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ABSTRACT. By using quasi—derivatives we develop a Fourier method for study-
ing the spectral gaps of one dimensional Schrédinger operators with periodic
singular potentials v. Our results reveal a close relationship between smooth-
ness of potentials and spectral gap asymptotics under a priori assumption
v E Hl;i (R). They extend and strengthen similar results proved in the classi-
cal case v € L2 _(R).

loc

1. Inroduction

We consider the Hill operator

(1.1)

Ly = —y" + v(x)y, xel=|0,x],
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96 PLAMEN DJAKOV AND BORIS MITYAGIN

with a singular complex—valued w—periodic potential v € H, l_oi (R), i.e.,

(1.2) v(z) =v+Q'(2), Q€ Li(R), Qz+7)=Q(),

with @ having zero mean

(1.3) 4(0) = / " Q) =0;
then
1) Q= Y ame™, QR =ladP= 3 lam)P <o,

me2Z\{0} me2Z\{0}

where ¢ = (g(m))me2z.
Analysis of the Hill or Sturm-Liouville operators, or their multi-dimensional

analogues —A +v(x) with point (surface) interaction (6—type) potentials has a long
history. From the early 1960’s (F. Berezin, L. Faddeev, R. Minlos [6, 7, 57]) to
around 2000 the topic has been studied in detail; see books [2, 3] and references
there. For specific potentials see W. N. Everitt and A. Zettl [23, 24] and P. Kurasov
[51].

A more general approach which allows to consider any singular potential (be-
yond d—functions or Coulomb type) in negative Sobolev spaces has been initiated
by A. Shkalikov and his coauthors Dzh. Bak, M. Neiman-zade and A. Savchuk
[5, 62, 63, 69]. It led to the spectral theory of Sturm-Liouville operators with
distribution potentials developed by A. Savchuk and A. Shkalikov [68, 70, 71, 72],
and R. Hryniv and Ya. Mykytyuk [34, 35, 36, 37, 38, 39)).

Another approach to the study of the Sturm-Liouville operators with non—
classical potentials comes from M. Krein [48, 49]. E. Korotyaev (see [45, 46, 47]
and the references therein) uses this approach very successfully but it seems to be
limited to the case of real potentials.

A. Savchuk and A. Shkalikov [71] consider a broad class of boundary conditions
(bc) — see Formula (1.6) in Theorem 1.5 there — in terms of a function y and its
quasi—derivative

u=1y —Qy.

In particular, the proper form of periodic Per™ and antiperiodic (Per™) bc is
(1.5) Per® :  y(m) = y(0), wu(r) = +u(0).

If the potential v happens to be an L2-function those bc are identical to the classical
ones (see discussion in [16], Section 6.2).
The Dirichlet Dir bc is more simple:

(1.6) Dir: y(0)=0, y(r)=0;

it does not require quasi-derivatives, so it is defined in the same way as for L?—
potentials.

In our analysis of instability zones of the Hill and Dirac operators (see [14]
and the comments there) we follow an approach ([40, 41, 9, 11, 60, 12]) based
on Fourier Method. But in the case of singular potentials it may happen that the
functions

up =e*® or sinkz, keZ,
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have their Lj.—images outside L2. Moreover, for some singular potentials v we have
Lyef € L? for any nonzero smooth (say C?—function) f. (For example, choose

v(z) = Z a(r)d.(x —r), rrational, r € I,
ks
with a(r) > 0, > . a(r) = 1 and d.(x) = > ;o5 0(x — km).) This implies, for
any reasonable be, that the eigenfunctions {uy} of the free operator Lgc are not
necessarily in the domain of Ly,.

Yet, in [15, 16] we gave a justification of the Fourier method! for operators
Ly, with H '-potentials and bc = Per® or Dir. Our results are announced in
[15], and all technical details of justification of the Fourier method are provided
in [16]. In Section 2 we remind our constructions from [16] which is essentially a
general introduction to the present paper. A proper understanding of the boundary
conditions (Per® or Dir) —see (1.5) and the formulas (2.1), (a*), (b*) below — and
careful definitions of the corresponding operators and their domains are provided
by using quasi—derivatives. To great extend we follow the approach suggested and
developed by A. Savchuk and A. Shkalikov [69, 71] (see also [70, 72]) and further,
by R. Hryniv and Ya. Mykytyuk [34] and [37, 39].

The Hill-Schrédinger operator L with a singular potential v € H~! has, for
each n > ng(v) in the disc of center n? and radius n, one Dirichlet eigenvalue iy,
and two (counted with their algebraic multiplicity) periodic (if n is even) or anti—
periodic (if n is odd) eigenvalues A, , A} (see Proposition 4 below, or Theorem 21
in [16]).

Our main goal in the present paper is to study, for singular potentials v € H~1!,
the relationship between the smoothness of v and the asymptotic behavior of spectral
gaps v, = |\F — A, | and deviations &, = | — (A) 4+ A;;)/2]. In the classical case
v € L? this relationship means, roughly speaking, that the sequences (v,) and (6,,)
decay faster if the potential is smoother, and vise versa. Of course, to make this
statement precise one needs to consider appropriate classes of smooth functions and
related classes of sequences.

This phenomenon was discovered by H. Hochstadt [32, 33], who showed for
real-valued potentials v € L? the following connection between the smoothness
of v and the rate of decay of spectral gaps (or, the lengths of instability zones)
Tn = )\;’1— = A If

(i) v € C™, i.e., v is infinitely differentiable, then

(19) yn decreases more rapidly than any power of 1/n.

If a continuous function v is a finite—zone potential, i.e., v, = 0 for all large
enough n, then v € C*.

In the middle of 70’s (see [53], [54]) the latter statement was extended, namely,
it was shown, for real L?([0, 7])-potentials v, that a power decay of spectral gaps
implies infinite differentiability, i.e., the implication (#¢) = (i) holds.

1Maybo it is worth to mention that T. Kappeler and C. Mohr [42] analyze ”periodic and
Dirichlet eigenvalues of Schroédinger operators with singular potential” but they never tell how
these operators (or boundary conditions) are defined on the interval, i.e., in a Hilbert space
L2([0, 71]). At some point they jump without any justification or explanation into weighted ¢2—
sequence spaces (an analog of Sobolev spaces H%) and consider the same sequence space operators
that appear in the regular case, i.e., ifv € L%ET (R). But without formulating which Sturm-Liouville
problem is considered, what are the corresponding boundary conditions, what is the domain of
the operator, etc., it is not possible to pass from a non-defined differential operator to its Fourier

representation.
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E. Trubowitz [76] has used the Gelfand-Levitan [26] trace formula and the
Dubrovin equations [20, 21] to explain, that a real L*([0,7])-potential v(z) =
> kez V(2k) exp(2ikx) is analytic, i.e.,

JA>0: |V(2k)| < Me AlF
if and only if the spectral gaps decay exponentially, i.e.,
Ja>0: A, < Ce okl

M. Gasymov [25] showed that if a potential v € L?([0, 7]) has the form v(z) =
ZZOZO vg exp(2ikz) then 7, = 0 Vn. Therefore, in general the decay of v, cannot
give any restriction on the smoothness of complex potentials. V. Tkachenko [74, 75]
suggested to bring the deviations §,, into consideration. As a further development,
J.-J. Sansuc and V. Tkachenko [67] gave a statement of Hochstadt type: A potential
v € L2([0,]) belongs to the Sobolev space H™, m € N if and only if

S (Ml +18a12) (1 +n2™) < 0.

When talking about general classes of m-periodic smooth functions, we charac-
terize the smoothness by a weight Q = (€2(n)), and consider the “Sobolev“ space

(1.7) H(Q) = {U(:E) = kaezi’”, Z ok |2 (2(K))? < oo} .

keZ kEZ
The related sequence space is determined as

(1.8) 3 = {s — G Y lal2@m)? < oo} .
neN
In this terminology and under a priori assumption v € L?, one may consider the
following general question on the relationship between the potential smoothness and
decay rate of spectral gaps and deviations: Is it true that the following conditions
(A) and (B) are equivalent:

(A) ve H(Q); (B) v € 3(Q) and 6 € £2(Q).

The answer is positive for weights €2 in a broad range of growths from being constant
to growing exponentially — see more detailed discussion and further results in [14],
in particular Theorems 54 and 67.

Let us note that in the classical case v € L? we have vy — 0 as |k| — oo, and
Yn — 0, 8, — 0 as n — oo. Therefore, if v € L? then we consider weights which
satisfy the condition

(1.9) inf Q(n) > 0.
In the case v € H! the sequences (vg), (vn), (6,) may not converge to zero,

but vg/k — 0 as |k| — oo, and v,/n — 0, §,/n — 0 as n — oo. Therefore, in the
case v € H~! it is natural to consider weights which satisfy

(1.10) inf nQ(n) > 0.

The main results of the present paper assert, under a priori assumption v € H !,
that the conditions (A) and (B) above are equivalent if  satisfies (1.10) and some
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other mild restrictions (see for precise formulations Theorem 28 and Theorem 29).
Since the condition (1.9) is more restrictive than (1.10), these results extend and
strengthen our previous results in the classical case v € L? as well.

Sections 3-7, step by step, lead us to the proofs of Theorems 28 and 29. As
before in the regular case v € L? ([11], Proposition 4) an important ingredient of
the proof (see in particular Section 7) is the following assertion about the deviations
of Riesz projections P, — P? of Hill operators (with singular potentials) L. and
free operators LY :

(1.11) | P — P2l z1—pe — 0.

This fact is important not only in the context of Theorem 29 but also for a series of
results on convergence of spectral decompositions, both in the case of Hill operators
with singular potentials and 1D Dirac operators with periodic L?-potentials (see
[17, 18, 19]). The proof and analysis of the statement (1.11) is put aside of the
main text as Appendix, Section 9.

Section 8 gives a few comments (in historical context) on different parts of
the general scheme and its realization. In particular, we remind and extend in
Proposition 38 the observation of J. Meixner and F. W. Schifke [55, 56] that
the Dirichlet eigenvalues of the Hill-Mathieu operator could be analytic only in
a bounded disc. They gave upper bounds of the radii of these discs (see Satz 8,
Section 1.5 in [55] and p. 87, the last paragraph, in [56]). This is an interesting
topic of its own (see [78]-[82] and [13]). This analysis has been extended to families
of tri-diagonal matrix operators in [1].

2. Preliminaries

It is known (e.g., see [34], Remark 2.3) that every m—periodic potential v €
H; (R) has the form

loc
v=C+Q, where C =const, Q is7— periodic, Q € L7 (R).

Therefore, formally we have

—y" +uy=Ly) = - Qy) — QW — Qy) + (C — Q*)y.

So, one may introduce the quasi—derivative u© = 3’ — Qy and replace the distribution
equation —y” + vy = 0 by the following system of two linear differential equations
with coefficients in L}, .(R)

(2.1) Y =Qy+u, u=(C-Q%y—Qu

By the Existence-Uniqueness Theorem for systems of linear o.d.e. with L} (R)-
coefficients (e.g., see [4, 61]), the Cauchy initial value problem for the system (2.1)
has, for each pair of numbers (a,b), a unique solution (y,u) such that y(0) =
a, u(0) = b. This makes possible to apply the Floquet theory to the system (2.1),
to define a Lyapunov function, etc.

We define the Schrodinger operator L(v) in the domain
(22) D(L(v)) ={ye H'(R): y' —Qye L*R) NW;;,.(R), y) € L*R)},
by
(2.3) L{v)y =L(y) = -y - Qy)' = Q.
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The domain D(L(v)) is dense in L%*(R), the operator L(v) is a closed, and its
spectrum could be described in terms of the corresponding Lyapunov function (see
Theorem 4 in [16]).

In the classical case v € L? (R), if v is a real-valued then by the Floquet—
Lyapunov theory (see [22, 50, 52, 83]) the spectrum of L(v) is absolutely contin-
uous and has a band—gap structure, i.e., it is a union of closed intervals separated

by spectral gaps
(=00, A0), (ATLAT), A5, AT ),y (A, A, ...

n? n

The points (\F) are defined by the spectra of the corresponding Hill operator
considered on the interval [0, 7], respectively, with periodic (for even n) and anti-
periodic (for odd n) boundary conditions (bc) :

() periodic  Per® :  y(x) = y(0), y'(x) = y/(0);

(b) antiperiodic ~ Per™ : y(w) = —y(0), ¥'(7) = —y'(0);

Recently a similar statement was proved in the case of real singular potentials
v € H=! by R. Hryniv and Ya. Mykytyuk [34].

Following A. Savchuk and A. Shkalikov [69, 71], let us consider (in the case
of singular potentials) periodic and anti-periodic boundary conditions Per® of the
form

(@)  Pert: y(m)=y(0), (v — Qy) () = (y' — Qy) (0).

(0*)  Per™: y(m)=—y(0), (¥ — Qy) (7) = — (¥ — Qy) (0).

R. Hryniv and Ya. Mykytyuk [34] showed, that the Floquet theory for the
system (2.1) could be used to explain that if the potential v € H, z_ocl is real-valued,
then L(v) is a self-adjoint operator having absolutely continuous spectrum with
band-gap structure, and the spectral gaps are determined by the spectra of the
corresponding Hill operators Lp,,+ defined on [0, 7] by Lpe,.+(y) = {(y) for y €
D(Lp,,+), where

D(Lpe,+)={ye H" : y —Qye W/ ([0,7]), (a*)or (b*) holds, £(y) € H"}.

(Hereafter the short notations H! = H'([0,n]), H° = L?([0,7]) are used.)
We set

Hpw ={feH" : f(r)=%f(0)}, Hp,, ={fe€H" : f(r) = f(0)=0}.

One can easily see that {u; = ¢**, k € I'p,+ = 2Z} is an orthogonal basis in

H}. ., {ux = €, k € Tp.,- = 1+ 2Z} is an orthogonal basis in Hp,__, and
{ur, = V2sin kx, k € T'p; = N} is an orthogonal basis in H}MT. From here it

follows, for bc = Per® or Dir, that

Hy, = {f(:v) = > fawk(@) o (IfIF = D L+ E)IfP < oo} :
k€T kel
Now, we are ready to explain the Fourier method for studying the spectra of
the operators Lp,,.+. We set

(2.4) V (k) =ikq(k), k€ 2Z,
where ¢g(k) are the Fourier coefficients of @ defined in (1.4).

Let F : H® — (*(I'p,,+) be the Fourier isomorphism defined by mapping a
function f € H? to the sequence (fy) of its Fourier coefficients fy = (f, ux), where

{ug, k € Tpep+} is the corresponding basis introduced above. Let F~! be the
inverse Fourier isomorphism.
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Consider the operators £, and £_ acting as
Li(2) = (he(2)per, . » hilz) = Kz + > V(k—m)zm, + Cz,
mely,  +
respectively, in
D(E:t) = {Z € 62(|k|7FPeri) : ‘C:I:(Z) € gz(rPeri)} 3

where

k), Tpeps) = {z = (21)ker, 4 Z(l +1kH)|2)? < oo} )

k
PROPOSITION 1. (Theorem 11 in [16]) In the above notations, we have
(2.5) D(Lper+) =F 1 (D(Ly)), Lpeps =F toLioF.

Next we study the Hill-Schrédinger operator Lp;(v), v = C + @Q’, generated
by the differential expression £g(y) when considered with Dirichlet boundary con-
ditions Dir : y(0) = y(m) = 0. We set

LDiT(v)y = éQ(y)v (RS D(LD“«(’U)),

where
D(Lpi) ={y € H: o —Qy e W([0,7]), y(0) =y(n) =0, Lo(y) € HO} .

PROPOSITION 2. (Theorem 13 in [16]) Suppose v € H;,}(R) is m—periodic.
Then:

(a) the domain D(Lp;,(v)) is dense in HY;

(b) the operator Lp;r(v) is closed and its conjugate operator is

(Lpir(v))" = Lpir(0),

so, in particular, if v is real, then the operator Lp;-(v) is self-adjoint;

(c) the spectrum Sp(Lp:-(v)) of the operator Lp,,(v) is discrete, and

Sp(Lpir(v)) ={A € C : ya(m,A) =0}.

Let

(2.6) Q(z) =Y 4(k)V2sinka
kEN

be the sine Fourier series of Q. We set
(2.7) V (k) =kg(k), keN.

Let F : H® — (?(N) be the Fourier isomorphisms that maps a function f € H°
to the sequence (fi)ren of its Fourier coefficients fr = (f,v/2sinkz), and let F~*

be the inverse Fourier isomorphism.
We set, for each z = (z;) € ¢3(N),

h()_k2zk+—2( (|k —ml|) — (k+m))zm+Czk,

and consider the operator £, defined by
La(z) = (hi(2))gen

in the domain

Lq) ={z € P(|k|,N): Lq(z) € F(N)},
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where
(Jk|,N) = {z = (2r)ken : Z k)% |2? < oo} .
k

PROPOSITION 3. (Theorem 16 in [16]) In the above notations, we have
(2.8) D(Lpir) = F ' (D(La)) , Lpir=F 'oLgoF.

Let L° be the free operator, and let V denotes the operator of multiplication
by v. One of the technical difficulties that arises for singular potentials is connected
with the standard perturbation type formulae for the resolvent Ry = (A—L°—V)~1.
In the case where v € L?([0, 7]) one can represent the resolvent in the form

Ry=(1-R\WV) 'R} =Y (RYV)"R} or Ry =R3(1-VR})™" =) RI(VRY",
k=0 k=0

where R) = (1 — L% ~!. The simplest conditions that guarantee the convergence of

these series are

RV < 1, respectively, |VRY| < 1.

Each of these conditions can be easily verified for large enough n if Re\ € [n —
1,n+1] and |A —n?| > C(||v||L2), which leads to a series of results on the spectra,
zones of instability and spectral decompositions.

The situation is more complicated if v is a singular potential. Then, in general,
there are no good estimates for the norms of RRV and VR(/{. However, one can
write R in the form

Ry =R+ RYVRY + R\VRYVRS +--- = K} + i KA(E\VE))™ K,
m=1
provided (K,)? = R}. We define an operator K = K, with this property by its
matrix representation
Kjm = (A =32 7"Y25,0,  j,m € Ty,
where 212 = \/re??/? if z=re"?, —1 <@ < 7. Then Ry is well-defined if
|KAVEy: 2(Tpe) — 2(The)|| < 1.

By proving good estimates from above of the Hilbert—Schmidt norms of the
operators K\V Ky for bec = Per® or Dir we get the following statements.

