numbers. To investigate the lifting
force, natural frequency and leakage rate in dimensional terms, a typical seal (Figure
5.5), which is assumed to be operating at 538°C (1000°F), is analyzed with the
following operating parameters and boundary conditions:

T =1000°F

D=0.13m.=5.11in.

¢=50x10" m.=0.002 in.

@ =10000 rpm =1047 rad/s

1 =3.751x10" N-s/m* at 1000°F
P =P =700 KPa =100 psia

P, =1000 KPa =145 psia

For the design parameters and boundary conditions above, four flexible seals with

different lengths are modeled and analyzed with finite elements. Lengths of these seals

are:
B,=0.03 m.
B, =0.025 m.
B,=0.02 m.
B,=0.015m.

Compressibility numbers of these seals are calculated from the following relation,

2 3.75le—5-1047-(0.13/2)
_por” e ( )

2

2’ 2
Pc 700000-(50e —6)

(5.5)

A1=0.094 (5.6)
As it is realized from (5.5), seal length, B, does not affect the compressibility

number, A . Therefore, A is the same for the designed four seals.
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Based on these design parameters and boundary conditions, our aim is to evaluate

the lifting force, natural frequency and leakage rates for this seal in variable lengths.

5.3 Lifting Force Analysis

Aerodynamic lift force analysis is based on the eccentricity ratio evaluation of the
journal at which the created aerodynamic force is capable of resisting to the sum of
bearing weight and frictional resistance at seal backing plate due to the axial pressure
force acting on the bearing. As stated earlier, major concern is to obtain the necessary
lifting force without violating the required minimum film thickness between the shaft
and seal surfaces. The practical limit for this thickness is around 2 pm.

It is also important to note that load ratio and lifting force are not two different

concepts but related to each other. Load ratio P. is the ratio of lifting force F, to the
ambient pressure P, multiplied by the projected bearing area 27B. In other words, load

ratio is the dimensionless representation of lifting force. For bearing applications, lifting
force should be equal to the total radial loads on rotor to keep it stable. For the flexible
seal designs under consideration, lifting force should at least be equal to the sum of

bearing weight and friction force F, produced by the differential pressure acting on the

seal. Measurements indicate that metal cloth stiffness is very low and negligible.
Therefore, force exerted by the metal cloth is not included in the calculation of total

resistive force. Figure (5.5) demonstrates all these forces.

flexible metal cloth

H
2

shaft (journal)

Figure 5.5 Forces acting on the novel seal
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We can calculate the necessary lifting force as follows:
F,=W,+F, (5.7)
Friction force becomes
F =APx A x
‘ o (5.8)
= (B, ~ P)x(zDs)x 1,

where

A, > side area of the seal ring

s > thickness of the seal ring

1, > seal ring-to-backing plate coefficient of friction

Technical sketch of the designed seal (Figure 2.11) demonstrates the proposed
thickness of the seal ring, which is equal to 0.003 m. A typical steel-to-steel friction
coefficient can be taken as 0.5. Values of remaining parameters are defined earlier. So,
friction force is calculated to be;

F, =(1000000—700000)x (7 x0.13x0.003)x 0.5 (5.9)
=183.78=184 N
For the given typical design values, total mass of the seal with the flexible metal cloth is
M, =351.03 g
making the force exerted by bearing weight as
W.=35N
Then the total lifting force, which resists to the weight of the seal and to the friction

force between the seal and the backing plate, is calculated as

F =184+3.5
=187.5N

Therefore, once the force equilibrium reached at a certain eccentricity, the aerodynamic
lift force equals 187.5 N.
For the seal designs under consideration, FEA gives the following eccentricity

values at which the aerodynamic lift force is equal to 187.5 N.

Load Ratio P,/ P, g hpin  |corresponding figure
B=0.03 m. 0.0686 0,83 8.5 um Figure 5.4
B=0.025 m. 0.0824 0,873 6.35 um Figure 5.3
B=0.02 m. 0.1030 0,909 4.55 um Figure 5.2
B=0.015 m. 0.1373 0,94 3 um Figure 5.1

Table 5.1 Eccentricity ratios of designed seals corresponding to 187.5 N lifting force
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Note that these values can also be obtained approximately from the corresponding
figures without conducting any FEA. Design charts are functional in that sense. For a
specific case, if the ratio of downstream pressure to the upstream pressure, and the ratio
of seal diameter to the seal length are known, one can determine load ratio from the
design charts. Then, using the relation between lifting force and load ratio, exact value
of the lifting force can be evaluated.

The results in Table (5.1) show that the design case for which the seal length is
0.015 m. has a minimum film thickness of 3 um. As stated before, 1 um is a critical
lower limit for the film thickness. For the worst case scenario, this critical limit can
extend up to 2 pm. If the bearing length is reduced below 0.015 m., minimum film
thickness must also be reduced to create the necessary lifting force. In such a case,
asperities of the seal surface and shaft surface can contact and wear debris may occur.
As a result, we can state that the necessary lifting force can be created safely if the seal

is longer than 0.015 m.