PROPOSITION 4. (Theorem 21 in [16]) For each periodic potential v € H;,(R),
the spectrum of the operator Ly.(v) with bc = Per®, Dir is discrete. Moreover, if
bec = Per® then, respectively, for each large enough even number Nt > 0 or odd
number N—, we have

Sp(Lpey+) C Ry=U ) D,
neN+E 42N

where the rectangle Ry = {\ =z +iy: —N < x < N>+ N, |y| < N} contains,
respectively, 2N* + 1 or 2N~ eigenvalues, while each disc D, = {\ : |\ —
n?| < n/4} contains two eigenvalues ( each eigenvalue is counted with its algebraic
multiplicity).
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If be = Dir then, for each large enough N € N, we have

Sp (LDir) C Ry U U D,
n=N+1

and
#(SP(LDir)mRN):N+17 #(Sp(LDiT))ﬂDn):l, n > N.

This localization theorem, i.e., Proposition 4, says that for each n > N* =
max{NT, N=, N} the disc D,, contains exactly one Dirichlet eigenvalue j,, and two
periodic (if n is even) or antiperiodic (if n is odd) eigenvalues A} and A, counted
with their algebraic multiplicity, where either Re A} > Re ), or Re A\l = Re \;,
and Im/\;lr >ImA,.

After this observation we define spectral gaps

(2'9) '771:')‘:_)‘7_1'7 n> N7,
and deviations
(2.10) 6n = | — (NF+A)/2], n>N™

We characterize “the rate of decay“ of these sequences by saying that they are
elements of an appropriate weight sequence space

Q) = {(Ik)keN : Z |z ?(Q(K))? < oo} )

The condition (1.10) means that £2(Q) C ¢?({n}). Now, with the restriction
(1.10) — which is weaker than (1.9) — we permit the weights to decrease to zero.
For example, the weights Qs(n) = n=?, 3 € (0,1], satisfy (1.10). Moreover, if
B > 1/2, then the sequence z; = k%, 0 < a < 3 —1/2 goes to co as k — oo but
(21) € ().

By the same token, the “smoothness* of a potential v with Fourier coefficients
V(2k) given by (2.4) is characterized by saying that v belongs to an appropriate
weight space H(Q), i.e.,

D IVER)P(Q(K)? < oo
The inclusion H(Q)) C L? is equivalent to (1.9) while (1.10) is equivalent to the
inclusion H(Q) C H™L.

Let us recall that a sequence of positive numbers, or a weight A = (A(n))nez,
is called sub—multiplicative if

(2.11) A(m +n) < A(m)A(n), m,n €Z.

In this paper we often consider weights of the form

(2.12) a(n) = Aln) forn #0, a(0)=1,
n

where A(n) is sub—multiplicative and even.
Now we are ready to formulate the main result of the present paper (this is
Theorem 28 in Section 7).

Main Theorem. Let L = L° + v(x) be the Hill-Schrédinger operator with a
m-periodic potential v € H, ! (R).

Then, for large enough n > N(v) the operator L has, in a disc of center n
and radius r, = n/4, exactly two (counted with their algebraic multiplicity) periodic

2
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s and one Dirichlet

(for even m), or antiperiodic (for odd n) eigenvalues N\, and
eigenvalue iy, .
Let
A+,
2

and let Q = (Q(m))mez, Qm)=w(m)/m, m # 0, where w is a sub-multiplicative
weight. Then we have

An:|)\:§—)\n|+‘ — ln|, n>N(v),

ve HQ) = (A,) € 3(Q).

Conversely, in the above notations, if w = (w(n))nez is a sub—multiplicative weight
such that

logw(n) 0

n
then

(Ap) € 2(Q) = ve H(Q).

If w is of exponential type, i.e., lim, ..o M > 0, then

(A,) € 2(Q) = TFe>0: ve H(eIM.

Important tool in the proof of this theorem is the following statement. Let
E,, be the Riesz invariant subspace corresponding to the (periodic for even n, or
antiperiodic for odd n) eigenvalues of Lp,,.+ lying in the disc {z : |z — n?| < n},
and let P, be the corresponding Riesz projection, i.e.,

1

=— (A= L) tax, Cp:=1{\: [N=n? =n}
21 Cn

n
We denote by P? the Riesz projection that corresponds to the free operator.
In the above notations and under the assumptions of Proposition 4

(2.13) |Pn— P2l|l2spe — 0 as n — oo.

This statement and its stronger version are proven in Section 9, Appendix; see
Proposition 44 and Theorem 45 there.

3. Basic equation

By the localization statement given in Proposition 4, the spectrum of the op-
erator Lp.,+ is discrete, and there exists IV, such that for each n > N, the disc
D, = {\: |\ —n?| < n/4} contains exactly two eigenvalues (counted with their
algebraic multiplicity) of Lp..+ (for n even), or Lp..- (for n odd).

For each n € N, let

E° = E° = Span{e_, = e ™", e, = """}

be the eigenspace of the free operator L° = —d? /dx? corresponding to its eigenvalue
n? (subject to periodic boundary conditions for even n, and antiperiodic boundary
conditions for odd n). We denote by P® = P? the orthogonal projection on EY,
and set Q° = Q% =1 — PY. Notice that

(3.1) D, N Sp(Q°L°Q%) = 0.



SCHRODINGER OPERATORS WITH SINGULAR POTENTIALS 105

Consider the operator K given by its matrix representation

(3.2) Ky = W%‘ for k # +n,
’ 0 for k= +n,

where zl/~2 = re®?/?if z = re’, —1 < p <7, and j,k € n + 27Z. One can easily
see that K acts from L2([0,7]) into H!, and from H~! into L2([0, 7]).

We consider also the operator
(3.3) T=T(n;\)=KVK.
By the diagram

L2(0,7)) % H' % B 5 12([0,7)

the operator T acts in L2?([0,7]). In view of (2.4), (3.2) and (3.3), the matrix
representation of T is

V(i-k i(j—k)a(i—k e
(34) T = GO = G i k7,
! 0 otherwise
Let us set
(3.5) H,={z: (n—1><Rez<(n+1)%
and
1/2

(3.6) En(e)= | Y la(m)P

|k[>m
LEMMA 5. In the above notations, we have
(3.7) IT|lrs < C(Eym(a) + llall/v/n), X € Hy,

where C is an absolute constant.

PROOF. In view of (3.4),

(G = k)2la( = K
(3.8) 1Tl = 3 S HE
A TR

so we have to estimate from above the sum in (3.8) with A € H,,.
The operator K is a modification of the operator K defined by
1
(A —k2)1/2 Ojk»
Moreover, for A # n?, we have K = QK Q°.
Therefore (compare (3.8) with Formula (128) in [16]), by repeating the proof

of Lemma 19 in [16]) with a few simple changes there one can easily see that (3.7)
holds.

Kji = gk €n+2Z, A€ Hy, \ {n?}.

O

LEMMA 6. In the above notations, if n € N is large enough and A € D,,, then
A is an eigenvalue of the operator L = L° +V (considered with periodic boundary
conditions if n is even, or antiperiodic boundary conditions if n is odd) if and only
if X is an eigenvalue of the operator P°LYP% + S, where

(3.9) S=S\n)=PVP +PVK1-T)'KVP® : E°— E°.
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Moreover,
(3.10) Lf =M, f#0 = (L°+58)fi=M1, fi=Pf#0,
(3.11) (L°+8)fi=M, LEE® = Lf=X\, f=fH+K1-T)"'KVf.

PRrROOF. The equation

(3.12) A=L°-WV)f=gyg

is equivalent to the system of two equations

(3.13) POA=LY = V)(f1 + f2) = o,
(3.14) QAL ~V)(fi + fo) = ga.

where fi = PUf, fo=Q°f, g1 = P, g2 = Q°g.
Since the operator L is self-adjoint, the range Q°(H) of the projection QP is
an invariant subspace of L° also. Therefore,
POQO _ QOPO _ O7 POLOQO _ QOLOPO _ O7
so Equations (3.13) and (3.14) may be rewritten as

(3.15) A= LOf1 — PV fi — PV fy = g1,

(3.16) A =LY f2 = QV i = Q°V fo = ga.

Since fo belongs to the range of QU, it can be written in the form
(3.17) f2 = K fo.

Next we substitute this expression for fs into (3.16), and after that act from the
left on the equation by K. As a result we get

KA—LYKf, - KQVfi — KVKf, = Kg,.
By the definition of K, we have the identity
K\— LYK fy = fo.
Therefore, in view of (3.3), the latter equation can be written in the form
(3.18) (1-T)fo =KV fi + Kg,.

By Lemma 5 the operator 1 — 7' is invertible for large enough n. Thus, (3.17) and
(3.18) imply, for large enough n,

(3.19) fo=KO1-T)'KVfi+K(1-T) 'Kga.
By inserting this expression for fo into (3.15) we get
(3.20) (A=P°LOP° — 8)f; = g1 + P°VK(1 = T) 'Ky,

where the operator S is given by (3.9).

If A is an eigenvalue of L and f # 0 is a corresponding eigenvector, then (3.12)
holds with g =0, s0 g1 = 0, g2 = 0, and (3.20) implies (3.10), i.e., A is an eigenvalue
of P°LOPC° + S and f; = PYf is a corresponding eigenvector. Then we have f; # 0;
otherwise (3.19) yields fo =0, so f = f1 + f2 = 0 which is a contradiction.

Conversely, let A be an eigenvalue of P°LOP%+ S, and let f; be a corresponding
eigenvector. We set

fo=K(A-T)'KVfi, f=fi+/f
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and show that Lf = Af by checking that (3.15) and (3.16) hold with g = 0 and
g2 = 0. Then (3.15) coincides with (P°L°P° + S)f; = 0, so it holds. On the other
hand one can easily verify (3.16) by using that

(1-T)'=14+TA-T7)"", T=KVK, (A—L°K?=qQ".
This completes the proof.

Notice that (3.10) and (3.11) imply the following.

REMARK 7. Under the assumptions and notations of Lemma 6, for large enough
n, the operator L has an eigenvalue A € D,, of geometric multiplicity 2 if and only
if X is an eigenvalue of PPLOP° + S(\,n) of geometric multiplicity 2.

Of course, in the proof of Lemma 6 it was enough to consider the equation
(3.12) for g = 0 (and, respectively, to set g1 = 0, g2 = 0 in the following equations).
But we consider the case of arbitrary g in order to explain the following remark
that will be used later.

REMARK 8. Under the assumptions and notations of Lemma 6 and its proof,
FEquation (3.12), i.e., the system (3.13) and (3.14), implies Equation (3.20).

gt g2 . . . .
Let ( g2 22 be the matrix representation of the two-dimensional operator

S with respect to the basis el :=e_,,, €2 := e,; then

(3.21) S =(Sel ey, i,je{1,2}.

n'-n
Consider the eigenvalue equation for the operator S :
Sll y 812
S21 S22 —z
This is the basic equation that we use to estimate spectral gaps.
A number X\ = n?+ z € D,, is a periodic or anti-periodic eigenvalue of L° +V
if and only if z is a solution of (3.22).

Next we give explicit formulas for the matrix elements S%. By Lemma 5, we
have ||T,,|| < 1/2 for n > ng(v), so (1 —T,)~1 =372, Tk~ and therefore,

(3.22) det =0.

S=PYVP +> PWVKT} 'KVP).
k=1
By (3.9) and (3.21),

(3.23) S = ZS};, where Si/ = (POV P ¢l)
k=0
and
3.24 Sy = (VKTF1KVel et), k=1,2,....
k n ny»“n

By (3.3), it follows that
VKTFIKV = (VK?)*V,
Therefore, in view of (3.23), (3.24) and (3.2), we have
(3.25) Sgt=(Vel,ely =V(0)=0, S22 =(VeZ,e2)=V(0)=0,

n-n n-n
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and for each £k =1,2,...

(3.26) Sit — Z V(i—n—71)V({j1—Jg2) - V(k—1— &)V (r + n)
F P 2 =2 +2)--(n2—j2+2) )
(3.27) 2=y Vin—3)V(ji—j2) - V(jr-1 — jr)V(r —n)
’ J1yesdnAEn (n?—j3+2)---(n?—ji+2)

In the same way, we obtain

(3.28) Sg? = (VeZ,el) =V(=2n), S = (Vel, e2)=V(2n),

n»-n n)-n

and, for k=1,2,...,

12 _ V(—n =30V (1 —j2) - V(Jk—1 — ju)V(jr — n)
(3.29) Sy = Z (n2—j2+2)---(n2—j2+2)

J1seenduFEN

Z Vin =30V —Jd2) - VUk—1 — )V Uk +n)

3.30 S21 —
(8:30) G (W% — 4 2) (% — 2+ 2)

J1seendk#EN

The operator S depends on v,n € N and X (or, 2 = A —n?). Of course, the same is
true for its matrix, i.e.,

S = S (v;n, 2), S’,ij = S,ij(v;n,z).
LEMMA 9. (a) For any (complex—valued) potential v
(3.31) S (v;n, 2) = S*2(v;n, 2).
(b) If v is a real-valued potential, then
(3.32) S'2(v;n, z) = S2Y(v;n, Z).
PROOF. (a) By (3.26) and (3.27), the change of indices
ts = —Jkt1-s, S=1,...,k,

proves that S}!(v;—n,z) = S#(v;n,z2) for k = 1,2,.... Thus, in view of (3.23),
(3.31) holds.

(b) If v is real-valued, we have for its Fourier coefficients V' (—m) = V(m). By
(3.28),

Sg2(v; —n, 2) = V(=2n) = V(2n) = S2' (v;n, Z).
By (3.29) and (3.30), for each k =1,2,..., the change of indices
is:jk+1755 Szla"'vkv

explains that S}?(—n, z) = SZ!(n, z). Thus, in view of (3.23), (3.32) holds. Lemma 9
is proved.
O

We set, for n > ng(v),

(3.33)  an(v;2) = SM(vn,2), B (v;z) =S (v;n,2), B, (v;2) = S2(v;n, 2).
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4. Estimates of a(v;n, z) and 3% (v;n, z)
Let © = (Q(m)) be a weight of the form
(4.1) Q(m) =w(m)/m for m=#0 Q(0) =1,

where w is a submultiplicative weight. Our main goal in this section is to estimate
the £2(Q)-norm of the sequence (3% (v;n, 2))n> N, from (3.33) under the assumption
v e H(Q).

LEMMA 10. If r € (*(Z), then

12 2
n—zt 12 2 7]
. - < — ] .
(4.2) | E i |r(n —14)]* < 8n (Sn(r) + -
i#E—n
PROOF. Since [n —i|/|n+1i| <1 for ¢ >0, and
.\ 2 2 2
— 2 8
(4.3) D) o (2R ) <42 fori<O,
n+i n+i (n+1i)?

the sum in (4.2) does not exceed
8n? . . 2
> mh‘(n — )PP+ 20r(n —i)]> < 80 (En(r)® + 2717,
i<0,i#—n i

which proves (4.2).
O

LEMMA 11. Ifr € (*(Z) and H(n) = (H;j(n)), n € N, n > N, are Hilbert-
Schmidt operators such that H, := sup,~ y [|[H(n)||zs < oo, then
(4.4)

D

L,j#En

1/2 1/2

[r(n—0)|lr(n+ )| H; (n)] < Cnlr| (5"(” * ﬂ) e

n—1
n-+1

n+j

n—j

n

where C is an absolute constant.

PrOOF. By the Cauchy inequality, for each n € N with n > N, we have

(4.5)

L 11/2 11/2
; R e M| < o) H ) s,

where
(46) =3 | = P+ )

i,j#+n
The index change j = —k yields

2
n—1i
o) = | 2 || rn =P

i#+En
Now the Cauchy inequality and (4.2) imply

o(n) < rl* Y

i#+En

n—i1
n-+1

2
rtn = < CallrfP (e + 121

r
n
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By (4.5) and (4.6), the latter estimate proves (4.4). O

LEMMA 12. Ifr € (*(Z) and H(n) = (H;j(n)), n € N, n > N, are Hilbert-
Schmidt operators such that H, := sup,,s y |H(n)||ms < oo, then

(4.7) Z > (

n>N i,j#En

n—1
n-+1

n+j
n—j

1/2 2
[r(n = )l[r(n + J)[|Hi; (n)|>

r 2
< ezl ((ewty + L),

where C is an absolute constant.

PROOF. Let ¥ denote the sum on the left of (4.7). By (4.5) we have
1
2
(4.8) Y < H Z EU(TL)
n>N

where o(n) is given by (4.6).
Changing the summation index by k = —j we get
2

n—i
(4.9) o(n) = Z =" lr(n —i)|? | < 201(n)+ 209(n),
i#+En
where
2 2
- n—1 9 -

(4.10) oin) = | Z | r = | oa(n) = Z

1<0,i#£—n >0

By the Cauchy inequality and (4.3), we have

Z—m y< Il Y > 2|T )P+ 2||T|\2

n>N n>N i<0,i#—n n>N
Now, with v =n — 1,
8 8?2
> > 2|T —PS D 0P Y G S 5 (G0’
(2n —v) 3
n>N i<0,i#—n v>N n#v/2
so it follows that
1 87r 2|2
n>N

On the other hand, since |n —i|/|n +i| < 1 for i > 0, we have oo(n) < ||r||*.
Thus,

1 R B
(112) S Loam) € 3 el < < el

n>N n>N
Finally, (4.8)—(4.12) imply (4.7), which completes the proof. O

w(2n)
w(n)

Let us recall that a weight w is called slowly increasing, if sup,, < 00.
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LEMMA 13. Suppose w = (w(m))meaz is a slowly increasing weight such that
(4.13) w(m) < Cilm|Y*, m e 22,

r = (r(m))meaz € £*(w,2Z), and H(n) = (Hij(n); jentoz» ™ = no, are Hilbert—
Schmidt operators such that H. = sup,,s, |[H(n)|lzs < oo. Then, for N > ny,

(22 ST VE NIRRTV 2
(i) Y LCIE 5 <n+i % |r<n—z‘>||r<n+j>||Hz-j<n>|>
n>N i,j#En
<2l (o + )

where C = C(w).
PROOF. Let ¥ denote the sum on the left of (4.14). By (4.5) we have

(4.15) S<HZY (‘”(277;))20(71),

n>N
where o(n) is given by (4.6), so (4.9) holds, i.e.,
a(n) < 201(n) 4+ 202(n),

with o1(n) and o2(n) defined by (4.10).
Consider the sequence 7 = (7(m))me2z defined by

F(m) = w(m)r(m), m € 2Z.

Then 7 € 2 and ||7|| = ||r||w-
Taking into account that

Fn—1i)=wn—9r(n—1i) >wh)r(n—1) ifi<0,

we estimate from above:
2

1 n—1
o1(n) < ——— —— | |[F(n —4)[?
(w(n))* KOVZG;?" n+i
1 n—il?
< EOIL > i [F(n =) | - 7)1

1<0,i#—n
(by the Cauchy inequality).
Since w is a slowly increasing weight, there is a constant Cy > 0 such that

w(2n) < Cow(n) ¥n eN.
Therefore, in view of (4.3), we have

@@n)* % LI FEYE
S B e <t Y o Y (gt ) I

n>N n>N 1<0,i#—n

C
OH || Z Z n+22|7" |2+Z Z|’I‘n—l

n>N i<0,i#—n n>N i




112 PLAMEN DJAKOV AND BORIS MITYAGIN

Since we have, with v =n — 1,

7T2 2
> > nﬂglr —P< SRR Y ﬁg%@w)) |

n>N i<0,i#£—n v>N n#v/2
it follows that
(w(2n))? Clir)* (8
(4.16) ——on)< ——= | — +2
n>ZN n? (w(N))? 3

On the other hand, since |n —i|/|n + 4| < 1 for i > 0, we have
oa(n) < [Ir*.
Thus, by (4.13),

iy Yy < 5 SR o gl

2
n>N " n>N \/_
Now (since ||r|| < ||F]]) and ||7]] = ||r|lew) (4.15)—(4.16) imply (4.14), which
completes the proof. ([

We set, for each sequence p = (p(m))meaz such that

(4.18) p(0) =0, 3 (p(m))2/m? < o0,
m#0

(@19) A= Y POZIPU R G m
JiyeenJeFEN |n _]1|"'|n _-]k|

(4.20) Bi(piEn)= Y. lp(£n — 121)/’(]1 - jz)2~ : -gggk £l pnen,
Jiseje#En |7’L - | | _jkl

and

(4.21) A(pin) =Y Ar(psn), B(pi+n) ZBk (p; £n).

By the elementary inequality, for n > 2,
! <
In?+2—35% = [n® - 57|

jEN+2Z, j#+n, |2 <n/2,

(3.26),(3.29), (3.30) and (3.31) imply, for k € N, |z| < n/2, that
(4.22) |9t (vin, 2)| = |72 (vsm, 2)| < Aw(2Vim),
(4.23) |SE2(v;n, 2)| < Br(2V;—n), |SEH(vin, 2)| < Bp(2V;n),

where V' = (V(m))meaz is the sequence of the Fourier coefficients of the potential
v(x) = ,,coz V(m) exp(imz). Therefore, by (3.23), (3.28), (3.33) and (4.21), we
have

(4.24)  |an(v;2)] < A@2V;n), |BE(v;2) — V(£2n| < B(2V;+n), |z| <n/2.
In view of (4.19)—(4.21) we have
(4.25) Alp,n) = (VEVen,en) + (VKT(1 —=T) " KVen, e,),

(4.26) B(p,+n) = (VE*Vezn, exn) + (VKT(1 = T) ' KVegn, e4n),



SCHRODINGER OPERATORS WITH SINGULAR POTENTIALS 113

where V and K denote, respectively, the operators with matrix representations

' , 0y ifd, 5 # En
4.27 Vi = |pi —j)|, Kij = [nz—j2172 Vi ) )
(4.27) =l K {O AR
and
(429 P =1, = KVE.

The operator T is a slight modification of the operator T' defined by (3.3).
Therefore, one can easily see that we have the same estimate for its Hilbert—Schmidt
norm, namely (compare with (3.3)),

; [l
(4.29) s < ¢ (&m0 + 1)
where r = (r(m)) is an ¢?>-sequence defined by p from (4.18) so that
(4.30) r(0) =0, r(m)=p(m)/m form #0,

and C is an absolute constant.

LEMMA 14. Under the above assumptions and notations, there is ng = ng(p)
such that, for n > ng, we have
(4.31)
[l

Atpin) < € (e + LY i, Bos2n) < 0 (8500 + 1) o
where C' is an absolute constant.
PRrROOF. By (4.25),
Alp,n) = (VK*Ve,,en) + (VKT(1 —T) ' KVe,,e,) = 21 + Zo.
In view of (4.19)—(4.21) and (4.30), we have

pn—7HplGi—n n—j . .
S S L2C Akl Lt TN S ]
frm G Pt L
1/2
”; _ il <cn (e Il
<> s r(n — j)|? [rll < Cn(&m(r)+ N Ikl

J#En
(by the Cauchy inequality and Lemma 10) In an analogous way we get

12|1/2|n2 2|1/2 v

z;;é:i:n
1/2 .11/2
n—1 7’L—|—_] . )
= > ol a1 o),

i,j#En
where H(n) = T(1 — T)~', so Hi; > 0. By (4.30), ||T|| < 1/2 for n > ng, which
implies
[Hn)|| <2IT|| <1 formn > no.
Thus, by Lemma 11, we get

S, < Onllr] (snm + @) ,
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where C' is an absolute constant.

The obtained estimates of ¥; and ¥y imply the first inequality in (4.31). We
omit the proof of the second inequality there (which gives an upper bound for
B(p,n)), because it is practically the same. O

PROPOSITION 15. Let v be a H~'—potential of the form (1.2) with (1.3), (1.4),
and let (2.4) define the sequence of its Fourier coefficients V.= (V(m))me2z.
There exists ng(v) such that for n > ng we have

(432 lan(os 2135 (0:2) = V2] < Cn (€200 + L0 ) gl for 2] < 2

and moreover,

Oay, (v;2) | |06 (v; 2)
0z 0z

where C is an absolute constant.

<20 (sﬁ@) n ”%) lall for|z| < n/4,

(4.33)

)

PROOF. In view of (4.24), (4.32) follows immediately from Lemma 14.
Since o, and 8 depend analytically on z for |z| < n/2, the Cauchy inequality
for their derivatives proves (4.33). Proposition 15 is proved. (I

LEMMA 16. Suppose w = (w(m))meaz is a weight such that
(4.34) w(m) = wi(m)/m, for m £0,
where w1 = (w1(M))me2z is a slowly increasing unbounded weight such that
(4.35) wi(m) < Cylm|Y%, m e 2Z.
If p = (p(m))meaz € £*(w,27Z), p(0) =0, then there exists no(||pllw,w1) such that

(436) 3 (w(@n))?|Blp:£n)P < Clp} (W n %ﬁ) . N> o,

n>N
where C' = C(wy).
ProOF. By changing the summation indices one can easily see that
Bi(p; —n) = Bi(pin),
where the sequence p is defined by p(j) = p(—j), so we have
B(p;—n) = B(p;n).

Thus, it is enough to consider only the case of positive n in (4.36).
Consider the sequences r = (r(m)) and 7 = (7(m)) defined by

(4.37) r(0) =0, r(m)=pm)/m form#0, 7(m)=wi(m)r(m).
Then we have
r€ C(w,2Z), FeQL), |Fll= 7w, = loll.
Since wy is a slowly increasing weight, there exists Cy > 1 such that
(4.38) w1(2m) < Cowr(m), m € 2Z.
One can easily see that the weight Cowy(m) is sub—multiplicative. Therefore,

(4.39) w1(2n) < Cowi(n — jlwi(n+7j), j€2Z.
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By (4.26) we have
(4.40)  B(p;n) = (VE*Ve_p,e,) + (VKT —=T) ' KVe_,,e,) = B3 + 34,
By (4.20),(4.21), (4.27) and (4.37)

PPN pn P ] +n) . .
— VRV ) = 3 PTG ED < 5 o=l )l
p i#in
Therefore, from (4.37) — (4.39) it follows that
(4.41)
2
(w1(2n))? 1 _ Ny 1 _
> S — s < ) > Colrn=PIIFG+n)l | < NC§||7“|I4-
n>N n>N Jj#En

On the other hand, (4.20),(4.21), (4.28) and (4.37) imply that

o7 - [p(n = D)lp( + )]
Y4=(VKHn)KVe_,,e,) < s i) 32 1/2Hij(n)
2, TP =

1/2
r(n —4)[|r(n + j)|Hq;(n),

1/2

n—1

n+1

ntj
n—j

= >

i,j#En
where H(n) = T(1 —T)~*. By (4.29) and (4.37) we have

(4.42) | Tl < C (sm) + %) ,

which implies, since wy is unbounded,

(443)  Ilas < C <w1<¢(ﬁ)> ; %) =C (m(lﬁ) * %) Dol <5

for n > ng(||p|lw,w1). Therefore, for n > ng, it follows that

1H (n)llrs = 1T(1 = T) " |lms < 2T |ms < 1.
Hence, by Lemma 13, we get

@i1(2n)? ¢ 2 AL 1
(444) 2 T Elsa (mw»”m)'

Now (4.34), (4.41) and (4.44) imply (4.36), may be with another ng. This completes
the proof. (I

In Lemma 16 we assume that the weight w; is unbounded, and this assumption
is used to get (4.43). But if wy is bounded, say wi (k) = 1, (4.42) implies [|T'||gs <
1/2 for n > ng(r), so we have ||[H(n)||gs < 1 for n > ng.

Hence, by Lemma 12, we get

[ 2 2 rll?
(4.45) Z 3 [Za]” < Clrf]” | (En(r))” + ~ )
n>N
where C' is an absolute constant. Since all other estimates in the proof of Lemma 16
hold with » = 7, we get the following statement.
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LEMMA 17. Ifr = (r(m))me2z € (?(2Z) and p = (p(m)), p(m) = mr(m), then

(440 > Bl < lrf? ((entry? + 21
n2 ’ — N )

n>N

where C is an absolute constant.
If w = (w(m))meaz is a weight, then we set wp = (w(m)p(Mm))me2z.

LEMMA 18. In the notations (4.20)-(4.21), if w is a sub—multiplicative weight
on 27, then

(4.47) B(p; £n)w(2n) < B(wp; £n).
PROOF. In view of (4.21), it is enough to show that
(4.48) Bi(p; £n)w(2n) < Bi(wp; £n), ke N.
Since w is a sub—multiplicative weight, for each k-tuple of indices 71, ..., jx we have
w(2n) = w(=2n) < w(En — )l — j2) - wlis-1 — o) (ie ).
Thus
p(£n = j1)p(j1 — j2) -+ - pUik £ n)w(2n) <

[p(£n — j1)w(En — j1)llp(r — j2)w (i — j2)] - - [pGik £ n)w(ik £ n)],
which implies (4.48). This proves Lemma 18.

O
PROPOSITION 19. Suppose Q = (Q(k))rez s a weight of the form
(4.49) Q(k) = w, k €Z,
where 1 is a slowly increasing weight such that
(4.50) Q1 (k) < Cy kM4,

and Qs is a sub—multiplicative weight.
If v e H(Q), then, for large enough N, we have

(4.51) Y (187 () = V(=2m)P + 181 (2) = V(2n)P) (2(n))?
n>N
<c (# + i) lolld, 12l < n/2
- \uV)? VN v ’
where C' = C(1) > 1.

PRrROOF. Consider the weight w = (w(m))meaz, where w(m) = Q(m/2). Then
we have w(m) = 2wi(m)wa(m)/m, where w; is a slowly increasing weight such
that wi(m) = Q1(m/2), and wy is a sub—multiplicative weight such that we(m) =

Consider also the sequence p = (p(m))meaz, defined by

p(m) = 2max(|V(=m)|, [V (m)]).

Then we have p € £%(w), and moreover,

1
(4.52) 2ol < lvlle < plle.
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Since p(—m) = p(m), we have B(p; —n) = B(p;n), and therefore, by (4.24),

18, (2) = V(=2n)| + |8 (2) — V(2n)| < 2B(p;n).
Thus, it is enough to estimate >, _ v [B(p;n)[*(w(2n))?.
By Lemma 18, we have
B(p;n)wz(2n) < B(wzp;n),

and therefore,

Z |B(p;n)|*(w(2n))? < Z | B(w2p;n )|2(wlili))

n>N n>N

In view of (4.36) in Lemma 16 and the identity ||w2p|l.,/n = ||pll, the latter

sum does not exceed
¢ (e + ) ol
(@) TN ) Pl

where C' = C(w1). In view of (4.52), this completes the proof of Proposition 19.
O

5. Estimates for ~,.

In this section we give estimates of ~, from above and below in terms of
matrix elements (3.21) of operators S in Basic Equation (3.22), i.e., in terms of
an(v;2), BE(v;z) defined in (3.33).

The proofs are essentially the same as in the case of L?—potentials, provided the
necessary a priori estimates of a,(v;z), % (v;z) and their derivatives are proved
(which is done in Section 4, Proposition 15).

By Proposition 4, if the potential v € H, z;cl (R) is m—periodic, then the operator
Lpe,+ has exactly two eigenvalues A, and A in the disc D,, = {\? + z, |z| < n/4}
(counted with their multiplicity, periodic for even n, or antiperiodic for odd n).

By Lemma 6 and Remark 7, the numbers

(5.1) z7 =M, —n? and 2zl =\ —n?

are eigenvalues of the operator S defined in (3.9), and therefore, 2,7 and z, are
roots of the basic equation (3.22). Let us rewrite (3.22) in the form

(5.2) (Cn(2))? = By (2) - B (2),

where
(53) <n(2) =z an(v; Z)
By Proposition 15, (4.33),
(5.4) sup |0an/0z| <e,, sup |0BF/0z| < en,
[zm,2:0] [zm 2]
where [z, 27| denotes the segment with end points z;, and 2, and
(5.5) en = 2C (5\/5((1) + %) llg]l = 0 as n — .

Therefore, in view of (5.3),
2 = 2 | < 1Gn(2]) = Cnlzp)] + lalz]) — alz,)]
< [Cn(2h) = Galzy)l +en - |2 = 2,1,
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which yields
(L —en)lzy — 2| < [Cnl2z) = Calzy)].
On the other hand, in view of (5.4), the identity
+

Cn(2h) = Calz,) = / (1 — O, /0z)dz,

implies
[Gn(20) = Gnlza)] < (Lten)lzy — 2, |-
Thus, we have the following two—side estimate:

(5.6) (I —en)lz) — 20| < [Gn(20) = Gz )l < (L +en)lz) — 2, |-
LEMMA 20. In the above notations, for large enough n, we have
. _ M+,
BT = = Al < U ma) (18 @)l + 187 (), = = == =,
with 7, — 0 as n — oo.

PRrOOF. By Equation (5.2),

Ca(2)] < 508, () +1BF ()] for 2= 27

N =

Thus, by (5.6),

(1= enlet = 2] < 5 (16a ()l + 187 (D + 187 (2] + 167 D))
By the estimates for 93/9z given in Proposition 15, (4.33), we have
1By (2) = B (23] < e - |2 = 271/2,
where one may assume that &, is the same as in (5.4) and (5.5). Thus we get
(1= 2en)lzy — 2, | < 187 (z0)| + 18, (7)1,
which, in view of (5.1), implies (5.7). Lemma 20 is proved. O

5.1. Estimates of v, from below. In the previous Lemma 20 were obtained
estimates of ,, from above in terms of |3;5|. The next statement gives estimates of
~n, from below. (This is an analogue of Lemma 49 in [14].)

LEMMA 21. In the notations of Lemma 20, there exists a sequence n, | 0 such
that, for large enough |n|, if v, # 0 and 3, (27) - BF(z}) # 0, then

6:9) oz (22— ) (5 Gl + 185G
where
6:9) b = |G GDI/ 167 ()

Remark. The crucial role of the ratio ¢, has been realized in [11], Section
4, in particular Proposition 8 (see the comment (a) at the beginning of Section 7
below). Since 2003 it has become an essential ingredient in the analysis of eigenvalue
pairs AT, A~ or troikas AT, A7, i in the case of complex—valued potentials (or non—
symmetric potentials in the case of Dirac operators); in the present paper see (7.25)
in Proposition 34 and (7.28) in Lemma 35.

Other authors follow [11], Section 4, as well but — strangely enough — do not
tell that to the reader; see, for example, Lemma 10 in [64].
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PRrOOF. By Proposition 15, (4.33),

(5.10) sup |08F /02| < en, en 10,
[2n ,2n ]
where [z, , 2,] denotes the segment determined by z, and z,". Since

5EE) - BEE = [
(5.10) implies that
162~ BEG < eale = 22l S enle = 2] for 2 €[5, 5]

Thus, for z € [z, 2],

(5.11) 185 (zi)l = enlzd — 2| < 183 ()] < 185 (20)| + enl2rf — 2|
By (5.3) and (5.6), we have

(5.12) (L —en)lzg =z, | <16 = Gl < (T +en)lz) — 2,1,

where

On the other hand, by (5.2) (i.e., by the basic equation (3.22)), we have
(G =B () (zn) (G = B (285 (20),
and therefore,
+

(5.13) G =7 = [ gt =

Zn

By (5.10) and (5.11), we have

185 ()7 ()| < en (167 O +185 (z2)] + 22l — 251).

sup

[27 2]

In view of (5.12) and (5.13), we get
G GG = Gl < en (18 ()] + 18 (i)l + 2enlzf — 25 ) |2 — 2

<en (187 (z0)l + 187 (z0)] + 2enl2) = 2,1) |<1 snl

Since €, — 0, we may assume that ,, < 1/2. Then, 1/(1 —¢,) < 2, and the latter
inequality implies

(5.14) G+ G | < 280 (187 (z2) ] + 185 (20)]) + 2enlz — 2, .
By (5.9), we have
N

(6:15) 1671 = /18 I8 (D] = T4 (D + 187 DI

Therefore, by (5.11) (since I—‘ft <1/2for t > 0) we get

v

I (55 ()] + 165 () — el — 251,
Now, from (5.14)—(5.16) it follows that
G = Gl =126 = (G + GOl = 2067 = 16 + 6|

(5.16) [ep=
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N ) o )

By (5.12), this leads to

2Vt

1+t,

(1+ 52wzt — 2] > ( 2gn) 185 (=) + 185 (0.

Taking into account that (14 5¢)~! > 1 — 5¢ and Y= < 1, we obtain

T+,
2Vt

1+1¢,

o = |2t — 2] > (1= 5ey) ( zsn) 1B+ 187 (D)

2/ )
> (2 16, ) (570 + 157 2D
Thus (5.8) holds with 7, = 7¢,. Lemma 21 is proved. O

If the potential v is real-valued, then we have the following two—side estimate
of yy,.