5.4 Natural Frequency Analysis

Natural frequency analysis of the seal is important as it reveals the critical speeds
for the overall system. Generally, natural frequency analysis is carried out for the
rotating shaft which is coupled with a stiff bearing. The fluid film between the shaft and
the bearing behaves as a nonlinear spring. If the shaft is considered to be a rigid mass,
then in conjunction with the fluid-film spring there will be a natural frequency of
vibration. With the integration of disturbing force coming from a residual unbalance in
the system, resonant vibration occurs at shaft rotational speed. This is called
“synchronous whirl”. The whirl has been observed as the center of the shaft orbiting the
center of the bearing.

When the bearings are held with flexible supports, they can vibrate relative to the
spinning shaft. It is called the synchronous whirl of bearings. The same situation is valid
for our seal as it is attached with flexible metal cloth supports. So, we can think of our

seal as a rigid mass coupled to the backing plate and shaft by springs. These two springs
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have nonlinear characteristics. In addition, there is a constant friction force acting on the

seal from one side. Figure 5.6 presents the free body diagram of the seal-shaft assembly.

D777

—» l. = cloth metal stiffness

IW5 I F. =friction force

% — ky=1flmd film stiffness

shaft (journal)

Figure 5.6 Free body diagram of seal-shaft assembly

A simplification of this free body diagram can be made by neglecting the metal
cloth stiffness as measurements indicate it to be very low. In fact, neglecting the metal
cloth stiffness is a worst case scenario for natural frequency analysis of the seal
assembly. It is a common procedure in bearing design to make supports stiffer to keep
the overall system in mechanically stable region.

If metal cloth stiffness is neglected, natural frequency of the system can be

evaluated by the following relationship [4]:

1 [k,

fzg Vf (5.10)

N

where k. is the fluid film stiffness and M| is the mass of the seal.
Since k, is nonlinear, the value of it is strictly related to the operating conditions

of the seal and shaft. For our design, it is important to evaluate the natural frequency of

the seal when the lifting force is equal to the total resisting force, which is the sum of
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weight and friction force. Therefore, we should calculate the fluid film stiffness of the
designed seals around the eccentricities shown in Table 5.1. Note that fluid film
stiffness can be calculated by the following relation [4]:
AF
k, = 2 5.11

min

By making very small perturbations around the operating eccentricities, fluid film
coefficient can be evaluated. Values of lifting force around the equilibrium state are
illustrated in the following tables. Corresponding stiffness coefficients are calculated

below each table.

B=0.03 m. hinin F,
e=0.83 8.5 um 187.5 N
£ =0.84 8 um 209.03 N
£=0.82 9 um 170.81 N

Table 5.2 Values of lifting force around the equilibrium when B=0.03 m.

_209.03-170.81

o= — 38220000 N/m (5.12)
% (9e—6)—(8e—16)
B= 0025 m. hmin Fn
£=0.873 6.35 um 187.5 N
£=0.876 6.2 um 197.58 N
£¢=0.870 6.5 um 180.58 N

Table 5.3 Values of lifting force around the equilibrium when B=0.025 m.

197.58 -180.58

;o= =50000000 N/m (5.13)
s (6.5¢—6)—(6.2¢ —6)
B=0.02 m. hinin F,
£=10.909 4.55 um 187.5 N
£=0.912 4.4 um 201.48 N
£=10.906 4.7 um 176.35N

Table 5.4 Values of lifting force around the equilibrium when B=0.02 m.

for ™ (4 7¢ - 6)— (4-de—6)

201.48-176.35
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B=0.015 m. hmin Fn
= 0.94 3 um 187.5 N
£=0.942 2.9 um 200.35 N
£=0.938 3.1 um 175.59 N

Table 5.5 Values of lifting force around the equilibrium when B=0.015 m.

200.35-175.59

L= =123800000 N/m (5.15)
foos (3. 1e—6) — (2.9 — 6)

It is noted that fluid film stiffness is increasing when the seal length decreases. It
is an expected outcome because of the fact that a reduction in seal length also reduces
the area of seal surface which is exposed to the aerodynamic pressure. Thus, in order to
create the same lifting force, seal must operate at higher eccentricities. For similar
reasons lubricated journal bearings are also designed to operate at high eccentricity
levels for the sake of stability. As illustrated in Figures (5.1 — 5.4), the load ratio is
increasing exponentially with respect to the eccentricity of the seal. Therefore, for the
same seal, if the bearing length decreases, fluid film stiffness increases. However, the
need for a safe/minimum film thickness should not be overlook to avoid excessive seal
wear.