THEOREM 22. Suppose v is a periodic real-valued H™' potential, L is the cor-
responding self-adjoint Hill-Schridinger operator and (vy,) is the gap sequence of
L. Then there exists a sequence 0, | 0 such that, for n > ng(v),

(B17) (1 =n0) (185 () + 187 () < vl < (L+ma) (18, (z0)] + 187 (23,)])

This result is known in the case of L?-potentials (see Theorem 8 in [9], or
Theorem 50 in [14]).

PROOF. The right inequality in (5.17) has been proved in Lemma 20 for arbi-
trary (complex—valued) potentials.

Since L is self-adjoint, we know, by Part (b) of Lemma 9, that

85 (01 =16, )l

It |35 (z0)] =18, (z,7)] # 0 and 7, # 0, then the left inequality in (5.17) follows
immediately from Lemma 21.

If |85 (25)] = |8, (2F)| = 0 for some n, then At = A\ + 2+ is an eigenvalue of
geometric multiplicity 2 of the operator P°L°P? + S(A+) : E® — E°. Therefore,
by Remark 7, A\, is an eigenvalue of geometric multiplicity 2 of the operator L, so
Yn =0 and z} = z,7". Thus (5.17) holds.

If v, = 0 for some n, then (since L is self-adjoint) A, is an eigenvalue of L of
geometric multiplicity 2. Therefore, by Remark 7, AT is an eigenvalue of geometric
multiplicity 2 of the operator PYLOP? + S(A*). Then the off-diagonal entries of
the matrix representation S(A\}) are zeros, i.e., we have 8,7 (2,7) = 3, (27) = 0 and
(5.17) becomes trivial because z}; = z;". Theorem 22 is proved. O

Remark. We used to write the Fourier expansion of a potential v in the form
v~ Y cor VI(m)e™® . Now, for convenience, we set

(5.18) o =V(2k), kez,
and define, for every weight Q = (Q(k))kez,

(5.19) lolley =D lox [*(2(k)).

keZ
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The next theorem generalizes a series of results about asymptotic behavior of
Yn (see and compare Theorem 41 in [13] in the case of L2-potentials v).

THEOREM 23. Suppose L = LY + v(z), L° = —d?/dx?, is a periodic Hill-
Schrédinger operator on I = [0, 7] with H=1(I)-potential v(z) = Z vpe?*® . Then,
keZ

for n > no(v), the operator L has in the disc of center n? and radius n/4 ezactly
two (counted with their algebraic multiplicity) periodic (for evenn), or anti-periodic

(for odd n) eigenvalues N\ and X\, . Moreover, for each weight Q = (Q(k))rez of
the form

(5.20) Q(k) = Q(k)/k, k#0,

where Q0 is a submultiplicative weight, we have

(5.21) S Q) <o = D> ml( 2 < oo,
keZ n>no(v)

where y, = A\ — X, Moreover,

(5.22) Y. QM) < Cullolld + 401§

n>mng(v)
where C1 = C1 ().
PRrROOF. By Lemma 20, we have, for n > ng(v),

Iyl <218, (vs25)| + 18, (v;2)])

Ay A
where 27 + —n2.

Therefore by Proposition 19, considered with £, = 1, we get

(5.23) Y lP@m)> <4 S (18 iz + 16 (v 2))” (2(n))?

n>no(v) n>mng(v)
. 2
<8 > = V| + 187 (027) = vn)])” (2(n))?
n>ng(v)
+2 ) (lo—al + [a])*(Q(n))* < 32C] o]l + 4lJv]| < oo
n>ng(v)
with C' = C(£2), which completes the proof. O

6. Main results for real-valued potentials

In this section we present our main results on the relationship between spectral
gaps rate of decay and potential smoothness for Hill-Schrodinger operators with
real-valued periodic singular potentials. However most of the proofs are carried
out for arbitrary potentials (see formulas (6.1)—(6.5), Lemma 24 and Proposition
26).

In Theorems 9 and 10, and Section 5.2 in [9], and Theorem 54 in [14], it is
proved that the inverse of the implication (5.21) holds for real-valued L?-potentials
v and (log—concave) submultiplicative weights Q. Now we extend this result to the
case of singular potentials and a wider class of weights.

By Lemma 5, for each periodic potential

ve HY([0,7]), wv(z)= kaemkm

keZ
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there exists ng = no(v) such that the constructions of Section 3 work for n > ny.
In particular, the numbers 3; (v; z) are well-defined if n > ng(v) and |z| < n.
We set, for N > ng(v),

(6.1)  on(v) = Z (1Bn (0325 (V) — v_n]e 2™ + [BF (03 25 (V) — va]e*™)
n>N

_ A @A)
2

where z*(v) —n?. Consider the mapping

(62) Ay(v) = v+ ®n(v),
or
(6:3) An(v) = Hy(v) + Tn(v),
with a ”head”
(6.4) Hy(v) = Z (,Uinef2inz +vn62inm)
n<N
and a "tail”
(6.5) Tn(w) = 3 (B (v 25(0)e 2" 4 BF (v; 25, (v)) ")
n>N

As a finite sum, Hy (v) is in H(Q) for any Q. If v is a real-valued potential in H 1
then we have, by (6.2) and Theorem 22,

(6.6) () € 2(Q) = (I8, (1) + 165 (27)]) € 2(Q) = Tn(v) € H(Q),
and therefore,
(6.7) (yn) € £2(Q) = An(v) € H(Q),

for every weight €.
Thus, the inverse of the implication (5.21) will be proved if we show that

(6.8) Av(v) € HQ) = ve H(Q).

If v is a real-valued potential, then the operator L = L° + v is self-adjoint, its
periodic and anti-periodic spectra are real, so the numbers 2 = %(Aj{ —\,) —n?
are real.

Therefore, by (3.33) and Lemma 9 we have

(6.9) B (vi2) = B (v 27,).
Thus, in view of (6.1) and (6.2),
(6.10) v is real-valued = Tn(v), Pn(v), An(v) are real-valued.

For each weight © on Z we denote by B! the ball of complex-valued potentials
Bl ={veHQ) : [vlla<r}.
The following lemma plays a crucial role in the proof of the inverse of (5.21).
LEMMA 24. Let Q1 be a slowly increasing unbounded weight such that
(6.11) Q1 (k) < Cy k|4

Then there exist a sequence of positive numbers (ry)nen, N / 00, and N* =
N*(£41) € N such that the mapping ® N is well defined on the ball B?TIN for N > N*.
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Moreover, if Q@ = (2(k))rez is a weight of the form
Q4 (k)2 (k)

k 3
where Qg is a sub—multiplicative weight, then the mapping Py : BgZTN — H(Q) is
well defined for N > N* and has the following properties:

(6.12) Q(k) = keZ

3

TN

1
(613) ||‘I)N(’Ul) — ‘I)N(’UQ)HQ S 5”’01 — ’UQHQ fO’I’ V1, U2 S BQ

1 3
(6.14) Sllvr —v2lle < [ An(v1) = An(v2)lle < Sllor —velle - for v, vz € B,

(6.15) Ay (BY) D B /s

PRrROOF. By Proposition 4, for each H~! periodic potential v there exists N* =
N*(v) such that, for n > N*, the operator L = L 4+ v has two (counted according
to their algebraic multiplicity, periodic for even n, and antiperiodic for odd n )
eigenvalues A, (v) and A (v) in the disk D,, = {z: |z — n?| < n/4}. On the other
hand, in view of Lemma 5, if N* is large enough then all constructions of Section
3 hold.

Moreover, one can choose N* depending only on the weight  and ||v||.,,, where
wi(k) =Q(k)/k, k#0.

Indeed, by the proof of Theorem 21 and Lemma 19, (5.30) in [16], and by the
proof of Lemma 5, (3.7), it is enough to choose N* so that

(6.16) kin(v) = C (€ m(q) + llgll/v/n) <1/2 for n > N*,
where g = (¢(m)) is defined in (1.4) and C is an absolute constant. So,
(6.17) lell2, = 3 (=R +la(k)*) (4 (K))*,
and therefore, since € (k) is monotone increasing and Q4 (k) > 1,
(6.18) lall < llalle, = llvllw,
and
1 [v]l2
6.19)  &2(q) = B < s B)(Q1(k))* < ——<.
By (6.16)-(6.19),
[0l |U||w1>
6.20 n(v) <C + .
(020 o) <0 (g + 122

Therefore, with

1 1\ V4
(6.21) ry = (m + \/—N>

and a proper choice of N* = N*(Q4, ||v||w, ), we have for n > N > N*

1 1\/2
(6.22) kn(v) < C (7 + —> < it ||vllw, <3ry.

W (VN) VN

RNy
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But ||[v]lw, < |vla, so BF(v,2),n > N, are well defined if ||v||,, < 3ry and
|z| < n/4, we have the inequality (4.51) in Proposition 19, which guarantees that

1 1
629 1onOI < 000 (o + o ) el v e B, < B
where C(21) > 1.

To explain (6.13), i.e., to show that ®x is a contractive mapping with a co-
efficient 1/2, we estimate its derivative. Fix v; and w such that ||vi||qo < rny and
|lw|]l@ = 1. The H(Q)—valued function ¢(t) = ®x(v1 + tw) is analytic in the disc
[t] < 2ry. Let

(6.24) by = [C(Ql) <m + \/LN)] "
Then, in view of (6.23), we have

(6.25) [®n()|la < by|v]|E < by -97%, ©vE B

37‘N'

The Cauchy inequality and (6.21) imply

d 1
(6.26) sup ||E<1>N(u1 + tw)]jq < EQbNT?\, = 9bnTN

[t|<rn

<9V (5 + L)M 1
N T\uWN) VN T2

for N > N* if N* is chosen large enough.
Therefore, if v,v9 € B?N and ||v; — va]lo < ry, then we obtain with w =
(v1 = v2)/|[v1 = v2lle

d 1
[®n(v1) = PN (v2)lle < sup [ PN (v1 +tw)la - [lvr — vallo < S[lv1 — v2]lo.
It‘S'f’N dt 2

If ||lv1 — v2|l@ > 7w, then (6.26) implies

—_
—_

®n(v1) — @n(v1)|la < 1B ()]l + [|@n(v1)]la < 2673 < =7y < =|lv1 — v2]la.

[\]

Of course, in view of (6.2), (6.13) implies (6.14).
Finally, a standard argument shows that (6.13)—(6.14) imply (6.15). Namely,
for each u € B?N/Q the mapping

(6.27) v—u—Pyn(v)
takes the ball B into itself because (in view of ®(0) = 0)

1 1
628 Ju=®x(©)la < Jula+ |@x(0) = Ox(O)la < 5y + 57y =,

Thus, with (6.13), by the contraction mapping principle the (nonlinear) operator
(6.27) has a unique fixed point v, € B | ie., v, = u— On(vi), or Ay(vs) = u.
This completes the proof of Lemma 24. (I

REMARK 25. Lemma 24 is formulated and proved for spaces of complex—valued
periodic potentials v € H~'. In view of Part (b) of Lemma 9 and (5.31), the
formulas (6.1)-(6.10) show immediately that this lemma holds for spaces of real-
valued potentials as well.
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PROPOSITION 26. Let €y be a slowly increasing unbounded weight such that
(6.29) Q1 (k) < C1|k[V4, ke z,

and let the weight wy be defined by wi(k) = Qu(k)/k for k > 0. Suppose Q =
(QUE))kez is a weight of the form

(6.30) Q(k) = w, k€ Z,
where Qg is a sub—multiplicative weight.

(a) If
(6.31) @ N0 as n— oo,
then, for v € H(wy),
(6.32) N An(v) € HQ) = ve H(Q).

(b) If Qs is a sub—multiplicative weight of exponential type, then
(6.33) IN An(v) € H(Q) = 3 >0: ve H(eIM).

PRrROOF. (a) If (6.31) holds, then (see Lemma 47 in [14] — this observation
comes from [64], Lemma 9) for each € > 0 the weight

(6.34) Q5(m) = min (eg‘ml, Qg(m))

is sub—multiplicative, and obviously for large enough |m| we have Q5(m) = Qa(m).
Let QF be a weight given by

0r(k) = BRBE)
then it follows H(Q°) = H(Q).

Next we use the constructions and notations of Lemma 24. If v € H(w;), then
[V]lwy <N /8
for large enough N > N*(4, ||v||w, ). We choose N so that (6.32) holds and set
w:=An(v) =v+ On(v).
Then, by (6.13) (with Q3 =1 in (6.12)), we have

1 TN
[@x (0l < glole, <2,
and therefore,
N
(6.35) [wlw, = 1AN@)llor < [[V]lor + 128 (V) [lwr < =7
There exists € > 0 such that ||w||qs < 7y/2. Indeed, let w(z) = >, ., wy exp(2ik);
choose N7 € N so that

(6.36) Mo lwkP0)? < 2

16
[k|>N1
After that, choose € > 0 so that e < v/2. Then we have
(6.37) Q5(m) <V2wi(m) for |m|< Ny
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Now (6.35)—(6.37) imply

2 2 2
2 2 2 2 2 2 I’ "™ | TN
lwllge < 2wlor(m)+ D7 fwn(k)* < 20w, + T < 5+ 75
k| <Ny |k|>Ny
and therefore, ||w||qs < rn/2.
By (6.15) in Lemma 24, there exists ¢ € B?; C Byl such that

AN(ﬁ) =w = AN(U).
On the other hand, by Lemma 24, the restriction of Ay on the ball B! is injective.
Thus
v="ov¢€ H(Q%) = HQ).
(b) If 5 is a sub—multiplicative weight of exponential type, i.e.,

lim log Q2(n)

n— o0 n

>0,

then, for small enough ¢ > 0,
Ql (m)
m

eslml.

Q5(m) = min (ealm‘,ﬂg(m)) =™ Qf(m) =

Thus, the same argument as in (a) shows that v € H(Q°) C H(e*/?!™l) which

completes the proof of Proposition 26. O
PROPOSITION 27. Suppose Q = (m))mez is a weight of the form
(6.38) Qm) = ) 2o,
m
(a) If w a sub—multiplicative weight such that
1
(6.39) logw(n) N0 as n— oo,
n
then
(6.40) 3N : Ax(v) € A(N,Q) = v € H(Q).
(b) If w is a sub—multiplicative weight of exponential type, i.e.,
1

(6.41) lim 1289

n—o00 n
then
(6.42) IN: Ax(v) € A(N,Q) = 3> 0: v e H(em,

PROOF. Let w:= Ay(v), and let Y , w,,e*™* be the Fourier series of w.
If w= Ayx(v) € H(Q), then (|wm|)mez € 3(2). Consider the sequence x =
(n)nen given by

1 . 1/2
u= (g lomal? + gl + (-l + L)@

Since x € ¢%(N), there exists a slowly increasing unbounded weight €; such that
x € (?(N,€) (see Lemma 48 in [14]). We may assume without loss of generality
that

Qu(n) < Cufn|"/*

1/a

(otherwise, we may replace €; with (€1)"/%, where a is a suitable constant).
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By the choice of 0y we have Ay(v) € H({:Q) and v € H(w1), where the
weight w; is given by wi(m) = Qi(m)/m, m > 0. Now, since H(Q1) C H(Q),
Proposition 27 follows from Proposition 26. O

Now we are ready to complete our analysis in the case of real-valued potentials
ve H L

THEOREM 28. Let L = L° + v(x) be the Hill-Schrédinger operator with a
periodic real-valued potential v € H; ' (R), v(z +7) = v(x), and let v = (7,) be its
gap sequence. If Q = (Q(m))mez s a weight of the form

(6.43) Qm) = ) 2o,
m
where w a sub-multiplicative weight such that
1
(6.44) logw(n) N0 as n— oo,
n
then
(6.45) v € (N, Q) =ve HQ).
If w is a sub—multiplicative weight of exponential type, i.e.,
1
(6.46) lim Og%(") >0,
then there exists € > 0 such that
(6.47) v e (N,Q) = v e H(efIm),

PROOF. In view of Theorem 22,
(Yn)nsn € 2(Q) = IN: An(v) € H(Q).
Therefore, Theorem 28 follows from Proposition 27. O

7. Complex—valued H !'-potentials

In this section we extend Theorem 28 — with proper adjustments — to the case
of complex—valued H~! potentials.

In [11] we did similar ”extension” of our results [9] for real L?-potentials.
We followed the general scheme of [40, 41, 9] but added two important technical
ingredients.

(a) (elementary observation): A 2x2 matrix has two linearly indepen-

a
(i
dent eigenvectors uy and ug if kK # 0. With the normalization kK = 1 and |k| < 1
(otherwise the coordinates in C? could be interchanged) the angle o = a(u1, uz)

between the eigenvectors u; = <]1€> and ug = <—1k> is equal to

1 — |k|? . 2k
1+ [k[?7
so a ~ 2|k if [k| << 1.
(b) (hard analysis) The Riesz projections P, P) on E,, and E?, respectively,
are close in the following sense

(7.1) 1Py = Pl < = [|Pu = Pl — 0.
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Remark. In the case of L? potentials

(7.2) K < Clvl

’ = Tbx
n

See Proposition 4 in [11] or Proposition 11 in [14]. Close estimates may be found
in [77, 8, 73].
Even for v € H=, b € [0, 1), the inequalities (7.1) can be proven with

(7.3) o < Oy I

’ TLZ?’L*,

ni-b
i.e., these estimates are uniform on the balls in H=°, b € [0,1).
If v € L' then

1
(7.4) Ko < Ol 12 Oi".

This is proven, although not explicitly claimed, in [77, 8, 73].

In the case of Dirac operators (see [60], Proposition 8.1 and Corollary 8.6, and
[14], Proposition 19, formula (1.165)), estimates like (7.1) do not hold on the balls
in L2-space of potentials. But for individual potentials or on compacts in L? an
analogue of (7.1) holds with
(75) on < Cloll (L4 €1 0)) .z

< NG >
where w is an £?-sequence.

In Appendix, we give estimates of | P — P?||p2_.p~ or even of |P— P p1_ 1
in the case of Hill-Schrédinger operators with complex—valued m—periodic H~'-
potentials, subject to Per® or Dirichlet boundary conditions. See Proposition 44,
Theorem 45 and the inequality (9.84) in Section 9, Appendix.