In order to calculate the natural frequency of the seal system, mass of the seal is
needed. If we plug calculated fluid film stiffness and the mass of the seal into Equation
(5.10), the natural frequencies are obtained as shown below,

g3 =1663 hz=100000 rpm
foros = 2025 hz 2120000 rpm
fion = 2462 hz = 145000 rpm
forors = 2993 hz = 180000 rpm

Since our seal is designed to run at 10000 rpm, operating range is well below the
calculated critical speeds. Essentially, when the seal length is decreased, mass of the
seal is also reduced. Reducing mass will also increase the natural frequency of the
system. Since the obtained natural frequencies are extremely high, a common value of
0.35 kg is used for the analysis without loss of generality.

The key factor for the very high values of natural frequencies is the excessive
friction force acting on the seal. Note that the value of friction force is approximately 50

times larger than the weight of the seal. Therefore, we require a very high lifting force
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to move such a small mass. This increases the natural frequency of the system as it is
also verified by the relation (5.10).

Analyses indicate that natural frequency is not an active design constraint for the
seal operating at these conditions. Note that when the speed of the rotor increases, shaft
can operate at lower eccentricities to produce the same lifting force. Therefore, stiffness
of the fluid film and natural frequency of the system are expected to decrease. It should
be noted that for high speed dynamic systems like gas turbines and aircraft engines,
there may be other very high frequency excitations. Care should be taken to avoid such
high frequency excitation coupling. Therefore, a detailed natural frequency analysis

should be performed for each specific design case and for every operating condition.

5.5 Leakage Flow Analysis

One of the most important performance criteria for the seal is the leakage rate
through the gas film or seal-rotor clearance. As stated earlier, brush seals are widely
used in turbo machinery. It is reported that leakage rates of brush seals are substantially
low with respect to that of labyrinth seals. For a brush seal, in addition to the primary
leakage flows through the bristle-rotor clearance, there is also a secondary flow through
bristles. Other effects such as hysteresis and blow-down make the calculation of actual

leakage through brush seal rather difficult.
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Figure 5.7 Leakage flow across the seal boundary

For the presented seal system, leakage through seal-rotor clearance is nothing but
the integration of axial velocity on the cross section of the channel gap. There is no
blow-down phenomenon that can affect the amount of leakage through the gap. Figure
5.7 represents the leakage flow through the channel gap of the seal. Color bar on the
right hand side shows the pressure scale. It is observed that there is also a leakage flow
in the direction to the upstream pressure side. This is somewhat expected due to the fact
that there are local boundaries inside the channel gap for which the value of the
aerodynamic pressure is higher than the value of upstream pressure.

The axial component of the flow velocity in Equation (3.43) was obtained earlier.
As noted from Equation (3.43), leakage flow is pressure driven. It is also important to
note that the density of gas film is not constant throughout the channel gap. Therefore,
the amount of mass passing through the channel gap must be evaluated instead of the
volumetric flow. In other words, conservation of volume assumption is not valid in our
case since air in the channel is compressible. Taking into account the compressibility of

air, we can obtain the mass flow rate for leaking air as follows,

27r h(0)

mf = j j (pv)dzd O (5.16)

0 0
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where p is the density of the air and dependent on the boundary location, and v is the

axial flow velocity of leaking air. Substituting Equation (3.43) in Equation (5.16), the

following relation for the mass flow rate is obtained:

27 h(0)
mf = ! ! p{ig—ly)(zz—zh(e))} dzd o (5.17)

It has been shown earlier that pressure and density of air do not change along the z
direction. Similarly, x is constant throughout the fluid film and /% varies only in the
circumferential direction. Thus, we can easily take the integration with respect to z. As a
result, Equation (5.17) reduces to

% (k) op
= -[ 124 Oy

0

(5.18)

Analytic integration of the above equation is very difficult if at all possible. Integrating
it numerically will be easier. COMSOL has a useful tool which can take boundary
integration on the defined surface. Taking the integration and then dividing the result to
the seal length gives us the mass flow rate of air. We obtain the following mass flow

rates for the designed seal:

€ |mf (lb/s)l mf (kg/s)|effective clr. (in.)| effective clr. (um)
B=0.03 m.| 0,83 | 0,0186 ] 0,0084 0,00062 15,748
B=0.025 m. | 0,873 0,0235] 0,0107 0,00078 19,812
B=0.02 m.]0,909] 0,0307 | 0,0139 0,00102 25,908
B=0.015 m. | 0,94 | 0,0425] 0,0193 0,00141 35,814