These facts make possible to preserve the basic structure of the proof in the
case of L? potentials: we just need to use Proposition 44, or (9.84). Keeping this
in mind we omit details of the proofs (see [14], Section 4) but reproduce the steps
and the core statements leading to the proof of the main result.

THEOREM 29. Let L = L° + v(x) be the Hill-Schridinger operator with a m—
periodic potential v € Hy,(R). Then, for n > N(v), the operator L has in the disc
of center n? and radius v, = n/4 one Dirichlet eigenvalue i, and two (counted
with their algebraic multiplicity) periodic (for even m), or antiperiodic (for odd n)

eigenvalues NS and A} .
Let

(7.6) An = A7 = A [+ AT =gl > N(v);
then, for each weight Q@ = (Q(m))mez of the form
m) = w(m)fm, m£0,
where w is a sub-multiplicative weight, we have
(7.7) ve H(Q) = (A,) € £2(Q).
Conversely, if w= (w(m))mez is a sub-multiplicative weight such that

(7.8) logw(n)

T\O as n — oo,
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then
(7.9) (An) € £2(Q) = veHQ).
If w is a sub—multiplicative weight of exponential type, i.e.,
(7.10) lim. M >0
then
(7.11) (An) €2(Q) = Je>0: ve H(eEIm),

PRrOOF. By Proposition 4, for n > N (v), the operator L has in the disc of center
n? and radius r, = n/4 one Dirichlet eigenvalue y, and two (counted with their
algebraic multiplicity) periodic (for even n), or antiperiodic (for odd n) eigenvalues
A and A, .

Let F = E,, and E° = E? denote the corresponding 2-dimensional invariant
subspace of L and the free operator L° (subject to periodic or antiperiodic bc),
and let P = P, and P° = P? denote the Cauchy—Riesz projections on E,, and
E? | respectively. In what follows, we fix an n € N and consider the corresponding
objects like K = E,,, P = P, etc, suppressing n in the notations. The subspace
E° = E? has the following standard basis of eigenvectors of L° (corresponding to
the eigenvalue n?):

(7.12) et(z) =e ™ e*x)=e™, neN.
If the restriction of L on E has two distinct eigenvalues, we denote them by AT
and A7, where A" is the eigenvalue which real part is larger, or which imaginary

part is larger if the real parts are equal, and set v = AT — A~. 3mm
Step 1 (analogue of Lemma 59 in [14]).

LEMMA 30. In the above notations, for large enough n, there exists a pair of
vectors f,p € E = E, such that
(@) [fIl=1, [lell =1, (f,¢) = 0;
(b) Lf=X"f;
(c) Lo=ATo—yp+&f
Moreover, with ¢ = P%p, we have

(7.13) €] < 4yl + 2] (=7 = S(AT)) ¢l
and
(7.14) I (z* = S(A") &°ll < 2(I€] + D),

where z* = AT —n? and S(A\T) : E° — EY is the operator (5.9) constructed in
Lemma 6.

Proof is given in [14], Lemma 59. However, there in all inequalities on pp.
735-736 after (4.9) till the lines 9-10, p. 736 we need to use (9.84) to guarantee
that k,, — 0.

Step 2. In what follows we use Lemma 30 and its notations. Let f,p € E be
the orthonormal pair of vectors constructed in Lemma 30, and let f{, f9 and ¢, )
be the coordinates of fO = PYf and ¢ = P with respect to the basis {e!,e?},
ie.,

(7.15) fo(a) = fle'(2) + fie* (@),  ¢"(2) = phe’ (z) + phe?(2).
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Then Lf = AT f and, by Lemma 6, the vector f = PYf is an eigenvector of
the operator L? + S(A*) : EY — E° with eigenvalue AT. This leads to

¢t BT\ () _ (CHE+B ) _ (0 2 _ p+p-
<+ B7 . . . + + .
B+ is the matrix representation of the operator z* — S(A1), so, in

view of (3.22) and (3.33),

(7.17) t =2t —a,(zh), BT =85"), 2t =t —n?

where

LEMMA 31. In the above notations, for large enough n,
1 _ _
(7.18) 5 IBTI+[B7)) < (=7 = SO) Il < (1BY| +1B7)

Proof is really given in [14], Lemma 60. However, there in inequalities (4.21),
(4.22) and between we need to use (9.84) to guarantee that k = k,, < 1/2 for
n > n(v).

Step 3. Upper bounds for deviations |y — AT

Now we construct a Dirichlet function G € E = E, and use it to estimate
| — AT in terms of |[B~| and |BT|.

Let ¢g be a unit Dirichlet eigenvector that corresponds to p, i.e.,

(7.19) Laiwg =g, gl =1,

and let Py;,- be the Cauchy—Riesz projection on the corresponding one—dimensional
eigenspace.

LEMMA 32. Under the assumptions of Lemma 30,
(a) there is a vector G € E = E,, of the form

(7.20) G=af+bp, |G|*=lal*+b]> =1,
such that
(7.21) G(0)=0, G(m) =0,

i.e., G is in the domain of Lg;,.
(b) Moreover, we have

(7.22) (= A7) = & (Puir f, ) — by(Paire, 9),
where T = Ty,
(7.23) 1/2 < |r| < 2.

Proof repeats the proof of Lemma 61 (its Hill-Schrédinger part) in [14] but on
pp. 739-740 in inequalities (4.33-39) and (4.40-42) again we use (9.84) to guarantee
that k,, — 0.

Steps 1-3 lead us to the following

PROPOSITION 33. Under the above assumptions and notations, for large enough
n, we have

(7.24) = A < 18| +8 (1B +|B7))
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Proof is given in [14], Proposition 62, where it is explained how the statements
of steps 1-3 imply the inequality (7.24).

Step 4.
PROPOSITION 34. For large enough n, if
(7.25) i|B7| <|BT| <4|B|,
then
(7.26) 185 (z)] + 187 (2)] < 2|,
where BT = BF(21) and 2} = W+>\Z —n? in the case of simple eigenvalues,

* )+ 2 ;
zn =AY —n® otherwise.

PRrOOF. If (7.25) holds, then either Bt = B~ = 0, or BtB~ # 0. If we
have BT = 0 and B~ = 0, then AT is an eigenvalue of geometric multiplicity 2
of the operator P°LYP° + S(AT). That may happen, by Remark 7, if and only if
AT is an eigenvalue of geometric multiplicity 2 of the operator L also. But then
vn =0, z& =z and therefore, (7.26) holds.

If BTB~ # 0 and 7, # 0, then the claim follows from Lemma 21 because (7.25)
implies t = |B*|/|B~| € [1/4,4], and therefore, 2v/t/(1 +t) > 4/5.

Finally, let us consider the case, where BT B~ # 0 but 7, = 0. By Lemma 6,
if z€ D ={w: |w| <n/4}, then the point A = n? + z is an eigenvalue of L if and
only if z is a root of the basic equation

h(z) = (C(2))* =BT (2)87(2) =0, ((2) =z~ a(2).

Therefore, if 7, = 0, then z* = At —n? is the only root of the equation h(z) = 0
on the disc D.

Moreover, the root 2T is of multiplicity 2. Indeed, consider the two equations
22 = 0 and h(z) = 0 on the disk D. In view of Proposition 15, the maximum values
of |a,(2)] and |BE(2)| on the circle D = {z : |2| = n/4} do not exceed ne,, where
en — 0 as n — oo. Since

h(z) — 2% = —2az+a* - 3757,

we have
_ n\ 2
sup (=) — 2% < sup(2lzllal + [a?| +[8*67)) < ()
oD aD

where 7, = 82, (1 + 4e,,) — 0.
Therefore, for large enough n, we have
sup [A(z) — 2%| < sup |22,
oD oD
so the Rouche Theorem implies that 2T is a double root of the equation h(z) = 0.
Thus, the derivative of h vanishes at 27, i.e.,

26 (1- 260 = L6 570+ 76 L,

By Proposition 15, formula (4.33), we have, for large enough n,

da, | dp* L 1
- i < —.
dz(z ) dz (7)) < 5

1
<_a
<3|
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Therefore, by the triangle inequality, we get

2c (1= 1/5) < -(1BF|+B7)),

1
b)
where || = |[¢(21)] = +/|BtB~|. Thus, the latter inequality implies, in view of
(7.25),

§<VIB/B-|+V|B~/B| <4,
which is impossible. This completes the proof. O
Step 5. Next we consider the case that is complementary to (7.25), i.e.,
(7.27) (a) 4|BT| < |B7| or (b) 4|B7| < |B*|.

We begin with the following technical statement (which is an analogue of Lemma 9
in [11]).

LEMMA 35. If n is large enough and (7.27) holds, then
1 0
(7.28) L OF
47 [p(0)]

Proof is essentially given in [14], pp. 743-744, but again to justify the analogs
of the inequalities (4.49) to (4.56) and between in [14], we use Proposition 44 (or
Theorem 45) to claim that x, — 0.

Step 6.

PROPOSITION 36. If (7.27) holds, then we have, for large enough n,
(7.29) |BT[+|B™| < 36]y| + 144|u — A*|.

Proof with the same disclaimer as above is given in [14], pp. 744-745.

Step 7.

THEOREM 37. Let L = L° + v(x) be the Hill-Schridinger operator with a 7—
periodic potential v € Hfoi (R). For large enough n, if ¥, A, is the n-th couple of
periodic (for even m) or antiperiodic (for odd n) eigenvalues of L, v, = \F — A,
and py 18 the n-th Dirichlet eigenvalue of L, then

(7.30) % (185 G+ 187 (Z)]) < bl + [1n = AT < 58 (185 (z0)] + 187 (23,)]) -

PRrROOF. By Proposition 4 (localization of spectra) and Proposition 15,
sup |0 /02| <e,, sup |0BT/0z| <en, enl0,

[z;,zi] [zn 20 ]
where [z,,,2,7] denotes the segment with end points z, and z;I. Therefore, since
120 = 23] < |yl = |2, — 2, |, we have
162 () — BEGD] < e bl
By the triangle inequality, it follows, for large enough n, that
1 . 1
(7.31) 85| — Ll < 1823 < 1B=] + 2yl

where BT = 3F(z1).
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In view of (7.31), Propositions 34 and 36 imply the left inequality in (7.30).
On the other hand, Lemma 20 yields that, for large enough n,

al <2 (185 (z0)] + 187 (2n)]) -
Therefore, Proposition 33 and the inequality (7.31) imply the right inequality in
(7.30). Theorem 37 is proved. O

Step 8. Let N be so large that Theorem 37 holds for n > N, and let Q =
(Q(m))mez be a weight of the form

Q(m) = wim)/m, m #0,

where w is a sub-multiplicative weight. By the right inequality in (7.30), Theorem
37, we have, for n > N,

An = Pyal + | = A71 <58 (185 (20)] + 187 (2)1)

< 58 ([ + o] + 185 (20) — vonl + |85 (23) — val) -
Therefore, in view of (4.51) in Proposition 19, or more precisely as in its spec-
ification (5.23), we obtain

D ANQN)? < C Y (Ju-al + oa) Q) + Clllv)lg + [[v]1E) < oo,
n>N n>N
which proves (7.7).
Conversely, suppose (Ay),>n € €2(Q) with Q(m) = w(m)/m, m # 0, where
w is a sub—multiplicative weight having the property (7.8) (or, respectively, (7.10)).
Then, by the left inequality in (7.30), Theorem 37, we have

(An)nzn € () = (187 ()l + 181 (20)]) 15 € ()

This yields, in view of the definition of the mapping Ay (see (6.2)-(6.5)), that
Ay (v) € H(Q) because, for n > N, the numbers 3 (2}) are, respectively, the £n-
th Fourier coefficients of Ay (v). Now, by Proposition 27, we get v € H(Q) (or,
respectively, v € H(ef™!)), which completes the proof of Theorem 29. O

8. Comments

1. In his preprint [64] J. Poschel presented results of [40, 41, 9, 10, 11] and
made attempts to improve the technical exposition and to ease some assumptions,
for example on weight sequences €. But its starting point (at least in the case
of complex—valued L?-potentials) is the family of “alternate gap lengths® which
would mimic the properties of Dirichlet eigenvalues. He mentions that Sansuc and
Tkachenko (presumably in [67]) considered the quantities d,, = pn, — T, Where iy,
are the Dirichlet eigenvalues and 7, = (A} +,,)/2 are the midpoints of the spectral
gaps, and then claims: ”More generally, one may consider a family of continuously
differentiable alternate gap lengths 6, : H® — C, characterized by the properties
that

— 0y, vanishes whenever N} = X\, has also geometric multiplicity 2, and

— there are real numbers &, such that its gradient satisfy

déy, =t, +O(1/n), t, =cos2mn(z+&,),
uniformly on bounded subsets of HY. That is,
[dqn = tnllo < Cy(llgllo)/n
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with Cs depending only on ||qllo := ||q]|#0 “
(In [64], line 10 on page 3, H is defined as the L?-space of complex—valued func-
tions on [0, 7].)

But such entire functions d,, do not exist. (It means that many constructions of
[64] manipulate with an empty set.) This was well understood by J. Meixner and
F. W. Schifke in the early 1950’s. They explained [55, 56| that the n—th Dirichlet

eigenvalue F, (z) of the Mathieu operator
L(z)y = —y" +zcos2zy, y(0)=y(m) =0, E.(0),

has a finite radius of analyticity.

This phenomenon is very important in understanding and construction of an-
alytic functions used in the papers [40, 41, 9, 10, 11]

Now, for completeness of our analysis and presentation, we give a proof of the
following statement which is a generalization of the Meixner-Schéfke result ([55],
Thm 8, Section 1.5).

ProrosITION 38. Let

oo

(8.1) v(z) = vpV2cos 2k,

k=1
where (vy) is a real sequence such that

(8.2) Z|vk| =0 <00

k
and
(8.3) kv =0 as k — oo.
Then the n—th Dirichlet eigenvalue E,(z) of the operator
L(z)y=—y" +zv(z)y,  y(0)=y(r) =0, E,(0)°

is analytic in a neighborhood of z = 0, and the radius of convergence R,, of its
Taylor series about z = 0 satisfies, for large enough n,

32v/2¢
ol

PROOF. It is well known (see [44], Sections 7.2 and 7.3) that the function E,(z)
is analytic in a neighborhood of 0.
Let

(8.5) E,(z) =n*+ Z a(z)2*
1

(8.4) R,<Cn? C=

be its Taylor series expansion about z = 0, and let R,, be the radius of convergence
of (8.5).

Proof by the Meixner—Schéfke scheme has two independent (to some extent)
parts:

(A) the estimates from above of the Taylor coefficient az(n) of E,(z), or, more
generally, ai(n), k > 3, in terms of the radius Ry;

(B) the estimates from below of az(n), or, more generally, ax(n), k > 3.
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Part A. Under the condition (8.2) the potential v is a bounded (continuous)
function, so the multiplier operator V : f — vf is bounded in L?([0, 7]) and

(8.6) Vi <o

Let us assume that E,(z) is well defined analytic function of z in a disc D, =
{z: |z| < r}. Then we have, with f € Dom(L) depending on z,

(8.7) (L°+2V)f = Ea(2)f, |IfI=1,
and therefore,
(8.8) () = (L°f, ) + 2(V £, f).
Since the operator L is self-adjoint, we have
(8.9) Im Eu(z) = Im (2(V £, 1)).
From (8.6) and (8.9) it follows that
(8.10) [Im (En(z) — n?)| = [Im En(2)] < or-
Since E,(0)?, in view of (8.10) we have

1

2 2

. 1 .
_ |R6(En(re”)—n2)|2dt:—/ |Im(En(T6”)—n2)|2dt§027“2,
2T 0 2T 0

which implies, by the Cauchy inequality,
1 27 ) 1 2w ) 9 1/2

(8.11) —/ |En(re™) —n?|dt < <—/ |En(re) — n?| dt> < V20or.
2 0 2 0

Therefore, the Cauchy formula yields

1 En(2) — n? I : 2
_/ (2) —m dz‘ < / |(Ep(re’) — nz)‘ dt < \/_U.
oD, 0

ja2(n)] = 2mi 23 — 272 r

Since this inequality holds for every r < R,,, we get
20
(12) aa(m)] < 2.
so whenever az(n) # 0 it implies that R, is finite and
V20
"7 az(n)]”
Remark. Of course, an analogue of (8.13) could be derived for any k > 2. The
Cauchy formula and (8.11) imply, for each r < R,

(8.13) R

1 En(z) —n? 1 m it 5 V20
jar(m)] = |5— I dz’ = QWk/O |(Bn(re) —n?)|dt < .
SO
1/(k—1)
V20
(8.14) R, < | ——— if ag(n) #£0.
|ag(n)|

Part B. To make the inequality (8.13) meaningful as a tool to evaluate R,
we need to estimate |az(n)| from below. Let us follow the Raleigh-Schrédinger
procedure.
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It is well known (e.g., see [44], Section 7.3, in particular (7.3.3)) that there
exists an analytic family of eigenvectors

(8.15) p(z) = po+ 201+ 2202+, |zl <p<<1,
with

(8.16) @0 = V2sinnaz.

Therefore, by (8.5),

(8.17)

(L°+2V) (g0 + 2014 2202 + -+ ) = (a0 + a1z + az2” + -+ - ) (o + 201 + 222 + - -+,
so we have

(8.18) Lo = appo, ag =n?,

(8.19) L% + Vo = agpr + arpo,

(8.20) L% + Vi1 = agpa + a1 + azgpo.

Let us notice that if g € Dom(L°) = Dom(L° + zV'), then we have
(8.21) ((L° = ao)g, o) = (9, (L° — ao)¢o) = 0.

Therefore, taking the scalar product of both sides of (8.19) with g, we get
(8.22)
Un

1 [ 1 [
a1 = (Vepo, po) = ;/o v(x)2sin® na do = ;/o v(z)(1 — cos2nz)dr = ~ 5

We rewrite (8.19) as

(8.23) (a0 = L)1 = (V — a1)o;
this implies
(8.24) 1 = bigo + R(ao)(V — a1)po,

where by is an unknown constant and

R 0 k
(8.25) R(ag)(sinkx) =< 7 | ’
oy g S1n kl’, k # n.

The next step will give us the value of az(n). In view of (8.21), a multiplication of
both sides of (8.20) by ¢g leads to

(8.26) az(n) = ((V —a1)g1, o).
The first term by in (8.24) is not known but (8.22) yields
(V' = a1)bipo, o) = b1((V — a1)eo, o) = 0.

Therefore,
. 1
(8.27) az = ((V —a1)R(ao)(V — a1)po, o) = Z m(gk)27
k#n
where gj, are the Fourier coefficients of the function g = (V — a1)epo, i.e.,

gk = —/ g(x)V2sin kzdz, ke N.
0

s
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By (8.1),
(8.28) Vo = ka\/ﬁcos 2kxV/2sinna = Z v (sin(n + 2k)x + sin(n — 2k)z) .
k

Therefore, by (8.22), if n is even, n = 2m, we have

1 .
(8.29) (V —a1)po = 7 Z (Vjp—m| — Vp+m)V2sin 2pa,
pEN\{m}

and if n is odd, n = 2m — 1,

1 .
(8.30) (V —a1)po = NG > Vpem| = Vprm-1)V2sin(2p — 1)a.
peN\{m}

Now (8.27) implies
1 1
(831) ag(n) = g Z m(’l)‘p,nﬂ — ’Up-i-m)za n = 2m,

peN\{m}

and

1 1
(8.32) az(n) =< Z (Vip—m| — Vptm—1)>, n=2m—1.
8 ity (M= P)m+p—1)

Of course, these formulas could be useful for different purposes, so let us state the
following.

PROPOSITION 39. Assume that the potential v(x) = ", vy cos2kz is continu-
ous on [0,7]. Then the operator L = —d?/dx? + 2V subject to Dirichlet boundary
conditions has, for |z| < p, simple eigenvalues E,(z) which are analytic functions,
where p > 0 does not depend of n. Moreover

(8.33) E,(0)=n2  FE'(0)=—v,/V2, E"(0)=ax(n)/2,
where az(n) is given by (8.31) and (8.32).

Now we use (8.31) and (8.32) to estimate |az(n)| from below. We present details
for the case of even n = 2m only. For odd n technical details are the same.

Analysis of quadratic forms given by the sums in (8.31) and (8.32) could give
many examples of potentials (sequences (v)) with specific properties. To prove
our main Proposition 38 we will use the following.

LEMMA 40. Let (v), k € N, be a real (*-sequence such that, for sufficiently
large k,

(8.34) lvg] < 8/k, 0<d<|v|/15.
Then we have, for sufficiently large n,
(8.39) jaa(m) > L

' 2 = 32n2’

PROOF. Consider the case n = 2m. By (8.31), with k = |m — p|, we have

m—1

> 1
8.36) 8 . S k).
( G2 ;k — V2 k ;k2 +k)( ) +k)
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Therefore,

— 1 2 1 — 2 2 4 2
S s (0~ k) < g O Pkl + 2vamenl?) € g (Em(v)2,
2 am ) kT k) = gum 2 Clol 2 k) < o0 (En ()

where

m—1 m—1 5
1 ) 1
m— - m - A )
k(2m — k) (Uk V2 k) k(2m—|— k) (Uk V2 +/€) E J
k=1 k=1 j=1
where
A,mfll 1 1 ( )27’”*1 2 ()2
Tk \2m—k 2mtk) Y T & @m—k)@mtk)
> 25 0 2 =2 (ol = (En0))?)
— 3m? ~ 3m? m ’
k=1
| 265 " |ug] _ 3llv)e
Aol =1 Qwivam_p)| < —= § - R o 2007
|4z 2 k(2m oy (72okvzm—i)| S T 2T T e

by (8.34), and 3 [vr|/k < (3 |vr[)2 (2 1/k*)2 < o]l - Z5 < 3llvll;

m—1 m—
1 lox] _ 3[lvlld
—(2 m
; k(2m +/€)( UkV2m-+k) | S 4m2 Z = am?

|As| =

by the same argument as above;

= 1 ) |V2m—k] ) 7T
_ _ 2 < 2m— < .E .
; k(2m — k) (vom—1)" = m2 kK~ m? m(v) V6
by (8.34) and the Cauchy inequality, as in the estimate of As;

m—1
™

1 |U2m+k| 1)
As| = m E -Em —
|4s] = k1k2m+k (vz k)‘_él 2 ko~ 4m? ) V6

by the same argument as above.
Since &, (v) — 0 as m — o0, (8.36), (8.34) and the above inequalities imply,

for large enough m,
Lo 15[0)8Y _ [lof?
— — > .
<2||v| 4m? ~ 4m?

5). O

8az(2m) >

3=

o

This completes the proof of (8.
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Now we can complete the proof of Proposition 38. In view of (8.3), the condition
(8.34) holds for large enough k. Therefore, the inequalities (8.13) and (8.35) hold,

SO
3212
<Cn?, C= |—\ﬂ_;’
v

O

2. More comments. In this subsection we will make a few comments on applica-
tions of the Banach—Cacciopoli contraction principle (see Section 6) to complement
the references in [14], Section 3.5.

In an unpublished 2000 manuscript [58] B. Mityagin used the Banach—Cacciopoli
contraction principle to prove density of (complex—valued) finite—zone potentials of
Hill operators in H (€2)-spaces when 2 is a submultiplicative weight (see Theorem
69 in [14] for a precise statement). His analysis dealt with “tails® (6.5); the “head“
was not important but the choice of sufficiently large N to guarantee that H is
contractive has been.

Following the same scheme, P. Djakov and B. Mityagin (see announcement in
[59]), and independently (but with extra conditions on L?-potentials) B. Grebert
and T. Kappeler [31], proved density of finite—zone potentials of 1D Dirac operator
(see for an accurate statement [14], Theorem 70). In particular, B. Grebert and T.
Kappeler write in [31] (their paper appeared in January 2003 issue of Asymptotic
Analysis):

“To prove Theorem 1.1 ... we follow the approach used in [58]: as a set—up
we take the Fourier block decomposition introduced first for the Hill operator in
[40, 41] and used out subsequently for the Zaharov-Shabat operators in [29, 30].
Unlike in [58] where a contraction mapping argument was used to obtain the density
results for the Hill operator, we get a short proof of Theorem 1.1 by applying the
inverse function theorem in a straightforward way. As in [58], the main feature
of the present proof is that it does not involve any results from the inverse spectral
theory.“ (This is a word-by—word quote from [31] but we changed its reference
numbers to fit the reference list of the present paper.)

According to his 2004 preprint [64] J. Poschel spent a few months in 2003/04
in University of Ziirich and had long discussions with T. Kappeler. In [64] he
combined “tails“ and “heads “ into the operator Ay = Hy + Tn € (6.3). Of
course, this does not change the analytic core of the proofs, i.e., the necessity of
inequalities which guarantee that T, or Ay are contractive, or — B. Grebert and
T. Kappeler [31] and J. Poschel [64] believe that this is a simplification — a version
of Implicit Function Theorem could be used instead. T. Kappeler and J. Pdschel
[43] claim in 2008 that to use Implicit Function Theorem in the context of spectral
gaps was “new functional analytic approach® invented by J. Poschel. We will not
argue with this opinion but mention which elements in [64] we have found really
useful for application of the Banach—Cacciopoli contraction principle. Firstly, let
us mention the following statement?.

20ne of the authors (B.M.) thanks Professor Petr Zabreiko (Belorussian State University,
Minsk, Belarus), who reminded him lovely discussions and wonderful atmosphere in the led by
Mark Krasnoselski seminar on non—linear functional analysis and differential equations in Voronezh
State University, Voronezh, Russia, in 1962-1967.
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TRICK 41. (folklore of the 1950’s) Let X1 C Xy be two Banach spaces with
norms ||z|lo < ||z||1. Suppose F' is an operator acting in both spaces, F : X; —
X;, j=0,1, so that

(837) |F(@) ~ F)l; < gl — ol wyeX;, j=0,1
If a € Xy and

(8.38) c=a+ F(a) € X3,

then a € X;.

PROOF. By (8.37), the operator y — ¢— F(y) is a contraction in X;. Therefore,
by the Banach—Cacciopoli contraction principle, it has a fixed point p € X3, i.e.,

(8.39) p=c— F(p).

By (8.38) and (8.39),
a—p=F(p) - Fla).
On the other hand, by (8.37) with j =0,

1
la=pllo < 3lla ~ pllo
which yields a = p, so a € Xj. O

We have explained this trick in the case when the operator is defined on the
entire spaces X, j = 0, 1. Of course, as usually, the Banach—Cacciopoli contraction
principle is used in Lemma 24 when the operator acts on balls. We follow J.
Poschel [64], when we introduce the weight (6.34) and apply Trick 41. But this
“soft “ analysis does not help to avoid “hard analysis“ of proving that the operators
involved are contractive — by 2003, i.e., prior to either [31] or [64], it has been done
in [41, 9, 11] for Hill operators with L? complex—valued potentials. No surprise,
neither [64], no [65] make any claims about 1D periodic Dirac operators (see “hard
analysis“ in [12] and [14]) or Hill operators with H ~'-potentials — the latter case
is analyzed and done in the present paper.

3. In Introduction — see (1.7),(1.8) — ”Sobolev” spaces of functions or weighted
sequence spaces are defined by weights . In this paper we consider weights of the
form

(8.40) Q(m)=——-= for m#0, Q0)=1,

where w(m) is a sub-multiplicative weight such that log(w(n))/n is monotone de-
creasing as n — o0.
Of course, classical examples of such weights are

(8.41) Q(m) =|ml|*, a> -1,

(8.42) Q(m) = |m|* exp(c|m|®), 0<b<1,

which give us Sobolev spaces H* or Gevrey spaces G(b; s, ¢) correspondingly.
More generally, if p(x), > 0, is a concave function such that ¢(0) = 0, then
the weight

(8.43) w(m) = exp(p|ml|), meZ,
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is sub-multiplicative, log(w(n))/n is monotone decreasing as n — 0o, so we can
consider the corresponding Sobolev space H(§2) with Q(m) = w(m)/m, m # 0. In
this general setting a weight €2 could be chosen "to oscillate” so that the space
H(Q) does not contain all C*° (or even Gevrey) functions and at the same time
H(€) is not contained in H* for every a > —1.

Let us make this remark more formal and precise.

LEMMA 42. Let the functions a(z),b(z) € C?([0,00)) satisfy the following con-
ditions:
(1) a(0) =b(0) =0, a(z) <blx) for x>0, bx)—alr)— o0 asz — oo;
(it) a'(x), V'(x) >0, d(z), b'(zx) =0 asz — oo
(iii) o' (x), b"(x) <0, =x>0.
Then, there is a concave function g(x) and a sequence c, T 0o such that
<

(8.44) a(z) < g(z) < b(x)
and
(8.45) glcar—1) =beag—1), g(cak) =alcar), k=1,2,....

PROOF. We construct inductively ¢; and g(z) so that (8.45) holds and g(z) is
linear on the interval [cag—1, cor41], k > 1.
Choose c¢; > 0 large enough to guarantee that

(8.46) a'(z), V'(x) <1/2 for > 1

and

(8.47) b(x) —a(x) >1 for x> ¢;.

We set g(z) = b(z) for 0 < x < ¢q, and

(8.48) my =inf{m: g(c1) + m(z —c1) > a(z) for z>c1}.

Concavity of a(z) and the initial condition

g(c1) = b(c1) > afer)
guarantee that mq is well-defined by (8.48) and there are uniquely determined
points ca, c3 such that
mi(c2 —c1) +g(er) = alez), males —c1) +g(er) = bles).

Therefore, with g(z) = m1(z —¢1) + g(c1) for & € [e1, ¢3] the condition (8.45) holds
for k =1.

We continue by induction. Assuming that ci,...,cop—1 and g(z), = < cop_1,
are constructed, we set

my = inf{m : g(cop—1) + m(x — cop—1) > a(zx) for x > cop_1}.
Then there are uniquely determined points ¢, c2p41 such that
mp(Cap — Cop—1) + g(cap—1) = alczp),  mp(caps1 — cap—1) + g(c2p—1) = b(capt1).
Therefore, with g(x) = mp(z — cap—1) +g(c2p—1) for & € [cop—1, c2p41] the condition
(8.45) holds for k = p.
Since a(czp) > b(czp—1), (8.46) and (8.47) imply
1 < b(eap) — aleap) < blezpt) — bleap-1) < (C2pt1 — c2p-1)/2.

Therefore, copy1 — cop—1 > 2, 50 ¢, — 00.
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Let a(x),b(z), g(x) be the functions from Lemma 42. We are going to define
weight sequences using the values of a(x), b(x), g(x) at integer points. Let

nk:[ck], so ng < cp <ng+1,

where (cg) is the sequence constructed in the proof of Lemma 42. By its construc-
tion, in view of (8.46), the function g(x) is piecewise linear for x > ¢; with positive
slopes m,, < 1/2. Therefore, the Mean Value Theorem implies

(8.49) b(nk) — g(ng) > blck) —a(eg) —1/2  for even k
and
(8.50) g(ng) —a(ng) > b(cg) —a(eg) —1/2  for odd k.
Consider the weights
1 1 1
Am) = ——eollmd By = L obmh Gm) = om0

By (i) in Lemma 42, b(z) — a(z) — oo as x — oo. Therefore, (8.49) and (8.50)
imply

B(n) B(nar) G(n) Gngk—1) _
B3 ) 2 Clan 0 S A T Al

We have A(m) < G(m) < B(m), so in view of (8.51),
(8.52) H(B)& H(G) & H(A).

LEMMA 43. In the notations of Lemma 42, suppose f(x) € C%([0,00)) is a
function which satisfies (ii) and (iii) and

(8.53) a(z) < f(z) <b(z), x>0,

(8.54) f(z) —a(r) = 00, bx)— f(z) =00 as z— oco.

Let F be the corresponding the weight sequence F(m) = |m|~texp f(|m]) for m #
0, F(0) =1. Then

(8.55) H(B) C H(F)C H(A)

and

(8.36) H(B) G H(G) G H(A),

but

(8.57) H(F) ¢ H(G) and H(G) ¢ H(F).

PROOF. Inequalities (8.53) and (8.44) imply the inclusions (8.55), and (8.56)
is explained in (8.52). The same argument proves (8.57) because (8.54) implies

Slrllp % > Sl]:p % > Sl]:p exp[—1/2+ b(cop—1) — f(cap—1)] = o0

and, in a similar way, sup,, F'(n)/G(n) = cc. O
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Lemmas 42 and 43 give a variety of options to construct weights with prescribed
imbedding properties of related Sobolev spaces.
Ezxample 1. For —1 < a < 3, let

a(@) = (a+ Dlog(x +¢), b(x) = (8+ 1)log(x +e),

and let g(z), G be the corresponding function from Lemma 42 and the weight
sequence G(m) = |m|~texpg(|m|) for m # 0, G(0) = 1. Then H® C H(G) C H®
but we have HY ¢ H(G) and H(G) ¢ H? for any v € (o, ().

Ezxample 2. Let

a(z) =loglog(z +e), b(x)=x/log(z+ e),

and let g(z), G be the corresponding function from Lemma 42 and the weight
sequence G(m) = |m| L exp g(|m|) for m # 0, G(0) = 1.

Then, for any weight €2 in (8.41) with a > —1 or in (8.42), we have H(Q) ¢
H(G) and H(G) ¢ H(Q2). At the same time H(G) C H~! and all analytic functions
are in H(G).

9. Appendix:Deviations of Riesz projections of Hill operators with
singular potentials

In this Appendix we show that the deviations P, — P? of Riesz projections

1

n:% Cn(z_L)_le’ On:{|z_n2|:n}a

of Hill operators Ly = —y” + v(z)y, = € [0, 7], with zero and H~! periodic po-
tentials go to zero as n — oo even if we consider P,, — P? as operators from L' to
L°°. This implies that all LP-norms are uniformly equivalent on the Riesz subspaces
Ran P, (see Theorem 51).

9.1. Preliminaries. Now, in the case of singular potentials, we want to com-
pare the Riesz projections P, of the operator L., defined for large enough n by
the formula

1
(9.1) P, = 5 Cn(z — Ly.) "z, C, ={|z—n? =n},
with the corresponding Riesz projections P of the free operator LY. (although
E? = Ran(P?) maybe have no common nonzero vectors with the domain of Ly.).
The main result is Theorem 45 (see Subsection 2 below), which claims that

(9.2) T =Py — P°|lpiope — 0 as n— oo.

This implies a sort of quantum chaos, namely all LP—norms on the Riesz sub-
spaces E, = RanP,, for bc = Per* or Dir, are uniformly equivalent (see Theo-
rem 51 in Section 9.5).

In our analysis (see [14]) of the relationship between smoothness of a potential
v and the rate of decay of spectral gaps and spectral triangles a statement similar
to (9.2)

(9.3) Tn = ||Py — P°||p2pe — 0 as n — oo.

was crucial when we used the deviations of Dirichlet eigenvalues from periodic or
anti—periodic eigenvalues to estimate the Fourier coefficients of the potentials v. But
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if v € L? it was "easy” (see [11], Section 3, Proposition 4, or [14], Proposition 11).
Moreover, those are strong estimates: for n > N(||v]|12)

C
(9.4) Tn < gHUHL%

where C'is an absolute constant. Therefore, in (9.4) only the L?-norm is important,
so 7, < CR/n holds for every v in an L?>-ball of radius R.

In a more general context, the estimates of sequences (9.2) and (9.3) are re-
lated to convergence (or equiconvergence) of spectral decompositions Y P, f in L?
(or Y2(P, — PY%)f is L*>°) under different assumptions on potentials v and func-
tions f. For Schrodinger operators, their ”spectral decompositions” and structure
of projection families see a fundamental paper [27].

Just for comparison let us mention the same type of question in the case of 1D
periodic Dirac operators

0 -1 —+VFEF, 0<z<m,

MinC 0>dF
dx

where V = (2 p) , p and ¢ are L?>~functions, and F = (f1> .

0 fa

The boundary conditions under consideration are Per® and Dir, where
Per®: F(m)=%F(0),  Dir: fi(0)= f2(0), fi(r)= fa(m).
Then (see [60] or [14], Section 1.1)

Egz{(abee_im): a,be(C}, n € 7z,

where n is even if bc = Per™ and n is odd if bc = Per—, and
E? = {csinnz, c€C}, neN
if bc = Dir. Then for

1
Qn==—— [ (A=L)td\, C,={\: |A—n|=1/4},
27T7/ Cn
we have
pn(V) = |Qn — Q?LHUHLOO — 0 as n — oo

moreover, for any compact set K C L? and V € K, i.e., p,q € K one can construct
a sequence €, (K) — 0 such that p, (V) <e,(K), V € K. This has been proven in
[60], Proposition 8.1 and Corollary 8.6; see Proposition 19 in [14] as well.