Table 5.6 Mass flow rate and effective clearances for the novel seal, Fn=187.5 N

Table 5.6 also contains effective clearance data for the seals. Effective clearance is
a measure of seal leakage performance that allows comparison of various seals. Note
that the mounting clearance of our seal is roughly 2 mils, i.e. 50 um. Obtained effective
clearance values show that the leakage performance of the designed seal is comparable
or better than brush seals. Figures (5.8) and (5.9) demonstrate the effect of eccentricity

on the leakage rates of new seal.
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Figure 5.8 Relationship between mass flow rate and eccentricity ratio of the designed
seal
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Figure 5.9 Relationship between effective clearance and eccentricity ratio of the
designed seal
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A comparison between the leakage rates of the new flexible seal and traditional
brush seals is demonstrated in Figure 5.10. Effective clearance of the new seal design
with varying seal lengths are illustrated with respect to differential pressure. Leakage
rates of these seals are compared with two different brush seals which have different
clearances. One of the brush seals is interfering with the rotor surface by 0.002 in. while
the other one has a 0.008 inch clearance. Notice that the new seal designs show
comparable leakage performances with brush seals. At low differential pressures, novel
seal designs, which have 0.002 in. mounting clearances, leak even less than the brush

seal mounted with 0.002 in. interference.

Seal Leakage Comparison

0,005 1 — |

—e—B=003m. YT

—a— B=0.02 m. B=0.15%m.
0004 —*— hrush 0,002 in. int. brush 0005 in. clr. |

0,003

0,002 - /‘:—’—‘_'

0,001 . . A.r//‘
=

] a0 100 150 200
DP {psi)

|

effective clearance (in.)

Figure 5.10 Comparison of leakage performance between novel seal and brush seal [48]

One drawback for the new seal design is that leakage rate gradually increases with
differential pressure. However, if axial space is available, this problem can be resolved
by increasing seal axial length. In brush seals, effective clearance level is stabilized by
the effect of blow-down force [48]. Brush seals require higher clearances compared to
the proposed seal design because of the fact that rubbing contact may create problems
during transient conditions for critical locations like steam turbine applications.
However, this is not a limitation for the proposed seal since a possible physical contact

is avoided by the flexible seal attachment.
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6 CONCLUSION

Turbomachinery designers face real engineering challenges in sealing applications
where high speeds and large pressure loads are accentuated by elevated operating
temperatures. Traditional labyrinth seals are being replaced by more effective brush seal
technology. However, increasing power and efficiency demands pushed brush seals to
their limits at high speed and high temperature applications where extended service life
is required. Physical contact between the bristle tips and rotor becomes inevitable and
wear rub-heat problems come into the picture. This work presents a design and analysis
work for a low cost long life alternate seal design to retire some of the contact related
problems.

Applying established gas bearing working principles, a novel seal design is
proposed. The design involves a simple rigid/semi-flexible seal ring that is attached to a
stationary support plate via flexible metal cloth structure. The seal body is capable of
moving under the effect of aerodynamic lift force. Therefore, above a certain clearance
limit, which ensures that asperity contact is avoided, the seal follows shaft excursions to
avoid damaging hard rubs.

In order to guarantee sufficient aerodynamic force at acceptable clearances, a
detailed lifting force analysis was carried out based on gas film lubrication theory. For
this purpose, governing Reynolds equation for compressible gas flow was solved for
pressure distributions using both finite difference and finite element methods. After
confirming that results of both methods agree well to each other, analysis results were
validated with other published work in literature. Relative difference in between is on
the order of 0.01 demonstrating that results are fitting well to each other.

Following analysis validation, the solution procedure has been applied to the novel
seal design with proper pressure boundary conditions. Four different seals with varying
geometries were designed, and resulting lifting forces were evaluated. It is verified that

necessary lifting force for these seals can be obtained without exceeding lower limits of
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lift clearance. Furthermore, to ensure dynamic stability of the sealing system, natural
frequency analyses were conducted. Results for analysis under typical operating
conditions indicated that seal natural frequencies are well above rotor operating speeds.
Finally, leakage analysis of new seal system was performed. A comparison with brush
seal leakage performance rates has been also provided. .

A comparison between designed seals illustrate that leakage rate increases with
decrease in the seal length. Specifically, a seal with 1.5 cm. axial length has a leakage
rate twice the leakage rate of the seal with 3 cm. axial length. Note that leakage rate is
proportional to the third power of the seal gap theoretically. Therefore, seal performance
is sensitive to preset operating clearance. The seal with 1.5 cm length has a minimum
film thickness equal to 3 um. This is above the lower clearance limit of around 2 pum.
However, seals designs with larger axial length provide better leakage performance with
higher film thickness values.

Overall, it is observed that under typical operating conditions all of the analyzed
seal designs show satisfactory leakage performances that are similar to that of brush
seals. Proposed seal design is nothing but an assembly of metal cloth and seal ring
coupled together. Metal cloth functions as a bridge between seal ring and backing plate.
Therefore, it gives flexibility to the whole seal body under the action of applied
aerodynamic force. Owing to the simple mechanical structure of the proposed seal
design, manufacturing and maintenance costs are expected to be substantially low with
respect to brush seals and other mechanical seals in the market. In addition, avoiding
seal-rotor contact during operation provides longer seal life and higher operating
temperature capabilities. As a result, the analyses indicate that the proposed new sealing

system may provide a viable alternative to current engine seals.
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Appendix A

Complete Finite Difference Code to Solve Governing Compressible Reynolds

Equation
lose all
lear all
lc
ormat long
Bearing Parameters
= 0.065; % m - radius of bearing/seal/shaft
= 0.03; $ m - axail length (width) of bearing/seal
= be-5; % dimensionless - clearance
ps = 0.8 % dimensionless - eccentricity ratio
u = 3.751le-5; % N-s/m"2 - dynamic viscosity
1 =1 % dimensionless downstream pressure
h = 10/7; % dimensionless upstream pressure
= 10000*2*pi/60; % rad/s - linear velocity
a = 700000; % N/m"2 - ambient pressure
omp rat = (r/c)”2*nu*w/Pa; % - compressibility ratio
Discretization Parameters
= 450; % z,]
= 500; % theta,i
Discretized Lengths
z = B/r/ (M+1);
t = 2*pi/N;
ons = 6*comp rat;

4 4 0000000000000
$%%%%%%5%%%%%%% Boundary Conditions $%%%%%%%%%%%%

bottom boundary

gb = zeros (1,N+1);

f

e

o
°

g
f

o

or 1=1:N+1
gb(i)= P1;
nd

top boundary
t = zeros (1,N+1);
or i=1:N+1
gt (i)= Ph;

X
X
X
X
\
X
X
\
\
X
\
\
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
o
o°
o

o°
o
o
o°
o°
o°
o
o
o
o
o

= (Ph+Pl)/2.*ones (M*N, 1) ; % pressure vector
i = pP-2; % initial pressure
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o°

ups = 0; error condition 1

bups = 0; % error condition 2
iter = 0;
rt = zeros (2,1);

while max (abs ((P-Pi)./P))>0.000005 % convergence criteria
Pi = P;

for j=1:M
for i=1:N
1 = (j-1)*N+i;
him = l+eps*cos(dt*(i-2)); % h(i-1) film thickness at node i-1
hi = l+eps*cos(dt*(i-1)); % hi film thickness at node i
hip = l+eps*cos(dt*i); $ h(i+l) film thickness at node i+1

[)

% coefficients in the FD formulation

cl = hi~3/2/dz"2;

c2 = (3/8*hi”2/dt"2* (hip-him)+1/2*hi”~3/dt"2);
c3 (-3/8*hi”2/dt"2* (hip-him)+1/2*hi”3/dt"2);
c4 = cons*hi/2/dt;

c5 = cons* (hip-him) /2/dt;

c6 = (hi~3/dt”*2)+ (hi~3/dz"2);

% description of pressure on the left boundary nodes

if i~=1

Pleft = P(1-1);
else

k=7 *N;

Pleft = P(k);
end

% description of pressure on the right boundary nodes
if i~=N
Pright = P(1+1);
else
k=(j-2) *N+i+1;
Pright = P (k);
end

% description of pressure on the bottom boundary nodes

if 1-N>=1

Pdown = P (1-N);
else

Pdown = P1l;
end

% description of pressure on the top boundary nodes
if 1+N<=M*N
Pup = P (1+N);

else
Pup = Ph;
end
% Gause - Seidel iterative solution - root finding
rt(l) = —-(c5 + sgrt((c5"2)-(4*(-c6)*((c2*Pright-c4) *Pright +
(c3*Pleft+c4) *Pleft + cl* (Pup”2+Pdown”2)))))/2/c6;
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rt(2) = —-(c5 - sqgrt((c5"2)-(4*(-c6)*((c2*Pright-c4)*Pright +

(c3*Pleft+cd) *Pleft + cl* (Pup”2+Pdown”2)))))/2/c6;
% error conditionl - two roots can not be above zero!
if (rt(1)>=0)&&(rt(2)>=0)

ups = ups+l
% refine mesh!
end

% error condition2 - two roots can not be below zero!
if (rt(1)<=0)&&(rt(2)<=0)
bups = bups+l
% refine mesh!
end

% appropriate solution

if rt(1)>0
P(1l) = rt(1);
else
P(l) = rt(2);
end
% you can move with the next iteration

end
end

% display iteration

if mod(iter,10)==
iter;

end

iter=iter+1;

end

$ relative error
max (abs ((P-P1i) ./P))

% pressure matrix on the seal/shaft/bearing boundary
P mat = zeros (M,N);

Q

% put the obtained pressure values in the matrix (dimesionless)
for ro = 1:M
for co = 1:N
P mat (ro,co) = P((ro-1)*N+co);
end
end