Of course, the norms 7, in (9.3) are larger than the norms of these operators
in L2

tn = ||Pn _P1?||L2~>L2 S Tn

and better (smaller) estimates for ¢, are possible. For example, A. Savchuk and
A. Shkalikov proved ([71], Sect.2.4) that > #2 < oo. This implies (by Bari-Markus
theorem — see [28], Ch.6, Sect.5.3, Theorem 5.2) that the spectral decompositions

=+ Y Puf
n>N
converge unconditionally. For Dirac operators the Bari-Markus condition is

S 1Qn — QY < oo

neZ,|n|>N
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This fact (together with the completeness and minimality of the system of Riesz
subspaces Ran @,,) imply unconditional convergence of the spectral decompositions.
This has been proved in [59, 60] under the assumption that the potential V is in
the Sobolev space H, o > 1/2 (see [60], Theorem 8.8 for more precise statement).
Further results on convergence of spectral expansions for Dirac operators will be
given in our forthcoming papers [18, 19].

The proof of Theorem 45, or the estimates of norms (9.2), are based on the
perturbation theory, which gives the representation

(9.5) P, — P? = i/ (R(A) = R°(\)) dA,
27 Jo,

where R(\) = (A — Ly.)~* and R°()\) are the resolvents of Ly. and of the free
operator Lgc, respectively. Often — and certainly in the above mentioned examples
where v € L? — one can get reasonable estimates for the norms ||[R(\) — R°(A)|| on
the contour C,,, and then by integration for ||P, — P?|. But now, with v € H™!,
we succeed to get good estimates for the norms || P, — P?|| after having integrated
term by term the series representation

(9.6) R—R°=RVR" + ROVROVRO 4 ... .

This integration kills or makes more manageable many terms, maybe in their matrix
representation. Only then we go to the norm estimates. Technical details of this
procedure (Subsection 9.3) is the core of the proof of Theorem 45.

9.2. Main result on the deviations P, — P?. By Proposition 4 (i.e., our
Theorem 21 in [16] about spectra localization), the operator Lp.,+ has, for large
enough n, exactly two eigenvalues (counted with their algebraic multiplicity) inside
the disc of radius n about n? (periodic for even n or antiperiodic for odd n). The
operator Lp;, has one eigenvalue in these discs for all large enough n.

Let E,, be the corresponding Riesz invariant subspace, and let P, be the cor-
responding Riesz projection, i.e.,

P = — (A—=1L)"tdx,
211 Cn
where C,, = {\: |\ —n?|}. We denote by P? the Riesz projection that corresponds
to the free operator.

PROPOSITION 44. In the above notations, for boundary conditions bc = Per®
or Dir,

(9.7) |Pn— P°llr2ep — 0 as n — oo.
As a matter of fact we will prove a stronger statement.

THEOREM 45. In the above notations, for boundary conditions bc = Per™ or
Dir

)

(9.8) | Py — P2lpispe — 0 as n— oo.

PRrOOF. We give a complete proof for bc = Per®. If bc = Dir the proof is
the same, and only minor changes are necessary due to the fact that in this case
the orthonormal system of eigenfunctions of L° is {v/2sinnz, n € N} (while it is
{exp(imx), m € 27} for bc = Per™, and {exp(imz), m € 1+ 2Z} for bc = Per™).
So, roughly speaking, the only difference is that when working with bc = Per® the
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summation indexes in our formulas below run, respectively, in 2Z and 1+ 2Z, while
for bc = Dir the summation indexes have to run in N. Therefore, we consider in
detail only bc = Per®, and provide some formulas for the case bc = Dir.

Let

(9.9) Bim(n) := ((Py — P)em, er).
We are going to prove that

(9.10) Z |Bim(n)| — 0 as n — .

k,m

Of course, the convergence of the series in (9.10) means that the operator with the
matrix By, (n) acts from £ into ¢1.

The Fourier coefficients of an L!-function form an ¢>-sequence. On the other
hand,

(9.11) D = sup e, (x)| < cc.

z,n

Therefore, the operators P, — PY act from L! into L* (even into C') and

(9.12) 1Pn = Pllpi e < D*Y | Bim(n)].

k,m

Indeed, if || f||,: =1 and f =3 fmem, then |fi,| < D and

(Pa=POf =) (Z Bkmfm> o
k m

Taking into account (9.11), we get

Z Bkmfm

I(Pu = PO fll= < DY
k

< DQZZ|Bkm|’
k m

which proves (9.12).
In [16], Section 5, we gave a detailed analysis of the representation

Ry — R} =Y Ei\(K\VEK))"'K),
s=0

where K = y/RY — see [16], (5.13-14) and what follows there. By (9.5),

n

P, — P = / Z KA(K\VE»)* T K d.
Cn 5=0
if the series on the right converges. Thus
— 1
(9.13) (Po— PY)em,ex) =

s=0

-— K)\ I()\VI()\)SJr KAem,ek>d)\,
27 C

n

so we have

(9.14) Z (P — PDYem, er)| < ZA(n,s),
k,m s=0
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where

(9.15) An,s) =

k.m

1

—/ <K)\(K)\VK)\)S+1K)\6m,€k>d)\ .
211 Cn

By the matrix representation of the operators K and V (see more details in
[16], (5.15-22)) it follows that
V(k—m)

(916)  (KAIGVEN) Kaem: k) = 5oy~ )’

k,m € n+ 27,

for bc = Per®, and
(9.17)

(K (V) K xem, €)= [k = mlg(lk —m|) = (k +m)q(k +m)

V2(A = k2)(A — m?2) ’
for bc = Dir. Let us remind that ¢(m) are the sine Fourier coefficients of the
function Q(z), i.e.,

k,m e N,

Qz) = Z G(m)v2sinma.
m=1
The matrix representations of K (K VK) K in (9.16) and (9.14) are the ”building
blocks” for the matrices of the products of the form K (K \V K)*K) that we have
to estimate below. For convenience, we set

(9.18) V(m) = mw(m), w € 2Z), r(m)=maz(jw(m)|,|w(-—m)|)
if bc = Per®, and
(9.19) G0)=0, r(m)=4q(m|), meZ

if bc = Dir. We use the notations (9.18) in the estimates related to bc = Per®
below, and if one would use in a similar way (9.19) in the Dirichlet case, then the
corresponding computations becomes practically identical (the only difference will
be that in the Dirichlet case the summation will run over Z).

Let us calculate the first term on the right-hand side of (9.13) (i.e., the term
coming for s = 0). We have

(V(kfn)) m=4n, k# +n,

1 V(k—m) - x}l(ziﬁm)
" 0 otherwise.
Thus
1
A(n.0) = — K \(K\VEKy)Kyem,
(1,0) §2m/0< AEAVE) Kxe, )

V( k + n) V(—n+m V(in—m
-y by ey ey Bl
k#+n k#+tn m#+n m#+n
By the Cauchy inequality, we estimate the first sum on the right-hand side:

021) P

ktn k#+n

_Z|n+k| <) o 2

k>0 <0,k%—n
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1/2 1/2

1/2
1 1
() (L2 ) (Zee-wr

k<0,k#—n k<0

< % + En(r).

Since each of the other three sums could be estimated in the same way, we get

(922)  A(n,0)< Y Ar|
k,m

n

+4E,(r).

1
L / (KA(KAVE ) Kem, ex)d)| <
2w Jo,

Next we estimate A(n,s),s > 1. By the matrix representation of Ky and V —
see (9.16) — we have

Y(A; s, k,m)
2 K\EK\VE))* T Kyem, ex) =
(9 3) < )\( AV A) A€ aek> ()\—k2)()\—m2)
where
V(k =)V —d2) - V(js—1 — Js)V(js —m)
9.24 YA s, k,m) = - - - )
024)  Eiskm= 3 B-AA—7) G- 2)
k,m,j1,...,Js € n+ 2Z. For convenience, we set also
(9.25) X (X0,k,m) =V (k—m).
In view of (9.15), we have
1 (A, k,m)
2 A = — L dM| .
(9:26) (n, s) % omi /C o= —m) ™

Let us consider the following sub—sums of sum X(\; s, k, m) defined in (9.24):

927) Z'(N;s kom) = Y - fors>1, £0(X0,k,m) =V (k—m);
JiyeesdsFEN
(9.28) SN s, kym) = Z <o fors>1;
J one j,=%+n
(929)  E*(Niskom)= > oo, TU(Nskm)= Y e, 5>2
Jj,=*+n Fju,ju==En

(i.e., X0 is the sub-sum of the sum ¥ in (9.24) over those indices ji,...,js that
are different from #+n, in X! exactly one summation index is equal to £n, in X*
at least one summation index is equal to £n, and in X** at least two summation
indices are equal to £n). Notice that

Y(\;s, k,m) = X0\ s, k,m) + 55\ s, k,m), s> 1

and
Y\ s, k,m) = X0\ s, k,m) + 2\ s, k,m) + 2 (N s, k,m), s> 2.

In these notations we have

1 YO\ s, k,m) B
(9.30) m%&:ﬂ %/Cn G0 =0
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because, for m,k # =£n, the integrand is an analytic function of A in the disc
{A: |A=n?| <n/4}.
Therefore, A(n,s) could be estimated as follows:

5
i=1
and
(9.32) Aln,s) <3 Ailn,s), s>2,
i=1
where
Y(A; s, k,m)
9.33 Ai(n,s) = n- su )
( ) 1(n, s) k,mz—in Aecpn O — k2)(\ — m2)
YO\ s, k,m)
934 A ’)’I,,S = n- su y O, Iy 7
(9.3) )= S e [
% (N8, k,m)
9.35 As(n,s) = I sk, |
(9.35) 3(n, 5) k_imzmﬁn S S0 )
YO\ s, k,m)
9.36 Au(n,s) = I 5, k, |
o = 2 S )
(s s, k,m)
9.37 As(n,s) = - |
o o k¢i7l,zm—in secr | = K2 (A — m?)
Y\ s, k,m)
9.38 Ag(n, s) = — s, k, |
" o= 2 R G-
(A s, k,m)
9.39 Ao(n.s) = _— |
( ! i) k,ngin Xecpn A=k (A —m?)

First we estimate A; (n, s). By (9.16) and [16], Lemma 19 (inequalities (5.30),(5.31)),
2 [l
9.40 sup ||[Kx|| = —=, sup [[KH\VK Sn:—C<——|—5nr ,
O40)  sup I = = sup KAV < pu = O (4 E ()
where 7 = (r(m)) is defined by the relations (9.18) and C' is an absolute constant.
LEMMA 46. In the above notations

X(XA; s, k,m)
9.41 su
(941) e [ D= —m?)

PROOF. Indeed, in view of (9.24) and (9.40), we have
E(A;s,k,m)
A =E2)(A—m?)

L ost1
= Epff :

= | K)\(K)\VK)\)S+1K)\6197 €m>|

1
< [ EAEAVEN) T K| < KA - [[EAVESPT - [[Ka < Epffl,
which proves (9.41). O
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Now we estimate A;(n,s). By (9.41),

(9.42) Z n- sup

AeCy,

(A s, k,m) 41
4p5T,
D —E)A—m2)| = Pn

To estimate As(n, s), we consider X°(\; s, k,m) for k = £n. From the elemen-
tary inequality
1 2
(9.43) — < — for AeC,, jen+2Z, j# +£n,
A =32 7 |n? = 2|

it follows, for m # +n,

YO0\ s, £n,m)

(A =n2)(A —m?) 27

(9.44) sup
AeC,

1
<=
n

% Z |V(:|:TL—_]1)V(]1 _jZ)"'V(js—l _js)V(js _m)|
o I 2 ]

Thus, taking the sum of both sides of (9.44) over m # +n, we get

(9.45) As(n,s) < 25T [L(s+1,n) + L(s + 1, —n)],
where

. |V( - Z1)| |V(il - Z2)| |V(ip—1 - ip)|
046 Led= > i g g

i1,..,ipAEn

The roles of k and m in Az(n, s) and A4(n, s) are symmetric, so A4(n, s) could
be estimated in an analogous way. Indeed, for k # +n, we have

YO0(N; s, k, £n) 1
9.47 PR < — .25t
(947 A P R
< 3 V(k =)V —j2) - V(js—1 = Js)V(js — +n)|

B Ty e [ PR R
Thus, taking the sum of both sides of (9.47) over k # +n, we get
(9.48) Ay(n,s) <2 [R(s+ 1,n) + R(s + 1,-n)],
where

V(i —i2)|  [V(ip—1 —ip)| [V(ip—d)|
O Red)= D TaarhasglL gl
i1y ipFEn 1 p—1 P

Below (see Lemma 47 and its proof in Subsection 9.3) we estimate the sums
L(p,£n) and R(p,£n). But now we are going to show that A;(n,s), i = 3,5,6,7,
could be estimated in terms of L and R from (9.46), (9.49) as well.

Ty
To estimate Ag(n, s) we write the expression % in the form

S : (N ! 0. 1
I;d;;n)\_px ()\,V—l,k,d))\_nQE ()\’S_V’d’m)m

y (9.43), the absolute values of the terms of this double sum do not exceed:
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(a) forv=1
g+ |V(K—£n)| 1 > [V {En —i)|[V (i = ig)| -~ [V(is1 = m)]|
In? — k2| e In? —if| -+ n? — i3 _4|In? —m?|
P1yeeeyls—1 n
(b) for v =5
Qs+l > V(k —i)[[V(ix —io)|---[V(is-1 —Fn)[ | 1 [V(En—m)|
iy, M= R0 =@l = a3 n? =] ) o |0 —m?|
(c)forl<v<s
oy >y [V (k= i)V — i)l [V (v = iN)I 1
02 B2 — A2 — B2 2] | n

V:I:n—i1 Vil—ig ~-~Vis,l,—m
3 IV IV )|V )|

2= B e = 2 []® = e’

B1,eeis—pFEN
Therefore, taking the sum over m, k # +n, we get

(9.50) Ag(n,s) <25t i Z R(v,d)- L(s+1—v,d).

v=1d=%+n

One could estimate As(n,s), As(n,s) and Az(n,s) in an analogous way. We
will write the core formulas but omit some details.
To estimate Az(n,s), we use the identity

1 X(N\;s—v,d,£n)

(A s,k,£n) 0 15— U,
(v —1,k,d
O — K2\ —n2) uzldzﬂ:n/\ 2 S W R

In view of (9.41), (9.43) and (9.49), from here it follows that

(9.51) Az(n,s) <25t Z Z R(v,d) - p577 T
v=1d=+n
We estimate As(n, s) by using the identity
S(A; s, £n,m) 1 X%\ s —wv,d,m)
—1,%n,d .
(A =n2)(A—m?) ZZ/\—n2 " )/\—n2 A —m?

v=1d=%n
In view of (9.41), (9.43) and (9.46), from here it follows that

(9.52) As(n,s) <2273 N ol L(s — v+ 1,d).

v=1ld=+n

Finally, to estimate A7(n,s) we use the identity

S(N;s, k,m)
ek S s

1<v<u<sdi,d2=

- 1,k,d1)><

1
X mz(/\;ﬂ— -1 d17d2))\

EO()\ —M,dg,m)m
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In view of (9.41), (9.43), (9.46) and (9.49), from here it follows that

(9.53) Az(n,s)<2°- Y > R(v,dy)-ph" - L(s — p+1,da).
1<v<pu<sdi,de==xn

Next we estimate L(p, +n) and R(p,+n). Changing the indices in (9.49) by

ju = _ierlfl/; 1<v< b,

we get

(9.54) R(p,d) = L(p, —d).

Therefore, it is enough to estimate only L(p, +n).

LEMMA 47. In the above notations, there exists a sequence of positive numbers
en — 0 such that, for large enough n,
(9.55) L(s,+n) < (e,)°, VseN.

The proof of this lemma is technical. It is given in detail in Subsection 9.3.

Then in Subsection 9.4 we complete the proof of Theorem 45. With (9.54) and
(9.55), in Subsection 9.4 we will use Lemma 47 in the following form.

COROLLARY 48. In the above notations, there exists a sequence of positive
numbers €, — 0 such that, for large enough n,

(9.56) max{L(s,£n), R(s,xn)} < (¢,)°, VseN

9.3. Technical inequalities and their proofs. We follow the notations
from Subsection 9.2. Now we prove Lemma 47.

PROOF. First we show that

(9.57) L(s,£n) < o(n,s), s=>1,

where

(9.58) o(n,1)= “27”;)

j1dn In? — ji|
for s > 2
(9.59)
1 1 1 1 1
oG NIn=ql - n g In—Js—1l  In43sl /) In—jsl

x r(n+j0)r(j +j2) - r(fs—1 + Js),
and the sequence r = (r(m)) is defined by (9.18).

For s = 1 we have, with i; = —j,
[V(n—j1l [V (n+i1)|
L(l,n)= > S > B
J1#En 1 i1#£+n 1
_ |n — i1 _ |n — i1
1#En 1#En

(where (9.18) is used). In an analogous way we get

L(,-n)= 3 V=n—Jol _ > [wlzn — i)l _ > r(n +1i1)

2 _ 2 — o
i, M-l 27, In—al waZ, In—al
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50, (9.57) holds for s = 1.
Let s > 2. Changing the indices of summation in (9.46) (considered with p = s
and d) by j, = (—=1)"i,, we get
Wome 3 WOV gl WIE G )
In?—jil  [n® =il 173 = n?|

_ Z In + jillja + j1l - - - s + Js—1l

N 1 s=1(; .
|j12—n2||j§—n2||j§—n2||w(n+]1) U}[( ) (]5 1+.]S)]|

g2 + Jal - - js + Js—1 N : .
Z In — j1||n2 _j2| 2 _j2|7°(n +1)r(J1 + J2) - r(Js—1 + Js)-
2 s
By the identity
1+ k 1 1
(n—i)(n+k) n—i n+k’
we get that the latter sum does not exceed

1 1
n—ji  n+j
xr(n+j)r(jr+42) - r(fs—1 + Js) < o(n, s).

Changing the indices of summation in (9.46) (considered with p = s and d =
—n) by j, = (=1)**1i,, one can show that L(s,—n) < o(n,s). Since the proof is
the same we omit the details. This completes the proof of (9.57).

In view of (9.57), Lemma 47 will be proved if we show that there exists a
sequence of positive numbers ¢,, — 0 such that, for large enough n,

(9.60) o(n,s) < (e,)’, VseN.
In order to prove (9.60) we need the following statements.

LEMMA 49. Let v = (r(k)) € £2(2Z), r(k) >0, and let

1 1 1
n_js—l n+js |n_js|

(9.61) oi(n,ssm)= > r(m+g1) r(h +j2)  r(js—1 +Js)

| ] | | o n,s € N,
J1seends#n n-h -2 = Js
where m, j1,...,7s € n+ 27Z. Then, with
(9.62) pn = En(r) + 2|7(l//n,
we have, for n >4,
On ] —n| <n/2,
(9.63) o1(n, 1;m) <7 if fm = n| < n/
|Edl for arbitrary m € n + 2Z,
(9.64) o1(n,2p;m) < (2[r]|pn)”,  o1(n, 2p+ 1ym) < |[|r[| - (2[I7(|pn)"-

PROOF. Let us recall that

1 ) =1 = 1 1 1

> =16 Zp<2(m—;)=;
k=1 k+1 k+1

Therefore, one can easily see that

1 1
3 5 =n2/12<1, > 5 <dfn, n>4

1€27,i£0 i€27Z,|i|>n/2
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By the Cauchy inequality,
1/2

r(m + j1) A
o1(n,1;m) = Z WS Z In—jl™" Al < il
h#n ! htEn
which proves the second case in (9.63).
If [/m — n|] < n/2 then we have n/2 < m < 3n/2. Let us write o1(n, 1;m) in the
form . .
amLmy= Y Hmta) s~ rmEd)
0l In — jil - In — jil
ji—n|<n/2 lj1—n|>n/2
and apply the Cauchy inequality to each of the above sums. In the first sum
n/2 <j <3n/2,s0 j+ m > n, and therefore, we get
1/2 1/2
a1(n, 1;m) < [ Y r@) 1 > lh-n?
i>n [n—j1|>n/2

Thus
2|l

VP

o1(n,1;m) < Ey(r) + if |n—m|<n/2.

This completes the proof of (9.63).
Next we estimate oy(n,2;m). We have

01(n72;m): Z r(m+j1) Z T(jl +]2)

= In — jil = In — jal
r(m+j ) r(m+j )
= Z (7.31)'01(”,1;31)4‘ Z (7.31)'01(”,1;31)
0<le In — j1l o In — il
ji—n|<n/2 g1 —n[>n/2
By the Cauchy inequality and (9.63), we get
r(m+j . ) ~
S gy <l s o1 150) < il
0<|j1—n|<n/2 In — g1 0<|j1—n|<n/2
and
r(m+j1) , r(m+j1) 2||r|
> Wffl(nal;h) < W'HTH < R Al
l1—n|>n/2 li1—n|>n/2
Thus, in view of (9.62), we have
(9.65) o1(n,2;m) < 2||r]| - .

On the other hand, for every s € N, we have

r(m + J1 r(Js—1 + Js
3 (m+j1) (j Js)

2: = ..
o1(n,s + 2;m) - = 1] P

% Z T(]s +]s+1) 'f'(]s-i-l +]s+2) — o (TL, s;m) . sup o1 (TL, 2,]5)

Js+1,Js+2#n |n_']5+1| |n_]5+2| s

Thus, by (9.65),
(9.66) o1(n,s + 2;m) < o1(n, s;m) - 2||7|| pn-
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Now it is easy to see, by induction in p, that (9.63), (9.65) and (9.66) imply (9.64).
O

LEMMA 50. Let r = (r(k)) € £2(2Z) be the sequence defined by (9.18), and let

. T(jl +j2) T(j572 ‘|’jsfl) T(jsfl +j5)
967 ag2(n,s;m) = rim + - -
O6T) oalmsim)= 3, rlmt i) ST

3

wheren € N, s > 2 and m, j1,...,Js € n+ 27Z. Then we have

2log 6
(9.68) oa(n, 2im) < [Ir|? - =22
and
2log 6
(9.69) oa(n, s;m) < ||r||* - % -supoi(n,s —2; k), s>3.
k

PrRoOOF. We have
1 . . .
(970) 0’2(71,2,77’),) = Z ﬁ Z (m +]1)T(j1 —|—j2)
JeFEn J2 Ji#En

By the Cauchy inequality, the sum over j; # +n does not exceed ||r||?. Let us notice
that

1 210g6n
9.71 )
07) P 2301 - g < 28

Therefore, (9.70) and (9.71) imply (9.68).
If s > 3 then the sum o2(n, s;m) can be written as a product of three sums:

1 . . ;. .
Z |n2 - '2| Z ’f‘|(;12++]T) . T|(7_?Ls+1 + ]S|) Z T(m +j1)7°(j1 +]2)
JsF#En J2senjs—17£EnN /2 o=l JiFEn

Changing the sign of all indices, one can easily see that the middle sum (over
J2, .-, Js—1) equals o1(n; s — 2, j5). Thus, we have

1
oa(n,sim) < Y ———zro1(n;s — 2, js) - sup Z r(m + ji)r(ji + jo)-
js#i’ﬂ|n _-]s| J2

By the Cauchy inequality, the sum over j; # +n does not exceed ||r||%.
Therefore, by (9.71), we get (9.69). O

Proof of Lemma 47. We set
2log6n\ "/t
(9.72) en =M - [< 0g n> 4 (pn)1/2 ,

n

where M = 4(1 + ||r||) is chosen so that for large enough n
(9.73) sup oy (n,2p,m) < (e,/2)%F, supoy(n,2p+1,m) < ||r||(,/2)%"

Then, for large enough n, we have
1

(9.74) sup oa(n, s,m) < M(sn/2)s+1.
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Indeed, by the choice of M, we have

2log 6n 9 4 1 4

— = [7[[*(en/M)" < W(Enﬂ) :

Since g, — 0, there is ng such that ¢, <1 for n > ng. Therefore, if n > ng, then
(9.68) and (9.75) yields (9.74) for s = 2. If s = 2p with p > 1, then (9.69), (9.75)
and (9.73) imply, for n > ng,

(9.75) I[f? -

1 1
sup o3(n, 2p,m) < 35 (En/2)" - (2 /2% 70 < (e /2P
In an analogous way, for n > ng, we get

(En/2)2p+2=

Sis

1 —
Sup a3, 2p 4 1,m) < (e /)il (en /270 <

which completes the proof of (9.74).
Next we estimate o(n, s) by induction in s. By (9.63), we have for n > no,

(9.76) o)=Y M = 1(n,1;n) < fn < (60/2)% < .
) n—7mn
J1F#En

For s = 2 we get, in view of (9.73) and (9.73):

1 1 1
9.77 o(n,2) = — + - > —r(n+J1)r(J1 + J2
©1) o= > (|n—yl| gl ) gl AU )
J1,j2#£En
r(n+ j1)r(Gr + o) 1 | o
< - - + — - —r(n+J1)r(J + J2
I i gy RN SD DI ey Ry GRSV R

Ji,jeFEn
=01(n,2,n) + 02(n,2,n) < (60/2)* + (n/2)* < (g0)*.

Next we estimate o(n, s), s > 2, Recall that o(n, s) is the sum of terms of the
form

J1.j2#En

H(j17 s ,js)r(n +j1)/r(jl +]2) to T(js—l +js)7
where

(9.78)

1 .)_<1+1)(1+1)1
T I =\ =i T Int ol = o] In+dsl) In—dil

By opening the parentheses we get

s—1
, , 1 1 - 146,
070 Mg = 2 (H |n+a,,j,,+gu|>|n—js|’ =T

81yeds_1=41 \v=1
Therefore,
(9.80) oln,s) = Y. 5(01,...,061),

517'--;5571:i1
where
(9.81)
N e 1 1 , , ,
G0, 01) = Y II 5 —r(n+j1) - 7(js—1 + Js)-
Jirejatn \v=1 In+0ud,45,1 ) In—Jsl
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In view of (9.55), (9.57) and (9.80), Lemma 47 will be proved if we show that

(9.82) (01, ,0s21) < (en/2)%, s>2.
We prove (9.82) by induction in s.
If s =2 then

5(—1) = 01(n,2,n) < (a/2)?,
and
G(+1) = o2(n,2,n) < (e./2)%
If s = 3 then there are four cases:

6(~1,-1)=01(n,3,n) < (ea/2)%; G(+1,+1) = 02(n,3,n) < (/2)";
5141 = Y [EI) Tl tga) 1z + o)

In — ji] In 4+ js|  [n— js

Ji#£En J2,J3FEn
r(n—+7 .
= Z (7‘»]1)0.2(77’527]1)
jiin Il

< ou(n,1,n) -supoa(n, 2,m) < IITII—(En/2) (en/2)%;

N r(n+j1)r(j1 + j2) 7(jo + j3)
MLN= D Tt 2 ek
Ji.j2#+En 2 JsFEn
1
< 02(n,2,n) -supo(n, 1,m) < 2=(en/2)% 7] < (en/2)".
Next we prove that if (9.82) hold for some s, then it holds for s+ 2. Indeed, let

us consider the following cases:
(i) 05 = 0541 = —1; then we have

- 1

Jiyeeds#En \v=1

Z 7(js +js+1) T(Js+1 + Js+2)
In —Jst1l  [n— Jssa2l

r(n+ju)r(ji +j2) - r(js—1 + Js)

js+17js+27éj:n

1 ) . . .
Lz (H e |> gy e ) e ). 2,42)
v u+§ s

Ji,--JsFEn \v=1
<F(01,...,05-1) -supor(n,2,m) < (€,/2)° - (en/2)* = (,,/2)5T2.
(i) s = —1, ds41 = +1; then we have

~ 1
R o (1= o P

Jiyeeds#En \v=1

3 r(Js +js+21)T(j25+1 + Jst2)
Jet1rdstatEn In® = Gl
<(01y...,05-1) - supag(n 2,m) < (en/2)% - (60/2)% = (en/2)" T2
(iii) §s = d541 = +1; then, if §y =---=05_1 = +1, we have
G(015- ., 0541) = 02(n, 5 +2,n) < (,/2)° 2.

r(n+ju)r(jn +J2) - r(ds—1 + Js)
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Otherwise, let 1 < s be the largest index such that J,, = —1. Then we have

1

O b L= 3 <H TEzE |> 7= u

reeduFEn \v=1

x r(n+j0)r(jr+Jg2) - r(Gu-1 +u)oz(n, s + 2 — p, ju)
<&(61,...,0u-1) supag(n s+2—p,ju) < (en/2)"- (e n/2)5+2_“ = (an/2)s+2.
(iv) 6s = +1, d541 = —1; then, if §y = --- = §;—1 = +1, we have
G(81, o Ospts—1) = G(+1, ..., 41,1, —1) =

1 ) . ) .
= Z (H |n—|—j +1|> |’rL—j +1|T(n+]1)"'r(js +Js+1)o1(n, 1, 4s41)

J1s--mds+17#En \v=1

1
< oa(n, s+ 1) - supor(n, 1,m) < 2o(en/2)* - 7] < (2/2)7*

Otherwise, let 1 < s be the largest index such that 6, = —1, 1 <y < n. Then
we have

- 1
D <H [EZ s |> =]

sy JuFEn
y Z r(p +Jur)  m0Us—1 +Js) 7(s + Jst1) Z 7(Js+1 + Js+2)
|n+ju+2| |7’L+j5+1| |n_js+1| |n_j5+2|

JpA1seees js+l7£:tn j5+2#:|:n

<6(01,...,0u—1) -supoa(n,s+1—p,m)-supoi(n,1,k)
m k

< (en/2)"- %(En/2)5+2_“l\rll < (en/2)"*

Hence (9.82) holds for s > 2.
Now (9.57), (9.80) and (9.82) imply (9.55), which completes the proof of Lemma
47. O

Now we are ready to accomplish the proof of Theorem 45.

9.4. Proof of the main theorem on the deviations ||P, — PO 11 1.

We need — because we want to use (9.14) — to give estimates of A(n, s) from (9.15),
r (9.26). By (9.31) and (9.32), we reduce such estimates to analysis of quantities

Ailn,s), j=1,...,T7.

With p,, € (9.40) and ¢, € (9.72), we set
(9.83) Kn = max{pn,n}-
Then, by Lemma 47 (and Corollary 48), i.e., by the inequality (9.56), we have (in
view of (9.42),(9.45),(9.48) and (9.50)—(9.53)) the following estimates for A; :

Ay <4rstl Ay <ostloogstl G =24,

S
Ay 2N 2kl - Y = 5202 j =35
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Ag < 251 Z (kY- kev ) = 2ot st
v=1
A7 <28 > (ARG RV RS = (s — 1)2°T R
1<v+u<s
In view of (9.22), (9.72) and (9.32), these inequalities imply

A(n, s) < (24 5)%(2k,)
Therefore, the right-hand side of (9.14) does not exceed

oo oo . 8Iin
Therefore, if k, < 1/4 (which holds for n > N* with a proper choice of N*), then
Yoog g A(n, s) < 64k,. Thus, by (9.14) and the notations (9.9),

(9.84) 1Py = Plllpi—zoe <Y |Bim(n)| < 64k,, n > N*,
k,m
where k,, € (9.83).
This completes the proof of Theorem 45. Of course, Proposition 44 follows
because ||T||r2—r~ < ||T||p1r~ for any well defined operator T. O

9.5. Miscellaneous. As we have already noticed many times, Theorem 45
(or Proposition 44) is an essential step in the proof of our main result Theorem 29
(see an announcement in [15], Theorem 9, or [16], Theorem 23) about the relation-
ship between the rate of decay of spectral gap sequences (and deviations) and the
smoothness of the potentials v under the a priori assumption that v is a singular
potential, i.e., that v € H;elT. But Theorem 45 is important outside this context as
well. Now we will mention one very important corollary.

THEOREM 51. In the above notations, the LP-norms, 1 < p < 0o, on Riesz
subspaces EN = Ran Sy, and E, = RanP,, n > N, are uniformly equivalent;
more precisely,

(9.85) [fllee <3l flls, VfE€En nz=N(v),
and
(9.86) £l <Ml fllee <CN)IIfl1s V€ EY,
where
(9.87) C(N) < 50N log N.

PROOF. By (9.8), if N is large enough,

1

(9.88) [1Pn = Polliepe < > n=N.

If we are more careful when using (9.83),(9.84), (9.40) and (9.72), we may claim
(9.88) for N such that

2
(9.89) 221+ |Ir|) (g\/ﬁ(r) + N (||r|\1/2 + (10g6N)1/4)> <
If fe E,,n> N, we have
(9.90) f=Puf =(P.—P))f+ P,

N~
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where, for bc = Per®

(9.91) PO = 1™+ e, =t [ g,
and, for bc = Dir, i

(9.92) PYf =2g,sinnz, g, = %/ﬂ f(z) sinnzdz.

In either case || Py, f]loo < 2]f]]1, and therefore, ?f 1711 <1 we have
(9.93) [ fllsc < (P = P)fllsc + 1P flloc < 1/2+2<3.

This proves (9.85).
Recall that the projection

1
9.94 SN = —
( ) N 27T'L ORN

(z — Lie) " ldz,
where, as in (5.40), [16],
(9.95) Ry={z€C: —N<Rez< N*+N, [Imz| <N},

is finite-dimensional (see [16], (5.54), (5.56), (5.57) for dim Sy). Now we follow
the inequalities proven in [16] to explain (9.86) and (9.87). Lemma 20, inequality
(5.41) in [16], states that

(9.96)
log N)'/2
sup{ KV K s+ 3¢ Ry, Bex < N7 =Ny < € (S50 g+ £, o))

But by (9.94)

1 o0
, — S} =5= [ Kx > (KAVK\)"Kxd
(9.97) Sn —S% 2m’/r Am:1( AVE\)™KxdA,

where we can choose I" to be the boundary JII of the rectangle
(9.98) M(H)={2€C: —-H<Rez< N?+N, |Imz|<H}, HZ>N.

Then by (9.96) and (9.97) the norm of the sum in the integrand can be estimated
by

(9.99) > <Y IEAVESfs <1, VA€ 0T(H)

1 ll2—2 1
if (compare with (9.89)) N > N*(q) and N* = N*(q) is chosen to guarantee that
(9.100) “the right side in (9.96)“ < 1/2 for N > N*.

The additional factor K is a multiplier operator defined by the sequence K =
{1/V/X = k2}, so its norms |[Ky : L' — L?|| and ||K) : L? — L*|| are estimated
by 2&, where

~ > [e’e) > 71
(9.101) R=|Kx: 1~ — 0% =|K,: 52_>g1||:Z|A_k2|.
k

Therefore, by (9.99) and (9.101),

o0

1 k
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By Lemma 18(a) in [16] (or, Lemma 79(a) in [14])

1 logb
(9.103) Z|n2_k2|+b§01\/5 if neN, b>2.
k

(In what follows C;, j = 1,2,... are absolute constants; C7 < 12.) These inequal-
ities are used to estimate the norm «(A) on the boundary OII(H) = UI,(H), k =
1,2, 3,4, where

L(H)={z: Rez=—H, |Imz| < H}
I(H)={z: ~H< Rez< N*+ N, Imz= H}
I;(H)={z: Rez=N?+N, |[Imz| < H}
L(H)={z: ~H<Rez<N?*+ N, Imz=—H}

Then we get

/ a(N)|dA| < czlci/gﬁH .

I

H,

N% k=24.

/ a(N[d] < Cs

log H
I vVH

H og(N
/a(/\)|d/\|§04 06N +Y) 40 < v/ Hlog H.

I o VN+y

If we put H = N? and sum up these inequalities we get by (9.97)
(9.104) ISn — S¥llzi—r~ < CsNlog N,

where Cy is an absolute constant < 600.
Now, as in (9.90) and (9.91), let us notice that for g € BN

(9.105) 9=>5ng = (Sn —S%)g+ S}g,
where

(9.106) SQg = Z gre™™,  k even for bc = Per®, odd for bc = Per™,

k| <N
and
(9.107) S¥g=2 Y grsinkz, be= Dir,
lk|<N

where

1 T ikx ~ 1 " :
(9.108) g =— | g@)e™dx, gr=— [ g(x)sinkzdz.

T™Jo T Jo
In either case
(9-109) 15X 9l < 2N]lgllr-
Therefore, by (9.104) and (9.109), if || f]l1 < 1 we have
(9.110) Ifllco < CsNlog N +2N < C;NlogN, N > N* € (9.100).
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