% periodicity boundary condition
mat = [P mat P mat(:,1)];

g

% insert the bottom and top boundary pressure values (dimensionless)
mat = [gb; P mat; gt];

o]
3

o\

pressure ratio
r

p_rat = P _mat./Pl;
% calculation of P*r components - dimension (m)
for ro = 1:M
for co = 1:N
P mat x (ro,co) = P((ro-1)*N+co)*r*sin(dt*(co-1));
P mat y (ro,co) = P((ro-1)*N+co)*r*cos(dt* (co-1));
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% apply periodicity condition
“mat x = [P mat x P mat x(:,1)];
[P mat y P mat y(:,1)];

3
m
lﬁ
=

I

% calculation of P*r components on the top and bottom boundaries (m)
for co = 1: (N+1)

gb x (1,co) = Pl*r*sin(dt*(co-1));
gb y (1,co) = Pl*r*cos(dt*(co-1));
gt x (1,co) = Ph*r*sin(dt* (co-1));
gt y (1,co) = Ph*r*cos(dt*(co-1));
end
% Complete P*r matrix - dimension of each component (m)
P mat x = [gb x; P mat x; gt x];
P mat_y = [gb_y; P_mat_y; gt_vl;

o\

Numerical integraton
components of total force acting on the boundary, dimension = N

o

F x = dz*r*dt*Pa*trapz(trapz (P mat x,2),1);

F y = -dz*r*dt*Pa*trapz(trapz (P mat y,2),1);

% B/D ratio (dimensionless)

B D=B/2/r;

% Net force acting on the seal/shaft/bearing (N)
F = sqrt(F_x"2+F y"2);

% Load ratio (dimensionless)
P rati = F/2/r/B/Pa

% Pressure variation on boundary in dimensional form (N/m"2)
P mat = P mat*Pa-Pa;

maximum = max (max(P_mat))

minimum = min (min(P_mat))

[}

% results

figure (1)
surf (0:dt*r:2*pi*r, -B/2:dz*r:B/2, P mat)
title ('Pf - Absolute Pressure Variation')

xlabel ('Arc Length (2*pi*r) [m]"'")
ylabel ('Width (B) [m]"'")

figure (2)

plot (0:dt*r:2*pi*r, P mat(ceil((size(P mat,1)/2)),:))

grid on

title ('Pf - Absolute Pressure Variation, x-z cross section view @
y=0")

xlabel ('Arc Length (2*pi*r) [m]'")
ylabel ('Pf'")

figure (3)

plot (-B/2:dz*r:B/2, P mat(:,ceil((size(P mat,2)/2))))

grid on

title ('Pf - Absolute Pressure Variation, y-z cross section view @
x=pi*r')

xlabel ('Width (B) [m]")
ylabel ('Pf'")
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Tables Validating the Results for B/D=1

BID=1 - =01
Compressibility Number, A

0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
P,/P, 0,022217| 0,042585| 0,074122| 0,085341| 0,09412| 0,106368| 0,114083| 0,12904 0,1374| 0,141229( 0,143735( 0,145322585| 0,149414
D 80,06697| 70,7551| 55,41039| 49,43543| 44,4293| 36,73812| 31,25906( 18,5643| 11,55314| 8,902787| 7,478235| 6,515588699| 4,320448
S 0,716359| 0,747463| 0,858884| 0,932467| 1,01459| 1,19701| 1,395082| 2,46676| 4,633335| 6,761566| 8,858247( 10,95183813| 21,30389
P /P, 1,021612| 1,042282| 1,075986| 1,088172| 1,098136] 1,111751] 1,119653| 1,130971| 1,126124| 1,125718| 1,126195| 1,126315428| 1,126711
P,/ P, 0,97939| 0,961528| 0,936182| 0,927956| 0,922011| 0,914131| 0,909952| 0,905605| 0,910286| 0,910377| 0,91006| 0,910043672( 0,909717
relative err 4,98E-08| 4,96E-08| 4,99E-08| 4,99E-08| 4,98E-08| 4,99E-08| 4,98E-08| 4,96E-08 4,95E-08| 4,94E-08| 4,99E-08| 4,99076E-08 5E-08
# of iterations 926 985 1043 1049 1059 1082 1091 1106 1102 1214 3144 3542 42820
m 36 36 36 36 36 36 36 36 36 36 60 60 108
n 40 40 40 40 40 40 40 40 40 40 40 40 72

B/ID=1 - £=0.2
Compressibility Number, A

0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
pP,./P, 0,045514| 0,086906] 0,150861] 0,173952| 0,192314| 0,218522| 0,235436 0,2689] 0,287158| 0,295322( 0,300636| 0,303989205| 0,312588
() 79,04003| 69,08188| 53,50141| 47,64565| 42,79316| 35,37661| 30,10097| 17,83115| 11,04627| 8,496646( 7,130481| 6,206944633| 4,108198
S 0,349684| 0,36627| 0,421991| 0,457467| 0,496548| 0,582658| 0,676002| 1,18375| 2,216971| 3,233515| 4,235156| 5,235545879| 10,18305
P, /P, 1,047157| 1,093469| 1,17093]| 1,199692| 1,223814| 1,257078| 1,279266| 1,310595| 1,301967| 1,300798| 1,301931| 1,302194105| 1,302607
P.in /P, 0,957511| 0,923561| 0,880839| 0,868136| 0,859117| 0,84836| 0,842651| 0,838987| 0,847698| 0,847971| 0,847398( 0,847382069| 0,846835
relative err 4,96E-08| 4,99E-08| 4,98E-08| 4,98E-08| 4,97E-08| 4,98E-08| 4,99E-08| 4,98E-08| 4,94E-08| 4,98E-08| 4,98E-08| 4,97449E-08 5E-08
# of iterations 1013 1044 1090 1096 1092 1123 1140 1159 1141 1200 3152 3422 12766
m 36 36 36 36 36 36 36 36 36 36 60 60 108
n 40 40 40 40 40 40 40 40 40 40 40 40 72
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B/D

=1 -

e=04

Compressibility Number, A

0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
P,./P, 0,100966( 0,190565| 0,32976] 0,382459| 0,426158| 0,492318| 0,537994| 0,634679| 0,684715| 0,705378| 0,718626| 0,727424142| 0,748048
D 74,01418| 61,67168| 45,97027| 40,73179| 36,53067| 30,22501| 25,75517]| 15,18325| 9,256676( 7,068111| 5,908385| 5,143979781| 3,378734
S 0,157632| 0,167035| 0,193056| 0,208068]| 0,224079| 0,258622| 0,295831| 0,501529| 0,929758| 1,353784| 1,771768| 2,187924953| 4,255208
P,./ P, 1,12929| 1,25742| 1,465666| 1,547377| 1,614107]| 1,712037| 1,781883| 1,898636| 1,895581| 1,890023| 1,892691( 1,892804423| 1,893904
P,/ P, 0,901626| 0,842737| 0,789859| 0,777683| 0,769798| 0,762822| 0,759834| 0,762364| 0,778554| 0,77988| 0,779012| 0,778200634| 0,777214
relative err 4,96E-08| 4,97E-08| 4,96E-08| 4,99E-08 5E-08 5E-08| 4,99E-08| 4,97E-08| 4,99E-08( 4,98E-08| 4,99E-08| 4,99661E-08 5E-08
# of iterations 1070 1041 1076 1050 1049 1123 1108 1164 1159 1131 2991 6148 36353
m 36 36 36 36 36 36 36 36 36 36 60 90 240
n 40 40 40 40 40 40 40 40 40 40 40 60 140

BID=1 - £€=0.6
Compressibility Number, A

0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
P,/P, 0,188632| 0,35467| 0,615567| 0,717556( 0,804529( 0,942206| 1,042976] 1,275113| 1,393783| 1,440929 1,4666| 1,487158782| 1,52983
D 61,57443| 47,53516| 34,19247| 30,25081| 27,17823| 22,63185| 19,40173| 11,49423| 6,867114| 5,214997| 4,298676| 3,732551501
S 0,084373| 0,089748| 0,10342| 0,110901| 0,118694| 0,135134| 0,152597| 0,249633| 0,456757| 0,662718| 0,868157| 1,070194689
P,./P, 1,333963| 1,637945| 2,094285| 2,269972| 2,417293| 2,645371| 2,806664| 3,138599| 3,18836| 3,170516| 3,175102| 3,173404421
P,/ P, 0,820102| 0,760912| 0,726315| 0,721588] 0,720473| 0,719186| 0,721193] 0,73478] 0,754509| 0,758385| 0,757592| 0,755387303
relative err 4,97E-08| 4,97E-08 5E-08| 4,97E-08 5E-08 5E-08| 4,96E-08| 4,97E-08| 4,98E-08 5E-08| 4,86E-08| 4,99424E-08
# of iterations 1043 999 1021 1020 1017 1080 1108 1186 1193 2835 3068 8112 35780
m 36 36 36 36 36 36 36 36 36 60 60 108 362
n 40 40 40 40 40 40 40 40 40 40 40 72 400
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B/D =1

- £¢=0.8

Compressibility Number, A
0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
P,/P, 0,430193| 0,790948( 1,333132 1,5446] 1,727071]| 2,023519| 2,249782| 2,822909| 3,127282| 3,267104| 3,33461| 3,373541501
D 36,80605| 27,4392| 19,94883| 17,81315] 16,14857| 13,66268| 11,85971| 7,192428| 4,228056| 3,157501| 2,578289| 2,207232969
S 0,036996| 0,040244| 0,047754| 0,05152]| 0,055292| 0,062922| 0,070742] 0,11276] 0,20357| 0,292286| 0,381826| 0,471774078
P,./P, 2,119045 2,8956( 3,990249| 4,42445| 4,796251| 5,39474| 5,845202| 6,896328| 7,183802( 7,128744| 7,135072| 7,148276266
P,/ P, 0,723368| 0,697302| 0,692881| 0,696046] 0,696503| 0,704036| 0,709433]| 0,728904| 0,750892| 0,757887| 0,757248] 0,756798919
relative err 5E-08| 4,99E-08| 4,99E-08| 4,99E-08| 4,99E-08| 4,97E-08| 4,97E-08 5E-08| 4,99E-08 5E-08 5E-08| 0,00000005
# of iterations 983 958 958 1019 1051 1110 1151 2589 2750 9177 33964 61968
m 36 36 36 36 36 36 36 60 60 120 250 350
n 40 40 40 40 40 40 40 40 40 80 140 140
Analysis results of finite difference approach when B/D=1
BD=1 - ¢=0.1
Compressibility Number, A
0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
P,./P, 0,0223 0,0427 0,0743 0,0856 0,0943 0,1066] 0,1143 0,1292 0,1376 0,141 0,143 0,145 0,149
D 80,02 70,7 55,34 49,36 44,36 36,67 31,2 18,5 11,57 8,93 7,44 6,47 4,166
F,/F,. 1,008 1,008 1,007 1,007 1,006 1,006 1,005 1,005 1,005 1,005 1,005 1,005 1,005
S 0,713 0,744 0,855 0,929 1,011 1,194 1,391 2,462 4,623 6,745 8,847 10,937 21,296
time (sec.) 39 29 24 114 29 33 38 18 30 38 85 126 164
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B/ID=1 - £=0.2
Compressibility Number, A
0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
P,./P, 0,04569 0,0872 0,151 0,174 0,192 0,219 0,235 0,269 0,287 0,296 0,3 0,304 0,312
D 79,01 69,04 53,44 47,59 42,74 35,33 30,06 17,832 11,086 8,556 7,143 6,222 4,09
F,/F, 1,035 1,033 1,03 1,028 1,027 1,025 1,024 1,021 1,021 1,02 1,02 1,02 1,02
S 0,348 0,364 0,42 0,456 0,495 0,581 0,674 1,181 2,212 3,226 4,23 5,229 10,178
time (sec.) 48 93 124 118 125 138 125 254 442 534 559 663 803
B/ID=1 - ¢=04
Compressibility Number, A
0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
P,./P, 0,1011 0,1909 0,33 0,383 0,42 0,493 0,539 0,635 0,686 0,707 0,719 0,727 0,748
D 74 61,671 45,981 40,744 36,544 30,23 25,77 15,21 9,305 7,128 5,924 5,143 3,345
F,/F, 1,153 1,144 1,128 1,122 1,118 1,11 1,106 1,096 1,092 1,092 1,091 1,091 1,091
S 0,157 0,1667 0,192 0,207 0,223 0,258 0,295 0,5005 0,9275 1,35 1,769 2,186 4,255
time (sec.) 54 100 103 123 124 121 125 176 350 395 520 552 711
B/ID=1 - £€=0.6
Compressibility Number, A
0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
P,./P, 0,1884 0,3543 0,6157 0,718 0,805 0,944 1,045 1,279 1,399 1,445 1,471 1,488 1,528
D 61,64 47,64 34,4 30,36 27,28 22,72 19,48 11,53 6,92 5,237 4,319 3,726 2,382
F,/F, 1,408 1,375 1,332 1,319 1,308 1,293 1,283 1,262 1,254 1,252 1,251 1,25 1,25
S 0,0844 0,0898 0,103 0,11 0,118 0,134 0,152 0,248 0,454 0,66 0,865 1,069 2,081
time (sec.) 42 112 113 135 138 124 127 248 329 478 552 607 772

97




B/D =1

£=0.8

P,./P,
D

F,/F,

S

time (sec.)

Compressibility Number, A

0.1 0.2 0.4 0.5 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20
0,4278 0,789 1,338 1,553 1,739 2,042 2,274 2,857 3,168 3,275 3,335 3,373 3,461
37,044 27,64 20,1 17,95 16,275 13,766 11,94 7,229 4,248 3,156 2,57 2,196 1,365

1,994 1,899 1,813 1,788 1,77 1,744 1,726 1,689 1,674 1,67 1,669 1,668 1,667
0,0372 0,04 0,0475] 0,05122 0,0548 0,0623 0,0699 0,111 0,2 0,291 0,381 0,471 0,919
65 139 137 131 149 142 140 209 345 462 516 574 726

Analysis results of finite element method when B/D =1
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